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Abstract

The current work deals with an epidemic model on the complete graph K,, on n
vertices in a non-homogeneous setting, where the vertices may have distinct types.
Different types differ in the probability of getting infected, and/or in the capacity of
infecting other vertices. This generalizes the model in [4]. We prove in Theorem 5.1
and Theorem 6.3 laws of large numbers and central limit theorems for the the total
duration of the process and for the number of infected vertices, respectively, when
n — 00. Moreover, we also prove that when all individuals have the same spread
capacity, then a population with inhomogeneous susceptibility is less affected by the
epidemics than a homogeneous population.
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1 Introduction

We consider an epidemic model in an inhomogeneous environment, where a virus arrives
from outside the system and infects one individual of a population. Then, the infected indi-
vidual attempts to infect some other individuals of the population, and these individuals, in
turn, try to infect other individuals, and so on. We start with a population of n individuals,
that will be encoded in the vertices of the complete graph K,, on n vertices. The virus can
circulate along the edges of K,,. When we refer to a vertex of a graph, we think of it as an
individual of the population.

Once a target vertex u is hit by an infection attempt, two things may happen. Either u
is visited for the first time, then it becomes infected and makes itself £ (u) attempts to
infect other vertices in the graph. The number £/*) (v) is called the spread capacity of u
and will be introduced in full detail later. Or the vertex u has been infected before, then
it has antibodies, and it has already revealed its spread capacity, so nothing happens, but
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just one piece of the spread capacity of the source vertex is lost. The process stops when
either all vertices have been infected, or there are non-infected vertices, but the total spread
capacity is exhausted, which happens when too much capacity was wasted on vertices with
antibodies.

A mathematically equivalent problem is that of information transmission in a network, as
used in [1, 5]: the vertices of the graph are computers and when one of these computers
receives a message, it spreads the message to a certain number of further computers, but it
does so only if it has received the message for the first time.

During this work we shall refer to our model as the virus spread model or infection model.
We recall that processes where individuals after infection become immune are often called
SIR models (susceptible-infected-recovered) — see [3] for an introduction to this model and
to other epidemic models. There is a vast literature on SIR models. On infinite graphs the
aim is usually to study the shape of the set of the sites reached by infection (see for instance
[6], [13], [1]) or to identify the critical parameter below which the epidemics dies out in a
finite time (in these cases there is a parameter which tunes the intensity of the epidemics,
see [10]). In the present paper the graph is finite, hence the epidemics ends almost surely
in finite time. Natural questions in this context are how long the whole epidemic lasts,
whether all vertices are infected during the epidemic and, if not, how large the number of
infected /non-infected vertices is.

A slightly different, well-studied epidemic model is the so-called frog model, where infected
individuals randomly walk on the graph and infect all the susceptible individuals they
meet on their way. When the underlying graph is the complete graph, the frog model
is a particular case of our model. In [9] this model was considered on complete graphs
where all vertices are equally likely to be infected and they all have the same deterministic
spread capacity. In that paper individuals are assumed to have a deterministic number L of
“lives” and one life is lost when the infection attempt is unsuccessful. This translates into
our language by assuming that each individual has a spread capacity equal to L + 1. The
authors derive laws of large numbers and central limit theorems for the number of individuals
eventually infected and law of large numbers for the number of infection attempts. The

frog model on complete graphs has recently been studied in [ 1] (with geometric lifespans
and simultaneous infection attempts), and [14] (where simultaneous infection attempts are
allowed).

In [1] the model was generalized to random spread capacities and laws of large numbers,
central limit theorems and large deviation results are derived. Later on, in [5] these results
have been generalized from complete graphs to Erdos-Rényi graphs; in particular in [5] it
is shown that the model behaves in the limit roughly like the one on complete graphs from
[1] by using a coupling argument. However, in [/] and the other works mentioned so far
the environment was homogeneous in the sense that all vertices had the same (distribution
of the) spread capacity and the same probability of getting infected. As we all know,
such assumptions are not very realistic, e.g. the probability to infect a member of the same
family is much higher than infecting the member of another family, people with many social
contacts have a higher probability of being infected and will infect more people once they are
infected. Finally, also factors like age or other diseases can increase the probability of being



infected. So, a straightforward generalization of the model introduced in [1] is to consider
J different types of vertices with distinct spread capacities and infection probabilities, for
some fixed number J € IN. The type of a vertex will be represented by a type function
t: K, — {1,2...,J} such that, for each vertex v, t(v) =i € {1,2...,J} means that v is
of type 1.

Somehow similarly to [1], our proof approach will be to consider a multitype Galton-Watson
tree and a coupon collector with J different types of coupons on the same probability space
as the infection model. In contrast to [1], in our model the coupons will be unequally
likely, and thus the success epochs (time needed to collect a new coupon) will not be
independent random variables. Independence was heavily used in [1]. To overcome the
difficulties arising in the non-independent case, we use thinned Poisson processes as time
intervals of the infection process.

Structure of the paper. In Section 2 we rigorously introduce our infection model and
multitype Galton-Watson processes. We also show how to represent such a process as a
Markov chain for which we write down the transition probabilities, and how to interpret it
as a coupon collector’s problem. Then in Section 3 we couple the infection model with a
Poisson process, and then by using the thinning property of such processes, we get rid of the
dependencies produced by the coupons of different types and probabilities of being chosen.
Subsequently, in Section 3.1 we prove limit results for the number of infected individuals
and for the acquisition times in the continuous-time setting. In Section 4, we look at our
model as a random subtree of a multitype Galton-Watson tree with J different types, and
we show that as in the homogeneous case, the infection takes place on a macroscopic time
level. In Section 5 we prove law of large numbers for the total duration of the process 7,
and for the total number N, (7,,) of individuals infected by time 7, respectively, while in
Section 6 we prove central limit theorems for the same quantities. Finally, in Section 7,
we compare the homogeneous case with the inhomogeneous one. In particular we prove
that when the spread capacities of the individuals are identically distributed, the epidemics
in the inhomogeneous enviroment (that is, with non-uniform susceptibilities) lasts less and
involves a smaller fraction of the population, when compared to the case with uniform
susceptibility. On the other hand, if also the spread capacities are allowed to have different
laws, then it may happen that a population with non-uniform susceptibility is less affected
by the epidemics (for instance when more susceptible individuals have smaller expected
spread capacity) or it may be more affected (for instance when more susceptible individuals
have larger expected spread capacity).

2 Preliminaries

Let (2, F,P) be a generic probability space on which all our random variables and processes
are defined.

Conventions and notations. The number J € IN will be reserved for the number of
types, and we will sometimes write [J] := {1,2,...,J}. We use the same notation [n] :=
{1,2,...,n} for any natural number n > 1. All our vectors will be regarded as column



vectors, and for a vector u € R/ (or infinite dimensional) the notation u = (uy,...uy)
is purely for convenience. When we deal with row vectors, it will be either mentioned
explicitly, or it will be clear from the context. For i € [J], denote by e; = (0,...,1,...,0)
the i-th standard basis vector in R’ that has 1 in the i-th coordinate, and all the other
coordinates are 0.

Stochastic processes. For any discrete-time processes (X;)ien, (X¢)i>0 stands for
(X|¢))t>0, where [t] stands for the floor function. We may also use the ceiling function [-].
For any interval I in R, define the Skorohod space D(I,R) as the space of cddldg functions
(right continuous with left limits) from I to R. As usual, we endow D(I,R) with the
standard J; topology introduced by Skorohod (see [2] or [3]). We remind that convergence
in the J; topology implies uniform convergence on compact sets when the limit function is
continuous.

2.1 Virus spread model

We take K,,, the complete graph on n vertices, as the base state space where the infection
takes place and recall that, for J € IN, the type of a vertex is represented by the type
function t : K,, — {1,2...,J} that is, for each vertex v, t(v) =i € {1,2...,J} means that
v is of type i. The type function is deterministic and fixed at the beginning. For i € [J],
denote by n; = [{v € K,, : t(v) = i}| the number of vertices in K,, with type ¢, so that
n = Z;-le n;. We assume that each vertex of type ¢ € [J] has been assigned the weight
pi € (0,1) (the probability) so that the total weight is 1 = nip; +nop2 +...nyps. The goal
of this paper is to extend part of the results in [1], where all vertices have the same type
and equal weights 1/n, to the non-homogeneous setting of vertices with different types and
weights. If py = ... =py = %, then the proportion n;/n of vertices of type i in the graph
represents the weight of this group. We do not restrict to the case of equal probabilities,
and the weight of the group of vertices of type ¢ will be denoted by «; := p;n;, for i € [J].

Description of the virus spread model. We consider the following stochastic process
in discrete time. At time ¢t = 0, a fixed vertex vg € K,, receives a virus from outside, and it
spreads the virus among the vertices of K,, at random, considering that the spread capacity
of each vertex is limited and encoded in the following random variables. Let £, ..., £ be
J independent IN-valued random variables representing the number of infection attempts
that vertices of different types make once they are infected. Furthermore, denote by L)
the IN-valued random variable that gives the number of vertices of type j that one infected
vertex of type i can in turn infect, so £ = ijl L) and for i € [J]. The random variables

L3) will also be used as entries of an offspring distribution matrix L in a multitype Galton-
Watson process in what follows.

For every i € [J], let (L’i(u)){ueKn: t(u)=i} be a family (of length n;) of i.i.d. copies of L.
For a vertex u of type i, the random variable £*(u) represents the spread capacity of u, and
has the same distribution as £°. For technical reasons we also need L£'(u) to be defined if
t(u) # i, but these random variables are void of meaning. We write £ := (£, £2,..., L)
for the vector of spread capacities.



Notice that the offspring distribution (L(i’j))i’je[ g] we can realize is far from arbitrary.
In fact, given the event {L'(u) = [} that vertex u makes | € IN infection attempts, the
types of the vertices hit by these [ attempts are i.i.d. with probabilities a,...,ay , and
thus the numbers (LGV(u), ..., L)) (4)) are multinomial distributed with parameter
and ag,...,qy, i.e.

P[LOY () = k..., L0 (u) = ks |L0(uw) = 1] = <k1 “l' kJ)o/fl ----- a7,

for all k1,...,ky € IN with Z;.Izl k; = I, where (0 ?.0) := 1. Hence the distribution of the
vector (LY (u), ..., L0 (u)) is given by

P[LOD () = k..., L0 (u) = k] = P[L(u) = 1] - ( : >o/f1 ----- ok (1)
ki,...,ky

where [ := k1 + --- + kj. With the random variables introduced above, we are now ready
to explain how the model works. Suppose that the vertex vg € K,, that receives the virus
is of type ip € [J], i.e. t(vo) = ip. This first vertex reveals its spread capacity £ (vg), with
L0 (vg) = ijl L(0:9) (yg) and distributes it randomly among the neighbors, not uniformly,
but according to the probabilities p;, ¢ = 1,...,J. One may think of having L) indepen-
dent random walkers at vy that perform independently one random step according to the
transition probability p;, so that L) walkers reach a vertex of type j for each j € []].
That is, the spread capacity L(i0) (vp) is spread only among vertices of type j. Recall that
> ek, Pr(u) = 2;121 n;p; = 1. Once another vertex is reached for the first time by such a
random walker, this vertex reveals its capacity, and does the same thing as the first vertex
vo. If a random walker reaches a vertex infected previously, nothing happens. We continue
until there is nothing to be spread around. We can describe the above model as a Markov
chain in discrete time. Since the number n of vertices is finite, this process will terminate
in finite time, because the spread capacity of each individual (vertex) is assumed to be a.s.
finite.

Our main goal is to study the asymptotics, in n, for the probability of infecting every
site, for the proportion of infected vertices of each type before exhaustion and for the total
duration of the process.

Virus spread model as a Markov chain

We describe now formally the model introduced heuristically above, as a Markov chain
(M¢)sen, where My is given by the following (J + 1)-uple in IN/*1:
Mt = (NLN%’ -szjvst) = (Nt,St)
N— ———
=Ny
where Ni, for i € [J] represents the number of vertices of type i infected by time ¢ and S;

represents the total spread capacity (revealed and available for distribution) by time t. We
suppress the index n in the definition of the Markov chain M; and in the random variables in



the (J 4 1)-uple, but it is clear that all those random variables depend on the total number
n of available vertices. Suppose at time ¢ = 0, the virus reaches a vertex vy with type i,
that is

No = e, So= L0 (vg) ~ £ and Mg = (e, L).

Given the state (n',...,n”7, s) of the Markov chain (M;);e at time ¢, the state at time ¢+ 1
is given by

(n',...,n’ s —1), with probability Z;-le nip;
(nt4+1,n%,... n7 s+ L} 1), with probability pi(n; — nt)

(n',...on"+1,...,n' s+ L£i—1), with probability p;(n; — n?)

\(nl,...,...,n‘]—l— s+ £/ —1), with probability p(ny — n”)

as long as s # 0. In reality, the process stops if s = 0. For technical reasons, we have,
however, to assume that it continues, but its values are void of meaning then. Remark that
N; = (N},NZ,...,N/) is a Markov process itself, the so-called coupon collector’s process,
where the coupons are chosen with unequal probabilities. We denote by N; = Z;-le N: the
total number of vertices infected - or collected coupons - by time t.

The sequence of the revealed spread capacities (L£;)ien = ((ﬁtl, oL )) is an i.i.d. copy

telN
of the random variable £ = (£!, ... £7) as introduced at the beginning of this section. Since
n is finite, and each vertex has a finite spread capacity, this process will terminate in finite
time 7 := T,

T, :=min{t € N : S; = 0} (3)

either when all vertices were reached and exhausted their own capacity, or when there is
no more capacity to be spread even though some of the vertices were not visited at all.
We will be interested in the asymptotic behavior of 7,, and in the total number of infected
vertices at exhaustion Z;jzl NZ . It suffices to understand the law of the random vector

. . .. . J ;
(NL N2 ... NZ) in order to obtain the limit behavior for A7, = ;| N

Tn?" Tn "

Acquisition and inter-arrival times. In order to have a better understanding of the
joint limit behavior of the process N; = (N},N2,... N/), where for i € [J], Ni represents the
number of vertices in K,, of type ¢ that have been infected by time ¢, we will also introduce
acquisition times T,ﬁ and inter-arrival times A};: for i € [J] and k = 1,...,n; denote by T,ﬁ
the time needed to reach the k-th vertex of type i, and by Afc the time needed, after the
(k — 1)-th vertex of type i has been collected, to collect the k-th one, that is

Ti =inf{t € N: Ni =k}
k
¢ =Ti —T}_, or equivalently T} = Z A;-
j=1



and Ni = >0 1 (Ti<t}: While in the case when all vertices have the same type and the same
probability of being chosen, the inter-arrival times are independent geometrically distributed
random variables, when one has different types of vertices with unequal probabilities of
reaching them, we do not have independence anymore.

2.2 Multitype Galton-Watson processes

It may be useful to view Multitype Galton-Watson processes as random subtrees of the
Ulam-Harris tree that we define now.

Ulam-Harris tree. The infinite Ulam-Harris tree Uy, is the infinite rooted tree with
vertex set Voo 1= UnE]No IN™, the set of all finite strings or words vy - - - v, of positive integers
over n letters, including the empty word @ which we take to be the root, and with an edge
joining vy - - - v, and vy - - - vp41 for any n € Ny and any vy, - - ,vp+1 € IN. Thus every vertex
v = vyp --- VU, has outdegree oo, and the children of v are the words vl,v2,... and we let
them have this order so that U, becomes an infinite ordered rooted tree. We will identify
U with its vertex set V,, where no confusion arises. For vertices v = vy - - - v,, we also write
v=(v1,...,0,), and if u = (u1,...,uy) we write uv for the concatenation of the words u
and v, that is uv = (uy,..., U, v1,...,0,). The parent of vy --- vy is vy ---v,—1. Further,
if £ < m, we set ul := uj ... uy for the vertex u truncated at height k. Finally, for u € Us,
we use the notation |u| = n for u € IN”?, that is u is a word of length (or height) n, that is,
at distance n from the root @. The family T of ordered rooted trees can be identified with
the set of all subtrees T of Uy, that have the property that for all v € V(T):

vie V(T) = vjeV(T), forallj <i,

where V(T) denotes the set of vertices of T. For a tree in 7 which is not rooted at &, but
at some other vertex u € Uso, we write T,,. For two vertices u,v € U, we denote by d(u,v)
their graph distance, that is, the length of the shortest path between u and v. For trees
rooted at &, we omit the root and we write only T.

For T = {all ordered rooted subtrees T of U} and J € N, a J-type tree is a pair (T, t*)
where T € T and t* : T — {1,...,J} is a function defined on the vertices of T which
returns for each vertex v its type tr(v). We denote by 717! the set of all J-type trees, and
elements of 717! will be referred to as T without explicitly mentioning the function t*.

A multitype Galton-Watson processes (MGW), called also multitype branching process, is a
natural generalization of a Galton-Watson process, where a finite number of distinguishable
types of particles with different probabilistic behavior are allowed. We use again J € IN for
the number of particle types, and the particle types will be the same as the J different types
of vertices in the complete graph K,, and will be denoted by {1,...,J}. In order to relate
the infection model with multitype Galton-Watson processes, we proceed as follows. We
consider the sequence (L(i))i =5 of J independent random (row) vectors in R, with entries
L@ = (L(“), .. .,L(i"])), whose distribution is given by (1), and with these J vectors we
build our Galton-Watson tree. The vector L() represents the offspring distribution vector
of a vertex of type j, meaning that for j € [J], the entry L(3) represents the number of



offspring of type j produced by a vertex of type i. Let now L be the J x J random matrix
whose rows are the vectors L(®):

P2 I 1 ) I A ¢ )

@) @2 ... ... &)
L (0,20, 00y = | t

LGN G2 &)

Starting with the random matrix L as introduced above, we can now define multitype
Galton-Watson trees as 71/l-valued random variables, where the type function t* is ran-
dom and defined in terms of the J x J-random matrix L. Let (L(u))yey,, be a family
of i.i.d. copies of L, so (L(u))uecu,, is a family of i.i.d. copies of the random vector £ =
(£Y,...,£7) that has independent entries. For any ig € [J], we define the random labeled
tree TMCW ¢ 711 rooted at @, with the associated type function t* : TMCGW {1,...,J}
defined recursively as follows:

@ e TVW and t*(2) = .
Now suppose that u = uy ... u, € TMW with t*(u) = i, for some i € [J]. Then
Uy .. umk € TMSW iff k< LOD(0) + -+ 4+ LOD (0) = L£i(w)
and we assume

{k e IN | t*(u1 ... umk) = j}| = LOD(u) for all j € [J].

The multitype branching process Zy = (Z}, ..., Z]) associated with (TMEW t*) and starting
from a single particle of type ig € [J] at the root @, that is t*(&) = 4o, is defined as: Zy = ¢,
and for t > 1

Zi = #{u e TMW . |y| = t and t*(u) = i} = > L&D, forie [J],

veTMEW: |y|=¢—1

that is, Z! represents the number of particles of type i in the t-th generation, or more
precisely the number of vertices v € T® with |u| = ¢ and t*(u) = i. When referring
to multitype Galton-Watson processes we shall always have in mind both (Z;);cn and its
genealogical Galton-Watson tree TMOW | with the corresponding type function t*, i.e. the
pair (TMEW tx).

Denote by m;; = E [L(i’j)} the expectation of the random variable L"), for all i,j € [J]
and by M = (my;); je(s) the first moment or the mean offspring matrix. We have EL = M.
Also, for t € IN we denote by Z; the total number of offspring in the ¢-th generation, that
is 2, =Y | ZL

If there exists n € IN such that all entries of M™ are strictly positive, then (Z;):c is called
positive reqular. If each particle has exactly one child, then (Z;)c is called singular. It is
well known that if (Z;)ien is positive regular and not singular, then if the spectral radius



p(M) <1, the MGW process (Z¢)tew dies out almost surely. If p(M) > 1, then it survives
with positive probability P [SurvMGW] and we will denote by cMW =1 — P [SurvMGW] its
complement, where

J
SurMeW — {Zt = Z:Zft >0, Vt € ]N} ,
i=1
SO
=1 if p(M) <1
oMW _ { _p [SurVMGW} ] p(M) <
<1 , ifp(M)>1.
Note that in the case of multitype Galton-Watson trees (TM®W t*), the type function t* is
random and constructed with the help of the offspring distribution matrix L, while in the
infection model the type function t is deterministic, and each vertex in K,, comes at the
beginning with its own type.

Assumptions. Our results will be proven under the following assumptions concerning
the proportions and the weights of vertices of type i, and on the spectral radius p(M).

Assumption 1: For every i € [J], both the proportions v; := ™+ € (0, 1) of vertices of type i
and the weights «; := n;p; € (0,1) of type i group do not depend on n, thus are constant.
We have Z;‘]:1 v = 1.

Assumption 2: p(M) > 1.

3 Coupling coupons collector’s with Poisson processes

Our proof strategy involves approximating the discrete-time process of collecting coupons
(vertices in our case) by a continuous-time process. Instead of the coupon collector draw-
ing a random coupon at integer time points, he draws a random coupon (from the same
distribution) at times given by a Poisson process with parameter 1. The times at which
any given vertex is drawn is then a thinned Poisson process, and the Poisson processes as-
sociated with different vertices are independent. The times at which any particular vertex
v € K, is reached will also be a thinned Poisson process. Working in the continuous rather
than in the discrete setting simplifies calculations.

Suppose we are collecting coupons at times chosen according to a Poisson process with rate
1: let (P:)t>0 be a Poisson process with rate 1 = Z;;]=1 n;p;, so that each Poisson event
associated with this process is a sampled coupon (infected individual). Thus P; represents
the total number of attempts to infect vertices by time ¢ (out of these vertices, some of
them may have been infected more than once, and we are only interested in the number of
different ones).

We denote the number of vertices of type ¢ infected by time ¢ by N%, when we refer to the
continuous time process, while the notation Nj is kept for the number of vertices of type



1 infected up to time t in the discrete time process. The relation between the continuous
versus discrete processes can be formalized in the following way:

N;:=N5 and N;:=ANp, and S;:=Sp,

We also use the notation N; = (N%, NN Ng]) At times, it will be useful to enumerate the
vertices of K,, as {v1,vq,...,v,}. With each vertex vy € K,,, k¥ = 1,...,n we associate
a Poisson process P;(k) which represents the number of times v; has been collected (or
contacted by an infected individual) by time ¢. Then (P(k)):>0 are independent Poisson
processes with rates py(,,). More precisely {(Pi(k))i>0: vi € Ky, t(vg) =i} is a sequence
of n; independent Poisson processes with rate p;, for any ¢ € [J]. Therefore, we can write
Py = > p_, Pi(k). For each k = 1,...,n denote by Ej the time of the first event in the
Poisson process (Pt(k))t>0 associated with v, € K,,, that is, the first time when vertex vy
was reached and infected. The random variables (Ej)r—1,. » are independent (because they
are associated to independent Poisson processes) and exponentially distributed with rate
Pt(vy,)- We are interested only in the number of different coupons sampled, that is, only in
the realization time of the first event in the Poisson processes mentioned above. With this
notation and in view of the independence, we have now an alternative way of writing N% as
sum of i.i.d. random variables: for i € [J] we have

Ni= > Iyp<y, and By~ Exp(p)

v €Kt (vg )=t

and hence
E[Ni] = n,P[E} < t] = ni(1 — e i),
and
Var[Ni] = n; [(1— ™) = (1 = e77")%] = nje (1 — 7).
With this coupling, we are ready to proceed with limit theorems for the processes

N1l N1J . o ey . 1 =.J
((Nms, ce NnJS)>SZO and the corresponding acquisition times (Ttnqu, e ’TL"JqJ)qe[o,l) as
n — 00. In both random vectors, each random variable depends on n, but we will not write

the dependence explicitly in order to keep the notation simpler.

Continuous time-approximation of the coupon collector. The Poisson process (the
continuous coupon collector) P, receives a coupon each time an event occurs in (P)i>o.
List the coupons in the order they are received by the Poisson process as C1,C5,.... The
distribution of the sequence C' = (C),)nen is identical to that of the sequence of coupons
received by the (discrete-time) coupon collector (N;)iew. Furthermore, the time ¢, at
which the continuous coupon collector (Poisson process) receives his m-th coupon is sharply
concentrated around m. Indeed, by a standard bound on the Poisson distribution, for any
e>0

1 2
PIlt,, — m| > mel = O e_m€/2).
e |2 md (W

In particular, since 7, grows with n, we have with high probability ¢, = (1 + o(1))7,. If
we denote by
Foo=inf{t eR| Py > 1} =t

the total duration of the Poisson process, then 7, = P53, .
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3.1 Limit theorems for infected individuals and acquisition times

For simplicity, we introduce some additional notation.

e We will write p = (p1,...,ps) and v := (71,...,77).
e We denote by §; = % = np;.

o We write w;(s) := v;(1 —e %), and w(s) := (w1(s),...,wy(s)), for s € R, so we have
J J

(w(s).1) =Yl —e A =13 e, (4)
i=1 i=1

where 1 is the all ones vector.

Proposition 3.1.~Suppose that Assumption 1 holds. For every i € [J], for the coupon’s
collector process (Ni)iew we have the following weak convergence in the Skorohod space
D([0,00),R) endowed with the standard J; topology:

1 /-~ .
{\/ﬁ(N;S—ni (1—6_51'5)); 320} “—w>{xg’); SZO}, as n — oo.
1

where, for every i € [J], (Xg))szo is a centered Gaussian process with
Cov [Xgi),Xl(f)} = e Pit (1 - e_ﬁ”) > 0,
for all s, t € [0,00) with s < t.

Proof. The claim follows from [2, Theorem 14.3], since Ni = > iy g, <4y for i.i.d. random
variables Ey ~ Exp(p;), k=1,...,n;. O

Since with the Poissonization technique, the processes (Nf;)te]N are independent (because
they are measurable functions of independent Poisson processes) we also have their joint
convergence as noticed in the following proposition.

Proposition 3.2. Suppose that Assumption 1 holds. For the (continuous) coupon’s collector
process (N¢)iew with J different types of coupons and Ny = (N},N?, ... N/), we have the
following (joint) weak convergence in the Skorohod space D(]0,00),R”) endowed with the
standard J1 topology:

{\}ﬁ(ﬂns—nEs>; 520} M{XS; s >0}

where the J-dimensional processes above are defined as
N . :— L}w Ni;{s

ns +— geeey .
vaast VYT
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The expectation vector E; is given by Eg := (\/’H(l —e By A —e_ﬂfs)), and
the J-dimensional stochastic process (Xs)s>o0 with Xg = (Xgl),...,Xg‘I)) has independent

1 J . . . ‘
components Xg ), ces ,Xg ) which are centered Gaussian processes with covariances

Cov [xf;‘),xgi)] = e Bit (1 - e_fB”) >0, foralls,tel0,00) with s <t.

Since /\th = Z;IZI N%, an immediate corollary of Proposition 3.2 is the following.

Corollary 3.3. We have the following weak convergence in the Skorohod space D([0,00), R)
endowed with the standard J1 topology:

{\/lﬁ (./\N/'ns —n(w(s), 1>) s> O} low, {X ; s>0}

where Xév is a centered Gaussian processes with

Cov XN XN Z% (1—e Py e Pt forall s,t €[0,00) with s < t.

For the vector of acquisition times processes (Tleq [ERRRE

T ) of the continuous
I_?qu qe[q1)

time process we obtain a similar behavior. Recall that by T, , := T}, for i € |J], we

denote the acquisition time of the |n;q|-th coupon of type i.

Proposition 3.4. Suppose that Assumption 1 holds. For every i € [J], for the acquisition
times T}, associated with the process N} of collecting vertices of type i, we have the following
weak convergence in the Skorohod space D([0, 1), R)endowed with the standard Jq topology:

(Vi (37— S roe . )sa e 0.0} — (B’ @) a1}

where, for i € [J], (Bi(Ui(Q))

is a standard Brownian motion with o*(q) = m.

q€[0,1)
Proof. We have the following reciprocal equations that relate the distribution of the number
of collected coupons N¢ to the distribution of the arrival times T? of the respective coupons:
forevery 1 =1,2,...,J N B
{N} < s} ={T5 > t},
that is 77 is a generalized inverse of Ni. For i € [.J], we write
1 1 —Bis
Y

fila) = 5 log 1— €[0,1), and fi_l(s) =1—e

€ [0, 00),
so that f;l(s) is the inverse of f;(s). We apply a Taylor series expansion to f; in Nn%s.
Indeed, there is g5 € {min{N%s/ni, £ (s)}, max{Ni,, /n;, f;l(s)}} such that

~ . ~ . ~ . 2
;i (N) 5= fU7S))- (N - f;l(s)) + 51 (N - ff(s)) )
n; N e’ n; i

51'67&5
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If we show that for every fixed i € [J]

- 2

NZ
sug fi'(gs) - (;S — fil(s)> — 0, in probability, as n — oo (6)
EIS

for every compact set C' C [0, 00), then according to [8, Proposition VI.1.17 b)]

~ . 2
{USE (Nn - f;1<s>) —0

(2
in law in the Skorohod topology as n — co. So let C' C [0, 00) be compact, and denote by
so the supremum of C. Choose ¢q; € (f;l(so), 1). From Proposition 3.1 we also have that
Nn;’zs — fi_l(s) in probability as n — oo, uniformly on compact sets of R4, so

Nz‘
lim P ["0 > q1] =0.

Put M := f/'(gsy) = supsec [/ (gs). Observe that f/'(q) =
increasing on [0,1). Then

Wl_q)g > 0 is monotonically

Ni
P[M> f'(q1)] <P [nso > Q1] — 0,
n;
i.e. M is bounded in probability. Since the operator which maps a function z : [0,00) — R
to sup,cc «(t) is continuous at continuous functions x : [0, 00) — R, the continuous mapping

theorem in its sharp version (see e.g. [2, Theorem 2.7]) implies (6). From (5) it follows that
<f2- (%) - s> and fI(f(s))- (Nni: - fl._l(s)) have the same limit law, since the remainder

in the expansion converges to 0 in probability, and so Proposition 3.1 yields

Vi (fi (1) - ) ) \/lﬁ (Niw = mafi 7)) =2 £ (£ () X0,

law

—25x P

By [12, Theorem 1] this is equivalent to

{\/n»i<:zfiifi_l(t) 1)t > 0} — = {7 W) Xt 0,

which, in turn is equivalent to

LA, - s@)ia e b0} — —{1@X{, e )}

(3

Observe now that, for p,q € [0,1) with p <g¢

Cov |~ f1(p) - X\ = Fa) - XS | = Fiw) - fila) - £ ) - [1 = 7 ()]
p

BZ(1—p)
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and hence

/ 4 1 i
- {fi(Q) ' Xg‘i)(Q); g €0, 1)} - {M : X(_)log(l—q)/ﬁi; q €0, 1)}
={B'(¢"(@); ¢ €0, 1)},

in law in the Skorohod space, with o?(q) = et Therefore

{\/771' <711T7iiq — ;ilog : i q> ;q € [0, 1)} — {B'(0"(¢)); ¢ €[0,1)}

and this proves the claim. ]
Since for each i € [J], the random variables (7}) are measurable functions of Ni, and

Ni, .. N;] are independent, the random variables Tﬁl, . ,T,;] , are independent as well, so
we also have their joint convergence.

Proposition 3.5. Suppose that Assumption 1 hold. For the continuous time acquisition
process (Ti)ken with Ty, = (T}, ..., T}), we have the following (joint) weak convergence in
the Skorohod space D([0,1),R) endowed with the standard Jy topology:

{(%T . \/ﬁlogll_qg[fnqo qe, 1>} 1o, (Bo(q)); ¢ € 0,1)}

where the J-dimensional processes above are defined as following:
al T .J
Thy = ( T o FyJTan> ,

the expectation vector E is given by

R R ]

B’ By
and B(a(q)) := (BY(¢'(q)),...,B'(¢7(q)) is a J-dimensional standard Brownian motion,
and B¥(c%(q)) are independent for i € [J] with o*(q) = m.

4 Virus spread model as a random subtree of a MGW

We will now show how to obtain a virus spread model by coupling a coupon collector with
a multitype Galton-Watson process (MGW) with J types. We will cut from the multitype
Galton-Watson tree TM®W nodes that correspond to vertices in K,, that are reached by
more than one random walker. We will construct, on a joint probability space (€2, F,P)

e a multitype Galton-Watson process with offspring distribution matrix L, where the
row sums are (£',...,£7), and J € IN is the number of types,

e for each integer n, a coupon collector process with .J different types of coupons,

14



e for each integer n, sequences (Sy)iew and (Ng)iew = ((N},...,N/))iew, with No = e;,
for a fixed ig € [J], So ~ L%, and such that (N;,S;);en is a Markov chain with
transition probabilities as in (2).

Notice that the situation here is slightly different from the situation in [1]. In [1] the
Galton-Watson process and the coupon collector were assumed to be independent and then
the sequence (N¢, St)tew was constructed out of them (by pruning the Galton-Watson tree).
This is not possible anymore here: the types of the Galton-Watson process and the coupon
collector have to match and thus we cannot assume that these processes are independent of
each other.

In order to construct the processes mentioned above, we start with a multitype Galton-
Watson tree (TMEW t*) where t* is the type function in the tree rooted at @ with t*(2) = i,
with offspring distribution matrix L, which has independent rows L) = (LG:V ... L)
and distribution given as in (1). Also £¢ = E}le L(®3) represents the total offspring number
of a vertex of type i, and the random variables £, ..., £ are independent but not identically
distributed. For the following construction it will be crucial that the types of the children
v1,...,u of each vertex v of TM®W have an exchangeable distribution, i.e. the distribution
of (t*(vx(1))s -+, t*(vrq))) does not depend on the permutation 7 : {1,...,1} — {1,...,l}.

Recursively, for t = 0,1,... we construct X (¢) € TM®W representing the t-th tentative

infection, and disjoint subtrees 7°(¢), TT(¢), TT(t) ¢ TMCW. Note that if X (¢) has type
i, then the corresponding infection attempt in K, is at a vertex v with type i. Moreover,
if this infection attempt is successful (that is, u was not infected before), then the further
infection attempts made by w are represented by the children of X (¢). We define

J
T°(t) = J{veT @) : t*(v) =i}

i=1 —To()

representing the set of vertices (written as a partition in vertices of types i € [J], contained
in the set 7,°(t)) already infected by time ¢. The set T (¢) is the set of tentative infections
scheduled but not performed by time ¢, that we write again as a disjoint union of vertices

of type 1
J

TR0 =J v eT?®): t*(v) =1}

=1

=TH(t)

(3

Finally 7'T(t) represents the set of failed spreads (the set of failures in the coupon collecting
process), i.e. the part that we have to cut out from the MGW tree; we do not partition this
part into subsets with different types. At time t = 0, we start with the following data: for
some fixed i € [J] and root @ of type ig
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p

X(0) = o (the root of the MGW tree) with t*(&) = ig
7°(0) = {2} where T;>(0) = {@} and 7;°(0) = 0, Vi # io
TE0) =UL fpe™N: () = ifo] = 1}

=T(0)
(77(0) =10
Given the process (X (t) t), TE(t), TT(t)) at time ¢, its value at time ¢+1 can be defined
as follows. If T7H(t) is non- empty, let

= X(t+1) = inf{w € T2(t)},

where the vertices of are sorted according to their generation, within the generation
lexicographically. The type jo = t*(v) determines the type of the vertex u € K,, which
is hit by the infection attempt at time ¢t + 1. Each of the nj, candidates, i.e. each vertex
w € K, with t(w) = jo, has the same probability - ; of being hit. In particular, the

v]I\MGW

decision, whether this infection attempt is successful Wlll be made at random independently
of (TMEW, t%). Let nio = ‘7;3 ()

e With probability 2—;2, the infection attempt fails (resulting from sending the virus to
a vertex that was previously infected). Then we set
To(t+1) =T°(t), ie. TP(t+1)=T°(t) for all i € [J]
THE+1) =T\ {v} (7)
TIt+1) =T t)u{v}
which means that at time ¢ + 1 the vertex v, that was on standby, is now put in the

tree 7'T(t + 1) with failures, and we have lost one piece of spread capacity without
infecting a new vertex. In this case we define Ny1q = Ny, S¢q =S¢ — 1.

the infection is successful. Then

e With probability -

M0

Tot+1) =Tot)U{v}and T2(t+ 1) = T2(1), for all j # jo

TRt +1) =T\ {v} U{o1, ..., vzi0w)} (8)
TIt+1) =T
where v1, ...,z (,) are the children of v in TMSEW . In this case, in the tree 7°(t + 1)

of infected vertices, the vertex v of type jo will be added and it will be deleted from
the set T of stand-by vertices. In addition, to the later tree £7%(v) = LU0V (v) +

..+ LU0 () offsprings of v with the corresponding types will be added. We put
Nit1 = N+ €jy,Sep1 = S + L0 — 1.

We proceed with the algorithm as long as 7P(t) is non-empty. If 77(t) is empty then we
have no vertices on standby, and the process stopS' so we set 7, =t. The set

To(t) = T°(ma) = UTOTn
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is the set of vertices infected during the entire process.

The sequence (N}, ... N,;], St)tew constructed above, up to time 7,, is a Markov chain with
transition probabilities as in (2). This follows from the fact that for any n € IN, the type of
the vertex X (¢ + 1) in the above construction is distributed as P[t*(X (¢t + 1)) = j] = a; for
j€J). T :==inf{t € N: N} = k}. We also have that 7, is a.s. finite and bounded by

Tn < max{ nl,...,Tﬁ]J} and |T°(m,)| 7; )|

”M“

Again, for technical reasons and in order to obtain a complete coupon collector model, we
extend the sequences N; and S; beyond the end of the epidemic 7,,. Hence for t > 7,, we
choose a type A according to P[A = j] = a; for j € [J]. Then we let the collection of the

_NA
next coupon be successful and put Nyy1 = N; + ep with probability % (independent of

A
anything else) and we let it fail with probability :—Z, in which case we put N¢p1 = Ng.

Consider now J i.i.d. (infinite) sequences of vectors, also independent of each other: (L});>1
with law £%, i =1,2,...,J and define for [ = 1,...,n;

i {MX(T;'» if 1< |77(7)

E_i : (o) (9)
: if 1> |7,°(m)l-

This means that Eli is the number of children of the vertex which represents the I-th infected
vertex of type ¢, if in the infective process we reached at least [ vertices of type ; otherwise
L} is the | — th element of the sequence £{. We also use the following notation: for i € [J],
let Ri be the spread capacity revealed by vertices of type i up to time ¢, that is:

N%
=> i (10)
=1

and as before, we also write 7%% = R%;t. The total capacity available at time ¢t € IN is

N; N/ J

=> Li+..+> L —t=> Ri-t. (11)
= = 1=
:R% :'R,g =Ry

Note that, by construction, for ¢ < 7,,, we have:

J
Ne=> Ni=|T°(t) =Z| 7o) and S, = |TE(t)].
=1

Remark that only 7°(t) is a connected random tree, as subtree of TMCW but 7.°(¢), i € [J]
are not connected, they are only subsets of vertices of T°(t).
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Proposition 4.1. For each i € [J] and | € [n;] the random variable L} has law L'. The
random variables (L})1<i<n; 1<i<s are independent (of each other) and also independent of
the acquisition times (T} )1<i<n; 1<i<Jj. Also

7o = inf{t € N: S, = 0}.

Proof. The formula for 7,, follows from (11) and from the fact that 7, is finite.

For the other claim, consider the system H of functions h : {1,...,n} — {1,...,J} such
that
{k € ln] | h(k) =3} =n, JelJ].

Associate with each h € H a further function

h:[J] x [n] = [n]U{cc}, (i,k)— inf{l e n]||{I' €l]| (') =1i}| >k}

so that h(i, k) represents the k-th time that h takes the value i. Furthermore put
Hj, = N {Tlill < le;} n N {Tlill > Tff} 7

il,ig,ll,lg: E(il,l1)<ﬁ(i2,lg) il,ig,ll,lgt E(il,ll)>h(i2,l2)

where i,42 run in [J] and {1,l3 run in [n;,| and [n;,], respectively. Write

J
-y = ((T},...TL), ... (T{,...T)) .

{n1,...,ns}

Our aim is to show that

Plci =\ foralli e [J],0 € [m], Ty) € Bi | Hy
J n;
i % J
= [TITPIe® = NPT Ly € By | ] (12)
i=11=1

for every h € H, /\l(i) e N, i€ [J],l € [n;] and By C IN". In order to see this put, for a fixed
h € H,

K, = Eggg where B(l) =" ell]| h(l) = h(I")}|

counts how often the type of h(l) has appeared in h up to time [. With this notation we
are then going to show

P|Ky=\|Ki,...,Kp_1, T

{n1,..,ns}

] =P [chw - A} . (13)

: . h®)
For this set T; := Tﬁ(l)

A={(T1,....Tn) = (k1, ..., k) } N {X (kp—1) = w} N {T), < 7}

,and for 0 = k; < ko < -+ < kp,m € IN,w € Uy, put also

Then, on A, X(T},,) = X (ky,) is F-measurable, where F := o(Ky,..., Ky—1). In order to
see this we notice that an easy induction argument yields that

(X0, T (@), ..., TP (), TE(t), T (1))
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is F-measurable for t = 1,..., k1 on A in the sense that the event

J
AN {X(t) = ’LU1} N ﬂ{wwfﬁrl’ cee Wy, € 720(2&)}

1=1
N {wVJ+17 s Wy € TEE@)} N {wVJ+1+17 sy Wy, € TT(t)}

is measurable w.r.t. the trace-o-algebra of F on A for any numbers 1 =1y <17 < - <wvjio
and wy, ..., wy,,, € Ux. In particular,

J
X (k) = inf{w € T°(km — 1)} = inf{w € | J T°(km — 1)}
i=1
is F-measurable on A. Notice that X (k,,) > X(kyn — 1) = w. Next we will show that
the acquisition times 7},i € [J],l € [n;] are independent of Ki,..., K,. For this we first
observe that on {t < 7,,} the sequence (t*(X(1)),t*(X(2)),...,t*(X(¢))) is independent of
(K1,...,Kp). Indeed,

IP[t*(X( ) :j |t < 7, (X (1)), ., (X (t = 1)), K, ..., Ky

B Z P [X () = X (#), LX) = v, " (X (")) = j | E]
v=1pu=1t'=
v t—1
B D PIX() = X (¢ | E] PIECX() = v | X() = X (¢ ]
v=1p=1t= P (X (#)p) =5 | X () = X (), LX (1)) = v, E]

where by E we have denoted
E:={t <7, t"(X(1)),.. . t(X(t-1)),K1,...,K,}
and X (t')u denotes the u-th child of X (¢'). Putting
E = {t <7 t°(X(1)), ... (X (E— ), t" (X)), ..., 7 (X () (pw—1)),K1,...,Kpn}

we get

due to the properties of the multinomial distribution. So we get

Pt*(X(t) =7 |t <7, t"(X(1)),...,.t"(X(t—1)),Ki,..., K] = .

Furthermore, let U(t) ~ U(0,1), ¢ € IN, be independent random variables (independent
of (Ki,...,K,)) such that the transmission at time ¢ fails iff U(t) > (n; — n’)/n;. Then
an easy induction w.r.t. ¢ shows that on {t < 7,,} the event {I} = ¢! for alli € [J],l €
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[n]} is o (t(X(#)1),...,t*(X(#)L(X (1)), U(f)|t < t) measurable as long as max{t] | i €
[J],l € [n;]} < t. Since this holds for arbitrary ¢ € IN and since the random variables
t* (X (D)1),...,t"(X()L(X(1))),U(f),t € N are independent of Ki,...,K,, we get that
T},i € [J],1 € [n;] are independent of K1, ..., K.

For every v € Uy with v > w, there is By = By(v) € o(Ky,...,Ky—1) with {X(k,,) =
v} N A= ByN A. Notice that t*(X(7,,)) = h(m). So for every B € o(K1, ..., Ky—1) and
Byeo (T[J] ) with B3N By C A and for every A € IN we get

{n1,...,nz}

P[{Ky = AN B3N Byl = P{L(X (k) = A} N Bs N By
= 3 PHL(w) = AN {t*(v) = h(m)} N {v = X (km)} N B3 N By

VEU , v >W
= ) PL(v) = A t*(v) = h(m)] - P[By N Bs] - P[By]
VEUso ,v>W
=P["™ =) Y P[B,NBsN By
VEUo ,u>W
=P =X > P{v=X(kn)} N BsN By
VEUo ,u>W

= P[£M™) = )] - P[B3 N By).

Summing up over all possible values k1, ..., k, and w € U, we can relax the assumption
B3N By C Ato BsnN By C{T,, < 7,}. Since the sets B3 N By with Bs € 0(K1,...Kp_1)
and By € o(T!

{n1,..

o(Ky,... K1, TV

{n17""nJ}

P{Ky = A} 0 B] = PILM™ = X] - P[Bj) (14)

.nJ}) form an intersection-stable generating system of

), we get

for all By € a(Kl,...,Km,l,T[{{j1 )
Bs € U(Kl,...,Km_l,T!{‘ﬁl __.nj}) with By C {T,, > 7,}, we can drop the assumption

Bs C {T), < 7} in order to arrive at (13). Applying (13) inductively, we get

) with Bs C {1}, < 7,}. Since (14) is trivial for

n

J m J
PIKy =i, K = A, Tyl € Bl = Hl]p[m V=] BT € BY]

and this shows (12). Summing up over all h € H, we get the claimed independence proper-
ties. O

Finally, we can also state in our case of different types of vertices, a result similar to [/,
Proposition 2.1].

Lemma 4.2. If we denote by ZMSW = ’V(’]I‘MGW)‘ the total number of individuals in the
Galton-Watson process, then the full transmission event is asymptotically included in the
survival event in the sense that

Trans, C {ZMW > nY where {ZMEW > n} | SurnMWY 5 - .
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Conversely, the event of termination at time o(n) in the epidemic model converges to the
event of extinction in the multitype Galton-Watson process.

Proof. The first claim follows directly from the construction. The converse claim is a con-
sequence of Lemma 4.3. 0

In the sequel we assume Assumption 2 holds, in order to ensure that the MGW is supercritical
and hence P[SurvM®W] > 0. In fact, it is close to being necessary for P[SurvMW] > 0 - we
have only excluded the case £! +---+ £7 =1 a.s., in which we would get very pathological
problems.

We want to show next, that also in the case of J different types of coupons, the transmission
takes place on a macroscopic time level. The proof is more involved than the one in the
homogeneous case and uses a different idea.

Lemma 4.3. Suppose that Assumption 1 and Assumption 2 hold. There exists g > 0 such
that, for all € € (0,€p):

lim P [Tn > ne, SurvMGW} =P [SurvMGW} =1— oMW,
n—o0

Proof. Put

1
€1 := 1> and €g:=min{vyy,...,v5} €1
(1 t J

and let € € (0,€p). Then there exists an € € (0, €1) with € = min{~y,...,7s} - €. We have
{7 = ne} 2{|T°(70)| = ne}

since |T°(t)] < ¢ for all ¢t € IN. In order to find a lower bound on the probability
P[|T°(m)| > ne,SurvMGW} we construct a new process (U°(r), U™ (r),UT(r)), r € N, sim-
ilar to (7°(t), T®(t), TT(t)). To this aim, given a fixed k we let g; be the last generation
in the Galton-Watson process such that the total number of individuals ever born does not

exceed k, that is
g
Z Z, < k} .

t=1

gk:max{gE]N

Then
e at each epoch r, a new vertex of the GW tree is added to U°(r), until the process
reaches generation gy + 1;
e from generation g + 1, vertices of the GW-tree are added with probability 1 — ¢’;

e moreover, from generation g + 1, as long as only a small fraction - smaller than € - of
the available ”coupons” of each type has been collected, the vertices that are added
to U°(r) are chosen from the ones in 7°(t,) (¢, is a function of r) .
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Now let k = [(logn)?] and let
]{,‘1 ::Zl+---+ng

denote the total number of individuals up to the gi-th generation. We set
(4°(0), 6% (0),u'(0)) := (T°(0), T%(0), T'(0))

and assume that (U°(r),U®(r),UT(r)) has been defined for some r. Conditionally on
UB(r) # 0 we define (U°(r + 1),UB(r + 1),UT(r + 1)) by picking the element v € UF(r)
of least generation, among elements of same generation the first one in the lexicographic
order, and distinguishing the following cases:

o If |u| < gy, i.e. v belongs to the first g generations, then assume that the transmission
is successful, i.e.

U(r+1):=uU(r)J{v}
UB(r 4+ 1) :=UB(r)\ {v} U {vy,... s ULi(v) }
Ut(r +1) :=Ut(r),
where vy, ..., vz, are the children of v in the Galton-Watson tree 7.

o If |u| > gp and v € TH(t + 1)\ TT(t) for some ¢ € {1,...,7,} such that N/ < €n;
for all j € {1,...,J}, i.e. the transmission in the old 7-model is attempted at some
medium time and fails, then the transmission fails also in the new U-model, i.e.

U(r+1) :=U(r)
UB(r+1) = UB(r) \ {v}
U(r +1) = ut(r) U {v}.

o If |u| > gp, v € To(t+ 1)\ T°(t) for some t € {1,...,7,} such that N < ¢'n; for

Y
Lo where

all j € [J], then let the transmission be successful with probability =N
T t 1

i = t(v), conditionally on everything defined so far.

o If either v € (T°(t+ 1) UTT(t+ 1))\ (T°(t) UTT(t)) for some t € {1,...,7,} such
that NJ > ¢'n; for some j € {1,...,J} or v ¢ T°(7,,) UT(7,), then the transmission
fails with probability € conditionally on everything defined so far and is successful
otherwise.

This construction is summarized in Table 1. If in any of these cases t € {1,...,7,} with
ve (To(t+1)UTHt+1))\ (T°(t) UTH(t)) exists, then denote ¢ + 1 by t,41.
If 4% (r) = 0, the process stops and we set p, = r. Put

ro :=max {r’ € {1,...,pn} | t, is defined for all » < ¢’} .

Then either g = p, or for the vertex v € TMEW chosen in the 7 + 1-st step there is no

t e {l,...,7} with v € (T°(t + 1)U Tt + 1))\ (T°(t) UTT(t)). The latter however
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transmission in 7 -model | transmission  in
successful T -model fails
generation < g transmission successful
N{ < ¢n; for transmission successful il
eneration > = . o, 1—¢ transmission fails
g 9k all ] e [J] Wlth probablhty (ang)/nl

N/ > €n; for
generation > gr  some j € [J] transmission successful with probability 1 — €’

or t not. defined

Table 1: Summary of the construction of the ¢/-model

means, that at the time step r; € {1,...,70}, when v was added to U®(r), it was not added
to T=(t), so the transmission in the 7-model at time t,, failed, while the transmission in
the U-model at time r1 was successful. This is possible in two cases: either the vertex vq
treated at time 11 belongs to the first g generations or NgT > ¢'n; for some j € {1,...,J}.
Now assume that the event Succy,, that in the first g, generations all transmissions are
successful in the 7-model, occurs. Then v; belonging to the first g; generations cannot
explain anymore that the transmission in the /-model at time r; is successful, while the
transmission in the 7-model at time ¢,, fails, and we are left with the case that N{Tl > én;
for some j € {1,...,J}. Since ro > r; we get Niro > €'n; for some j € {1,...,J}. In
conclusion we have

Succy, € {pn =10} U {N{T0 > €'nj for some j € {1,...,J}}.
Since 7, > t,, by the definition of ry and since N{TO = [T (tre)| < |T°(tny)l, we get

F [Tn 2 e, SurVMGW} > P [|TO(7'n)| > ne, SurvMGW}
> P [|To(tro)’ > ne, SurvMGW]
> P [N{To > €'n; for some j € {1,..., J}}

> P [Pn = 00, Succgk] >P [pn = OO] +P [Succgk] -1

In order to estimate P[Succy, ], put B := max{1,...,B,}. Notice that the probability that
in one step a new vertex is infected is bounded from below by 1— - j/n given that j vertices
have already been infected. Then

k
1-fsuce,) <1 (1-50) oo (185 <1 (1282 ) ~ 55

n

since k%/n — 0 as n — oo.

Let us now turn to the probability of the event {p,, = oo} that the process in the U-model
survives forever. For any vertex v of the gg-th generation, let Surv(v) denote the event
that v has infinitely many descendants in the /-model. Clearly {p, = co} = |, Surv(v;),

where v1,...,vz_ are the members of the gp-th generation. Notice that the systems of

9k
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descendants of these vertices form independent Galton-Watson trees that are independent
of the process U° up to time kq. This is a consequence of the fact that the remainder of an
i.i.d. sequence after a stopping time is again an i.i.d. sequence.

Observe that the offspring distribution of these Galton-Watson trees is given by L) =

(:3) (4,5 ij i,j . . . C . .
ﬁzf (5,?” ), where 551’] ), e 6(;(3)]) are independent random variables with distribution

]P’[élgivj) =1=1-¢ and ]P’[él(:’j) =0]=¢ for i,j=1,...,J,k=1,..., L0

Hence the mean value matrix is (1 — ¢’)M, and in particular it has spectral radius bigger
than 1. So the probability of the event Surv(v;), that this Galton-Watson process survives,
is positive and independent of [ or n. Hence we get for any z € IN that

Plpn, < o0 <P {{ng <z}U (Surv(vl)c NN Surv(vz+1)c)} < P2, <2+ (1 —0)",

where ¢ := P[Surv(v)] > 0. Therefore

lim P |:Tn > ne,SurvMGW} > lim Plp, = 00] > 1 — lim P[Z,, <2z]—(1-4)*""

n—oo n—oo n—oo
Since g — 00 as n — oo almost surely and Z;, — oo as g — oo almost surely conditioned
on SurvMGW, where the latter is a consequence of [7, Section II, Theorem 6.1], we have that
the total number Z,, of individuals in the g;-th generation tends to infinity as n — oo
conditionally on SurvM®W almost surely. So

lim P[Z,, <z]= lim P {ng < z,SurvMGW} + lim P {ng <z, (SurvMGW)E

n—00 n—oo n—0o0

=P [(SurvMGW)C]

and thus
lim P [Tn > ne, SurvMGW} >P [SurvMGW] — (1 —=6)*T,
n— o0
which shows the assertion, since z € IN was arbitrary. O

5 Law of large numbers

Let 6 denote the unique solution in (0, c0) of

J
£0) = ElL) w1l —e ) -0 =0, (15)
=1 = w, (6)

or written in another way (IE[£],w(6)) = 0, where E[L] = (E[£!],...,E[£’]) and
w(l) = (m(l—e M), (1 —e )

and (E[L],w(#)) is the usual scalar product of the two involved vectors. Observe that
there is a solution, since f(0) = 0, f'(0) = S/, E[L]v:8 — 1 = p(M) — 1 > 0 due to
Assumption 2, limg_,, f(f) = —oo and f is continuous. Moreover, the solution is unique,
since f(0) = — 327 B[L]yi8%e P < 0 for 6 € [0,00) and therefore f(#) = 0 can have at
most two solutions in [0, 00) and one of these solutions is given by 6§ = 0.
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Theorem 5.1. Let 0 < E[LY] < oo, for all i =1,...,J.

1. Then _
Tn Tn
— — 01 d — —01
n {SuryMGW} an n {SuryMewy

in probability as n — oo.

2. Also -

N’T Nﬁ:
n H1 — H1
n - <W(9)? > {SurvM&W} and n — <W(9)7 > {SuryMGW}

in probability as n — oo, where Ny = S Ni and N, = S N

Proof. Proof of 7 — 1 g, mowy in probability as n — oo.

We use a similar approach as in [1, Theorem 2.2]. We have R} = Zl 1E§, where for
each i = 1,...,J, L} are i.id. distributed like £ with E[£] < co. Also N},...,N/ are

independent and for every i, 7’;3 — (1 — e75i%) = w;(s) in probability as n — oo, and

NZ,
SPt Zﬁl +Z£{—Pt
=1

Using that Ni = N%, for all i € [J], we can in turn write
t

N; N;
St:S’pt :Z,Cll-f--f-ZEi]—Pt
=1 =1

Therefore

Sns S’Pns = Z'Cl +. +Z£l - ns

n
Nie r1 N L Nils pJ N
_ =1 ‘Cl an =1 ‘cl an Prs
= = . 4+ = . _
N7115 N Ngs \n../ \n../
Y 1—e—B1s — 1—e—Bys —s
%E[El} —m(1-e7A1%) SE[er]) (A=)

—>ZEU (1 —e5%) — s = (B[L],w(s)) — s

in probability, uniformly on compacts of R, where in the second line above we have applied
the weak law of large numbers for the sequences of involved random variables, and the last
line holds in view of the continuous mapping theorem. Now, for any 6 > 0 and € > 0, we

25



have

|

Tn — ne]l{SurvMGW}‘ > n5] =P [[Tn —nb| > nd, SurvMGW} +P |:Tn > nd, (SurvMGW> C]
<P [[Tn —nb| > nd, SurvMW 7. > ne}
+ P |:7'n < me, SurvMGW} + P [Tn > nd, (SurvMGW) E] .

On the right hand side of the above inequality, the second term tends to 0 as n — oo in
view of Lemma 4.3. The third term vanishes also as n — oo, since 7, is smaller than the

extinction time of the multitype Galton-Watson process, which is a.s. finite on the extinction

MGW)

event (Surv C. Finally, for the first term, by picking € < # — §, we have the following:

limsup P [|Tn — né| > nd, SurvMeW

yTn 2 nE}
n—oo

< limsup (IP’ [ne <7, <nb —né, SurvMGW] +P {Tn > nd + nd, SurvMGW] )

n—0o0

< lim sup ([P’ [min{SLnSJ; s € e, 0 —6]} < 0] + P [SLn(Q_A'_J)J > 0] )

n—oo

< lim sup (IP’ min{Sp,,; s €[€/2,0 —§/2]} <O+ P [Py.c)o > |ne]]

n—00

+P[Poosz) < n-(0-0)]] +P [577”(9+5/2) > 0}
+ P [Prorssz) > n- (0 +9)]] > =0.

For the second inequality we have used that since 7, = min{t € IN | S; = 0} we have
T, < to if and only if there is ¢ < tg with S; = 0. To see the third inequality observe
that Pps, s € [¢/2,0 — 0/2] attains with probability one every integer from P, /; through

Pr.(9—s/2)- The final limit relation holds, since S—;}LS = SZ’” converges in probability to

(E[L],w(s)) — s uniformly on compacts of R, and, moreover, (E[L],w(s)) —s > 0 for
s € (0,0) and (E[L],w(s)) —s < 0 for any s € (#,00). This completes the proof of the first
part.

Proof of %” — 01 (syrmew) in probability as n — oo.

We write 7, = )", E, for independent, exponentially distributed random variables Ej, ~
Exp(1) with rate 1 and set 6 := 0lg,mewy. Pick any € > 0. We first split the event
[ % — 9" > e] intersecting it with A, := H%" — 9" < g] and its complement. Note that
on A,, 7, differs from Z]Eiellj Ej by a random variable which is the sum of at most [ne/9]

exponentials of rate 1. Let W, be this variable (with its sign) so that 7,, = Z,EZGIIJ Er+W,.

~ [nd’|
Tn / C 1 [nd') ' n
]P’[n—Q >e]§P[An}+P nk§:1j(Ek—1)+ . —9+—Inl>e

We already know that the first term vanishes, so we concentrate on the second one, which we
call P(B,). We split the event by intersecting with Cy, := [|W,/n| < §] and its complement.
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By the weak law of large numbers, P[CE] — 0, since |W,,| is a.s. positive and bounded by a
sum of ne/9 terms with mean 1. Now, use 6/ — |nf’|/n € [0,1/n] to get

[no’

[

1 Wi
B, N Cy] — E —1 > - —,C
[ nzl k € n? n
[no’]
1 1 W,
+P |~ (Br—1) < —e4+—-——",Cp
n n n
k=1
For the first term,
[nd’] [nd’ |
1 W, 1 2
P n;(Ek—1)>6—n”,Cn <P TLkE_l (Ek—1)>§6 —>0, as n — oo

since by the weak law of large numbers — ZW” (E;.C — 1) — 0. For the second term

[nb’| [nd'|
1 1w 1 2 1
P EE (Ek—1)<—e+ﬁ——nn,0n . 1(Ek—1)<—§e+— — 0,

n
k=1 k=

by the same argument.

Proof of T” — (w(0), 1)L (s mewy in probability as n — oc.

Since % — (1 — e7P%) = w;(s) in probability, the law of large numbers together with a
random time change (see e.g. [2, p. 151]) and the first part of the proof yields

J ~ .
-5
y n
=1 ~~
—7i(1=e Pi%)1 g, mowy
J
—Bify _
— ]l{SurvMGW} 271(1 —e P ) - <W(9)7 1>]l{SurvMGW}?
=1

in probability, as n — co. So this part of the proof is complete.

Proof of N;L” — (w(0), 1)L s mewy in probability as n — oc.
Since Ny = Np, for t € N and 7, = Pz, , we have N3, = A}, and the claim follows from the
previous one. ]

6 Central Limit Theorems

In this section we prove central limit theorems for the duration 7, of the process and for
the total infected vertices at this time. We begin with a preliminary result.
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Theorem 6.1. Fort € [0,00), and n € IN denote by

Then it holds
{(me),.. Z,(;Q,ZP)) s € [o,oo)} - {(mng VX ) se o, oo)}

asn — 0o in law in the Skorohod space D(]0, 00), R7*1) endowed with the standard J1 topol-
ogy, where (X(l), XD BP) s a centered Gaussian process with the first J components
being independent and with covariances given by

Cov[Xgi),Xgi)] = (1 — e Pis)ehit s,t €10,00), s <t,
Cov[X® BF] = min{s,t} - ye*% s,t € ]0,00),
Cov[BY,Bl’] = min{s, t} s,t € [0,00).

Proof. The limit of { 7(1z5)’ s € [0, oo)} is given in Proposition 3.1. We next investigate the

limit of {ZZ;, s € [0,00 } Since Py is a Poisson process with rate 1, there are independent

random variables E; ~ Exp(1), j € IN with

{Pi;t €[0,00)} = {kz ]1{22?;1 <ty t €0, oo)} )
-1

By using Donsker’s invariance principle we first have that

ns)
IZ 1);5 €[0,00) p — {Bs; s€[0,00)}, asn — oo

in law in the Skorohod topology. We then obtain
1
{ s S ,oo)} 2% {Bs; s €[0,00)}

in view of [2, Theorem 14.6], and we set BY := B,. Now let us turn to Cov[N/,, Pp]. We
assume w.l.o.g. that the vertices vy, ... vy, are of type 4, while the vertices vy, +1,...,v, are
not of type i. The time at which vertex v, kK = 1,...,n receives the virus for the [-th time
can be modeled by ¢ ; = 22:1 E} j, where again Ey j, k= 1,...,n, j € N, are independent

exponentially distributed random variables with rate py(,,). Then

{Ni;t € [0,00 }laW {Z]l{tk 1<t} te [O OO)}

k=1
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and
{,Pt7t € [07 OO)} lgv {Zzﬂ{tk,l<t}; te [07 OO)} :
k=11=1

Observe that P(k) :=> 7, Ly, <ty ~ Poi(tpy(,)) and Ly, <y = Lip,y>1y- For s < t:

1 &
— COV[NnS, P ] n Z (COV |:]1{tk‘1§ns}7 Pns<k):| + Cov []l{tkylgns}y Pnt(k) - ,Pns(k')])
k=1
1 n; 1 i _sB; —sB;
= =3 (BIPus(0)] — BlPas(B)] Bl p, 0051)]) = - D 86 €% = 5 ge ™%,
If s >t we get
1 &
- CovlN, Pl = > Cov 14, ey, Prc(h)]
k=1
1 1 o —sp; —sBi
= =3 (BIPut (k)] ~ EBlPu ()] - ElL gy, <nsp]) = - D i e = tze™
k=1 k=1

The covariances COV[XQ),X?)] have been computed in Proposition 3.1. Hence the finite-
dimensional convergence of the processes of {Z,(Q; s € [0,00)} to {\/'%ng); s € [0,00)} for
alli € | J] and of {Z];s € [0,00)} to {BY; s € [0,00)} imply the finite-dimensional conver-

ns?

genceof{( ,(ig),... Zfls),ZP)> 18 € [O,oo)} to {(mxgl),...,\/wxg"),Bf) ,8 € [0,00)}.

In order to prove tightness of the involved processes, let ¢ > 0. Then there are sets
Ki,...,Ks+1 € D([0,00),R) which are compact w.r.t. the Skorohod topology such that

P [(s — ZW) e K; for all n € ]N} >1—¢/(2J)
P[(s+ Z5) € Kyy1 foralln € N| > 1 —¢/2.
Hence
P[(SH (Z0), ..., 2D ZPY) € Ky x -+ x K4y for aune]N} >1—¢
and this implies tightness, so the claim is proved. O

Let 7;(n) := >_j- L} for i € [J] and n € IN.
Lemma 6.2. Denote fori € [J]
Z{(nq) = n~"? (ri(ng) — nqE[L"])  for ¢ =0

and N
ZN (ns) = n~1/? (Nﬁm —ny (1 — eiﬁis)> for s > 0.
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in the product topology of the Skorohod Ji topology under P for some stochastic process
({YE(q); g = 0},{YN(s); s > 0}), then the same holds also under P [- | SurvMGW] and

under P [ | (SurvMGW)C} .

Proof. Recall first the survival event SurvMeW — {Z;jzl Zi >0, Vt e ]N}, and ZMSW —

Yoo S/ | Zi vepresents the total number of individuals of the MGW (Z;)sen. From (9)
we know that, for the event {ZMSW < A} for A > 0, the variables £} in the definitions of
7;(t) coincide with £ for I > A, so that conditionally on {ZMW < A} for i = 1,...,J the
processes

[nq]

ZE’ = r;(nq) ZE
1=1

are independent of the MGW, and also independent among them. Moreover, for each vertex
j=1,...,n; of type 7 let YZ(J), I € IN, denote the arrival times of the infection attempts of

vertex 7. Then
n;

U
Nt = maX ]I{Y(])<t}
Jj=
Now the process

g

NA’i = max 1 ;
t e lelN {A<Y'l(])§t}

is independent of {ZMSW < A} and

n; n; 00
Ni| < Zrz%%\?(]l{i’lmﬁfl} < Z Z L)< ay
=1 =1 1=1

and the right-hand side is a Poisson distributed random variable whose parameter does not
depend on n. We have then that the event {ZMSW < A} and the process

((ZE(ng))g=0, (Z) (ns))s>0) are asymptotically independent, thus also (Surv
((ZiL(nq))qZO, (Z{N(ns))szo) are asymptotically independent. Therefore

{n™1/2 (ri(nq) — nqB[LT) ;¢ > 0}
({n‘l/2 (NZ —ny(1 — e P8 ) >0 )

sup ‘Nfz —
te[0,00)

MGV\/)C and

has the same limit in law under P, under P [ | (SurvMGW)E} and hence also under P [ ] SurvMGW] .
O
If 02-2 := Var [ﬁl] < oo foralli=1,...,J, we define the following constants:
y_ Eihobnll=e ) + S EIL) R ok +6 - 05, o MBI
0'7: — -

(1= XL, BriB[Li)ef)?2
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with 0/2\/11- = i(1 — e Pil)eBib

2 1
O-T =
(1= 37 Bkl

2
0- (Z ﬁme]e‘ﬁ”) ]
=1

J
20 — (Z 7;3/2 7519E ﬁl) <Z 6177, E’L > 7 (18)

11—, BElLie

lza 1 - ) + 3 B
=1

=1
and
J J J '
o =cp > opvi(l—e P+ (1-c,BIL) 0 —2<Z<1 —clew])cwe%e—ﬁi@) +cn0
=1 =1 =1
(19)
with

1— 37 Biyie %0
L= BivE[LTe 0
Theorem 6.3. Central Limit Theorems for 7,,7,, and /\N/}n.

Suppose Assumption 2 holds, and o? := Var [El] < oo foralli=1,...,J, i.e. all entries of
the offspring distribution matriz L of the MGW have finite variances. Then we have

Cy 1=

nY2(%, — nh) N N(0,02) as m — oo
n Y2 (7, — nf) 25 N(0, 02), as n— oo
nV2 (N, — nw) 2>/\/’(O,012u), as n — oo

MGW MGW]

conditionally on Surv , i.e. under the probability measure P [ |Surv , where
w = (w(0),1) = X7 (1 —e ) and 02,02, 02 are given by (17), (18), (19) respectively.

T T‘)

Proof. The random variables £',..., £/ are independent by construction. By Proposition
4.1 (E )lelN is an i.i.d. copy of L’Z and also independent of N, so the random variables

= lel E%, for + = 1,...,J are independent as well, and we can apply for each of the
processes {Z?:ql E%; q> 0} the Donsker’s invariance principle, and then a random time
change.

For simplicity of notation, for i € [J] and n € IN, let us write r;(n) := Y}~; £} so that
R: = r;(N}). By the Donsker’s invariance principle we have

{\}ﬁ(m(M)—an[ﬁi]) q>0} 25 o8l > 0), asn oo

in the Skorohod topology, where éf] is a Brownian motion, and o? = Var[£]. Let Xgi) be the
centered Gaussian process from Proposition 3.1 which arises as scaling limit of N¢,. Since
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the random variables [,f are independent of N?,, we also have the following joint convergence:
{n12(ri(ng) — naBIL ;g > 0}y [ {0BE; g >0}
~ — i
{2 (R = s = e#9)) s 2 04 ) 7\ {ymx; s> 0)

in the product topology, as n — oo, where both components are equipped with the Skorohod
topology. By Lemma 6.2 this convergence holds under P [-]SurvMGW] as well. Using that,
by definition we have the sequence of equalities

P'ns ~;5
ri(Niy) =ri(Np, ) = Rp,, = ZU > Li=Ri,
=1

and doing a random change of time ([2, Lemma p. 151]) in r;(ng), we obtain

{;ﬁ (Rl — i ELT); 5 > o} o, {8 ¢ 5 2 0.

where we recall that w;(s) = v;(1 — e~%*). Hence
1 /-~ A o 1 . . :
i . i o —Bisy) . aW R? i v (7).
{\/ﬁ (Rn nyE[L(1 — e )) L s> 0} {azswi(s) FE[L] XD, s > o}.

Since the processes r4(t), i = 1,...,.J, (and thus also the processes R?) are independent, we
also have convergence in law for the sum Rns = ZZ 1 Ris- Therefore the process
J

{\/15 (ﬁns - n;]E[Ei]'yi(l - e_ﬂis)> ;s> 0}

converges in law to

{Z (O—iéfﬂi(s) + E[ﬁi]ﬁxgi)) ;s> 0} :

i=1
Now we know that at the end of the process (which occurs at time 7,,) we have
73‘7'71 = 'Rq—n =Tn = Pf—n.

So 7, is the point at which the process {R; — P; | t € [0,00)} becomes zero. Due to the
independence mentioned above together with the scaling limit for Z7, from Theorem 6.1,
we get the convergence in law

J
{\/15 (’kns — Pps +ns — nZE[ﬁi]%(l - e‘ﬁis)> ;s> 0} law,

i=1
[S bl Ym0 - 7 so),
=1 =1
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where B is a Brownian motion independent of the family {Bi}lgig 7 and correlated to
{X(i)}lgigj as in Theorem 6.1. By Theorem 5.1, both 7,, /n and 7,, /n converge in probability
to 01 s nmewy, with ns = 7, and we deduce that

- J J
n 7 Tn/m D
n1/2-<n—ZE[£]’y(1—e Bitn/ )—)ZO’ (9)+ZE \/WZX
i=1

i=1

i=—f(n/n)
as n — oo, with f(s) as defined in (15). Since f(#) = 0, a Taylor series expansion around
0 gives i
Bl )
T ) -3 - 0
for some A € [min{7,/n, 0}, max{7,/n,0}]. By the law of large numbers, Theorem 5.1, we
have f/(60) + 3(Z — 0) f"(A) — f'(9) as n — oo in probability. Thus

i=1

J
n~V2(7, — o) 2 _f, (Z 0iB, g+ > BILTmXS) — Bg’) ~ N(0,02),
with with o2 defined as in equation (17) and oﬁ/,i = v;(1 — e7Pi%)e=Fi% and this completes
the first of the three claims.

Using that 7, = Pz, together with Theorem 6.1 we also get
n" Y2 (1, —nf) = n"V2(P;, — 7 + 7 — )

J

1 ; i

2, BY + <§ 0Bl ) + D EIL] X — BZf)
1- Zz—l BiviE| i=1

~ N(0,07)

with o2 given by equation (18) and this gives the second claim as well. Finally, for the third
claim we proceed as follows:

n1/2 (NTn ~ n(w(6), 1>) =12 (/\7;” — n(w(Fa/n), 1) + niw(Fn/n), 1) — nw(8), 1>) :
Now Theorem 6.1 together with

n(w(/n) — () ;me 80 (7, —n9>+o< (Z—9>2>

- 2
n1/2<7_n—9> — 0
n

and
in probability as n — oo yields
n=1/2 (/\7;” — n{w(8), 1>)

S Sy Birvie 0 SN :
R e = = (LIRS SE AN R )
i=1 - i=1 zz

~ N(0,02),
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where we put

_ Z;'Izl Bz‘%’eiﬁia

1= AL e

and o2 is defined as in (19) and this completes the whole proof. O

w

Corollary 6.4. Since Ny = Np, for t € N and 7, = Pz,, we have Nz, = N, and thus
n~Y2(N;, — nw) N N(0,02), as n— oo

with w and o2, as in Theorem 6.3.

7 Inhomogeneous versus homogeneous population

In this section we want to compare what happens in the uniform and non-uniform case. As
we have seen in Theorem 5.1, the results are apparently undistinguishable. On the event
SurvMW  we have

T, N
2 569 and —™ — p, in probability, as n — oo.
n n

The difference lies in the computation of 6 and p.

Homogeneous spread capacity. Let us first deal with the case where all individuals
have identically distributed spread capacities, let this law be £. In a uniform population,
all individuals have the same susceptibility and 6 is the solution of the equation

0 =E[L] - (1 - 6—9) .
Let 6, be this solution: the corresponding fraction of infected individuals is then

D= Dun = 1— e_eun = eun/E[ﬁ]

In the non-uniform case, 6 is the solution of the equation

J
0 = E[L] (1 = %6&9) :

We call this solution f and we have p =pg = 1 — 3 ye %% = 05 /E[L].

The following result says that in the non-uniform case, the epidemics dies out earlier and
spreads in a smaller portion of the population.

Proposition 7.1. For any fized value of E[L] > 1, and any choice of the parameters f3;,
QB < Oun and bg < Pun;

and equality holds if and only if 5; =1 for all i € [J].
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Figure 1: Inhomogeneous (solid) vs homogeneous (dashed)

Proof. If f; = 1 for all i € [J] the statement is trivial. Let us assume that there exists
Bi # 1. Define

J
flz)=1- Z%e_ﬂ’“” and glz)=1—¢e".
i=1

Note that (Oun,pun) and (0g,pg) are the intersections of y = x/E[L] with y = g(z) and
y = f(x), respectively. It is enough to prove that f(z) < g(x) for all x > 0 and equality
holds only at 0 (see Figure 1). The two functions are clearly equal at 0. Since the exp-
function is a strictly convex function and Z;.Izl v; =1, for z > 0 we get

J
f@)=1-3 yie P <1 e Db =1 e = g(a),
=1

where we have used Z{Zl ~viBi = Zj{:l a; = 1. This proves the statement. O

Inhomogeneous spread capacity. When types differ in the expected spread capacity
E[L?], as well as in the susceptibility, then @ is the solution of

J

0=f(0):=) ELTn1-e ),

i=1

and p=1-— Z;.Izl v;e7P%  We want to compare this case with the case where all 8; = 1 (
homogeneous susceptibility, inhomogeneous spread — E[£?] are unaltered). If we define

o(e) = S EICT(1 - 7).

the parameters g and 6., are the z-coordinates of the intersection of y = x with y = f(x)
and y = g(x), respectively. Depending on the choice of the parameters, the ”homogeneous”
case (8; = 1) may last longer or not, that is, both 6,, > 63 and 6,, < 6z are possible
scenarios. Indeed there are examples where the inhomogeneous setting, compared to the
homogeneous one, has:

a) a shorter epidemics involving a smaller percentage of cases;
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b) a longer epidemics involving a smaller percentage of cases;

c¢) a longer epidemics involving a larger percentage of cases.
Here are examples of the three possible situations described before.

a) Take J = 3, 75 = 1/3 for all i, E[£'] = 1, B[£?] = 2, E[£%] = 4, f1 = 2, 2 = 0.5,
B3 = 0.5, then 0y, ~ 2.0255, 05 ~ 1.2139, py,, ~ 0.8681, pg ~ 0.6073.

b) Take J = 3, v; = 1/3 for all i, E[£'] = 1, E[£?] = 2, E[£%] = 4, f1 = 0.6, B = 1.2,
By = 1.2: Oy ~ 2.0255, 05 ~ 2.0703, pyy, ~ 0.8681, pg =~ 0.8482.

c) Let J =2, y1 = v =1/2, E[£!] = 0.2, E[£?] = 3.6, $1 = 0.6, f2 = 1.4, 0, ~ 1.4578,
05 ~ 1.6964, pyy ~ 0.7672, pg ~ 0.7728.

Notice that in the inhomogeneous setting we cannot have a shorter epidemics involving
a larger percentage of cases. Indeed, if 03 < 04y, then the convexity of the exp-function
implies

J J
pg=1-— Z’yiefﬁiaﬂ <l—e Zhavbils =] s <] —efun =1 — Z%e*ﬁiaﬁ = Pun-
i=1 i=1
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Figure 2: Equal groups, second more susceptible

One may also wonder what happens if we compare an epidemics which is inhomogeneous
both in the spread and susceptibility, with the case where the §; are unaltered and the spread
capacities are homogeneous in the sense that all types have the same spread capacity L,
with E[£] = >, E[£Y]. It is not difficult to find examples where the homogeneous case
lasts longer (or less) than in the inhomogeneous case.

36



Simulations. Below we give the plots of some simulations, which agree with our theo-
retical results. In all simulations we have n = 500 and we run 200 simulations. Moreover,
the spread capacity is homogeneous with expectation 2.5 (1/2 being the probability of 4
attempts and 1/4 each the probability of 0 or 2 attempts). The probability of extinction of
the associated GW process is 0.2711. There are two subpopulations which differ in suscep-
tibility. We have the histograms of the frequencies of Ny, (7,)/n and of 7,/n. We also plot
a scatterplot of the numbers of infected of the two types, with the two lines y = x - v2/71

and y = z - B2/ f1.

In the first example depicted in Figure 2, v; = 0.5, 79 = 0.5, a1 = 1/3 and ay = 2/3. The
limiting values are 6 = 2.12261 and p = 0.849044.
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Figure 3: Larger group is more likely

In the second example depicted in Figure 3, v; = 0.25, 72 = 0.75, oy = 1/3 and ae = 2/3.
The larger group is more likely to be chosen as a target, but single individuals in this
group are less likely to be hit than individuals in the other group. The limiting values are
6 = 2.20202 and p = 0.880807.

In the third example depicted in Figure 4, v; = 0.75, v2 = 0.25, a1 = 1/3 and as = 2/3.
The larger group is less likely to be chosen as a target, and single individuals are less likely
to be hit than individuals in the smaller group. The limiting values are 8 = 1.54723 and
p = 0.618904.
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