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Abstract: Muonic Atom X-ray Emission spectroscopy (µ-XES) is a novel elemental technique that
exploits the high-energy X-rays emitted from the muonic atom cascade process to characterize
materials. At the ISIS Neutron and Muon Source, the technique is performed at Port4 of the RIKEN-
RAL facility, with a user demand that is increasing every year. To cope with this demand, it is
necessary to continue to improve the method, either for the hardware (detectors, acquisition, etc.)
or software (data analysis and interpretation). In both cases, Monte Carlo codes play an important
role: with a simulation, it is possible to reproduce the experimental setup and provide a reliable
quantitative analysis. In this work, we investigate the capabilities of GEANT4 for such applications.
From the results, we observed that the generation of X-rays, especially the kα and kβ transition
for high Z atoms, are not in agreement with the experimental ones. A solution to this issue, other
than an attempt with a small modification of the GEANT4 cascade class, could be provided by a
database of transition energy calculated by a Dirac equation software called MuDirac. The software,
developed by the UKRI scientific computing department and the ISIS muon group, can compute
all the transition energy for a given nuclide. Here, preliminary results of the implementation of the
MuDirac database in GEANT4 are reported.

Keywords: GEANT4; MuDirac; muonic atoms

1. Introduction

Monte Carlo simulation software are invaluable tools for the progress and develop-
ment of many projects in the scientific community. Especially in particle physics, where
the complexity and scale of experiments are increasing, having simulation software that
precisely implement all the phenomena and hardware involved in an investigation is of
key importance. GEANT4, FLUKA and MCNP are among the most used tools to handle
the transportation of particles and all the related physical processes [1–3]. The first is devel-
oped via international collaboration and provides users with all the instruments necessary
to run applications that describe the geometry (experimental setup and detectors), the
particles and the physical processes of a given experiment. As with other software, the
GEANT4 code is open source and can be handled by users and developers to best suit their
requirements. At the Milano Bicocca section of the National Institute of Nuclear Physics
(INFN), the weak interaction group utilises GEANT4 through a user-friendly software
called “Arby” [4,5]. Arby employs GEANT4 physics processes and classes with high flex-
ibility and ease of use. Differently from GEANT4, however, the user is not required to
write an application to run a simulation in Arby but just a configuration file that stores
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all the information about the experimental setup (detectors and samples). The code and
physics implementation are managed by Arby developers [6]. Particle type, direction,
number of events, etc. are accessed via simple instructions on the command line, from
which the simulation is launched. Finally, the output of a simulation (either text or root file)
is processed with dedicated software to obtain a detector response function. The Arby tool
and all other related software are continuously developed by INFN staff and have been
used in several physics of rare events experiments [7,8]. More recently, in the framework of
a collaboration between the INFN, the University of Milano Bicocca and the ISIS Neutron
and Muon Source, Arby has been used as a tool for the development of the Muonic Atom
X-ray Emission spectroscopy (µ-XES) [9]. µ-XES is a novel technique developed in the past
decades at several facilities around the world like PSI, JPARC and ISIS, and it uses negative
muons to investigate matter [10–12]. Indeed, when negative muons are implanted in matter,
they form the so-called Muonic atom, a bound state in which the muon rapidly cascades
down from the capture level to the nucleus. The process, after initial muon-induced Auger
emission, becomes radiative, with the emission of high-energy X-rays (an extensive de-
scription of muon capture and muonic atoms can be found here [13]). With a particular
interest in Cultural Heritage studies, the technique has many fields of applications, from the
characterization of lithium batteries to meteorites to material engineering [14–22]. Given
its novelty, the technique has room for improvement, especially as it is now performed
at the ISIS facility in terms of detector, electronics and data interpretation. Arby has been
already used to perform preliminary characterizations of a new detector set-up and to
perform thin layer characterization by comparing simulation results with output from
SRIM/TRIM and real data sets [23,24]. In addition, the software is being used to provide
improvement of a more reliable quantitative analysis: as it is performed now, it requires
measurements of Standard Reference Materials to produce reliable calibration curves. With
Arby or other Monte Carlo (MC) software, it could be possible to reproduce the experiment
and compare the simulated one with the measured one, similarly to what is already done
with XRF [25,26]. To do so, it is important to precisely implement all the involved physical
processes: in GEANT4, however, the muonic cascade process is not yet reliable for this kind
of application. Indeed, it has been found that, especially for high Z atoms and high-energy
transitions, there is a large deviation from simulated and measured values, as explained in
the next paragraphs. Here, we propose a new approach that involves the creation of a new
database of transition energies produced by an open-source Dirac equation Solver called
MuDirac, developed by the UKRI scientific computing department and the ISIS Muon
group [27].

2. Methods
2.1. GEANT4/Arby Characterization

The GEANT4 class currently responsible for the muon cascade process is the
G4EmCaptureCascade, available since GEANT4 version 9.6. This class, as stated in the
code, “calculates the energy of a K mesoatom level using the energy of the hydrogen
atom by taking into account the finite size of the nucleus” [28]. The class includes a list of
28 atoms and their 1s energy. Some issues in the calculations were found from preliminary
simulations; therefore, to further characterize the software, an extensive set of simulations
was performed. The simulations covered a large part of the periodic table, with 21 ele-
ments ranging from lithium to bismuth (GEANT4 version used: 10.04.p03). In this first
part of the project, interest was mainly devoted to the detection of all the X-rays emitted;
therefore, very simple geometry was used. A small rod of the selected element was placed
in a cylinder made of germanium to simulate a nearly 100% efficient detector (Figure 1).
Then, an interaction with a 30 MeV/c muon beam was simulated (with an average of 107

events simulated). The simulation output (.root or .txt file) was processed in a dedicated
software that reproduced the detector response, with the final product in the form of an
energy spectrum.
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Figure 1. The basic setup of the simulations: the negative muon beam (in red) is generated from a
point-like source and hits a target placed inside the germanium active area (blue). The interaction
produces a radiative emission (green lines). With this configuration, most of all the generated
radiations are collected by the crystal.

The results of the K, L and M lines for some of the simulated elements (that cover
the low and high Z region) are reported in Table 1. For the lower energy emissions
corresponding to the L and M lines, the agreement with the literature is good, with energy
differences generally lower than 2 keV (except for gold and silver, where the delta is higher).
It has to be stated that even in the literature, there is some deviation in the listed values;
therefore, an energy delta within 2 keV is acceptable [29,30]. The main differences are in
the high-energy region of each atom, corresponding to the Kα and Kβ lines. For these lines,
the delta is always above 10 keV, increasing with Z but without a well-defined pattern (this
deviation was observed in all the simulated atoms). If not missing, some Kβ transitions are
present with a very low peak intensity. For example, in copper, one would expect a double
peak around 1500 keV. However, as shown in Figure 2b (red spectra), the Kβ 1502.2 keV
transition, which should have a higher intensity than the corresponding Kα at 1491.3 keV,
is a small peak just above the baseline level. Therefore, from this first set of simulations, it
was evident that the main problem of the cascade calculations resides in the calculations of
the K shell transition.

Table 1. Corresponding peak values for the principal transitions in the literature and from GEANT4
simulations (unit: keV). Literature data were taken from [29,30].

GEANT4/Arby vs. Literature

Transition Kα (2p3/2 − 1/2 − 1s1/2) Kβ (3p3/2 − 1/2 − 1s1/2) Lα (3d5/2 − 3/2 − 2p1/2) Mα (4f 7/2 − 5/2 − 3d5/2)

Element Literature Simulation ∆ Literature Simulation ∆ Literature Simulation ∆ Literature Simulation ∆

13Al 346.9 335.2 11.7 413.0 400.9 12.1 66.1 66.3 −0.2 21.8 23.6 −1.8

14Si 400.2 386.8 13.4 476.7 462.9 13.8 76.6 76.8 −0.2 26.9 27.2 −0.3

26Fe 1253.7 1234.2 −19.5 1257.2 1276.8 −19.6 265.7 264.1 1.6 92.6 92.8 −0.2

29Cu 1506.6 1491.3 15.3 1512.8 1500.2 12.6 330.3 328.3 2.0 115.9 115.2 0.7

47Ag 3140.6 3151.8 −11.2 3177.7 - - 869.2 862.4 6.8 304.8 302.2 2.6

79Au 5594.9 5518.4 76.5 5764.9 5732.5 32.4 2341.2 2338.4 2.8 870.0 880.1 −10.1

82Pb 5780.1 5674.4 105.7 5966.3 - - 2500.3 2499.5 0.8 938.4 936.8 1.6
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Figure 2. K transitions energy range: (a) silicon; (b) copper. As stated in the text, for low Z atoms like
silicon, the kα and kβ transition are simulated, whereas for elements with higher atomic numbers, just
one transition is simulated or the second one is present at a very low intensity, just above background.
Instead, for the low-energy transition, the two Arby versions provide the same output: (c) silicon and
(d) copper.

2.2. Modification of the GEANT4 Class (Arby_Mux)

The issue described above was also identified during the simulation work for the
FAMU experiment by the INFN group of Trieste. FAMU is an international collaboration
whose goal is to measure the proton Zemach radius with the measurement of the hyperfine
splitting of the muonic hydrogen ground state [31]. To tackle the problem, the group
implemented the GEANT4 class by increasing the listed number of atoms from 28 to 57
and by adding a small correction to the calculation of the K shell transitions. For the FAMU
experiment, however, interest was mainly in low Z atoms; therefore, implementation
was not evaluated for the high Z part of the periodic table. Thus, to test the modified
class, an extensive set of simulations was performed. To distinguish the results from the
previous ones, Arby/GEANT4 is called Arby_Mux here. The results of the K, L and M
lines are reported in Table 2. As for the Arby/GEANT4, the L and M lines agree with
the literature—except for silver and gold—all within a 2 keV delta. Concerning the K
transition, the correction produced good agreement with the literature for the low Z atoms
like aluminium and silicon, with a very small difference in literature data. However, for
high Z atoms, the situation was not improved. In the modified class, Kα are completely
missing, while Kβ are present but with delta energy that increases with Z. Figure 2 reports
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the simulated spectra from each of the two Arby versions to better visualize the differences
in the high-energy transitions. Figure 2a shows that, with Arby_Mux, the peaks are shifted
to higher energies to match the expected values, whereas for the low-energy peak, there is
no difference between Arby/Geant and Arby_Mux (Figure 2c,d). If Z increases, as shown
in Figure 2b, peaks are shifted, but the signature double peak of copper is still missing.
Therefore, even with the updated class, GEANT4 is still not able to properly reproduce the
K shell transition.

Table 2. Comparison between literature and Arby_Mux simulations. Literature data were taken from
[29,30].

Arby_Mux vs. Literature

Transition Kα (2p3/2 − 1/2 − 1s1/2) Kβ (3p3/2 − 1/2 − 1s1/2) Lα (3d5/2 − 3/2 − 2p1/2) Mα (4f 7/2 − 5/2 − 3d5/2)

Element Literature Simulation ∆ Literature Simulation ∆ Literature Simulation ∆ Literature Simulation ∆

13Al 346.9 346.7 0.2 413.0 413.7 −0.7 66.1 66.3 −0.2 21.8 23.6 −1.8

14Si 400.2 401.4 −1.3 476.7 476.7 0.0 76.9 76.9 0.0 26.9 27.3 −0.4

26Fe 1253.7 - - 1257.2 1260.5 −3.3 265.7 263.9 1.8 92.6 92.8 −0.2

29Cu 1506.6 - - 1512.8 1517.5 −4.7 330.3 328.3 2.0 115.9 115.2 0.7

47Ag 3140.6 - - 3177.7 3197.4 −19.7 869.2 862.4 6.8 304.8 302.2 2.6

79Au 5594.9 - - 5764.9 5696.7 68.2 2341.2 2338.4 2.8 870.0 867.1 2.9

82Pb 5780.1 - - 5966.3 5892.3 74.0 2500.3 2499.5 0.8 938.4 936.8 1.6

2.3. The MuDirac Database (Arby_MuDirac)

A solution to improve the reliability of the simulation could be provided by a data-
driven library. The implementation of a new database in GEANT4 has already been
employed in some processes, like for the Low Energy Electromagnetic package, responsible
for the simulation of atomic relaxation [32]. Recently, the generation of the X-ray and Auger
emission from the process has been implemented by a data-driven database (called ANSTO,
both for ionisation cross sections and transition probabilities) to be used along with the
default one [33]. The implementation of a database, moreover, requires less manpower
than the editing or development of an entire class. The idea proposed here is to use a
third-party software, MuDirac, to create the database. MuDirac calculates the transition
energies of the cascade and produces an output in which the transition energy is associated
with the transition rate (in s−1). In addition, the software provides a simulated spectrum
with the calculated transitions. MuDirac works from the terminal, and the calculation
parameters are stored in an input file. The user can select the transitions to calculate for
a given atom, the model used to describe the nucleus, the electronic configuration, etc.
(for a detailed description and the code, see [34]). To create the database, calculations
for the most abundant isotopes—from hydrogen to bismuth—were performed. For each
simulation, the starting level for the cascade calculation was selected as n = 6. It is well
known that the radiative emission after negative muon capture becomes dominant at the
end of the cascade when the muon approaches lower muonic orbitals; therefore, there was
no interest in increasing the starting level [35]. Nevertheless, this setting can be modified
based on interests. The output of the MuDirac calculation selected for the database was
the “.dat” file containing the simulated spectrum data, a two-column file with energy and
intensity. To make the database available in GEANT4/Arby, the Arby setup file was edited
with an environment variable pointing to the folder containing all the calculated outputs.
When a simulation was launched, the energy corresponding to the transition was extracted
and used by GEANT4 if a Mudirac file of the given specimen was found. If the file was
missing, a warning was generated, and the program continued the simulation with the
standard cascade generation. A preliminary test with this edited Arby version, called
“Arby_MuDirac”, was performed to evaluate the feasibility of the approach (dedicated
GEANT4 version: 11.1.1). With this approach, having a MuDirac output that is as complete
as possible is of key importance. That is because, by using the database, the information
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coming from the cascade calculation made by GEANT4 is lost with the MuDirac; indeed,
a single deexcitation is generated instead of the entire cascade. The process of capture is
maintained, and gamma rays are generated. The results of the simulations are reported in
Table 3; here, the K transition columns have agreement between simulations and literature,
with a delta lower than 2 keV. In addition, with the MuDirac database, some low-energy
peaks are adjusted in position. This happens not only for the lines in the table but also
for some other peaks in the spectrum. For instance, copper K and L lines are reported in
Figure 3. Copper is easily distinguished by a double peak at 330 and 336 keV, other than the
one at 1.5 Mev. This double peak, as shown in Figure 3a, is not present in the Arby_Mux
version, while it appears in the MuDirac version of Arby. This means that, by setting a
precise parameter of the Mudirac calculation, it is possible to have an overall correction
along the spectrum, especially in critical points like the one used for element identification.

Table 3. Comparison between literature and Arby_MuDirac simulations (unit: keV). Here, delta
energy is lower than two keV with the only exception of lead Kβ, which is slightly larger. This is
due to the fact that the literature value is for natural lead, whereas the simulated one is from 208 Pb.
Literature data were taken from [29,30].

Arby_MuDirac vs. Literature

Transition Kα (2p3/2 − 1/2 − 1s1/2) Kβ (3p3/2 − 1/2 − 1s1/2) Lα (3d5/2 − 3/2 − 2p1/2) Mα (4f 7/2 − 5/2 − 3d5/2)

Element Literature Simulation ∆ Literature Simulation ∆ Literature Simulation ∆ Literature Simulation ∆

13Al 346.9 346.9 0.0 413.0 412.9 0.1 66.1 66.1 0.0 21.8 23.1 −1.3

14Si 400.2 400.9 −0.8 476.7 477.2 −0.5 76.9 76.4 0.5 26.9 26.8 0.1

26Fe 1253.7 1252.6 1.1 1257.2 1256.8 0.4 265.7 265.8 −0.1 92.6 92.4 0.2

29Cu 1506.6 1507.8 −1.2 1512.8 1514.1 −1.3 330.3 330.9 −0.6 115.9 115.6 0.3

47Ag 3140.6 3139.8 0.8 3177.7 3176.9 0.8 869.2 868.9 0.3 304.8 303.1 1.7

79Au 5594.9 5593.6 1.3 5764.9 5763.0 1.9 2341.2 2339.9 1.3 870.0 869.8 0.2

82Pb 5780.1 5779.3 0.8 5966.3 5963.9 2.4 2500.3 2500.0 0.3 938.4 937.9 0.5
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Figure 3. Comparison between Arby_Mux (red) and Arby_MuDirac (blue) for copper. In the Arby
version with the database, the two fingerprint double peaks of copper are visible both in the low
energy (a) and high energy (b) part of the spectrum.

3. Discussion

To finally evaluate the capabilities of the Arby_MuDirac version, simulations were
compared to a standard measurement performed at ISIS. The instrument setup of a negative
muon experiment, consisting of four HPGe detectors placed at 15 cm from the sample
position with a 30◦ angle was modelled in Arby [17]. The sample consisted of a thin foil of
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a given material, placed 10 cm from the beam exit. Testing was done for a set of elements,
and the results for silicon are reported here. As shown in Figure 4a, intensities of the
simulated spectra (red) are not well reproduced. Here, even though the patterns are similar
between the two spectra, silicon K-line intensities are much higher than the M-lines in the
simulated spectrum—a relationship inverted in the measured spectra. This is due to the
fact that MuDirac assumes that all states can be starting points of a transition, without
considering their differences in the probability of being populated. Therefore, since the
intensity is related to the population of the starting decay level, the computed intensities are
not properly correct. For now, they are just based on the probability of a transition to take
place. In addition, the simulations do not consider the efficiency of the detection system.
MuDirac developers are working towards a solution to the issue, and a MuDirac 2.0 version
is expected soon. For the moment, to try to tackle the problem, a solution could be provided
by scaling the calculated intensities using a measured spectrum. A normalization factor for
each peak was obtained by dividing the normalised peak area of the measured spectrum by
the normalised peak area of the simulated spectrum. The MuDirac intensities, in particular,
were scaled with a constraint: the maximum value, instead of being the 400 keV peak, was
set to be the 76 keV peak, which is the most intense peak in the measured spectrum. The
results of the scaled data are reported in Figure 4b: with this approach, peaks are better
modelled, especially in the high-energy range.
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Figure 4. Comparison between real measured data of Silicon (black) and the simulations with
Arby_MuDirac (a) and Arby_MuDirac with scaled peak intensities (b). Differences are evident in the
76 keV peak at the beginning of the spectra and the 400 keV peak. In the real measurement, the first
is more intense than the second, which is the most intense peak in the Arby_MuDirac simulation
instead. After scaling, the intensities are better reproduced. The extra peaks present in the simulated
spectrum could be due to the other material present in the modelled environment (230 keV) or to
an error in the simulation process (at 416 keV, for example, the peak is too sharp and narrow to be
considered part of the cascade).

4. Conclusions

A preliminary approach to the development of a new database for GEANT4 was
performed. With MuDirac, a database of transition energies was created and implemented
in the Arby toolkit. The results are promising and show that a better agreement with the
literature data is reached when using the Arby_MuDirac version. Still, the software presents
some drawbacks, especially in cases of calculated intensities that are not well reproduced.
However, MuDirac is an open-source software and is in continuous development, and a
new and implemented software is also in development. This means that the database can
be kept updated as the software improves. Finally, the solution proposed in this work,
as done with other databases, could be directly implemented into GEANT4. This would
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require adding an alternative class to the G4EmCaptureCascade class, as well as other extra
classes to handle the database.
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