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Introduction

Introduction

Two concepts of major relevance in the theory of insurance:

Risk aversion and Premium rigidity

Why risk aversion?

◮ A risk-averse insurance company (IC) management acts in the

best interest of those shareholders whose wealth is heavily

concentrated in that single company.
◮ IC management could be pursuing its own objectives: owners

are not perfectly diversified when it comes to their own assets.
◮ Usually, their most important component of total wealth is their

human capital: know-how largely specific to the IC.
◮ Risk of insolvency with its consequences for thousands of

policyholders. A management responsible for such a large-scale

failure would see its future prospects for employment and

earnings damaged.
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Introduction

Why premium rigidity?

◮ Empirical research suggests considerable premium rigidity.

◮ Institutional aspects of the insurance market, e.g. authorization

of vigilance organs.

◮ Long-term contracts (sometimes, but contracts are typically one

year).

◮ Here: risk aversion.
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Introduction

Scenario:

◮ IC insures a client’s enterprise, premium P if quota q = 1 (full

insurance). For q < 1 the client pays qP.

◮ At the renewal of the contract: how would the client react to a

change in the premium?

◮ Status quo: (q0,P0), no uncertainty.

◮ For P 6= P0 IC is uncertain regarding q, has a conjecture

expressed by a (subjective) probability distribution.

◮ Uncertainty increases with distance from status quo.
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Introduction

We show:

◮ IC may keep the premium fixed even though an otherwise

identical IC would change it.

◮ Due to risk aversion of order one (Segal & Spivak, 1990).

◮ If no fixed premiums exist: the size of the premium adjustment

decreases with increasing risk aversion.

◮ In case of adjustment costs: increasing risk aversion diminishes

the minimum cost sufficient to keep the premium fixed.
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The Model

The Model
Consider IC and client with enterprise having possible loss X with

EX =: x .

IC’s subjective probability distribution over the r.v. Q (P|P0) (the

client’s reaction) given by F (q,P|P0) = Prob {Q (P|P0) ≤ q} with

EQ (P|P0) =: q (P | P0). Let

δ (q | q0) =

{
1, if q ≥ q0 degenerate

0, if q < q0 distribution
.

(A1) For P 6= P0 F (q,P | P0) is given by means of a density

function f (q,P | P0) continuous in q and differentiable in P,

while F (q,P0 | P0) = δ (q | q0) for all q.

(A2) q (P | P0) is decreasing and continuously differentiable in P

for all P > 0 and P0 > 0. Moreover, if P → P0, then
∫

g (q)dF (q,P | P0) →
∫

g (q)dδ (q | q0) = g (q0) for any

continuous function g : [0,1] → R.
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The Model

Simplify notation: q (P | P0) = q (P), F (q,P | P0) = F (q,P) etc.

Let u(·) be IC’s (Bernoullian) utility function.

IC’s expected utility function:

U (P) :=
∫

u(q × (P − x)
︸ ︷︷ ︸

)dF (q,P) .

profit

Consider also

V (P) := u(π(P))

with π(P) := q (P)× (P − x) = IC’s expected profit. Then:

◮ U (P) ≤ V (P) ∀P if IC is risk averse, i.e. u(·) is concave.

◮ U (P) = V (P) ∀P if IC is risk neutral, i.e. u(·) is linear.

◮ U (P0) = u(q0 × (P0 − x)) = V (P0) since at P0 there is no

uncertainty.

◮ limP→P−

0
U ′ (P) ≥ V ′ (P0) ≥ limP→P+

0
U ′ (P)
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The Model

•
•

•

P0 Pu P∗

U V

P

U

Figure : Expected utility functions in case of risk aversion (U, solid) and risk

neutrality (V , dashed). Note: Pu 6= P0.
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Fixed Premiums

Fixed Premiums
Next consider the function P 7→ varQ(P).

P0

varQ

P

var

In this case

lim
P→P−

0

dvarQ (P)

dP
= 0 = lim

P→P+
0

dvarQ (P)

dP

The variance function is smooth.
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Fixed Premiums

Then consider the case

lim
P→P−

0

dvarQ (P)

dP
< 0 and lim

P→P+
0

dvarQ (P)

dP
> 0

P0 = Pu

varQ

P

var

The variance function is kinked at P0.
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Fixed Premiums

Proposition 1 Assume (A1) and (A2). Then the IC’s expected utility

function U (P) has a kink at P = P0 if, and only if, it is risk averse and

the function varQ (P) is kinked at P = P0.

•

•

P0 = Pu P∗

U

V

P

U

Figure : Expected utility in case of a kink of varQ(P) at P = P0 = Pu.
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Fixed Premiums

Note: In the previous scenario P0 is a fixed premium. The risk averse

IC does not change it although the risk neutral IC would do so.

The kink in the variance function is equivalent to Risk aversion of

order one according to Segal & Spivak (1990).

Risk aversion of order two: the variance function is convex but there

is no kink.

Intuition of why the kink in the variance function is transferred to the

expected utility function: consider the special case

U(P) = T (π(P), varΠ(P)),

with Π(P) = Q(P)(P − x) = r.v. profit, varΠ(P) = varQ(P)(P − x)2.

U(P) has a kink ⇔ varΠ(P) has a kink ⇔ varQ(P) has a kink

since π(P) is by assumption differentiable.
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Fixed Premiums

Example 1 Assume

◮ q (P) = max {1 − cP,0}, c ∈ (0,1/x), client’s true demand

function, unknown to IC.

◮ IC has observed the status quo (q0,P0); it satisfies q0 = 1 − cP0.

◮ IC conjectures that the change in q for P 6= P0, z := q − q0, is

normally distributed with parameters ν(ρ) and σ(ρ), where

ρ := P − P0.

◮ Setting

g (z; ν, σ) :=
(

σ
√

2π
)−1

e− 1
2
(z−ν)2/σ2

Q(P) is distributed, for P 6= P0, according to the density

f (q0 + z,P0 + ρ) = g (z; ν (ρ) , σ (ρ))

while Q (P0) = q0 with probability one.

◮ ν (ρ) := −cρ, σ (ρ) := β |ρ|γ , β, γ > 0
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Fixed Premiums

Then:

◮ q (P0 + ρ) = q0 − cρ = q0 − c (P − P0) = 1 − cP

⇒ IC has correct beliefs regarding the expected value of q.

◮ varQ (P0 + ρ) = β2 |ρ|2γ ; uncertainty increases with ρ.

◮ |dvarQ (P0 + ρ) /dρ| = 2β2γ |ρ|2γ−1;

tends to zero for P → P0 (i.e. ρ → 0) ⇔ γ > 1/2.

◮ Thus for γ ≤ 1/2 the IC’s variance function and hence its

expected utility function has a kink (or a cusp) at the status quo,

and there exist fixed premiums. (For the case γ = 1/2 see

previous figure p. 10.)

◮ Note: a continuous infinitesimal variation of a single parameter

(γ) in the specification of the company’s beliefs changes its

behaviour from flexible to rigid.
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Premium inertia when no Fixed Premiums exist

Premium inertia when no Fixed Premiums exist

New assumptions:

(B1) For P 6= P0 Q (P) is normally distributed with density

f (q0 + z,P0 + ρ) = g (z;−cρ, |ρ|) =
(

|ρ|
√

2π
)−1

e− 1
2
(z+cρ)2/|ρ|2 ,

where z = q − q0, ρ = P − P0 and c ∈ (0,1/x ];
Q (P0) = q0 with probability one.

(B2) The IC’s utility function is uα (π) = −e−απ when α > 0,

whereas u0 (π) = π.

In (B1): As in Example 1, but with γ = 1 ⇒ there do not exist fixed

premiums.

In (B2): IC has constant absolute risk aversion α > 0; for α → 0 it

tends to become risk neutral.
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Premium inertia when no Fixed Premiums exist

We show: IC’s expected utility function becomes

U (ρ, α) = −e−ατ(ρ,α) if α > 0,

with

τ (ρ, α) = π (P0 + ρ)− α

2
varΠ(P0 + ρ) .

To maximize U (ρ, α) is equivalent to maximizing τ (ρ, α).

This can be extended to α = 0 in which case τ (ρ,0) = π (P0 + ρ).

Denote

ρ∗ (α) := arg max
ρ

U (ρ, α)

Proposition 2 Assume (B1), (B2) and P0 6= P∗. Then (a) the

absolute value of the optimal deviation from the status-quo premium

is a decreasing function of the IC’s absolute risk aversion, i.e.

d |ρ∗ (α)| /dα < 0, and (b) limα→∞ ρ∗ (α) = 0.
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Premium inertia when no Fixed Premiums exist

Example 2

Assume c = 1/4, x = 2, (q0,P0) = (3/8,5/2) status quo

⇒ π0 = 3/16.

What would the risk-neutral IC do?

maxρ τ (ρ,0) ⇒ ρ∗ (0) = 1/2 ⇒ (q∗,P∗) = (1/4,3) ⇒ π∗ = 1/4

The risk neutral IC would increase the premium by 1/2 and, although

this would decrease q by q∗ − q0 = −1/8, it would increase its

expected profit by π∗ − π0 = 1/16.

What would the risk-averse IC do?

maxρ τ (ρ, α) ⇒ 8αρ3 + 6αρ2 + (2 + α) ρ− 1
!
= 0

solution: ρ∗ (α) =
3

√

3
32α +

((
3

32α

)2
+

(
4−α
48α

)3
)1/2

+
3

√

3
32α −

((
3

32α

)2
+

(
4−α
48α

)3
)1/2

− 1
4
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Premium inertia when no Fixed Premiums exist

Proposition 2 Assume (B1), (B2) and P0 6= P∗. Then (a) the

absolute value of the optimal deviation from the status-quo premium

is a decreasing function of the IC’s absolute risk aversion, i.e.

d |ρ∗ (α)| /dα < 0, and (b) limα→∞ ρ∗ (α) = 0.

0.5

ρ∗

0 1 2 3 4 5 6 7 8 9 10

α

ρ

Figure : The optimal premium adjustment ρ∗ as depending on the degree of
risk aversion α.
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Premium adjustment costs

Risk Aversion and Premium Adjustment Costs

Consider now small premium adjustment costs (e.g. administrative

and/or government supervision expenses).

When risk aversion increases, the size of optimal premium

adjustment decreases and the gain in expected utility decreases.

Premium adjustment costs may then render it not convenient to

adjust the premium. The minimum cost sufficient to block premium

adjustment will decrease with increasing risk aversion.

Formally, assume that, for any given q, expected profit is

π = q (P − x)− λ ,

where λ ≥ 0 is a premium-adjustment cost parameter when P 6= P0

and π = q0 (P0 − x) = π0 otherwise.

The corresponding expected utility then is

U (ρ, α, λ) = −e−α[τ(ρ,α)−λ]

The IC adjusts its premium iff U (ρ, α, λ) > uα (π0).
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Premium adjustment costs

Proposition 3 Assume (B1), (B2) and P0 6= P∗. Then, for any

degree of risk aversion α ≥ 0 there exists λ (α) > 0 such that the IC

adjusts its premium iff its adjustment cost is smaller than λ (α).
Moreover, λ (α) is decreasing with limα→∞ λ (α) = 0.

0.01

0.02

0.03

0.04

0.05

0.06

λ

0 1 2 3 4 5 6 7 8 9 10

α

λ

Figure : Minimum cost λ sufficient to block premium adjustment at the

status-quo premium P0 as a function of the degree of risk aversion α.
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Premium adjustment costs

Note: the previous figure is derived from the numbers in Example 2.

The formula for λ(α) is

λ (α) =

(
3

8
− 1

4
ρ∗ (α)

)(
1

2
+ ρ∗ (α)

)

−α

2
(ρ∗ (α))2

(
1

2
+ ρ∗ (α)

)2

− 3

16
.

From this one can calculate for the function α 7→ ρ∗ 7→ λ the values

α 0 1 2 10

ρ∗ 0.500 0.215 0.159 0.062

λ 0.062 0.030 0.022 0.008

Note: the change from risk neutrality (i.e. α = 0) to the modest

degree of risk aversion α = 1 already reduces the blocking cost by

more than 50%, i.e. from 0.062 to 0.030.
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Concluding remarks

Concluding remarks

◮ Risk aversion may be a crucial element in explaining premium

rigidity.

◮ A risk-averse IC may keep its premium fixed where a risk-neutral

would change it if the IC’s variance function displays a kink at the

status quo.

◮ Examples show that this could easily happen by means of a

continuous change in a single parameter of the IC’s beliefs.

◮ In the absence of fixed premiums risk aversion still makes a

crucial difference with respect to risk neutrality as it significantly

reduces the size of premium adjustment as well as the

adjustment costs sufficient to block adjustment.
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Concluding remarks

◮ Regarding the kink in the variance function, from a psychological

point of view its occurrence seems quite plausible if one takes

into account the following fact:

Zero probability, that is certainty, is often perceived in a

qualitatively different way in relation to other probabilities.

The switch from a situation of certainty of no loss to, say, a 5%

probability of a loss is quite likely more worrying than a change

in the probability of loss from 5% to 10%. To be sure of

something is one thing, not to be sure another. This

“discontinuity” in perception at probability zero is formally

reflected in our mathematical model by the discontinuity of the

variance function’s slope at the status quo.
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