STRONG UNIQUE CONTINUATION AND LOCAL ASYMPTOTICS AT THE
BOUNDARY FOR FRACTIONAL ELLIPTIC EQUATIONS

ALESSANDRA DE LUCA, VERONICA FELLI AND STEFANO VITA

ABsTrACT. We study local asymptotics of solutions to fractional elliptic equations at boundary points,
under some outer homogeneous Dirichlet boundary condition. Our analysis is based on a blow-up
procedure which involves some Almgren type monotonicity formulae and provides a classification of all
possible homogeneity degrees of limiting entire profiles. As a consequence, we establish a strong unique
continuation principle from boundary points.

1. INTRODUCTION AND MAIN RESULTS

Let N > 2 and s € (0,1). Dealing with nontrivial solutions to the following fractional equation
(1.1) (—A)’u=hu in

where Q C RY is a bounded domain, we are interested in a strong unique continuation property and local
asymptotics of solutions at boundary points where the domain is locally C''! and some outer homogeneous
Dirichlet boundary condition is prescribed.

A family of solutions to some elliptic equation is said to satisfy the strong unique continuation property
if no element of the family has a zero of infinite order, except for the null function.

Asymptotic expansions of solutions to fractional elliptic equations at interior points of the domain
were derived in [I3], even in the presence of singular homogeneous potentials, by combining Almgren
type monotonicity formulas with blow-up arguments; as a relevant byproduct of such sharp asymptotic
analysis, in [I3] unique continuation principles were established. The difficulty of defining a suitable
Almgren’s type frequency function in a non-local setting was overcome in [I3] by considering the Caffarelli-
Silvestre extension [6], which provides an equivalent formulation of the fractional equation as a local
problem in one dimension more. For local problems such as second order elliptic equations, the classical
approach developed by Garofalo and Lin [23] allows deriving unique continuation directly from doubling
conditions obtained as a consequence of the boundedness of an Almgren type frequency function. In the
fractional case instead, the monotonicity formula and the doubling type conditions obtained in [I3] imply
unique continuation properties only for the extended local problem and not for the fractional one; then
in [I3] the further step of classification of blow-up limits is performed in order to derive first asymptotic
estimates, and then unique continuation principles, in the spirit of [I9] 20], see also [14].

Since [13], the literature devoted to unique continuation for fractional problems has flourished produc-
ing many important results in several directions; we mention, among others, [31] for unique continuation
in presence of rough potentials by Carleman estimates, [41] for fractional operators with variable coeffi-
cients, and [I'7, 18], 22 32, 33, [34, [40] for higher order fractional problems.

The aim of the present paper is to extend the results of [I3] to boundary points of the domain, i.e.
to establish sharp asymptotics and unique continuation from boundary points for fractional equations of
type . Possible loss of regularity and unavoidable interference with the geometry of the domain make
the derivation of monotonicity formulas around boundary points, and consequently the proof of unique
continuation, more difficult and, at the same time, produce new interesting phenomena: in particular, in
[16] it was shown that, under homogeneous Dirichlet boundary conditions, the possible vanishing rates
of solutions at conical boundary points depend of the opening of the vertex. Unique continuation from
the boundary for elliptic equations was also investigated in [2] [3] (26, 39] under homogeneous Dirichlet
conditions and in [I0, B8] under Neumann type conditions. Furthermore, we refer to [I5] for unique
continuation from Dirichlet-Neumann junctions for planar mixed boundary value problems and to [9] for
unique continuation from the edge of a crack.
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The related problem of regularity up to the boundary for solutions to fractional elliptic problems was
studied in 28] B0]. We also mention the paper [4], where quantitative upper and lower estimates at the
boundary were discussed for nonnegative solutions to semilinear nonlocal elliptic equations, giving us a
motivation to search for sharp asymptotics at boundary points; see also [2I] for boundary asymptotics of
s-harmonic functions with applications to the thin one-phase problem.

In order to give a suitable weak formulation of , we introduce the functional space D*2(RY),
defined as the completion of C°(RY) with respect to the scalar product

(12 () = [ 16 TETE de

and the associated norm ||ul|ps.2®yy = ((u, u)ps2(ry)) 1/2, where @ denotes the unitary Fourier transform
of uwin RY i.e.

1 .
—iz-€
W /RN € U/(.ﬁ) dz.

The fractional Laplacian (—A)® can be defined as the Riesz isomorphism of D%2(R") with respect to the
scalar product (1.2)), i.e.

u(§) = Fu(§) :=

(D=2 (RN))* <(7A)Su, U>Ds,2(]RN) = (u, U)Ds,2(RN)

for all u,v € D*2(R™). Then we can define a weak solution to (I.1]) as a function u € D*2?(R") satisfying

(1.3) (U, ) ps2myy = /Qh(:n)u(x)go(ac) dzx, for all ¢ € C*°(Q).

As far as the potential term is concerned, we assume that
N
(1.4) there exists p > % such that h € WhP(Q).

We observe that the right hand side of (|1.3]) is well defined in view of assumption (1.4)), H6lder’s inequality,
and the following well-known Sobolev-type inequality

(15) S allul2er gy < ullezny:

where Sy s is a positive constant depending only on NV and s and

(1.6) 2*(s) =

see [§].

Let u € D*2(R") be a solution to (1.3). Let us assume that there exists a boundary point zo € 9 such
that the boundary 92 is of class C1'! in a neighbourhood of xg, i.e. there exist R > 0 and g € CH1(RV~1)
such that, choosing a proper coordinate system (2/,zy) € RV 7! x R,

(1.7) Br(zo)NQ = {(2',zn) € Br(zo) : anx < g(z')} and
Br(z0) N0 = {(«',2x) € Bg(wo) : an = g(2')},

where Bl (z0) = {z € RN : |z — x| < R} is the ball in RY centered at x¢ with radius R. We prescribe
for the solution u a local outer homogeneous Dirichlet boundary condition, i.e

(1.8) u=0 ae. inQ°N By(xg).

By the extension technique introduced in [6], by adding an additional space variable ¢ € [0, +00), we can
reformulate the nonlocal problem (1.1)) as a local degenerate or singular problem on the half space

RYT = RN x (0, +00).

We denote the total variable z = (z,t) € RY x (0,+0c0), with z = (2/,2n) = (21,..., 'N_1,2ZN), and
define DV2(RY T #1725 d2) as the completion of C2°(RY ™) with respect to the norm

N+1
+

||U||D12(Rf+1,t1*25 dz) = \// tlfQS‘VU(l',t)F dx dt.
R
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It is well-known that there exists a continuous trace map Tr : Dl’z(RfH, t1=25 dz) — DS2(RY) which is
onto, see [5]. By [6], for every u € D%?(R"), the minimization problem

min {||WHD1 2R o2 g W e Dl’Q(Rf“,tl_zs dz), Tt W = u}

admits a unique minimizer U = H(u) € D12 (Rﬁ“,tl*25 dz), which can be obtained by convoluting u

with the Poisson kernel of the half-space Rf *1 and weakly solves
—div(t'=>*VU) =0 in RY !,
—lim,_ o+ t1720,U = ks(—A)°u  in RY x {0},
where ( )
I'il—s
Rg = m > O,
ie.

/N 2 VH () (2, t) - VIV (2, t) dodt = kg(u, T W)pezgny  for all W € DV (RY T #1725 dz2).
RYF!

As a consequence, u € D*?(R") is a solution (1.3)) if and only if its extension U = H(u) weakly solves
—div (t!72°VU) =0 in RY !,

(1.9) TrU =u in RV x {0},
—limy_,o+ t17250,U = kshu in Q x {0},

in a weak sense, i.e

(1.10) / tH72VU (2,t) - V(z,t) dxdt:ms/ hu'Tr ¢ dx
RY* Q

for every ¢ € C°(RY ™) with Tr¢ € C°(Q).

The asymptotic behaviour at zy € 0 of solutions to , and consequently to , will turn out to
be related to eigenvalues and eigenfunctions of the following weighted spherical eigenvalue problem with
mixed Dirichlet-Neumann boundary conditions

—divgy (O3 Vent) = Oy iy in SY,
(1.11) =0 on SV N {0y >0},
hmgN_Hﬂ(ﬁ 0N+1V§Nw v=_0 on SN_lﬂ{HN < 0},
on the half-sphere
SN ={(61,....0n,0n11) €SN 1 On41 > 0},
where v = (0,0,...,0,—1) and 9SY = SV¥~1x{0} is identified with SV ~!. In order to write the variational
formulation of (I.11)), we define H'(SY, G}V__ff dS) as the completion of Cm(@) with respect to the norm

1/2
6oy xczrasy = [, 82 (Fon vt +020)as )

N+1
+

where dS denotes the volume element on N-dimensional spheres. Let Hy be the closure of CZ° (@\ S
in Hl(Sf,H}v_fde), where S = {(¢/,0x,0) € SN~ : 0y > 0}. We say that u € R is an eigenvalue of
(1.11)) if there exists ¢ € Ho \ {0} such that

(1.12) / 0N T Vent - Van g dS = u/ O TvddS  for any ¢ € Hy.
sy sy

+

By classical spectral theory, problem (1.11) admits a diverging sequence of real eigenvalues with finite
multiplicity {ux}r>0. In Appendix [B| we obtain the following explicit formula for such eigenvalues

(1.13) pr = (k+s)(k+N—-s), keN.

For all k € N, let M;, € N\ {0} be the multiplicity of the eigenvalue ug and {Yim}tm=12, . a, be a
L? (Sﬂ\r’ , G}V_fde)—orthonormal basis of the eigenspace of problem (|1.11)) associated to py. In particular,

(114) {Yk,m ckeN, m=1, ...,Mk}
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is an orthonormal basis of L*(SY, 911\,1215 ds).

Remark 1.1. It is worth highlighting the fact that eigenfunctions of problem cannot vanish iden-
tically on S¥=1 N {fy < 0}, i.e. on the boundary portion where a Neumann homogeneous condition is
imposed. Indeed, if an eigenfunction v associated to the eigenvalue ux = (k + s)(k + N — s) vanishes
on SV=1 N {fx < 0}, then the function ¥(pf) = pF34(#) would be a weak solution to the equation
div(t!=2V¥) = 0 in RN~ x (—00,0) x (0, +00) satisfying both Dirichlet and weighted Neumann homo-
geneous boundary conditions on RY~! x (—00,0) x {0}; then its trivial extension to RV =1 x (—o00,0) x R
would violate the unique continuation principle for elliptic equations with Muckenhoupt weights proved
in [39] (see also [23], |35, Corollary 3.3], and [31], Proposition 2.2]).

Our first result is a sharp description of the asymptotic behaviour of solutions to (|1.1)) at a boundary
point.

Theorem 1.2. Let Q be a bounded domain in RN such that there exist g € CHHRN71), 25 € 9Q and
R > 0 satisfying (L.7). Let h satisfy (1.4) and v € D2(RN), u # 0, be a weak solution to (I.1) in
the sense of (1.3), satisfying (1.8)). Then there exists ko € N and an eigenfunction Y of problem (L.11))
associated to the eigenvalue py, = (ko + s)(ko + N — s) such that

u(zo + Ax)

s |z|Fo+sy ( = ) in H*(B}) as A — 0T,

m7
where H*(By) 1is the usual fractional Sobolev space on the N-dimensional unit ball Bf = Bj(0).

Theorem will be proved as a consequence of the following description of the asymptotic behaviour
of nontrivial solutions to (|1.9) near xzy € 95.

Theorem 1.3. Let Q be a bounded domain in RN such that there exist g € CHHRN71), 25 € 9Q and
R > 0 satisfying (L.7). Let h satisfy and U € DY2(RY T 11725 dz) be a weak solution to in the
sense of , with U £ 0 and Tr U = u satisfying . Then there ezists kg € N and an eigenfunction
Y of problem associated to the eigenvalue px, = (ko+s)(ko + N —s) such that, letting zo = (x0,0),
U(zo + Az)

/\ko+s

where HY (B ,t'72%dz) is the weighted Sobolev space on the half ball Bi defined in Section @

— 2|t Y (2/]2])  in HY (B, t'7**dz) as X\ — 07,

Actually the proof of Theorem contains a more precise characterization of the angular limit profile
Y, as a linear combination of the orthonormalized eigenfunctions {Yi m }m=1,2,..., My, of associated
to the eigenvalue py, with coefficients explicitly given by formula .

The salient consequence of the precise asymptotic expansions described above is the following strong
unique continuation principle for problems and , whose proof follows straightforwardly from
Theorems [I.2] and [I.3] taking into account Remark [T.1}

Corollary 1.4.

(i) Under the same assumptions as in Theorems let u € DS2(RYN) be a weak solution to (1.1)
(in the sense of (1.3)) satisfying (1.8) and such that u(z) = O(|x — zo|*) as * — z0, for any
k€ N. Thenu =0 in RV,

(ii) Under the same assumptions as in Theorems let U € D2 (Rf“, t1=25 dz) be a weak solution

to (L.9) (in the sense of (1.10)) with TrU = u satisfying (1.8) and such that U(z) = O(]z — z|)

as z = 2, for any k € N. Then U =0 in Rfﬂ,

The proof of Theorem makes use of the procedure developed in [I3] 19, 20] and consisting in a fine
blow-up analysis for scaled solutions based on sharp energy estimates, obtained as a consequence of the
existence of the limit of an Almgren type frequency function. Such method is applied to an equivalent
auxiliary problem obtained by straightening the boundary of the domain 2 through a diffeomorphic de-
formation, which is inspired by [2] and built specifically to ensure that the extended equation is conserved
by reflection through a straightened vertical boundary, see Section [2.1

Significant additional difficulties arise with respect to the non-fractional or interior setting. Since the
optimal regularity of solutions to is s-Holder continuity, see [30], solutions to could have singular
gradient at 0f), which represents for problem the interface between mixed Dirichlet and Neumann
boundary conditions. In fact, problems with mixed boundary conditions raise delicate regularity issues,
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which turn out to be more difficult in dimension N > 2 due to the positive dimension of the junction set
and some role played by the geometry of the domain.

In particular, we remark that the regularity results known for non-fractional problems (for which
solutions are smooth up to the boundary) or for interior points (see e.g. [25]) are not available here,
even excluding a neighborhood of the boundary point if N > 2. Therefore, for problems that, like (L.9),
are characterized by mixed boundary conditions in dimension N > 2, the development of a monotonicity
argument around points located at Dirichlet-Neumann junctions presents substantial new difficulties with
respect to both the case treated in [13] of boundary points around which a Neumann condition is given
and the case treated in [I5] of mixed conditions in dimension N = 1.

In the present paper, the difficulties related to lack of regularity at Dirichlet-Neumann junctions are
overcome by a double approximation procedure: by approximating the potential h with potentials van-
ishing near the boundary and the Dirichlet N-dimensional region with smooth (/N 4 1)-sets with straight
vertical boundary, we will be able to construct a sequence of approximating solutions (see Section
which enjoy enough regularity to derive Pohozaev type identities, needed to obtain Almgren type mono-
tonicity formuleze and consequently to perform blow-up analysis. We mention that a similar approximation
procedure was developed in [9] for a class of elliptic equations in a domain with a crack.

The paper is structured as follows. In Section [2] after introducing a suitable functional setting for the
study of the extended problem , we present an equivalent auxiliary problem obtained by straightening
the boundary; then, after providing some Hardy-Sobolev and coercivity type inequalities, in Subsection
[2:3] we perform the approximation procedure which allows us to establish a Pohozaev type inequality.
Section [3]is devoted to the proof of an Almgren type monotonicity formula, which is the key tool for the
blow-up analysis carried out in Section [d] Finally, in Appendix [A] we present some boundary regularity

results for singular/degenerate equations in cylinders, while in Appendix [B| we prove (1.13)), through a
classification of possible homogeneity degrees of homogeneous solutions to (B.1))

2. FUNCTIONAL SETTING AND CONSTRUCTION OF THE APPROXIMATING DOMAINS

Let us call the total variable z = (z,t) € RN x R, with x = (z/,zn) = (z1,...,7x_1,7n). We set the
following notations for all » > 0:

B, ={ze RV 2| <r}, Bf=B.NnRYT,
Bl ={(z,t) € B, :t =0}, 0'Bf =0B,NRY™.

In the sequel B, will be sometimes identified with the ball in RY centered at 0 with radius r. The weighted

Sobolev space H'(B;',t72dz) in the extension context is defined as the completion of C*°(B;") with
respect to the norm

WU g1 (gt =20 az) = \// t1=25 (JU]2 + |VU|?) d=z.
il B
It is well known, see e.g. [25, Proposition 2.1], that there exists a well-defined continuous trace map
Tr : HY(B;, 11725 dz) — L*> )(B); in particular there exists a positive constant Cy s depending only
on N and s such that, for all r > 0 and U € HY(B;}, t1725 dz2),

(2.1) [ Te(U)1 201 () < COnys | 172 (12U (2)]? + [VU(2)[?) dz.
L2 (3)(BL) Xy -,
We are interested in boundary qualitative properties of solutions to (|1.1]) close to a fixed point xg € 99.

Without loss of generality, up to translation and rotation, we can assume xzy = 0 and consider the
extension U = H(u) which, under assumptions ((1.7]) and (1.8]), solves

—div (t72*VU) =0 in Bf,
(2.2) —limy_,o+ t17250,U = kshu in I r={(",zn,0) € By :an < g(z')},
U=0 in I‘;R ={(2/,2n,0) € B : xny > g(2')},

for some R > 0, where g is the function which locally parametrizes the boundary 92 around xy = 0

according to (1.7)), with
(2.3) g€ CHYRNTH g(0)=0 and Vg(0)=0.
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The suitable weighted Sobolev space for energy solutions to (2.2)) is H%;R(BE,tI*QS dz), defined as

the closure of C?(FE\ F;R) in H'(Bf,t'72*dz). By energy solution to (2.2) we mean a function
U e th (Bf,t172% dz) such that
g, R

/ t125VU (2,t) - Vo(x,t) dz — ms/ hTrUTr¢de =0 forall g € CF(BEUT, p).
B}, ,

Fg,R

2.1. A diffeomorphism to straighten the boundary. We follow the construction in [2]. Let us
consider the following set of variables (y,t) € RY x [0, +00), with y = (v, yn) = (¥1, -, Yn_1,yn). Let
p € C°(RN~1) be such that p > 0, supp(p) C B} and [yn 1 p(y') dy’ = 1. For every 6 > 0 we define

57 —+ y/
,05(y,) N lp ( 5> .
Le‘ us deﬁne alSO, fOI“ e\/ers/ ] == 17 ...7N - 1,

(pyn * 0y, 9) () ity € RN7L yy >0,

Gy, yn) = . ot
0y, 9y") ify e RV yy =0,
where * denotes the convolution product. L
It is easy to verify that, forall j =1,...,N — 1, G; € C*(RY), G, is Lipschitz continous in RY, and

%C;j € L>(RY) for every i € {1,...,N}. Moreover, forall j=1,...,N—landi=1,...,N,

G,

P _
YN 3 is Lipschitz continuous in Rf .
Y

i
As a consequence, we have that, letting
G RN 5 R, Gy, yn) == G5y, lyn)
and
b RY SR, iy yn) =y — yn G5y, yw),

G, is Lipschitz continuous in RN and ; € C'(RN) (i.e. 1; is continuously differentiable with Lipschitz
gradient) for all j =1,..., N — 1. Let

é(ylv yN) = (él(y/7 yN)7 é2(y/v yN)7 EER) éN—l(y/a yN))
and denote as Jx(y',yn) the Jacobian matrix of G at (y/,yn). Then Jgz € (RN, RNV=1) and

(2.4) Gy yn) — Vg(y')| < Clyn| for all (y/,yn) € RV,

for some constant C' > 0 independent of (v, yn).
Let us consider the local diffeomorphism F: RV+!1 — RN*1 defined as

(25) F(y/avat) = (wl(ylvyN)a "'1¢N71(ylayN)7yN +g(y/)7t)

We observe that F is of class C1'! and F(y',0,0) = (v, g(y'),0), namely F~1! is straightening the boundary
of the set {(2',zn,0) : zn < g(z)}.
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Direct computations and (2.4) yield that

(26) JF(ylvyN7t) = J(y/7yN)
LunGy un Gy AL T
NG LN o —Gemungy)
OGN OGN OGN _ ~ OGN _
YN Gy TUNTH, 0 L=ynGy —GNo1—un g,
) P )
B (¥ gy Y') Era ) 1
0 0 0 0
Idy-1 —ynJz | =Vg(y') +O(yn) | O
= (Vay' )" 1 o |,
o” 0 1

where Vg(y') is meant as a column vector in RV =1, 0 is the null column vector in RN~ and (Vg(y'))?, 07
are their transpose; from now on, the notation O(yx) will be used to denote blocks of matrices with all
entries being O(yx) as yy — 0 uniformly with respect to y’ and t.

From and the fact that g € C1H (RN 1) it follows that Vg(y') = O(|y/|) as |y'| — 0, then

(2.7) det J(y/ ,yn) =1+ [Vg(y/)> + O(yn) =1+ O(|y/'|*) + O(yn)

as yy — 0 and |y'| — 0.
In particular we have that det Jp(0) = 1 # 0; therefore, by the Inverse Function Theorem, F is
invertible in a neighbourhood of the origin, i.e. there exists Ry > 0 such that

(2.8) oy’ yn) ==det J(y',yn) >0 in By,

and F is a diffeomorphism of class C'! from Bpg, to U = F(Bg,) for some U open neighbourhood of 0
such that & C Bgr. Furthermore

FHUNT, p) =Tk, =T}

and F'UNT,p) =T%,

where, for all » > 0, we denote

F; = {(y/,yN7O) € B;- TyYn < O}a Fj = {(yl7yNa0) € B;" YN Z 0}

Since

F~'eCY (U,Bg,), FeCY“'(Bg,,U), F0O)=F10)=0, Jp(0)=Jp-1(0)=Idy,1,

we have that

(2.9) Jp-1(z) =TIdy11 +O(z|) and F~'(z) =z +O0(]z]*) as|z| =0,
(2.10) Jr(y) =Tdyi1 +O(y)) and F(y) =y+O(yf*) as |yl — 0.
If U is a solution to , then W = U o F' is solution to

—div (772 AVIW) =0 in Bf

(2.11) limy o+ (H72°AVW -v) = k,h TTW  in T,

W =0 in g,

where v = (0,0,...,0,—1) is the vertical downward unit vector, A is the (N + 1) x (N + 1) variable
coefficient matrix (not depending on t) given by

Aly) = () ((T() ") det J (y)],

(2.12)

and
h(y)

a(y)h(F(y,0)), yeTlg.
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Equation (2.11)) is meant in a weak sense, i.e. W belongs to Hllg (Bgl’tlﬂs dz) (defined as the closure
. 1
of C°(Bf, \T},) in HY(Bj}, ,t'7%%dz)) and satisfies
(2.13) / =2 A(Y) VW (y,t) - Vé(y, t) dz — ks hTrW Tr¢dy = 0
B, Tr,
for all ¢ € C°(Bf; UTER)).

We observe that A is symmetric and, in view of (2.9)—(2.10]), uniformly elliptic if R; is chosen suffi-
ciently small; furthermore A has C%! coefficients. We also remark that, under assumption (1.4)),

(2.14) he W' ().
From ([2.6]) it follows that
M-t|o
J = ,
of |1

where 0 is the null column vector in RY and

—Vy(y') + Oyn)
(V)T | !

Idy_1 —ynJ5z
(2.15) M =My, yn) = “

From and one can deduce that
(2.16) det M(y',yn) = a(y',yn) >0 in Bjy .
Let us define

B(y',yn) = det M(y',yn)(M(y',yn)) "
By and a direct calculation we have that

1+j§1|88‘1’gj ‘2+O(yN) _3(315]1 36?7/924_0(1”\') _36?7191 By?\rg—l +0(yn)
a a a 2 a a
2.17) B = : : . :
| ) = pL+0(yn) — =L +O0(yn) - 1+#12V271|§ng|2+0(y1v)
—(Vg)" + O(yn) 1+ O0(yn)

Then (J(y))~! can be rewritten as follows

1B 0
(J(y»—l:(“y W) )

0" 1
thus from (2.12)) it turns out that

D) | 0
2.18 Aly) = ,
(218) ) ( e )
where D = iBBT. From 7 , and it follows that
Idy—1 +O(ly'[?) + O(yn) O(yn)
(2.19) D(y' ) = 1 | -
O(yw) [ 1+0(ly' ) + O(u)

where here O(yy), respectively O(|y’|?), denotes blocks of matrices with all entries being O(yx) as
yn — 0, respectively O(]y’|?) as |y’| — 0. In particular we have that

(2.20) Aly) =Ty 4y +O(lgl) as |y| - 0.
Let us define, for every z = (y,t) € Bg,,
Aly)z

(2.21) B() =

_ (B(2), B () — (
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where

(2.22) p(z) = A(T’Z);'Z, 2 # 0.

We observe that, possibly choosing Ry smaller, § is well-defined, since u(z) > 0 in Bg,, and
(223) ||A(y)||£(RN+1’RN+1) <2 forallye B}{l

Moreover, for every & = (&1,...,¢n,En4+1) € RN and y € Bf , we define dA(y) €€ € RN as the
vector in RNY*! with 4-th component, for i = 1,..., N + 1, given by

N+1
(2.24) (dA(y) £€)i = i 0=,k (y) £
jok=1
Lemma 2.1. Let p be as in and A as in . Then
(2.25) wz)=1+0(z]) asl|z| » 07
and
(2.26) Vu(z) =0() as|z| =0T

Proof. Estimate (2.25) follows directly from (2.22)) and (2.20). In order to prove (2.26)), we differentiate
(2.22)), obtaining that, for all z = (y,t) € Bg,,
(Aly)z - 2)z | dAQy)zz | (Aly)z _  plz)z | dAy)ez | Aly)z

Viu(z) = —2 9 S .
) TR TR RE EEREEE BE

Noting that dA(y)zz = O(|z|?) as |z| — 0, since the matrix A has Lipschitz coefficients, and using ([2.25)
and ([2.20)), we deduce that

2z 2

Vu(z) = *WU +0(lz))] +0(1) + W[Z +0(l21)] = 0(1)
as |z| = 0%, thus proving (2.26). O
Lemma 2.2. Let 3 be as in (2.21) and A as in (2.12). Then we have that, as |z| — 0T,
(2.27) B(z) = 2+ O(|z*) = O(l2]),
(2.28) Jp(z) = A(y) + O(lz]) = Idn11 + O(Jz]),
(2.29) divB(z) = N + 1+ O(|z]).
Proof. The result follows by combining (2.25)), (2.26]) and (2.20)). O

2.2. Some inequalities. We recall from [I3] Lemma 2.4] the following Hardy type inequality with
boundary terms, which will be used throughout the paper.

Lemma 2.3. For all™ >0 and w € HY(B}},t172% dz)

N —2sY 2 ¥ N -2
s / 125 W (2) ds S/ 125 ( Vu(z) - g (A / 125,243
2 Bt |2]? BY 2] 2r o+BY

In order to prove a coercivity-type inequality, we provide the following Sobolev type inequality with
boundary terms (see Lemma 2.6 in [13]).

Lemma 2.4. There exists SN,S > 0 such that, for all 7 >0 and V € HY(B,},t'72% dz),

2
3 (5)
N ~ N —2
(2.30) / TV 9dy gSMS{ s / 121248 4 /
B 8+ B}

2r B
Exploiting (2.30) we now prove the following inequality which will be useful in the sequel.

tl_QSVV|2dz] :
¥

’
s
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Lemma 2.5. For every a > 0, there exists r(&) € (0, Ry1) such that, for any 0 <r <r(a), ¢ € LP(Bjy,)
such that ||C||LP(B;%1) <aandV € HY(B}, t172 dz),

N-2
(2.31) / t1_2SAVV-Vde—m5/ ¢ TV Pdy + — ‘9/ 125,12 48
B B, r o+ B}t

2
2% (s)
> Cn.s / 2| VV 2 dz + / |Te V)2 ®dy :
B B,

for some positive constant C~’N7s > 0 depending only on N and s.

Proof. Let us estimate from below each term in the left hand side of (2.31). To this aim, exploiting
([2-20)), we can choose 71 € (0, Ry) such that, for all 0 < r <ry and V € HY(B,,t172% dz),

(2.32) / =2 AVYV - VV dz > 1/ 25| VV|? dz.
Bt 2 JBr

Furthermore, thanks to (2.25)), we can assert that 4 > 1/4 in B, if 0 < r < ry, for some ro € (0, Ry).
Hence, using (2.30)), we deduce that, for all 0 < r <ry and V € HY(B},t172 dz),

N -2 1
(2.33) S/ H28 1248 > /
2r Jo+py 4Sy,s \/B

By Holder’s inequality, we infer that, for all r € (0,Ry), V € H' (B}, t'72*dz), and ¢ € LP(B},) such
that H<HLP(B;Q1) <a,

’
T

2
2% (s) o 1 1-2s 2
| Tr V| dy ~1 t [VV|<dz.
B

2
77 (5)
(2.34) /B CITrVIEdy < exspr*lIC e oy, </B | Te V2 <S>dy>

< CN,spaTt /
B

for some ¢y5,, > 0 (depending only on p, N, s), where

2
2% (3)
\ TrV|2*<S>dy>

T

2sp— N
(2.35) =" .
p
Selecting r3 = r3(a) € (0, Ry) such that
1
(2.36) KsCn spar® < —— forall 0 <r <rg
SN,S

and combining (2.32)), (2.33), and (2.34), we obtain that, for all 0 < r < r(&) := min{ry,r9,r3} and
V € HY(BF t172%% dz),

N -2
/+t1_25AVV~Vde—KS ¢ Tr V2dy + 5 S/ +tl—zsm/? ds
B} B! o+ B;

1 1 _
> f/ tlfQS\VVFdz + ( ~ — liséN,S,pdTE) /
4 Jpt 45N s B

2
2% (3)
> Cn.s / 12| VV 2dz + / | Te V| ®dy ,
B B!,

where C’N,s ‘= min {%, ﬁ}, thus proving (2.31)). |

| Tr V|2*(5)dy>

Remark 2.6. For @ > 0, let (&) and ¢y s, be as in Lemma and let ¢ € LP(BY%, ) be such that
HCHLp(B;ﬁ) < &. Then, for every r € (0,7(a)] and V € HY(B;",#72 dz), we have that

-~ - 2(N -2 1
(2.37) CTrV|Pdy < SN735N,37,)7"607M/ 7250V 2dS + / 2|V 2 dz.
B!, r o+ Bt 8ks B
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Proof. Applying (2.34)) and (2.30]), we obtain (2.37)), taking into account that, for all 0 < r < r(@), (2.36)
holds and p > 1/4. O

2.3. Construction of the approximating sequence and convergence. The main difficulty in the
proof of a Pohozaev type identity for problem , which is needed to differentiate the Almgren quotient,
relies in a substancial lack of regularity at Dirichlet-Neumann junctions. Here we face this difficulty by a
double approximation procedure, involving both the potential A and the N-dimensional region FEI where
the solution to is forced to vanish.

Let n € C*°(]0,4+00)) be such that

(2.38) n=1in[0,1/2], n=0in[l,40), 0<n<1 and 7 <O0.
Let
Fof0,+00) = R, f(t) = n(t) + (1 —n(t)t/*.
We observe that
(2.39) feC>®(0,+)), f(t)=1forallte[0,1/2], and f(t)— 4t f(t) >0 for all t > 0.

Furthermore

1
(2.40) fty=5 and f(t)> Y% for all t > 0.
For every n € N\ {0}, we consider the function
f(nt)
fu(t) = ni/s

Then, (2.39)) implies that
(2.41)  fn, € C®([0,40)), fult)=n"18 forall t € [0,1/2n], fn(t) — 4t f.(t) >0 for all t > 0,
whereas ([2.40) yields
1
(2.42) fu(t) > in_l/g and  f,(t) > n'/3tY* for all t > 0.

By (2.14) and density of smooth functions in Sobolev spaces, there exists a sequence of potential terms
h, € C® (FEI) such that

(2.43) ho = b in WHP(TR ).
Let

(2.44) ap = Slrllp ||hnHLP(F§1)
and set

(2.45) Ro = r(ao)

according to the notation introduced in Lemma [2.5

Remark 2.7. Because of the above choice of Ry, we have that (2.31) holds with any ¢ € LP(B} ) such
that [C| < |h,| a.e. (being h,, trivially extended in By \T'g ), for any n € N\ {0}, » < Ry, and for all
Ve H\(BF, 1% d2).

Let us define, for all n € N\ {0},
(246) Yn = {(ylvyNat) € BEO YN = fn(t)}v
with Rg as in (2.45). If (v',yn,t) € Yn, then from (2.42) it follows that
!B < fu(t) =y < Ro,
thus proving that
(2.47) t<—= if (v,yn,t) € Vn-
\/7
The approximating domains are defined as

(2.48) Un = {(¥,yn,t) € Bf yn < fu(t)}
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with topological boundary
Uy, = 0 Uy U Ty,
where ~,, has been defined in (2.46) and

1
On = {(ylvyN) € By, 1 yn < nl/g}a Tn ={(y yn,t) €OBR, : t >0, yn < fu(t)},

see Figure

ta

Tn

On n71/8

FIGURE 1. Vertical section of the approximating domain U, .

The functions f,, above have been constructed with the aim of making U,, satisfy the following geometric
property, which will be needed in the proof of a monotonicity formula.

Lemma 2.8. There exists n € N\ {0} such that, for alln>n and z = (y,t) € v, N Bf,,
(2.49) Aly)z-v >0 on v,
where v, has been defined in and v = v(2) is the exterior unit normal vector at z € OU,.
Proof. For all z = (y,t) € v, N BEO we have that v = v(z) = Ta] Where n = (0,1,—f/(t)). Hence, from
and it follows that
AW) 1) -1 = (D)y a)t) - (0, 1), — F4(6)) = yn (1 + Oy']) + Oyw)) — aly)tF4().

Therefore, possibly choosing Ry (and consequently Ry) smaller from the beginning and recalling (2.7)—
(2.8)), we obtain that

g —2tfy () = 3(fu(t) —ALf(1) if £5(8) 20
. 2 2
A(y)(y.t) n > {yév if f,(t) <0
thus concluding that A(y)(y,t) - n > 0 in view of (2.41]). O

Now we construct a sequence U, of solutions to some suitable approximating problems in the domains
Uy, defined in ([2.48), which converges strongly to W in the weighted Sobolev space H'(Bf, ,t'~* dz).
The functions U,, will be sufficiently regular to satisfy a Rellich-Necas identity and make it integrable on
Uy, thus allowing us to obtain a Pohozaev type identity for U,, with some remainder terms produced by
the transition of the boundary conditions, whose sign can anyway be understood thanks to the geometric
property (2.49)); therefore, passing to the limit in the Pohozaev identity satisfied by U,, we end up with
inequality (2.64)) for W, which will be used to estimate from below the derivative of the Almgren frequency
function (3.9) and then to prove that such frequency has a finite limit at 0 (Proposition .

Let W e Hl(Bgl,tl_Qs dz) be a non-trivial energy solution to (2.11), in the sense clarified in (2.13).

By density, there exists a sequence of functions G,, € C® (Bl'.ti’1 \FEl) such that G,, — W strongly in

H(B}; ,t'72¢ dz). Thanks to (2.47), without loss of generality we can assume that G, = 0 on ¥,.
We construct a sequence of cut-off functions in the following way: letting n € C°*°([0,+0o0)) be as in

(2.38)), we define

2.50 nRY SR .y, =
(2.50) 7 (Y yn) {0 iy > 0,
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For any fixed n € N, we consider the following boundary value problem

—div (t'72°AVU,) =0 in U,
(2.51) limg_, o+ (tl_QSAVUn . 1/) = KsWnhn, Tr U, in oy,
Un - Gn in Tn U Tns
in a weak sense, i.e.
Un - Gn € Hna
(2.52)
/ tl‘QSAVUn VO dz — ,{S/ Nnhy TrU, Tr® dy =0 for all ® € H,,
Uy, On

where H,, is defined as the closure of C°(U, U a,) in H'(U,,t' 725 dz). Existence of solutions to (2.52))
and their convergence to W are established in the following proposition.

Proposition 2.9. For any fized n € N, there exists a unique solution U, to (2.52). Moreover U, — W
strongly in Hl(BEO,tl_Qsdz) (where U, is extended trivially to zero in B;,FO \Uy,).

Proof. U, solves (2.52) if and only if V,, = U,, — G,, satisfies

(2.53) Vi €Hn and b, (V,,®) = (F,,®) forall ® € H,,

where

(2.54) b Hp X Hp = R, b (V,®) = /M tHHT2AVY -V dz — ms/ Dby TV Tr ® dy
and | |

(2.55) Fo:H, =R, (F,,®) = f/u 1725 AVG,, - V® dz + ns/ Dby Tr Gy, Tr @ dy.

From Holder’s inequality, (2.30), and the boundedness of {h,} and {G,} respectively in LP(I'; ) and in
HY(Bf,,t'72¢ dz), it follows that

(2.56) [(Fpn,®)| < c||®||, foralldeH,

for some constant ¢ > 0 which does not depend on n. In particular F;, € ‘H}, being H} the dual space of
Hn, and || Fy, |34 < ¢ uniformly in n.

The idea is to apply the Lax-Milgram Theorem. In order to do this, we remark that, using the Hardy
inequality in Lemma after extending functions V,, trivially to zero in BEO \U,,, the weighted L2-norm

of the gradient
1/2
(/ t1—25vvn|2dz)

n

turns out to be an equivalent norm in the space H,, that will be denoted as || - ||3,,. It follows that b, is
coercive: indeed, for every V € H,,, we have that

(2.57) bn(V,V):/ t1’2SAVV~VdefnS/ Nnhn| Tr V|2 dy
U, On
:/ tH2AVYV - VV dz—ns/ Nnhn| Tr V[2dy
Blgo B/RU
z(}N,s/ t1*2S|VV\2dz:C*N,S/ ' 2|VVdz = Cn s ||V3,,
By, U,

as a consequence of Lemma with ¢ = n,h,, see Remark Furthermore, from (2.23) and (2.37) it
follows that

1
(2.59) BV < (24 5 ) IVl I, < 31V, [ W,

for all V,W € H,,. In particular b, is continuous.
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Hence, from (2.57), (2.58)), and the Lax-Milgram Theorem we can conclude that there exists a unique
V.. € H, solving (2.53), which implies also the existence and uniqueness of a solution U, to (2.52).
Moreover, combining (2.57)) and (2.56]) we also obtain that, extending V,, trivially to zero in BEO \ Un,

C
||VnHH1(B+ A1=25 dz) <= for all n.
Fo N,s

From this, it follows that there exist V€ H'(Bf, ,t'~?*dz) and a subsequence {V,,, } of {V,,} such that
(2.59) Vi, =V weakly in H'(Bf, ,t'7%* dz).

From the fact that V,, € H,, it follows easily that V has null trace on 8"‘3;’%’0 and on FEO. Hence it can
be taken as a test function in (2.13) yielding

(2.60) / T2 AVIW - VV dz — ks RhTeW TV dy = 0.
3;0 T'q,
Since G,, — W strongly in I1T1(B;§17t1_25 dz), from (2.1) we deduce that TrG,, — TrW in LQ*(S)(B}?&).

1) and (2:59) imply that TrV,, — TrV weakly in L?"*)(B}, ). Furthermore n,h, — & in L3 (I'y).
Hence (2.60) yields

0:/
B o

= lim 12 AVG,, - VV,, dz — Ky / Ny B, Tr G, Tr Vi, dy

k—o0 B;
‘0

t1725AVW - VV dz — ms/ RTeW TV dy

+
Rg r

7o
=— lim (F,,,V,,) = — lim b,, (Vp,, Vo,)
k—oco k— oo

thus concluding that ||V, ”Hl(BE p1-20 gz — 0 as k — +o00 in view of (2.57). Hence V,,, — 0 strongly in
o0

HI(BEO,tI’zs dz) and U, = V,, + Gy, = W as k — 400 strongly in Hl(Bj.[fwtl’25 dz). By Urysohn’s
subsequence principle, we finally conclude that U, — W in HI(BEO, t1=25dz) as n — +o0. g

2.4. Pohozaev-type inequalities. The aim of this section is to prove a Pohozaev-type inequality for
the energy solution W € H'(B; ,t'72% dz) to (2.11); in this situation we have to settle for an inequality
instead of a classical Pohozev-type identity because of the mixed boundary conditions, which produce
some extra singular terms with a recognizable sign when integrating the Rellich-Necas identity.

The idea is to obtain the inequality as limit of ones for the approximating sequence U,. For every
r € (0, Ro), n € N such that n > r=%, and § € (O, ﬁ), let us consider the following domain

Onn,ﬁ =U, N {(y,t) €EB,:t> (5}

We note that, if 6 € (0 L ), then f,(t) =n~1/8 for 0 < t < 26, see ([2.41]). We can describe its topological

> dn

boundary as 00, .5 = Oy n.5 U Yrn,s U Trn,s, With

1
(2.61) ern,§={(yl,yN,t)€Br:yN<1/8, t:(S}’
n
(2.62) Vs = {(y',ymt) € B iyn = falt), t> 6} 7
(2.63) Trms = {( yn,t) €T B yn < fult), t >0},

see Figure
We also define

S ={(,yn,t) € B, : t=0and yy < 0}.

Having the matrix A Lipschitz coefficients and being the equation satisfied in a smooth domain containing
O:n.5, by classical elliptic regularity theory (see e.g. [24, Theorem 2.2.2.3]) we have that U, € H%(Oy . s)-
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ta

Trn,s

Ormn,s Yr,n,s

n-1/8

FIGURE 2. Vertical section of O, 5.

Proposition 2.10 (Pohozaev-type inequality). Let W € Hl(B;gl,tl_Qs dz) weakly solve (2.11). Then,
for almost every r € (0, Ry),

(2.64) L / 2 AV - VIV dS — 7“/ 12
8+ Bt

AVW - v]?
7| V‘ dsS
2 o+ B+

4o (Vﬁﬂ/Jrﬁdivﬂ/) |TrW\2dyfﬂ/ B TeW [2dS’
2 Jp- 2 Jso
1
> 7/ H2AVIW - VIV divﬁdz—/ 25 J5(AVW) - VIV dz
2 B B
1—2s

+1/ 125 (dAVWVW) - Bdz + / =22 AYW . YW d2
2 /gt B H

and

(2.65) / tl‘QSAVW-VWdz:/
B

tl—%(Avw.y)stMS/ B|TYW 2y,
o+t B} Ty

Remark 2.11. The term [q- h|TrW|2dS’ is understood for a.e. 7 € (0, Ry) as the L'-function given by
the weak derivative of the W'1(0, Ro)-function r — [i.- h|TeW |?dy. Likewise, the two terms

L2
/ =2 AW - VW dS  and / p-2s [AVIV -7 o
o+ B;F o+ B;F

are understood for a.e. r € (0, Ry) as the L'-functions given by the weak derivative of the W11(0, Ry)-
2
functions r — [z+ AVW - VW dz and r — [5+ tl_zsw dz respectively.

Proof. Since U, € H 2(Onn’(g)7 the following Rellich-Necas identity holds in a distributional sense in
Or,n,(?:

(2.66) div ((AVUH-VUn)ﬂ - 2(B-VUn)/~1VUn) = (AVU,-VU,)div 8 — 2(8-VU,) div(AVU,)
+ (dAVU,VU,) - B — 2J3(AVU,,)-VU,,

where A(z) = t172%A(y) and § has been defined in (2.21). Since U,, € H?(O,.,s) and A and § have
Lipschitz components, we have that

(AVU,-VU,)B — 2(8-VU,)AVU, € WO, 5)
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so that we can use the integration by parts formula for Sobolev functions on the Lipschitz domain O, ,, s

and obtain, in view of (2.66) and (2.52)),

g

ron,8

12
1= AVU, - VU, dS — 2r / o2 AVOn Vg

Tron,s

tl—QS a
—/ p 10,Un|*(Av - v)(Az - v) dS — 8272 _AVU,, - VU, dy
Yr,n,s

Ir,n,s ,LL
+ /
ez
- /CT',’VME
+ /
o

In the previous computation we have used the following facts: on 7., s the outward unit normal vector

is v = £, on 7, s we have that VU,, = £|VU, |v due to vanishing of U,, on 4, s, and on o, , s one has

r?

v=(0,0,...,0,—-1), AVU,, - v = —adU,, and
AVU, - z = (DV,U,,adU,) - z = DV,U, -y + add;U,.
From Lemma 2.8 and uniform ellipticity of A it follows that

51*QS%atUn(Dvan ) dy + 2/

Oron,s

2
52*2S%|atUn\2 dy

rn,§

=2 AVU,, - VU, divBdz — 2 172 J3(AVU,) - VU, dz
o B

t1725(dAVU,VU,) - Bdz + (1 — 2s) /

=22 AU, . VU, do.
Orn.s 1

rn,o

t1—28
/ |8,,Un|2(Au ‘v)(Az -v) > 0.
. 1%

ron,s

Hence, we get the following inequality

102
2.67) / 1725 AV U, - VU, dS — 2r / po2s [ AVU VG / 5222 AV, - VU, dy
Trom,s Tron,s 12 Orin,s 2

vz f

> / t'=2 AVU, - VU, divBdz — 2 / 172 J5(AVU,,) - VU, dz
Orn,s

Or,n,é
+/

We are going to pass to the limit as 6 — 0. We denote as O, ,, the limit domain with its boundary
00, p, = Orp UYrn Uy, Le.

Orn =U, N By, Trp =AW yn,t) €0B, :yn < fult), t >0},
o {0 B = 20} e (o) € 2 <),
We claim that, for every fixed r € (0, Rg) and n > r~%, there exists a sequence d;, — 07 such that
2
_/ 6272S%AVUn'vUndy+2/ 52728%\&5Un\2dy—>0 as k — oo.
g Or,n,sp

Since « is bounded, p > 1/4 in Bp,, and A has bounded coefficients, it is enough to prove that there
exists a sequence 0 — 0T such that limy_o [ ) 67 %*|VU,|*dy = 0. To prove this, we argue by

2
(51_28%8tUn(Dvan -y) dy-|-2/ 52—2s%|8tUn|2 dy

rn,s rn,s

72 (dAVU, VU,) - Bdz + (1 — 2s) / tl_QSgAVUn - VU, dz.
Or,n,é M

rn,5

rmn,8

contradiction and assume that there exist a positive constant ¢ > 0 and §; > 0 such that, for any
0 € (0,do),

S< [ SEVUwRdy,
Or.n,s

which, after integration in (0, dy), gives the contradiction

do c 5o
Cars [Mo ( / |VUn<y,6>|2dy> 48 < VallZ s e gy
0 0 Tron,s Ro?

since the first integral diverges.
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In order to prove the convergence

)

we exploit a continuity result for ¢'=249,U,, and VU, over U,, N B,, which allows us to pass to the limit
by the Dominated Convergence Theorem. More precisely we claim that, for all r € (0, Ry) and n > 8

(2.68) tH=29,U, € C°(U, N B,), V,U, € C°U,NDB,).

g (X 1
o2 ;atUn(Dvan-y) dy 2k / —Nphy TrU, (DY, TrU, - y) dy,

rn,§

The continuity of ¢'=2¢9,U,, and V,U,, away from {t = 0} easily follows from classical elliptic regularity
theory, since U, is solution of an uniformly elliptic equation. Nevertheless, Lemma 3.3 in [13] allows us to
prove continuity of t'~2°9,U,, and VU, up to {t = 0} when we stay away from the corner between o, ,,
and 7, ,,, i.e. away from the edge {(y/,yn,t) € B, : t = 0 and yy = n~'/%}: to this aim it is enough to
apply |13, Lemma 3.3] to the function U,, o F~1. Eventually, we can deduce continuity of t'~249,U,, and
V,U, also in the set {(y/,yn,t) € B, : t € [0, =] and yn € [0,n71/5]} as a consequence of the regularity
result given in Lemma applied to the function U,, o F~1.

Using the fact that, for all r € (0, Rg) and n > r~%, the terms integrated over 7., 5 belong to L' (7, ,)
in view of and the terms integrated over O,.,, s belong to L' (U,, N B,.) since U,, € H' (U, t' 2% dz),
then by absolute continuity of the Lebesgue integral, we can pass to the limit in along § = J; as
k — oo, thus ending up with the inequality

AVU,, -v|? 1
(2.69) r/ t'=2 AVU,,-VU, dS—2r/ tHsvﬂl" dS—foS/ — b TrU, (DY, TYU, -y) dy

T, r,n

2/ t1_2SAVUn-VUndidez—2/ t1=2 J5(AVU,,) - VU, dz
U U,NB,

TIVOBT
+ / t17(dAVU,VU,)-Bdz + (1 — 25) / 1122 AV, VU, dz,
untr l/lnﬂBy- u

for all » € (0,Rp) and n > r=8. For r € (0, Rp) fixed, we are going to pass to the limit in (2.69) as
n — +oo. We extend the functions U,, to be zero in B;f \ U,. By the strong convergence U, — W in
HY (B}, ,t'72*dz) (see Proposition , it follows that

Ro
/ (/ =2 (IV(U, = W)|? + U, — W) dS) dr — 0,
0 o+B;F

i.e. the sequence of functions un(r) = [, g+ t'72 (|[V(Un — W)|? + |Un — W|?) dS converges to 0 in
LY(0, Ry) and hence a.e. along a subsequence u,,, . In particular we have that

(2.70) Un, = W ask —ocoin HY(OT B/}, t'7%°dS) for a.e. r € (0, Ry),

where H' (0% B;f, #1725 dS) is the completion of C*°(9+B;) with respect to the norm

1/2
i v oasy = [ 87 (P +?) as)
o+ B}t

Let us now discuss the behavior of the term fa ir]nhnTrUn(DVyTrUn -y)dy as n — oo. Since
M (y',yn) = 0 if yy > —L, by the Divergence Theorem we have that

(2.71) /U

1 1
—1phy, TrUL (DV, TYU,, - y) dy = / ;nnhnTrUn(DVyTrUn ~y)dy
Iy

n

1 1 1
div, (nnhn|TrUn|2Dy> dy — = / ITrU,, |*div, (nnhnDy> dy
2 2 Jry H

NS NI~ N

/r
1 1
/ 777nhn|TrUn‘2Dy : VdS, -5 / |TI‘Un|2d1Vy (n7zhn/8,) dy
S H 2 Jry
1
/ Nnhn | TeU, |2 dS" — 5/ ITYU, > (00 Vyha - B+ nphndiv, 8') dy
S I

. /1‘* ‘TrUn|2hnvy77n : ﬁ/ dZ/,
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where ' has been defined in ([2.21)). From the strong convergence U,, — W in HI(BEO, t1=25dz) proved
in Proposition and (2.1)), it follows that

Ro _
/ (/ (nnhn|TrUn|2 - h|TYW‘2> dS/) dr — 0,
0 Sy

T

i.e. the sequence of functions r — [ (77nhn\TrUn|2 - i~z|TrW|2) dS’ converges to 0 in L'(0, Ry) and
hence a.e. along a further subsequence, which we still index by nj. In particular we have that

(2.72) / Ny, Moy, | TeUp, | dS" — / R TeW | dS"  as k — oo for ae. r € (0, Ry).
57 Sy
The strong convergence of Uy, to W in H'(B}; ,t'~?*dz), which implies that TrU,, — TrW in LQ*(S)(B}?/O)

by (2.1), the strong convergence (2.43) of h,, to h in Wl’p(I‘EO), and the fact that , — 1 a.e. in I'p
imply that

(2.73) Tim [ TeU [ (3, F - B+ hadivy ) dy = / T2 (vyﬁ B+ Bdivyﬁf) dy
for all r € (0, Ro). Finally, we have that, by (2.50) and (2.21)),
1n "

w2
Hence, since (2.19) implies that (D(y)y)n = O(yn) as yy — 0 and (2.38) yields that n/( — 2%%) # 0
only for yy € ( — %, —%), we conclude that
Vynn - B is bounded in T, uniformly with respect to n.

Therefore, by Holder’s inequality,

/ I TYU, *hn Vi - B dy‘
Iy

1o |Ev (= 30)

< const ”TrUnHiw(s)(pr—)”hn”LP(F;) {(W yn) €Ty _% <yn <=5} ]pv

where | - |y stands for the N-dimensional Lebesgue measure; hence, by boundedness of {TrU,} in
L¥ ()(I'), ensured by (2.1)), and boundedness of {h,} in LP(T';), we conclude that

(2.74) lim ITYU, |*hn Vi - 8/ dy = 0

Combining (2.72)), (2.73]), and (2.74), we can pass to the limit in (2.71]) along the subsequence, obtaining
that

1
(2.75) klim =1y b, TeU,,, (DV, TrU,,, - y) dy
— 00
Tr,ng,
- 1 . .
= t-/ h|TYW|? dS’ — 7/ |TeW |? (Vyh B+ hdivyﬁ’) dy.
2 Js- 2 Jr;

In view of (2.70)), (2.75)), and the strong convergence of U,, to W in H! (BEO, t172%dz), we can pass to the
limit as n = ng — oo in (2.69) obtaining the desired Pohozaev-type inequality (2.64) for the solution W.

Finally, to prove (2.65), we first multiply equation (2.51) by U, and integrate by parts over O, s;

then we pass to the limit as § — 07 using (2.68)) and as n = ny — oo, taking into account (2.70). O

3. ALMGREN TYPE FREQUENCY FUNCTION

In this section we analyze the properties of the Almgren frequency function N (r) associated to (2.11]),
see (3.9). To perform a blow-up analysis, the boundedness of the frequency will be crucial; to this aim
we are going to prove that A/ possesses a nonnegative finite limit as r — 0F.

Let W € HL, (Bf,,t'72* dz) be a nontrivial weak solution of (2.11). For all 7 € (0, Ry) we define

+
Ry

(3.1) E(r) = % (/ 2 AVW - VW dz — ns/ hl TrW|2dy)
TS\ By ry
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and

1 1-2s 2
TNTI s /(%B+ t w(z)W=(z)dSs.

Let us first estimate the derivative of H.

Lemma 3.1. Let E and H be the functions defined as in ) and ( . Then H € W 1(O,Rl) and

loc

(3.2) H(r) =

2 1—2s 3W -+
(3.3) H'(r) = o /a+3+ t ;LWW dS+ H(r)O(1) asr—0
in a distributional sense and for a.e. v € (0,Ry), where v = v(z) = é denotes the unit outer normal
vector to 9T B;f. Moreover

2

r ° Jo+tBt

and
2

(3.5) H'(r)= ;E(T’) + H(r)O(1)
asr— 0F.

Proof. We observe that H € L{ (0, R;) by definition and it can be rewritten as

H(r)= /S ‘911V+1 w(r@)W?2(r6) ds.

Thus, for all test functions ¢ € C°(0, Ry ), we have that

)
_ 0R1 H(r)¢'(r)dr = — /031 (/S+ 911v+1u(r9)W2(r0) dS) o' (r)dr

_ 12 M()WP(2) o B (2 () W2(2)2) L
= /B; t WV(p(z)oz dz = B div PLaz=E P(z)dz

[ o (T W) o,
ot

|| N+2-25

Ry
- /0 < / LONE 2u(rOW (r0)V W (r0) - 0 + W2 (r0) Vpu(r0) - 0] dS) o(r) dr,

S+
where ¢(z) := ¢(|z]), so that ¢'(|z]) = V@(z) - 157~ Hence the distributional derivative of H in (0, Ry) is
given by
2 ow 1
3.6 H'(r) = 152 W ——dS 7/ B WAVp - v dS.
(3.6) (r) L N+1-2s /aJrBJr oy 0T TN o+ B pev
Since W, VW € L2(B}; ,t'72*dz), from and - we easﬂy mfer that H € W,.;! (0, Ry) and .

also holds for a.e. r € (0, Ry). Moreover, comblnmg , , and ( .7 we obtaln
In order to prove (3.4), we define
BB —2)

V(2) =
||
Observing that v(z) - z = 0 by definition, we deduce that, for a.e. r € (0, Ry),
ow 1
(3.7) / 25 (AVW - )W dS = / 25 W ——dS + - / 1725y . V(W?) dS
o+ B o+ B v 2 Jo+nt

1
- /(%B+ tl’%uW%—WdS -3 /WB+ div(t' =2 4)W?dS

oW
:/(%B+ E2 W S dS + H(r)O(r ¥ 1),

where we used that
div(t'=25y) = 172 divy + (1 — 28) vt~ 2*
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and
n+1(2) =tO(1) as [z = 07,

A\
aivy = (V- B2 502y -+ A s - (v 1) = 0(1) s 2]+ 0,
as a consequence of (2.21), (2.7)), (2.25), (2.26), (2.27), (2.29). Hence, from (3.3)) and (3.7)) it follows
(3.4). From (3.1)), (2.65) and (3.4) we infer that

N+1-2s
N2 E(r) = / £ (AVW - )W dS = ——H'(r) + H(r)O(rVT1729),
o+ B, 2
as r — 07, which gives (3.5)), thus proving the lemma. O

Lemma 3.2. The function H defined as in (3.2) is strictly positive for every 0 < r < Ry, with Ry being
defined in ([2.45)).

Proof. We prove the statement by contradiction. To this aim, we suppose that there exists R < Ry
such that H(R) = 0. Then, since for every r < Ry it holds that > 1/4 in B,, [y, 5+ t'72W? = 0
R

and hence W =0 on 8"’3%. From (3.5) it follows that H is differentiable in a classical sense in R and

H'(R) = 2R 'E(R); on the other hand, H(r) > 0 = H(R) implies that 0 = H'(R) = 2R ' E(R) and
hence E(R) = 0. Then from (2.31)) it follows that

(3.8) 0 :/ 25 AVW - VW dz — ns/ h| Te W% dy > C*MS/ t1725 | VW2 dz.

BL o BL
By (3.8]) and Lemmaﬁwe can conclude that W = 0 in B%, which in turn leads to W = 0 in BEI N{t > 6}
from classical unique continuation principles for second order elliptic equations with Lipschitz coefficients
(see [23]). Since § > 0 can be taken arbitrarily small, we end up with W = 0 in Bgl, which is a
contradiction. (]

As a consequence of Lemma [3.2] the Almgren type frequency function

(3.9) N(r) =

is well defined in (0, Ro], with Ry as in (2.45]).
In the following lemma we provide an estimate for the derivative of the function E.

Lemma 3.3. Let E be the function defined as in (3.1). Then E € W2'((0, Ro)) and

loc
L2 - _
(3.10) E'(r) > N_Qg/ t1—2sm+0(r—1+5) E(r)+N 2s
r S JotBt K

H(r)| asr—0"

for a.e. € (0, Ry), where

(3.11) § = min{g, 1} € (0,1]

and € is defined as in .

Proof. From (3.1) we deduce that E € L} (0, Ro). From coarea formula E € W, ((0, Ry]) and

loc
25— N .
= (/ tl_QSAVW~VWdz—mS/ h|TrW|2dy>
r 5 \JUBt I

1 ~
+ w5 (/ t' AV - VW dS — /{S/ A Tr W? dS’)
r o+ Bt -

T

(3.12) E'(r)

in a distributional sense and a.e. in (0, Ro). Using (2-64), Lemma [2.1] and Lemma we obtain that

2 ol [AVWV - v)? O(r) _
. / > 1-2s 1-2s .
(3.13) E'(r) >~ /(%B:rt S+ /B:t AVW - VW dz
o(1 . .
+ i [ QR+ IV, TPy
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asr — 0%, for a.e. r € (0, Ry). One can estimate the last two terms of the right hand side in ([3.13)) using

(2.31)), thus obtaining

O(r) 1—9s B N —2s
and
o1 - - O(r® o )W
(3.15) W%_)Q /r(|h| + |V h)W? dy = TNL_L(/F | Te W[ )dy>

N —2s

= O(r~ %) [E(r) + H (r)],

where in (3.15) we have taken into account ([2.34)) as well. Estimate (3.10) follows from (3.13), (3.14),
and ((3.15)). O

Lemma 3.4. Let N be the function defined in (3.9). Then, for every 0 < r < Ry,

(3.16) Ny > =Y - 25
and
(3.17) lirg(i)rlf/\/(r) > 0.

Proof. We deduce (3.16) from (2.31). By (3.1)), (3.2), (2.37) and (2.32), we obtain that for all 0 < r < Rg
N2 E(r) :/ tl’zsAVW~VWdz—ns/ h| Tr W2 dy
Bt -

T

- __ 2(N -2
> §/ t1725|VW|2dz — KeSN,sCN,s pT" 540M
8 B+

/ 12 w2 ds > —C'TEJFN*QSH(T),
r o+ Bt

T

with @ as in (2.44)) and C = 2(N - 28)H5§N755N75,p@0 > 0. From this and (3.9) it follows that, for every
0<r< Ro,
N(r) > —Cr®,

which leads to (3.17)). O

Lemma 3.5. Let N be the function defined in ([3.9). Then N € W\ ((0, Ro]) and
(3.18) N'(r) > Vi(r) + Va(r)

for almost every r € (0, Ry), where

2r [(fa+3+ (-2 TR g8 ([ 012202 dS ) = ([ e 112 (AVW )W dS)Q]

Vi(r) = (faJrBj tl—zs,uW2>2

and
N -2

2

Va(r) = O(r~1+9) (N(m + S) asT — 0",

with & as in (3.11)).

Proof. The fact that N” € WL ((0, Ro]) follows from Lemmas and Moreover, exploiting
(13.4), (3.5) and (3.10)), we obtain that
_ E'(r)H(r)—H'(r)E(r) _E'(r)H(r) H'(r) (r

(3.19) N'(r) = 20 = Tm B §H'(r)+H(T)O(T))

N 2r |:<f,9+3;rt1—2814v‘;v'”|2d5> (ngrB;rtl_QSMWQdS) _ (faJrB,thl_Zs(AvW . V)WdS)T

2
( Joe it tl—quWQdS)
N — 2s
2

1
H(r)rN-=2s

+O(r 1) (N(r) + ) +0(r) +0(1) / T (AVIV - v) W dS.
o+ B}
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In order to estimate the last term in (3.19)), we observe that

11 H'(r)
mm H(r)

where we used (3.4) and (3.5). Combining (3.19)) and (3.20) we obtain that

2r {( Syt ARG ([t 200248 ) = ([ gt (AVIV - V)st)z}

(3200  O(1)

/ 1725 (AVW - )W dS = O(r)+ O(r) = N(r)O(1) + O(r),
o+ B;f

N (r) > 2
( Jos it tl—quWQdS)
5 N —2
+ N()O1) + O(r) + O(r~1+%) (N(r) + S) asr — 07,
which yields in view of (3.17). O

Proposition 3.6. Let N be the function defined in (3.9). Then there exists C1 > 0 such that, for every
re (0, Ro],

Moreover the limit
3.22 = i
(3.22) 7= lim N(r)

exists, is finite and nonnegative.

Proof. From Lemma we deduce that N'(r) > Va(r) a.e. in (0, Rp), since V;(r) > 0 as a consequence
of Schwarz’s inequality. Hence there exist 0 < R < Ry and Cy > 0 such that

(3.23) N'(r) = =Cor™'¥0 (Nm + 25 28) :

for a.e. 7 € (0, R). Then

a [log (J\/’(r) +

and, integrating the above inequality between (r, I:Z) with r < E, we obtain the upper bound

N—QS)CEj N —2s
5 )¢

which yields (3.21]), in view of the continuity of A in (0, Rg]. From (3.23)), we derive that

d% [ecz’"; (N(r)+ N;2S>} >0 ae. in (0,R),

N —2s

)} > —C’27‘71+5 a.e. in (O,f%),

N(r) < (N(R) + for all 7 € (0, R),

hence

r s O (N(r)—i— N;28>

is a monotonically increasing function in (O,R), thus its limit as 7 — 07 does exist, and the same
holds true for the limit of the function A. From Lemma and (3.21), we can conclude that the limit
v := lim, _,o+ N (r) is finite and nonnegative. |

Lemma 3.7. Let v = lim,_,o+ N(r). Then:
(i) there exists kv > 0 such that, for all r € (0, Ry),
(3.24) H(r) < kir?7;
(ii) for any o > 0, there exists ko(o) > 0 such that, for all r € (0, Ry),

H(r) > ky(o)r?7te,
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Proof. (i) By (B:21), (B:23), and (8:22) A" € L!(0, Ry), then using (3:23) and (3:21)

N(r) =y = /OT/\/"(s)ds > 0y /O 5143 (N(s) TR 25) ds

T _ 5
> —CQ (Cl + NEQS)/ S—1+5ds _ _C12 (Cl + N;QS) %
0

Using (3.5]), one has

H'(r) 2N(r) 27y N amaxd

= O(1) > == —2C, (C1 + ¥52) —— + 0(1 — 0t

0 " +(),r > (Ch + 2522) 3 +0() asr

Integrating the above estimate and taking into account that H is continuous on (0, Ry], we obtain (3.24)).

for all r € (0, Ry).

(ii) Since v = lim,_,q+ N (7), for any o > 0 there exists r, > 0 such that, for any r € (0,r,),

o
N(T‘) <7v+ 5,

and hence ) "

H'(r 2N (r 2y +

1) V0 | gy <« 22T 4,

H(r) T r
for some positive constant c¢. Integrating over the interval (r,r,) and taking into account that H is
continuous and positive in (0, Ry], we prove the second statement. (]

4. BLOW-UP ANALYSIS AND LOCAL ASYMPTOTICS

4.1. Blow-up analysis. As in Section [3| let W € Hll+ (Bgl,tl’zs dz) be a nontrivial weak solution of
R
(2.11). For every A € (0, Ry), with Ry being as in 1, let us define

WA
(4.1) w(2) = 7( ?) )
H())

We have that w? is a weak solution to

—div (' "2 A(X)Vu?) =0 ) in B 5
(4.2) limg o+ (E' "2 AN )V - v) = £,A2A(A) Trw?  on LR

wr =0 on FR/A'
Moreover we have that
(4.3) / ON o (A) [ (0) 7 dS = 1.

N

S+
Lemma 4.1. The family of functions {w*}e(o,r,) is bounded in H'(By ,t'72*dz).
Proof. By (3.9) and using (2.32)), (2.36)) and ([2.37)), we obtain that, for every A € (0, Ro),
)\QS—N 1o B )
N = —r / t_sAVW-VWdZ—KJS/ h| Tr W= dy
W =E0 s o T

A

AZ=N T3 . _ 2N —2s)
|5 [ IV dz — koSN sCn s pATa 7/ =2 uwds
=HO) |:8 /B;( | |” dz — ks SN,sCN,s pA Q0 \ - H
> §/ 72|V |2 dz — 2(N — 25)ks SN sEn.s pAE a0
8 JB; o
N -2
> §/ 1725V |? dz — 37
which together with (3.21)) implies that {HV@U)‘HB(Bfr t1*2sdz)})\ 0.10) is bounded. From this and (4.3),
: €(0.Ro
the boundedness of {w*}xe(0,r,) in H' (B ,t'72*dz) follows by Lemma O

We are going to prove strong convergence in H'(Bj",#'72%dz) of {w’} along a proper vanishing se-
quence of \’s; to this aim, we first need to establish the following doubling properties.
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Lemma 4.2. There exists C3 > 0 such that

1
(4.4) FH()\) < H(R)) < C3H(N),
3
(4.5) / t1725|Vw)‘|2dz§032N725/ 1725 Vw2dz,
Bj Bf
and
(46) / t172s‘w)\|2dz S 032N+272s/ t172s|wR)\‘2dz.
B} Bf

for any A < Rg/2 and R € [1,2].

Proof. From (3.5) we deduce that, for a.e. r € (0, Rp),
H'(r)  2N(r)
H(r)  r
Hence there exist a positive constant C' > 0 and Ry < Ry such that, for all r € (0, RO),
_ /
N 2s§H(T) §C+2—Cl,
r H(r) T
where we used (3.16) and (3.21). Integrating the above inequalities over the interval (A, R)\), with
R € (1,2] and A < Ry/R, we obtain that

+0(1) asr—0".

—C—

_(N—2s) —cBa(p_ H(R)) Ro p_

4.7 9—(N—2s) cRe(R-1) < 4C1,CH(R-1)

o ’ SEN TS

The above chain of inequalities trivially extends to the case R = 1. Estimate (4.4]) follows from (4.7)) and
the fact that H is continuous and strictly positive in (0, Ry] (Lemmas and [3.2)). By scaling and (4.4)),
O

we easily deduce (4.5)) and (4.6)) (see [9] for details in a similar situation).

Lemma 4.3. Let w* be as in (A1), with X € (0, Ry). Then there exist M > 0 and Ao > 0 such that, for
any X € (0, o), there exists Ry € [1,2] such that

/ t172S|Vw)‘|2 ds < M/ t1725|Vw/\|2dz.
o+ By, By,

Proof. We recall that, by Lemma the set {w)‘}/\e(o,Ro) is bounded in H'(Bi,t'~2%dz) and

(4.8) w € HL, (Bf ,t'7%*dz) for all A € (0, Ro).
Moreover, by Lemma [4.2, we have that {w*}\c(o.r, /2) is bounded in H'(B;,t'~2%dz), hence
(0,R0/2) 2
4.9 limsu 725V ? dz < +o0.
(4.9) p
A—0t JBF

For every A € (0, Ry/2), let
falr) =/ 1725 Vw? 2 dz.
Bt

r

Then fy is absolutely continuous in [0, 2] with distributional derivative given by
)= / t1725|Vw?? dS  for almost every r € (0,2).
o+ B}t

Let us suppose by contradiction that for any M > 0 there exists a sequence \,, — 07 such that

/+ . t172s|vw)\n
o+ B/

for all r € [1,2] and n € N, i.e.

(4.10) fa, () > My, (r)
for a.e. 7 € (1,2) and any n € N. Integrating (4.10) over [1,2], we obtain that, for any n € N,
r, (2) > eM £y (1), and hence

liminf fy (1) < limsup fy, (1) < e M limsup fy, (2),

n—+oo n—-+oo n—+oo

2dz

2ds > M/ 1728 | Ve
B
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which implies that
(4.11) liminf fy(1) < e limsup £, (2),

A—0t A—0+

for all M > 0. From (4.11) and (4.9), letting M — +oo we deduce that liminfy o+ fA(1) = 0. Then

there exist a sequence A\, — 0% and some w € H'(B",t'72%dz) such that w*» — w in HY (B}, t'72%dz)
with

lim 172 |Vt [2dz = 0.
n—-+o0o Bf

However, by compactness of trace map H'(B;,t'72%dz) << L2(0F B}, t1722dS), ([4.3), , and
weak lower semicontinuity of norms, we necessarily have that

/ 25| Vw|?dz = 0 and / t17252dS = 1.
B a+Bt

Hence there exists ¢ € R such that w = ¢ in B and ¢ # 0. Since H}, (B, t'7%% dz) is weakly closed
1
in HY(B;,t172* dz), from (4.8) we deduce that w = ¢ € Hllir(Bfr,tl*2S dz), so that 0 = Tmu}r1+ =c a

contradiction. 0

Lemma 4.4. Let w* and Ry be as in the statement of Lemma @ Then there exists M > 0 such that
/ t1725|Vw>‘RA |2 dz< M
o+ B

for any A € (0, min{Ag, Ro/2}).
Proof. We observe that, by scaling and (4.1)),
RI—N+28H A
/ t172s|vw)\R,\|2 ds = A ( ) / t172s|vw/\|2 dS,
o+ BY HQARN)  Jo+by,
so that, in view of Lemmas [£.2] [£.3] and [4.1] we have that

/ 2 Vw2 ds < 203M/ 72|Vt |* dz
ot By B,

< 21+N*23MC’§/ tlfQS\VwAR* |dz < M < +oo0.
BY

The proof is thereby complete. U

Proposition 4.5. Let W € th (B;gl,tl_% dz), W £ 0, be a nontrivial weak solution of (2.11)). Let ~

Ry
be as in Proposition[5.6. Then

(i) there exists ko € N such that v = s + ko;
(i) for any sequence A, — 07T, there exist a subsequence {\,,} and an eigenfunction 1 of problem
(1.11)) associated to the eigenvalue py, = (ko + $)(ko + N — 8) such that ||w||L2(S£ pl-2:q5) = 1

Any _ W()\nkz) <Z>

and

strongly in H*(By ,t'72%dz).
Proof. Let w* € H%T (B ,t'72%dz) be as in (£1) and R, as in Lemma From Lemma we

deduce that the set {UJ)\RA})\e(O’min{)\O,RO/Q}) is bounded in H'(B; ,t'72%dz). Let us consider a sequence
An — 07. Then there exist a subsequence {\,, } and w € Hlf+ (Bf",t'725 dz) such that wrE e gy
1

weakly in H'(Bj,t172%dz). Moreover we have that
(4.12) / t17252dS = 1
o+Bf

by compactness of trace map H'(Bj",t'72%dz) —— L2(0* B ,t'722dS), ([&.3), and (2.25). This allows
us to conclude that w is non-trivial.
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We now claim strong convergence

(4.13) w5 ow o in HY(BY, 1720dz).
We note that w*"+ ™ weakly solves ([@.2) with A = A,,, Ry, - Since Bf" C BE/(AM LV for sufficiently

large k, we then have that

(4.14) / 725 A\, R, y)Vw e (2) - Vo (2) dz
Bf

= Ks(An, Ra,, )% / h(An, Ra,, y) Trws o (y) Tr &(y) dy
ry

+ / (11722 A\, Ry, y) Vs Bone (2) - 1) ®(2) dS
o+ By *
for sufficiently large k and for every ® € Cg° (Bifr\l“f), hence by density for every ® € Hll,1+ (B, t'7%dz).
We are going to pass to the limit in (4.14]). To this aim, we observe that (2.20]) implies that

(4.15)

/B+ 172 (Ay) Vot (2) — Vw(2)) - VO(2) da

1

<

/ =2V (w —w) - VO dz
By

+ C)\/ 1725 |V | |[VO| dz
By

1/2 1/2
+CA / 25|V ? dz / 25|V P|? dz
Bf Bf

<

/ 725V (wt —w) - VO dz
By

1

for some C' > 0 and for sufficiently small A, and

/F h(\y) Trw (y) Tr ®(y) dy

1

§A23</B

—0Q) (/F A(y) ”dy> —o(1) as A—0F,

A

(4.16) A%

2s

L 1
@) RO} ~
[ Trad () dy) < [ e dy> ( [ ko dy>
By Ty

1

’
1

from Holder’s inequality, Lemmas and (4.3), since u(Ay) > 1/4 for all A < Ry. Taking
A= ARy, In (4.15) and (4.16), letting k — oo, and recalling that wrE B gy weakly in
HY(Bf,t'72dz), we obtain that

(4.17) lim 172 A(An, Ry, )V e i (2) . VO (2) dz = / tH=2Vw - V& dz
k— o0 Bi%— k Bi%—
and
(4.18) Jim (A, Ry, )2 . h(An, B, y) Trw ™o (y) Tr & (y) dy = 0.
1
Thanks to (2.20)), we have that
(4.19) / (tl_QsA()\y)VwA(z) V) ®(2)dS
o+ By

A
:/ tl—%aicdeJr/ 1725 (A(\y) — Idn )Vt (2) - v ®(2) dS
o+ BY ov o+ B}

B> 1/2 1/2
- / #1-2s2% 545 + O\ (/ 1725 T 2 dS) (/ =252 dS) .
o+ By ov o+ By o+ By

Moreover, from Lemma [.4] up to a further subsequence, we have that
Ow kg,

(4.20) 5

— f weakly in L*(91 By, t'72%dS)
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for some f € L?(0T B, t'722dS). Then, taking \ = Anp Ry, in 4.19)), letting & — oo, and taking into
account Lemma [£.4] we obtain that

(4.21) lim (72 A(An, R, )V s o (2) - 0) D(2) dS = 25 fd dS.

k—oo Jo+ By o+B;f

Hence, passing to the limit as & — oo in (4.14) and combining (4.17)), (4.18]), and (4.21]), we find that

(4.22) / tH=2Vw - Vo dz = / ' f0dS for any ® € HL, (B, t'**dz).
By o+Bf 1
On the other hand, if we take ® = wre ey i (4.14), we have that
/ 72 AN, Ry, y) Vs o (2) - Ve e (2) dz
B
= Ks(/\nk R>\nk )25 / i"()‘nk R)xnk y)' Trwknk oy (y)|2 dy
Iy
+ / (172 A(An R, 2) VP (2) - v) e e (2) d8S,
o+ B} *

hence, by (2.20)), arguing as in (4.19) and (4.16) and using Lemma [£.4] and (.20, we obtain that

(4.23) lim |V s 2 = lim 1725 A(Ap, R, )V e e (2) . Wt s Fan (2) dz
Ang Ry,
= lim po2s Q0T B g

k—o0o Jo+ Bl+ ov

/ t1—23fw ds = / t1_25|VU}|2,
o+Bt BT

where we used the compactness of the trace operator H'(Bj,t'72%dz) << L?(0T B ,t'7%%dS) and
@22) with ® = w. The weak convergence w’ ™™ m — w in HY(Bf,t!72%dz) together with (.23)
imply (4.13).

For every k € N and r € (0, 1], let us define

1
By(r) = —x—g5 [ /B X 2 AN, Ry, y) Vs Do Gt g
— Ao R /F WA R, )] Trw e 2dy
and

1 _9s An, R
Hy(r) = m/a+3+ t? ((An R, 2)|w” %2 (2)[7dS.

We also define, for any r € (0, 1],

— ; 1-2s 2
(4.24) Fulr) = /B IR
and
_ 1 1-2s, 2

By scaling, one can easily verify that

= fl:%::; = ff((izzgi:i:; =N, Ry, r) forallre(0,1].

From (4.13)), (2.20), and (4.16)), it follows that, for any fixed r € (0, 1],

(4.27) Ey(r) = Eu(r).

On the other hand, by compactness of the trace operator and , we also have, for any fixed r € (0, 1],

(4.28) Hy(r) = Hu(r).

(4.26) Ni(r)
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In order to prove that H,, is strictly positive, we argue by contradiction and assume that there exists
€ (0,1] such that H,(r) = 0; then r is a minimum point for H,, and hence, arguing as in Lemma

we obtain that necessarily 0 = HJ,(r) = 2r2s=N=1 [, t172%|Vw(z)|?dz and hence w is constant in B;'.
From Lemma [2.3 n we conclude that w = 0 in B, which implies that w = 0 in Bf from classical unique

continuation principles for second order elliptic equations, thus contradicting (4.12)).
Hence H,(r) > 0 for all r € (0, 1], thus the function

Ny (0,1] = R, Ny(r):=

is well defined and one can easily prove that it belongs to WIOC ((0,1]). From (4.26)), (4.27), (4.28), and
Proposition [3.6] we deduce that

(4.29) No(r) = lim N(An, R, 7) =7

for all r € (0,1]. Therefore N,, is constant in (0, 1] and hence
(4.30) N/ (r)=0 for any r € (0,1).
Recalling the equation satisfied by w, i.e. (4.22)), and arguing as in Lemma with A =Idy and h =0

we can prove that, for a.e. r € (0,1),

r [(fmgitl_% |0,w|” dS) (fa+3¢t1_25w2d5> - (fmg,ftl_%@yw w dSﬂ

2
(fa+B+ t172sw2d5’)
Combining (4.30) and (4.31)) with Schwarz’s inequality, we obtain that, for a.e. r € (0,1),

2
(/ =25 19, w|? dS) (/ t1—28w2d5> - (/ 20, ww dS) =0.
ot Bf ot Bt o+ Bt

Hence, for a.e. r € (0,1), w and 8, w have the same direction as vectors in L?(9% B;",t172%dS), so that
there exists a function n = n(r), defined a.e. in (0, 1) such that d,w(rf) = n(r)w(rd) for a.e. r € (0,1)

and for all § € SY. It is easy to verify that n(r) = 211;" ((T)) for a.e r € (0,1), so that n € L{ ((0,1]). After
integration we obtain that

(4.31) No(r) 2

(4.32) w(r) = el 1) = g(r)p(9), e (0,1), 0 €Y,
where g(r) = eli n(9)ds and o = w‘SN. We observe that (4.12) implies that

+
(4.33) WHL?(SN O dS) = 1

From the fact that w € H1 +(Bf,t1725 dz) it follows that 1) € Ho; moreover, plugging (4 into

we obtam that o satlsﬁes - ) for some pu € R, so that v is an eigenfunction of - Recalhng
and letting ky € N be such that p = g, = (ko + s)(ko + N — s), we can rewrite the equation
—div (t1_2SVw) = 0 in polar coordinates exploiting [I3, Lemma 2.1], thus obtaining, for all » € (0, 1)
and 6 € SY,

1 s —1-2s : —2s

0= (V2 YO 2 0) 4 g(r)diven (93 X Vavi(6))
1 _ 9 1
= (VRGO EG(0) — T T g(r)0N ke ¥ (0)-

Then g(r) solves the equation

1 —2s —1-2s :
— VTG T g (r) =0 i (0,1)
i.e.
N+1-2
—g(r) -

Hence g(r) is of the form
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for some ¢y, co € R. Since w € H'(B;,t172% dz) and the function |z|*1|z|S*N’k°¢(|—§|) ¢ L*(Bf,t172 dz),
from Lemma we deduce that necessarily co = 0 and g(r) = cyr*s. Moreover, from g(1) = 1, we
obtain that ¢; = 1 and then
(4.34) w(rd) = rkotsy(@), for all r € (0,1) and 6 € SY.
Let us now consider the sequence {w?#+ }. Up to a further subsequence still denoted by {w’+}, we may
suppose that w*™s — w weakly in H'(By,#'~2* dz) for some w € H' (B} ,t'7?* dz) and that Ry, — R
for some R € [1,2].

Strong convergence of w e in B (B, t'725dz) implies that, up to a subsequence, both w

and |V | are a.e. dominated by a L2(Bj, t1~25dz)-function uniformly with respect to k. More-
over, by (4.4), up to a further subsequence, we may assume that the limit

H(\, R
¢:= lim 7( P

exists and is finite, with £ > 0. Then, by Dominated Convergence Theorem, we have

A B,

kl}r_{loo +tlfzsw)‘"l« (z)v(z)d,z:kgr_ir_loo]%)1}::2_23/+ 125 (Rx,, 2)v(Ry,, 2)dz
B} Bl/ny,,
)\n R,\

— RN+2—23 k ”k t1 2s Any By, R d
plm R B, () k(2)v(Ra,, 2)dz
=N4+2-2

_ s 1= 2SXB+ R2)dz

BY l/R
Y/ =2 w(z)v(Rz)dz = VI t172%w(2/R)v(2)dz
Blm B

for any v € Cw(ﬁ). By density, the above convergence actually holds for all v € L?(B;,t'~2%dz). This
proves that w* — /fw(-/R) weakly in L?(Bj,t'~2*dz). Since we know that w’* — W weakly in
HY(B},t'72 dz), we conclude that @ = v/fw(-/R) and then w*» — v/fw(-/R). Moreover

lim 1725V (2)2dz = lim Riv+2_23/ 1725 Vwre (Ry, 2)2dz
k—+oco Jp+ k—+o0 "k + k
1 VR,
H\, R
— lim R]AV72S ( "k )\"k) t1_2SXB+ |Vw)‘nkRAnk (Z)‘de
k—+o00 "k H(/\nk) Bf L/ Bxp,

A / B2y ()| Vu(z)Pdz = B2 / 125 |V (2) Pdz
B /R BT _

_ /Bl+ {2 \/ZV(U}(%))‘de.

This shows that w* — @ = /fw(-/R) strongly in H* (B}, t'=2%dz).
By (#.34) w is homogeneous of degree ko + s, hence W = /7 R " °w. Furthermore (4.3) and the
strong convergence w*"x — @ in L?(0 B, t'725dS) imply that

1= / 2724 = (R T / 117250248 = (RO
o+ BT o+ By

in view of - thus implying that w = w
It remains to prove part (i). By (4.34] , and the fact that v is an eigenfunction of (| with
associated eigenvalue pg, = (ko + S)(ko + N - s) we have that

1-2s 2 N+ 2ko 2 N+42ko
Bjt \Vw(z)|?dz = m((ko +8)% + piy) = (ko + s)r

and
/ t1252dS = TN'H_QS/ H}fow (rf)dsS = pN+2ko+1
o+ B sy
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Therefore, by (4.24]), (4.25) and (4.29), it follows that
(ry 7Bt t1=25|Vw(2)|?dz .
(r) — Joepy t'2wdS o

This completes the proof. O

Y= Nw(r) =

Ey
H,

To complete the blow-up analysis and detect the sharp asymptotic behaviour of W at 0, it remains to
describe the behavior of H()\) as A — 0T.

Lemma 4.6. Let v = lim,o N (r) be as in Proposition . Then the limit lim, o+ r~2YH(r) eists
and is finite.

Proof. Thanks to (3.24]), it is enough to show that the limit exists. From (3.5) we deduce that, a.e. in
(O, R0)7

d H(r) H'(r) H(r) 2

(435) % 2y = r2Y - 277“274_1 = r27+1 (E(T) + H(T)O(T) - ’YH(T))
= ii(j? (N(r)—v+0(r)) = ii(fl) (/OT N'(s) ds + O(r))

as 7 — 0%. Using the notation of Lemma we can write N/ = aq + g in (0, R), with
N —2s

041(7") = N/(T) + 027'714*5 <Cl + ) and 0[2(7') —_ 7047,714»57

where § € (0,1] has been defined in (3.11)) and Cy = Cs (C’1 + N;%). Integrating (4.35]) between (r, R),
we obtain that

H<R>_H<T>Z/R

R2v r2v

R R
2L (f ai(r)dr) dp + / 210 (ff aa(r)dr) dp+ / 22 0(1)dp
T

R
H 204 _
:/ Sl ([ aa(r)dr) ( i 1+5+O(1)> dp
Since 1 > 0 by (3.21) and (3.23), we have that lim,_ o+ TR iifl) (fo (T dr) dp exists. On the
other hand, estimate (3.24) ensures that p ’;Zéf) (f%p’l*‘S +0(@1 )) € L'(0,R), so that the limit
lim, o+ ﬁR i{gf) (—%p’”g + O(l)) dp exists and is finite. The lemma is thereby proved. O

The next step is the proof that the limit lim,_,o+ r=2YH(r) is actually strictly positive. To this aim,
we first define the Fourier coefficients associated with W, with respect to the orthonormal basis (1.14)) of
L2(SY, 05 % dS), as

(4.36) Orm(\) :/ ON T W(AO) i (0)dS, A€ (0,R1], keEN, m=1,..., M.
s¥

We also define
NY;
(@3 Y = = [ 07— Ty v () T,
B+

~ 4 z
+ms/7 h(y)TTW(y)TYYk’mQ |)dy+/a tl—QS(A—IdNH)VW-mYk,m<m)dS

Iy

for a.e. A€ (0,Ry], k € Nand m € {1,2,..., M} }.
Lemma 4.7. Let kg be as in Proposition . Then, for allm € {1,2,..., My, } and R € (0, Ry,

+B;r

s k, + S R—N—Qko R _
(438) ptonN) = W05 (BRI [P seiny, ) ap
0 0

N—S+k‘0
N + 2k

R _
/ p~Nls=koy, o (p) dp) + O(NFo sy s X — 07T,
A

where § is defined in ([3.11)).
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Proof. Let k € N and m € {1,2,..., My}. Testing (2.11) with ¢ = w(|2])|z|" V125V, 1 (2/|2|) for any
test function w € C2°(0, R;) and using ((1.12]), we can easily verify that ¢y, solves the following second
order differential equation

N+1-2s .
(439) V) = S )+ () = G ) 0 (0, Ry)

in a distributional sense, with u as in (1.13)), where the distribution (k. € D’'(0, R1) is defined by

LEERTON ~
D/(0,R1) {Chym» W) D0, Ry) = ,.;s/ % /SN ) h(N0") Tr W(AO') Yy, (0',0)dS | dX
0 N-

_ / 72 (A =Ty 1) VIV - V (w(|2]) 272V 0 (2/]2])) dz
B

n
Ry

for any w € C2°(0, Ry), where S¥ =1 = {(6y,...,0x) € SN~1: 65 < 0}. Letting T4, be as in [{@&.37), by

direct calculations we have that Yy ,,, € L'(0, R1) and

(4.40) (N = ANTIT2 G () in D0, Ry).
In view of (4.40) and (1.13]), we have that (4.39) is equivalent to
/
= (N () ) = N, i D0, Ry).

Integrating the above equation, we obtain that, for every R € (0,R1], k¥ € N and m € {1,2,..., My},
there exists a real number ¢ ., (R) (depending also on R) such that

(441) ()\_k_sgok,m()\))l = —)\_N_1+s_ka;,m()\)
R
— (k+s)A"N71m2k (Ck,m(R) +/ P () dp) ,
A

in the sense of distributions in (0, R;). From ([@41) we infer that ¢y, € W, ((0, Ry]), thus a new
integration leads to

pis [(Pem(R)  (k+s)cem(R)  N+k—s [T oy
(4.42)  orm(A) = A " ( Rk+s (N + 2k)RN+2k + N+2k J, P * Th,m(p) dp

k+ s)A\~N—kts L
P ([t
A

N + 2k

for all A € (0, Ry].
From now on, we fix kg as in Proposition Ry as in (2.45), and m € {1,2,..., My, }. We prove that

Ro
(4.43) | )l dp < .

To this purpose, exploiting (2.20) and using Holder’s inequality, one can estimate the first term in (4.37)
for all p € (0, Ry) as follows

(4.44) / H72(A — Iy ) VW (2) - Mm(z/wdz'
B 2]
By B
=: const I1(p) - I2(p),
where
(4.45) Lip) = \/pw—?s / 2|V (p2)2dz = p~ 2 /H{(p) ¢ / 11725 Ve (z) 2d2
Bfr B;r

N-—2s

<constp =z +/H(p),
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as a consequence of Lemma [£.1] and

g 2—2s
(4.46) L(p) = \/ / TN+128( / akfflvsmo,m(e)wds) dr = —VHko R
0 Sf

VNT2-25"
due to (1.12)). Combining (4.44), (4.45), (4.46), and (3.24) we obtain that, for every R € (0, Ry,

R
(447) / p7N71+87k0
0

Von Yio.m (2/12]) |
|2

R
< const/ p~ 5"k /H(p)ds < const R.
0

/B+ 25 (A — Iy, ) VIV (2) - z‘dp

Moreover, Holder’s inequality implies that

[ ) T W) T Vi (1) | < W [l T W2y \// )| T Vi (1) 2.

From (2.34) and homogeneity of the function Yj, ., (y/|y|) it follows that, for all p € (0, Ry],

(4.48)

1
3 (5)
\// ||TrYko m(y\)‘2dy< \/CNsth”lL/pQ(Ff )P (/ |TrYko,m( y|)‘2 ) dy)
r,

I

1/2 5+N 2s
— Veven B (/

()
\TrYkoym(|y|)|2 (s) dy) .

Using (2.34)), (2.31), and (3.21), we obtain that, for all p € (0, Ry,

s — N—QS
\/ / |h||TrW|2dy<\/N*p||h||Lp ) (V) + S5

N—-2s54F

< constp 2 H(p).

Putting the above estimates together and recalling (3.24), we conclude that, for every R € (0, Ry,

R
(449) / p—N—kg-'rS—l
0

[T ()T )dy]d

R
< const/ pitETko=s JH(p)dp < const RE.
0

In order to estimate the last term, we observe that, since ”Yko,m”L‘z(SN pl-2:45) = 1,
+:%N41

A —
o) [ ()i = [T ([ oS g T
B} 0.m | 5y N1 E ko, N 92

Hence, integrating by parts, we have that, for every R € (0, Ry,

R
(451) / p—N—‘rS—l—k‘g
0

z
£1725 (A = Ty 1) VIV - = Vi (1) dS | dp
8+ Bt

2]
R

gconst/ p~Nts—ko / B W Yo m (7)1 dS | d
0 o+ B

= const (R_N+S_k° /B+ t1_25‘vw‘|yk0,m(\%\)| dz

R

R
+ (N + ko — S)/ pN+S1k°(/+t12‘”|VWHYko,m(§)| d2>dp)
0 B

P

R
< const (Rl_s_ko VH(R)+ / p~ SR /H(p) dp) < const R,
0
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thanks to (2.20), Holder inequality, (4.45), , and (3.24)). From (4.37)), (4.47), (4.49), and (4.51) it

follows that, for every R € (0, Ry,

R _
(4.52) /0 p~N-kots=lr, o (p)|dp < const R

for some const > 0 independent of R. From (4.52)), we derive immediately (4.43]).
From (4.43) it follows that, for every R € (0, Ry,

R
ko+s [ Pk m(R) (ko + 8)Cho,m (RR) N+Fky—s —N—ko+s—1
(4.53) A% ( J%’Wrs - (N + 2k0)10%N+2ko + N +2ky Jy ’ O Thom(e) dp

= O(N\oFs) = (A" N-kots) a5 X = 0.
Now we prove that, for every R € (0, Ro],
R
(4.54) Cho.m(R) + / prots=ir, (p)dp = 0.
0

In order to do this, first we observe that

Ro
(4.55) [ o T m(o)ldp < +o0,
0

as a direct consequence of (4.43)), since kg +s—1 > —N — kg + s — 1. Suppose by contradiction that
(4.54) does not hold true for some R € (0, Ro]; then from (4.42)), (4.53)) and (4.55]), we should have that

(ko + )\~ N-kots /R ko+s—1
Cry.m(R) + oS T Y L m(p) d as A — 07,
N + 2k ko, ( ) o P ko, (P) Y

@ko,m()\) ~

and hence

Ro
/ AN 1250 )P = oo,
0
On the other hand, by (4.36)), we have that

/\N 1— zsl dx < )\N 1-2s 91 2s _ 1725W2(z)
Oho,m (A | NH\W /\0)| dS | d\ = . t EE dz < 00,
B,

as a consequence of Lemma giving rise to a contradiction. Hence (4.54) holds true. From (4.54) and
(4.52)) we deduce that, for every R € (0, Ro],

R
’)\_N_k°+s (Cko,m(R) +/ PFOTE I () dp)’ = \~NHs=ho
A

A
/ PP Yy m (p) dp

0

A
S )\—N—i-s—ko / pN+2k0 |P_N_1+S_k°T/c07m(P)| dp
0

)\ —
<Nt [N ()] dp = OV as A 0,
0

Combining this last information with and , we finally obtain . a
Using Lemma we now prove that lim, o+ r—27H(r) = lim,_,g+ r2*0+) H(r) > 0.
Lemma 4.8. Let v = lim,_,o N'(r) be as in Proposition[3.6. Then
lim r~*YH(r) > 0.

r—0t

Proof. By (2.25) and using the Parseval identity we have that
(4.56) / ON-Z (AW (NO)[*dS
oo My

(1 00) [ AEWOOPIS = (140003 on)

k=0m=1
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Let kp € N be as in Proposition thus v = kg + s. We argue by contradiction, assuming that
4.57 lim A™27H(\) = 0.
(4.57) Jim, N

Hence from ([4.56) it follows that limy_,o+ A™*0+8) gy (X)) = 0 for any m € {1,2,..., My, }. This and
Lemma lead to

ko—s (ko + s)R=N=2ko R
(@58) R (R + I [T et ap

N — s+ ko /R ~N—1+s—ko
—_— SR m(p)dp =0,
N2k )y ” ko,m(p) dp

for all m € {1,2,..., My, } and for every R € (0, Ry]. From (4.58), (4.38), and (4.52)) it follows that

N—S+I€0
N + 2k

as A — 0T for all m € {1,2,..., My, }. Hence

A = —
kao,m(A) — _)\kots / p7N71+57k0Tk0,m(P) dp + O()\ko+s+6) _ O(}\k0+s+5)
0

(4.59) H()\) (wA,qp)m(Sw}vﬁdS) = O(\Fotst9) s X — 0F
for every ¢ € span{Yy,m : m = 1,..., My, }. From Lemma (ii), VH) > \/kg(g))\k0+s+g for A
small, so that (4.59) yields

(4.60) (IU)\, w)Lz(Sf,é}\ffde) = O(/\S/Q) as A — 0"

for every ¢ € span{Yyy.m : m = 1,..., My, }. On the other hand, by Proposition and continuity of
the trace map from H'(Bj,t'72%dz) into L?(0F B}, t'725dS), for any sequence )\, — 07, there exist a
subsequence {\,, } and ¢y € span{Yy, m : m =1,..., My, } such that

(4.61) 1oll 2 sy 12045y =1 and whe —ahy  in L2(SY, 0550 dS).

From (4.60) and (4.61) we deduce that

0= kh_{go(w)\n’“a¢0)L2(§N,a}v’fde) = ||w0||i2(gﬁ7gllvf+2f‘ds) =1,

thus reaching a contradiction. O

Theorem 4.9. Let kg € N be as in Proposition [{.5 Let My, € N\ {0} be the multiplicity of the
eigenvalue pr, = (ko + 5)(ko + N — s) and let {Yiy.m ym=1,....:1,, be a L*(SY, G}fodS)-orthonormal basis
of the eigenspace of associated to px,. Then, for every m € {1,2,..., My, }, there exists B, € R
such that (81, Ba, ..., By, ) # (0,0,...,0),

Mk()

A
Wz) 2[*F N " B Yegm(2/12]) in H(BY,#'7*dz) as X — 0T,
m=1

)\ko-'rs

and

ko 4+ s R7N72k0 R .

e N)+2l~co /0 AT om(p) dp
N — S+/€0
N + 2kg

with @ry m and Ti, m given by (4.36) and (4.37) respectively.

Proof. If we consider any sequence of strictly positive real numbers A\, — 0T, then from Proposition
and Lemmas[4.6|and we deduce that there exist a subsequence {\,, } and real numbers 31, B2, . .. B,
not all equal to 0 such that

(4.62) By = R~ ko) (R) +

R
/ p_N_lJ'_S_kOTkg,m(p) dp forall R € (0; RO];
0

My,
W(An = ,
(4.63) % — |z|Fots Z BinYio.m(2/]2]) in HY (B, t'7%%dz) as k — oo.
Nk m=1
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We claim that the coefficients 8, depend neither on the sequence {\,}, nor on its subsequence {\,, }.
To this aim, we observe that (4.36]), (4.63)), and the continuity of the trace map from H'(B; ,t'~2%dz)
into L2(0F B}, t1725dS) imply that, for all m € {1,2,..., My, },
: —(ko+s _ : 1-2sy—
kILI{:O )\nk( ° )Spkg,m(Ank) = kgrfoo 5 9N+1 )‘n:W()‘nke)Yko’m(e)ds
MkO

= S8 [ A Vi (O)Yi (014 = B
i=1 sy
for all m € {1,2,..., My, }. At the same time, after fixing R < Ry, by (4.38]) we have that

T ks ko +s)R-N-2ko (R
lim A0 o () =R Fotp (R 4 Rt ) / L, (o) dp

k—o0 N + 2kq

N_S+k0 R —N—-1+4s—ko
—~ 5 T g, m () dp,
N+2k0 A p kO; (p) p

hence, by uniqueness of the limit, we can deduce that, for all m € {1,2,..., My, },

ko4 s)R-N "2k B
( 0 ) / pk0+ 1Tk0,m(p) dp
0
N — 8+k0

N + 2k
" N—-1 k
—N-Lts—koy, (5)dp.
N T ok /0 P ko.m (p) dp

This is enough to conclude that the coefficients 5,, depend neither on the sequence {\,}, nor on its
subsequence {A,,}. Urysohn’s Subsequence Principle allows us to conclude that the convergence in
([4.63) holds as A — 0T, thus completing the proof. a

B =R~y 0 (R) +

We are now in position to prove Theorem [T.3]

Proof of Theorem[I.3 Up to a translation, we can assume that zg = 0. If U is as in the assumptions of
Theorem then, letting F' as in Section W=UoF e HIEE (Bgl,tl*25 dz) is a nontrivial weak
1
(RN

solution of . We notice that the nontriviality of U in any neighbourhood of 0, and consequently
of W in BEN can be easily deduced from nontriviality of U in Rf *1 and classical unique continuation
principles for second order elliptic equations with Lipschitz coefficients [23].

Then, by Proposition [£.5] and Theorem there exist kg € N and an eigenfunction Y of problem
(1.11)) associated to the eigenvalue py, = (ko + s)(ko + N — s) such that

WAz s . —2s
(4.64) /\k(()+s) — |zt Y (2/]2])  in HY(By,#17%%dz) as A — 0.
We observe that
U(\z W(AGA(z U(A W (A
aey T -G v (55 0 -7 (a5 @) e o).

where
Gr(=) = 1 7' (02)
From we have that
(4.66) Ga(z) =24+ O(N) and Jg,(z) =Idys1 +O(N)

as A — 07 uniformly with respect to z € Bj". From (4.66) one can easily deduce that, if fy — f in
L?(Bf,t'72%dz), then f\ o Gy — f in L?(Bj,t'72%dz). In view of (4.64) and (4.65)), this yields the
conclusion. (]

As a direct consequence of Theorem and of the equivalent formulation of problem (1.1]) given in
(1.9), we obtain Theorem

Proof of Theorem[I.2. 1f u € D*?(R"), u # 0, is a nontrivial weak solution to (L.I]), then its extension
U = H(u) € DV2RYT #1725 dz) weakly solves (1.9) in the weak sense specified in (L.10)), see [6] and
Section [I] Then the conclusion follows from Theorem [I.3] applied to U and the continuity of the trace
map from H'(Bj,t'72%dz) into H*(BY}), see e.g. |25, Proposition 2.1]. O
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APPENDIX A. SOME BOUNDARY REGULARITY RESULTS AT EDGES OF CYLINDERS

Let us consider the following local problem:  C RY is a C'! domain, o € 092, R,T > 0 and U is a
weak solution to
div (tl_QSVU) =0 in Crr(z0),
(A1) U=0 in Dg r(z0),
limy_,ot172%0,U = 0 in op1(7o),
where we denoted
Crr(xo) := (BRr(zo) N Q) x (0,T), Dprr(zo) := (Bg(zo) NIN) x (0,T),
orr(z0) = (Br(zo) N Q) x {0};
i.e. U belongs to the space H defined as the closure of the set
{v € C®(Crr(x0)) : v =0 in a neighbourhood of Dg 7(z¢)}
in H'(Cgrr(z0),t* 2% dz), and

/ tH72VU - VO dz =0 for all ® € C°(Crr(z0) Uorr(zo)).
Cr,r(x0)

The following regularity result holds true.

Lemma A.1. Let « € (0,1), 8 € (0,1)N (0,2 —2s), r < R, and 7 < T. Then there exists a positive
constant C' such that, for every weak solution U to (A.1)),

1Ullcta(c,n(zo)) + 18 20Ulcos(c,. (20)) < CNUN L2 (o) t1-20d2)

Proof. Denoting the total variable z = (z,t) € RY x (0,+00), with = (2/,zx) € RN7! x R, let us
consider g € CLH(RN1) such that By (z0) N Q = {x = (2/,2n) € By(z0) : zy < g(2’)}. Without loss
of generality we can assume that 2o = 0, g(0) = 0 and Vg(0) = 0. Starting from this function g, we can
argue as in Section and construct a function F' as in 7 which turns out to be a diffeomorphism in
a neighbourhood of 0. Hence there exist positive constants ro < R and 79 < T such that the composition
W = U o F weakly solves the following straightened problem

div (1= AVW) =0 in Iy x (0,70),
W =0 in (B, N{yn = 0}) x (0,70),
limy g t' 2 AVW v =0 in T2

7o)

with A = A(y) being as in (2.12); in particular the matrix A(y) does not depend on the vertical variable
t, is symmetric, uniformly elliptic, and possesses C%' coefficients.

Let us consider the odd reflection of W (which we still denote as W) through the hyperplane {yny = 0}
in B, x (0,7), i.e. weset W(y',yn,t) = =W (y', —yn,t) for yy < 0; it is easy to verify that W weakly
satisfies

div (t1*25AVW> =0 in B x(0,7),
lim_ot1 "2 AVW - v =0 in B’

ro?

where
Aly) = AWy yw) = {ﬁz(ély(;'gilv_)z;lv)s’ i zg i 8:
with
Idy—1 | O |O
S=| o7 |-1|0 [,
o7 | 0|1

We observe that no discontinuities appear in the coefficients of the matrix A since, denoting as (a;;) the
entries of the matrix A, a; y(y,0,¢) = 0 for all ¢+ < N thanks to and . Then the matrix A
has Lipschitz continuous coefficients. Let us then consider the even reflection of W' (which we still denote
as W) through the hyperplane {t = 0} in B, x (—70,70), i.e. we set W(y',yn,t) = W(y',yn,—t) for
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t < 0; due to the homogeneous Neumann type boundary condition satisfied by W on B, and the fact
that the matrix A is independent of ¢, we obtain that such even reflection through {¢t = 0} weakly solves

div <|t|1’25gVW) —0 in B, x (—70,70).

From [36, Lemma 7.1] it follows that V = [t[*=20,W € H{. (B}, x (—70,70), [t|** ! dz) is a weak solution
to

div (|t|2HZVV) =0 in B}, x (—70,70)
which is odd with respect to {t = 0}, i.e. V(v/,yn,—t) = =V (¥, yn, —1).

From [36, Theorem 1.2] it follows that, for all 7 € (0,79) and 7 € (0,79), W € CY¥(B.. x (-7,7))
and [[W{lcre(Brx(=7r) < const||W||Lz(B/mX(_TO,TO)MP% dz) for some const > 0 (independent of W).
Furthermore, [I2] ensures that V is locally Holder continous. More precisely, [37, Proposition 2.10] yields
that the function ®(x,t) = t}i\(i%’ which is even in the variable ¢, belongs to the weighted Sobolev space
HY (B}, x (=70,70), [t|>"2* dz), and weakly solves

div <|t|3*252vq>) =0 in Bl x (~70,70),
thanks to the fact that the matrix A is independent of ¢.

From [36, Theorem 1.2] we have that ® € C%7(B.x (-7, 7)) for ally € (0,1), 7 € (0,79) and 7 € (0, 79),
and

\%4
||(I)HCO"Y(B;><(7T,T)) = Htt|125 < const HV||L2(B;‘0X(77-077-0)a|t‘2571 dz)

COY(BLx(—1,7))
for some const > 0 (independent of V). Therefore V € C%°(B. x (—7,7)) with § = min{2 — 2s,~} and
IVllcos By x(=rmy) < const [Vl L2(By x(—ro,mo).ft12e=1 d2)-

The conclusion follows by recalling that U = W o F~! with F~! being of class C!'! and taking into
account the particular form of the matrix in . ([l

APPENDIX B. HOMOGENEITY DEGREES AND EIGENVALUES OF THE SPHERICAL PROBLEM

In this appendix, we derive an explicit formula for the eigenvalues of problem ((1.11)), which follows
from a complete classification of possible homogeneity degrees of homogeneous weak solutions to the
problem

—div (t!=%#V¥) =0 in RY*,
(B.1) lim o+ (t'2V¥-v) =0 inT",
=0 in Tt

where '™ := {(v/,yn,0) € RY x {0} : yx < 0} and 't := {(v/, yn,0) € RY x {0} : yn > 0}.
Proposition B.1. Let ¥ € ﬂr>0H1£+. (B, t1725dz) be a weak solution to (B.1), i.e.

/ tI=3VY . Vddz =0, for allq)GCgo(W\Fﬂ'
RY*!

If, for some v >0, ¥(z) = |z|"f\11(ﬁ), then there exists j € N such that v = j + s.

The proof of Proposition requires a polynomial Liouville type theorem for even solutions to degen-
erate equations with a weight which is possibly out of the As-Muckenhoupt class. To this aim, Lemma
below provides a generalization of Lemma 2.7 in [7]. For all @ € (—1,+00) and r > 0, we define
HY(B,,|t|*dz) as the completion of C°°(B,.) with respect to the norm \/fB [tle (T2 + |VT|?) dz and

Hl’a(RN+1) as

loc

HECRNFY) = {0 € L2 (RNFL 1|2 dz) : U € HY(B,,|t|*dz) for all 7 > 0}.
We also define

HECRYTYY = {0 e L (RY T 19 d2) : W € HY(B),t%d2) for all 7 > 0}.

loc loc
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Lemma B.2. Let a € (—1,400) and v € HL"(RN1Y) be a weak solution to

loc
(B.2) div(jt|*Vv) =0 in RVH
which is even in t, i.e.
v(x,—t) = v(z,t) ae in RVTL
If there exist k € N and ¢ > 0 such that
lv(2)] < (1 4 |2|F) for all z € RN
then v is a polynomial.
Proof. Let a > —1 and v € Hllo’g(RN“) be a weak solution to (B.2) even in ¢. For a € (0,1) and

k € N, let DP*v be a partial derivative in the variables 2 = (21, ..., ) of order k = |B|, with 3, € NV
multiindex. Then, there exists a positive constant C' depending only on N, «, a, k such that

C
(B.3) sup | Do) < —-sup [v]
r/2 r s
and
(B.4) [DZ*v]co.e (s, ) < e SUP |v],

where [w]co.a () := SUpP, Liep |2 —2'|7%|w(z) —w(z’)|. In order to prove the previous inequalities we apply
some local regularity estimates for even solutions contained in [36]. If k = 0, then the inequalities follow
by scaling

[o]lco.a(By,s) < CllvllLe=(sy)
proved in [36, Theorem 1.2 part ¢)]. If k > 1, we remark that any partial derivation in variables x;
for i € {1,..., N} commutes with the operator div(|t|*V-) and D%*v are actually even solutions to the
same equation, (see [36, Section 7] for details). Hence, inequalities and follow by scaling and
iterating the estimate

[ollene s, < Clloll=s)
proved in [36, Theorem 1.2 part ii)]. Indeed, fixed a multiindex S, we can choose

Tk:1/2<’l"k,1 <...<ryg=1,
then
||Df’“v||co,a(31/2) < Cp_1 sup |D5’“*1@\ < Cp_1Ck_o sup |Df.’“*2v|

Tk—1 Brk72

k-1
<...< H C; | sup |v].
i=0 B

Once we have (B.3) and (B.4), we can proceed exactly as in proof of [7, Lemma 2.7]. We have only to
remark that for any a € (—1,+00), given an even solution to (B.2) v, then d3v + 20,v = —A,v is also
an even solution to (B.3]). O

Now we are able to prove Proposition

Proof of Proposition[Bd} Let W € H>'~**(RYT!) be a weak solution to (B.I), such that

loc

U(z) = zw(li) in R,
for some v > 0. The homogeneity condition trivially implies a polynomial global bound on the growth of
U. The same bound is inherited by the trace ¢ = Tr¥ on RN = aRf *1 which is also y-homogeneous.
Moreover, ¢ € C*°(I'") by [36, Theorem 1.1] and ¢ € C°(RY) by [27, Proposition 5.3]. With these
premises, we can define the extension V' of ¢ in the sense of [I, Lemma 3.3]. Actually, we introduce a
minor change in the definition of the extension given in [I]; that is, for every R > 0 we define

(B.5) ¢r = PR

(instead of ¢r = ¢xpy, ), where ngr € C2°(Byg) is a radially decreasing cut-off function with |ng| < 1
and ngp = 1 in Bf;. We remark that the adjusted family of functions ¢r convoluted with the usual
Poisson kernel of the upper half-space converge in a suitable way to the same extension V' obtained by
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Abatangelo and Ros-Oton in [I]. Moreover, defining the extension starting from (B.5)), we can easily
ensure that V € H 1’1_28(Rf *1) and that it is weak solution to (B.1)). Nevertheless, also V inherits from

loc

loc

¢ an at most polynomial growth. Let us consider W =V — W € H, 1’1_23(Rf *1), which weakly solves

div(t'=2*VW) =0 in R
TTW =0 on RY = gRY .

Then, denoting as W the odd reflection of W through RY = GRfH, by [37, Proposition 2.10]

W e HL1T2(RNFY)

= t[¢)2s—1 loc

is an even entire weak solution to (B.2)) with a = 1+2s € (1,3). We have that W satisfies the assumptions
of Lemma [B.2} being a polynomial bound on its growth ensured by the polynomial bounds of ¥ and V.
From Lemma we can promptly conclude that W is a polynomial. We also have that

7220,V = ¢ 20, U + t17299,(t*W) = t'72°0, ¥ + P,

for some polynomial Py of degree k € N. Hence, passing to the trace of the weighted derivative above,
by [1, Lemma 3.3] it follows that

(~A)¢™0 inT-
and ¢ = 0 in ['", where the above identity is meant in the sense of the notion of “fractional Laplacian

modulus polynomials of degree at most k” given in [Il, Definition 3.1], see also [I1]. Hence, by [I, Theorem
3.10], we have that

¢(z) = p(z)(zn),

for some polynomial p. By homogeneity of ¢, this implies that necessary there exists j € N such that
Yy=7+s. g

We are now going to derive from Proposition the explicit formula (1.13]) for the eigenvalues of
problem (1.11). We first observe that, if u is an eigenvalue of (1.11]) with an associated eigenfunction 1),

then the function W(pf) = p”¢ () with o = — 525 4 (%)2 + 1t belongs to HL27?*(RYT!) and is a

loc

weak solution to (B.1)). From Proposition we then deduce that there exists j € N such that 0 = 5+ s
and hence

p=0G+s)0+N=s)

Viceversa, we prove now that all numbers of the form u = (j + s)(j + N — s) with j € N are eigenvalues
of (1.11)). For any fixed j € N, we consider the function ¥ defined, in cylindrical coordinates, as

()

where o F} is the hypergeometric function. From [29] we have that ¥ € Hllo’cl*zs(RfH) is a weak solution

to (B.1). Furthermore ¥ is homogeneous of degree s + j and therefore the function ¢ := \II|SN belongs
+
to Ho, ¢ # 0, and

2s
V(2 rcost,rsinT) =5t 2F1<j’j+1;15; , 7>0, 7 €0,2n],

1+COST>

U(pd) = p* (), p>0, 0eSY.
Plugging the above characterization of ¥ into (B.1]), we obtain that

P ((j +5)(J + N — )0 5(0) + diven (a}v—ffvsw)) =0, p>0,0esy,

so that (j + s)(j + N — s) is an eigenvalue of (1.11]).
We then conclude that the set of all eigenvalues of problem (1.11)) is {(j +s)(j + N —s): j € N}.
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