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Endogenous interdependent preferences in a dynamical contest model

Fausto Cavalli®, Mario Gilli', Ahmad Naimzada!

% Department of Economics, Management and Statistics, University of Milano-Bicocca, Milan, Italy

Abstract

Outcomes observed in laboratory experiments on contests are often not consistent with the results expected
by theoretical models, with phenomena that frequently occur like overbidding and, less frequently, underbid-
ding, and persisting oscillations in strategic choices. Several explanations have been suggested to understand
such phenomena, dealing primarily with equilibrium analysis. We propose a dynamical model based on the
coevolution of strategic choices and agent preferences. Each agent can have non self-interested preferences,
which influence strategic choices and in turn evolve according to them. We show that multiple coexisting
steady states characterized by non self-interested preferences can exist, and they lose stability as the prize
increases, leading to endogenous oscillating dynamics. Finally, with an emphasis on two specific kinds of
agents, we explain how overbidding can emerge. The numerical results show a good qualitative agreement
with the experimental data. The model and the analysis of this paper are interesting not only to explain
real life phenomena observed in experimental settings, but also as a methodological contribution to analyze
the interplay between preferences and choices in conflict situations.

1. Introduction

The variety of economic, social and political situations that can be described by contest models has
been extensively analyzed by theoretical and applied social scientists. The first, seminal model of contests
was proposed by Tullock [1]. Predictions of this model have been extensively tested in controlled laboratory
experiments!. In particular, in contest experiments (see [3] and references therein) it is observed that players
typically select strategies that differ from those at Tullock Nash equilibrium x*. In many experiments it is
observed that players exert an actual average effort that even corresponds or goes beyond the double of x*.
This phenomenon is known as “overdissipation” or “overbidding”. Even if in a smaller set of experiments,?
underbidding has also been observed, in particular when pro-social behavior among contestants is promoted.
Furthermore, strategic choices exhibit persistent erratic oscillations.

Several explanations have been proposed® for this inconsistency between theoretical predictions and
experimental results. A first family of these grounds on behavioral theories. For example, Sheremeta [8]
explained overbidding in terms of noise in rational decision making. Baharad and Nitzan [9] proposed
an explanation based on probability distortions, modelled according to the prospect theory of Kahneman
and Tversky [10]. Results in [9] were improved by Sheremeta and Zhang [11] and Chowdhury et al. [12]
introducing an autocorrelation bias in winning probability evaluations, a sort of “hot-hand” phenomenon
that is well-known in the literature about gambling. Another research strand investigated the possibility
of adjusted utilities for the agents, who did not make their decisions solely on the basis of the material
payoff. In particular, Balafoutas et al. [13] and Bartling et al. [14] tried to elicit other regarding preferences
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from their experiments and found confirmation of correlation between spitefulness/inequality-aversion and
exerting significantly higher efforts, as well as evidence of altruistic and egalitarian behaviors, correlated to
a reduced willingness to enter competitive environment. Sheremeta [15] suggested that agents can take into
account an additional value induced by the utility of winning, which leads them to overestimate the prize.
Fonseca [16] introduced a concern for other player payoff in the utility of each player, reconsidering the idea
by Konrad [17] and allowing for altruistic/spiteful players. In [16] players have other regarding preferences
and are inequality averse, so their utility reduces as payoffs become different. In addition to [15, 16] we refer
to Section 4.2 of the review by Sheremeta [3] for the literature in which overbidding outcomes observed in
experiments are related to agents with spiteful preferences. Even if other-regarding preferences are mostly
used to explain overdissipation, we can mention the contribution by Mago et al. [6], in which the authors
tried to promote pro-social behavior by providing a photo of the participants to each contestant. They find
that this significantly affects the observed dynamics, by reducing the average and individual bidding. In
particular, they show that the behavior of about one third of the participants are identified as pro-social
and exhibit altruistic preferences?. However, none of the previous approaches introduce a link between the
dynamical evolution of preferences and strategies. The experimental studies also highlighted the occurrence
of erratic fluctuations in agent choices, which, in the aforementioned literature, are explained in terms of
exogenous noise. However, Warneryd in [20] argued that the intrinsic nonlinearity encompassed in contest
models may prevent the agents from learning to converge. By analogy with the well-known dynamical
behavior characterizing nonlinear Cournot games, he noted that if the agents adopt simple rules to choose
their strategies (e.g., best response mechanisms in which they are not able to know their opponent future
choices), complex dynamics may arise and may be used to explain erratic trajectories of strategies.

The approaches adopted in the aforementioned literature have some limitations and unsatisfactory facets,
and leave open several questions that deserve investigation. Among them, the following are particularly im-
portant and represent the research motivations behind the present contribution. Is it possible that strategic
behaviors that are not consistent with the Tullock Nash equilibrium do endogenously emerge from the dy-
namical evolution, and not from exogenous, ex-ante assumptions on the characterization of the players?
What elements do foster robust and persistent underbidding and, in particular, overbidding phenomena? In
fact, in general, preferences are exogenously assigned to the agents, and do not evolve depending on what
the agents experiment during the play of the contest, and hence their effect on the strategic behavior does
not change. Besides, it is interesting to understand if it’s possible to explain fluctuations in the choices of
the agents in terms of endogenous oscillations and the role of out-of-equilibrium dynamics in the selection of
strategic behavior. In the modelling carried on in the mentioned contributions, out-of-equilibrium dynamics
are not even taken into account, and it is consequently not possible to study non convergent trajectories
and the emergence of the oscillations observed in laboratory experiments.

The theoretical approach we pursue to tackle the previous questions is based on a dynamical coevolution
of strategic choices and preferences, considering agents who, in addition to the classic self-interested prefer-
ences, can have both positive or negative regard for their opponents. From the methodological perspective,
this is the main innovation of the present contribution with respect to the aforementioned literature. This
coevolution is crucial also from an interpretative point of view, because contest situations commonly involve
and foster dynamical processes with possibly interplays between preferences and choices, with agent pref-
erences that are influenced by the competitor behavior, which in turn affects the strategic choices. Agent
preferences are influenced by the competitor behavior, which in turn affects strategic choices.

We introduce a general model that allows us to formulate a four-dimensional discrete dynamical model, for
which we study possible steady states and their dynamical properties. Concerning static analysis, the main
result is that possibly multiple coexisting steady states characterized by non self-interested preferences and
either overbidding or underbidding can endogenously emerge. Regarding dynamics, we show that the prize

4Concerning other experiments on Tullock contests in which underbidding emerges, we mention the contributions by Shupp
et a.[18] and Godoy et al. [19] In [18], the authors observed an aggregated effort lower than 30% with respect to the Tullock-Nash
equilibrium. In [19], the authors set up an experiment in which, with the concurrence of simultaneous bids, fixed matching and
random prize allocation without bids, and develop tacit coordination (compatible with a pro-social behavior) on underbidding
outcomes.



value has an unambiguous destabilizing effect on steady states, leading to persistent oscillations in strategic
choices. Finally, we introduce tit-for-tat and inequality averse kinds of agents. A tit-for-tat agent evaluates
in a positive (respectively, negative) way any situation in which he expects a larger (respectively, smaller)
payoff than that of his competitor. An inequality averse player dislikes any situation in which a difference
between expected payoffs occurs. For these two kinds of players we study, also with the aid of numerical
simulations, the possible out-of-equilibrium dynamics, the path dependency of dynamical outcomes and
their selection depending on initial configurations. In particular, for the class of inequality averse agents, we
show that dynamics characterized by overbidding strategies endogenously emerge from the coevolution of
preferences and strategic behavior even if no steady states characterized by overbidding are possible. This
also occurs even if we consider agents that initially have both a positive regard for their competitors and
exert very low efforts. Numerical results show a good agreement with experimental evidence. We remark
that our focus is limited to contests of the Tullock type. Moreover, we do not aim to reproduce quantitative
characteristics of outcomes of contest experiments. The purpose is to provide a theoretical explanation and
understanding of some key phenomena and to reproduce them qualitatively.

The remainder of the paper is organized as follows. In Section 2, we present the coevolutive model with
endogenous interdependent preferences in a general setting. The static analysis is carried on in Section 3.
In Section 4, we study the stability of possible steady states for the general model, then we introduce two
particular kinds of agents, for which we specialize analytical results and which we numerically investigate.
Finally, we conclude and suggest directions for future research. Proofs are collected in Appendix.

2. A dynamical model with endogenously evolving interdependent preferences

We consider an infinitely repeated contest in which two players (indexed by ¢ = 1 and 2) compete at
each game stage (indexed by discrete time sequence ¢ > 0) for a prize v > 0, exerting efforts z; ; > 0 at time
t and facing homogeneous and constant marginal costs ¢ > 0. Without loss of generality, we can normalize
marginal cost parameter®, setting ¢ = 1. We recall that in the classic static framework proposed by Tullock,
expected payoff of player i is expressed by
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where z_; can be interpreted as the actual effort of player —i or as player —i effort as expected by player 3.
In the present dynamical setting, we adopt the latter meaning, and hence the expected payoff that, at the
end of stage t, each player expects for next game stage at t + 1 can be described by
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where z¢; ., is the effort that agent 7 expects his competitor will exert at time ¢ + 1, z; ;41 is the effort
of player 4 at time ¢ + 1, and I; ;4 is the information of player i at the end of stage ¢, before playing stage
t+ 1.

2.1. Interdependent preferences

Assume that players have other regarding (interdependent) preferences, i.e. their expected utility for
period t + 1 is a linear combination between his own and his competitor material payoff function

E (Ui(wiari 2% ) Hiarr) = B (7 (Tior1 2% 000) Hin) + 0B (7 (Tiar1 285 040) Hienn) s (3)

5Setting ¢ = 1 actually corresponds to consider prize v as a relative prize with respect to costs.
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where w; ; € (—1,1) is the weight given at time ¢ by agent ¢ to the expected payoff of the competitor. The
expression in 3 is similar to that commonly used in the existing literature on interdependent preference. To
this end, we can mention seminal contribution in which it has been introduced and studied, as, for example,
that by Levine in [21] (in which it is used to develop a theory of altruism and spitefulness in experiments)
and Konrad in [17] (where a contest setting different from Tullock is considered). A framework based on
other regarding preferences is also at the basis of overbidding explanation by Fonseca® in [16] and by Mago
et al. in [6]. We stress that in [21, 17, 16, 6] the weight given to the competitor material payoff is exogenous
and does not evolve with respect to past preferences and expected payoffs, i.e. the utility function does not
explicitly depend on ¢, as opposed to (3). In [21, 17, 16, 6] the model either reduces to a static optimization
of the utility function or to a static population game. In this latter case, the aim is to study evolutionary
stability of given distributions of agents having utility functions like (3) with preference weight chosen from
a finite set of exogenously assigned possible values.

According to the terminology used by Levine [21], U;(2; 41, xii,tﬂ) is the adjusted utility of player 7,
which reflects player’s own utility and his regard for the opponent, while w;; is the coefficient of altruism.
In particular,

e if w; ; > 0, the player is referred to as altruistic, as such a player has a positive regard for the opponent;
e if w;; = 0, the player is referred to as selfish, corresponding to the usual case;
o if w; + < 0, the player is referred to as spiteful, as such a player has a negative regard for the opponent;

We stress that the assumption that w;; € (—1, 1) means that no player has a higher (positive or negative)
regard” for the opponent than for himself®. In the aforementioned literature about other regarding prefer-
ences, the case of a negative preference weight is economically motivated as the willingness for the agents
to outperform all rivals and survive the competition, while the case positive preference weight is consistent
with pro-social behaviors (see [3, Section 4.2]). In this latter case, the economic explanation consists in the
emergence of a tacit, implicit cooperation among the agents, who realize that maximizing the social utility
is more convenient than maximizing own utility. Most experiment outcomes are consistent with spiteful
preferences (see Section 4.3 of the review by Sheremeta [3]). We stress that in (3) we just allow for w;; > 0,
we do not assume it. We just left open the possibility for the agents to initially or transiently have altru-
istic preferences. The aim we pursue is mainly on studying under what conditions the commonly observed
spiteful behavior arises, and why and how possible altruistic preferences are ruled out. Nevertheless, the
emergence of either transient or enduring pro-social altruistic preferences is observed in some experiments,
like those in [18, 19, 6, 23]. For these reasons, we will also discuss the economic rationale of the cases of
study in which we find transient or long-run dynamics characterized in terms of altruism.

As previously summed up, standard theory applied to contests assumes that players are selfish in the
sense that they only care about their own expected prize. The framework under investigation encompasses
players that are not actually selfish, as they can also consider the other player payoff. In alternative contest
theory, it is frequently discussed that some notion of fairness plays a role in individual decision making. For
example, Rabin [24] has proposed a formal model of what this might mean. However, the model we propose,
even if similar in spirit to Rabin’s model, more radically departs from the ordinary assumptions of game
theory, because we suppose that player altruistic or spiteful preferences endogenously evolve through time
because of the past play of the contest. This notwithstanding, the spirit is similar to the psychological game

6In that case, in addition to interdependent preferences, inequality aversion is directly encompassed in the expression of the
utility function, which then results different from that in [16]. We note that in Section 4.2 we consider inequality aversion as
well, but it will affect the way preference weight evolves, and not the way utility function is written.

7A similar approach in oligopoly modelling can be found in [22].

8Moreover, the coefficient of altruism encompasses both altruistic and spiteful inclinations. An increase in the coefficient
of altruism could then involve either more altruistic or less spiteful preferences, as well as its decrease can mean either less
altruistic or more spiteful preferences. As a consequence of this, saying that a player more (respectively, less) altruistically
behaves encompasses both the case in which the positive regard for his opponent increases (respectively, decreases) and that in
which the negative regard for his opponent decreases (respectively, increases), and this accordingly affects his strategic behavior.
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approach in [25, 24], even if the formal model we propose is completely different. In psychological games, the
starting point is that player attitudes toward other players depend on how they feel they are being treated,
and this aspect is modelled assuming that the utility of players depends not only on strategies, but also on
their beliefs. The resulting game is then analyzed using equilibrium theory. In the present contribution, we
suppose that players do not care if their opponents play “fairly”, but rather if they are seen as nice people.
Fairness usually requires defining an “exogenous” reference value (e.g., average payoff) related to which the
agents establish if the competitor behavior was fair or not. Conversely, the approach we pursue is based
on a mechanism of endogenous coevolution of strategic behavior and preferences, which depends on how a
player evaluates his opponent choices. The point we wish to make with this approach is that the phenomena
observed during experiments do not seem to simply reflect social preferences, as already clearly shown in a
wide strand of the existing literature on contests and experiments, but their endogenous adjustment through
time on the basis of observed behavior. This aspect is important to understand the evolution of contesting
situations, a crucial aspect of many real life situations, such as economic, social or military conflicts.

2.2. Endogenous dynamics

We assume that, at the end of each game stage, the efforts played by each agent are disclosed,® and hence
the information for game stage t+11is I; 411 = {;, x—; .} . Differently from the static models proposed in the
contributions discussed in the Introduction, we consider dynamically evolving strategies x; ; and preferences
wi¢. Moreover, instead of considering exogenously given preference weights, we consider the possibility that
they endogenously evolve on the basis of the strategic behavior of the competitors, on the past experience
and on the intrinsic characteristic of each player. The coevolutive mechanism of strategies and coefficients
is driven by the following assumptions:

a) the agent strategic behaviors, which are influenced by their interdependent preferences, dynamically
evolves on the basis of a best response mechanism with respect to each agent expectations, i.e. each
agent, at the end of stage t, chooses for stage ¢ + 1 the strategy that maximizes his adjusted utility:

Zit41 € argmax B (Ui(.’L'i’H_hxii,t+1)|Ii,t+1) ; (4)

b) each player i has static ezpectations, i.e. each agent, at the end of stage ¢, assumes T, 401 = Toits

c¢) the agent preferences are in turn influenced by the behavior of their competitors.

In what follows, in describing the dynamical coevolutive mechanism, we assume z; ¢ > 0 and we focus on
those trajectories for which x; ; and x2; do not simultaneously vanish.

2.2.1. Dynamics for the agent’s strategic behavior

Based on assumption a), each player chooses his next period strategy adopting a myopic best response to
each player’s conjecture on opponent’s choice, in the sense that each player at each stage maximizes his stage
adjusted expected utility F (Ui(zi,t_H,xe_i,Hl)\ILtH) .. If we assumed perfect forecast (v, ;,, = T _i¢y1)
and time constant interdependent preferences (w;; = w;), the dynamical model would become static, as the
agent would be able to reach the steady state in just one shot. In this case, the model would be described
in terms of a game Iy, = ({1, 2}, [0, +00)?, E(m;(z;,7_;))), for which it can be shown that the unique Nash
equilibrium «* = (z7, 23), with

v(1 — w1)?3(1 — wa)

v(1 — w2)?(1 — wy)
(2—&]2 —w1)2 ’

* *
Ty = y Lo =

(2—&)2 —wl)

9 A common setting in contest experiments is that, at the end of each game stage, each player is informed about the aggregate
exerted effort. Since we consider a two player game, this indeed implies that a player knows the last period strategy of his
competitor.



always exists. As a particular situation, if we consider selfish preferences (setting w; = 0), we retrieve the
classic Tullock game 'y = ({1,2}, [0, +00)?, E(m;(z;,7-:))).

We assume that players have static expectations, i.e. for any ¢ € {1,2}, and for any ¢ € N we have
2, 441 = T—i. This assumption follows the proposal by Wéneryd in [20], which suggested that myopic best-
reply dynamics can help to explain the fail in the convergence of strategies observed in contest experiments.
Moreover, it can be justified as a result of impatience, so to explain why players don’t maximize their inter-
temporal utility function, thus considering the possibility of influencing the future play of the opponent.

According to assumption b), we have that adjusted utility (4) can be written as

Tit+1 L—it
E(U;(z; T4 I; = 0V — X4 Wi —_—v —T; . 5
Uilassonoinllien) = o g () )

Solving the optimization problem (assumption a)), we get x; 41 € argmax E(U;(x; 41, 2—i¢)|Lit+1), SO
that, for x_; ; > 0, we obtain the standard best response mechanism with static expectations!®

X1 = max{y/vr_; (1 —wi) — T4, 0}

We stress that if z_;; = 0, from (5) we have that a whatever small effort would guarantee to player i an
expected payoff equal to v, when for a null best response it would reduce to v/2. Since we are mainly interested
in trajectories for which both players exert a positive effort, we simply assume an exogenous minimum effort
€ that is played as the reaction to a null expected strategy. This is in line with lab experiments, in which
players usually have a discrete set of strategic choices, and hence there is a minimum non null effort level
that can be exerted.

In Figure 1 (a-b) we report the graphs of some best response functions on varying the prize and the
coefficients of altruism. As the prize increases, the best response to a given effort x_;; increases as well.
This reflects the increasingly high player involvement in the game, as the prize for which they compete is
more and more relevant. Moreover, altruistic preferences (i.e. when w;; > 0) induce milder responses to
the opponent behavior, while the opposite occurs with spiteful preferences. In particular, with altruistic
preferences, best response strategy is always smaller than the classic Tullock Nash equilibrium strategy
(denoted by asterisks in Figure 1 (a-b)), while larger replies are possible for spiteful preferences.

2.2.2. Dynamics for the agent’s preferences

There have been a great many experimental studies of infinitely repeated games (see e.g., [27]) and one
main takeaway is that in contrast to predictions based on equilibrium analysis, players tend to reciprocate
the past behaviors of their opponents. We formalize this by assuming that the coefficients of altruism of
each agent evolve according to how they assess whether their competitor has nicely played or not.

Indeed, the agents do not know altruistic, selfish or spiteful preferences of their competitors, but their
strategic choices at stage ¢t depends on such preferences, which consequently affect the probability of winning
the prize. So agents can compare their own and their competitor expected payoffs!! and evaluate how much
they liked/disliked their competitor behavior, and, based on that, their preferences consequently adapt.

The results we present in the remainder of the paper are discussed in terms of expected payoff comparison,
which allows providing a simpler and clearer economic interpretation, but they can be rephrased in terms
of exerted effort comparison and basically remain identical.

The process of preference evolution can then be outlined in three steps.

a) Agents are informed of the exerted efforts and compare the expected payoffs

10The best response dynamics is the oldest, most familiar and simple instance of adaptive dynamics, widely studied in
economic theory (see e.g., [26] for a general analysis of this kind of models). This simple dynamical mechanism conforms with
the adaptation of preferences, with coevolution driving the observed player behaviors and allows mimicking the lab results and
allows a deeper understanding of the interaction between the player maximizing behavior, their expectation formation and the
endogenous evolution of the coefficient of altruism.

11 From now on, for the sake of notation, we drop E(-) and we simply denote the expected payoffs by 7; and expected payoff
difference by Amr;.
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Figure 1: Best response function for different values of prize (panel (a)) and coefficients of altruism (panel (b)). Asterisks

denote the classic Tullock Nash equilibrium strategies. Panel (c): graph of function f on varying its former component z, for
different fixed values of its latter component. Horizontal dotted lines represent w; ;41 = wi¢-

In particular, we assume that agents compare the last period expected payoff difference Am;; = m; 1 —
T_jz, for which we have
Tt
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b) Agents evaluate how much they like/dislike the expected payoff difference

The agents evaluate the expected payoff difference A, ;. Such evaluation can be made in terms of own
convenience, fairness/unfairness, status-seeking behavior and so on. Since a given scenario can be differently
evaluated by distinct agents, the way the expected payoff difference is evaluated defines the agent kind, which
is modelled by introducing a function m : R — R, Am; — m(Am; ;) which quantifies the evaluation given
by agent ¢ to the behavior of agent —i, inferred from the expected payoff difference. We investigate some
possible relevant kinds of players in Section 4 and the corresponding functional shapes m, but they have
in common that the more m(Am; ;) positively increases, the more agent ¢ liked what he experienced after
stage t and, symmetrically, the more m(Am; ¢) negatively decreases, the more agent ¢ disliked it. We assume
that m(Am; ;) is a strictly monotone function on (—oo, 0] and on [0, +00), respectively. This means that
depending on the kind of player, a positive expected payoff difference can be either evaluated in a positive
(like) or negative (dislike) way, but given one of these alternatives, as Am; ; increases, the liking/disliking
degree increases as well. Finally, we assume that m is a Lipschitz continuous function.
c) Agent preferences adapt accordingly to the evaluation of the expected payoff difference and on their past
experience

The way in which preferences change depends not only on the evaluation of the last game outcome, but
it is also affected by the player same preferences, i.e. by his identity at stage t, which is a consequence of his
history and past experiences. For example, let us assume that at stage t player 1 negatively evaluates the
behavior of his opponent. If player 1 evaluated in a positive way the behavior of player 2 for many periods,
so that he currently has a positive regard for his opponent, a negative evaluation for one period could weaken
such regard, but his preferences will remain characterized in terms of altruism. We could face an opposite
situation if player 1’s preferences evolved toward a negative regard for player 2, as in this case he could
become less altruistic. In addition to this, the intensity of the effect of, for instance, a negative evaluation
of the expected payoff difference can change depending on how much each player current preferences are
polarized in terms of positive or negative regard for his competitor. From the mathematical point of view,
this can be described by the process

wit+1 = f(M(Am; ), wit),

12The payoff comparison is modelled in additive terms instead of a ratio, a possible viable alternative, following the most
common use in the literature, as in [24, 28, 21].



where f : R x (=1,1) = (=1,1), (m,w) — f(m,w) is such that, for any given w € (=1,1), = — f(z,w) is
a smooth, strictly increasing function, whose range is (01 (w),02(w)) = (w — k1(w),w + k2(w)) and which
is symmetric with respect to point (0, f(0,w)). We stress that monotonicity with respect to the former
component obviously guarantees that, for each given preference, the higher the evaluation of payoff difference
is, the larger the coefficient of altruism is. Moreover, since we want to avoid exogenous biases toward altruism
or spitefulness, we introduced suitable symmetry assumptions on the involved modelling functions. Based
on this, we can recast function f into the form

F(m,w) = Mﬂm%k M —w+ Mﬂm)—'—
where f(m) is an odd function'® (so f(0) = 0), for which lim,, 4. f(m) = £1.

Function o1 (wi) = wit — k1(wi ) (respectively, oa(w; i) = wir + ka2(w; +)) represents, given the current
preferences, the lower bound (respectively, the upper bound) to the coefficient of altruism that can charac-
terize player ¢ at time ¢+ 1. In Figure 1 (c) we report three possible graphs of function f(-,w; ), for different
values of w; . Let us refer to the upper graph in yellow, corresponding to the case of player ¢ with altruistic
preferences at time t. The yellow dotted line represents the value at time ¢ of the coefficient of altruism.

Depending on the positive or negative evaluation of the stage outcome (abscissa m) at time ¢, his
coefficient of altruism could increase (part of the curve above the yellow dotted line) or decrease (part of the
curve below the yellow dotted line). In such latter case, altruistic preferences could also turn into spiteful
ones. We note that in general f(0,w) # w, i.e. a neutral evaluation of opponent behavior can lead to a
change in the preferences. For example, preferences at time ¢ are represented by the yellow dotted line, but
the next period coeflicient of altruism w; 41 = f (0,w), which graphically corresponds to the intersection
between the yellow graph and the vertical dashed line, lies below the yellow dotted line. The opposite occurs
for the red graph related to w; = 0.1, while for the blue graph related to w;; = —0.5 we have f(0,w) = w.
Possible values of coefficients of altruism at time t + 1 can range between the two dashed yellow lines,
respectively representing values o1 (w; ) (lower yellow dashed line) and o2(w; ;) (upper yellow dashed line).
These comments can be adapted to discuss red and blue graphs as well.

In what follows, we refer to term f(m(Am;,)) in (7) as drift toward altruism, and it encompasses the
effect of the evaluation of the stage t outcome on the next period preferences. In line with the discussion on
the meaning of coefficient of altruism, a negative value of the drift toward altruism must be intended as a
drift toward spitefulness.

Conversely, in (7), the difference ka(w; i) = o2(w; ) — wi between the maximum next period value of
the coefficient of altruism and the current one represents how much the regard for player —i can increase
from period ¢ to period ¢+ 1. Similarly, difference k1 (w; ¢) = w;+ — 01(w;+) between the current value of the
coefficient of altruism and the maximum possible at ¢t + 1 describes how much the regard for player —i can
decrease from period t to period ¢t + 1. In Figures 2 (a-b) and 3 (a-b) we report some possible shapes for
functions o; and corresponding functions k;.

Before presenting the model, we make some assumptions on functions o;, to take into account only
economically relevant functional shapes and to rule out the occurrence of some trivial or uninteresting
scenarios.

Firstly, we assume that o;(w), i = 1,2, are smooth, strictly increasing functions. This guarantees that,
for example, the greater is the positive regard of an agent for his competitor, the more such regard can
potentially increase and the less it can decrease. Moreover, we implicitly assume that functions o; (and,
consequently, k; as well) are sufficiently regular to compute the required derivatives for the theorem proofs.

Since we want to disregard those functional shapes for o; for which dynamical evolution of variables is
not depending on a coevolution of preferences and of player strategic behavior, we assume that

/{72 (OJ) Y k‘l (UJ)

e (S

o2(w) > w > 01(w), for any w € (—1,1) and liinl; o2 (w) — o1(w) # 0. (8)
w—s

13For the sake of completeness, in the most general case, function f should be rewritten as in (7) but in terms of a function
f that explicitly depends on w. Since taking such dependence into account would not introduce new additional, economically
relevant phenomena to those reported in the present contribution, we do not consider dependence of f on w. This also allows
for a more direct and clear economic explanation of the results.
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Figure 2: Functions o1 and o2 (panel (a)) for which k1 and k2 are not monotonic
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Figure 3: Functions o1 and o2 (panel (a)) for which k1 and k2 are monotonic (panel (b)) and disposition k2/k1 is strictly
decreasing [0,1) (panel (c)).

Assumption (8) means that, independently of the current agent preferences, in principle he can always
become more altruistic and less altruistic. If we allowed for o2(w) = o1(w) for some wy € (—1,1) or for
o2(w) — 01 (w) — 0 as w approaches some wy € {—1, 1}, the evolution of preferences would be “exogenously”
locked at wy or could converge toward £1, independently of the evaluation of how much an agent likes/dislikes
the outcome of the previous stage outcome. In this case, it is easy to see that (wg,wp) would be a steady
state for the equations governing the evolution of w for every strategic behavior.

In addition to this, we impose a symmetric behavior for functions k; when the coefficients of altruism

have opposite signs, i.e.
ki(w) =Fk_i(—w), i =1,2, we (—1,1). 9)

This guarantees that if the current coefficient of altruism is positive, the regard for the competitor can
decrease as much as it could increase under an opposite value for the coefficient of altruism. We stress
that a consequence of (9) is that k1(0) = k2(0), i.e. when an agent has selfish preferences, he has neither
disposition toward altruism nor toward spitefulness.

Finally, as it will become evident from the analysis in Section 3, the model allows for a multiplicity of
equilibria. To simplify the discussion, we will focus on situations in which up to three symmetric equilibria
arise, as the explanation of more general situations fall within this prototypical one. To guarantee this, we
can assume that either

on w € |0,1) is monotonic, 10a
b one el (10a)
or o)
2(W . .
on w € |0,1) is unimodal. 10b
@) [0,1) (10b)
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Function ke(w)/k1(w) endogenously determines if an agent is more prone to becoming more altruistic/less
spiteful or to becoming more spiteful/less altruistic. When ks (w)/k1(w) is above (respectively below) 1, we
can say that the player has an endogenous disposition toward altruism (respectively toward spitefulness),
since he is potentially more disposed to become more altruistic/less spiteful than to become more spiteful /less
altruistic (respectively he is more disposed to become more spiteful/less altruistic than to become more
altruistic/less spiteful).

We emphasize that disposition is endogenous, since it can change depending on the current coefficient of
altruism, which evolves over time. Moreover, the disposition toward altruism or spitefulness determines the
positive or negative sign of ko(w) — k1(w), so in what follows we can discuss the role of the disposition of a
player also inspecting the sign of ka(w) — k1 (w). For example, Figure 2 (¢) depicts a situation in which player
1 exhibits disposition toward altruism for 0 < w; ¢ < 0.5 and w; + < —0.5 and disposition toward spitefulness
for —0.5 < w;; < 0 and w; ¢ > 0.5, while Figure 3 (c) depicts a situation in which player i exhibits a uniform
disposition toward altruism when he is currently spiteful and a uniform disposition toward spitefulness when
he is currently altruistic. Assumptions (10) then restrict the maximum possible number of changes in the
disposition of a player as his preferences range from spitefulness to altruism. The graphs of functions o; and
k; reported in Figure 2 (a-b) and 3 (a-b) are consistent with all the previous assumptions. In particular, in
Figure 2 (b) functions k; fulfill assumption (10b), whereas in Figure 3 (b) they fulfill assumption (10a).

Finally, we limit the possible heterogeneity between the agents to the initial strategy and/or coefficient
of altruism. All the remaining elements will be the same for both players (i.e. functions f,o; and m).

The resulting model consists of the following four dimensional dynamical system

1,041 = max{y/vr2¢(1 —wi) — 24,0},

T 41 = max{/vz1,(1 —was) — 14,0},

ka(wi,e) + kl(wl’t)f(m(Aﬂ'l ) + ko (wie) — k1(w,e) (11)

W1,t41 = Wit

2 2 ’
s = g 2R IR i g, ) 4 Felnd)  nln)

where Am; ; are defined by (6) and depend on z;+ and z_; ;. Model (11) can be written in a compact way
as s;11 = F(s¢) by introducing function F : (0,4+00)? x (=1,1)2 = R, s = (21,72, w1, ws) — F(s) =
F(z1,22,w1,ws), defined by the right hand side in (11).

3. Static analysis

Before analyzing the static properties of model (11), we discuss how variables evolve.

The preferences evolve according to an anchoring-and-adjusting mechanism. The anchor corresponds to
the current preferences, encompassed in w; ¢, and it is adjusted according to the evaluation given by players
to the outcome of the previous stage (encompassed in f(m(Am;;))), tuned by the potential changes in the
regard for the opponent, (respectively encompassed in ki (w;,¢) and ka(wi¢)).

Let us start considering the case in which no anchoring is present, i.e. the preference evolution is
independent of the current preferences. This occurs for o(w;y,;) = —1 and o(w2) = 1. In this situation, the
next period coefficient of altruism would be a direct consequence of the evaluation of the expected payoff
difference alone, resulting w; 11 = f(m(Am;1)).

However, in general, the anchor to past experience acts as a dampening factor for the drift. Assume for
now that, given the current preferences, a player is neither disposed toward altruism nor toward spitefulness
(i.e. k1(ws) = ka(wi)). For example, let us consider current spiteful preferences. We can make reference to
the blue graph in Figure 1, for which k1 (w; ) = k2(w; ¢) holds true. In this situation, a negative (respectively
positive) evaluation of the opponent behavior drives the agent preferences toward an increase (respectively
decrease) of spitefulness. Due to a conservatism bias, the previous preferences are under-revised with respect
to the signal represented by the expected payoff difference, so that the result is just a reduced adaption
toward altruism. This mechanism is encompassed in coefficient 0 < (ka(w; ) + k1(wi¢))/2 < 1 that rescales
f(m(Am; ;) in the latter couple of equations in (11).
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In addition to the drift toward altruism, we can highlight another mechanism that can lead to a change
of preferences, i.e. an endogenous disposition toward altruism or spitefulness. This latter mechanism is
encompassed in additive term (ko(w;;) — k1(wit))/2, whose sign is determined by the disposition toward
altruism/spitefulness ko (w; +)/k1(wiz).

Let us focus for simplicity on the case of a player with spiteful preferences at stage ¢t who neutrally
evaluates (neither he likes/nor he dislikes) the stage outcome, so that no endogenous drift toward either
altruism or spitefulness is present as a consequence of strategic choices. For the following discussion, we can
refer to Figure 2.

Depending on both the current, negative, coefficient of altruism and his disposition toward either altruism
or spitefulness, the player could both become less altruistic, less spiteful (or even become altruistic) or he
could not change his preferences. If a player exhibits a disposition toward spitefulness, he could become less
altruistic, even in the presence of a neutral evaluation of the stage outcome. However, as already mentioned,
this can change depending on the current degree of spitefulness/altruism, i.e. on the past experiences. For
example, when the actual degree of spitefulness is mild and there is room for a more pronounced spiteful
behavior, the player could decide to act less altruistically if he has a disposition toward spitefulness. This
occurs in the situation reported in Figure 2 (c) for small, negative coefficients of altruism w;; € (—0.5,0).
Conversely, if the current level of spitefulness of a player is very high, it could depict a scenario in which past
strong drifts toward spitefulness (due to particular strategic behaviors) induced an excess of spitefulness, so
that when such drift is no more present, the disposition of the player tends to counterbalance the spitefulness
excess and the negative regard toward the opponent decreases. For example, this occurs in the situation
reported in Figure 2 (c) for large, negative coefficients of altruism w; ; € (—1,—0.5).

To summarize, preference evolution can be described in terms of an anchoring toward past experience,
a drift toward altruism induced by the evaluation of the stage outcome and a path dependent disposition
toward becoming more altruistic/spiteful.

We already discussed the role of prize and preferences on the strategies in Section 2.2.1.

Now we study possible steady states s*(x7, x5, w}, w3) of model (11). The first result concerns symmetric
steady states, i.e. those for which ] = 25 = 2* and w] = w5 = w*. In what follows, we refer to a steady state
at which w; # 0 for at least one i = 1,2 as non self-interested steady state, while in the opposite case we refer
to it as self-interested steady state. In the former case, we refer to a steady state in which w? >0, ¢ =1,2
as altruistic steady state, meaning that the steady state is characterized by altruistic preferences. Similarly,
a steady state in which w; <0, i = 1,2 is called spiteful steady state.

Proposition 1. Vector (z*,z*,w*,w*) is a symmetric steady state for dynamical system (11) if and only if

S v=w)  Ta(e) 1= £)
R THI0)

12
. (12
where we set § = m(0).

At least a symmetric steady state always exists for any 0, and it is the unique one for all 6 if and only if
ka(w)/k1(w) is strictly monotonic. In this case, w* increases as § increases.

A self-interested steady state is possible if and only if 6 = m(0) = 0.

The components of the steady state related to the strategies correspond to the Nash equilibrium of game
T, when wj = wj = w*, i.e. are the strategic choices of players whose utility function is the modified utility
(3) with exogenous coefficients of altruism w*. We remark that =* is larger (respectively smaller) than the
Nash equilibrium strategy of a Tullock contest if and only if it corresponds to the steady state strategies of
a spiteful (respectively altruistic) steady state. This means that overbidding (respectively underbidding) at
symmetric steady states is a direct consequence of spiteful (respectively altruistic) preferences.

This is in line with the literature about other regarding preferences in lab experiments (see [13]). The
relevant facet is that non self-interested preferences can endogenously emerge from the coevolution of player
behaviors and preferences, and are determined by latter condition in (12), in which both identities (i.e.
disposition toward altruism/spitefulness) and player evaluation of the stage outcome (i.e. J) are involved.
Moreover, the extent of overbidding and underbidding is magnified by the prize, as evident from the former
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expression in (12), which is again in agreement with experimental findings (see [3]), in which players more
and more overbid as the prize increases.

Let us note that, in such a symmetric scenario, the steady expected payoff differential is null, so § = m(0)
represents the evaluation that the agents make for a scenario in which Azn} = 0. A consequence of this is
that the steady state coefficient of altruism does not depend on v.

The left-hand side in the latter condition in (12) encompasses the player disposition toward either
altruism of spitefulness. Conversely, its right hand side is a decreasing function of ¢, for which we have
(1= f(0)/(1+ f(6)) = 1if and only if 6 = 0. Moreover, f(m(Am;)) represents the coefficient of altruism
that a player would adopt just relying on the expected payoff difference, independently of his current
preferences. Since in this case case we would have 01 (w) = —1 and o2(w) = 1 and hence k;(w) = w + 1 and
k2(w) = 1 — w and noting that the latter condition in (12) can be rewritten as

o= bt~

R o) -

the steady state would be w* = f(¢), as immediately predictable also from equation (7). This means that
f(0) represents the steady state coefficient of altruism corresponding to the symmetric scenario in which the
player preferences evolve just under the drift induced by the evaluation of the strategic behavior.

Conversely, let us now take into account non constant functions o;(w) and start assuming 6 = 0, i.e. we
focus on the case for which the evaluation of a symmetric scenario is neutral, neither positive nor negative.
In this case, player disposition toward altruism would result in an increase of altruism, since, even if the
observation of stage t outcome would not induce any change in the preferences, player disposition would
drive preferences toward an increased level of altruism (or reduced spitefulness). The reverse would occur
in the opposite situation. So if a symmetric scenario is neutrally evaluated, a steady state could only realize
if there is disposition toward neither altruism nor spitefulness.

In general, a symmetric configuration of coeflicients of altruism is a steady state if and only if the two
above described mechanisms act in opposite'* ways and balance out. So a positive evaluation of a symmetric
scenario must be counter-balanced by a disposition toward spitefulness (otherwise the two forces would add
together, resulting in increasingly altruistic preferences).

A unique symmetric steady state is possible for all § if and only if players have disposition toward altruism
when they have spiteful preferences and disposition toward spitefulness when they have altruistic preferences,
as in the scenario reported in Figure 3. In this case, we can say that players globally have disposition toward
self-interest, as if they are currently altruistic (Figure 3 (c) for w; ; > 0), their disposition toward spitefulness
would induce a decrease of coeflicient of altruism (the graph in Figure 3 (c) lies below the horizontal axis),
with the opposite occurring when they are currently spiteful. If symmetric behaviors are neutrally evaluated
(i.e. 0 = 0), this would lead to a decrease of the coefficient of altruism when it is positive and an increase when
it is negative, so only self-interested preferences can emerge at the steady state. Conversely, if symmetric
behaviors are positively or negatively evaluated, this can respectively counterbalance disposition toward
spitefulness or for altruism, allowing for the existence of spiteful or altruistic steady states, respectively.
When players do not globally have disposition toward self-interest, multiple equilibria can occur. Their
number and distribution strongly rely on how endogenous disposition toward altruism/spitefulness changes.
In particular, the simplest scenario occurs under assumption (10b).

Corollary 1. If ka(w)/k1(w) is unimodal for w € [0,1), then there exists § > 0 such that for § € (—0,6)
model (11) has three symmetric steady states, with at least an altruistic and a spiteful steady state.

For § < —6 or § > 6 model (11) has a unique symmetric steady state, which is characterized in terms of
altruism if 6 > 0 and of spitefulness 6 < 0.

The scenario of Corollary 1 is that reported in Figure 2. In particular, steady state coefficients of altruism
are identified by the intersection between a horizontal line, representing f(0), and a cubic-like function like

14 This is the reason for which the right hand side in the latter condition in (12) is a decreasing function of f(§).

12



that in Figure 2 (c). In such case, at least a non-self interested steady state always exists, at which either
underbidding or underbidding strategies are chosen.

To summarize, all the previous results show that non self-interested steady states can endogenously
emerge from the coevolution of player strategic behaviors and preferences. Concerning the possible existence
of non-symmetric steady states, i.e. at which 27 # x4 and w} # w3, we have the following proposition.

Proposition 2. Vector (z7, x5, w], ws) is an asymmetric steady state for (11) if and only if

v(l - wi)(d — wj)? (1 —wi)?(1 — wj)

Ty = (2 — w; — wT)Q ’ 33){ = (2 — w; — UJT)Q 5 (14)
" Fawi) = ka(wi)
Flm(Ami (@, w3) = P o

1 &35_ o (1022) (15)

f(m(=Ar] (w],w3))) = —F————F—s
( ( 1( 1 2))) kl(w2) +k2(UJ2)

Moreover, as v — +00 we have that asymmetric steady states either vanish or they converge toward a
symmetric steady state.

We start noting that (z7,2z3) corresponds to the Nash equilibrium of game I',,. The crucial outcome of
Proposition 2 is that even if several asymmetric equilibria could arise, they are relevant only for suitably
small values of the prize. In fact, as v increases, they either vanish or they are close to a symmetric steady
state.!®> As a consequence of the marginal relevance of asymmetric equilibria, from now on we do not study
them any more. We refer the interested reader to [7] for more details and for the proof of Proposition 2.

Therefore, from now on, we limit the study of stability to symmetric steady states.

4. Dynamical analysis

The analysis carried on in Section 3 showed that non self-interested steady states can emerge from the
coevolution of preferences and strategies. However, to understand how dynamics select a particular steady
state and the possible emergence of endogenous oscillating dynamics, we must investigate out-of-steady state
dynamical behaviors.

We begin to analyze the local asymptotic stability of symmetric steady states, in particular by focusing
on the role of the v.

Proposition 3. Let s* = (a*,z*,w*,w*) be a symmetric steady state of (11) and let us define

) k’;) ) k)

EIETN AR

() = 1060)
For general initial conditions, we have that if —2 < 6*(w*) < 0 there exists v(w*, 6*(w*)) such that s* is
locally asymptotically stable for v < v(w*, 0* (w*)) and unstable for v > v(w*, 0* (w*)).
If 6% (w*) < =2 or 0*(w*) > 0, s* is never locally asymptotically stable.
In the particular case of wi g = wa g and x1,0 = 2,0, model (11) is equivalent to a two-dimensional system
for which steady state s* is either unconditionally stable or unstable.

The previous proposition shows that, as the prize increases, non-convergent dynamics can arise, giving
rise to endogenous oscillations in line with what is observed in lab experiments, in which erratic behavior and
overbidding more frequently occur when the prize is large [3, 20]. The economic rationale of such phenomena
can be ascribed to overreactive behaviors of the agents in the presence of large prizes, self sustained by the

15We stress that the asymptotic behavior of asymmetric equilibria is not due to assumptions (9), which is not used in the
proof of Proposition 2.
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coevolution of preferences. If at any time players have either different strategies or preferences, since the
best response to the competitor strategic behavior is larger the more the prize increases, we have that a
whatever a small discrepancy between the behavior of players is magnified. Moreover, if, for example, a
player exerted a small effort, the competitor can be induced to play a large effort. This leads to relevant
expected payoff differences, which, depending on the kind of player and his disposition, significantly alter
preferences. This in turn affects the strategic behavior of the players, leading to a strong response to the
competitor strategy due to the large prize.

In the remained of this section, we introduce two analytic expressions for function m, which describe
two particularly economically relevant kinds of players, namely tit-for-tat and inequality averse agents, for
which we specify the previous analytical results and which we numerically investigate.

A tit-for-tat agent positively evaluates a situation in which his expected payoff is larger than that of his
competitor, as he recognizes this as a situation in which the competitor nicely behaved in his regards, while
he negatively evaluates a situation in which his expected payoff is smaller than that of his competitor, as he
recognizes this as a situation in which the competitor badly behaved in his regards. We use “tit-for-tat” for
this kind of players by analogy with the homonymous game strategy, in which players replicate competitive
and cooperative opponent behaviors. Indeed, in the present contribution, tit-for-tat is related to the way
players evaluate their opponent behaviors, and not to a strategic behavior. Moreover, tit-for-tat assumes
that a player is initially cooperative, conversely, we do not restrict initial preferences. To model a tit-for-tat
kind of player, a possible simple functional shape is

m(AT; ) = YA 1, (16)

where v > 0 encompasses the strength of the reaction of the player.

An inequality averse agent evaluates in an increasingly negative way any situation in which the expected
payoffs of the two agents are different, since this points out a bad behavior by either himself or his opponent.
According to Fehr and Schmidt [29], agents exhibit a dislike toward unfair material outcomes, both if they
experience unfairness against them and if they are favored by it. Nevertheless, agents more dislike inequities
potentially causing disadvantage to themselves than those causing advantage to them. Mimicking what is
used in [29], we consider function

o+ CKA?Ti’t if A’/Ti’t <0,

. (17)
0 — BAm; if Am >0,

m(Am; ;) = 0 — amax{—Am; 4,0} — Smax{Am, ;,0} = {

to describe how inequality averse player ¢ evaluates expected payoff differences. In (17) o > 8 > 0 respec-
tively weight the negative evaluation of player i of the expected material disadvantage —Am; , = An_; ; and
of expected material advantage Am;;, while § > 0 represents the evaluation of a completely inequality-
free scenario. In the next two subsections we specialize the results of Proposition 1 and Corollary 1
to tit-for-tat and inequality averse players, and we perform numerical investigations of the possible dy-
namical behaviors. To better focus on the main aspects and explanation of results, in what follows we
always assume that monotonicity assumptions (10) on endogenous disposition hold true. Moreover, with-
out loss of generality, we assume that f’(0) = 1, as scenarios arising for different values of f/(0) occur
for suitable rescaling of parameters defining function m. For the numerical simulations, we use functions
f(2) = tanh(z) and o3(w) = max(min(aw+b, 1), —1). Expressions for function k1, k2 and o1 can be obtained
from ko (w) = 02(w) — w, k1(w) = w — 01(w) and, thanks to assumption (9), from k1 (w) = ka(—w).

4.1. Tit-for-Tat players
Firstly, in the next proposition, we specialize general static and dynamical results for the model with
two tit-for-tat players.

Proposition 4. Vector (z*, z*,w*,w*) is a symmetric steady state for (11) if and only if

* U(l 7(“)*) *\ *
ot =, ki (w*) = ko (w™). (18)
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Under assumption (10a), the self-interested steady state is the unique symmetric one, and if k4(0) — k1 (0) €
(—4,0) it is locally asymptotically stable provided that

4

S CIOESA IR ()

otherwise it is unconditionally unstable. Under assumption (10b), model (11) has three symmetric steady
states 8% = (v}, x4, w*,w*), 85 = (v/4,v/4,0,0) and s* = (z},x}, —w*, —w*), where sj is locally uncondi-
/%

tionally unstable and si are locally asymptotically unstable if k5(w*) — ki*) < —4, while otherwise they are
locally asymptotically stable provided that

A(1F W)

v < . 20

Yk (w*) + k2 (w*) (1 £ w*) (20)

If w10 = —wa 0, model (11) reduces to a three-dimensional dynamical system for which s§ is locally asymp-

totically stable provided that

o {2 B0 KO BO KO, 4

2 2 2’}<”<wh@+bm»

First, we start noting that since a tit-for-tat player neutrally evaluates a stage outcome in which players
exert identical efforts (and hence no drift toward more/less altruism is present), at symmetric steady states a
player must have disposition neither toward altruism nor spitefulness, as encompassed in the latter condition
in (18).

Concerning stability, we highlight the predictable destabilizing effect of the strength of reaction of players
to the expected payoff differences. Moreover, the more the coefficient of altruism can potentially increase,
the more s* becomes unstable for smaller values of the prize. Greater k;(w]) potentially allows for larger
preference variations, which in turn causes larger changes in strategic behaviors. Effort differences can
be relevant on payoffs even in the presence of a small prize, leading to self sustained oscillations in the
coevolution of strategies and coefficients of altruism.

When three steady states exist, noting that factor (1 —w*)/(1 +w*) is decreasing with respect to w*, the
stability interval for the altruistic steady state is always smaller than for that spiteful. The explanation for
this can be found in the larger payoffs expected when players underbid with respect to when they overbid.
Assume that both players have slightly different altruistic preferences, close to those at the altruistic steady
state. Due to the difference in the coeflicients of altruism, there are inequalities in exerted efforts that
induce inequality in expected payoffs. Since altruistic players underbid, their expected payoffs are large
even in the presence of a small prize, so reduced effort inequalities can lead to significant payoff differences,
which in turn induce relevant changes in the preferences. Since agents have opposite evaluations of the
expected payoff differences, one agent becomes more altruistic, the other less altruistic and this goes on
until the disposition toward spitefulness of the former player and that for altruism of the latter one become
dominating and start counterbalancing the drifts toward altruism induced by stage outcome evaluation,
reversing the phenomenon.

Conversely, when the prize is suitably small and agents are spiteful, expected payoffs are small, which
induces small payoff differences and this does not significantly affect preferences.

Moreover, the self-interested steady state is locally asymptotically unstable. However, if the initial
preferences are characterized in terms of coefficients of altruism with opposite signs, i.e. the degree of
altruism of a player exactly balances that of spitefulness of the competitor, sj can attract trajectories for
intermediate values of the prize. The reason for which for small values of v convergence to s is not possible is
that in such prize range asymmetric steady states exist, and attract trajectories starting with wq g = —wao.
For some simulative evidences and more details on this, we refer the interested reader to [7].

Now we study the possible dynamics arising for prizes larger than marginal costs (i.e. v > 1), again
setting o2(w) = max(min(1.1w + 0.3),1), —1) and v = 4. We stress that for such functions o;(w) we have
three steady states s% = (v/18,v/18,7/9,7/9), s5 = (v/4,v/4,0,0) and s* = (4v/9,4v/9,-7/9,-7/9),
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where s% is locally asymptotically stable for v < 18, s* is unstable (it would be stable for v < 0.2812),
while, for wy,0 = —w2 0, the self-interested steady state s{ is stable for v < 1.6667.

In Figure 4 (a-b) we report bifurcation diagrams of variables x; and w; for different initial settings, with
black dashed line representing Tullock-Nash equilibrium. In all the diagrams the initial strategies are set
equal to 1,0 = 3 and z2,0 = 4. The black and blue bifurcation diagrams are obtained setting w; o = —0.5
and wg o = 0.3, i.e. the average coeflicient of altruism is negative, and hence the initial preferences are, on
average, characterized by spitefulness. For v < 18, trajectories converge toward the spiteful steady state,
while at v = 18 it loses stability and we have numerical evidence of the occurrence of a Neimark-Sacker
bifurcation. We note that quasi-periodic trajectories are always characterized by overbidding and spiteful
preferences, as the black/blue bifurcation diagrams in Figure 4 (b) always lie below horizontal line w = 0,
corresponding to self-interested preferences.

Similarly, setting wi,0 = —0.3 = w20, 8§ loses stability through a Neimark-Sacker bifurcation at v =
1.6667 (green and gray bifurcation diagram). In this case, trajectories of strategies have large oscillations
around the Nash equilibrium of the classic Tullock game, with alternating altruistic and spiteful preferences.

Finally, if initial preferences are, on average, characterized by altruism, as for example setting wq,0 = 0.5
and wg o = —0.3, we have periodic dynamics around the altruistic steady state, which, as already noted, is
unstable when v > 1.

Convergence toward the altruistic or spiteful steady state basically depends on the characterization of the
initial preferences, on average, in terms of altruism or spitefulness, as evident from the basins of attraction
reported in Figure 4 (c¢). If wi o+ w20 < 0, trajectories converge toward an attractor characterized by
spitefulness, while if wy g + wa,0 > 0 trajectories converge toward an attractor characterized by altruism
(and, as analytically proved, only for wy ¢ + wa = 0, convergence is toward an attractor characterized,
at least on average, by self-interest). We stress that these phenomena are mainly driven by the initial
preferences alone, while they are essentially independent of the initial strategic choices, at least when x; o
are not too extreme to give rise at first to overreaction phenomena in the best response mechanism.

According to the previous propositions and simulations, outcomes characterized both in terms of over-
bidding and underbidding are theoretically possible. Since contest experiments are characterized by a strong
degree of competitiveness, if the initial attitude of players can be encompassed in spiteful preferences, the
scenario with tit-for-tat kind of players coevolves giving rise to dynamics driven by spiteful preferences, with
overbidding phenomena. However, this case of study is useful to explain the reduced number of experiments
in which altruistic behavior and underbidding are also observed. In [6], this is commented in terms of al-
truistic preferences, which, according to the discussed theoretical and simulative results, can be explained
in terms of stimulating initial altruistic preferences, which then bolster dynamics characterized in terms of
positive coefficients of altruism and underbidding.

We recall that underbidding has been observed in other Tullock experiments, or in experiments on
contests with a setting close to that of Tullock, in which the prize is not divisible. In the experiment reported
in [18], an aggregated effort lower than 30% with respect to the Tullock-Nash equilibrium. In this case, a
reduced initial endowment was given to the players, just exceeding 10% of the Tullock-Nash equilibrium.
When tit-for-tat players are considered, capping the maximum possible bids significantly reduces the basin
of attraction for strategies and preferences characterized by spiteful behavior (basically, the azure region in
the basin of attraction in Figure 5¢ is capped as well). The economic rationale of this is that reducing the
possibility for players to initially overbid increases the possibility for them to enforce reciprocal pro-social
behavior, and the occurrence of underbidding becomes more substantial. Similarly, in the Tullock contest
reported in [19], the authors set up an experiment in which, with the concurrence of simultaneous bids, fixed
matching and random prize allocation without bids, the contestants develop tacit coordination (compatible
with a pro-social behavior) on underbidding outcomes. This is consistent with tit-for-tat kinds of players.
We stress that Konrad [17], using a static evolutionary setting, showed that altruism can outperform a
population of selfish players.

4.2. Inequality averse players
The next proposition presents specialized static and dynamical results for the model with two inequality
averse players. Since the conditions defining steady states do not become simpler than those in (15), we
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Figure 4: Tit-for-tat players: symmetric steady states and related dynamics. First row: bifurcation diagrams for variables z
and z2 (panel (a)) and wi and wa (panel (b)), when initial preferences are characterized on average by spitefulness (black and
blue colors), by altruism (red and magenta) and by self-interest (gray and green). Basins of attraction (panel (c)) when v = 30.

avoid repeating them. Moreover, since the discussion on asymmetric steady states with tit-for-tat players is
still applicable for inequality averse players, we just focus on symmetric steady states.

Proposition 5. Under assumption (10a), or under assumption (10b) and if § is suitably large, model (11)
has a unique symmetric steady state s = (x}, ), w*, w*) with w* > 0.

Under assumption (10b) and if 0 is suitably small, model (11) has three steady states s = (x},x}, wi, W),
8Ty = (250,25, Wi, Wi )y 8T o = (2 9, 28 9, Wi gy WE o) with Wiy <wl, <0 <wp.

Each of the previous steady states is locally asymptotically stable provided that k5*) — ki*) € (—4,0) and

8(1 — w*
o< ___ 8=t - (21)
(a = B)f(0) (k1 (w*) + k2 (w*))(1 + w*)

in which w* is replaced by the corresponding steady state coefficient of altruism.

If k5') — k1") < —4 or ky(w*) — ki*) > 0, the steady state is unconditionally unstable, in particular s ,
1s always unconditionally unstable.

Since an inequality averse player positively evaluates a stage outcome at which no inequality is present
between player behaviors, it is understandable that a steady state characterized in terms of altruism always
exists in a symmetric scenario. However, if the disposition toward altruism/spitefulness non-monotonically
depends on the coefficient of altruism, also spiteful steady states can exist, at least for small values of ¢, as
shown and discussed in Corollary 1.

Concerning stability, we have that the greater is the difference between aversion toward his own material
disadvantage with respect to that toward the competitor material disadvantage, the smaller is the threshold
prize value after which a steady state becomes unstable. This can be explained as follows. The more « is
different from 3, the more the effect on the preferences of the evaluation of the stage outcome is different.
Note that, differently from tit-for-tat players, inequality averse players can in principle provide the same
evaluation of payoff differences (when oo = 3), since they both dislike inequalities. However, even if, as Am;
diverts from zero, their dislike increases, the more o — 3 is large, the more Aw; differently increases for each
player. This can amplify the difference between preferences, which can self-sustain due to the consequent
inequalities in player strategies that cause differences in expected payoffs.

We discuss dynamics with the help of numerical simulations. We thoroughly checked, by changing the
involved parameters and the shapes of functions o;, that the reported simulative results are robust and the
consequent comments hold true in general.

We consider o3(w) = max(min(l.lw + 0.3),1), —1) and we set « = 4 and § = 0.6 (such values are
among those proposed in [29]). If we set § = 0.1, we have three symmetric steady states, as shown in
Figure 5 (a), corresponding to s* ; = (0.43v,0.43v, —0.72, -0.72), s* , = (0.32v,0.32v, —0.30, —0.30), 8% =
(0.04v,0.04v,0.82,0.82).
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Figure 5: Inequality averse players, § = 0.1. First row: three symmetric steady states characterized in terms of either
spitefulness or altruism (panel (a)). Panels (b-c): bifurcation diagrams for variables z1 and z2 and wi and wa, when initial
preferences are characterized by altruism (black and blue colors are respectively used for player 1 and 2). Second row: 5*_,1
(blue asterisk, turquoise basin of attraction) coexisting with another attractor (yellow basin of attraction) arisen from the loss
of stability of s% (red asterisk). Third row: s* ; (blue asterisk) attracts almost any trajectory (panel (g)) and, as v further
increases, it loses stability and a closed invariant curve emerges (panel (h)).

Moreover, from condition (21), s% is locally asymptotically stable for v < 0.58, while s* ; for v < 29.05.
So, the prize values for which s7 is stable are very small, in particular less than marginal costs. In Figure 5
(b-¢) we report the bifurcation diagrams for strategies and coeflicients of altruism considering initial values
close to s% . Notwithstanding, for v > 3.3 trajectories converges toward the spiteful steady state and, when
s* 1 becomes unstable, toward an attractor at which preferences are always characterized by spitefulness and
strategies by overbidding. As evident from Figure 5 (d-h), the spiteful steady state s* ; attracts trajectories
that also start from initial altruistic preferences. We stress that the basins reported in Figure 5 (d-h) are
obtained by setting initial strategies close to 0.04v, i.e. to the steady state strategies related to s%. The
attractor arising from the loss of stability of s very quickly grows and as v —~ 3.2 it tends to collide with
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the boundary of the basin of attraction of s* ;, and hence to disappear. So, even for quite small values of
the prize, s% does not play any economically significant role in the dynamics (we recall that, in agreement
with Proposition (25), some trajectories starting with wy,g = wo,o can still converge toward s* ) and starting
from almost any initial condition we have convergence toward the spiteful steady state or the attractor
arising when it becomes unstable. The scenario reported in Figure 5 shows that, at least when multiple
steady states are present, the spiteful steady state is that dynamically relevant, giving rise to overbidding
phenomena even if the players initially have altruistic preferences, especially when the prize increases.

What is most surprising is that dynamics characterized by spiteful preferences can emerge even in the
absence of spiteful steady states. To this end, we consider the same setting we used for the simulations
reported in Figure 5, but we increase ¢, setting it equal to 0.4. In this case, as shown in Figure 6 (a), we
have a unique altruistic symmetric steady state s% = (0.02v,0.02v,0.91,0.91), which is locally asymptotically
stable just for v < 0.45. As v increases, a closed invariant curve emerges around s giving rise to quasi-
periodic dynamics. However, such attractor moves away from s7%, and it quickly reaches regions of the
phase space in which coefficients of altruism are negative and hence strategic choices are larger than those
corresponding to the classic Tullock Nash equilibrium. The bifurcation diagrams reported in Figure 6 (b-c)
are obtained setting w1 o = 0.9, ws o = 0.905 and x1,0 = x2,0 = 0.31, i.e. coeflicients of altruism are very close
to those at s% . They show that, even if for small values of the prize, dynamics are characterized in terms of
altruism, strategies (respectively coefficients of altruism) shift upward (respectively downward), highlighting
overbidding phenomena. As evident from Figure 6 (d-g), the attractor arising when s’ becomes unstable
“travels” along the diagonal of phase plane (w1,ws), shifting toward the region in which both coefficients
of altruism are negative. To better explain such dynamical behavior, we make reference to the initial parts
of the time series of x; and w; reported in Figure 6 (h-i). The initial conditions are close to s%, and both
players have initial altruistic preferences and underbid. However, the small difference between their initial
preferences causes slightly different strategic behaviors, which lead to inequalities in the expected payoffs,
which is significant due to the underbidding of the agents. Inequality aversion then brings about a change in
the preferences. Since they both dislike the stage outcome, this creates a drift toward spitefulness that starts
decreasing the coefficient of altruism. However, the effects of aversion toward his own material disadvantage
with respect to that toward the competitor material disadvantage are different, and hence the extent of the
decrease of the coefficients of altruism is different for each player, and this amplifies inequality between player
behaviors and hence between payoffs. The decrease of coefficients of altruism then goes on, and altruistic
preferences turn into spiteful ones, due to the persistence of a behavior of the competitor that is evaluated
as bad. As the players become more spiteful, they increase the exerted effort and they start overbidding
(t = 5). This progressively reduces expected payoffs, and hence the difference between them. However,
such differences persist, as they are sustained by inequality aversion toward own material disadvantages,
which, due to the erratic evolution of both preferences and strategies, alternately affect different players.
Spitefulness and overbidding increases until they reach a point (¢t = 15), at which, due to the large, negative
coefficient of altruism, each player disposition toward altruism is dominating, leading to a slow increase of
the coefficient of altruism, also because of reduced expected payoffs and consequently reduced inequality.
Such an increase goes on until inequalities are bearable. As the overbidding reduces and payoff inequality
tends to increase, an abrupt inversion of preference trajectories occurs, with a fast return of spitefulness
sustained by inequality aversion.

If we considered functions o; for which ks (w)/k1(w) is strictly increasing and just one symmetric altruistic
steady state exists, we would observe dynamical behaviors that are similar in all and for all to those reported
in Figure 6.

As we mentioned in the Introduction, in the literature it was already shown that inequality aversion could
be an explanation of overbidding, but assuming exogenous spitefulness for players. The previous results show
that overbidding due to inequality aversion is robust with respect to endogenous preference evolution and
can emerge even if the players are (initially) altruistic. Moreover, we already discussed in Section 4.1 the
experiment in [18] with underbidding outcome. We tested the theoretical model with inequality averse
agents by capping the maximum possible effort to 1.1v. In this case we again found dynamics characterized
by overbidding, with the emergence of spitefulness. This is very interesting, since it shows that, at least
from the theoretical point of view, such an effort cap is not enough to explain by itself the emergence of
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Figure 6: Inequality averse players, 6 = 0.4. First row: the unique symmetric steady state is characterized in terms of altruism
(panel (a)). Panels (b-c): bifurcation diagrams of variables z1,z2 and wi,ws2, when initial preferences are characterized by
altruism (black and blue colors are respectively used for player 1 and 2). Second and third rows: attractor evolution as
v increases (panels (d-g)) and related position with respect to locally asymptotically unstable altruistic steady state (red
asterisk). Third row, panels (h-i): time series of variables x1,z2 and w1,w2 when v = 14.

underbidding, as the inequality aversion pushes preferences toward spitefulness.

To summarize, when inequality averse players are involved, the static analysis would suggest that al-
truism and underbidding should be dominant, but the dynamical analysis highlights that spitefulness and
overbidding can endogenously emerge, giving rise to non convergent dynamics, once more self-sustained by
the coevolution of strategies and preferences.

5. Conclusions

Coevolution of other regarding preferences and agent behaviors proved to be an effective tool to un-
derstand the emergence of non self-interested preferences, and consequently of strategic choices that can
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explain overbidding or underbidding phenomena, as well as erratic behavior. The carried on analysis shows
the importance played by agent preferences in determining both possible steady and dynamical outcomes.
Moreover, it highlights how a static investigation of contest models can be misleading, as preference evo-
lution can drive trajectories very far from steady states. The way player preferences evolve depending on
the observation and evaluation of the contest outcomes leads to the selection of particular steady configu-
rations, when multiple of them coexist. In addition, for example in the case of inequality averse players, it
can even sustain the endogenous occurrence of overbidding when no steady states characterized in terms of
overbidding do exist. Moreover, the coevolutive approach that we pursued allows a clear explanation of the
rationale behind each static or dynamical result.

We aim at developing future research in several directions. First, we have so far considered a symmetric
setting, with homogeneous players. Introducing heterogeneity also allows for testing the robustness of the
results in an evolutionary perspective. Moreover, different preference evolution mechanisms can be taken
into account, considering, for instance, an exogenous reference value on which basis the agents evaluate the
behavior of their opponents. Finally, the model we proposed is related to a classic Tullock contest framework,
but this approach can be extended to different situations, as for example in public good games. In addition
to this, it could be applied to conflict models, to understand the ebb and flow often observed in the level of
hostilities, with waves of extreme contrasts followed by an ostensible quiet, and again by extreme violence.

Appendix

Proof [Proposition 1 and Corollary 1] For a symmetric equilibrium we set w3 = ws = w. From the former
couple of equations we immediately obtain the former expression in (12). Since Am;(z1(w,w), z2(w,w)) =0

we have
0 = L) £y ) 4 Reld Tl
0 = Ml taled f(gn(0)) 4 2210,

which provides the latter condition in (12). Note that such condition can be rewritten as

i =t

o(w*) + ki (w*) (22)

Let g : (=1,1) — R defined by g(w) = (k1(w) — k2(w))/(k2(w) + k1(w)). From k1(0) = k2(0) we have
g(0) = 0, and since ki (w) = ko(—w), function g(w) is odd. Moreover, since ka(w) — 0% as w — 1~ and
k1(w) — 0% as w — —17T, from assumption (8), since |oa(w) — o1 (w)| > p we have ko (w) + k1 (w) > u, and
hence lim,,_, _1- ko(w) > pand lim,,_,,- k1(w) > u, from which g(w) — +1 asw — £1. Since f(d) € (—1,1),
thanks to the Intermediate Values Theorem, we have that equation (22) always has at least a solution. The
conclusion on the self-interested steady state is straightforward from (12).

Setting p(w) = ko(w)/k1(w), we have that the right hand side in (22) can be rewritten as g(w) =
(1 — p(w))/(p(w) + 1), for which ¢’'(w) = (—2p?), i.e. the monotonicity of g is opposite to that of p(w).
This means that if p(w) is strictly monotonic, we then have that (22) has a unique solution. Note that,
thanks to assumption (9), we have g(0) = 0 and, thanks to assumption (8), we have g(£1F) = £1, so if
p(w) is strictly monotonic, function g must be strictly increasing (which means that ka(w)/k1(w) must be
strictly decreasing). So a straightforward geometric consideration shows that if § increases, also the solution
to (22) increases as well. The strict monotonicity of p(w) is also necessary for uniqueness. It is clear that if
p(w) is monotonic but not strictly monotonic, then (22) has infinitely many solutions for some §. If p(w) is
not monotonic, then for some w we must have p'(0) = 0 and @ is an extremum point. If it is for example
a maximum point, for § belonging to a suitably small left neighborhood of f~!(p(w)) we have at least a
couple of solutions to (22). Moreover, since k1 (w) = ka(—w), function g is odd and unimodal on [0,1), it is
a cubic-like function, so we immediately have the result about the maximum number and characterization
of symmetric steady states of Corollary 1. a

Proof [Proposition 3] We start considering general initial conditions. We note that function F' defining
model (11) is Lipschitz continuous but not differentiable at x1 = z3. However, the classic argument on the
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eigenvalues of the Jacobian matrix of F' at the steady state can be adapted and still holds at a symmetric
steady state s* of (11). For the reader’s sake, we detail the proof.

Let us consider a symmetric steady state s* of (11). Note that a7 = x3 # 0, so it is possible to find a
suitable neighborhood €2 C (0, +00)? x (—1,1)2 of s* such that if (z1, 2, w1, ws2) € Q, we have x; > u > 0
for some p > 0. This guarantees that on each subset

Ot =Qn{(z1, 72, w1,ws) € R : 2y > 1}, Q7 = QN {(x1,z2,w1,w2) € RY:zy < X1}y

function F ha continuous partial derivatives, and hence it is Frechet differentiable. Let J* be the Jacobian
matrices of F' on QF, for any norm, we then have that there are two balls B(s*,6%) and B(s*,6~) such
that, respectively, for any h € R* : s* + h € QF

* _ *\ _ TE(o*
lim NE(™+h) = F(s) = J=(s")h| _
IRl —0 (Rl

0,

Let us assume that p(J*(s*)) < 1, and let us consider a norm ||| for which JE(s*)|| < p(J*(s*))+e < 1—¢,
for some suitable € > 0. Thanks to Frechet differentiability and recalling that s* is a steady state, there is
a ball B(s*, %) such that for any h € R* : s* + h € B(s*,67) we have ||F(s*+h) —s* — JT(s*)h|| < ¢||h||
and there is a ball B(s*,57) such that for any h € R* : s* + h € B(s*,§7) we have |[F(s* + h) — F(s*) —
J=(s*)h|| < ¢||h||. We then have, respectively on B(s*,§¥) that

IE(s" +h) = s*|| < ||F(s + h) = s* = J5(s")hl| + [J=(s"hll < ellR] + (o(JF) +€)| ],

so that on B = B(s*,0%) U B(s*,67) we have |[F(s* + h) — s*|| < k||h|| with ¥ < 1, and this guarantees
convergence toward s* of iterations that start in B.
The Jacobian matrix of System (11) is defined for any 7 # 22 and results

0 j12 g1z O
Jor 0 0 jog
Js1 Js2 gz O
Ja1 Jaz 0 Jaa

1 Ju(1—wy) 1 e = T [fozg 1 [o(l—ws) 1 ing — 1 [ vr
Ji2 =35 79 J138 = 75 1—w1’]21_2 o J24 =T T—w

. m'(Aﬂ)f’(m(Aw))(%Jr%)(meerlngrx%vazz) .
J31 = — (@1t72)? = —J32,

f(m(Ar)) <k,1(2wl) + klz(;l)) + k§(2w1) _ k/1(2w1) +1,
X f’(m(fA-rr))m’(—Aﬂ)(M%»%)(meerlzgqtzgf%)xg) .
Jar = (@1 ta2)? = —J42,
jaa = f(m(=am) (B2 4 Bl o Kalea) _ M) 4y
in which we set Am = ((x2 — z1)(z1 — v + x2))/ (21 + x2).
We have that J*(s*) (i.e. the Jacobian matrix of the restriction of F to Q% evaluated at s*) is

where

and

Ja3

0 0 - 0
0 0 0 -2
+(g*) — 1
JHE) = mtz —mTz 1460 0 ’
—-m'T)z m'7)z 0 1490
where we set
k(W) | ka(w?) ) 14" ) kDN k) k)
!

: f(5)< SRR R et A ACU e R i
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A straightforward computation shows that the characteristic polynomial of JT(s*) is
0
p@):A(ﬁ—2W+1M2+(ﬁ+&9+§+&>A+<—%—J%>>, (23)

where we set ¢ = vz(m'~) +m'T)).
Similarly, we have that J~(s*) (i.e. the Jacobian matrix of the restriction of F' to Q= evaluated at s*)
is
0 0 —r
I 0 0 0 -y
J(s7) = mT)z —-m'T)z 1+6 0
-m'T)z m't)z 0 1+6

A straightforward computation shows that the characteristic polynomial of J~(s*) is again (23), so the
conditions under which the eigenvalues of J*(s*) and J~(s*) lie inside the unit circle are the same. This
also means that conditions under which their eigenvalues lie outside the unit circle are the same, and
hence reverting the following inequalities we will obtain conditions under which a symmetric steady state is
unstable.

Polynomial (23) has indeed a null eigenvalue, so conditions under which its eigenvalues lie inside the unit
circle are those for the roots of a third degree polynomial. We recall that, as reported, for example, in [30],
such conditions are

T+D—-1+M<O0

—(T+D+1+M)<0 B o [ _ o0 +1)
M—T.D—14D2<0 where T =20+ 2, M =6 +29+4+1,D—74 ) (24)
—~(M-T-D+1+D?<0
so conditions (24) become

0(¢—40)

et

_Gnirs

(%)2¢2—(§+9+i)¢+92+29<0, (25)

2 2
Colge + (56— (0 +1)2 —1 <0,
Since we aim at studying stability on varying v, we solve each condition with respect to ¢. Let

40(0 + 2)

d)l(e) = 46) ¢2(9) = —40 — 87 ¢3(0) = (9 + 1)2

and

2(-20°— 40— 1= SO+ D2 T1) 2(-26° 401+ SO+ 17 +1)

6+1)? ¢a(6) = (6+1)2 ’

¢ (0) =

solving (25) for ¢, depending on 6, we find

0 < —2 —-2<60<0 0<f<2
Conditionl | ¢ > ¢1(6) ¢ > ¢1(0) ¢ < ¢1(0)
Condition2 | ¢ < ¢2(6) ® > p2(0) ¢ > ¢a(6)
Condition3 | ¢3(0) < ¢ <4 ?ﬁ?i f1<¢4< 1) p3(0) < p <4
Conditiond | ¢_(8) < ¢ < ¢4(6) “(b;f(g):<_¢1<¢¢>4 (2)4) b_(0) < & < pa(6)
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We start focusing on 6 < —2, whose study we subdivide into two cases.
Let —% < @ < —2. We have

40(0+2) 40+ +30+1) (26)

#2(0) < $a(6) & ~10 -8 < ooy @ CESE >

in which the last expression is true for 82 +36 +1 > 0, i.e. when —% < 6 < —2, so conditions 2 and 3
are not compatible in such interval.
Let 6 < —%. We have

2(—20%—40—1+4/8(0+1)2+1 10042 1 2
04(0) < 65(0) ( T ) < (9(+1L)2) o 160-2V/80 +329§+ﬁ)62 +32049+802+2 - ) (27)

& 32(07+30+1)(02+0—1) >0,

which is true since #2 + 36 + 1 is positive for 6 < —3+T*/5 as well as 62 4+ 6§ — 1, since it is positive for

0 < —1+T\/5. So condition 3 and 4 are not compatible for § < — 3+‘/_

So we conclude that s* is unconditionally unstable for § < —2.
Now we focus on 0 < —2, whose study we again subdivide into two cases.
Let 0 <0 < @ We have

and (25) has empty solution.

40(04+2)  40(0%+6 —1)

0) < ¢3(0 460 < <0 28
916) < 620) 40 o © =gz =0 (28)
in which the last expression is true for 62 +6 —1 < 0, i.e. for 0 < 6 < */_
compatible in such interval.

Let 6 > ‘/571 Recalling (27), we have that ¢4(6) < ¢3(6) since 6% + 36 + 1 is positive for § > ‘f73 as
f 1 f 1

, so condition 1 and 3 are not

well as #2 4+ 6 — 1, since it is positive for 6 >
and hence (25) has empty solution.

So we conclude that s* is unconditionally unstable also for 6 > 0.

Let us now consider the case of 6§ € (—2,0). We note that if m’~)+m/T) > 0, we have that as v increases
in (0,400), ¢ increases in (0,+00), while if m'~) + m'") < 0, we have that as v increases in (0, +00), ¢
decreases in (—o0, 0).

So we start considering the solution to (25) in the case of m’~) +m’t) > 0, so we are interested only
in solutions ¢ € (0,400). Since 6 € (—2,0), both conditions 1 and 2 are always fulfilled, while condition 3
reduces to ¢ € (0,4), and we set

. So condition 3 and 4 are not compatible for 6 >

4
(w,0) = e e T (29)
(=) + ) f1(6) (Bafed 4 afed ) L
We have
2 (—292 40— 1+ /B8O T1)2+ )
<4
(0+1) ’
as it can be equivalently rewritten into
2 (—292 — 40— 14 BOF1)?2 + 1)
<4&
(0+1)2
2 (40% + 3 + 80 — /80% + 3203 + 48602 + 320 + 9
( ¢(9+1)2 >>O<:>80(9+1)2(0+2)>0,

which is indeed true recalling that § € (—2,0).
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Now we focus on the solution to (25) in the case of m’~)+m’") < 0, so we are interested only in solutions
¢ € (—00,0). Conditions 1 and 2 can be summarized as

46 -1<60<0
¢>{408 —2<f<—1 (30)
and we set 10
—-1<
_ (m’*)+m’+))f’(5)g—k1§“’)+—k2§w))% P=0<0
ow,0) = 408 —2<60< -1
(mr=)mr)) f7(8) (ELged 4 Fafe) ) L '

Moreover, recalling (28), we have ¢3(6) < ¢1(f) on —1 < 0 < 0 and, recalling (26), we have ¢3(0) < p2(6)
on —2 < § < —1, so condition (30) guarantees condition 3.

Finally, also condition 4 is guaranteed by condition (30). In fact, we can note that the right-hand side
in (30) is greater or equal than —4 on (—2,0), ¢4 > 0 and

2(—292—49—1— 8(9+1)2+1) \ 2(\/m—1)
< -4

0 +1)2 ©+1)2

>0,

which is true since 1/8(0+1)2 +1> 1.

Now let us discuss what happens if 210 = 2,0 and w10 = w2,0. In this case, both equations describing
the dynamics of strategic behavior are the identical, as well as those describing preference adjustment
mechanism. This means that four dimensional model (11) reduces to the two dimensional model

Tt41 = / Ul"t(l - wt) — Ty,

+ k‘g((ut) ; /Cl (wt)

ko (we) — k1 (we) (31)

am(0)) o 22 S,

W41 = Wt

where x; and w; represent the time invariant strategies of both players. The Jacobian matrix of the map
defining the right-hand side of (31) is

v(l-w) 1 Vv
J= V x 2v/1—w

kb (w k7 (w kzw kb (w
0 E g ) (M 4 B

)

which evaluated at a symmetric equilibrium becomes

PO N
from which it is evident that stability does not depend on v. O

Proof [Proposition 4] Characterization of the steady state coefficient of altruism in (18) immediately follows
from the latter condition in (12) and f(§) = 0. Concerning stability, we start noting that at a symmetric
steady state, since ki (w*) = ka(w*), we have

(k2<w*>>’ ki) — ka(w)RE) _ k5 — k)
Fa(w”) ) Fi(")

so the sign of k") —k{*) is determined by the monotonicity of ka(w*)/k1(w*). We already showed in the proof
of Proposition 1 that if ka(w*)/k1(w*) is strictly monotonic, it must be strictly decreasing, so k5*) — k") < 0
and from Proposition 3 sf is unconditionally unstable if 6(0) = (k5(0) — k1(0))/2 < —2. Conversely, if
E45(0) — k1 (0) > —4, from the proof of Proposition 3 we have that stability is guaranteed provided that (29)
holds true, that in the present case reduces to (19).
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Under assumption (10b), recalling that the right-hand side in (22) vanishes for w* = 0 and approaches
1 as w* — 17, we have that ko(w)/k1(w) is strictly increasing at sg, while it is strictly decreasing at s%, so
s¢ is unconditionally unstable since k4(0) — k1 (0) > 0, while for s% conditional stability is again guaranteed
by (29) holds true, that in the present case reduces to (20).

Noting that for a tit-for-tat player m is an odd function, we have that the equations of model (11)
governing dynamics of w can be written as

ka(wi ) + ki(wie) ka(wit) — ki(wi,e)

Wi+l = w1+ = 3 == f(m(Am1 1)) + ~ 5 —,
ko wat) + k1 (wo ko wat) — k w3,
W2, t41 = W2 — o) D) A ’t)f(m(Am)) M) 2 - t)’
80, if w10 = —wa,0, model (11) becomes a three dimensional system with a unique variable wy = w1 ; = —wa

for coefficients of altruism, i.e.

1,41 = /T2, (1 —wy) — zay,

T 441 = /vr1 (1 +wi) — 21,
k +k k —k
Wil = Wi + Mﬂm(Aﬂ'u)) + M

Evaluating at (z1,z2,w) = (v/4,v/4,0) the Jacobian matrix corresponding to the function defining the
right-hand side of the last system we find

0 0 ~

J* = 0 0 1
7( (0)+k2(0)) _7(k12(0)+k22(0)> k;,2(0) _k'12(0)+1

whose characteristic polynomial is

p(\) = -\ <)\2 - <@ - @ 0 1) A+ l(kl(o) + k2(0))> .

Setting

k5(0) — k1(0)
2 2

the eigenvalues of p(\) lie inside the unit circle provided that

T— +1,D= ”<k1<o>+k2<0>>,

1+T+D>0 24 820 _ MO 4 2u ik 0) 4 ky(0) > 0
1-T+D>0 « ’“2<°>+’“<°>+W(k1(0)+ k2(0)) > 0
1-D>0 7 (k1(0) + k2(0)) > 0
which concludes the proof. a

Proof [Proposition 5] Under assumption (10a), characterization of the steady state coefficient of altruism
immediately follows from (12) and f(d) > 0. Similarly, under assumption (10b), recalling Corollary (1), for
suitably large values of d, we have a unique symmetric steady state with w* > 0. For its stability, we start
noting that for (17) we have m'~) = a and m'~) = —f, with a — 8 > 0. From Proposition 3 any symmetric
steady state is unconditionally unstable if (w*) = (k5*) — ki*))/2 < —2 or if k5*) — k{*) > 0, which holds
true for s* 5 at which ka(wj 5)/k1(w} 5) is strictly increasing, and hence ka(w*) — k1(w*) as well, recalling
the first part of the proof of Proposition 4. Conversely, if kS) — ki*) € (—4,0), since have m'~) + m'~) > 0,
the steady state is stable under condition (29), which in the present case becomes (21). |
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Highlights

e We propose a new modelling approach to provide theoretical explanation of experimental
outcomes in Tullock contests

e We focus on a framework in which players are assumed to have other regarding preferences,
grounding on the literature that proposed and studied static settings

e We propose a way to model and study the endogenization of preferences and the dynamical
coevolution of preferences and strategies.

e We study the possible static and dynamical results, in particular showing the endogenous
emergence of spiteful preferences and overbidding. We also explain and relate to real world
example the emergence of pro-social behaviors and underbidding.

e We study the emergence of complex dynamics and multistability, providing economic
interpretation
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