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Abstract. Given a metrically complete Riemannian manifold (M, g)
with smooth non-empty boundary and assuming that one of its curva-
tures is subject to a certain bound, we address the problem of whether
it is possibile to realize (M, g) as a domain inside a geodesically com-
plete Riemannian manifold (M̄, ḡ) without boundary, by preserving the
same curvature bounds. In this direction we provide three kind of re-
sults: (1) a general existence theorem showing that it is always possible
to obtain a geodesically complete Riemannian extension without curva-
ture constraints; (2) various topological obstructions to the existence of
a complete Riemannian extension with prescribed sectional and Ricci
curvature bounds; (3) some existence results of complete Riemannian
extensions with sectional and Ricci curvature bounds, mostly in the
presence of a convexity condition on the boundary.
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Introduction

Let (M, g) be a given Riemannian manifold with smooth (possibly non-
compact) boundary ∂M 6= ∅. This means that the Riemannian metric g
is a smooth, positive definite symmetric tensor up to the boundary points.
Assume that (M, g) is subject to some constraint on one of its Riemannian
invariants, such as a curvature (or a volume growth) bound. The general
problem we are interested in consists in understanding when, and to what
extent, the original manifold M can be prolonged past its boundary in or-
der to obtain a new smooth Riemannian manifold (M ′, g′), this time without
boundary, such that one of the invariants alluded to above is kept controlled.
Clearly, the most interesting situation occurs when the extended metric can
be taken to be geodesically complete. In this case we can speak of (M ′, g′)
as a complete Riemannian extension of (M, g) with controlled Riemannian
invariants. First insights into the possibility of constructing a complete
prolongation were given by S. Alexander and R. Bishop in [AB]. Actually,
this paper is mostly focused on the prolongation of open manifolds without
boundary, but it contains useful information also in the boundary case. The
existence of a smooth extension, via gluing techniques, of compact mani-
folds with a strict Ricci curvature lower bound and a convexity condition
on the boundary follows from work by G. Perelman, [Pe, Wa]. See Section
5 below. Extensions of compact manifolds with non-negative scalar curva-
ture up to the mean convex boundary are contained in [Re]. The extended
metric is just C2 but this is (abundantly) enough to get interesting rigid-
ity results based on the positive mass theorem. Very recently, [AMW], a
gluing technique in the spirit of [Pe] has been applied to prove that the
space of metrics with non-negative Ricci curvature and convex boundary on
the Euclidean three ball is path connected. In a somewhat different direc-
tion, gluing methods have been also employed by J. Wong, [Wo] in order
to obtain isometric extensions with totally geodesic boundary and a metric-
curvature lower bound in the sense of Alexandrov. This has applications to
Gromov-Hausdorff precompactness results and volume growth estimates.

In view of the well known relations between the topology of a com-
plete Riemannian manifold and the bounds on its curvatures, or its volume
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growth, we are naturally led to guess that some topological obstruction ap-
pears somewhere in the extension process. In this direction, it is important
to verify whether some of these obstructions are encoded in the original
piece with boundary and this requires, first, a phenomenological investi-
gation over concrete examples. For instance, a complete extension with
non-negative Ricci curvature should be forbidden in general. In this respect
note that the topology of a compact manifold with convex boundary and
positive Ricci curvature cannot be too much wide and this is compatible
with the positive results we have mentioned above; see Part 2. Topological
obstructions should also appear at the level of upper sectional curvature
bounds. Think for instance to the Cartan-Hadamard theorem, valid in the
setting of geodesic metric spaces. The possibility of extending a complete
simply connected manifold with boundary and negative curvature K < 0
to a complete manifold with sectional curvature controlled by K + ε was
addressed by S. Alexander, D. Berg and R. Bishop, [ABB2, p. 705], during
their investigations on isoperimetric properties under the assumption that
the boundary has negative curvature on its concave sections. We are grate-
ful to S. Alexander for pointing out this reference. In sharp contrast, in view
of J. Lohkamp insights, [Lo1], it is expected that an upper Ricci curvature
bound imposes no restrictions at all.

This very brief and informal discussion serves to outline a major project
concerning the systematic investigation around the Riemannian extension
problem.

Definition 0.1. Let (M, g) be a smooth m-dimensional Riemannian man-
ifold with possibly nonempty boundary. A Riemannian extension of (M, g)
is any smooth m-dimensional Riemannian manifold (M ′, g′) with possibly
non-empty boundary such that M is isometrically embedded in M ′.

Roughly speaking, this project could be articulated in the following prob-
lems that represent (some of) the basic steps towards a suitable understand-
ing of the subject.

Problem 1 (completeness). Let (M, g) be a metrically complete Riemann-
ian manifold with smooth boundary ∂M 6= ∅. Does there exist a geodesically
complete Riemannian extension (M ′, g′) of M with ∂M ′ = ∅?

Problem 2 (curvature constraints). Let Curv denote either of the cur-
vatures Sect, Ric or Scal and let C ∈ R. Let (M, g) be a smooth m-
dimensional, (non-nencessarily complete) Riemannian manifold with smooth
boundary ∂M 6= ∅ satisfying Curvg < C (resp. ≤ C, > C or ≥ C). Does
there exist a complete, m-dimensional Riemannian extension (M ′, g′) with
∂M ′ = ∅ and such that the same curvature constraint holds?

In the present paper we start the investigation along the lines of both
these problems by presenting positive answer and obstruction results. More
precisely:
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- In Part 1, we give a complete answer to Problem 1 by showing that every
complete Riemannian manifold with boundary can be extended to a geodesi-
cally complete Riemannian manifold without boundary by means of a very
general gluing procedure.

In Part 2 and Part 3 we attack Problem 2 by providing both topological
obstructions and existence theorems under various curvature bounds. More
precisely:

- In Part 2 we provide topological obstructions to the existence of complete
extensions satisfying Ric ≥ C and Sect ≤ 0. The former are based on Švarc-
Milnor and harmonic mappings arguments whereas the latter are obtained
using both homological and homotopical methods.

- Part 3 is devoted to the existence of complete extensions with Ric < C,
without any assumption on the boundary and, in case of a compact convex
boundary, existence of complete extensions under the conditions Ric > C,
Scal > 0 and Sect < C. This will also give us the opportunity to give a
unified viewpoint on different notions of convexity, both intrinsic and related
to Riemannian extensions, and to clarify their mutual relations.

Acknowledgement. The authors are indebted to the referee for a careful
reading of the paper and for having suggested that Theorem K and Theorem
M could be proved in the present form. The authors were partially sup-
ported by the Gruppo Nazionale per l’Analisi Matematica, la Probabilità e
le loro Applicazioni (GNAMPA). The research of the second author has been
conducted as part of the project Labex MME-DII (ANR11-LBX-0023-01).

Part 1. Existence of complete Riemannian extensions

The main result of the present part of the paper states that a complete
Riemannian extension can be always obtained with an amazing flexibility
on the diffeomorphic class of the added piece. This is the content of the
following very general theorem.

Theorem A. Let (M, gM ) be an m-dimensional connected Riemannian
manifold with smooth boundary ∂M 6= ∅. Let Q be any smooth m-dimensional
differentiable manifold whose nonempty boundary ∂Q is diffeomorphic to
∂M . Then, there exists a Riemannian extension (N, gN ) of (M, gM ) such
that N \M is diffeomorphic to the interior of Q. Moreover, if (M, gM ) is
complete, then the extension (N, gN ) can be constructed to be complete.

In particular, by choosing Q = M in the previous statement, with the
trivial identification of the boundaries, we get

Corollary B. Let (M, gM ) be a smooth complete, m-dimensional Riemann-
ian manifold with smooth nonempty boundary ∂M . Then, there exists a
geodesically complete Riemannian extension (N, gN ) of (M, gM ) with ∂N =
∅.
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These results are then applied in several directions. First, we observe
that a given compact Riemannian manifold with boundary subject to strict
curvature bounds can be extended to a possibly incomplete Riemannian
manifold with the same curvature constraints (regardless of any restriction
on the geometry of the boundary); see Corollary 2.1. Next, as a direct
consequence of Nash theorem for manifolds without boundary, we prove
that a complete Riemannian manifold with boundary has a proper isometric
embedding into a Euclidean space; see Corollary 2.3. On the analytic side,
we prove a density result à la Meyers-Serrin concerning first order Sobolev
spaces on complete manifolds with boundary; see Corollary 2.4. Finally,
we show how to generalize on complete manifolds with boundary a classical
Liouville-type theorem of S.T. Yau; see Corollary 2.6.

1. The general gluing-deformation construction

In this section we prove Theorem A. The manifolds M and Q are glued
along the diffeomorphic boundaries and, using this ambient space, the origi-
nal metric of M is readily extended. At this point, the complete Riemannian
extension is obtained via a careful conformal deformation. The proof that
the deformed metric is actually complete relies on metric-space arguments.

1.1. Preliminaries on metric spaces. Given a metric space (X, d), a
continuous path γ : [a, b]→ X is rectifiable if

Ld(γ) := sup

n∑
i=1

d(γ(ti−1), γ(ti)) < +∞

where the supremum is taken with respect to all the finite partitions t0 =
a < t1 < · · · < tn = b of the interval [a, b]. In this case, the number Ld(γ) is
the metric-length of γ and it is invariant by reparametrizations of the curve.
On the metric space (X, d) it is defined a length-distance given by

dL(x, y) = inf Ld(γ)

the infimum being taken with respect to all rectifiable paths (if any) con-
necting x to y. Observe that Lipschitz paths are trivially rectifiable and,
conversely, every rectifiable path can be reparametrized to a constant speed,
hence Lipschitz, path [BBI, Proposition 2.5.9]. The metric space (X, d) is a
length metric space if d = dL.

Let (M, gM ) be a smooth Riemannian manifold with (possibly empty)
boundary ∂M . Its intrinsic distance, which is defined as the infimum of the
Riemannian lengths of piecewise C1 paths connecting two given points, is
denoted by d(M,gM ). It is well known that the metric space (M,d(M,gM ))
is a length metric space. The Riemannian manifold (M, gM ) is said to be
complete if (M,d(M,gM )) is a complete metric space. Since M is locally com-
pact, the length-metric version of the Hopf-Rinow theorem, [BBI, Theorem
2.5.28] and Theorem 1.2 below, implies that the metric completeness of M
is equivalent to the Heine-Borel property which, in turn, is equivalent to
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the fact that a geodesic path γ : [a, b) → M extends continuously to the
endpoint b. Here, by a geodesic, we mean a locally minimizing Lipschitz
path. It is well known that it is C1 regular, [AA, ABB1].

A further notion of completeness that turns out to be very useful in ap-
plications involves the length of divergent paths. This characterization will
be used to show that the glued manifold constructed in the next section is
complete.

Definition 1.1. Let (X, d) be a metric space (e.g. a Riemannian manifold
with possibily non-empty boundary with its intrinsic metric). A continuous
path γ : [a, b) → X is said to be a divergent path if, for every compact set
K ⊂ M , there exists a ≤ T < b such that γ(t) 6∈ K for every T ≤ t < b.
The metric space (X, d) is called “divergent-paths-complete” (or complete
with respect to divergent paths) if every locally Lipschitz divergent path γ :
[0, 1)→ X has infinite length where, clearly, Ld(γ) = limδ→1 Ld(γ|[0,δ]).

It is well known that for a manifold without boundary, the notions of
metric (hence geodesic) completeness and of divergent paths completeness
are equivalent. Let us point out that a similar equivalence holds more gen-
erally on a locally compact length space hence, in particular, on manifolds
with smooth boundaries. Namely, we have the following

Theorem 1.2 (Hopf-Rinow). Let (X, d) be a locally compact length space.
The following assertions are equivalent.

(1) (X, d) is metrically complete, i.e. it is complete as a metric space.
(2) (X, d) satisfies the Heine-Borel property, i.e. every closed metric ball

CR(x̄) = {x ∈ X : d(x, x̄) ≤ R} in X is compact.
(3) (X, d) is geodesically complete, i.e. every constant speed geodesic

γ : [0, a)→ X can be extended to a continuous path γ̄ : [0, a]→ X
(4) Every Lipschitz path γ : [0, a)→ X can be extended to a continuous

path γ̄ : [0, a]→ X
(5) (X, d) is divergent-paths-complete, i.e. every locally Lipschitz diver-

gent path γ : [0, a)→ X has infinite length.

Proof. It is proven in [BBI] that (1) ⇔ (2) ⇔ (3). Moreover, (4) ⇒ (3)
trivially.
We prove that (2) ⇒ (5). For n ∈ N, consider the compact sets Cn(γ(0)).
Since γ is divergent, there exists a sequence {tn}∞n=1 ⊂ (0, a) such that
γ(tn) 6∈ Cn(γ(0)). In particular

Ld(γ) ≥ Ld(γ|[0,tn]) ≥ d(γ(0), γ(tn)) ≥ n.
Since n can be arbitrarily large, γ has infinite length.
To conclude, we prove that (5) ⇒ (4). Let γ : [0, a) → X be a Lipschitz
rectifiable path. Since γ is defined on [0, a) and is Lipschitz, it has finite
length. Then it can not be divergent. Namely, there exists a compact set
K ⊂ X and a sequence {tn}∞n=1 ⊂ (0, a) such that tn → a as n → ∞ and
γ(tn) ∈ K for all n. By compactness of K, up to passing to a subsequence,
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γ(tn) → x as n → ∞ for some limit point x ∈ K. Set γ(a) = x. We are
going to show that γ : [0, a] → X is continuous. Fix ε > 0. Take N ∈ N
large enough such that d(γ(tn), x) < ε/2 for all n ≥ N and tN > a − ε

2Cγ
,

where Cγ is the Lipschitz constant of γ. Then for all t ∈ (tN , a),

d(γ(t), x) ≤ d(γ(t), γ(tN )) + d(γ(tN ), x) ≤ Cγ |t− tN |+ ε/2 ≤ ε.

�

We shall need to consider metric properties of curves into a manifold with
boundary with respect to both the original metric and the extended one. To
this end, the following Lemma will be crucial.

Lemma 1.3. Let (N, gN ) be a Riemannian extension of the manifold with
boundary (M, gM ) and let γ : [0, 1]→M be a fixed curve. Then

(a) γ is d(N,gN )-Lipschitz (resp. rectifiable) if and only if it is d(M,gM )-
Lipschitz (resp. rectifiable).

Moreover, in this case:

(b) LgM (γ) = LgN (γ).
(c) The speed vγ of γ, in the sense of [BBI], is the same when computed

with respect to d(M,gM ) and d(N,gN ).

Proof. We preliminarily observe that d(N,gN ) ≤ d(M,gM ) on M .

(a) It is enough to consider the Lipschitz property because, as we have
already recalled, every rectifiable path has a Lipschitz (constant speed)
reparametrization.

We assume that γ is d(N,gN )-Lipschitz and we prove that γ is d(M,gM )-
Lipschitz, the other implication being trivial from the above observation.
Since [0, 1] is compact, it is enough to show that, for every t0 ∈ [0, 1],
there exists a closed interval I0 ⊂ [0, 1] containing t0 in its interior such
that γ|I0 is d(M,gM )-Lipschitz. We suppose that γ(t0) ∈ ∂M , the other
case being easier. Let ϕ0 : U0 → B1 be a local coordinate charts of N
centered at γ(t0) and such that ϕ0(U0 ∩M) = B+

1 , the upper-half unit ball.

Let V0 = ϕ−1
0 (B1/2) and choose I0 such that γ(I0) ⊂ V0. Note that the

distances d(N,gN ) and d(V0,gN ) are equivalent on V0 and, similarly, d(M,gM )

and d(V0∩M,gM ) are equivalent on V0 ∩M . Moreover, ϕ0 : (V0, d(V0,gN )) →
(B1/2, d(B1/2,gEucl)) and ϕ0 : (V0∩M,d(V0∩M,gM ))→ (B+

1/2, d(B+
1/2

,gEucl)
) are bi-

Lipschitz. Since γ is d(N,gN )-Lipschitz then ϕ0 ◦γ|I0 is d(B1/2,gEucl)-Lipschitz.

Since B+
1/2 is convex then ϕ0 ◦ γ|I0 is d(B+

1/2
,gEucl)

-Lipschitz. Hence γ|I0 is

d(M,gM )-Lipschitz.

(b) Using a partition of [0, 1] by sufficiently small subintervals we can
apply [AA, Lemma 1 and Lemma 3].

(c) This follows from (b) and [BBI, Corollary 2.7.5]. �
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1.2. The proof of Theorem A. Let gQ be any Riemannian metric on Q
and let η : ∂M → ∂Q be a selected diffeomorphism. Let us consider the
smooth gluing N := M ∪η Q whose differentiable structure is obtained in a
standard way using collar neighborhoods of the manifolds involved. More
precisely, N is the topological manifold without boundary obtained from
M ∪Q identifying points x and η(x) for every x ∈ ∂M . With a slight abuse
of notation, here and on we consider M and Q as subsets of N such that
M ∩Q = ∂M , and we identify objects on M and Q with their images on N
via the inclusions M ↪→ N and Q ↪→ N . Let WM ⊂M be an open tubular
neighborhood of ∂M and let pM :WM → ∂M×(−1, 0] be the corresponding
smooth diffeomorphism, whose restriction pM |∂M : ∂M ⊂ WM → ∂M × 0
is the identity map pM (x) = x × 0. Similarly, let WQ ⊂ Q be a tubular
neighborhood of ∂Q and let pQ : WQ → ∂M × [0, 1) be the corresponding
smooth diffeomorphism, whose restriction pQ|∂M : ∂M ⊂ WQ → ∂M × 0 is
the identity map pQ(x) = x× 0.

Then pM and pQ induce a homeomorphism p : W = WM ∪WQ ⊂ N →
∂M×(−1, 1). The differentiable structure on N is obtained by imposing that
the homeomorphism p is a smooth diffeomorphism and that the inclusions
jM : ∂M ↪→ N and jQ : ∂Q ↪→ N are smooth embeddings.

The proof of Theorem A is now achieved in three steps that we formulate
as the following Lemmas of independent interest.

Lemma C. Keeping the above notation, there exists a Riemannian metric
g̃ on N such that g̃ = gM on M , i.e., (N, g̃) is a Riemannian extension
of (M, gM ). Moreover, for every ε > 0, there exists a tubular neighborhood
XQ ⊆ WQ of ∂M in N \M such that:

(a) P := M ∪ XQ ⊂ N is a manifold with smooth boundary.
(b) there exists a (1 + ε)-Lipschitz projection ρ : (P, g̃)→ (M, gM ) such

that ρ|XQ is a diffeomorphism.

In what follows, the value of ε is irrelevant. Therefore, we will always
assume that ε = 1.

Lemma D. Let (M, gM ) and (P, gP = g̃|P ) be as above. If (M, gM ) is
complete then so is (P, gP ).

Lemma E. Let (M, gM ) be an m-dimensional Riemannian manifold with
non-empty boundary. Let (P, gP ) be a complete Riemannian extension of
M with non-empty boundary and such that M ⊂ intP . Let (N, g̃) be a
Riemannian extension of (P, gP ), hence of (M, gM ). Then, there exists a
Riemannian metric gN on N such that (N, gN ) is still a Riemannian exten-
sion of (M, gM ) and it is complete.

The rest of the section is entirely devoted to the proofs of these results.

Proof of Lemma C. We proceed by steps.
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Step 1. First, we construct a local extension of gM beyond ∂M in N . Con-
sider on the cylinder ∂M×(−1, 1) a locally finite family of coordinate charts
{(Vβ, ψβ) : β ∈ B} such that

(i) ∪β∈BVβ ⊃ ∂M × {0},
(ii) ψβ(Vβ) = B1,

where B1 denotes the unit ball in the Euclidean space Rm. Let S be the
space of symmetric m×m matrices and set

Lt = {(x1, . . . , xn) ∈ B1 : xn ≤ t}.

In particular, L0 = B−1 , the lower-half unit ball. Fix β ∈ B. The met-
ric gM on p−1(Vβ) ∩ M is represented in local coordinates by a smooth
section sβ : L0 → S, such that sβ(x) is positive definite for all x ∈ L0.
Extend smoothly sβ to a section s̃β : B1 → S. By continuity we can
find a tβ ∈ (0, 1] such that s̃β is positive definite for all x ∈ Ltβ . Define

Ṽβ = p−1 ◦ ψ−1
β (intLtβ ). Repeating the construction for all β ∈ B we have

obtained a family of local Riemannian metrics g̃β defined on Ṽβ for all β ∈ B,

such that g̃β = gM on Ṽβ ∩M . Moreover ∪β∈BṼβ ⊃ ∂M × {0}.

Step 2. Next, we extend smoothly gM to a global metric g̃ on N . The
collection of sets {intM, intQ, Ṽβ : β ∈ B} gives a locally finite covering of
N . Let {ηM , ηQ, ηβ : β ∈ B} be a subordinated partition of unity. Then

g̃ = ηMgM + ηQgQ +
∑
β∈B

ηβ g̃β

is a positive definite smooth Riemannian metric on N . Moreover, for all
x ∈M ,

g̃|x = ηMgM |x +
∑
β∈B

ηβg|x = gM |x.

Step 3. Finally, we show how to construct the neighborhood XQ and the
Lipschitz projection ρ.

For all x ∈ ∂M , let ν(x) be the outward normal vector to ∂M at the
point x. The exponential map exp⊥(x, s) := expx(sν(x)) is well defined for
any s small enough (depending on x), i.e. for s ∈ [−s0(x), s0(x)] where we
can assume that s0 : ∂M → (0,∞) is smooth. Set

XQ = {exp⊥(x, s) : x ∈ ∂M, 0 ≤ s ≤ s0},

XM = {exp⊥(x, s) : x ∈ ∂M, 0 ≥ s ≥ −s0}.

Define ρ : M ∪ XQ → M as ρ(exp⊥(x, s)) = exp⊥(x,−s) when s > 0 (i.e.
ρ reflects XQ onto XM with respect to Fermi coordinates) and ρ = id on
M . Let ‖dρ‖(p) := supTpM\{0} |dpρ(v)|ρ(p)/|v|p denotes the operator norm

of dpρ. It is not difficult to see that ‖dρ‖(exp⊥(x, s))→ 1 as s→ 0 for every
x ∈ ∂M , therefore we can choose the function s0 so small, depending on ε,
that ∂XQ is smooth and ‖dρ‖ ≤ 1 + ε on P . This latter bound implies that
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ρ is a (1 + ε)-Lipschitz map. This amounts to show that, given a piecewise
C1-curve γ : [0, a]→ P , it holds

(1) LM (ρ ◦ γ) ≤ (1 + ε)LM (γ).

To this aim, we note that ρ is locally Lipschitz in P . The only delicate points
are those in the bi-collar neighborhood XM∪XQ. But, in this set, ρ is locally
Lipschitz with respect to the product metric inherited from ∂M × [−1, 1]
and local Lipschitzianity does not depend on the ground metric. Now, the
image ρ ◦ γ : [0, a]→M is locally Lipschitz and its length satisfies

LM (ρ ◦ γ) =

∫ a

0
vρ◦γ(t)dt,

where vρ◦γ denotes the speed of the curve in the sense of [BBI]. In view of
(c) of Lemma 1.3, since

vρ◦γ(t) ≤ ‖dρ‖(γ(t)) · vγ(t) ≤ (1 + ε)vγ(t)

on the open and full measure subset of [0, a]:

γ−1(P \M) ∪ int
(
[0, a] \ γ−1(P \M)

)
then, by integration, we deduce the validity (1).

�

Proof of Lemma D. First, we claim that given a locally Lipschitz, divergent
path γ : [0, 1) → P its (locally Lipschitz) projection ρ ◦ γ : [0, 1) → M
is divergent. Indeed, if K ⊂ M is a compact set, then ρ−1(K) = K ∪
ρ|−1
XQ(K ∩ XM ) is compact in P . Therefore, there exists 0 ≤ T < 1 such

that γ(t) 6∈ ρ−1(K) for every T ≤ t < 1. It follows that ρ ◦ γ(t) 6∈ K for
T ≤ t < 1, proving the claim.

Now, by Theorem 1.2, (M, gM ) is divergent paths complete and therefore
LgM (ρ ◦ γ) = +∞. Since ρ is 2-Lipschitz, we conclude that LgP (γ) = +∞,
as desired. �

Proof of Lemma E. Consider an exhaustion of N , i.e. a sequence {Nj}∞j=0

of compact manifolds with smooth boundary such that Nj b Nj+1 ⊂ N for
all j ≥ 0 and ∪∞j=0Nj = N . In the following, we use the convention Nj = ∅
whenever j < 0. We let:

• Nj,a be any connected component of (N \ intP ) ∩ (Nj+1 \Nj) for
a ∈ Aj ;
• N̂j,b be any connected component of (N \ intP ) ∩ (Nj+2 \Nj−1) for
b ∈ Bj . Observe that #Bj ≤ #Aj <∞ for all j.

Finally, define

• ∂P N̂j,a = N̂j,a ∩ ∂P .

We have the following
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Lemma 1.4. There exists a smooth Riemannian metric gN on N such that
(N, gN ) is a Riemannian extension of (M, gM ) and, for all j ∈ N, a ∈ Aj
and b ∈ Bj, the following hold:

(a) Let x, y ∈ Nj,a with x ∈ ∂Nj and y ∈ ∂Nj+1. If γ : [0, 1] → Nj,a is
any Lipschitz path connecting x to y then LgN (γ) ≥ 1.

(b) Let x, y ∈ ∂P N̂j,b. If γ : [0, 1]→ N̂j,b is any Lipschitz path connecting
x to y then LgN (γ) ≥ d(P,gP )(x, y).

Proof. For the ease of notation, given a subset C of (N, g̃) we shall denote

by d̃C the length metric on C induced by (N, g̃), namely,

d̃C(c1, c2) = inf Lg̃(γ)

where the infimum is taken over the Lipschitz path in C (if any) connecting
c1 with c2.

For any j ∈ N and a ∈ Aj , define

qj,a1 = inf d̃Nj,a(x, y),

where the infimum is taken over all the x, y ∈ Nj,a such that x ∈ ∂Nj and
y ∈ ∂Nj+1. Since ∂Nj+1∩ (N \ intP ) and ∂Nj ∩ (N \ intP ) are compact and

disjoint, qj,a1 > 0.
For any j ∈ N and b ∈ Bj , define

δj,b(x, y) =
d̃N̂j,b(x, y)

d(P,gP )(x, y)
,

and

qj,b2 = inf δj,b(x, y),

where the infimum is taken over all the x 6= y belonging to ∂P N̂j,b. We

claim that qj,b2 > 0. Indeed, suppose qj,b2 = 0. Then, there exist sequences

of points {xk} and {yk} in ∂P N̂j,b ⊂ ∂P such that δj,b(xk, yk) → 0. Since

d̃N̂j,b ≥ d(N,g̃) on N̂j,b, we deduce that

d(N,g̃)(xk, yk)

d(P,gP )(xk, yk)
→ 0.

Since xk, yk are in a compact subset of P then the denominator d(P,gP )(xk, yk)
is uniformly bounded. It follows that d(N,g̃)(xk, yk)→ 0. Therefore, by com-

pactness of ∂P N̂j,b, and up to passing to subsequences, we can assume that

{xk}, {yk} converge to a same point z ∈ ∂P N̂j,b with respect to the d(N,g̃)

metric. Since P is a manifold with smooth boundary,

d(N,g̃)(xk, yk)

d(P,gP )(xk, yk)
=
d(N,g̃)(xk, yk)

d(P,g̃)(xk, yk)
→ 1,

a contradiction.
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For every j ∈ N, a ∈ Aj and b ∈ Bj , let µj,a, νj,b ∈ C∞c ((N \M) ∩Nj+2)
be such that 0 ≤ µj,a, νj,b,≤ 1,

µj,a|Nj,a ≡ 1, µj,a|Nj−1 ≡ 0, νj,b|N̂j,b ≡ 1, νj,b|Nj−2 ≡ 0.

We define the smooth Riemannian metric gN on N as

gN (x) = e
2
∑∞
j=0

[∑
a∈Aj

max{0;− ln(qj,a1 )}µj,a(x)+
∑
b∈Bj

max{0;− ln(qj,b2 )}νj,b(x)
]
g̃(x).

Note that gN is well defined, since the sum is locally finite. Moreover the
conformal factor is everywhere greater or equal to 1, and it is greater or

equal to (qj,a1 )−2 on Nj,a and to (qj,b2 )−2 on N̂j,b. So the metric gN satisfies
the claim of the lemma. �

To conclude the proof of Lemma E, we have to show that the metric gN
of N obtained in Lemma 1.4 is (divergent paths) complete. To this end, we
take a locally Lipschitz divergent path γ : [0, 1) → N and we distinguish
three different cases:

First case. The path γ is definitely contained in N \ P . Without loss of
generality we can assume that the entire path γ is contained in N \P . Using
item (a) of Lemma 1.4 we easily deduce that LgN (γ) = +∞.

Second case. The path γ is definitely contained in intP . As above, we can
assume that γ is entirely in P . Then, by assumption, LgP (γ) = +∞. On
the other hand, by definition of gN we have that LgN ≥ LgP and, therefore,
LgN (γ) = +∞.

Third case. There exists a sequence of times tk → 1− such that γ(t2k) ∈
N \ P and γ(t2k+1) ∈ intP for all k. By contradiction, let us assume that
LgN (γ) < +∞. Then, up to starting from 0 < T < 1 close enough to 1 we
can assume that ` := LgN (γ|[T,1)) < 1 and that γ(T ) ∈ P . Thus, using a
suitable reparametrization of γ|[T,1), we can assume that γ : [0, `)→ N has
unit speed and satisfies γ(0) ∈ P ; [BBI, Proposition 2.5.9].

Consider the disjoint union

γ−1(N \ P ) = ∪̇λ∈N(αλ, βλ).

Then, by item (a) of Lemma 1.4, for each λ there exist jλ ∈ N and bλ ∈ Bjλ
such that

γ((αλ, βλ)) ⊂ N̂jλ,bλ .

By item (b) of Lemma 1.4, for every λ,

d(P,gP )(γ(αλ), γ(βλ)) ≤ LgN (γ|(αλ,βλ)).

Hence there exists a Lipschitz curve σλ : [αλ, βλ] → P with the same end-
points of γ|[αλ,βλ], i.e.,

σλ(αλ) = γ(αλ), σλ(βλ) = γ(βλ),
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and such that

(2) LgP (σλ) ≤ 2LgN (γ|(aλ,βλ)) = 2(βλ − αλ).

We now construct a new path σ : [0, `)→ P by setting

σ(t) =

{
σλ(t) if t ∈ (αλ, βλ), for some λ ∈ N
γ(t) otherwise.

Set An := ∪nλ=0(αλ, βλ). For every n ∈ N we introduce the d(N,g̃)-rectifiable
paths γn : [0, `)→ N by

γn(t) =

{
σλ(t) if t ∈ An,
γ(t) otherwise.

From (2), item (b) of Lemma 1.3, and the fact that, by construction, lengths
with respect to g̃ are smaller than lenghts with respect to gN , we deduce
that for all n ∈ N,

Lg̃(γn) = Lg̃(γ|[0,`)\An) +

n∑
i=0

Lg̃(σλ|(aλ,βλ))

= Lg̃(γ|[0,`)\An) +
n∑
i=0

LgP (σλ|(aλ,βλ))

≤ LgN (γ|[0,`)\An) +
n∑
i=0

2LgN (γ|(aλ,βλ))

≤ 2LgN (γ) = 2`.

By the semi-continuity of Lg̃ we get that σ is d(N,g̃)-rectifiable, and

(3) LgP (σ) = Lg̃(σ) ≤ 2`.

Namely, for any fixed S ∈ (0, `) and for any finite partition 0 = s0 <
s1 < · · · < sK = S, there exists n ∈ N such that γn(sj) = σ(sj) for all
j = 0, . . . ,K, so that

K∑
j=1

d(N,g̃)(σ(sj−1), σ(sj)) =

K∑
j=1

d(N,g̃)(γn(sj−1), γn(sj)) ≤ Lg̃(γn) ≤ 2`.

Finally we show that σ is divergent in (P, gP ). This fact, together with (3)
will contradict the divergent paths completeness of (P, gP ), thus concluding
the proof of Lemma E.

To this purpose, fix a compact C ⊂ P and let j be large enough so
that C ⊂ Nj . Since γ is divergent in N , there exists T ∈ [0, `) such that
γ(t) 6∈ Nj+1 for all t ∈ (T, `). Set

T := {λ ∈ N : aλ > T and σλ([αλ, βλ]) ∩Nj 6= ∅}.
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If T is empty, there is nothing to prove. Otherwise note that, for every
λ ∈ T , σλ(αλ) 6∈ Nj+1 and σλ(βλ) 6∈ Nj+1. Define

cj := min{d(N,g̃)(x, y) : x ∈ ∂Nj and y ∈ ∂Nj+1},

which is well defined by compactness, and strictly positive since Nj b Nj+1.
Then

]T ≤
Lgp(σ)

2cj
<∞.

Accordingly, we have that β∗ := maxλ∈T bλ satisfies β∗ < ` and σ([β∗, `)) ⊂
N \Nj ⊂ N \ C.

�

2. Some applications

According to Theorem A, a Riemannian manifold with smooth boundary
can be always realized as a smooth, closed domain of a Riemannian mani-
fold without boundary. Moreover, the ambient manifold can be chosen to be
geodesically complete if the original manifold with boundary was metrically
complete (hence a closed domain). This viewpoint on manifolds with bound-
ary has two main consequences: on the one hand, open relations concerning
Riemannian quantities of local nature extend trivially past the boundary of
the manifold. On the other hand, by restriction, one can easily inherit basic
results and constructions from complete manifolds without boundary. We
shall provide examples of both these instances.

2.1. Local extensions with curvature constraints. Let (M, gM ) be a
Riemannian manifold with boundary ∂M 6= ∅ satisfying a strict curvature
condition like CurvM > C or CurvM < C for some constant C ∈ R. Here,
Curv denotes either the sectional, the Ricci or the scalar curvature of the
manifold at hand.

Consider any Riemannian extension (N, gN ) of (M, gM ). Since Curv > C
(resp. Curv < C) and CurvM = CurvN on M , by continuity there exists a
neighborhood U ⊆ N of ∂M such that Curv > C (resp. Curv < C) holds
on V = M ∪ U .

Assume now that ∂M is compact. According to Definition 2.8 below,
we say that ∂M is strictly convex (resp. strictly concave) if, with respect
to the outward pointing Gauss map ν, the eigenvalues λ1, · · · , λm−1 of the
shape operator S(X) = − NDXν satisfy λj < 0 (resp. > 0). We choose

0 < δ � 1 in such a way that the normal exponential map Nexp⊥ : ∂M ×
(−δ, δ) → V defines e diffeomorphism onto its image and we can consider
the corresponding family of (diffeomorphic) parallel hypersurfaces

(∂M)t = Nexp⊥(∂M × {t}).
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Let St denote the shape operator of (∂M)t. It is known that its eigenvalues
λ1(t), · · · , λm−1(t) evolve (for a.e. t) according to the Riccati equation

dλj
dt

(t) = λ2
j (t) + SectN (ν ∧ Ej(t))

where Ej(t) ∈ T (∂M)t is the eigenvector of St corresponding to λj(t); see
e.g. [Gra]. From this equation, under curvature restrictions and using com-
parison arguments, one could obtain sign conclusions on suitable intervals.
Anyway, regardless of any curvature assumption, if

λj(0) = λj < 0

(resp. > 0), by continuity we find 0 < ε < δ such that

λj(t) < 0, 0 ≤ t ≤ ε,

(resp. > 0). Clearly, similar considerations hold for the mean curvature
function. Thus, by taking N̄ := M ∪ Nexp⊥(∂M × [0, ε]), we have proved
the following result.

Corollary 2.1. Let (M, gM ) be a Riemannian manifold with boundary ∂M 6=
∅ and satisfying CurvM > C (resp. CurvM < C). Then, there exists a Rie-
mannian extension (N̄ , gN̄ ) of M such that CurvN̄ > C (resp. CurvN̄ < C).
Moreover, assume that ∂M is compact. If ∂M is either strictly (mean) con-
vex or strictly (mean) concave, then N̄ can be chosen so to have a boundary
∂N̄ with the same property.

Remark 2.2. The situation is significantly more difficult if either we re-
place the strict inequalities with their weak counterparts or if we insist that
the extended manifold is complete. In these cases, smooth extensions are
not allowed in general. Results and examples along the second mentioned
direction will be presented in Part 2 and Part 3 of the paper.

2.2. Proper Nash embedding. The classical formulation of the Nash em-
bedding theorem states that any Riemannian manifold (N, gN ) can be iso-
metrically embedded in some Euclidean space R`, where ` = `(dimN). In
the “survey” part of the paper [GR] it is claimed that the embedding can be
chosen to be proper if N is geodesically complete and, moreover, that the
Nash embedding holds also for manifolds with boundary. An elementary,
but clever, proof of the first claim can be found in [Mü]. Here, we point
out that the second claim can be trivially deduced from the first one, by
restricting to the manifold with boundary a proper isometric embedding of
a complete Riemannian extension. Alternatively, we can adapt the direct
argument in [Mü] to the case of non-trivial boundary.

Corollary 2.3. Let (M, gM ) be a complete Riemannian manifold with bound-
ary ∂M 6= ∅. Then, there exists a proper isometric embedding of M into
some Euclidean space R` where ` = `(dimM).
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Proof. We preliminarly observe that any Riemannian manifold with bound-
ary has an isometric embedding into some Euclidean space Rn. This follows
by applying the usual Nash embedding to a Riemannian extension.

Now, let % : M → R>0 be the exhaustion function of Lemma 2.5 below.
Up to a dilation we can assume that ‖∇%‖∞ ≤ 1/2. Define on M the
new Riemannian metric g̃ = g − d% ⊗ d%. Then, there exists an isometric
embedding j : (M, g̃) ↪→ Rn, for some n. It follows that i = (j, %) : (M, g) ↪→
Rn+1 is a proper isometric embedding, as desired. �

2.3. Sobolev spaces. In the geometric analysis on manifolds with bound-
ary, the theory of (first order) Sobolev spaces, and the corresponding density
results, are vital to carry out PDE’s constructions typical of the setting of
manifolds without boundary. By way of example, we can mention the trun-
cation method in order to obtain sub(super) solutions of Neumann problems
for the Laplace operator and its applications to potential theory; see [IPS].
In this respect, the Euclidean arguments work almost verbatim once we
consider the manifold with boundary as a domain inside an ambient man-
ifold without boundary. We are going to illustrate quickly this viewpoint
by recovering a classical density result á la Meyers-Serrin; see e.g. [IPS,
Appendix A].

Let (M, gM ) be a (possibly non-compact and incomplete) Riemannian
manifold with boundary ∂M 6= ∅. Since intM is a smooth manifold without
boundary we can define, as usual, the space

W 1,p(intM) = {u : intM → R : u ∈ Lp,∇u ∈ Lp},

where ∇u is the distributional gradient of u, endowed with the norm

‖u‖W 1,p = (‖u‖pLp + ‖∇u‖pLp)
1/p.

Suppose now that (M, gM ) is complete and let (N, gN ) be a geodesically
complete Riemannian extension without boundary. Fix a locally finite, rela-
tively compact, smooth atlas {(Vj , ϕj)} of N such that either Vj ∩M = ∅ or
(Vj∩M,ϕj |M ) is a smooth chart of M . Without loss of generality, we can as-
sume that ϕj(Vj) = B1 ⊂ Rm and (in case Vj ∩ ∂M 6= ∅) ϕj(Vj ∩M) = B+

1 .
We consider a partition of unity {χk} subordinated to the covering {Vk}
and, given a function u ∈ W 1,p(intM), we decompose it as u =

∑
k uk

with uk = u · χk. Now, for any fixed ε > 0, applying in local coordinates
the standard approximation procedure, e.g. [Le, Theorem 10.29], we find
vk ∈ C∞c (Uk) such that

‖uk − vk‖W 1,2(intM) ≤
ε

2k
.

Thus, the locally finite sum v =
∑

k vk is a function in C∞(N) and gives
an ε-approximation of u in the space W 1,2(intM). This implies the partial
result:

(4) W 1,p(intM) = C∞(M)
‖·‖W1,p

.
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Finally, we have to approximate v|M in W 1,p(intM) with the restriction
to M of a function in C∞c (N). To this end, let ρN : N → R>0 be a
smooth function satisfying ρN (∞) = +∞ and ‖∇ρN‖L∞(N) ≤ L. It can
be obtained by regularizing the distance function by convolution methods;
[GW]. Moreover, choose ψ : R → [0, 1] to be any smooth function such
that ψ(t) = 1 if t ≤ 1 and ψ(t) = 0 if t ≤ 2, and define the sequence
ψk := ψ(ρN/k) ∈ C∞c (N). Then, ψk → 1, as k → +∞ uniformly on
compact subsets of N , and ‖∇ψk‖L∞(N) → 0 as k → +∞. It is then
obvious, by dominated convergence, that the sequence

wk = v · ψk ∈ C∞c (N)

converges in W 1,p(N) to v. By restriction, wk|M ∈ C∞c (M) converges to
v|M in W 1,p(intM). We have thus obtained the stronger density result:

Corollary 2.4. Let (M, gM ) be a complete Riemannian manifold with (pos-
sibly empty) boundary ∂M . Then

(5) W 1,p(intM) = C∞c (M)
‖·‖W1,p

.

As a side product, observe that by taking ρM = ρN |M we also obtain
the existence of a smooth, globally Lipschitz, exhaustion function on any
complete manifold with boundary.

Lemma 2.5. Let (M, gM ) be a complete Riemannian manifold with bound-
ary ∂M 6= ∅. Then, there exists a smooth function ρM : M → R>0 satisfying

(6) ρM (∞) = +∞; ‖∇ρM‖L∞(M) ≤ L.

The proof of this fact is not completely obvious if we use the pure view-
point of manifolds with boundary. The mollification procedure used to regu-
larize a given Lipschitz function (e.g. the intrinsic distance function) requires
some care.

2.4. Lp-Liouville properties. As a further example of possible (analytic)
applications of the existence of a complete Riemannian extension we gen-
eralize to complete manifolds M with smooth boundary a classical result
due to S.T. Yau, [Ya]. Recall that, given 1 < q < +∞, the q-Laplacian of

a function u ∈ W 1,q
loc (intM) is defined as ∆qu = div(|∇u|q−2∇u) where the

divergence is understood in the weak sense. By elliptic regularity, a solution
of ∆qu = 0 is in fact C1,α

loc (intM).

Corollary 2.6. Let (M, g) be a complete Riemannian manifold with smooth
boundary ∂M 6= ∅ and let 0 < q − 1 < p < +∞. If u ∈ C0(M) ∩ C1(intM)
is a solution of the problem

∆qu = 0, intM

u = 0, ∂M

u ∈ Lp(M)

then u ≡ 0.
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Proof. By Corollary B we can consider a complete Riemannian extension
(M ′, g′) of (M, g). Next, we fix any ε > 0 and we observe that u+

ε = max(u−
ε, 0), once it is extended to 0 in M ′\M , is a positive, Lp solution of ∆qu

+
ε ≥ 0

on M ′. By Yau’s classical result (see e.g. [PS] for the version needed here)
we have u+

ε ≡ 0 and, hence, since ε is arbitrary, u ≤ 0. Applying the same
reasoning to −u completes the proof. �

Part 2. Nonexistence of complete extensions under curvature
conditions

This part is devoted to a phenomenological investigation concerning pos-
sibile obstructions to the existence of complete Riemannian extensions with
controlled curvature. We shall explore techniques of different nature that
are sensitive of the topology of the original piece with boundary and that
can be used to construct counterexamples to the extension problem. In this
direction it is appropriate to start with the simple observation that, unlike
the boundaryless case, compact manifolds with boundary always support
Riemannian metrics whose sectional curvature has a prescribed sign.

Lemma 2.7 (Gromov). Let M be a smooth, m ≥ 2-dimensional manifold
with boundary ∂M 6= ∅. Then, there exists a Riemannian metric g+ on M
such that Sectg+ > 0 and a Riemannian metric g− satisfying Sectg− < 0.

Proof. Using Theorem A, we enlarge M past its boundary so to obtain an
open Riemannian manifold N containing M as an isometric domain. Next,
we apply to N the classical existence theorem by Gromov, [Gro], and we
restrict the corresponding Riemannian metric to M . �

A crucial point is that, with respect to the prescribed Riemannian metric,
the boundary could have a wild submanifold geometry. For instance, a
convexity condition would immediately force a control on the topology. In
all that follows we will make use of the following convention:

Definition 2.8. Let (M, g) be an m-dimensional Riemannian manifold with
boundary ∂M 6= ∅ and outward pointing unit normal ν. The second fun-
damental form of ∂M is the symmetric bilinear form on T∂M given by
II(X,Y ) = g(−DXν, Y ) and ∂M is said to be (strictly) convex if the eigen-
values of II are (strictly) negative. This condition is written as II ≤ 0 (resp.
< 0), the inequality being understood in the sense of quadratic forms.

A result by D. Gromoll, later extended in [Wa], states that a compact
manifold with strictly convex boundary and strictly positive sectional cur-
vature is diffeomorphic to a Euclidean ball, hence it is contractible. In the
Ricci curvature setting, we remark the following fact, see [RS], that can be
compared with the results of Section 3 and Section 5.

Proposition 2.9. Let (M, g) be a compact, m ≥ 2-dimensional Riemannian
manifold with boundary ∂M 6= ∅ and satisfying Ricg ≥ 0 on M . If either



THE SMOOTH RIEMANNIAN EXTENSION PROBLEM 19

(a) II ≤ 0 on ∂M and Ricg > 0 at some x0 ∈ intM ,

or

(b) II < 0 on ∂M

then, the first singular homology group H1(M,Z) is torsion. In particular,
the fundamental group π1(M) of M cannot contain Zk, k ≥ 1, as a free or
(semi)direct factor.

Proof. There is an Hodge-de Rham theory for manifolds with boundary,
[Co], according to which each de Rham cohomology class of intM is rep-
resented by a harmonic form with Neumann conditions. This follows from
an energy minimization procedure in the homology class without boundary
restrictions. In particular, given [ω] ∈ H1

dR(intM), there exists a 1-form
ξ ∈ [ω] such that ∆Hξ = 0 and ξ(ν) = 0, where ∆H denotes the Hodge
Laplacian. By assuming that the boundary is (weakly) convex II ≤ 0, an
extension of the Reilly formula to differential forms, [RS], shows that ξ is
parallel. In fact, in case (b), necessarily ξ = 0. The same conclusion holds
also in case (a) by using Bochner formula. Thus, by de Rham isomorphism,
the first real Betti number of intM vanishes. Since M has the same homo-
topy type of intM , the same holds for M and the conclusion follows from
the universal coefficient theorem and by recalling that the first singular ho-
mology group is the Abelianization of the fundamental group. �

The previous discussion leads to the following, a-posteriori obvious, con-
clusions:

i) if we are mainly interested in producing counterexamples to the ex-
istence of complete extensions with curvature controls on the base
of the topology of the original piece with boundary, it is natural to
forget the submanifold geometry of the boundary in order to have
much more flexibility.

ii) if we are interested in developing an existence theory involving the
topology of the manifold with boundary, the submanifold geometry
of the boundary must be taken under consideration and should play
a decisive role.

3. Nonexistence of complete extensions with Ric ≥ C

Topological obstructions to the existence of complete metrics with Ricci
curvature lower bounds are naturally related to the growth of the funda-
mental group of the space. Classical tools to detect these obstructions with
a nonnegative lower bound are represented by the Švarc-Milnor(-Anderson)
theory combined with the Bishop-Gromov volume comparison, and the split-
ting result by Cheeger-Gromoll. Actually, also the harmonic mapping theory
plays a relevant role in this context. On the other hand, as first pointed out
by Gromov, introducing the concept of entropy in the Švarc-Milnor pic-
ture allows one to get crucial information even in the case of negative lower
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bounds. We are going to use these tools to show that, in general, the exis-
tence of a complete Riemannian extension with controlled Ricci curvature
is prevented by the too much large growth of the fundamental group of the
original (compact) manifold with boundary. Concrete examples will be pro-
vided for each theoretical result. As a bypass product we will obtain that,
in general, no reasonable Bishop-Gromov type estimates hold for manifolds
with bad boundary geometry, as already remarked for instance in [GM]. In
particular, these manifolds have no Ricci lower bounds in the sense of the
classical singular theory of metric measure spaces.

3.1. Nonexistence of Ric ≥ 0 extensions. Recall that a Riemannian
manifold (M, g) with boundary ∂M 6= ∅ is a length metric space with respect
to its intrinsic distance dg. Moreover, if (M,dg) is metrically complete then
it is a proper geodesic space, i.e., closed metric balls are compact and any
couple of points is connected by a minimizing geodesic. Consider the univer-
sal Riemannian covering P : (M̃, g̃) → (M, g) of (M, g). The Riemannian

projection map P gives rise to a metric local isometry (M̃, dg̃) → (M,dg).
Indeed, using that P preserves the Riemannian lengths, it is easy to see
that the length structure of (M̃, dg̃) is obtained precisely by lifting via P
the length structure of (M,dg). Since metric completeness lifts from the
base to the covering and conversely, it follows from the Hopf-Rinow theo-
rem that the locally compact length space (M̃, dg̃) is in fact a geodesic space
if and only if so is (M,dg).

In the following, we summarize some basic facts from the Švarc-Milnor
theory for geodesic metric spaces endowed with invariant measures. In par-
ticular, it applies to complete Riemannian manifolds with (possibly empty)
boundary.

Theorem 3.1. Let (X, d) be a proper, geodesic, metric space admitting

a simply connected universal covering space X̃ and with finitely generated
fundamental group G = π1(X). Let X̃ be endowed with the lifted length

structure d̃ that makes the covering projection P : (X̃, d̃)→ (X, d) a metric
local isometry. Then:

(a) G acts freely and properly by isometries on (X̃, d̃).

(b) Assume that m̃ is a regular Borel measure on (X̃, d̃) such that the
metric balls have positive measure. If G acts by measure preserving
isometries on the metric measure space (X̃, d̃, m̃), then, for any fixed

x̃0 ∈ X̃, there exist constants α, β > 1 such that

(7) |BGR(1)| ≤ αm̃
(
BX̃
βR(x̃0)

)
,

for every R � 1. Here, G is endowed with the word metric with
respect to a fixed finite set of generators and BGR(1) denotes its metric
ball of radius R and centered at the neutral element.
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(c) If X is compact, G is quasi-isometric to (X̃, d̃). Moreover (7) has
the companion lower estimate

α−1m̃
(
BX̃
β−1R(x̃0)

)
≤ |BGR(1)|.

Remark 3.2. In the setting of Riemannian manifolds without(!) boundary,
this result has been sharpened by M. Anderson, [An], via a clever use of
Dirichlet-domains of the action. He showed that given a regular covering
P : (M̃, g̃)→ (M, g) with finitely generated deck transformation group G, if

volBM̃
R (x̃0) ≤ ARk and volBM

R (P (x̃0)) ≥ BRh

then G grows at most polynomially of order k − h. Anderson result has
been recently extended to general RCD∗(0,N) spaces by A. Mondino and
G. Wei in [MW]; we are grateful to the referee for having pointed out to
us this reference. These spaces include complete manifolds with (weakly
convex) boundary; [Han]. Some geometric assumption on the boundary is
needed as explained in Remark 3.5. To what extent the boundary convexity,
although natural, is the appropriate assumption remains and interesting
problem. Actually, in the setting of complete Riemannian manifolds with
boundary, one may be tempted to set the following global definition based
on the extension property: The complete Riemannian manifold (M, g) with
smooth boundary ∂M 6= ∅ has global RicM,∂M ≥ C if there exists a complete
Riemannian extension (N,h) of M , without boundary, satisfying RicN ≥ C
in the usual sense.

A direct application of these results yields the next nonexistence criteria.

Theorem F. Let (M, g) be a complete, m-dimensional Riemannian mani-
fold with boundary ∂M 6= ∅. Its Riemannian universal covering is denoted
by (M̃, g̃). Let G be a finitely generated subgroup of π1(M) such that G
grows at least polynomially of order k. Then the following hold.

(a) Assume k ≥ m+1. Then, (M̃, g̃) cannot be extended to a geodesically

complete manifold (M̃ ′, g̃′) satisfying RicM̃ ′ ≥ 0.
(b) Assume k ≥ m+1. If ∂M is simply connected, then (M, g) itself has

no complete Riemannian extensions (M ′, g′) satisfying RicM ′ ≥ 0.
(c) Assume k = m. If ∂M is simply connected then any Riemannian

extension (M ′, g′) satisfying RicM ′ ≥ 0 must be compact. In particu-
lar, if RicM > 0 at some point then (M, g) has no complete extension
(M ′, g′) with RicM ′ ≥ 0.

Proof. (a) Since G acts freely and properly by isometries on (M̃, g̃) we can

consider the (quotient) universal covering projection Q : M̃ → N := M̃/G

where π1(N) ' G and the smooth manifold N with boundary ∂N = Q(∂M̃)
is endowed with the complete metric h = Q∗g̃. Now, by contradiction,
suppose that the extension (M̃ ′, g̃′) exists. Observe that, having fixed a

point x̃0 ∈ M̃ , we have the inclusion of intrinsic metric balls BM̃
R (x̃0) ⊆



22 STEFANO PIGOLA AND GIONA VERONELLI

BM̃ ′
R (x̃0) ∩ M̃ . It follows from the Bishop-Gromov volume comparison that

volBM̃
R (x̃0) ≤ ARm. On the other hand, according to (7) and recalling that

G grows at least polynomially of order m+1, we have volBM̃
R (x0) ≥ BRm+1

for every R� 1. Contradiction.

(b) By contradiction, suppose that (M ′, g′) is a complete Riemannian
extension of (M, g) with RicM ′ ≥ 0. Using collars we can decompose M ′ as
the union A ∪ B where A,B are open sets with the homotopy type of M
and M ′ \M respectively and, moreover, A ∩ B has the homotopy type of
∂M . Since ∂M is simply connected, the Seifert-Van Kampen theorem yields
that π1(M ′) ' π1(M)∗H for some group H. In particular, π1(M ′) contains
an isomorphic image of the finitely generated group G. This latter acts
by isometries on the universal covering space (M̃ ′, g̃′) of (M ′, g′) and gives

rise to the regular Riemannian covering projection Q : (M̃ ′, g̃′) → (N ′, h′)

where N ′ = M̃ ′/G and h′ = Q∗g̃
′. Since π1(N ′) = G is finitely generated

and grows at least polynomially of order m + 1, from (7) we know that

volBM̃ ′
R ≥ ARm+1. But this contradicts Bishop-Gromov because RicM ′ ≥ 0.

(c) Let (M ′, g′) be a complete Riemannian extension of (M, g) such that
RicM ′ ≥ 0 on M ′. As in the previous case, π1(M ′) contains G as a finitely
generated subgroup and G has polynomial growth of order m = dimM ′.
Consider the Riemannian universal covering projection Q : (M̃ ′, g̃′) →
(N ′, h′) where N ′ = M̃ ′/G. Then, both (M̃ ′, g̃′) and (N ′, h′) are com-
plete Riemannian manifolds with nonnegative Ricci curvature. Moreover
π1(N ′) ' G. We claim that M ′ is compact. Indeed, suppose the contrary.
Since G is a subgroup of π1(M ′), there exists a (possibly not regular) cov-
ering projection N ′ → M ′. Therefore N ′ must be noncompact as well. Fix
x̃0 ∈ M̃ ′ and the corresponding x0 = Q(x̃0) ∈ N ′. By the Calabi-Yau lower
volume estimate we have

volBN ′
R (x0) ≥ C1R

for every R � 1 and for some constant C1 = C1(x0) > 0. On the other
hand, by Bishop-Gromov,

volBM̃ ′
R (x̃0) ≤ C2R

m = C2R
(m−1)+1

for every R > 0 and for some dimensional constant C2 = C2(m) > 0. It
follows from the Anderson improvement of the Švarc-Milnor growth esti-
mate that G grows at most polynomially of order m − 1. Contradiction.
Therefore M ′ is compact and, hence, M̃ ′ contains a line. It follows from the
Cheeger-Gromoll splitting theorem that M̃ ′ splits isometrically as M̃ ′ × R,
contradicting the fact that RicM ′ > 0 at some point. �

Remark 3.3. As a matter of fact, in the assumption of (c), any Riemannian
extension (M ′, g′) of (M, g) satisfying RicM ′ ≥ 0 must be compact and
Ricci flat. This follows directly from [CG1, Theorem 4]. In particular, if
SectM 6≡ 0, there exists no Riemannian extension satisfying RicM ′ ≥ 0.



THE SMOOTH RIEMANNIAN EXTENSION PROBLEM 23

We have decided to state point (c) solely in terms of Ricci and to provide
a Švarc-Milnor oriented proof for two reasons: (i) this section is mainly
focused on Ricci curvature constraints related to Švarc-Milnor theory; (ii)
the arguments have the merit to work even in situations where the the
volume bounds follow from assumptions not directly related to Ric ≥ 0.

Example 3.4. Let (Σ = T2 \ Dε, gΣ) be a flat 2-torus with a small disc
removed and let (N = Rm/Γ, gN ) be any closed flat manifold. Then, the
Riemannian product (M = Σ × N, gM = gΣ + gN ) is a compact, (m + 2)-
dimensional, flat manifold with boundary ∂M = S1 × N and fundamental
group π1(M) ' (Z ∗ Z)× Γ. Since π1(M) grows exponentially, by Theorem

F (a), the Riemannian universal covering P : (M̃, g̃)→ (M, g) is a complete,

flat, Riemannian manifold with boundary ∂M̃ = P−1(∂M) 6= ∅ and without

any complete Riemannian extension (M̃ ′, g̃′) satisfying Ricg̃′ ≥ 0.

Remark 3.5. Observe that, by Theorem 3.1 (b), the volume growth of
the intrinsic balls of the metrically complete, simply connected Riemannian
manifold (M̃ ′, g̃′) with boundary is exponential regardless of the fact that
it is a flat manifold. This shows that there is no reasonable volume growth
comparison for manifolds with uncontrolled boundary geometry. Similar
considerations hold for the next two examples: the Riemannian universal
coverings of the compact manifolds we are going to construct are metrically
complete manifolds with boundary, with sectional curvature ≥ C > 0 and
with polynomial volume growth. In particular, these manifolds are non-
compact.

Example 3.6. Let H3
R be the 3-dimensional Heisenberg group realised as

the space of lower triangular matrixes 1 0 0
a 1 0
b c 1


with a, b, c ∈ R and let H3

Z be its natural integral lattice. Then, Z = H3
R/H

3
Z

is a compact 3-dimensional smooth (Nil)manifold. Its fundamental group
π1(Z) is isomorphic to H3

Z and, therefore, growths polynomially of order
4; [deH]. By Seifert-Van Kampen, the same growth property holds for the
compact manifold with boundary Z \ D, where D ⊂ Z denotes a smooth
disk. Now, we construct a 6-dimensional compact manifold by taking the
product

M = (Z \D)× Z.
Note that

∂M ≈ S2 × Z,
therefore ∂M is not simply connected. On the other hand,

π1(M) ' H3
Z ×H3

Z
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has polynomial growth of order 8 > 6 = dimM . According to Lemma 2.7
we endow M with a Riemannian metric g of positive sectional curvature
SectM > 0. By Theorem F (a) we conclude that the universal covering

(M̃, g̃) of (M, g) cannot be extended to a complete Riemannian manifold of
nonnegative Ricci curvature.

Example 3.7. Let M = Z \ D where Z is the compact (Nil)manifold
constructed in the previous example and D is a smooth disk. Endow M
with a metric g satisfying RicM > 0. Since ∂M ≈ S2 is simply connected
and π1(M) ' H3

Z has polymonial growth of order 4, by Theorem F (b) we
conclude that (M, g) cannot be extended to a complete Riemannian manifold
of non-negative Ricci curvature.

Example 3.8. Let m ≥ 3 and consider the m-dimensional compact man-
ifold M with smooth simply connected boundary ∂M ≈ Sm−1 obtained
by removing from the “flat” torus Rm/Zm a small smooth disk. By the
Seifert-Van Kampen theorem, π1(M) ' π1(Rm/Γ) ' Zm, therefore π1(M)
has polynomial growth of order m. According to Lemma 2.7 we endow M
with a metric g of positive sectional curvature SectM > 0. Then, by (c)
of Theorem F, (M, g) cannot be extended to a complete manifold (M ′, g′)
satisfying RicM ′ ≥ 0.

3.2. A measure of Ric− of complete extensions. A compact Riemann-
ian manifold M with simply connected boundary ∂M 6= ∅ and fundamental
group isomorphic to the fundamental group of a flat manifold could have
no complete extensions with Ric ≥ 0; see Example 3.8. By using some
harmonic mapping theory á la Schoen-Yau, [ES, Har, SY, PRS, PV1], we
can obtain some more precise information on the negative part of the Ricci
curvature of any complete Riemannian extension.

Notation 3.9. Given a Schrödinger operator L = −∆M − a(x) on the
Riemannian manifold (M, g) we denote by λ1(L) the bottom of its spectrum,
i.e.,

λ1(L) = inf
ϕ∈C∞c (M)\{0}

∫
M |∇ϕ|

2 + a(x)ϕ2∫
M ϕ2

.

Moreover, given a real number δ ∈ R we introduce the modified Schrödinger
operator

Lδ = −∆M − δa(x).

Finally, we use the notation a− = −min(a, 0) ∈ R≥0, for any a ∈ R.

We say that the Riemannian manifold (M, g) is δ-stable, δ > 0, with respect
to the Schrödinger operator L = −∆M − a(x) if λ1(Lδ) ≥ 0. Otherwise
(M, g) is δ-unstable.

With this terminology in mind, we state the following somewhat quanti-
tative result.
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Theorem G. Let (M, g) be a compact, m(≥ 3)-dimensional Riemannian
manifold with boundary ∂M 6= ∅. Assume also that the following topological
properties are satisfied:

(a) ∂M is simply connected.
(b) there exists a non-trivial homomorphism % : π1(M) → Γ, where Γ

is the fundamental group of a compact Riemannian manifold (N,h)
with Secth ≤ 0.

Consider any geodesically complete, noncompact Riemannian extension (M ′, g′)
of (M, g) and set

a(x) = inf{RicM ′(v, v) : v ∈ TxM ′, g′(v, v) = 1}.
Then (M ′, g′) is δ-unstable with respect to L = −∆M ′ − a−(x), for every
δ > (m− 1)/m.
The same conclusion holds if we replace the assumption that M ′ is noncom-
pact with the assumption that RicM ′ > 0 at some point.

As alluded to above, the proof is an easy consequence of the harmonic
mapping theory developed in [ES, SY] and of the vanishing theorems from
[PRS, PV1]. We sketch the arguments for the sake of completeness.

Proof (of Theorem G). Fix a geodesically complete Riemannian extension
(M ′, g′) of (M, g). Since, by the Cartan-Hadamard theorem, N is aspherical
(i.e. its universal covering is contractible), the homomorphism % is induced
(up to conjugation) by a continuous map f : M → N and, since ∂M is
simply connected, f can be extended by a constant to all of M ′. If follows
from [SY] that there exists a harmonic map u : M ′ → N with finite energy
|du| ∈ L2(M ′) in the homotopy class of f . In particular, u and f induce the
same homomorphism between fundamental groups.

Now, by contradiction, suppose that RicM ′ ≥ a(x)g′ with

λ1(−∆M ′ − δa−(x)) ≥ 0

for some δ > (m− 1)/m.

Using the vanishing results in [PRS, PV1] we deduce that |du| ≡ const
and either a(x) ≡ 0, i.e., RicM ′ ≥ 0 or u ≡ const. The second possibility
cannot occur because, otherwise, the original homomorphism % would be
trivial. Therefore RicM ′ ≥ 0. If we assume that M ′ is non-compact then,
by the Calabi-Yau lower volume estimate, we have that vol(M ′) = +∞ and,
therefore, the constant function |du| cannot be in L2(M ′). Contradiction.
On the other hand, if M ′ is compact and RicM ′ > 0 at some point, the
Weitzenböck formula implies that |du| = 0 and u ≡ const. Again, this is a
contradiction. �

Example 3.10. Let M be the compact, m(≥ 3)-dimensional manifold with
simply connected boundary ∂M ≈ Sm−1 obtained by removing a smooth
small disk D from a compact flat manifold Rm/Γ, with Γ a crystallographic
group. Suppose that M is endowed with a Riemannian metric g such that
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RicM ≥ 0. Since π1(M) ' π1(Rm/Γ) ' Γ and N = Rm/Γ has a flat metric,
we can take the obvious isomorphism % = id : π1(M) → Γ and conclude
the validity of the following property: if (M, g) is extended to a gedesically
complete Riemannian manifold (M ′, g′) with RicM ′ ≥ −a(x), a(x) ≥ 0, and
(M ′, g′) is δ-stable with respect to L = −∆−a(x), for some δ > m/(m−1),
then M ′ must be a compact, Ricci-flat manifold.

3.3. Nonexistence of Ric ≥ −C2 extensions. Let (M, g) be a com-
pact Riemannian manifold with (possibly empty) boundary ∂M and let

P : (M̃, g̃) → (M, g) be its Riemannian universal covering. The entropy of
(M, g) is the number

h(M, g) = lim inf
R→+∞

log volBM̃
R (x̃0)

R
,

well defined independently of the choice of the base point x̃0. Similarly,
one introduces a notion of entropy in the class of finitely generated groups
in order to measure the degree of exponential growth. Let G be a finitely
generated group with finite set of generators S. Then, the entropy of (G,S)
is the number

h(G,S) = lim inf
R→+∞

log |BGR(1)|
R

where, we recall, BGR(1) is the metric ball of G with respect to the word
metric induced by the set of generators S. Although a change of the finite
set of generators produces quasi-isometric distances, the entropy is not a
quasi-isometry invariant and, therefore, it makes sense to define the minimal
entropy of the group G as

h(G) = inf
S
h(G,S).

It is a contribution of Gromov to the Švarc-Milnor theory that the entropy
of a compact manifold is related to the minimal entropy of its fundamental
group via the diameter of the space. Although the result is originally stated
for a compact manifold without boundary, the proof still works even in the
presence of a boundary; see [Gro3, Theorem 5.16].

Theorem 3.11. Let (M, g) be a compact manifold with (possibly empty)
boundary ∂M . Then

h(π1(M)) ≤ 2diam(M, g)h(M, g).

Combining Theorem 3.11 with the Bishop-Gromov volume comparison
we get the following

Proposition H. Let (M, g) be a compact, m-dimensional Riemannian man-

ifold with boundary ∂M 6= ∅. Then, the universal covering (M̃, g̃) has no

complete Riemannian extensions (M̃ ′, g̃′) satisfying Ric ≥ −(m − 1)C2 for
any constant

(8) 0 < C <
h(π1(M))

2(m− 1)diam(M, g)
.
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Proof. By contradiction, assume that such an extension (M̃ ′, g̃′) exists. Then,

by Bishop-Gromov, having fixed x̃0 ∈ M̃ ⊂ M̃ ′, and using the fact that

BM̃
R (x̃0) ⊆ BM̃ ′

R (x̃0), we have

h(M, g) ≤ (m− 1)C.

Using this information into Theorem 3.11 we conclude

h(π1(M)) ≤ 2(m− 1)diam(M, g)C

and this contradicts (8). �

Proposition H suggests that, in general, one can not hope to extend a given
manifold with boundary preserving a lower Ricci curvature bound. This is
the content of the following (class of) examples, which are flexible enough
to prove that also lower Sectional curvature bounds can not be preserved.

Of course, the situation is different if some further condition on the bound-
ary is prescribed (see for instance Section 5.2).

Example 3.12. For any real constants K,λ and for any dimension m ≥ 2
there exists an m-dimensional Riemannian manifold with boundary (M, g)
with constant sectional curvature Sectg = K such that no extension (M ′, g′)
of (M, g) satisfies Ric′g ≥ λ.

Proof. Clearly, it is enough to give examples when λ < 0. Accordingly, we
set λ = −(m− 1)C2 for some C > 0.

Let N = N(C,K) be a positive integer to be specified later. Define N
points {ai}Ni=1 ⊂ R2 by ai := ( i

4N , 0) and define the set

SN = ∪Ni=1∂B
R2

i
4N

(ai) ⊂ R2.

Moreover, let T ′N be the (1/16N)-neighborhood of SN in Rm, more precisely

T ′N :=

{
x ∈ Rm : dRm(x, (SN × {0Rm−2})) <

1

16N

}
⊂ BRm

1 .

By approximation, T ′N can be homotopically deformed to a submanifold

TN ⊂ BRm
1 with smooth boundary. Endow BRm

1 with a metric gK of con-

stant curvature K and let (MN = T̃N , g) be the (noncompact) universal
Riemannian covering of (TN , gK |TN ). It is clear by construction that we can
suppose that

(9) diamgK (TN ) < δ

for some constants δ > 0 depending on K, but independent of N .
By construction there is a deformation retraction of TN onto SN . In

particular the (equivalence classes of the) loops γi : [0, 1] → TN defined by
γi(t) = i

4N (1 + cos(2πt), sin(2πt)) × {0Rm−2} are a family of generators for
Γ = π1(TN , 0). Moreover π1(TN , 0) is exactly the free group generated by
the S = {[γi]}Ni=1.

As observed by Gromov, [Gro3, Example 5.13], the minimal entropy of
the free group with N generator is given by h(Γ) = h(π1(TN )) = log(2N−1).
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Hence, according to Proposition H, recalling also (9), we get that (MN , g)
admits no Riemannian extensions satisfying Ric ≥ −(m− 1)C2 provided

N >
1

2
+

1

2
e2(m−1)δC .

�

Remark 3.13. All the fundamental groups of the manifolds TN involved
in the previous example have exponential growths. As a matter of fact, for
positive lower curvature bounds, similar techniques permit to construct ex-
amples given by coverings of manifolds whose fundamental group has poly-
nomial growth. A simple example in this sense is given by the universal
covering of the sphere strip {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1 and z ≤ 1/2}
which has sectional curvature 1, but is non-compact and hence it does not
admit any extension of positively lower bounded curvature (once again by
Bishop-Gromov). By the way, taking suitable coverings of large enough
finite index, also compact examples can be constructed.

4. Nonexistence of complete extensions with Sect ≤ 0

Recall that a topological space X is said to be k-connected, k ∈ N∪{∞}, if
its homotopy groups satisfy πj(X) = 0 for every j = 0, · · · , k. The connected
space X is called aspherical if the vanishing condition πj(X) = 0 holds for
every j ≥ 2. A classical theorem of J.C. Whitehead implies that, in the
setting of CW -complexes, ∞-connected spaces are contractible. Since the
universal covering projection X̃ → X induces isomorphisms πj(X̃) ' πj(X)
for every j ≥ 2, then aspherical CW -complexes are characterised by the
property that their universal covering spaces are contractible. This equiva-
lence, in particular, holds at the smooth manifold level. It then follows from
the Cartan-Hadamard theorem that every complete Riemannian manifold
of non-positive curvature must be aspherical. Since every compact manifold
with boundary can be endowed with a (complete) metric of negative cur-
vature, we are naturally led to detect a (sufficiently large) class of smooth
compact manifolds with boundary that cannot be realized as a domain inside
an aspherical manifold.

We propose two criteria of non-extendibility: one is homological (hence,
in principle, easier to apply) and requires that the manifold is simply con-
nected. The other one is homotopical and requires that the sufficiently
connected boundary can be capped by a contractible space. According to
this program, let us begin by pointing out the following simple obstruction
result.

Proposition I. Let (M, g) be a complete, m(≥ 4)-dimensional Riemannian
manifold with boundary ∂M 6= ∅. Assume that, for some 2 ≤ k ≤ m − 2,
the following topological conditions on M and ∂M are satisfied:

(a) M is simply connected and Hk(M ;Z) 6= 0;
(b) Hk(∂M ;Z) = 0.
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Then, (M, g) has no complete Riemannian extension (M ′, g′) without bound-
ary and satisfying SectM ′ ≤ 0.

Remark 4.1. We stress that ∂M must be non-convex. Otherwise, using
some harmonic mapping theory for manifolds with boundary, [Ham], we
would get that the compact, simply connected manifold M of nonpositive
curvature is necessarily contractible. Indeed, every element in πk(M), k ≥ 2,
is represented by a harmonic map in its homotopy class. Since (M, g) has
non-positive curvature and Sk has a metric of positive curvature, standard
vanishing results based on the Weitzenböck formula yield that the harmonic
map is constant. Whence, we conclude that πj(M) = 0, for every j ≥
0 and, hence, M is contractible. More generally, the sectional curvature
Sect∂M of ∂M with respect to the induced metric must satisfy Sect∂M > 0
at some point where ∂M is non-convex. Otherwise, as observed by Gromov,
[Gro2], and according to the main result in [ABB2], M has non-positive
curvature in the sense of Alexandrov. Hence, the Gromov version of the
Cartan-Hadamard theorem applies, [AB2], proving that once again M is
contractible.

Remark 4.2. It would be interesting to obtain homological obstructions to
a non-positively curved extension of M when this latter space is non-simply
connected (maybe with simply connected boundary). In this respect, recall
that by passing to the universal covering does not preserve homology groups.

Proof. By contradiction, suppose that there exists a complete Riemannian
extension (M ′, g′) of (M, g) satisfying SectM ′ ≤ 0. Let P : (M̃ ′, g̃′) →
(M ′, g′) be its Riemannian universal covering and consider the Riemannian

manifold (M̃, g̃) = (P−1(M), g̃′|P−1(M)) with boundary ∂M̃ = P−1(∂M).

Clearly, (M̃ ′, g̃′) is a complete Riemannian extension of (M̃, g̃) satisfying

SectM̃ ′ ≤ 0. In particular, by the Cartan-Hadamard theorem, M̃ ′ is con-

tractible. Now, the restricted map P |M̃ : (M̃, g̃)→ (M, g) is still a covering

projections and since M is simply connected then M̃ is a disjoint union of
isometric copies of M . We still denote with (M̃, g̃) one of these components.

It follows that we can identify M̃ ≈ M and ∂M̃ ≈ ∂M . Using collars, we
decompose M̃ ′ as the union of open sets A ∪ B, where A has the same ho-
motopy type of M and A∩B has the same homotopy type of ∂M . Applying
the Mayer-Vietoris sequence

→ Hk(∂M ;Z)→ Hk(M ;Z)⊕Hk(B;Z)→ Hk(M̃
′;Z)→

and using the topological assumptions (a), (b) we conclude that there exists
an injective homomorphism

0 6= Hk(M ;Z) ↪→ Hk(M̃
′;Z).

This contradicts the fact that M̃ ′ is contractible. �

Example 4.3. Let Z be the m(≥ 4)-dimensional smooth manifold given by

Z = (Sm1 × Sn1)# · · ·#(Smr × Snr),
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with mi, ni ≥ 2 and
∑r

i=1mi + ni = m. We remove from Z a smooth
m-dimensional contractible disk D so to obtain the m-dimensional compact
manifold

M = Z \D
with smooth boundary ∂M ' Sm−1. Next, using Lemma 2.7, we endow
M with a Riemannian metric g of negative sectional curvature. We claim
that M satisfies the topological assumptions of Proposition I and, hence,
(M, g) cannot be extended to a complete Riemannian manifold of nonpositve
curvature. This follows from the next observations.

• Take the connected sum Q = M1#M2 with M1,M2 smooth compact
manifolds of dimension m ≥ 3. Topologically, Q is obtained from M1 and
M2 by removing an m-dimensional disk Dm from each of these manifolds
and identifying their Sm−1-boundaries.

• Applying twice the Seifert-Van Kampen theorem we deduce that both
π1(Mj) ' π1(Mj \Dm) and π1(Q) ' π1(M1 \Dm)∗π1(M2 \Dm). Therefore,
Q is simply connected provided both M1 and M2 are simply connected.
• Similarly, we see that Q \Dm is simply connected provided both M1 and
M2 are simply connected.
• Using twice the Mayer-Vietoris sequence and that Hi(Sm−1;Z) = 0 for
i 6= 0,m− 1 we deduce, for every k = 2, · · · ,m− 2,{

Hk(Mj ;Z) ' Hk(Mj \Dm;Z)

Hk(Q;Z) ' Hk(M1 \Dm;Z)⊕Hk(M2 \Dm;Z).

Therefore, Hk(Q;Z) 6= 0 for some 2 ≤ k ≤ m−2 provided eitherHk(M1;Z) 6=
0 or Hk(M2;Z) 6= 0.

• To conclude that M satisfies the assumptions of Proposition I, we com-
bine the previous observations with the Künneth formula in the absence of
torsion:

Hk(M ;Z) ' Hk(Z;Z) ' ⊕ri=1Hk(Smi × Sni ;Z)

' ⊕ri=1 ⊕a+b=k Ha(Smi ;Z)⊗Hb(Sni ;Z).

This shows that Hk(M ;Z) 6= 0 for 2 ≤ k = mi, ni ≤ m− 2.

Example 4.4. Another family of examples in dimension m = n+5 ≥ 8 can
be obtained by taking the product

Mm = (N5 \D5)× Sn, n ≥ 3

whereN5 is any of the closed simply connected 5-manifolds withH2(N5;Z) 6=
0 constructed by D. Barden in [Ba], andD5 is a small 5-disk insideN5. Thus,
Mm is a simply connected, compact manifold with boundary

∂Mm ≈ S4 × Sn.
Using again the Mayer-Vietoris sequence as in previous example and the
Künneth formula joint with the fact that Tor(·,Z) = 0, we see that

H2(Mm;Z) ' H2(N5 \D5;Z)⊗ Z ' H2(N5;Z)⊗ Z = H2(N5;Z) 6= 0.
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and

H2(∂Mm;Z) = 0.

Therefore, Proposition I applies and gives that Mm is not a domain into a
complete Riemannian manifold of nonpositive sectional curvature.

Now we consider obstructions of homotopical nature.

Theorem J. Let (M, g) be a complete, m-dimensional Riemannian man-
ifold with boundary ∂M 6= ∅. Assume that N is a smooth Riemannian
extension of M without boundary such that:

(a) B = N \M is contractible;
(b) ∂M = ∂B is (n− 2)-connected, for some n ≥ 3
(c) πk(N) 6= 0 for some 2 ≤ k ≤ n− 1;

Then (M, g) has no complete Riemannian extension (M ′, g′) without bound-
ary and satisfying SectM ′ ≤ 0.

We shall use the following result.

Lemma 4.5. Let N be a connected m-dimensional manifold given by the
union of connected m-dimensional manifolds M and B with boundary ∂M =
∂B. Assume that B is (n − 1)-connected and that ∂M = ∂B is (n − 2)-
connected, for some n ≥ 3. Then, the inclusion i : M ↪→ N induces iso-
morphisms i]h : πh(M) → πh(N), for h = 0, · · · , n − 2 and a surjective
homomorphism i]n−1 : πn−1(M)→ πn−1(N). In particular, if πn−1(N) 6= 0
then i]n−1 is a nontrivial homomorphism.

Proof. Choose a triangulation of ∂M = ∂B and extend it to a triangulation
of N . In this way, we can consider M,B as CW -subcomplexes of the CW -
complex N and ∂M = ∂B = M ∩ B as a CW subcomplex of both M and
B. Let us choose once and for all a point x0 ∈ B ∩M and assume this is
the base point in all the homotopical considerations that will follow.

From the long exact homotopy sequence of the pair (B, ∂B):

→ πk(B)→ πk(B, ∂B)→ πk−1(∂B)→ πk−1(B)→

since B is (n− 1)-connected we get

πk(B, ∂B) ' πk−1(∂B), k = 0, · · · , n− 1

and since ∂B is (n − 2)-connected, we deduce that (B, ∂B) is (n − 1)-
connected. Obviously the pair (M,∂M) is 0-connected. It follows from
the homotopy excision theorem, [Hat, Theorem 4.23], that the inclusion
j : (B, ∂B) ↪→ (N,M) induces the isomorphisms

0 = πk(B, ∂B)→ πk(N,M), k = 0, · · · , n− 2

and a surjective homomorphism

0 = πn−1+0(B, ∂B)→ πn−1+0(N,M),
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proving that (N,M) is (n − 1)-connected. Using this information into the
long exact homotopy sequence of the pair (N,M):

→ πk(N,M)→ πk−1(M)→ πk−1(N)→ πk−1(N,M)→

we conclude that the inclusion map i : M ↪→ N induces the isomorphisms

i]h : πh(M) ' πh(N), h = 0, · · · , n− 2,

and the surjective homomorphism i]n−1 . This completes the proof of the
lemma. �

We are now ready to give the

Proof (of Theorem J). We take a closed collar neighborhood W ≈ ∂M ×
[−1, 0] of ∂M in M and we set M0 = M \ W. Then B0 = N \ M0 is
contractible because it is a deformation retract of B. It follows that there
exists a homotopy H : B0×[0, 1]→ B0 between H(·, 0) = idB0 and H(·, 1) =
εq, the constant map at q ∈ B.

Now, we define a continuous function F : M = M0 ∪W → N by

F (p) =

{
id(p) p ∈M0

H(x, t+ 1) p = (x, t) ∈ W.

Observe that

F (p) ≡ q, on ∂M.

Therefore, if (M, g) admits a complete Riemannian extension (M ′, g′) sat-

isfying SectM ′ ≤ 0 we can extend F to a continuous map F̃ : M ′ → N by
setting

F̃ (p) =

{
F (p) p ∈M
q p ∈M ′ \M.

In particular, F̃ = id on M0. With this preparation, and according to
Lemma 4.5, we take a representative α : Sk → M0 of a non-trivial class in
πk(N). Since M ′ is aspherical, α is homotopically trivial in M ′. But then

F̃ ◦ α = α is homotopically trivial in N . Contradiction. �

Example 4.6. The assumptions of Theorem J are satisfied by any compact
m(≥ 3)-dimensional manifold M which is obtained by removing a smooth
disk Dm from a compact manifold N satisfying πk(N) 6= 0 for some 2 ≤
k ≤ m − 1. For instance, let N = Sm1 × Sm2 with m1,m2 ≥ 1, m1 + m2 =
m ≥ 3, and define the manifold with smooth boundary M = N \Dm. Then,
∂M ≈ Sm−1 is (m − 2)-connected and πj(N) ' πj(Sm1) × πj(Sm2) 6= 0 for
2 ≤ j = max(m1,m2) ≤ m − 1. According to Lemma 2.7, we endow M
with a metric g satisfying SectM < 0. Therefore, Theorem J applies and
gives that (M, g) cannot be extended to a complete Riemannian manifold
of non-positive sectional curvature.
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Part 3. Existence of complete extensions under curvature
conditions

5. Extending complete manifolds with compact convex
boundary

As alluded to in the previous parts of the paper, the presence of a convex-
ity condition on the boundary implies a control on the topology and helps
the existence of a complete Riemannian extension where a given curvature
bound is preserved. We are going to illustrate this claim by constructing
complete Riemannian extensions both under a lower Ricci or scalar cur-
vature bound and with an upper bound of the sectional curvature. The
existence of a complete extension with a lower sectional curvature bound
will be addressed in a forthcoming paper by T. Richard and the second au-
thor, [RV]. In that paper the authors will generalize a method developed
by M. Gromov and B. Lawson, [GL], to extend a compact manifold with
boundary and positive scalar curvature.

5.1. A notion of extrinsic convexity. Recall that, according to our con-
vention, the boundary ∂M 6= ∅ of (M, g) is (strictly) convex if, with respect
to the outward pointing unit normal ν the second fundamental form at each
point of ∂M satisfies II ≤ 0 (resp. < 0) in the sense of quadratic forms.

A first natural question to ask is whether an intrinsic convexity of a
manifold M with boundary, i.e. (strictly) convexity of its boundary, implies
that the manifold (M, g) at hand can be seen as a convex piece of one of
its complete extensions (M ′, g′). In order to answer this question, let us
collect below some extrinsic notions of convexity. It is worthwhile to recall
that several other sligthly different notions of convexity can be found in the
literature.

Definition 5.1. The complete Riemannian manifold (M, g) with boundary
∂M 6= ∅ is said to be:

• strongly convex if, for every p, q ∈ M , any geodesic of M connect-
ing p with q is contained in intM with the possible exception of the
endpoints.
• domain-strongly-convex if there exists a complete Riemannian exten-

sion (M ′, g′) of M such that M is a strongly convex domain. This
means that for every p, q ∈M , any geodesic of M ′ connecting p with
q is contained in intM with the possible exception of the endpoints.

We then have the following implications.

Lemma 5.2. Let (M, g) be a complete Riemannian manifold with compact
boundary ∂M 6= ∅. Then,

(a) If ∂M is strictly convex, then M is domain-strongly-convex;
(b) If M is domain-strongly-convex, then it is strongly convex.
(c) If M is strongly convex, then ∂M is convex.
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Remark 5.3. Some of the reverse implications fail. More precisely:

(i) The converse of (a) is not true: M = {(x1, . . . , xn) ∈ Rn :
∑
x4
i = 1}

is domain-strogly-convex, but ∂M is not strictly convex.
(ii) The converse of (c) is not true: take any Riemannian manifold M

with compact totally geodesic boundary. For instance, if N is any
compact manifold without boundary, the Riemannian product M =
(−∞, 1]×N is not strongly convex, but ∂M = {1} ×N is convex.

(iii) We do not know if the converse of (b) holds or not.

Proof. (a) By Corollary B, we can always consider a complete Riemannian
extension (N,h) of (M, g) so that Σ0 = ∂M is a compact embedded hy-
persurface of N with second fundamental form II with respect to the unit
normal ν. For S small enough, the normal exponential map exp⊥(sν(x))
is a smooth diffeomorphism on (−S, S) × Σ0 and, within the normal tubu-
lar neighborhood U = exp⊥Σ((−S, S) × Σ0), the s-coordinate represents the
smooth, signed distance function from Σ0. In particular, because of our
choice of ν, we have s(p) < 0 for every p ∈ intM ∩ U . Moreover, the second
fundamental form of the parallel hypersurface

Σs̄ = {x ∈ U : s(x) = s̄}
is given by

IIΣs̄(X,X) = −Hess(s)(X,X),

and, up to take a smaller S, IIΣs̄ is strictly negative except for the radial
direction.

We are going to adapt the construction of [PV2, Theorem 4.1] so to
obtain a complete Riemannian extension (M ′, g′) of (M, g) such that the
signed distance function s : ∂M → R is smooth and strictly convex on
M ′ \ intM (except for the radial direction ∇s). To this end, note that on

(−S, S)× ∂M =
(
exp⊥Σ

)−1
(U) the pulled-back metric writes(

exp⊥Σ

)∗
h(s, x) = ds2 + hs(x)

for some metric hs on ∂M which depends on s. For k > 0, consider the
family of metrics j(k) on ∂M defined as

j(k)(s, x) := k−1/2 sinh(
√
ks)(g∂M )(x),

where g∂M is the Riemannian metric induced by g on ∂M . Consider a
smooth partition of unity φj , φh ∈ C∞((0,+∞)) such that

0 ≤ φh(t) ≤ 1, φh|(0,S/4] ≡ 1, φh|[S/2,∞) ≡ 0, φ′h ≤ 0

and
φj(t) + φh(t) = 1, ∀t ∈ (0,+∞).

Let
σ(s, x) := φh(s)hs(x) + φj(s)j

(k)(s, x),

and define the metric g′ on

M ′ := M ∪ ((0,+∞)× ∂M)
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as

g′ =

{
g on M,

ds2 + σ(s, x) on (−S,+∞)× ∂M.

Note that (M ′, g′) is a well defined n-dimensional Riemannian manifold.
Reasoning as in [PV2], and adapting Lemma 4.2 therein to this setting, we
get that for k large enough the signed distance function s : (−S,+∞)×∂M ⊂
M ′ → R is smooth and Hess(s)(X,X) > 0 whenever X is not parallel to
∇s, whereas Hess(s)(∇s,∇s) = 0.

Now, let x, y ∈M and let γ : [0, 1]→M ′ be any constant speed geodesic
of M ′ connecting x and y. Consider the function f : [0, 1]→ R given by

f(t) = s ◦ γ(t).

Observe that

(i) f ∈ C∞([0, 1]) is well defined;
(ii) f(0) ≤ 0, f(1) ≤ 0;
(iii) f ′(t) = g

(
∇s(γ(t)), γ̇(t)

)
;

(iv) f ′′(t) = Hess(s)(γ̇(t), γ̇(t)) ≥ 0, and f ′′(t) > 0 whenever

|g(γ̇(t),∇s(γ(t)))| < |γ̇(t)||∇s(γ(t))|.
In particular f(t) ≤ 0 for all t ∈ [0, 1], i.e. γ : [0, 1]→M is also a geodesic of
M . Suppose f(t) ≡ 0. In this case g

(
∇s(γ(0)), γ̇(0)

)
= 0, which in turn im-

plies f ′′(0) > 0, giving a contradiction. Then f(t0) < 0 for some t0 ∈ (0, 1).
Since f is convex and f(0), f(1) ≤ 0, then f(t) < 0 for all t ∈ (0, 1).

(b) Suppose by contradiction that there exists a geodesic γ of M touching
the boundary in a non-extremal point. Namely, since geodesics are locally
minimizing, we can suppose that there exists an ε > 0 and a (unit speed)
geodesic γ : [−ε, ε]→M such that γ(0) ∈ ∂M and γ realizes the distance in
M between γ(−ε) and γ(ε). Let M ′ be the extension given by the domain-
strong-convexity of M . Let γ̃ : [−ε̃, ε̃]→M ′ be any (unit speed) geodesic of
M ′ such that

(1) γ̃(−ε̃) = γ(−ε) and γ̃(ε̃) = γ(ε),
(2) γ̃ realizes the distance in M ′ between γ(−ε) and γ(ε).

By assumption, γ̃([−ε̃, ε̃]) ⊂ M and L(γ̃) ≤ L(γ). Now, if L(γ̃) < L(γ),
then γ is not locally minimizing in M , contradicting our assumption. Then
L(γ̃) = L(γ), which means that γ is also a geodesic of M ′, thus contradicting
the domain-strongly-convexity of M .

(c) Suppose by contradiction that for some point x ∈ ∂M and vector
v ∈ Tx∂M we have II∂M (v, v) > 0. Let γ : [−1, 1] → N be the constant
speed geodesic of N such that γ(0) = x and γ̇(0) = v. Consider the function
f = s ◦ γ which is well-defined and smooth on [−ε, ε] for some 0 < ε ≤ 1.
Computing as in (a) we get that f(0) = 0 and f ′(0) = 0. Moreover

f ′′(0) = Hess(s)(γ̇(0), γ̇(0)) = Hess(s)(v, v) < 0,
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so that f ′′(t) < 0 on [−ε′, ε′]\{0} for some 0 < ε′ ≤ ε. Thus γ : [−ε′, ε′]→M
is a geodesic of N , hence of M , with endpoints in intM and touching ∂M .
Contradiction. �

5.2. Existence of complete extensions with Ric > C. Let (M, g) be a
complete Riemannian manifold with compact and strictly convex boundary
∂M 6= ∅. Assume that RicM > C, for some C ∈ R. Using Corollary 2.1,
we construct a metrically complete Riemannian extension (M ′, g′) of (M, g)
such that RicM ′ > C and ∂M ′ is still compact, strictly convex and M ⊂
intM ′. Now, a result sketched by Perelman in [Pe], proved in details e.g. by
H.-H. Wang, [Wa, Appendix 2.3], and also known to Sylvestre Gallot, [Ga],
states that the Lip-metric induced by g′ on the double N = M ′ ∪id∂M′ M

′

can be smoothened out in an arbitrarily small neighborhood of ∂M ′ ⊂ N
so to obtain a C2 metric h on N satisfying Rich > C. Actually, the original
version was stated with C = 0 but a similar smoothing argument works with
any lower Ricci bound.

We can always assume that the perturbed neighborhood of ∂M ′ ⊂ N is
so small that (N,h) is a Riemannian extension of (M, g).

Moreover, since the Ricci tensor depends on the second derivative of the
metric and the Ricci lower bound is strict, using a mollification procedure in
local coordinates we can always improve the regularity of the Riemannian
metric h to C∞ by keeping the same curvature bound. Indeed, let us fix a
finite open covering {Ui} of ∂M ′ ⊂ N by coordinate neighborhoods, an open
refinement Vi b Ui that still covers ∂M ′ and a smooth partition of unity
%i, % subordinated to the open covering {Ui, V := N \ ∪iV̄i} of N . We can
assume that ∪Ui does not intersect the original boundary ∂M and that h is
C∞ on V . Using convolution kernels, we now mollify the metric coefficients
(h|Ui)αβ of each h|Ui so to obtain, for every ε > 0, a new C∞ tensor field
h|εUi such that ‖(h|εUi)αβ − hαβ‖C2(supp %i) < ε. We define

hε =
∑
i

%ih|εUi + %h

which is a C∞ tensor field on N . Since the family {supp %i, supp %} covers N ,
it follows that, for 0 < ε� 1 small enough, hε is Riemannian and Richε > C,
as claimed.

Finally, since the boundary of M ′ is compact, every divergent path in
(N,hε) must be definitely contained in one of the copies of (M, g) ⊂ (N, gε)
and, therefore, it has infinite length. This proves that (N,hε) is complete.
We have thus obtained the validity of the following result.

Theorem K. Let (M, g) be a compact Riemannian manifold with strictly
convex boundary ∂M 6= ∅ and satisfying RicM > C, for some C ∈ R.
Then, there exists a complete Riemannian extension (N,h) of (M, g) without
boundary and satisfying RicN > C.

Remark 5.4. Note that since the metric of the extension is required to
be smooth (say C3), then it is impossible to get the same result for the
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weak curvature condition RicM ≥ C. A counterexample is given by the
rotationally symmetric manifolds (M, g) = ([0, π] × Sm−1, dt2 + j2(t)g0),
where g0 is the standard round metric of Sm−1, and j(t) = (2t + sin(t))/3.
By standard computations one has that the metric is smooth at the origin,
and that

Ric(M,g)(∂t, ∂t) = −(m− 1)
j′′

j
≥ 0

and

Ric(M,g)(X,X) = (m− 2)
1− (j′)2

j2
− j′′

j
≥ 0

for any unitary vector X orthogonal to ∂t. Moreover

II∂M =
j′(π)

j(π)
g|∂M > 0

in the sense of quadratic form. However

Ric(M,g)(∂t, ∂t)|t=π = 0

and

∂

∂t
Ric(M,g)(∂t, ∂t)|t=π = −(m− 1)

j′′′(π)

j(π)
+ (m− 1)

j′(π)j′′(π)

j2(π)

= −m− 1

2π
< 0,

so that any smooth extension of (M, g) has to satisfy Ric(M,g)(∂t, ∂t) < 0 in
a small exterior neighborhood of ∂M .

It would be interesting to understand whether the complete Riemannian
extension keeping Ric ≥ C is possible in the setting of C2 Riemannian
metrics. This is the regularity needed to introduce the usual notions of
curvatures. As we have already remarked in the introduction, when the
Ricci tensor is replaced by the scalar curvature the problem has a positive
answer; [Re].

Remark 5.5. A direct application of Theorem K yields a Bonnet-Myers
type result for complete manifolds with compact convex boundary and Ricci
curvature Ric ≥ k > 0. Actually, using the second variation formula, it is
proved in [Li] and [Ge] that a sharp diameter bound can be obtained when
Ric ≥ k, k ∈ R, under the assumption that ∂M is compact and strictly
mean convex. This is a very interesting boundary effect.

5.3. Existence of complete extensions with Scal > 0. Since the scalar
curvature contains less information than the Ricci or the sectional curva-
tures, it is natural to expect that Riemannian extensions of manifolds with
boundary preserving the positivity of the scalar curvature can be guaranteed
under weaker assumptions. In particular, the full strict convexity of ∂M is
not necessary, as shown by the following result, due to Gromov and Lawson;
see [GL, Theorem 5.7 and Remark 5.8].
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Theorem L. Let (M, g) be a compact Riemannian manifold with boundary
satisfying Scalg > 0. Suppose that ∂M is (strictly) mean-convex, i.e. its
mean curvature satisfies H := tr II < 0 at each point of ∂M . Then, there
exists a complete Riemannian extension (N,h) of (M, g) without boundary
and satisfying Scalg > 0.

As above the extension is constructed on the (differential) double of M .
The idea of the proof is to consider a tubular ε-neighborood of M in M ′ ×
(−1, 1), where M ′ is a local extension of M . Using the mean-convexity of
the boundary, Gromov and Lawson proved that the (smoothed) surface of
this ε-neighborhood, endowed with its natural hypersurface metric, still has
positive scalar curvature when ε is small enough.

5.4. Existence of complete extensions with Sect < C. In this section,
using a suitable conformal deformation of a local extension, we prove that
manifolds with a compact convex boundary and a strict upper bound on the
sectional curvatures can be extended to complete manifolds satisfying the
same sectional curvature restriction.

Theorem M. Let (M, g) be an m-dimensional complete Riemannian man-
ifold with smooth compact boundary ∂M 6= ∅. Assume that Sectg < C on
M , for some constant C ∈ R, and that ∂M is strictly convex. Then (M, g)
has a complete Riemannian extension (M ′, g′) without boundary satisfying
Sectg′ < C.

Proof. By (the proof of) Lemma 5.2, there exists a Riemannian extension
(M ′, h) of (M, g) satisfying the following conditions:

(a) M ′ \M = (0, s∗)× ∂M and the metric h on M ′ \M writes

(10) h(s, x) = ds2 + hs(x),

hs being a metric on ∂M which varies with s.
(b) The signed distance function s : M ′ → R from ∂M is smooth and

strictly convex, except for the radial direction. Let θ > 0 be such that
Hess s ≥ θ−1 at each point of M ′ \M , outside the radial direction.

(c) Secth < C

If s∗ is small enough, we can also suppose that

(11)

(
t0 − t30 + t20(

1− t20
)2
)
>
|C|θ2

2
.

at t0 := 1 − s∗
2θ . Let ϕ̄ : (−∞, θ) → R≥0 be the piecewise-smooth nonde-

creasing function defined by

ϕ̄(t) :=

{
0, t ∈ (−∞, s∗2 ]

− ln
(
θ2 − (θ − s∗ + t)2

)
+ ln

(
θ2 −

(
θ − s∗

2

)2)
, t ∈ [ s∗2 , s∗).
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Note that, on [ s∗2 , s∗),

ϕ̄′(t) =
2(θ − s∗ + t)

θ2 − (θ − s∗ + t)2

and

ϕ̄′′(t) =
2

θ2 − (θ − s∗ + t)2 +
4(θ − s∗ + t)2(

θ2 − (θ − s∗ + t)2
)2 = 2

θ2 + (θ − s∗ + t)2(
θ2 − (θ − s∗ + t)2

)2 .

In particular ϕ̄ is convex on [−∞, s∗). Next, fix ε ∈ ( s∗2 , s∗) so close to s∗
2

that

(12) e−2ϕ̄(ε) max
0≤s(x)<ε

Secth(x) < C.

This is possible, up to choosing 0 < s∗ � 1 since ϕ̄( s∗2 ) = 0 and Secth < C.
Using an approximation procedure we obtain a smooth, increasing, convex
function ϕ : (−∞, s∗)→ R≥0 satisfying

ϕ(t) = ϕ̄(t), t ∈ (−∞, 0] ∪ [ε, s∗).

Finally, we define the smooth function φ : M ′ → R by

φ(x) =

{
0, if x ∈M,

ϕ(s(x)), if x ∈M ′ \M.

Note that φ is convex on M ′. We consider the corresponding conformally
deformed metric on M ′

g′ = e2φh.

We claim that (M ′, g′) is complete. For integers n ≥ 2, set tn = s∗(1 − 1
n)

and consider the smooth, relatively compact exhaustion {M ′n} of M ′ given
by

M ′n = {x ∈M ′ : s(x) < tn}.

By (10),

disth(∂M ′n, ∂M
′
n+1) = tn+1 − tn,

so that

distg′(∂M
′
n, ∂M

′
n+1) > eϕ(tn)(tn+1−tn) ≥ 1

3
eϕ(tn)(tn−tn−1) >

1

3

∫ tn

tn−1

eϕ(t)dt.

Since eϕ(t) 6∈ L1([0, s∗)) we conclude that, for any divergent path γ : [0, 1)→
M ′,

`g′(γ) ≥
∑

distg′(∂M
′
n, ∂M

′
n+1) = +∞,

so that (M ′, g′) is complete (see also Theorem 1.2).
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Now, we recall the transformation law of the Riemann tensor under con-
formal changes of the metric, [Be]:

Rg′(X,Y )Z = Rh(X,Y )Z + h(X,Z)∇Y∇φ− h(Y,Z)∇X∇φ
+ h(Z,∇X∇φ)Y − h(Z,∇Y∇φ)X − (Zφ)[(Xφ)Y − (Y φ)X]

+ [(Xφ)h(Y,Z)− (Y φ)h(X,Z)]∇φ
+ h(∇φ,∇φ)(h(X,Z)Y − h(Y,Z)X),

which implies

(13) Sectg′(X ∧ Y ) = e−2φ Secth(X ∧ Y ) + e−2φ|X ∧ Y |−2
h Ah(X,Y ),

where

Ah(X,Y ) = 2h(X,Y ) Hessφ(X,Y )

− |Y |2 Hessφ(X,X)− |X|2 Hessφ(Y, Y )

+ |(Xφ)Y − (Y φ)X|2 −
(
|X|2|Y |2 − g(X,Y )2

)
|∇φ|2.

Here, ∇,Hess and | · | are computed with respect to h. Take any point
x ∈ M ′ \M , consider the vector field W1 = ∇s at x, and choose a local
frame {Wk}mk=1 such that at x

h(Wi,Wj) = δij

Note that ∇φ(x) = ϕ′(s(x))∇s(x), so that Wkφ = 0 for all k ≥ 2. Then, we
have that if 2 ≤ j < k ≤ m,

Ah(Wj ,Wk) = −Hessφ(Wj ,Wj)−Hessφ(Wk,Wk)− |∇φ|2 ≤ 0,

and

Ah(∇s,Wk) = −Hessφ(Wk,Wk)−Hessφ(∇s,∇s) + h(∇s,∇φ)2 − |∇φ|2

= −Hessφ(Wk,Wk)−Hessφ(∇s,∇s) ≤ 0

for all k = 2, . . . ,m. In particular, by (12) we have that, on {x ∈ M ′ :
s(x) ≤ ε},

(14) Sectg′(X ∧ Y ) ≤ e−2φ Secth(X ∧ Y ) < C

On the other hand, on {x ∈M ′ : s(x) ∈ [ε, s∗)}, we compute

Hessφ(Wk,Wk) = ϕ′(s) Hess s (Wk,Wk) ≥
1

θ
· 2(θ − s∗ + s)

θ2 − (θ − s∗ + s)2

for k ≥ 2, and

Hessφ(∇s,∇s) = ϕ′′(s) =
2
(
θ2 + (θ − s∗ + s)2

)
(
θ2 − (θ − s∗ + s)2

)2 .
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Then, for 2 ≤ j < k ≤ m,

Ah(Wj ,Wk) ≤ −
1

θ
· 4(θ − s∗ + s)

θ2 − (θ − s∗ + s)2 −
4(θ − s∗ + s)2(

θ2 − (θ − s∗ + s)2
)2

= −4θ2

 θ−s∗+s
θ −

(
θ−s∗+s

θ

)3
+
(
θ−s∗+s

θ

)2(
θ2 − (θ − s∗ + s)2

)2

 ,

and

Ah(Wj ,∇s) ≤ −
1

θ

2(θ − s∗ + s)(
θ2 − (θ − s∗ + s)2

) − 2

(
θ2 + (θ − s∗ + s)2

)
(
θ2 − (θ − s∗ + s)2

)2

= −2θ2

 θ−s∗+s
θ −

(
θ−s∗+s

θ

)3
+ 1 +

(
θ−s∗+s

θ

)2(
θ2 − (θ − s∗ + s)2

)2

 ,

so that

e−2φAh(Wj ,Wk) ≤ −4θ2

 θ−s∗+s
θ −

(
θ−s∗+s

θ

)3
+
(
θ−s∗+s

θ

)2(
θ2 − (θ − s∗/2)2

)2

 ,

and

e−2φAh(Wj ,∇s) ≤ −2θ2

 θ−s∗+s
θ −

(
θ−s∗+s

θ

)3
+ 1 +

(
θ−s∗+s

θ

)2(
θ2 − (θ − s∗/2)2

)2

 .

Since t 7→ t− t3 + t2 is increasing on [0, 1], and because of (11) and (13), we
get that for any 1 ≤ j < k ≤ m

Sectg′(Wk ∧Wj) = e−2φ Sectg(Wk ∧Wj) + e−2φAh(Wj ,Wk)

< e−2φ max(C, 0)− |C|
≤ C

on {x ∈M ′ : s(x) ∈ [ε, s∗)}. This concludes the proof. �

Remark 5.6. Observe that M ′ \M has the diffeomorphic type of the cylin-
der ∂M ′ × (0,+∞). This latter condition, as well as the convexity of the
boundary, is intrinsically needed for the construction to work. One may won-
der if both the convexity of the boundary and the constraint on the topology
of the extended part in Theorem M are really needed in order to get a com-
plete extension with Sect < C, C > 0. In this respect, some indication is
given by the classical paper [Gre] by R. Greene. A slight modification of his
arguments permits to glue a complete manifold with diffeomorphic bound-
ary and arbitrary topology (if any) and to extend the metric in such a way
that the full curvature tensor decays as fast as desired along the glued part.
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6. Existence of complete extensions with Ric < C or Scal < C

Lohkamp proved in [Lo1, Lo2] that every differentiable manifold with
empty boundary admits, for any given C ∈ R, a Riemannian metric g with
Ricg < C. In view of this remarkable result, one expects that an upper Ricci
curvature bound is less restrictive than other curvature conditions even in
the presence of a nontrivial boundary. It turns out that the method used
by Lohkamp goes through local deformations of the metric, and can thus be
adapted to lower the Ricci curvature of a given Riemannian metric outside a
fixed domain. This idea, together with Corollary B, permits in fact to prove
the following

Theorem N. Let (M, g) be an n-dimensional complete Riemannian mani-
fold with smooth nonempty boundary ∂M . Suppose that Ricg < C, for some
real constant C. Then M admits an extension (M ′, g′) satisfying Ric′g < C.

Proof. In case M is compact, the result follows directly from [Lo1, Theorem
E ], while for M non compact we follow [Lo2, Proposition 2.1].

Let (M ′, h) be any complete extension of the noncompact manifold with
boundary (M, g), whose existence is guaranteed by Corollary B. Since Ricg <
C on M , then there exists an open collar neighborhood M bW ⊂M ′ such
that Rich < C in W. For the easiness of notation, throughout this proof
for r > 0 we set Br = BRn

r (0). Using the paracompactness of M ′, we find a
countable family of diffeomorphisms fi : B6 →M ′\M such that {fi(B6)}∞i=1
is locally finite, {fi(B4)}∞i=1 covers M ′ \ W and fi(B2) ⊂ fi+1(B4 \ B3). In
particular M ′ \W ⊂ ∪∞i=1fi(B4 \ B2).

Let χ ∈ C∞(R, [0, 1]) be a cut-off function such that χ|(−∞,1] ≡ 0 and
χ|[2,∞) ≡ 1, and set{

Fi(z) = si exp
(
− di

5−‖f−1
i (z)‖χ(‖f−1

i (z)‖)

)
, if ‖f−1

i (z)‖ < 5

0 otherwise,

with positive constants di, si to be chosen later. Define inductively both the
metrics {

h0 = h

h(i+1) = e2Fih(i) i > 0.

and the constants si and di as follows. Suppose sj , dj are given for j =

1, . . . , i. In particular the metric h(i) is given. By [Lo2, Lemma 2.2 ] there
exists a di+1 large enough such that

Rich(i+1)(X,X)

h(i+1)(X,X)
− Rich(i)(X,X)

h(i)(X,X)
<

{
0 on fi+1(B5 \ B4)

−si+1e
−di+1 on fi+1(B4 \ B2)

holds for all si+1 > 0 and for all nonnull vector X with base point in fi+1(B5\
B2). So we can chose si+1 large enough to make

Rich(i+1)(X,X) < Ch(i+1)(X,X)
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for all X ∈ Tp′M ′ \ {0} with p′ ∈ fi+1(B4 \ B2), hence p′ ∈ ∪i+1
j=1fj(B4 \ B2).

Thus the limit metric h(∞) satisfies the following properties:

- it is well-defined, since the induction process is locally finite;
- it has Rich(∞) < C by construction;
- it is complete because it is obtained by a conformal deformation of

a complete metric with a conformal factor greater than 1.

This completes the construction of the desired complete Riemannian exten-
sion. �

Remark 6.1. Theorem E in [Lo1] can be applied directly also in the non-
compact case to get a negatively Ricci curved metric, which however could
be incomplete.

Remark 6.2. Using Theorem A instead of Corollary B in the proof of The-
orem N, one get that for any smooth m-dimensional differentiable manifold
Q whose nonempty boundary ∂Q is diffeomorphic to ∂M , there exists a
complete Riemannian extension (M ′, g′) of (M, g) such that Ricg′ < C and
M ′ \M is diffeomorphic to the interior of Q.

The technique used in the above proof permits to locally lower the Ricci
curvature, hence the scalar curvature, of a given manifold. Accordingly, as a
bypass of the proof we get also existence of Riemannian extension preserving
an upper scalar curvature bound. Note that a-priori the following result is
not a direct consequence of Theorem N.

Theorem O. Let (M, g) be an n-dimensional complete Riemannian mani-
fold with smooth nonempty boundary ∂M . Suppose that Scalg < C, for some
real constant C. Then M admits an extension (M ′, g′) satisfying Scalg′ < C.
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