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networks and we investigate their relationships with variational formulations of Stampac-
chia or Minty-type.
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1 Introduction

In a transportation network an equilibrium flow is classically defined by Wardrop’s
principle: each traveler tries to minimize his own travel time irrespective of the other
travelers, this principle is known as the user equilibrium principle. A lot of analysis has
been carried out in order to connect this principle with a variational formulation. In
fact, variational inequalities are very useful tools for the study of an equilibrium flow. In
this paper we propose new definitions of equilibrium flow, we propose some relationships
with variational formulations and we show that this study permits us to select different
equilibrium points. Moreover these new definitions aim to analyse the evolution of a traffic
network when the flow is not an equilibrium flow.

Now we briefly recall a definition which will be useful in the sequel.

Definition 1.1. Given a closed and convex set K C R™ and a vector function F':
K — R™. The Variational Inequality we consider, say SVI(F,K), consists in determining a
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vector * € K, such that
(F(z*),z —2*) >0, VzekK,

where (-, -) denotes the inner product in R"; the corresponding Minty Variational Inequal-
ity, say MVI(F,K), consists in determining a vector z* € K, such that

(F(z),z—2") >0, VzelkK.
The following known result establishes relationships between the solutions of SVI(F,K)
and those of MVI(F,K).
Theorem 1.1. (Generalized Minty Lemma) The following statements hold:
1. if F'is continuous on K, then each solution to MVI(F,K) is a solution of SVI(F,K);

2. if F'is pseudomonotone on K, that is
(F(y),x —y) 2 0= (F(z),z —y) 20, Vayek,

then each solution to SVI(F.K) is a solution to MVI(F,K).

2 Equilibrium model in a traffic network

Let (N, A, W) be a transportation network where N = {Ny,...,N,} is the set of nodes,

A = {Ay,..., A,} the set of directed arcs and W = {Wy, ..., W;} the set of OD (origin-

destination) pairs. We denote by R; the set of those paths R,, r = 1,...,r;, that connect

the pair W; € W, and by F,, r =1, ...,r;, the path flow on R,. If we consider the set of all
!

paths R = U R; and arrange the path flows into a vector /' € R™ where m = r+-- -+,
j=1

we obtain a column vector F' = (Fi, ..., F},), whose components F, represent the flow

on the path R,., r = 1,...,m suitably rearranged. A feasible flow has to satisfy demand

requirements,

Ty
ZFr:pja J=1..1
r=1

where p >0 is given in R'. Introducing the pair-path incidence matrix ¢ = (i),

namely
s 1 if R, € Rj,
10 ifR, ¢ Ry,
the demand requirements can be written as

o F =p.
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Thus, the set of all feasible flows is given by
K={FeR": F>0, ¢F =p}.

The flow on arc A; is denoted by f; and f denotes the column vector whose components
are f;, 1 = 1,...,n. The travel cost on arc A; is a given function of f which we denote by
¢i(f) and the column vector ¢(f), whose components are ¢;(f), denotes the travel cost on
all arcs. We denote by A = (;,) the arc-path incidence matrix, namely

5 {1 if A, eR, i=1,..n r=1,...m,

0 fA;¢R. i=1,..,n r=1,..,m,

hence it results

fi:i(s@'rFr, i=1,...,n
r=1

that is f = A F, and, denoting by C,.(F) the travel cost on path R,, we obtain

Co(F)=> 6irci(f), r=1....m,
=1

that is
C(F)=ATc¢(AF).
Therefore we have a cost function C' : K — R™ such that C,.(F") gives the marginal cost

of sending one additional unit of flow through path r, when the flow F' is already present.

Now we may recall the classical Wardrop equilibrium condition.

Definition 2.1. A feasible flow H € K is called an equilibrium flow if and only if

for each OD pair W; € W and each R;, Rs € R,

. 1)
s> 0= Cs(H) <C,(H).

It is classically possible to characterize an equilibrium flow by means of a variational
inequality.

Theorem 2.1. A feasible flow H is an equilibrium flow if and only if H is a solution to
SVI(C,K).

Remark 2.1. If we consider a network equilibrium flow in the network standard model,
namely a model where travel link cost functions are differentiable, positive, strictly increas-
ing and separable in the sense that

n

C(f):ZCz‘(fz‘) i=1...m,

i=1



we have a more clear situation. In fact in this case the jacobian matrix of the cost function
C(F) is symmetric:
oC,  9C;
OF,  OF,

and hence one has C'(F) = VI'(AF) where

Vqgs=1,...,m.

n fi
T(AF) =T(f) = / es(s)ds.
i=1 70
Since functions ¢; are strictly increasing, then the following functions

fi
fl-—>/ ci(s)ds i=1,...,n,
0

are strictly convex, thus T(AF) is also strictly convex and cost function C' is strictly
monotone.
Therefore in this special case the following are equivalent:

- Wardrop network equilibrium flow;
- minimization points of T'(AF);

- solutions to SVI(C,K);

- solutions to MVI(C,K)

Since K is a compact set and T(AF) is a strictly convex function, then there exists a
unique minimizer for T'(AF).

Hence, in such symmetric network, there is a unique equilibrium flow H'; moreover since
C is strictly monotone, we obtain

(C(F),H—F)<0 VFEeK.

Wardrop equilibrium condition states that if, at a certain time, the network flow is an
equilibrium flow, then no user wants to change his path and therefore the traffic flow will
remain constant for all future times. Nevertheless, if the network flows are not equilibrium
flows, then Wardrop condition is not useful to know the network traffic evolution.

Moreover we observe that to check whether or not a feasible flow H satisfies Wardrop
condition, we need not to compare H to the other feasible flows; now we are going to
introduce a new Wardrop-type condition for a flow H € K that involves all the network
feasible flows. This is done in the following:

Definition 2.2. A feasible low H € K is called a strong equilibrium flow if and only

if
for each OD pair W; € W, each R;, Rs € R;,

and each flow F' € K, (2)
Cy(F) < Cy(F) = F,>H; or Fy=H;=0.



First we remark that a strong equilibrium flow is, in particular, an equilibrium flow.

To better understand the above definition suppose that for some OD pair W; € W,
for some paths R,, R, € W; and for some feasible flow F' € K, with Fy; > 0, we have
Cy(F) < C4(F), then network flow will go down on path Rg; now if a flow H satisfies
condition (2), then flow on R, approaches to Hy. In other words a strong equilibrium flow
H takes into account the information C,(F') < Cy(F') over all the other flows F.

The following examples show a network in which there exists a strong equilibrium flow.

Example 2.1. Let us consider a network with four nodes Ny, N,, N3, N4 and five arcs
Ala AQ, A37 A4a A5:

We have only one OD pair (N, N;) with travel demand p = 10 and three paths that
connect this pair:

R1:A1UA4, RQIAQUAg), R3:A1UA3UA5,
therefore the set of feasible flows is
K:{FERg FZO, F1+F2+F3:10}

We assume that travel cost on all arcs is defined as follows:

a(fi)=h
Cy = 21
C3(f3) =f3
Cy = 21
C5(f5) = f5,

and hence the corresponding travel cost on paths is

Cl(F):F1+ F3+21
CQ(F):F2+ F3+21
C3(F) = Fy + Fy + 3 Fs.
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We remark that, for all feasible flows F' € K, one has:
Cl(F) > Cg(F), and OQ(F) >03(F),

therefore the feasible flow H = (0,0, 10) is the unique Wardrop equilibrium flow. Moreover,
for an arbitrary flow F' € K, the inequality C,(F) < Cs(F) in the condition (2) is true
only if s =1 or s =2, and H; = Hy = 0, thus the condition

F.>H, or F;,=H,=0

is equivalent to
Fy>0 or F,=0,

which is trivially true.

Example 2.2. Let us consider the same network as the example 2.1, in which travel
demand is p = 10 and travel cost on arcs is defined as follows:

Cl(fl) = fi
e (fs) =10+ f3
C3(f3) = f3
ca(fs) = 10+ f3
C5(f5) =[5,

and hence the corresponding travel cost on paths is

C3(F) = Fy + Fy + 3 Fs.

We remark that for all feasible flow F' € K one has:
Cl(F) Z Cg(F), and CQ(F) ZCg(F),

therefore the feasible flow H = (0,0, 10) is the unique equilibrium flow. Moreover, for an
arbitrary flow F' € K, the inequality C,(F) < C,(F) in the condition (2) is true only if
s=1or s=2 and Hy = Hy = 0, thus the condition

F,.>H, or F;,=H,=0

is equivalent to
F,>0 or F,=0,

which is trivially true.

Besides Wardrop equilibrium, also the condition (2) has connections with a variational
formulation, as the following theorem states.
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Theorem 2.2. If H is a strong equilibrium flow, then H is a solution to MVI(C,K).
Proof. Let F € K and W; € W be arbitrary. We consider a path R, € R; such that

Co(F) = RmGI%%,OT(F)'

T J

Then from condition (2) one has

(Co(F) — Cy(F))(F, — H,) >0 ¥R, €R,.

Thus . .
ZC,«(F)(FT — H,) = Cy(F) Z(Fr — H,) = Cy(F)(p; — pj) = 0.
r=1 r=1
Hence -
(C(F),F—H)y=>"> C.(F)(F, - H,) >0,
j=1 r=1
hence H is a solution of MVI(C,K). O

The vice versa of theorem 2.2 is, in general, false as the following example shows.

Example 2.3. Let us consider the same network as in the example 2.1, where travel costs

on paths are:
Cy(F)=3F +2F;3

Cy(F)=5F+2F;
Cy(F)=2F, + F, + 3 F},.
We observe that H = (5, 3,2) is an equilibrium flow, because
Ci(H)=Cy(H) =C5(H) =19,

and H is solution of MVI(C, K), in fact for all F' € K we can write F3 = 10—F;—F5,
and thus we have

(C(F),F — H)=2F}+5F; — F\F, — 1TF, — 25F, + 80 = ¢(Fy, F}).
Since

4 —
ViG(F, 1) = ( —1 15 )

has positive eigenvalues \; o = 7+ V10, ¢ is a strictly convex function, his minimum point
is (5,3) and ¢(5,3) =0, hence ¢(Fy, Fy) >0 for all (F}, Fy) € R?, that is H is solution
of MVI(C, K).

However H is mnot a global equilibrium flow, because, if we consider F =
(6,3,1) € K, one has

17:CQ(F)<03(F>:18 and 1=F3 <H;=2.



For a feasible low H € K we now introduce another Wardrop-type condition giving
the "stability” of H with respect to some perturbations of flow H on a arbitrary couple of
paths connecting an OD-pair.

Definition 2.3. A feasible low H € K is called a ”stable” equilibrium flow if and
only if

for each OD pair W; € W, each R,, Rs € R;,
and each flow F' € K such that F; = H;,V i # ¢,s and Fy < H, (3)
Hy > 0= Cs(F) < Cy(F)

To better understand the above definition, suppose that a feasible flow H be a "stable”
equilibrium flow, R4, Rs be two paths connecting a certain OD pair and that the flow H
be positive; if we perturb H only on the paths R;, Rs pushing flow from R to Ry, then
the path R, does not cost less than the path R,.

In the following theorem we check the relationships between stable equilibrium flow

and solutions of SVI(C,K) and MVI(C,K).
Theorem 2.3.
1. If a flow H € K solves MVI(C,K), then H is a stable equilibrium flow;

2. if H € K is a stable equilibrium flow and the cost function C' is continuous, then H
is an equilibrium flow.

Proof.

1. We consider an arbitrary OD pair W; and two paths R,, s € R, fixed. Since H € K
is a solution to MVI(C,K) then for all feasible flow F' € K one has

! Tj

(C(F),F—H)y=>"Y C/(F)(F, - H) >0

j=1 r=1

in particular, if we choose a feasible flow F' such that F; = H;,V i # ¢q,s and F, < Hg,
then
(Cs(F) = Co(F))(Fs — Hy) = 0,

and hence Cs(F) < C,(F).

2. For each OD pair W, and for each R, Ry € R;, with H, > 0, we have Cs(H) < Cy(H)
by continuity of the cost function C'.

O

From the above theorem it follows that the stable equilibrium flows are selected network
equilibrium flows, with the following property: if a feasible flow H is a network equilibrium
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flow and R, R, are two paths connecting a certain OD pair W}, with Hg > 0, then we know
that Cs(H) < Cy(H); moreover, if H is a stable equilibrium flow then C(F) < C,(F') for
all perturbation flows F' which shift flow from R, to R,.

We remark that a stable equilibrium flow does not coincide with all the network equi-
librium flows as the following example shows.

Example 2.4. Let us consider the same network as the example 2.1, in which travel cost
on arcs is:
C1 )

(f
CQEan f3) fo+4fs
(

Q

s(fo, f3) = fo+2f3
W(fss fa) =2f3+2 14
C5(f5) /5

and therefore the travel cost on paths is

Q)

C\(F)=3F, +3F;
Co(F) =2F, + 5 Fj
C3(F) = F +2F, +4F;.

We assume that travel demand is p = 10. An equilibrium flow is H = (4,2,4), in fact
Ci(H) = Co(H) = C3(H) = 24,

but H is not a stable equilibrium flow because if we perturb H on paths R, and Rs3 so that
Fi=4 F,=2+xand F5 =4 — x, with 0 < z < 4, one has

Moreover we can remark, by the following example, that all the stable equilibrium flows
are not solution to MVI(C,K).

Example 2.5. We consider the same network as the example 2.1, with the following travel
cost on paths:

Ci(F)=5F+4F;

Cy(F)=5F+4F;

Cg(F) == 3F1 +3F2 +3F3

and travel demand is p = 9.
An equilibrium flow is H = (3, 3, 3), in fact

Ci(H) = Cy(H) = C3(H) = 27,

moreover H is a stable equilibrium flow. In fact if we choose a feasible flow F' such that
Fy =3, F,=3—xand F3 =3+ z, with 0 < x < 3, one has

Co(F) = 27—z < 27 = Cy(F),
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if 5 =3, F1 =3—x and F3 =3+ x then
Cy(F)=27—x <27 =Cs(F),
if Fs=3, F1 =3—xand Fy, =3+ x then
Ci(F)=27—-5xz <27+ 5z = Cy(F).

If we choose the perturbation —3 < x < 0 we will obtain analogous inequalities.
However H is not solution to MVI(C,K) because for F' = (0,0,9) we have

(C(F),F — H) = {(36,36,27), (—3, —3,6)) = —54.
Finally we show an example that gives a global picture:

Example 2.6. Let us consider the following network with four nodes Ny, Ny, N3, N4 and
four arcs A;, Ay, As, Ay

We have only one OD pair (N, Ny) with travel demand p = 10 and only two paths
connecting this pair:

Ri=A,, Ry=AyUA3UA,,
therefore the set of feasible flows is
K={FecR*: F>0, Fi + F, = 10}.
We assume that travel cost on paths is defined as follows:

Cy(F)=LF2—4F +15

)
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From the figure it is easy to argue that there are two equilibrium flows: H' = (2, 8) and
H" = (10,0).

We remark that H' is a strong equilibrium flow because: if Cy(F) > Cy(F) then
Fy < Hi, that is Fy > H}, and if Cy(F) > Cy(F), then Fy > Hj.

Moreover H” is an equilibrium flow but it is not a stable equilibrium: indeed H} > 0
but C1(F) > Cy(F) for each feasible flow F such that 2 < F; < 10.

Finally, we sum up in the following figure the relationships between Wardrop-type
equilibria and solutions to SVI(C,K) and MVI(C,K) when the cost function C is assumed
continuous on K.
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[ J
Example 2.4

SOLUTIONS TO MVI(CK)

STRONG EQUILIBRIA

[
Example2.1

[
Example 2.6

[}
Example 2.5

[ J
Example 2.6

Example 2.3

References

1]

2]

DANIELE P., MAUGERI A. AND OETTLI W., Time-Dependent Traffic Equilibria,
Journal of Optimization Theory and Applications, 103, (1999), 543-555.

Duruis P., Large deviations analysis of reflected diffusions and constrained stochastic
approximation algorithms in convex sets, Stochastic 21 (1987), 63-96.

Dupuis P. AND NAGURNEY A., Dynamical systems and variational inequalities,
Annals of Operations Research, 44, (1993), 9-42.

FERRARI P., Fquilibrium in asymmetric multimodal transport networks with capacity
constraints, Le Matematiche, vol. XLIX, (1994), 223-241.

Friesz T. L., BERNSTEIN D. H., MEHTA N. J., TOBIN R. L. AND GANJLIZADEH
S., Day-to-day dynamic network disequilibria and idealized traveler information sys-
tems, Operations Research 42 (1994), 1120-1136.

HARKER P.T. AND PANG J.-S., Finite-dimensional variational inequality and non-

linear complementarity problems: a survey of theory, algorithms and applications,
Mathematical Programming 48 (1990), 161-220.

KARAMARDIAN S. AND SCHAIBLE S., Seven kinds of monotone maps, Journal of
Optimization Theory and Applications, 66 (1990), 37-46.

12



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

KINDERLEHRER D. AND STAMPACCHIA G., An introduction to variational inequality
and their applications, Academic Press, New York, 1980.

KoMLOSI S., On the Stampacchia and Minty Variational Inequalities, in Generalized
convexity and optimization for economic and financial decisions, edited by Giorgi G.
and Rossi F. A., Pitagora Editrice, Bologna, 1999, 231-261.

LARSSON T. AND PATRIKSSON M., On side constrained models of traffic equilibria,
in Variational inequalities and network equilibrium problems, edited by F. Giannessi
and A. Maugeri, Plenum Press, New York, 1995.

LARSSON T. AND PATRIKSSON M., Equilibrium characterizations of solutions to side
constrained asymmetric traffic assignment models, Le Matematiche, vol. XLIX, (1994),

249-280.

MAUGERI A., Optimization problems with side constraints and generalized equilibrium
principles, Le Matematiche, vol. XLIX, (1994), 305-312.

MAUGERI A., Variational and quasi-variational inequalities in network flow models.
Recent developments in theory and algorithms, in Variational inequalities and network
equilibrium problems, edited by F. Giannessi and A. Maugeri, Plenum Press, New
York, 1995.

MAUGERI A., OETTLI W. AND SCHLAGER D., A flexible form of Wardrop’s prin-

ciple for traffic equilibria with side constraints, Rendiconti del Circolo Matematico di
Palermo, serie II, suppl. 48, (1997), 185-193.

NAGURNEY A. AND ZHANG D., Formulation, stability, and computation of traffic

network equilibria as projected dynamical systems, Journal of Optimization Theory
and Applications, 93, (1997), 417-444.

ROCKAFELLAR R. T., Monotone relations and network equilibrium, in Variational
Inequalities and Network Equilibrium Problems, edited by Giannessi F. and Maugeri
A., Plenum Press, New York, 1995, 271-288.

13



