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ABSTRACT: We study a T2 deformation of large N conformal field theories, a higher di-
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which is given by the Euclidean gravitational path integral in d + 1 dimensions between
two boundaries with Dirichlet boundary conditions for the metric. This is natural given
the connection between the flow equation and the Wheeler-DeWitt equation, on which we
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function and the radial WDW wave function. An interesting output of the flow equation
is the gravitational path integral measure which is consistent with a constrained phase
space quantization. Finally, we comment on the relation between the radial wave function
and the Hartle-Hawking wave functions dual to states in the CF'T, and propose a way of
obtaining the volume of the maximal slice from the 72 deformation.
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1 Introduction

The AdS/CFT correspondence [1] relates theories of quantum gravity in asymptotically
Anti-de Sitter space to conformal field theories in one less dimension. The conformal
field theory is often thought of as living on the conformal boundary of the asymptically
AdS spaces where asymptotic boundary conditions are imposed. Following the standard
extrapolate dictionary [2, 3], CFT sources and expectation values of local operators are
related to asymptotic values of bulk fields. The AdS setup nicely avoids the ordeal of trying
to define local observables in quantum gravity, since the observables (in this case the set
of CFT correlation functions) all live in a region where gravity is switched off and where
local operators are perfectly well-defined: the asymptotic boundary.

While this has been exploited to our great advantage in AdS/CFT, it is also a burden:
one would also like to understand how to define observables at some finite distance in
the bulk, which should make sense at least at the semi-classical level (for example, one
can formulate an approximate definition of local operators in the bulk by smearing CFT
operators [4]). More generally, one can ask how to define quantum gravity with boundary
conditions at some finite distance. The radial direction in AdS is related to a UV-cutoff in
the CFT providing an RG-perspective on bulk slices at different radial positions [5], which



enabled early attempts at formulating a finite-cutoff holography [6, 7]. An important insight
of [6] was that the Wilsonian action in holographic RG necessarily contains double trace
couplings. These couplings are generated as one splits the path integral in the bulk along
some radial surface, because there is an extra integral for fields on the surface compared
to a conventional Wilsonian splitting in momentum space.

Recently, some further progress has been made on understanding holography and quan-
tum gravity with Dirichlet boundary conditions in the context of AdS3/CFTy [8-10]. The
set-up is to consider an integrable irrelevant deformation of two-dimensional CFTs known
as a TT deformation [11-13] (see for example [14] for a review), and apply it to holo-
graphic CFTs. Similar ideas have been pursued in other dimensions, for example for AdSs
in [15-18] or for d > 2 in [19-21]. For d > 2, it is still an open question how to define the
deformation outside the semi-classical large NV limit and we will not attempt to answer this
question here.

In this paper, we study the RG flow equation under a T? deformation introduced in [21].
Because of its double-trace nature, the flow equation is of diffusion type (see [22, 23] in
the 2d case), namely it contains a first derivative with respect to the Wilsonian cutoff, but
second derivatives with respect to the sources. It can therefore be solved by a diffusion
kernel, which means the flow equation has a solution of the form

20 = / Dy L7, X712V ), (1.1)

where the Z are generating functions for the deformed theories, A is the flow parameter
and v, 7/ are background metrics for the field theory. The solution depends on one piece of
initial data, which in the case of A’ — 0, is a CFT generating function. In two dimensions,
the kernel is a very simple function which is known due to the work of Freidel [24] (see [8, 25]
in the context of the T'T flow).

The diffusion type smearing with a kernel as in (1.1) highlights the peculiar nature of
the cutoff in holographic RG. Instead of directly suppressing high frequency modes, the
cutoff is provided by smearing the background metric on a scale determined by \. This
makes it impossible to resolve distances smaller than this scale in the deformed theory,' and
explains the difficulty in defining the cherished observables of local quantum field theory
such as local correlation functions or entanglement entropy in the 7?2 deformed theory.
Nevertheless, some progress has been achieved in this direction [28-31].

In higher dimensions, the kernel (1.1) only has a simple form when A ~ X, in which
case it is just a Gaussian, giving rise to a Hubbard-Stratonovich representation of the 72
deformation [21]. We will proceed to write a formula for the kernel corresponding to finite
deformations by iterating the infinitesimal kernel. The number of iterations corresponds to
the radial depth in the bulk. Via a sequence of change of variables, we will show that the
iterated kernel is given by a path integral in Euclidean Einstein gravity in d+ 1 dimensions
between two surfaces with Dirichlet boundary conditions on the induced metric:

2(d
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!This is related to the idea of regulating by a gradient flow [26, 27].



where M is a d4+1 manifold with two boundaries, ¢ is the induced metric on the boundaries,
with gquyv and qmr corresponding to the two separate surfaces. We will comment on the
measure Dm(g) below. The formula (1.2) has a very simple dependence on A, X', which
appear only in the dictionary between the induced metric and the QFT background metric.?
In particular, A can be position dependent. Note that the action in (1.2) comes with the
“wrong” sign, a fact anticipated in [6]. This is necessary in order to interpret the left hand
side in (1.1) as a bulk path integral with a finite Dirichlet boundary, since in this case, the
role of the kernel is to “remove” part of the bulk path integral.

Of course, the appearance of the gravitational path integral is not surprising given
the connection of the T? flow equation to the Wheeler-DeWitt (WDW) equation [8, 21],
which follows from combining the flow equation with a scaling Ward identity. We will
revisit this connection from a new perspective by giving the precise (gauge independent)
relation between the WDW wave function and the deformed partition function. This will
trivialize the role of the conformal anomaly, and explain how initial data of the first order
flow equation and the second order Wheeler-DeWitt equation are related.

Let us return to the resulting measure Dm(g). In general, the question of the measure
for the gravitational path integral is a subtle problem. Even though this path integral can
only be regarded as defining an effective field theory, the effects of the measure show up in
loops that we are supposed to trust bellow the scale of new physics. A snapshot of different
proposals for the measure is [32-38]. In solving the flow induced by the T2 deformation,
we find a measure Dm(g) that can be interpreted as coming from integrating out the
momentum from a Hamiltonian path integral with flat measure injDPij DNDN?, where
gi; and P¥ are the conjugate variables in the ADM formulation [39], while N and N are
the lapse and shift (we refer to [34, 35, 40] for discussions of the Hamiltonian path integral
in GR). As explained in [40], this measure is anomalous under radial diffeomorphisms but
invariant under gauge transformations generated by the constraints via the Poisson bracket.
These two only agree on-shell. In particular, Dm(g) is different than the diffeomorphism
invariant measure [37, 38], used e.g. on the string worldsheet.

While the gravitational path integral in (1.2) is appealing, its connection to AdS/CFT
is not completely clear. In particular, the form of the kernel just follows from the form of
the flow equation which is well defined whenever the T2 operator can be defined, which
only requires large N and not strong coupling. Even at strong coupling, most holographic
theories (e.g. N' =4 SYM) have light fields interacting with the metric, dual to single trace
operators. In both of these cases, the bulk is not just Einstein gravity, nevertheless we
can still turn on the T2 deformation and generate the path integral in (1.2). This suggests
that the bulk generated in (1.2) is “fake”, or at least that there are extra conditions on the
flow that must be satisfied in order for it to really describe the bulk. We will speculate on
possible answers to this question.

In this work, we restricted our attention to the T2 deformation while sourcing only
the background metric. Following [6, 9, 21|, we expect that turning on appropriate double-

2We have suppressed some holographic counter terms in (1.2) for simplicity. In odd boundary dimensions,
these also depend only on ¢ but in even dimensions they introduce extra dependence on A, related to the
conformal anomaly. We will discuss this in the main text.



trace deformations for other single-trace operators gives rise to diffusion kernels calculated
by path integrals involving gravity coupled to matter. We leave this for future work.

Finally, we will offer some thoughts on a related object, the Hartle-Hawking wave
function [41] of states in AdS gravity. The Hartle-Hawking wave function is a wave function
on the intrinsic geometry of initial data (Cauchy) slices. It is calculated by a Euclidean
path integral, and in the case of asymptotically AdS gravity, the Euclidean manifold has a
boundary. Therefore, one calculates this wave function by putting boundary conditions on
both the initial data surface and the asymptotic Euclidean boundary. The latter correspond
to sources in the CFT preparation of the state, so these wave functions are dual to Euclidean
path integral states [42-45] in the CFT. We will argue that the radial wave function has
built in knowledge of these HH wave functions and that the HH wave functions can be
thought of as overlaps between Euclidean path integral states and metric “eigenstates”.
The metric eigenstates are defined from linear combinations of boundary path integral
states using the diffusion kernel (1.2). Using this picture, we propose a formula for the
volume of the extremal slice from the 7?2 deformation.

The paper is organized as follows: we discuss the T2 flow equation, its connection to
the WDW equation and its solution in terms of a diffusion kernel in section 2. We sketch
the connection to the Hartle-Hawking wave functions and the volume of the maximal slice
in section 3. We end with a discussion of some open problems in section 4.

2 The T? flow and the bulk path integral

In this section, we will analyse the flow equation introduced in [21]. This flow equation
describes a purely field theoretic deformation in terms of an effective field theory operator
for large N CFTs, even though [21] derives it from the bulk. The strategy in [21] to obtain
the deforming operator is to relate its expectation value to the trace of the stress tensor via
a scaling Ward identity, and then express this trace using the holographic stress tensor [46]
and the Hamiltonian constraint. Because of this, the flow equation encodes bulk equations
of motion for gravity, and contains explicit dependence on background fields (sources) and
this dependence is partially encoded by holographic counter terms.

We will start by reciting the flow equation from [21], with a slight modification in
the treatment of counter terms and the conformal anomaly, after which we derive the
WDW equation from it. In some sense, this is running the argument of [21] backwards,
but the process will highlight that the relation between the deformed partition function
and the radial WDW wave function is gauge invariant, even though the deformation was
originally obtained in the Fefferman-Graham gauge. We will then analyse this relation via
a simple toy example, explaining how initial data for the flow and the WDW equation
are related, and giving a new perspective on holographic counter terms. After this, we
move on to derive the diffusion kernel for the flow equation. We do this in several steps of
increasing complexity.

For most of what follows, we will use the convention 167G = 1 except when explic-
itly mentioned.



2.1 T? deformation and the WDW equation

We wish to analyze flow equations of the form considered in [21].

sz = [ dayix), (21)

where the deforming operator is

248 2 68 1/ 1 58
x=a% (T” + ”) <T’“l + C't> +— <a ~/GR, + ”) 2.2
e V7 0% v o) s vttt g, (22)

where Gl%l = %('}’ik’)/jl +YjkYit) — ﬁ%ﬂkl and ¢;; = )\_2/d7,-j and R, is the Ricci scalar of

gij- We will leave the constant agq unspecified for now and we will see how it is determined
shortly. The action S.; is the holographic counter term action [46-48], but without the
boundary cosmological constant. That is, we only include terms in our definition of S,
that contain derivatives of the metric. In odd dimensions, it depends only on ¢;; = A2 d%j
but in even dimensions it includes an anomaly term [47, 48]

Sen [ A] = Ser V2] + % / log A/ Adl], (2.3)

where Ay[y] is the local conformal anomaly.?
This flow equation applies for the usual partition function, that we denote by Zr(e)‘g 7],
standing for “renormalized”. The CFT partition function corresponds to zero deformation,

ie. Zopr[y]) = zo70 [v]. Let us also introduce a bare partition function

20 = S0 Z Q). (24)

This bare partition function is finite for A # 0, and it is a natural object from an RG
perspective when a UV regulator is present, for example if we flow to the continuum with a
lattice system. In such cases, the bare partition function usually diverges in the continuum
limit and needs counter terms to be well-defined, but it is the natural object to consider
in the presence of the regulator (see [49] for a similar discussion).

The flow equation for the bare partition function is simpler, since it does not contain

the counter term variations anymore*
0 4 o 0 1
2 zN ) = gl 2 7MW - 70N (~). 9

In this equation we have now allowed for a spatially varying deformation parameter A(z).
This is a diffusion equation with potential, which can be solved formally by a diffusion
kernel that we will explicitly determine in this paper.

It is clear that the bare partition function Z should be related to the (radial) WDW
wave function [5], but the latter should only depend on the metric v and not the flow

3Note that ref. [21] has a slightly different flow equation than our equation (2.2) in the treatment of
counter terms. We will explain this difference at the end of this section.
4We note that similar equations have appeared before in the holographic RG context in [6, 50].



parameter A. Introducing A is kind of a useful redundancy, since the diff-invariant quantity
that naturally keeps track of the radial position is the scale /7, see e.g. [9]. To go to
the WDW wave function ¥, we notice that eq. (2.5) preserves the non-anomalous scaling
Ward identity

71" Na) = 2V, (2:6)
Crucially, (2.6) is satisfied by conformal initial data to the flow, since near the conformal
point A =~ 0, the conformal anomaly cancels in the bare partition function (2.4) with the
contribution from the counter term (2.3), see appendix A. This suggests to make a scaling
ansatz for Z along the lines of [24]:

Z0h) = Wy/Ad) (2.7)

This fixes the notation for the three main objects of interest in this paper, namely the
bare and renormalized partition functions Z and Zie,, as well as the WDW radial wave-
function W.

Putting this ansatz into the flow equation (2.5), the A dependence cancels and we get

2 1) 4 g 0 0
Zgij— + —GY — —— 4+ ag/qR, | ¥gi;] = 0. 2.8
dQJ(SQij \/(j ijkl 5%’]‘ 5q}<:l d\/a q [q]] ( )

This is the WDW equation in slight disguise. We can put it back into more conventional

form following [8]. We first need to do a rescaling of the metric (so that it matches the
ady/e

induced metric that will later come out from the path integral derivation), ¢;; — ( 7 qij-
The new equation for ¥ as a function of this rescaled ¢ is
2y Low 0 0 |1 <M>ﬂfJR]w[] 0 (2.9)
. — (i R —aq —_ s = U. .
¢ 6aij 4 *6qij dqr 4 ¢ R
Now we want to complete squares in the derivatives. Introducing
y 0 d—1 y
= — ——/qqY, 2.10
San 1 V4 (2.10)

we have that

d—1
1 ’ 1 (4d\* T d(d—1
%Ggﬁlﬁ”ﬁm + % <€> VaRg + <£2)\/§ + contact terms| ¥g;;] = 0, (2.11)

and we must choose a4 so that iad (479)2(171 = 1 in order to recover the WDW equation.
The part “contact terms” refers to things proportional to [7(z),¢(z)] ~ 6(0). These are
ordering ambiguities in the WDW equation from a canonical quantization point of view.
One might be tempted to say that the 72 deformation fixes these ambiguities (so that we
need to quantize the WDW equation in a way that we get (2.9) without contact terms), but
since the point splitting regularization of the T2 operator is not completely understood,

there could in principal be other contact terms induced by it.



Note that there is nothing special in the shifted identification (2.10), it is only there
because we equated Z with ¥ without stripping the leading counter term, that is, the
boundary cosmological constant. We could equivalently just use the identity

5;; 2% va (5;; + Clglﬁqij> e 2T VA, (2.12)
set A = %ij and regard the flow equation for the rescaled wave function ¥ — 27 VA,
This completes the square the same way, therefore we still have the same contact terms in
going from (2.9) to (2.11).

Of course the above derivation is just running backwards the main argument of ref. [21].
The key new point we will need later is that the WDW wave function is related to the bare
partition function via the scaling relation (2.7), which is now a gauge invariant statement,
since the wave function ¥ obeys the constraints® and only depends on the intrinsic geometry
of the surface.

Let us return to comment on how our flow equation (2.2) slightly differs from the one

written in [21]. In [21], only the anomaly free counter term action S.; appears in (2.2)

via C4 = %55%; and 5§§f expressed via C’f, in other words, their flow equation does not
include the variations of the log A terms in (2.3). For the +;; variations this is harmless,
since the «;; variation of the anomaly action is zero in d = 2, and scheme dependent in
d = 4,6 as explained in [48]. Here we choose a scheme such that these variations are
included in (2.2) so that we can treat every dimension in a unified manner and work with a
non-anomalous Ward identity for our bare stress tensor. On the other hand, the A\ variation
of the log A term does make a difference compared to [21], for example in d = 2 (with the
choice of a4 defined after (2.11)) we have X = GEZIZZT UTk = TT because the Ricci term
cancels with the counterterm variation in (2.2). Note that for the holographic Brown-York

stress tensor to be finite, these log divergences must be subtracted [48].

2.2 First order versus second order equations, and need for counter terms

We have seen that solutions of the T2 flow equation (2.5) that obey the scaling relation (2.6)
also solve the WDW equation. This suggests that we can generate solutions to the WDW
equation by solving a diffusion type equation. A confusing point is that the diffusion
equation has one initial data, while a second order equation like the WDW equation has
two independent solutions, typically with two different type of growths as we take the scale
factor to infinity [24]. Let us start by understanding this issue via a toy example, that will
also highlight the importance of the counter terms.
The toy example will be the 1d the diffusion equation

OZ(t,x) = 2 Z(t,x). (2.13)

The equation preserves the scaling property Z(a?t,ax) = Z(t,z), which is analogous to
the Ward identity (2.6). This suggests that there are special solutions Z(t, ) = 1 (x/V/t).

5The momentum constraint is trivially equivalent with the conservation of the bare stress tensor, or
coordinate invariance of (2.4).



Of course, not all solutions are of this form. The scaling property puts constraint on the
initial data

Z(0,ax) = Z(0,z) — Z(0,x)=c1+c20(x) or Z(0,z)= oc. (2.14)

Indeed, one can plug Z(t,z) = v(x?/t) into the diffusion equation to obtain

a

S¥'(a) +¢"(a) =0 (2.15)

which is a second order equation, and in our example is analogous to the WDW equation.
The general solution is 1 = ¢; + caErf(a/2), which as a solution of the diffusion equation,
indeed corresponds to the initial data Z(0,z) = ¢1 + c2O(x).

For gravity, we will want to think about x as the metric and ¢ as some “radial co-
ordinate” that is redundantly introduced to keep track of the scale factor. In that case,
the situation where the scaling symmetry (0, ax) = (0, x) enforces ¢(0,z) = oo will be
more relevant: we can only give initial data for the diffusion in an asymptotic sense, i.e.
at the conformal boundary. To handle this, it is convenient to introduce a “counter term
formalism”. Let us illustrate this via a slight generalization of the toy example. We want
to consider diffusion with the scale invariant potential

2
07 = 027 — 1v<"”t> Z. (2.16)
This equation still preserves the scaling property Z(a?t,ax) = Z(t,z). On the scale in-
variant ansatz Z(t,z) = 1 (x/\/t) we get again a second order equation for ¢(a). Writing

¥(a) = e=**/8¢(a) to eliminate the first derivative, in analogy to the canonical transforma-
tion between the two forms of the WDW equation (2.9) and (2.11), the equation becomes

1

T [4+a® — 16V (a?®)]g(a) = 0. (2.17)

g9"(a)

To be very concrete, let us pick a potential that gives an equation relevant for a mini
superspace WDW equation [49, 51], V(a?) = 1/4 — a + a?/16. This results in the equation

ag(a) —g"(a) =0, (2.18)
whose solutions are the Airy functions
g(a) = C1Ai(a) + C2Bi(a). (2.19)

Since a = x/+/t, the small ¢ regime means a — oo, where the above solution has asymp-
totic form o o
_ 1 —1/4_—243/2 2 _1/4_243/2
a) = ——=a e 3 + —=a es , 2.20
i.e. there is a decaying and a growing mode. This gives the small ¢ asymptotics of the
solution to the corresponding diffusion equation. The key point is that this solution cannot
be reproduced from the original diffusion equation (2.16) with regular initial data at ¢t = 0.



We can however obtain each branch of the two solutions from a diffusion equation by
introducing “counter terms”. That is, we reintroduce a? = 2/t and define

1 1z 245/2 1 _223/?
Zron(t, ) = (@ [t)5eS T3 Z(t, ) = (2 /t)5e” 37T Bi(x/Vt)
2 9,3/2 223/2 (2'21)

2V (t,2) = (a2 /1)3 e T T Z(t,a) = (2 /1) e A/ V).

ren

These functions have regular initial data at ¢ = 0 and give regular solutions for ¢ > 0. The
allowed scale invariant initial data is just a constant, Zig(0,z) = ©(x)/v/7, Zuv(0,z) =
O(x)/(2y/7).

Rescaling Z(t, ) by such counter terms changes the diffusion equation that Z,e, solves,
but it is only a sort of canonical transformation. The Z,, functions satisfy a diffusion
equation similar to that of Z, but with a modified potential, and 0, replaced by “covariant”
derivatives. More generally, if the original equation is (2.16) and we put Zyen(t,x) =
e*SC-t'(xz/t)Z(t, x), the new equation is

2

1
8t ren — [a + 6 Sct] ren — [;V(x ) + 8155013} ren- (222)

The Zen functions in (2.21) each solve such a modified diffusion equation on the half line®
x > 0 with regular boundary condition at ¢ = 0. These equations are the mini superspace
analogues of the T? flow equation (2.5) of [21].

This example illustrates that in order to translate the WDW equation into a diffusion
type RG-flow equation with meaningful initial data, we are forced to introduce counter
terms and consider the field theoretic flow equation of [21]. There is a different “renormal-
ized” flow equation for the two different branches of the solution to the WDW equation,
and they differ by the choice of Se (z2/t). In the above example, we should think of g(a)
(or 1(a)) as the radial WDW wave function, Z(z,t) as the bare partition function, and
ZI® as the renormalized partition function.

Turning to the full WDW equation (2.11), Freidel shows in [24] that a generic solution
to this equation in Euclidean AdS has the asymptotic form

Wiy /i)~ eSor 2] + e Z_ ] (2.23)

as we take A\ — 0. Here, Z1 are functionals satisfying the anomalous scaling Ward identi-
ties. The possible anomaly arises because the allowed asymptotics to the WDW equation
break the scaling Ward identity (2.6).

Sc.t. is the same holographic counter term action as in (2.3)7

Ses. = Beel/Af + 5 [logAvAAdR) (224

5The variable = would correspond to the volume density in a WDW equation, so it is natural to restrict
to positive values.

In the analysis of (2.11) following [24], S..; must also include the boundary cosmological constant. It is
understood that after we do the canonical transformation (2.12), the WDW equation is (2.9), we no longer
include the boundary cosmological constant in S.+. The price is that the two asymptotics in (2.23) are no
longer the inverse of each other. See the transition between g(a) and 1 (a) in the mini-superspace example.



where S, +. is the counter term action that only depends on curvature invariants of its single
argument, while Ay is the local conformal anomaly. The role of the anomaly piece is to
make sure that the bare partition function is invariant under the operation (2.6). This
counter term action is the same as the one derived in [47, 48], but we emphasize that [24]
obtains this by analysing the asymptotic form of the solutions of the WDW equation for
large scale factor, which does not require fixing a gauge.

2.3 Diffusion kernel for the T2 flow without potential

Hubbard-Stratonovich representation. Let us first discuss a simplified flow equation
that we get from (2.5) by omitting the Ricci potential:

0 4 6 0

L 7M(y) = e 20z, 2.25

oA ™) VA IS5 b ) (225)
As shown in [21] (and [8, 22] in the 2d case), the deformation by the GZ(.;.QZTUTM oper-
ator can be represented as a coupling to a random background metric, via a Hubbard-
Stratonovich (HS) transformation. The precise way to think about this representation is
that it gives the evolution of Z*) under an infinitesimal change in A. That is, (2.25) is
equivalent with the recursive rule®

Z(+6) ] = N‘l[] /DhelﬁlM J dha (W2 —hishiT) (0) [v + A,
Y

g (2.26)
N[/y] = /Dh@lﬁlts)\fddxﬁ(thijhw)'

The factor of N[y] is necessary to make sure that the lL.h.s. and the r.h.s. agree in the
O0X — 0 limit. The h;; is the random HS metric.

Let us first show that (2.26) is indeed equivalent to (2.25). To obtain %Z M) we need
to take 6A — 0 limit in (2.26). In this limit, we can evaluate the h integral by saddle
point. It turns out that to evaluate the A\ derivative exactly, we need to care about the one
loop determinant. Let us spell this calculation out in a little more detail because of this
subtlety. We start by rescaling the integration variable h — 45Ah in (2.26) and write it as

ZOON]y] [ Dhe TS et 222 85 h+O(5X3)
ZM ] - [ Dhe=0ARTh

Here, - refers to integral kernel plus matrix index product, and we have defined the
shorthand

(2.27)

1 .. L g
I'=6(z—y)\v7 5(7”“7” TRyt — AR

§log 7N y
S1 =428 9 AT, (2.28)
07ij
621log ZW

S v) = 4\/’%\/’731<Tij(x)Tkl(y)>%conn-

B 8ij () 0y (

8Note that the covariance matrix of the Gaussian bellow is not positive definite. This is related to

the usual conformal mode problem of the Euclidean gravitational path integral. We will not analyse this
problem in this paper, just simply assume that one can pick complex contours such that the integrals can
be evaluated.

~10 -



We can evaluate the Gaussian approximation to the integral as A — 0 as

(A+3X)
Z
Q(FAT) [[’]Y] “\d t(l?et I:SAS ) P [1115)‘51 T71- 51 4+ 0(6)%) (2.29)
Z Y el — 502
QFT

The subtlety is that while So only contributes to quadratic order in dA in the exponent, it

has a linear order contribution from the one loop determinant, which we can expand as

detT’

1
T =55 ~1+ der(r*1 - Sa) 4+ O(0)N?), (2.30)
2

which leads to the result

(A+X)
Z
W . %SI LSy 4 Te(T) - $5)] + O(572)
Zapr ] (2.31)
1 g
=140 [ o (s g (T @) + OGN,

where we have used that I'™! = %Gz%ﬁ(x—y) = \%[%(%mﬁ%k’m) — ik (@ —y).

The two point function entering is the non-connected one, the effect of the S? terms is to
cancel the disconnected piece from Sy ~ (T?) — (T')2. This leads to the flow equation

7 log 28] = / Ao A iyt = 5= 1) (T (2) T (@) (2.32)

which is equivalent to (2.25).

Iterating the kernel: constant A. Given the recursive relation (2.26), we can formally
construct the diffusion kernel, by simply iterating it.” For simplicity, let us first assume
that X\ is a constant, and we iterate with the same constant d\ steps. That is, instead

of (2.25), we are solving the integrated version of the equation
d 4 Jy 9
Z 720y = [ dla—c'), 2"z (), 2.33

Let us set A = A/N for some large number N. We can iterate (2.26) N times to get

N
) _ th
200~ | s

17 — (ha)ij (he)7] | 20

1N
X exp m)\Z/dd:ﬁ

N

v+ Z hk] .

k
(2.34)

The Z(© is the initial data of the flow. As we have discussed in the previous section, there

will be no healthy initial data for this simplified flow that is consistent with the scaling

“Related ideas and calculations can be found in [25, 52-55].
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property (2.6). Such initial data only exists for the renormalized flow equation, so we
imagine for now that we stop at some finite small \. We then define the rescaled integral
variable via

(h)ij = %HJ (A]’;) (2.35)

Note that we interpret H;; as having an extra variable n = )\%, hence living in one
dimension higher than h;;. With this reparametrization, all the scalings work out nicely
and we can turn all the sums into integrals in the N — oo limit, giving

(n)
/H N’Y+fodﬂK 1)

0<n<A

X exp (116 /0A dn/ddx\/‘wr /077 dufﬂf(ﬂ))[H(n)2 - H(n)ﬂ(n)“]) (2:36)

x 70 [v + /0 " dnH(n)] .

The final step is to change variable in the path integral to

n
Ay =+ [ ATy (2.37)
We have

H(n)ij = opv(n)ij) (2.38)

and the Jacobian is 5+(n)

Y\N)ij

= 0;:0:10(n — 1), 2.39
5H(H)kl k05l (77 M) ( )

which is field independent, so there is no Jacobi determinant in the path integral measure.
This way, we arrive at

Z()\) [’Y] /y H 97(77)

0)=1 o2, 2, N

<o (55 [ n [ BOIGA ~ @0 @) 20RO
~ [ DLl 02l
(2.40)
where in the last line we have defined the kernel
D
Lhil = [ o
Y(0)=7,7(A)=70 0<n<A [7(77)] (2 41)

A
<exp (55 [ o [ o BTI@ WP - 0700

Notice that the combination in the exponential is K2 — KK i where K;; is the extrinsic
curvature for the constant 7 slices of a geometry dn? + Yij (n)dzdz?. This is a path integral
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in d + 1 dimension, but not a covariant one: it only includes the kinetic terms of the
Einstein action. To obtain a gravitational path integral, we need to include the Ricci
potential as in (2.5), to which we turn in section 2.4. This potential will be fixed by
requiring a consistent solution to (2.5) in the case where A = A(x) is allowed to depend on
the x coordinates.

Iterating the kernel: position dependent A. We can repeat the above exercise when
A(z) depends on the d-dimensional coordinates z, and in this case we can choose an iteration
scheme, where each step is a different function d\(x) such that

N
Az) = dxi(x). (2.42)
k=1

We want to turn sums into integrals as before, therefore let us introduce the variable
n==%k/N,dn=1/N,ne€[0,1], such that

oAg(z) = i,u(iiw) = dnp(n, ),
(2.43)

1
Mz) = /0 dnpu(n, x),

where u(n,z) is now a d 4+ 1 dimensional function parametrizing the path in A space. As
before, we first change variable to H;; via

k
(hi)ij = 0 A H;j <N’$> = dnp(n, x)Hij(n, z), (2.44)

and then to .
Yij(n, ) = v (x) + /0 dn'u(n',z)Hij(n', ). (2.45)

One can easily check that while the independent Jacobians depend on (7, x), the combined
Jacobian is independent of it. Repeating the manipulations leading to (2.40), we arrive at

)] __Dyl)
ZN ] /7(0)=709;1_[g1N[“(n)’7(n)]

1 ..
<exp (116 [ an [ a0 0y - mmaw(n)”]) 20 ()

- / DLl 770129 o, (2.46)

This new kernel L[u,~,v0] depends on p(n, z), i.e. the path that we took to build the iter-
ation. This is a highly undesirable situation, since it should only depend on the endpoints
of the path

A, ) = /0 " dnf ulof ), (2.47)

that we are taking in coupling space. This path dependence is due to the lack of d 4+ 1
dimensional diffeomorphism invariance in the path integral, and is related to the failure
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of (2.25) to satisfy certain Wess-Zumino consistency conditions, see e.g. [56, 57]. We will see
in the following section that adding the Ricci potential as in (2.5) with a specific coefficient
solves part of the problem, namely it turns the exponential into a path-independent diff-
invariant object.

Notice however that there is also a residual dependence on the field p(n,x) in the
measure factor Nu(n),v(n)]. This dependence comes directly from writing A = dnu in
the definition (2.26) and it will turn out to be crucial as we explain in section 2.5.

For the remainder of this paper, we will assume we are working with a spatially varying
coupling A(x), but we will often not write the z-dependence explicitly to avoid cluttering
expressions. We will also sometimes use A for the path in coupling space \(n,x) of (2.47),
which should be clear from context.

2.4 Diffusion kernel for the T2 flow with Ricci potential

We will now show that there is a simple way to restore path-independence in the kernel
derived in the previous section. This section will focus on the exponential and we will see
that adding the appropriate potential to the diffusion equation will restore diffeomorphism
inviarance in an elegant way: the kernel will simply become the path-integral with the
d + 1-dimensional Einstein-Hilbert action.
We want to iterate the flow equation (2.5). To do so, we consider the slight modification
of the Hubbard-Strotonovich trick
fddzé)\V )

7] = TN

Repeating the steps after (2.26), we find that this recursion relation is equivalent to the

Z(>\+6>\)[ /'Dhefd z o5 V(A = hiih®?) 7(N) [v+h]. (2.48)

flow equation

9
oA

4 )
ZN () = —G)=———2N () + V(A7) 2V (). 2.49
(7) AN () +VA1)Z7 () (2.49)

For this potential to preserve the scaling symmetry (2.6) of the flow equation, we must
demand that
V(a(2)™A, af2)*y) = a(z) V(A7) (2.50)

The following Ricci potential preserves this symmetry

V(A7) = agh™ "7/ AR, \asa (2.51)

where the prefactor of A1 was chosen precisely for this purpose. Adding this Ricci potential
clearly has no impact on the path-integral measure, so the only thing left to do is track its
effect on the exponential as we iterate. It is convenient in what follows to work with what
will become an induced metric

gij(x) = vij(z) /A (z)*1. (2.52)

The iteration yields the following contribution to the action

/dn8 log \(n,z) [ d%z+/q(n ) Rqn (2.53)
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where
gy = J5F Jo' dn'u(n')Hij (')
N (Ao + Jo dn'p(n’))2/4

(2.54)

We will now see that this term can be recombined with the rest of the action into the
Einstein-Hilbert action, up to terms that will have a nice interpretation. This will also
make the action manifestly path-independent. To see this, consider the following metric
ansatz

ds* = N%(n,x)dn? + Q*(n, x)yij(n, v)da'dz? = gapda®da® . (2.55)
With this gauge choice, we have on a fixed n surface
7 iy e 0,
VAR = K9 g) = Y (atd = D020 + (0 - 0005 + T (1 - 494) )
(2.56)

where Kj; is the extrinsic curvature tensor. We can use this relation to eliminate Al
in (2.46). We therefore obtain the total action to be

N g
/ dn / dda;\l/f[w(K2—K”Kij)]+ad / dnd, log A / Ao\ [/ NIR 3o rat Srest  (2.57)
with
__1 Al @ @
Srest——4/dn/da: . (d(d—l) a2 +(d—1) q

_ 1 Al () QY
— _4/dn/d%u (d(d—l)m+2(d—1) Q?ﬁ )

(2.58)

Analyzing (2.57), demanding that the A and p dependence disappears from the action
leads to the following parametrization

Qn,z) = bA(p,2) 1, N(m,2) = cu(n,z)A(n,z)"", (2.59)

where b, c are constants that are undetermined at this point. Note that this way, the
induced metric on a constant 7 surface is simply b?q with ¢ defined in (2.54). With this
choice of parametrization, the action then becomes

c id aq
i / dn / d%z\/g(K? — KYK,;) + = / dn / d*\/gRyz2q + Srest (2.60)

Note that each of the first two terms are separately invariant under diffeomorphism of the

form n — f(n), but they are not invariant under diffeomorphism of the form n — f(n,z).

To restore full d + 1-dimensional diff-invariance we require a non-zero ag which satisfies
C a,

12 = pas- We will denote 77 = £, which together with the Gauss-Codazzi equation,
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gives us'’

S=¢ / dn / d%x\/gR, + 2¢ / d?z\/b2qK + Shrest - (2.62)

endpoints

We have thus recovered the Einstein-Hilbert action with the Gibbons-Hawking term,
for now without the cosmological constant. We will see that in fact it comes from Siegt.
Plugging (2.59) into the definition of Syest, we find

1 d—1 1 d-—1
Srest = ———— [ dn | d° = [ dz\/b?
t 4de d / g / x\/§ * de d v 1 endpoints
gd—1/ /d 2§d—1/d
_ S d d =2 | d b2 2.63
2 d g -’E\/g * c d ! ¢ endpoints ( )

We can now set ¢ = KA# and £ = 1 which fixes all the free parameters. Note that this
precisely matches the choice of a4 obtained below (2.11). Reinstating the factor of 167Gy,
we obtain

1 1 d—1
Siot = dnd? R—2A)+ |——— [ d%/b%q| K 2.64
tot 167G N / " x\/§( )+ |:87TGN / v q( * eAdS ):|endpoints ’ ( )

namely the Euclidean Einstein-Hilbert action with cosmological constant, along with the

Gibbons-Hawking term and the leading holographic counterterm. The overall sign of the
action is the opposite of the usual Euclidean path integral whose weight is e~ and we will
comment on this fact below. Also note that we obtain the action with the right prefactor
due to our choice of &, which was an overall free-parameter and not imposed on us by first
principles. The choice of £ enters only in the dictionary between the bulk induced metric
and the QFT background metric.

The formal solution of the flow equation (2.5) is therefore

20N} = / DM (g)eSetldl z N @\ g (1))
a(0)=n/32/4 (2.65)

- / Do L[, 7/ A4, 70 /NN 2V @)

where the equation defines the final diffusion kernel, which is the Euclidean gravitational
path integral with Dirichlet condition between two boundaries.

As explained above, we obtain the gravitational action with an overall minus sign.
While this may seem surprising at first sight, it is in fact expected. The CFT (A = 0)

100More precisely, we are using the relation
- 9
Ry = Ry, + K* — KV Kij — 0,[2V/|b2q| K] — ~V Vi, (2.61)

which can be derived from the Gauss-Codazzi equations for metrics in the gauge (2.55). After using this
identity, we have dropped the term [ dn [f ddx\/|b2q|2Vi8iN] from the action because it is a boundary
term on the transverse manifold where the field theory is defined. We are interested in two situations, one
where this manifold is compact (corresponding to usual radial flow), and the other is when we keep the flow
parameter A = 0 at the boundary of this manifold (corresponding to flowing e.g. in Euclidean York time).
In both cases, dropping this term is justified.
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partition function matches the bulk path integral weighted by e 2. To move into bulk, we
need to “undo” the path integral between the conformal boundary and the bulk radial slice,
which is accomplished by path-integrating with the opposite sign (on some complex contour
for convergence). This is exactly what our kernel accomplishes. A similar observation was
made in [6].

So far, we have left the resulting measure DM (q) unspecified, we analyse it further in
section 2.5. Ideally, one would hope that it is a gauge fixed version of a diffeomorphism
invariant measure for the d + 1 metric g,. This would be required for the kernel L to be
independent of the iteration path u(n,z). We left the u dependence explicit in the kernel
for now.

The kernel for the renormalized partition function. Finally, let us comment on the
diffusion kernel for the renormalized partition function. As explained in section 2.2, one
may obtain it by conjugating with the canonical transformation introducing the counter
terms, which is given by

Lren [q’ q/] — e_Sc.tPHQ]L[q’ q/]esc.t[Alvq/}7 (266)

where S ;. was discussed around (2.3) and we remind the reader that g;; oc 7;;/ A2/d The
explicit A dependence enters only in even dimensions due to the conformal anomaly.

In summary, in this section we showed that adding a Ricci-potential to the flow equa-
tion restores diffeomorphism-invariance in the action and the kernel, which then no longer
depends on the choice of path. With this parametrization, we also obtain the leading holo-
graphic counter-term with the right coefficient. This concludes the section and we now
turn to the path integral measure.

2.5 Gauge invariance and the path integral measure

We have seen that the iteration procedure produces the Einstein-Hilbert action in the
diffusion kernel solving the T2 flow equation. However, we cannot claim that the kernel is
a d + 1 dimensional diffeomorphism invariant path integral, since we only integrate over
the spatial metric g;; in the special gauge (2.55). Our aim here will be to argue that
this is indeed a gauge fixed version of the d + 1 dimensional path integral. This involves
examining the formal path integral measure that is induced by the iteration which will
yield a small surprise.

Retracing our iteration steps deriving the action for the kernel, we find that the path
integral measure we get is

M) =[] Loy 2

1 (2.67)
n fIngjWMﬁ_fﬁWﬁWﬁ

T h

As mentioned during the derivation, the Jacobians arising when changing integration vari-
able to v are field independent. Now we change to the variable ¢ = v/ A2/ Under this
transformation, I', = )\1_4/dfq. We change variable in the denominator h = )\1/2_2/dh/\/ﬁ
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to absorb this change. The result is

H ngj dvij : H V/detTy Hd [\/7%] , (2.68)

J S hTvh
0 [ iy dhige? om0 i<

where we have dropped a power of dn. We recognise the lapse N = u/\. Pulling it out

from the product over independent components gives

d(d+1)

=[[ VaetTy (N5 ] dai | - (2.69)
1 1<j

Now we proceed to interpret this measure. We start with the most obvious interpretation

which will turn out to fail.

Geometric measure. A very natural measure [37, 38], also used on the string world-
sheet, comes from considering an invariant inner product on metric variations (dg,d¢g) =
dg-Ty-dg, where I'g = 6(x — y)\/§(2ga’b — g%gP — g*°g2?) /2 as before. As in usual finite
dimensional geometry, an invariant measure of integration is obtained by considering the

normalized top form in this inner product, that is

H detT H dgap- (2.70)

a<b

The first thought would be to try to interpret (2.69) as a gauge fixed version of this measure.
Let us try to do this. We would like to replace the integral over g;; by the total d+1 metric
Jap- We may write the measure (2.69) as

H«/detl“q N_W Hinj
z,n i<]

(2.71)

—H Hdgab detF d+1)\/detF H gm gm? N)

v \a<h detF

In order to reproduce (2.70), we need the expression in the big brackets to be the product of

a gauge fixing functional (the delta functions) and the corresponding Faddeev-Popov deter-
_dd+1) | /det Ty
4

\/detT'y

minant [58] (the rest). In other words, we would need to show that App = N

for the choice of gauge fixing.
Now one can check that

Vdet T, o< (y/g)drbid/a=1), (2.72)

One way to see this is to note that due to diff invariance properties det I'y must be propor-
tional to some power of det ¢, and then work out how detI'; changes under rescaling gqp
using the Gaussian integral representation of the determinant. Since in our chosen gauge
9ij = ¢ij and /g = N,/q, one ends up with

N- d(d+1) detT', N3—2d2 g (2.73)
detT'y
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This is impossible to get from the FP determinant that is a determinant of a (d+1) x (d+1)
matrix. The main problem is the scaling of N, we will never get a power that goes like d?.
We thus conclude that the measure we have obtained cannot be viewed as a gauge-fixed
version of the geometric measure.

Interpretation as Hamiltonian path integral. On the other hand, (2.69) has a nat-
ural interpretation as a measure in a Hamiltonian path integral. We may write it as

DM (q) = H\/det % Hinj : (2.74)

1]

The idea is to interpret the determinant as coming from a Gaussian integral with a kernel
Nl“q_1 where I‘;l = %ﬁ[%%jq}cl — @ikqj1 — 9k 9i1)0(x — y). Such a new integration variable
can be interpreted as a gravitational canonical momentum, as we will now explain. In the
ADM decomposition [39], the bulk part of the Lagrangian can be written as

L =PY99,q;+ N'H; + NH, (2.75)

where for us N* = 0 and P% is the canonical momentum. The Hamiltonian constraint
contains the P dependence

/dda:N’H =P-N(T,) ! P+ terms only depending on g;; (2.76)

and the canonical momentum P% is determined in terms of g¢i; by solving the equations
of motion coming from variations of (2.75) with respect to P%. Now since the action is
Gaussian in PY, we may equivalently write the path integral as having an extra independent
integral over the P¥ | and this Gaussian integral enforces the equation of motion for P and
in addition precisely produces the prefactor in the measure (2.74) as a one loop determinant.
Therefore, the (bare) diffusion kernel has the schematic form

L = /D(IUDPZJC_ f(P”Bnqi]-—l-NH[P,q])—&-bndy terms’ (277)

where now the measure is flat (i.e. translationally invariant) for both ¢;; and P, As
argued in the previous section, this cannot be turned into the full diff invariant d + 1
dimensional measure. However, it is part of a natural measure for the Hamiltonian path
integral explored in [40] (see also [34, 35] for earlier discussions of the Hamiltonian path
integral in gravity). This reference shows that the flat measure

Dq;;DPYDN'DN (2.78)

is gauge invariant under the gauge transformations generated by the first class constraints
of GR via the Poisson bracket. The enveloping algebra of these constraints is called the
Bergmann-Komar group, which is actually only a group on-shell, in which case it coin-
cides with usual spacetime diffeomorphisms. Off-shell, the measure is anomalous under
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diffeos mixing 1 and %, but instead of diffeos, the full BK-group is a non-anomalous gauge
symmetry of it.

In our case, we are missing the N and N° integrals in (2.77), so we want to interpret
the integral in the kernel as being gauge fixed. As usual, the gauge fixed path integral

Dq;;DP / DN'DNAppd(N')§(N — cdy log A). (2.79)

is equivalent with the non-gauge fixed one provided the Faddeev-Popov determinant App =

‘ 5(](\5[5751\[1) is included. It is important that the variation is with respect to the BK gauge

transformations considered in [40], which for the lapse and shift are always related to
regular diffeos €% via &7 = ¢/N and ¢ = ¢’ — eN'/N, where (¢, €') are the parameters of
the BK gauge transformation. One has [40)]

SN = e/0;N — N70je + Oye

_ . e " A (2.80)
ON' = "0y N" — (Or€e')N" 4+ ¢"" (€0 N — NOye) + Oye€’,
leading to the Faddeev-Popov determinant
App = Oy (O5N) (2.81)

qF[(0xN) — N0y 6;&7 ’

where N = cdylog A\. In order for the diffusion kernel L for the T 2 flow to be given by a
d + 1 dim path integral that is gauge invariant in the sense of [40], one needs App to be
field independent. In general this does not seem to be the case, but it is the case when
the lapse is independent of the z! coordinates, 9;N = 0, since in this case we get a lower
triangular FP matrix and App = (det 6,7)d+1 which is field independent. Having ;N =0
is equivalent with
0iOplogA =0 = A(n,z) = f(n)o(x). (2.82)

Therefore it seems like we cannot trace an arbitrary path in coupling space, but it is
possible to start from an arbitrary profile and flow along that. This seems to be sufficient,
since the profile Ag(x) only carries information at the conformal end of the flow; on the
other end it is redundant with the scale factor \/ﬁ .

For such paths, we may therefore write the diffusion kernel in the un-gauge fixed form
schematically as

L = /Dql]DP”DNZDNe f(Pijanqz'j+NH+Ni/Hi)+bndy teI‘HlS7 (283)

where H; are the momentum constraints.

Finally, we would like to mention that the WDW equation has ordering ambiguities
which are capable of affecting the path integral measure [59, 60], and the T2 flow only
partially resolves factor ordering. It would be interesting to understand this better.

3 Hartle-Hawking wave-functions and the extremal volume

Here we will discuss some possible applications of a position dependent 72 flow.
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Figure 1. Three different Dirichlet problems.

3.1 Wave functions and metric eigenstates in AdS

As we have reviewed, the flow equation (2.5) originates from the WDW equation (2.9)
by introducing an auxiliary scale A(z) such that ZM[y] = U[y/A?9], where Z is a bare
partition function and W is related to a solution of the WDW equation (2.11) by a canonical
transformation. It is common to think about ¥ as a radial wave function. However, as
explained e.g. in [9, 24], there is no built in radial coordinate in ¥, the radial dependence
of ¥ is determined roughly by the scale factor of the metric, with /|v/A\?/4] — oo or
A — 0 corresponding to the AdS boundary. This implies that ¥ can also be appropriately
regarded as a bulk wavefunction describing states in the CFT. Let us outline how this
interpretation works.

First, recall that the partition function of the CFT with position dependent sources
turned on, can be regarded as an overlap of two states, see left of figure 1. We will restrict
attention to the case where we only source the stress tensor with a background metric. In
this interpretation, the metric on the lower hemisphere prepares a state and the metric on
the upper hemisphere prepares the conjugate of a state. To obtain arbitrary bulk initial
data, one must complexify this metric [44, 45, 61]. Such overlaps are therefore related to
the (renormalized) partition function

(11l72) = Z%n T [O(up)yi + ©(down)7a), (3.1)

where the * includes an Euclidean time reflection along with the conjugation of the source.
Here we denote by |y) an unnormalized Euclidean path integral state and 7 2 are metrics
on the hemisphere. In order to define finite energy states in the CFT, we need to require
certain falloff conditions near the ¢ = 0 slice where the overlap is glued. Since (up to
conformal anomaly) only the conformal class matters, we may enforce this by requiring
71,2 to be asymptotically Hy. The vacuum corresponds to the standard hyperbolic metric
on Hy and gives rise to Euclidean AdSgy; in the bulk in the slicing

ds? = dr? + cosh? TdZ]%Id, (3.2)

where 7 — 400 are the northern/southern hemispheres of the boundary. The asymptotic
boundary of the Hy slices is the ¢t = 0 slice in the CFT where we glue the overlap.
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Let us denote the Hartle-Hawking wavefunction associated to the state |y) by ®,[q].
This wavefunction is computed in the bulk by performing the Euclidean path integral
between half of the conformal boundary with metric «;; and another co-dimension one
surface with metric ¢;;, see the middle figure on figure 1. These are both Dirichlet boundary
conditions. In addition, we should include holographic counter terms for the boundary
condition imposed at conformal infinity in order to obtain a finite result. This prescription
makes it clear that the “radial” wavefunction encodes the wave functions of path integral
states in the CFT via

D, [gi;] o ;\im e*SC-th/)‘z/d}\P[@(up)qij + @(down)%j/)\Q/d], (3.3)

—0

where the counter term action S,.; is integrated only over the lower hemisphere.!! We may
also interpret this formula as having a single A(z) = O(up) + ©(down)\ that is position
dependent and therefore we can also express the r.h.s. with the bare partition function (2.7)

@, ] o lim e See0A 1 Z ORI [©(up)gi; 1 O(down)yg].  (3.4)
_>

It is also possible to formally define bulk “metric eigenstates” as linear combinations
of the path integral states |y). Let us denote such a metric eigenstate |¢)) in order to
distinguish it from a path integral state. We define these states via

D4 [gis] = (aisl7)- (3.5)

Because of (3.3) and (3.1), this wave function can be though of as a hybrid bare-
renormalized partition function that has been flowed with the 72 flow equation (2.5) only on
the northern hemisphere, hence it is related to a CFT partition function by the application
of a diffusion kernel

aij) = / Dy Llg, 7| ZSET [0 (up)y’ + O(down)]

] (3.6)
= / Dy L{g,+'1{7'|7)-

Here, L is related to the diffusion kernel solving (2.5) and described in sections 2.3, 2.4, by
a dressing with counter terms on the right

T . ! /d
Lig,»] = lim Lig,+' /3*/"]e%+b /X (3.7)

so that it acts on renormalized partition functions, transforming them into bare ones.

Formally, (3.6) is equivalent with writing

4i)) = / Dy Elg, 1), (3.8)

"Here and bellow we restrict formulas to odd boundary dimensions where Sc.s. is a function of v/ \2/d,
In even dimensions, there is a log A term encoding the conformal anomaly. As usual, for us, Sc.t. contains
only the counter terms involving derivatives.
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which is the announced linear relation between path integral states and metric eigenstates.
There is a very important point to stress regarding this formula. The path integral calcu-
lating the overlap (3.6) is dominated by a classical saddle solving bulk equations of motion
in the Gy — 0 limit. This is certainly not true for equation (3.8). Saddles may dominate
in calculating the overlap of (3.8) with certain states, but the saddle will highly depend on
which states we are calculating the overlap with.

3.2 York time and Lorentzian wave functions

The wave function (3.3) is still an intrinsically Euclidean object and one may wonder how
it is related to Lorentzian wave functions. In particular, since the slice on which ®. is
defined is determined by the scale argument, we should really think about it as being
analogous to a time dependent Schrédinger wave function, that requires Wick rotation. '
A natural approach that we will use here is based on York time [62]. York time is defined
via slicing a geometry into constant mean curvature (CMC) slices, parametrized by their
constant trace of extrinsic curvature K = Kz-jqij = const. This is expected to be a well
defined slicing of the causal diamond anchored at a fixed boundary time slice in the case of
Lorentzian asymptotically AdS geometries, with K being a well-defined notion of time in
the diamond [63]. For empty AdS, this slicing is given by Wick rotating (3.2). Therefore,
it seems natural to Wick rotate wave functions along the extremal slice K = 0 by sending
K — iK. Of course, the wave function (3.3) depends on the metric instead of the extrinsic
curvature. It is better therefore to switch representation and consider the Laplace transform
with respect to the scale [41]

&, (K. 1] ~ /0 DLl ViR, g (3.9)

where g;; = |q|'/?q;; is the conformal metric and § = 2(1 — d)[K + d/f] is the trace of the
bare stress tensor.'®> Notice that the inverse Laplace transform to (3.9) is naturally over
Lorentzian values of K. In the semiclassical limit, ®,[K, g;;] is calculated by an on-shell
action with Dirichlet condition on K instead of /g, which is arguably a better defined
problem in Euclidean signature [64]. Note that this object is related to the Laplace trans-
form of the T2 flowed partition function with respect to the inverse of the flow parameter

12For example, under A — i\, the T2 flow equation (2.5) becomes a Schrodinger type equation. This
continuation is not relevant for AdS/CFT but might be relevant for wave functions in de Sitter.

13We mean here the stress tensor coming from the bare partition function. As explained, this still contains
= 2(KY — K¢ — Z%q”, where we have
set 16rGn = 1 as before. The role of the shift in the exponent compared to K is to remove the leading

the leading holographic counter term, so the formula is Téire

holographic counter term from ®-,[g;;], since as we have defined it, ®-[g;;] solves the canonically transformed
WDW equation (2.9).
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u = 1/ restricted to the upper hemisphere, since

lim /Duupe SV upuupt 7(1/w) [v]

Udown >0
. — O(u + 2/d
udol‘:“ OO/ Hup€ f\/ﬁuupe\p[ ( p)’YUPUIZJ{Jd G(dOWn)deownUdéWH]
X / \/a e—éf\/ﬁ9¢’m [qZ]L
d\/’yTp own
Ydown [ l<7 qu}a

where we used (2.7), (3.3) and changed integration variable. Therefore this wave function
will be related to solutions of the Laplace transformed flow equation (2.5). In the spirit of
the CMC slicing, we imagine evaluating ®.[K, G;;| for constant K and thinking about it as
a Schrodinger wave function with time K.

3.3 Volume of the maximal slice

The Hamiltonian conjugate to York time which moves between CMC slices is the vol-
ume [62]. In the semiclassical limit, the wave function (3.9) will be given by an on-shell
action which is a boundary term appropriate for fixing K

O [K, ;] ~ ead VK, (3.11)

where the volume density /g is some functional of K, ¢;; and +;; determined by solving
the equation of motion. It follows that

2

O log @4 [K, Gijll k=0 = 7 Vex, (3.12)

where Vi is the volume of the extremal slice. Since ®,[K,g;;] may be interpreted as
a certain Laplace transform of a 72 flowed bare partition function via (3.10), one may
formally interpret this as an expression solely in terms of boundary data:

1
- Ve (313
o=2(1—ayaye 41 —d)

Of course, in practice we do not find this particularly useful, since the only way we know

Udown —>00

lim  Oplog [/ ’Duupe*f\/ﬁuupb’z(l/m [ﬂ]

how to evaluate such an object is via solving the gravity equations of motion. It also
requires some definition of a local T2 deformation that is only available at large N. For
finite IV, we only know examples of such well defined deformations for 2d CFTs, and even
in that case not for arbitrary background metric, see however [25, 65, 66] for progress in
this direction.

Nevertheless, it would be interesting to try to interpret (3.13) in terms of the complex-
ity=volume proposal [67, 68], perhaps by trying to interpret the Laplace transformed 72
flow equation as a solution to some optimization problem. It would also be interesting to
see if there is a connection to the tensor network interpretation of 7T put forward in [69)
(see also [70]). We leave these questions for future work.
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4 Discussion

In this section, we briefly discuss some open questions that were raised along the way.

4.1 Uniqueness of T? flow

Unlike in d = 2 on a flat geometry, it is unclear whether the 72 deformation makes sense
at the full-blown quantum level. The definition of the T operator which induces the flow
relied crucially on the large N limit and can be defined in the 1/N expansion. From
an abstract CFT point of view, the key feature used in [21] was large N-factorization,
namely that

(:T% )y = (T gy Ty + O <]17> : (4.1)

It is important to note that this property will be obeyed in any large N CFT with a 't
Hooft expansion, irrespective of whether the theory is actually dual to Einstein gravity
(i.e. a 2-derivative theory) or not. Said differently, the factorization property of the T2
operator will hold even if the CFT does not have a large gap [71-74], in which case higher
derivative corrections become important.

This immediately suggests that the flow into the bulk should not be unique in any
dimension d > 2, and the details of the deformation operator should encode the nature of
the gravitational theory. To the best of our knowledge, the flow equation corresponding to
a higher derivative theory has not been worked out and it would be interesting to do so. A
connection to this question has already appeared in our derivation of the kernel: to obtain
a d + 1-dimensional diff-invariant action, we added a Ricci-potential that combined with
the extrinsic curvature squared into the d 4+ 1-dimensional Ricci scalar, i.e. the Einstein
Hilbert action. One can ask whether this was the unique way to produce a scalar? In
particular, it is clear that there are other potentials preserving the symmetry (2.50). We
believe that without adding higher order terms in the extrinsic curvature, it is (up to just
changing the cosmological constant), and that adding higher order extrinsic curvatures
would precisely amount to higher derivative theories. This suggests that higher-derivative
flows would correspond to having higher powers of the stress-tensor in the deformation,
which sounds intriguing. We hope to return to this question in the future.

4.2 A fake bulk?

A related puzzle arises from noticing that we have nowhere used any assumption about
the boundary CFT besides that the : T2 : operator is well defined, i.e. large N. So what
happens if we take a large N theory, and flow with the wrong operator? For example, we
could deform weakly-coupled A" = 4 SYM with the Einstein gravity 72 operator. Even at
strong coupling, if there are single trace operators besides the stress tensor, the appropriate
double traces must be added to the deforming operator to generate the right bulk [9]. In
the absence of these, one will just generate the pure gravitational path integral. So a
natural question is how to tell if we are using the right double trace deformation, or that
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the bulk we are flowing into is not “fake”.'* We have no definite answer to this question,
but we offer some speculation.

A practical condition is to require that the generated path integral is consistent with
GKPW [2, 3]. If we put the CFT on a manifold with spherical topology, the diffusion kernel
will be given by a gravitational path integral between two spheres. In order to recover that
the CFT partition function is a gravity path integral with only one spherical boundary,
we must require that at the limit of zero scale \/q¢ — 0 the radial wave function is trivial
WU — 1. This is the limit of large flow parameter A — oo for the partition function. In
general, we could land on any functional of the conformal metric g;; in this limit. Where
we land depends on the initial condition at /g — oo, i.e. the CFT partition function that
we deform. Having limy_ o U],/ A2/ 9 o 1 seems to be a nontrivial condition on this
initial data. It would be interesting to explore this (and other possible answers to this
question) further.

4.3 Connection to the Freidel kernel

As mentioned in the introduction, the solution of the 77 flow in d = 2 in terms of a
diffusion kernel is known. This kernel was first obtained by Freidel in [24] in the context of
the WDW equation and was later utilized for the TT flow in [8, 25]. However, the Freidel
kernel is a simple exponential of a local functional of the veilbeins of the initial and final
2d metrics, as opposed to being given by a path integral in 3d gravity. Note that in d = 2
our deforming operator (2.2) is just X = TT without any potential terms, therefore we
are solving the same flow equation as [8, 25|, which implies that our kernel (1.2) (with the
log counter term included) must agree with the Freidel kernel. It is known that the path
integral of 3d gravity in AdS, formulated as a Chern-Simons theory [76], localizes on the
boundary, essentially because the temporal component of the Chern-Simons field acts as a
Lagrange multiplier [77, 78]. Using this, it might be possible to explicitly confirm that our
result reduces to the simple form of the Freidel kernel in d = 2. It would be interesting
to do so.
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A Scaling Ward identity for the renormalized partition function

Here we argue that the anomaly free Ward identity (2.6) for the bare partition function
is consistent with the usual anomalous Ward identity for the renormalized stress tensor in

1 Another way of changing the deforming operator is by adding an extra /\%\/m term to the potential
in (2.49), which is also consistent with the scaling property (2.50). This will change the cosmological
constant generated in the kernel, in particular, one can use this to flip its sign. For the d = 2 case this was
explored in [75]. One may worry that the bulk generated this way is “fake” in the same sense as the AdS
bulk is fake when we flow from a weakly coupled theory.
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even dimensions. In other words, when the 72 coupling is upgraded to a local background
field A(z) on which Weyl rescalings act, the Weyl anomaly may be removed by a local
counterterm.
In terms of the renormalized partition function, using (2.3) and (2.4), the Ward iden-
tity (2.6) reads as
2l Vo] = et ARIZ( ), (A1)

ren

where

A = 5 [logAviAdb) (A.2)

The usual form of the identity is obtained by taking an «(x) variation of the log of (A.1),
setting a = 1 and using (2.1):

, 1 0A 0A

Ax —d)NMX) +(T}) = — [d)\+2fy,~

(B = DAX) + (1) = 7= |G+ 2

= Aal] + (T,

(A.3)

where Ay = 2d and (T4)" = %5‘% is a stress tensor arising from the action .A. When A
is constant, (T4);; = d~*(log AT, where T is the anomaly stress tensor defined in [48],
in particular it is proportional to the coefficient of the log term in the FG expansion of the
bulk metric, which is denoted in [48] by h(g);;. It is shown in [48] that this term is traceless
when contracted with the coefficient of the leading term, i.e. the CFT background metric,
so we have ¥/ h(g);; = 0. This implies that for constant X, (T4)! = 0 in (A.3), and the
anomaly is given by the usual holographic Weyl anomaly [47]. In the case of non-constant
A, (T4);; contains terms proportional to 9 log A in addition to d~*(log A)Tf;. These terms
are coming from integrating by parts derivatives of dv;;. The trace of these terms gives
a possibly nonzero contribution to (74)! which must be included in (A.3) away from the
conformal point A = 0.
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