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 SWaWLVWLca SLQLca 27 (2017), 839-858
 GRL:KWWS://G[.GRL.RUJ/10.5705/VV. 202015.0250

 BAYESIAN NONPARAMETRIC INFERENCE

 FOR DISCOVERY PROBABILITIES: CREDIBLE

 INTERVALS AND LARGE SAMPLE ASYMPTOTICS

 JXO\aQ AUbHO1'2, SWHIaQR FaYaUR1'3, BHUQaUGR NLSRWL4 aQG YHH WK\H THK5

 1CROOHJLR CaUOR AObHUWR, 2BRccRQL UQLYHUVLW\, 3 UQLYHUVLW\ RI TRULQR,
 4 TULQLW\ CROOHJH DXbOLQ aQG 5 UQLYHUVLW\ RI O[IRUG

 AbVWUacW: GLYHQ a VaPSOH RI VL]H Q IURP a SRSXOaWLRQ RI LQGLYLGXaOV bHORQJLQJ WR
 GLIIHUHQW VSHcLHV ZLWK XQNQRZQ SURSRUWLRQV, a SURbOHP RI SUacWLcaO LQWHUHVW cRQVLVWV
 LQ PaNLQJ LQIHUHQcH RQ WKH SURbabLOLW\ DQ(O) WKaW WKH (Q + O)-WK GUaZ cRLQcLGHV
 ZLWK a VSHcLHV ZLWK IUHTXHQc\ I LQ WKH VaPSOH, IRU aQ\ I ᒫ 0,1,..., Q. TKLV Sa
 SHU cRQWULbXWHV WR WKH PHWKRGRORJ\ RI Ba\HVLaQ QRQSaUaPHWULc LQIHUHQcH IRU DQ^O)
 SSHcLILcaOO\, XQGHU WKH JHQHUaO IUaPHZRUN RI GLbbV-W\SH SULRUV ZH VKRZ KRZ WR
 GHULYH cUHGLbOH LQWHUYaOV IRU a Ba\HVLaQ QRQSaUaPHWULc HVWLPaWLRQ RI DQ(O), aQG
 ZH LQYHVWLJaWH WKH OaUJH Q aV\PSWRWLc bHKaYLRXU RI VXcK aQ HVWLPaWRU. OI SaU
 WLcXOaU LQWHUHVW aUH VSHcLaO caVHV RI RXU UHVXOWV RbWaLQHG XQGHU WKH VSHcLILcaWLRQ RI
 WKH WZR SaUaPHWHU PRLVVRQ-DLULcKOHW SULRU aQG WKH QRUPaOL]HG JHQHUaOL]HG GaPPa
 SULRU. WLWK UHVSHcW IRU WKHVH SULRU VSHcLILcaWLRQV, WKH SURSRVHG UHVXOWV aUH LOOXVWUaWHG
 WKURXJK a VLPXOaWLRQ VWXG\ aQG a bHQcKPaUN E[SUHVVHG SHTXHQcH TaJV GaWaVHW. TR
 WKH bHVW RXU NQRZOHGJH, WKLV SURYLGHV WKH ILUVW cRPSaUaWLYH VWXG\ bHWZHHQ WKH WZR
 SaUaPHWHU PRLVVRQ-DLULcKOHW SULRU aQG WKH QRUPaOL]HG JHQHUaOL]HG GaPPa SULRU LQ
 WKH cRQWH[W RI Ba\HVLaQ QRQSaUHPHWULc LQIHUHQcH IRU DQ(O).

 KH\ ZRUGV aQG SKUaVHV: AV\PSWRWLcV, Ba\HVLaQ QRQSaUaPHWULcV, cUHGLbOH LQWHUYaOV,
 GLVcRYHU\ SURbabLOLW\, GLbbV-W\SH SULRUV, GRRG-TXULQJ HVWLPaWRU, QRUPaOL]HG JHQ
 HUaOL]HG GaPPa SULRU, VPRRWKLQJ WHcKQLTXH, WZR-SaUaPHWHU PRLVVRQ-DLULcKOHW.

 1. IQWURGXcWLRQ

 TKH SURbOHP RI HVWLPaWLQJ GLVcRYHU\ SURbabLOLWLHV aULVHV ZKHQ aQ H[SHUL
 PHQWHU LV VaPSOLQJ IURP a SRSXOaWLRQ RI LQGLYLGXaOV (A"M)M>L bHORQJLQJ WR aQ
 (LGHaOO\) LQILQLWH QXPbHU RI VSHcLHV (Y^)L>L ZLWK XQNQRZQ SURSRUWLRQV (TW)L>L
 GLYHQ aQ RbVHUYabOH VaPSOH XQ = (XL,..., XQ), LQWHUHVW OLHV LQ HVWLPaWLQJ WKH
 SURbabLOLW\ WKaW WKH (Q + O)-WK GUaZ cRLQcLGHV ZLWK a VSHcLHV ZLWK IUHTXHQc\ I LQ
 XQ, IRU aQ\ I = 0,1,... ,Q. TKLV SURbabLOLW\ LV GHQRWHG b\ DQ(O) aQG UHIHUUHG
 WR aV WKH /-GLVcRYHU\, ZKLOH GLVcRYHU\ SURbabLOLWLHV LV XVHG WR aGGUHVV WKLV cOaVV RI

 SURbabLOLWLHV. IQ WHUPV RI WKH VSHcLHV SURSRUWLRQV T^V, ZH caQ ZULWH

 DQ(O) = J2O(L1)
 L> 1
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 840 JULYAN ARBEL, STEFANO FAVARO, BERNARDO NIPOTI AND YEE WHYE TEH

 ZKHUH NL`U GHQRWHV WKH IUHTXHQc\ RI WKH VSHcLHV Y, LQ WKH VaPSOH. HHUH DQ^0)
 LV WKH SURSRUWLRQ RI \HW XQRbVHUYHG VSHcLHV RU, HTXLYaOHQWO\, WKH SURbabLOLW\ RI
 GLVcRYHULQJ a QHZ VSHcLHV. TKH UHaGHU LV UHIHUUHG WR BXQJH aQG FLW]SaWULcN (1993)
 aQG BXQJH, WLOOLV aQG WaOVK (2014) IRU cRPSUHKHQVLYH UHYLHZV RQ WKH IXOO UaQJH
 RI VWaWLVWLcaO aSSURacKHV, SaUaPHWULc aQG QRQSaUaPHWULc, aV ZHOO aV IUHTXHQWLVW
 aQG Ba\HVLaQ, IRU HVWLPaWLQJ WKH /-GLVcRYHU\ aQG UHOaWHG TXaQWLWLHV. TKH WHUP
 GLVcRYHU\ SURbabLOLW\ LV aOVR XVHG LQ WKH OLWHUaWXUH WR UHIHU WR a PRUH JHQHUaO cOaVV
 RI SURbabLOLWLHV WKaW RULJLQaWH ZKHQ cRQVLGHULQJ aQ aGGLWLRQaO XQRbVHUYHG VaPSOH
 RI VL]H P > 0. FRU LQVWaQcH, LQ WKLV IUaPHZRUN aQG cRQGLWLRQaOO\ RQ XQ, LLMRL,
 MHQa aQG PULLQVWHU (2007) cRQVLGHU WKH SURbOHP RI HVWLPaWLQJ WKH SURbabLOLW\
 WKaW XQ+P+L LV QHZ, ZKLOH FaYaUR, LLMRL aQG PULLQVWHU (2012) IRcXV RQ WKH VR
 caOOHG P-VWHS /-GLVcRYHU\, WKH SURbabLOLW\ WKaW XQ+P+L cRLQcLGHV ZLWK a VSHcLHV
 WKaW KaV bHHQ RbVHUYHG ZLWK IUHTXHQc\ I LQ WKH HQOaUJHG VaPSOH RI VL]H Q + P.
 AccRUGLQJ WR WKLV WHUPLQRORJ\, WKH GLVcRYHU\ SURbabLOLW\ DQ(O) LQWURGXcHG LQ (1.1)
 LV WKH 0-VWHS /-GLVcRYHU\.

 TKH HVWLPaWLRQ RI WKH /-GLVcRYHU\ KaV IRXQG QXPHURXV aSSOLcaWLRQV LQ HcRO
 RJ\ aQG OLQJXLVWLcV, aQG LWV LPSRUWaQcH KaV JURZQ cRQVLGHUabO\ LQ UHcHQW \HaUV,
 GULYHQ b\ cKaOOHQJLQJ aSSOLcaWLRQV LQ bLRLQIRUPaWLcV, JHQHWLcV, PacKLQH OHaUQLQJ,
 GHVLJQ RI H[SHULPHQWV, HWc. FRU H[aPSOHV, EIURQ aQG TKLVWHG (1976) aQG CKXUcK
 aQG GaOH (1991) GLVcXVV aSSOLcaWLRQV LQ HPSLULcaO OLQJXLVWLcV; GRRG (1953) aQG
 CKaR aQG LHH (1992), aPRQJ PaQ\ RWKHUV, GLVcXVV WKH SURbabLOLW\ RI GLVcRYHU
 LQJ QHZ VSHcLHV RI aQLPaOV LQ a SRSXOaWLRQ; MaR aQG LLQGVa\ (2002), NaYaUUHWH,
 QXLQWaQa aQG M¾OOHU (2008), LLMRL, MHQa aQG PU¾QVWHU (2007a), aQG GXLQGaQL HW
 aO. (2014) VWXG\ aSSOLcaWLRQV LQ JHQRPLcV aQG PROHcXOaU bLRORJ\; ZKaQJ (2005)
 cRQVLGHUV aSSOLcaWLRQV WR QHWZRUN VSHcLHV VaPSOLQJ SURbOHPV aQG GaWa cRQILGHQ
 WLaOLW\; CaURQ aQG FR[ (2015) GLVcXVV aSSOLcaWLRQV aULVLQJ IURP bLSaUWLWH aQG
 VSaUVH UaQGRP JUaSKV; RaVPXVVHQ aQG SWaUU (1979) aQG CKaR HW aO. (2009) LQ
 YHVWLJaWH RSWLPaO VWRSSLQJ SURcHGXUHV LQ ILQGLQJ QHZ VSHcLHV; BXbHcN, EUQVW aQG
 GaULYLHU (2013) VWXG\ aSSOLcaWLRQV ZLWKLQ WKH IUaPHZRUN RI PXOWL-aUPHG baQGLWV
 IRU VHcXULW\ aQaO\VLV RI HOHcWULc SRZHU V\VWHPV.

 TKLV SaSHU cRQWULbXWHV WR WKH PHWKRGRORJ\ RI Ba\HVLaQ QRQSaUaPHWULc LQIHU
 HQcH IRU DQ(O). AV RbVHUYHG LQ LLMRL, MHQa aQG PULLQVWHU (2007) IRU WKH GLVcRYHU\
 SURbabLOLW\ RI QHZ VSHcLHV (0-GLVcRYHU\ DQ(0)), a QaWXUaO Ba\HVLaQ QRQSaUaPHWULc
 aSSURacK IRU HVWLPaWLQJ DQ(O) cRQVLVWV LQ UaQGRPL]LQJ WKH T,'V. SSHcLILcaOO\, cRQ
 VLGHU WKH UaQGRP SURbabLOLW\ PHaVXUH Q = Y^L>L QL^YQ ZKHUH (©L)L>L aUH QRQQHJa
 WLYH UaQGRP ZHLJKWV VXcK WKaW JA>L IL a 1 aOPRVW VXUHO\, aQG (YL)L>\ aUH UaQGRP
 ORcaWLRQV LQGHSHQGHQW RI ^TL)L>L aQG LQGHSHQGHQW aQG LGHQWLcaOO\ GLVWULbXWHG aV
 a QRQaWRPLc SURbabLOLW\ PHaVXUH XT RQ a VSacH X. TKHQ, LW LV aVVXPHG WKaW

 X, I Q Q, L =
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 BNP INFERENCE FOR DISCOVERY PROBABILITIES 841

 IRU aQ\ Q > 1, ZKHUH e1 LV WKH SULRU GLVWULbXWLRQ RYHU WKH VSHcLHV cRPSRVLWLRQ.
 UQGHU WKH Ba\HVLaQ QRQSaUaPHWULc PRGHO (1.2), WKH HVWLPaWRU RI DQ(O) ZLWK
 UHVSHcW WR a VTXaUHG ORVV IXQcWLRQ, Va\ T>Q(O), aULVHV IURP WKH SUHGLcWLYH GLVWUL
 bXWLRQV cKaUacWHUL]LQJ (X,;)M>L. SSHcLI\LQJ Q LQ WKH OaUJH cOaVV RI GLbbV-W\SH
 UaQGRP SURbabLOLW\ PHaVXUHV b\ PLWPaQ (2003), ZH cRQVLGHU WKH SURbOHP RI GH
 ULYLQJ cUHGLbOH LQWHUYaOV IRU VQ(O), aQG VWXG\ WKH OaUJH Q aV\PSWRWLc bHKaYLRXU
 RI VQ(O). BHIRUH LQWURGXcLQJ RXU UHVXOWV, ZH UHYLHZ VRPH aVSHcWV RI T>Q(O).

 1.1. PUHOLPLQaULHV RQ VQ(O)

 LHW XQ bH a VaPSOH IURP a GLbbV-W\SH UaQGRP SURbabLOLW\ PHaVXUH Q, IHa
 WXULQJ KQ = NQ VSHcLHV X%,..., X^, WKH XQLTXH YaOXHV RI XQ UHcRUGHG LQ RUGHU RI
 aSSHaUaQcH, ZLWK cRUUHVSRQGLQJ IUHTXHQcLHV (NL^Q,..., NKQ,Q) = (UcL,Q> ᒹ ᒹ ᒹ > QIHᒵ,Q)
 HHUH IRU HYHU\ L = 1,2,,NQ, WKHUH H[LVWV a QRQ-QHJaWLYH LQWHJHU G VXcK WKaW
 X* = Y©. aQG NLMU = N^XQ, ZKHUH (YQ) Q>L LV WKH VHTXHQcH RI UaQGRP aWRPV LQ
 WKH GHILQLWLRQ RI Q. LHW a G (0,1) aQG ^VQLN)N<Q,Q>O bH a WULaQJXOaU aUUa\ RI
 QRQQHJaWLYH ZHLJKWV VXcK WKaW V\L = 1 aQG = (Q ᒫ cUA;)14+L,Ic + K]+L,Ic+L
 AccRUGLQJ WR GH FLQHWWL'V UHSUHVHQWaWLRQ WKHRUHP, XQ LV SaUW RI aQ H[cKaQJHabOH
 VHTXHQcH (XM)M>L ZKRVH GLVWULbXWLRQ KaV bHHQ cKaUacWHUL]HG LQ PLWPaQ (2003) aQG
 GQHGLQ aQG PLWPaQ (2006) aV IROORZV: IRU aQ\ VHW A LQ WKH BRUHO VLJPa-aOJHbUa
 RI X,

 P[XQ+L G A I XQ\ = VQ^'NQ+1MA) + - <W)6[;^A). (1.3) VQ,NQ 'Q,NQ

 TKH cRQGLWLRQaO SURbabLOLW\ (1.3) LV UHIHUUHG WR aV WKH SUHGLcWLYH GLVWULbXWLRQ RI
 Q. TZR SHcXOLaU IHaWXUHV RI Q HPHUJH GLUHcWO\ IURP (1.3): WKH SURbabLOLW\ WKaW

 XQ+1 ^ ^XM*,.... X*KQ` GHSHQGV RQO\ RQ NQ; WKH SURbabLOLW\ WKaW XQ+\ ᒫ X*
 GHSHQGV RQO\ RQ (NQ,ULL\Q). SHH DH BOaVL HW aO. (2015) IRU a UHYLHZ RQ GLbbV-W\SH
 SULRUV LQ Ba\HVLaQ QRQSaUaPHWULcV.

 TZR RI WKH PRVW cRPPRQO\ XVHG QRQSaUaPHWULc SULRUV aUH RI GLbbV-W\SH; WKH

 WZR-SaUaPHWHU PRLVVRQ-DLULcKOHW (PD) SULRU LQ PLWPaQ (1995) aQG PLWPaQ aQG
 YRU (1997); WKH QRUPaOL]HG JHQHUaOL]HG GaPPa (GG) SULRU LQ PLWPaQ (2003) aQG
 LLMRL, MHQa aQG PULLQVWHU (2007b) (VHH aOVR PULLQVWHU (2002),JaPHV (2002),LLMRL
 aQG PULLQVWHU (2003), aQG RHJa]]LQL, LLMRL aQG PULLQVWHU (2003) IRU HaUO\ aS
 SHaUaQcH RI QRUPaOL]HG GG). TKH DLULcKOHW SURcHVV RI FHUJXVRQ (1973) caQ bH
 UHcRYHUHG IURP bRWK SULRUV b\ OHWWLQJ a ᒫ> 0. FRU aQ\ a G (0,1), 9 > ᒫa aQG
 U > 0, WKH SUHGLcWLYH GLVWULbXWLRQV RI WKH WZR-SaUaPHWHU PD aQG WKH QRUPaOL]HG
 GG SULRUV aUH RI WKH IRUP (1.3) ZKHUH VQ^Q, UHVSHcWLYHO\, aUH

 - ^e("; <-)
 L=0
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 842 JULYAN ARBEL, STEFANO FAVARO, BERNARDO NIPOTI AND YEE WHYE TEH

 ZKHUH (a)Q := ULR<L<Q-L(a+*) ZLWLO (a)R:=O, aQGF(a, b):= I^rr [^1 H[S^-[`G[.
 SHH PLWPaQ (1995); LLMRL, MHQa aQG PULLQVWHU (2007b) IRU GHWaLOV RQ (1.4). AccRUG
 LQJ WR (1.3), WKH SaUaPHWHU a aGPLWV aQ LQWHUSUHWaWLRQ LQ WHUPV RI WKH GLVWULbXWLRQ
 RI KQ: WKH OaUJHU a, WKH KLJKHU LV WKH QXPbHU RI VSHcLHV aQG, aPRQJ WKHVH, PRVW
 RI WKHP KaYH VPaOO abXQGaQcHV. IQ RWKHU WHUPV, WKH OaUJHU WKH a WKH IOaWWHU LV WKH

 GLVWULbXWLRQ RI KQ. TKH SaUaPHWHUV 9 aQG U aUH ORcaWLRQ SaUaPHWHUV, WKH bLJJHU
 WKH\ aUH WKH OaUJHU WKH H[SHcWHG QXPbHU RI VSHcLHV WHQGV WR bH.

 DHQRWH b\ M^Q WKH QXPbHU RI VSHcLHV ZLWK IUHTXHQc\ I LQ XQ. aQG b\ UUX Q WKH
 cRUUHVSRQGLQJ RbVHUYHG YaOXH. AQ HVWLPaWRU VQ(I) aULVHV IURP (1.3) b\ VXLWabO\
 VSHcLI\LQJ WKH BRUHO VHW A. IQ SaUWLcXOaU, LI AT := X \ ^AM",..., ` aQG AL :=
 ^X* : NLWQ = I`, IRU aQ\ I = 1,..., Q, WKHQ RQH KaV

 VQ(0) = P[AQ+1 H AT I XQ] = E[Q(AR) I XQ] = (1.5)
 *Q,NQ

 VQ(O) = P[XQ+1 ᔩ AL I XQ] = E[Q(AW) I XQ] = (O- (1.6)
 YQ,NQ

 EVWLPaWRUV (1.5) aQG (1.6) SURYLGH Ba\HVLaQ cRXQWHUSaUWV WR WKH cHOHbUaWHG GRRG
 TXULQJ HVWLPaWRU VQ(O) = (I + O)PL+LWQ/Q, IRU aQ\ I = 0, O,...,Q ᒫ 1, ZKLcK
 LV a IUHTXHQWLVW QRQSaUaPHWULc HVWLPaWRU RI DQ(O) LQWURGXcHG LQ GRRG (1953).
 TKH PRVW QRWabOH GLIIHUHQcH bHWZHHQ T>Q(O) aQG T>Q(O) cRQVLVWV LQ WKH XVH RI WKH
 LQIRUPaWLRQ LQ XQ: VQ(O) LV a IXQcWLRQ RI PL+L>Q, aQG QRW RI (NQ)P^Q) aV RQH
 ZRXOG LQWXLWLYHO\ H[SHcW IRU aQ HVWLPaWRU RI DQ(O). SHH FaYaUR, LLMRL aQG PU¾QVWHU
 (2012) IRU GHWaLOV.

 UQGHU WKH WZR-SaUaPHWHU PD SULRU, FaYaUR, NLSRWL aQG THK (2016) HVWab
 OLVKHG a OaUJH Q aV\PSWRWLc UHOaWLRQVKLS bHWZHHQ VQ(O) aQG T>Q(O). DXH WR WKH
 LUUHJXOaU bHKaYLRXU RI WKH P/MP'V, WKH SHcXOLaU GHSHQGHQc\ RQ P;+LU, PaNHV VQ(O)
 a VHQVLbOH HVWLPaWRU RQO\ LI I LV VXIILcLHQWO\ VPaOO ZLWK UHVSHcW WR Q. SHH IRU LQVWaQcH

 GRRG (1953) aQG SaPSVRQ (2001) IRU H[aPSOHV RI abVXUG HVWLPaWHV GHWHUPLQHG
 b\ VQ(O). IQ RUGHU WR RYHUcRPH WKLV GUaZbacN, GRRG (1953) VXJJHVWHG VPRRWKLQJ
 (PL,Q)O>O WR a PRUH UHJXOaU VHULHV ^P'O Q)L>L, ZKHUH P'O Q = SWNQ ZLWK ^ = ^SL)L>L
 bHLQJ QRQQHJaWLYH ZHLJKWV VXcK WKaW + O)mU)+LQ/m = 1- TKH UHVXOWLQJ
 VPRRWKHG HVWLPaWRU LV ,

 YQ(L-\) = (L + L)PL+1>Q
 Q

 SHH CKaSWHU 7 LQ SaPSVRQ (2001) aQG UHIHUHQcHV WKHUHLQ IRU a cRPSUHKHQVLYH
 accRXQW RQ VPRRWKLQJ WHcKQLTXHV IRU VQ(O). AccRUGLQJ WR TKHRUHP 1 LQ FaYaUR,
 NLSRWL aQG THK (2016), aV Q bHcRPHV OaUJH, VQ^O) LV aV\PSWRWLcaOO\ HTXLYaOHQW WR
 VQ(O; \SS), ZKHUH J?SG GHQRWHV a VPRRWKLQJ UXOH VXcK WKaW

 P'O>Q = (1.7)
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 WKLOH WKH VPRRWKLQJ aSSURacK ZaV LQWURGXcHG aV aQ aG KRc WRRO IRU SRVW SURcHVV

 LQJ WKH LUUHJXOaU PM>Q'V LQ RUGHU WR LPSURYH WKH SHUIRUPaQcH RI VQ(O), TKHRUHP
 1 LQ FaYaUR, NLSRWL aQG THK (2016) VKRZV WKaW, IRU a OaUJH VaPSOH VL]H Q, a VLPL
 OaU VPRRWKLQJ PHcKaQLVP XQGHUOLHV WKH Ba\HVLaQ QRQSaUaPHWULc IUaPHZRUN (1.2)
 ZLWK a WZR-SaUaPHWHU PD SULRU. IQWHUHVWLQJO\, WKH VPRRWKLQJ UXOH ^SG KaV bHHQ
 SURYHG WR bH a JHQHUaOL]aWLRQ RI WKH PRLVVRQ VPRRWKLQJ UXOH GLVcXVVHG LQ GRRG
 (1953) aQG EQJHQ (1978).

 1.2. CRQWULbXWLRQV RI WKH SaSHU aQG RXWOLQH

 TKH SURbOHP RI aVVRcLaWLQJ a PHaVXUH RI XQcHUWaLQW\ WR Ba\HVLaQ QRQSaUa
 PHWULc HVWLPaWRUV IRU GLVcRYHU\ SURbabLOLWLHV ZaV ILUVW aGGUHVVHG LQ LLMRL, MHQa
 aQG PULLQVWHU (2007) ZKHUH HVWLPaWHV RI WKH SURbabLOLW\ RI RbVHUYLQJ a QHZ VSHcLHV
 aUH HQGRZHG ZLWK KLJKHVW SRVWHULRU GHQVLW\ LQWHUYaOV. FaYaUR, NLSRWL aQG THK
 (2016) GHULYH aV\PSWRWLc SRVWHULRU cUHGLbOH LQWHUYaOV cRYHULQJ aOVR WKH caVH RI
 VSHcLHV aOUHaG\ RbVHUYHG ZLWK a JLYHQ IUHTXHQc\. TKHVH cRQWULbXWLRQV XOWLPaWHO\
 UHO\ RQ WKH SUHVHQcH RI aQ aGGLWLRQaO XQRbVHUYHG VaPSOH. WKLOH WKH aSSURacK RI
 LLMRL, MHQa aQG PULLQVWHU (2007) caQQRW bH XVHG WR aVVRcLaWH a PHaVXUH RI XQcHU
 WaLQW\ WR X>Q(0), ZKHUH VXcK aGGLWLRQaO VaPSOH LV QRW cRQVLGHUHG, WKH aSSURacK RI
 FaYaUR, NLSRWL aQG THK (2016) cRXOG bH WaNHQ WR GHULYH aSSUR[LPaWH cUHGLbOH LQ
 WHUYaOV IRU VQ(O), I = 0,1,..., Q. NRQHWKHOHVV, GXH WR WKH aV\PSWRWLc QaWXUH RI WKH
 aSSURacK, WKH UHVXOWLQJ cUHGLbOH LQWHUYaOV aUH OLNHO\ WR SHUIRUP SRRUO\ IRU PRGHU
 aWH VaPSOH VL]H Q b\ XQGHUHVWLPaWLQJ WKH XQcHUWaLQW\ aVVRcLaWHG WR WKH HVWLPaWRUV.
 TKH\ WKHQ OHaYH HVVHQWLaOO\ XQaGGUHVVHG WKH LVVXH RI TXaQWLI\LQJ WKH XQcHUWaLQW\
 aVVRcLaWHG WR WKH HVWLPaWRUV VQ(O), IRU I = 0,1,..., Q. IQ WKLV SaSHU ZH SURYLGH
 aQ aQVZHU WR WKLV SURbOHP. WLWK a VOLJKW abXVH RI QRWaWLRQ, WKURXJKRXW WKH SaSHU

 ZH ZULWH X \ Y WR GHQRWH a UaQGRP YaULabOH ZKRVH GLVWULbXWLRQ cRLQcLGHV ZLWK WKH
 cRQGLWLRQaO GLVWULbXWLRQ RI X JLYHQ Y. SLQcH VQ(O) = E[Q(AL) \ XQ], WKH SURbOHP
 RI GHULYLQJ cUHGLbOH LQWHUYaOV IRU T>Q(O) bRLOV GRZQ WR WKH SURbOHP RI cKaUacWHUL]LQJ

 WKH GLVWULbXWLRQ RI Q(AL) _ XQ, IRU aQ\ I = 0,1,... ,Q. IQGHHG WKLV GLVWULbXWLRQ
 WaNHV RQ WKH LQWHUSUHWaWLRQ RI WKH SRVWHULRU GLVWULbXWLRQ RI DQ(O) ZLWK UHVSHcW
 WR WKH VaPSOH XQ. FRU aQ\ GLbbV-W\SH SULRUV ZH SURYLGH aQ H[SOLcLW H[SUHVVLRQ

 IRU eQ,U(O) ᦔ= ^[(Q(AL))U I XQ], IRU aQ\ U > 1. DXH WR WKH bRXQGHG VXSSRUW RI
 Q(AL)\XQ, WKH VHTXHQcH (eQ,U^O))U>L cKaUacWHUL]HV XQLTXHO\ WKH GLVWULbXWLRQ RI
 Q(AL) I XQ aQG, LQ SULQcLSOH, LW caQ bH XVHG WR RbWaLQ aQ aSSUR[LPaWH HYaOXaWLRQ
 RI VXcK a GLVWULbXWLRQ. IQ SaUWLcXOaU, XQGHU WKH WZR-SaUaPHWHU PD SULRU aQG WKH

 QRUPaOL]HG GG SULRU ZH SUHVHQW aQ H[SOLcLW aQG VLPSOH cKaUacWHUL]aWLRQ RI WKH
 GLVWULbXWLRQ RI Q^A^) \ XQ.

 WH aOVR VWXG\ WKH OaUJH Q aV\PSWRWLc bHKaYLRXU RI T>Q(O), WKXV H[WHQGLQJ
 TKHRUHP 1 LQ FaYaUR, NLSRWL aQG THK (2016) WR GLbbV-W\SH SULRUV. SSHcLILcaOO\,

This content downloaded from 
            188.218.136.42 on Sun, 30 Jan 2022 21:03:11 UTC              

All use subject to https://about.jstor.org/terms



 844 JULYAN ARBEL, STEFANO FAVARO, BERNARDO NIPOTI AND YEE WHYE TEH

 ZH VKRZ WKaW, aV Q WHQGV WR LQILQLW\, T>Q(0) aQG DQ(O) aUH aV\PSWRWLcaOO\ HTXLYa
 OHQW WR = cUNQ/Q aQG V'Q^O) = (I ᒫ a)P^Q/Q, UHVSHcWLYHO\. IQ RWKHU WHUPV,
 aW WKH RUGHU RI aV\PSWRWLc HTXLYaOHQcH, aQ\ GLbbV-W\SH SULRU OHaGV WR WKH VaPH

 aSSUR[LPaWLQJ HVWLPaWRU D'Q(O). AV a cRUROOaU\ ZH RbWaLQ WKaW T>Q(O) LV aV\PS
 WRWLcaOO\ HTXLYaOHQW WR WKH VPRRWKHG GRRG-TXULQJ HVWLPaWRU VQ(O\ J?SG), QaPHO\
 .\SD LV LQYaULaQW ZLWK UHVSHcW WR aQ\ GLbbV-W\SH SULRU. RHILQHPHQWV RI T>'Q^O) aUH
 SUHVHQWHG IRU WKH WZR-SaUaPHWHU PD SULRU aQG WKH QRUPaOL]HG GG SULRU. A WKRU

 RXJK VWXG\ RI WKH OaUJH Q aV\PSWRWLc bHKaYLRXU RI (1.3) UHYHaOV WKaW IRU VQ^Q LQ
 (1.4) WKH HVWLPaWRU VQ(O) aGPLWV OaUJH Q aV\PSWRWLc H[SaQVLRQV ZKRVH ILUVW RUGHU
 WUXQcaWLRQV cRLQcLGH ZLWK T>'Q(O), aQG WKaW VHcRQG RUGHU WUXQcaWLRQV GHSHQG RQ
 9 > ᒫa aQG U > 0, UHVSHcWLYHO\, WKXV SURYLGLQJ aSSUR[LPaWLQJ HVWLPaWRUV WKaW
 GLIIHU. A GLVcXVVLRQ RI WKHVH VHcRQG RUGHU aV\PSWRWLc UHILQHPHQWV LV SUHVHQWHG
 ZLWK a YLHZ WRZaUGV WKH SURbOHP RI ILQGLQJ cRUUHVSRQGLQJ UHILQHPHQWV RI WKH
 UHOaWLRQVKLS bHWZHHQ VQ^O) aQG VQ(O: J^SG).

 TKH HVWLPaWRUV VQ(O) GHSHQG RQ WKH YaOXHV aVVLJQHG WR WKH LQYROYHG SaUaP
 HWHUV (VHH H.J. WKH VHQVLWLYLW\ aQaO\VLV LQ (FaYaUR, NLSRWL aQG THK, 2016) IRU WKH
 WZR-SaUaPHWHU PD caVH) WKaW WKHUHIRUH PXVW bH VXLWabO\ HVWLPaWHG, H.J. YLa aQ
 HPSLULcaO Ba\HV aSSURacK. TaNLQJ LQWR accRXQW WKH PHWKRG XVHG WR HVWLPaWH WKH
 SaUaPHWHUV cKaUacWHUL]LQJ WKH XQGHUO\LQJ GLbbV-W\SH SULRU ZRXOG WKHQ PaNH WKH

 aQaO\VLV RI WKH aV\PSWRWLc bHKaYLRXU RI VQ(O) PRUH WKRURXJK, bXW ZH cRQVLGHU
 WKH SaUaPHWHUV aV IL[HG. WH ZaQW WR VWLcN WR WKH RULJLQaO Ba\HVLaQ QRQSaUaPHW
 ULc IUaPHZRUN IRU WKH HVWLPaWLRQ RI GLVcRYHU\ SURbabLOLWLHV, aV VHW IRUWK LQ LLMRL,
 MHQa aQG PULLQVWHU (2007), aQG ZH bHOLHYH WKaW WKLV bHVW VHUYHV WKH SXUSRVH RI
 cRPSaULQJ WKH aV\PSWRWLc bHKaYLRXU RI WKH WZR cOaVVHV RI HVWLPaWRUV, KLJKOLJKWLQJ
 WKH HIIHcW RI WKH SaUaPHWHUV LQ bRWK.

 OXU UHVXOWV aUH LOOXVWUaWHG LQ a VLPXOaWLRQ VWXG\ aQG LQ WKH aQaO\VLV RI a
 bHQcKPaUN GaWaVHW RI E[SUHVVHG SHTXHQcH TaJV (ESTV), ZKLcK aUH VKRUW cDNA
 VXb-VHTXHQcHV KLJKO\ UHOHYaQW IRU JHQH LGHQWLILcaWLRQ LQ RUJaQLVPV LLMRL, MHQa
 aQG PU¾QVWHU (2007a). TR WKH bHVW RI RXU NQRZOHGJH, RQO\ WKH WZR-SaUaPHWHU PD
 SULRU KaV bHHQ VR IaU aSSOLHG LQ WKH cRQWH[W RI Ba\HVLaQ QRQSaUaPHWULc LQIHUHQcH
 IRU WKH GLVcRYHU\ SURbabLOLW\. WH cRQVLGHU WKH WZR-SaUaPHWHU PD SULRU aQG WKH
 QRUPaOL]HG GG SULRU. IW WXUQV RXW WKaW WKH WZR-SaUaPHWHU PD SULRU OHaGV WR
 HVWLPaWHV RI WKH /-GLVcRYHU\, aV ZHOO aV aVVRcLaWHG cUHGLbOH LQWHUYaOV, WKaW aUH cORVH

 WR WKRVH RbWaLQHG XQGHU WKH QRUPaOL]HG GG SULRU VSHcLILcaWLRQ. TKLV VXUIacHV
 GXH WR a UHSUHVHQWaWLRQ RI WKH WZR-SaUaPHWHU PD SULRU LQ WHUPV RI a VXLWabOH

 PL[WXUH RI QRUPaOL]HG GG SULRUV. CUHGLbOH LQWHUYaOV IRU VQ(O) aUH aOVR cRPSaUHG
 ZLWK cRUUHVSRQGLQJ cRQILGHQcH LQWHUYaOV IRU WKH GRRG-TXULQJ HVWLPaWRU, ZKLcK
 aV RbWaLQHG b\ MaR (2004) aQG Baa\HQ (2001). A VHcRQG QXPHULcaO LOOXVWUaWLRQ

 LV GHYRWHG WR WKH OaUJH Q aV\PSWRWLc bHKaYLRXU RI T>Q(O), b\ XVLQJ VLPXOaWHG
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 GaWa ZH cRPSaUH WKH H[acW HVWLPaWRU VQ(O) ZLWK LWV ILUVW RUGHU aQG VHcRQG RUGHU
 aSSUR[LPaWLRQV.

 IQ SHcWLRQ 2 ZH SUHVHQW VRPH GLVWULbXWLRQaO UHVXOWV IRU Q(AL) _ XQ\ WKHVH UH
 VXOWV SURYLGH a IXQGaPHQWaO WRRO IRU GHULYLQJ cUHGLbOH LQWHUYaOV IRU WKH Ba\HVLaQ
 QRQSaUaPHWULc HVWLPaWRU VQ(O). IQ SHcWLRQ 3 ZH LQYHVWLJaWH WKH OaUJH Q aV\PS
 WRWLc bHKaYLRXU RI VQ(O), aQG ZH GLVcXVV LWV UHOaWLRQVKLS ZLWK VPRRWKHG GRRG
 TXULQJ HVWLPaWRUV. SHcWLRQ 4 cRQWaLQV VRPH QXPHULcaO LOOXVWUaWLRQV. PURRIV aQG
 WHcKQLcaO GHULYaWLRQV aUH aYaLOabOH WKH VXSSOHPHQWaU\ PaWHULaO.

 2. CUHGLbOH IQWHUYaOV IRU T>Q(O)

 AQ LQWHJUaO UHSUHVHQWaWLRQ IRU WKH VQ,NQ'V cKaUacWHUL]LQJ WKH SUHGLcWLYH GLV
 WULbXWLRQV (1.3) ZaV LQWURGXcHG b\ PLWPaQ (2003), aQG OHaGV WR a XVHIXO SaUaPH
 WHUL]aWLRQ IRU GLbbV-W\SH SULRUV. SHH aOVR GQHGLQ aQG PLWPaQ (2006) IRU GHWaLOV.
 FRU aQ\ a G (0,1) OHW Ia bH WKH GHQVLW\ IXQcWLRQ RI a SRVLWLYH cU-VWabOH UaQGRP

 YaULabOH, /0+Rr H[S^ᒫW[` Ia([)G[ = H[S^ᒫWCT` IRU aQ\ W > 0. TKHQ, IRU VRPH
 QRQQHJaWLYH IXQcWLRQ K, RQH KaV

 NQ U+RR UO

 VQ,K = U,(ᒵ,M := U(ᒵ_aM I H" I Pm-1- "A((O -
 (2.1)

 AccRUGLQJ WR (1.3) aQG (2.1), a GLbbV-W\SH SULRU LV SaUaPHWHUL]HG b\ (cU,K,Y0)-,
 ZH GHQRWH b\ QK WKLV GLbbV-W\SH UaQGRP SURbabLOLW\ PHaVXUH. TKH H[SUHVVLRQ
 (1.4) IRU WKH WZR-SaUaPHWHU PD SULRU LV UHcRYHUHG IURP (2.1) b\ VHWWLQJ K(W) =
 S(W]cU,0) := cUT(6)WaH/T(9/a), IRU aQ\ a G (0,1) aQG 9 > -a. TKH H[SUHVVLRQ
 (1.4) IRU WKH QRUPaOL]HG GG SULRU LV UHcRYHUHG IURP (2.1) b\ VHWWLQJ K(W) =
 J(W-a,U) := H[S^Ur" - UI`, IRU aQ\ U > 0. SHH SHcWLRQ 5.4 LQ PLWPaQ (2003) IRU
 UL aLOm

 BHVLGHV SURYLGLQJ a SaUaPHWHUL]aWLRQ IRU GLbbV-W\SH SULRUV, WKH UHSUHVHQWa
 WLRQ (2.1) OHaGV WR a VLPSOH QXPHULcaO HYaOXaWLRQ RI VN,(Q,IcQ)- SSHcLILcaOO\, OHW Ba^
 bH a BHWa UaQGRP YaULabOH ZLWK SaUaPHWHU (a, b) aQG, IRU aQ\ a ᔩ (0,1) aQG
 c > ᒫ 1, OHW SC)C bH a SRVLWLYH UaQGRP YaULabOH ZLWK GHQVLW\ IXQcWLRQ IVa c ([) =
 U(c<7 + 1 )[aca Ia([)/T^c + 1). SVc LV W\SLcaOO\ UHIHUUHG WR aV WKH SRO\QRPLaOO\
 WLOWHG (T-VWabOH UaQGRP YaULabOH. SLPSOH aOJHbUaLc PaQLSXOaWLRQV RI (2.1) OHaG WR

 aN}-OT^NQ)
 U(Q) " V B, VK,^Q,NQ) =  K I Sr,NQ

 cUNQ,Q (MNML
 (2.2)

 ZLWK B<\NQ,Q-<UNQ LQGHSHQGHQW RI Sa^Q ᒹ AccRUGLQJ WR (2.2) a MRQWH CaUOR HYaOX

 aWLRQ RI V/,,(Q,IcQ) caQ bH SHUIRUPHG b\ VaPSOLQJ IURP BaNQ^QNQ aQG Sa>NQ. IQ
 WKLV UHVSHcW, aQ HIILcLHQW UHMHcWLRQ VaPSOLQJ IRU SCTMC KaV bHHQ SURSRVHG b\ DH
 YUR\H (2009). TKH QH[W WKHRUHP, cRPbLQHG ZLWK (2.2), SURYLGHV a SUacWLcaO WRRO
 IRU RbWaLQLQJ aQ aSSUR[LPaWH HYaOXaWLRQ RI WKH cUHGLbOH LQWHUYaOV IRU VQ^O).
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 TKHRUHP 1. LHW XQ bH a VaPSOH JHQHUaWHG IURP QK accRUGLQJ WR (1.2) aQG IHa

 WXULQJ KQ ᒫ NQ VSHcLHV, OabHOOHG b\ Xs,... ,X^Q, ZLWK cRUUHVSRQGLQJ IUHTXHQcLHV
 (NL>Q, ᒹ ᒹ ᒹ ᦔ ᒹ ᒹ ᒹ } QNQ,Q)ᒹ FRU aQ\ VHW A LQ WKH BRUHO VLJPa-aOJHbUa
 RI X, OHW ILQ,NQ(A) = ENN^K," a a)¸[*(A). TKHQ, IRU aQ\ U > 1, WKH UWK
 PRPHQW E[(QK(A))U _ XQ] cRLQcLGHV ZLWK

 E VKI+'-KM) (MA))' ]T Q (M.(1)+L,(O-I) + )). (2.3)
 L=0 K,(Q,NQ) 0<ML<-<ML<L T=0

 LHW MQ := ..., MQ>Q) = (PL?Q,..., PQ;Q) bH WKH IUHTXHQc\ cRXQWV IURP
 a VaPSOH XQ IURP QK- IQ RUGHU WR RbWaLQ cUHGLbOH LQWHUYaOV IRU VQ(O) ZH WaNH

 WZR VSHcLILcaWLRQV RI WKH BRUHO VHW A: AT = X \ ^XM",..., X*IQ ` aQG AL = ^X* :
 NL,Q = I`, IRU aQ\ I = 1,..., Q. WLWK WKHP, (2.3) UHGXcHV WR

 eQ,U^ 0) = E[(QK(A0)Y I XQ] = ]T (-1 \V^Q+L'NQ)(Q - aNQ)X (2.4) W VK,(Q,NQ)

 SQAO) = E[(QIW(4))U I XQ] = F\Q+U-Ic"> ((; - a)POWQ)U, (2.5)
 *K,(Q,NQ)

 UHVSHcWLYHO\. ETXaWLRQV (2.4) aQG (2.5) WaNH RQ WKH LQWHUSUHWaWLRQ RI WKH U-WK
 PRPHQWV RI WKH SRVWHULRU GLVWULbXWLRQ RI DQ(0) aQG DQ(O) XQGHU WKH VSHcLILca
 WLRQ RI a GLbbV-W\SH SULRU. IQ SaUWLcXOaU IRU U = 1, b\ XVLQJ WKH UHcXUVLRQ
 VK,^Q,NQ) = (Q - cUNQ)VK`(Q+1,NQ) + VK,(Q+L,NQ+L), (2-4) aQG (2.5) UHGXcH WR WKH
 Ba\HVLaQ QRQSaUaPHWULc HVWLPaWRUV RI DQ(O) GLVSOa\HG UHVS. LQ (1.5) aQG (1.6).

 TKH GLVWULbXWLRQ RI QK^AL) _ XQ LV RQ [0,1] aQG, WKHUHIRUH, LW LV cKaUacWHUL]HG
 b\ (eQ,U(O))U>O* TKH aSSUR[LPaWLRQ RI a GLVWULbXWLRQ JLYHQ LWV PRPHQWV LV a
 ORQJVWaQGLQJ SURbOHP ZKLcK KaV bHHQ WacNOHG b\ VXcK aSSURacKHV aV H[SaQVLRQV
 LQ SRO\QRPLaO baVHV, Pa[LPXP HQWURS\ PHWKRGV, aQG PL[WXUHV RI GLVWULbXWLRQV.
 FRU LQVWaQcH, WKH SRO\QRPLaO aSSURacK cRQVLVWV LQ aSSUR[LPaWLQJ WKH GHQVLW\
 IXQcWLRQ RI QK(AL) \XQ ZLWK a OLQHaU cRPbLQaWLRQ RI RUWKRJRQaO SRO\QRPLaOV,
 ZKHUH WKH cRHIILcLHQWV RI WKH cRPbLQaWLRQ aUH GHWHUPLQHG b\ HTXaWLQJ eQ,U(O)
 WLP PH PRPHQWV XL PH aSSUR[LPaWLQJ GHQVLW\, UQH QLJQHU WQH GHJUHH R° WKH

 SRO\QRPLaOV, RU HTXLYaOHQWO\ WKH QXPbHU RI PRPHQWV XVHG, WKH PRUH accXUaWH
 WKH aSSUR[LPaWLRQ. AV a UXOH RI WKXPb, WHQ PRPHQWV WXUQ RXW WR bH HQRXJK LQ
 PRVW caVHV. SHH PURYRVW (2005) IRU GHWaLOV. TKH aSSUR[LPaWLQJ GHQVLW\ IXQcWLRQ
 RI QK^AL) I XQ caQ WKHQ bH XVHG WR RbWaLQ aQ aSSUR[LPaWH HYaOXaWLRQ RI WKH
 cUHGLbOH LQWHUYaOV IRU VQ(O). TKLV LV W\SLcaOO\ GRQH b\ JHQHUaWLQJ UaQGRP YaUL¤WHV,
 YLa UHMHcWLRQ VaPSOLQJ, IURP WKH aSSUR[LPaWLQJ GLVWULbXWLRQ RI QK^AL) \ XQ. SHH
 AUbHO, LLMRL aQG NLSRWL (2016) IRU GHWaLOV.

 UQGHU WKH VSHcLILcaWLRQ RI WKH WZR-SaUaPHWHU PD SULRU aQG WKH QRUPaOL]HG
 GG SULRU, (2.4) aQG (2.5) OHaG WR H[SOLcLW aQG VLPSOH cKaUacWHUL]aWLRQV IRU WKH
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 GLVWULbXWLRQV RI QP(A^) \ XQ aQG QJ(A/) _ XQ, UHVSHcWLYHO\. LHW Ga, 1 bH a GaPPa
 UaQGRP YaULabOH ZLWK SaUaPHWHU (a, 1) aQG, IRU aQ\ a ᔩ (0,1) aQG b > 0, OHW
 Ra,b bH a UaQGRP YaULabOH ZLWK GHQVLW\ IXQcWLRQ b([) = H[S^6CT ᒫ b[`Ia([).
 Ra,b LV W\SLcaOO\ UHIHUUHG WR aV WKH H[SRQHQWLaOO\ WLOWHG a-VWabOH UaQGRP YaULabOH.

 FLQaOO\, GHILQH Wa^ = bRcU^/(bRaIL + GaLL), ZKHUH Ga,L LV LQGHSHQGHQW RI Ra,b
 TKH UaQGRP YaULabOH Wa^ LV QRQQHJaWLYH aQG ZLWK YaOXHV RQ WKH VHW [0,1].

 PURSRVLWLRQ 1. LHW XQ bH a VaPSOH JHQHUaWHG IURP QS accRUGLQJ WR (1.2) aQG
 IHaWXULQJ KQ = NQ VSHcLHV ZLWK MQ = (PL>Q,..., PQLQ). LHW ZY bH a QRQQHJaWLYH
 UaQGRP YaULabOH ZLWK GHQVLW\ IXQcWLRQ RI WKH IRUP

 a

 TKHQ, QS(AT) _ XQ ᒫ WQᒫ<MNQ,]Y ᒫ -S04-cIcQ,QᒫXIcQ aQG

 QS^AO) I XQ a)PL^Q,QᒫcUNQᒫ(Iᒫc)P^Q (1 W"Qᒫ<UNQ,ZS) ^(OᒫcU)PLLQ,G+Qᒫ(Iᒫa)PL,Q

 PURSRVLWLRQ 2. LHW XQ bH a VaPSOH JHQHUaWHG IURP QJ accRUGLQJ WR (1.2) aQG
 IHaWXULQJ KQ = NQ VSHcLHV ZLWK MQ = (PLLQ,..., PQ>Q). LHW ZJ bH a QRQQHJaWLYH
 UaQGRP YaULabOH ZLWK GHQVLW\ IXQcWLRQ RI WKH IRUP

 a[ aNQ-QOUU _ [ - U)Q H[S^-[<T`O(UL+RR)([)

 I],([) ERVV^LTT'X-^U' (2'6)
 TKHQ, QJ(AR^) _ XQ UA -aNQ.]J aQG

 QJ^AO) I XQ = B(L_aMUQL Q^Q_(7NQᒫ(O-a)PM>Q(O a WMLᒫaNQ,ZJ)

 AccRUGLQJ WR PURSRVLWLRQV 1 aQG 2, WKH UaQGRP YaULabOHV QS(AR) _ XQ aQG
 QJ(AR) I XQ KaYH a cRPPRQ VWUXcWXUH GULYHQ b\ WKH W UaQGRP YaULabOH. MRUH
 RYHU, IRU aQ\ I = 1,..., Q, QS(AL) _ XQ aQG QJ^AL) \ XQ aUH RbWaLQHG b\ WaNLQJ
 WKH VaPH UaQGRP SURSRUWLRQ QLQ_CTIcQ_(;_CT)P( Q RI (1 - WQ-aNQ,]S) aQG
 (1 ᒫ WQ-aNQ,ZJ)M UHVSHcWLYHO\. UQGHU WKH VSHcLILcaWLRQ RI WKH WZR-SaUaPHWHU PD
 SULRU aQG WKH QRUPaOL]HG GG SULRU, PURSRVLWLRQV 1 aQG 2 SURYLGH SUacWLcaO WRROV
 WRU GHULYLQJ cUHGLbOH LQWHUYaOV WRU WQH P\HVLaQ QRQSaUaPHWULc HVWLPaWRU XQ\LM,

 IRU aQ\ I ᒫ 0,1,..., Q. TKLV LV W\SLcaOO\ GRQH b\ SHUIRUPLQJ a QXPHULcaO HYaOXa
 WLRQ RI aSSURSULaWH TXaQWLOHV RI WKH GLVWULbXWLRQ RI QP(A[) _ XQ aQG QJ(AL) _ XQ.
 IQ WKH VSHcLaO caVH RI WKH BHWa GLVWULbXWLRQ, TXaQWLOHV caQ bH aOVR GHWHUPLQHG H[
 SOLcLWO\ aV VROXWLRQV RI a cHUWaLQ cOaVV RI QRQ-OLQHaU RUGLQaU\ GLIIHUHQWLaO HTXaWLRQV.
 SHH SWHLQbUHcKHU aQG SKaZ (2008) aQG UHIHUHQcHV WKHUHLQ IRU a GHWaLOHG accRXQW
 RQ WKLV aSSURacK.

 TR RbWaLQ cUHGLbOH LQWHUYaOV IRU T>Q(O), ZH JHQHUaWH UaQGRP YaUL¤WHV IURP

 QS(AL) I XQ aQG QJ(AL) \ XQ. WLWK WKH WZR-SaUaPHWHU PD SULRU, VaPSOLQJ IURP
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 QS(AL) I XQ IRU aQ\ I = 0,1,.... Q LV VWUaLJKWIRUZaUG, UHTXLULQJ JHQHUaWLRQ RI UaQ
 GRP YaUL¤WHV IURP a BHWa GLVWULbXWLRQ. WLWK WKH QRUPaOL]HG GG SULRU, VaPSOLQJ

 IURP QS(AL) \ XQ IRU aQ\ I = 0,1,... ,Q LV aOVR VWUaLJKWIRUZaUG. AV WKH GHQVLW\
 IXQcWLRQ RI WKH WUaQVIRUPHG UaQGRP YaULabOH Zr LV ORJ-cRQcaYH, RQH caQ VaPSOH

 IURP ZaJ b\ PHaQV RI WKH aGaSWLYH UHMHcWLRQ VaPSOLQJ RI GLONV aQG WLOG (1992).
 GLYHQ ZJ, WKH SURbOHP RI VaPSOLQJ IURP WQ^aNQ,]J bRLOV GRZQ WR WKH SURbOHP
 RI JHQHUaWLQJ UaQGRP YaUL¤WHV IURP WKH GLVWULbXWLRQ RI WKH H[SRQHQWLaOO\ WLOWHG

 cU-VWabOH UaQGRP YaULabOH Ra,]Jᦔ TKLV caQ bH GRQH b\ UHVRUWLQJ WR WKH HIILcLHQW
 UHMHcWLRQ VaPSOLQJ SURSRVHG b\ DHYUR\H (2009).

 3. LaUJH SaPSOH AV\PSWRWLcV IRU VQ(±)

 WH LQYHVWLJaWH WKH OaUJH Q aV\PSWRWLc bHKaYLRU RI WKH HVWLPaWRU T>Q(O), ZLWK
 a YLHZ WRZaUGV LWV aV\PSWRWLc UHOaWLRQVKLSV ZLWK VPRRWKHG GRRG-TXULQJ HVWL
 PaWRUV. UQGHU a GLbbV-W\SH SULRU, WKH PRVW QRWabOH GLIIHUHQcH bHWZHHQ WKH
 GRRG-TXULQJ HVWLPaWRU VQ^O) aQG T>Q(O) caQ bH WUacHG WR WKH GLIIHUHQW XVH RI WKH
 LQIRUPaWLRQ cRQWaLQHG LQ WKH VaPSOH XQ. TKXV T>Q(0) LV a IXQcWLRQ RI PL.ᒵ ZKLOH
 VQ(0) LV a IXQcWLRQ RI NQ, aQG VQ(O) LV a IXQcWLRQ RI P;+LMQ ZKLOH VQ(O) LV a IXQc
 WLRQ RI UULLWQ, IRU aQ\ I = 1,..., Q. LHW aQ a bQ PHaQ WKaW OLP^+RR aQ/bQ = 1. WH
 VKRZ WKaW, aV Q WHQGV WR LQILQLW\, VQ(O) a J^SG), ZKHUH ^SG LV WKH VPRRWK
 LQJ UXOH GLVSOa\HG LQ (1.7). SXcK a UHVXOW WKXV JHQHUaOL]HV TKHRUHP 1 LQ FaYaUR,
 NLSRWL aQG THK (2016) WR WKH HQWLUH cOaVV RI GLbbV-W\SH SULRUV. TKH aV\PSWRWLc
 UHVXOWV RI WKLV VHcWLRQ KROG aOPRVW VXUHO\, bXW WKH SURbabLOLVWLc IRUPaOL]aWLRQ RI
 WKLV LGHa LV SRVWSRQHG WR WKH SURRIV LQ WKH VXSSOHPHQWaU\ PaWHULaO.

 TKHRUHP 2. FRU aOPRVW HYHU\ VaPSOH XQ JHQHUaWHG IURP QK accRUGLQJ WR (1.2)
 aQG IHaWXULQJ KQ = NQ VSHcLHV ZLWK MQ = (PL;Q,..., ZH KaYH

 Sᒵ(0) = ^ + R(^), (3.1) Q \ Q '

 VQ^O) = ^O-a)V^ + RC-^). (3.2) Q V Q J

 B\ a GLUHcW aSSOLcaWLRQ RI PURSRVLWLRQ 13 LQ PLWPaQ (2003) aQG CRUROOaU\
 21 LQ GQHGLQ, HaQVHQ aQG PLWPaQ (2007) ZH caQ ZULWH WKaW, IRU aOPRVW HYHU\
 VaPSOH XQ IURP QS, IHaWXULQJ KQ = NQ VSHcLHV ZLWK MQ = (PL)TO,..., PQ^Q),

 PL,Q - r^ (3.3)
 aV Q ᒫ> +RR. B\ VXLWabO\ cRPbLQLQJ (3.1) aQG (3.2) ZLWK (3.3), ZH RbWaLQ

 T>Q(O) a (I + L)!^sLQ a (/ + 1) M1 a+ OLIH (3.4) Q Q
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 IRU aQ\ I = 0,1,..., Q. SHH WKH VXSSOHPHQWaU\ PaWHULaO IRU GHWaLOV RQ (3.4). TKH
 ILUVW HTXLYaOHQcH LQ (3.4) VKRZV WKaW, aV Q WHQGV WR LQILQLW\, VQ(O) LV aV\PSWRWLcaOO\
 HTXaO WR WKH GRRG-TXULQJ HVWLPaWRU e>ᒵ(/), ZKHUHaV WKH VHcRQG HTXLYaOHQcH VKRZV
 WKaW, aV Q WHQGV WR LQILQLW\, m5^SG LV a VPRRWKLQJ UXOH IRU WKH IUHTXHQc\ cRXQWV P^Q
 LQ T>Q(O). WH UHIHU WR SHcWLRQ 2 LQ FaYaUR, NLSRWL aQG THK (2016) IRU a UHOaWLRQVKLS
 bHWZHHQ WKH VPRRWKLQJ UXOH ^"SG aQG WKH PRLVVRQ VPRRWKLQJ LQ GRRG (1953).

 A SHcXOLaU IHaWXUH RI LV WKaW LW GRHV QRW GHSHQG RQ WKH IXQcWLRQ K cKaU
 acWHUL]LQJ WKH GLbbV-W\SH SULRU. TKXV, IRU LQVWaQcH, J^SG LV a VPRRWKLQJ UXOH
 IRU bRWK WKH WZR-SaUaPHWHU PD SULRU aQG WKH QRUPaOL]HG GG SULRU. TKLV LQ
 YaULaQcH SURSHUW\ RI <5*SG LV cOHaUO\ GHWHUPLQHG b\ WKH IacW WKaW WKH aV\PSWRWLc

 HTXLYaOHQcHV LQ (3.4) aULVH b\ cRPbLQLQJ (3.3), ZKLcK GRHV QRW GHSHQG RQ K, ZLWK
 (3.1) aQG (3.2), ZKLcK aOVR GR QRW GHSHQG RI K. IW LV ZRUWK QRWLcLQJ WKaW, XQOLNH
 WKH VPRRWKLQJ UXOH -S^SG, WKH cRUUHVSRQGLQJ VPRRWKHG HVWLPaWRU V^1\ J^SG) GRHV
 GHSHQG RQ K WKURXJK NQ. IQGHHG, accRUGLQJ WR PRGHO (1.2), Q LV WKH GaWa JHQHUaW
 LQJ SURcHVV aQG WKHUHIRUH WKH cKRLcH RI a VSHcLILc GLbbV-W\SH SULRU Q RU, LQ RWKHU
 WHUPV, WKH VSHcLILcaWLRQ RI K, aIIHcWV WKH GLVWULbXWLRQ RI KQ. IQWXLWLYHO\, VPRRWKLQJ

 UXOHV GHSHQGLQJ RQ WKH IXQcWLRQ K, LI aQ\ H[LVWV, QHcHVVaULO\ UHTXLUH WR cRPbLQH
 UHILQHPHQWV RI WKH aV\PSWRWLc H[SaQVLRQV (3.1) aQG (3.2) ZLWK cRUUHVSRQGLQJ UH
 ILQHPHQWV RI WKH aV\PSWRWLc HTXLYaOHQcH (3.3). UQGHU WKH VSHcLILcaWLRQ RI WKH
 WZR-SaUaPHWHU PD SULRU aQG WKH QRUPaOL]HG GG SULRU, WKH QH[W SURSRVLWLRQV
 SURYLGH aV\PSWRWLc UHILQHPHQWV RI TKHRUHP 2.

 PURSRVLWLRQ 3. FRU aOPRVW HYHU\ VaPSOH XQ JHQHUaWHG IURP QS accRUGLQJ WR
 (1.2) aQG IHaWXULQJ KQ = NQ VSHcLHV ZLWK MQ = (PLMQ,... ,PQ^Q), ZH KaYH

 PURSRVLWLRQ 4. FRU aOPRVW HYHU\ VaPSOH XQ JHQHUaWHG IURP QJ accRUGLQJ WR
 (1.2) aQG IHaWXULQJ KQ = NQ VSHcLHV ZLWK MQ = (PL,Q,... ,PQLQ), ZH KaYH

 I>ᒵ(0) = ^F+UN-V'+R (1) , VQ(O) = (O .
 IQ PURSRVLWLRQV 3 aQG 4, ZH LQWURGXcH VHcRQG RUGHU aSSUR[LPaWLRQV RI VQ(0)

 aQG VQ(O) b\ cRQVLGHULQJ a WZR-WHUP WUXQcaWLRQ RI WKH cRUUHVSRQGLQJ aV\PSWRWLc
 VHULHV H[SaQVLRQV. HHUH LW LV VXIILcLHQW WR LQcOXGH WKH VHcRQG WHUP LQ RUGHU WR
 LQWURGXcH WKH GHSHQGHQc\ RQ 9 > ᒫa aQG U > 0, UHVSHcWLYHO\, aQG WKHQ WKH
 aSSUR[LPaWLRQV RI VQ(0) aQG W>Q(O) GLIIHU bHWZHHQ WKH WZR-SaUaPHWHU PD SULRU
 aQG WKH QRUPaOL]HG GG SULRU.

 TKH VHcRQG RUGHU aSSUR[LPaWLRQV LQ PURSRVLWLRQV 3 aQG 4, LQ cRPbLQaWLRQ
 ZLWK cRUUHVSRQGLQJ VHcRQG RUGHU UHILQHPHQWV RI (3.3), GR QRW OHaG WR a VHcRQG
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 RUGHU UHILQHPHQW RI (3.4). A VHcRQG RUGHU UHILQHPHQW RI (3.3), aULVLQJ IURP
 GQHGLQ, HaQVHQ aQG PLWPaQ (2007), caQ bH H[SUHVVHG aV

 ' \W-L

 KQ + O , (3.5)

 bXW VHcRQG RUGHU WHUPV LQ PURSRVLWLRQV 3 aQG 4 aUH abVRUbHG b\ O (KQ/QUJ/"2) LQ
 (3.5). FXUWKHUPRUH, HYHQ LI a ILQHU YHUVLRQ RI (3.5) ZaV aYaLOabOH, LWV cRPbLQaWLRQ
 ZLWK PURSRVLWLRQV 3 aQG 4 ZRXOG SURGXcH KLJKHU RUGHU WHUPV SUHYHQWLQJ WKH
 UHVXOWLQJ H[SUHVVLRQ IURP bHLQJ LQWHUSUHWHG aV a GRRG-TXULQJ HVWLPaWRU aQG,
 WKHUHIRUH, aQ\ VPRRWKLQJ UXOH IURP bHLQJ HOLcLWHG. IQ RWKHU WHUPV, XQGHU WKH WZR

 SaUaPHWHU PD aQG WKH QRUPaOL]HG GG SULRUV, WKH UHOaWLRQVKLS bHWZHHQ VQ(O)
 aQG VQ(O) RQO\ KROGV aW WKH RUGHU RI aV\PSWRWLc HTXLYaOHQcH. TKHRUHP 2 aQG
 PURSRVLWLRQ 4, aV WR WKH QRUPaOL]HG GG SULRU, SURYLGH XVHIXO aSSUR[LPaWLRQV
 WKaW PLJKW GUaPaWLcaOO\ IaVWHQ XS WKH HYaOXaWLRQ RI T>Q(O), IRU I = 0,1,...,Q,
 ZKHQ Q LV OaUJH, b\ aYRLGLQJ WKH MRQWH CaUOR HYaOXaWLRQ RI WKH VTLNQ'V aSSHaULQJ
 LQ (1.5) aQG (1.6).

 4. IOOXVWUaWLRQV

 WH LOOXVWUaWH RXU UHVXOWV ZLWK VLPXOaWLRQV aQG aQaO\VLV RI GaWa. DaWa ZHUH
 JHQHUaWHG IURP WKH ZHWa GLVWULbXWLRQ, ZKRVH SRZHU OaZ bHKaYLRU LV cRPPRQ LQ
 a YaULHW\ RI aSSOLcaWLRQV. SHH SaPSVRQ (2001) aQG UHIHUHQcHV WKHUHLQ IRU aSSOL
 caWLRQV RI WKH ZHWa GLVWULbXWLRQ LQ HPSLULcaO OLQJXLVWLcV. OQH KaV P[Z = ]] =
 ]aV/C(V), IRU ] = ^1,2,...` aQG V > 1, ZKHUH C(V) = X^>L WH WRRN V = 1.1
 (caVH V = 1.5, W\SLcaOO\ OHaGLQJ WR VaPSOHV ZLWK a VPaOOHU QXPbHU RI GLVWLQcW
 YaOXHV, LV SUHVHQWHG LQ WKH VXSSOHPHQWaU\ PaWHULaO). WH GUHZ 500 VaPSOHV RI
 VL]H Q =1,000 IURP Z, RUGHUHG WKHP accRUGLQJ WR WKH QXPbHU RI RbVHUYHG VSHcLHV
 NQ, aQG VSOLW WKHP LQWR 5 JURXSV: IRU L = 1, 2,..., 5, WKH ]-WK JURXS RI VaPSOHV
 ZaV cRPSRVHG RI 100 VaPSOHV IHaWXULQJ a WRWaO QXPbHU RI RbVHUYHG VSHcLHV NQ
 bHWZHHQ WKH TXaQWLOHV RI RUGHU (L ᒫ O)/5 aQG LI5 RI WKH HPSLULcaO GLVWULbXWLRQ RI
 NQ. TKHQ ZH cKRVH aW UaQGRP RQH VaPSOH IRU HacK JURXS aQG OabHOHG LW ZLWK WKH
 cRUUHVSRQGLQJ LQGH[ L, OHaGLQJ WR ILYH VaPSOHV (VHH TabOH 1).

 WH aOVR cRQVLGHUHG ESTV GaWa JHQHUaWHG b\ VHTXHQcLQJ WZR NaHJOHULa JUXbHUL
 cRPSOHPHQWaU\ DNA OLbUaULHV; WKHVH ZHUH SUHSaUHG IURP cHOOV JURZQ XQGHU GLIIHU

 HQW cXOWXUH cRQGLWLRQV, aHURbLc aQG aQaHURbLc cRQGLWLRQV. TKH UaWH RI JHQH GLVcRY
 HU\ GHSHQGV RQ WKH GHJUHH RI UHGXQGaQc\ RI WKH OLbUaU\ IURP ZKLcK VXcK VHTXHQcHV

 aUH RbWaLQHG. CRUUHcWO\ HVWLPaWLQJ WKH UHOaWLYH UHGXQGaQc\ RI VXcK OLbUaULHV, aV
 ZHOO aV RWKHU TXaQWLWLHV VXcK aV WKH SURbabLOLW\ RI VaPSOLQJ a QHZ RU a UaUHO\ Rb
 VHUYHG JHQH, LV RI LPSRUWaQcH VLQcH LW aOORZV RQH WR RSWLPL]H WKH XVH RI H[SHQVLYH
 H[SHULPHQWaO VaPSOLQJ WHcKQLTXHV. TKH NaHJOHULa JUXbHUL aHURbLc OLbUaU\ cRQVLVWV
 RI Q = 959 ESTV ZLWK NQ = 473 GLVWLQcW JHQHV aQG PL 959 = 346, 57, 19, 12, 9, 5,
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 4, 2, 4, 5, 4, 1, 1, 1, 1, 1, 1, IRU I = ^1,2,..., 12` U ^16,17,18` U ^27` U ^55`. TKH
 NaHJOHULa JUXbHUL aQaHURbLc OLbUaU\ cRQVLVWV RI Q ᒫ 969 ESTV ZLWK NQ = 631 GLV

 WLQcW JHQHV aQG P^J = 491, 72, 30, 9,13, 5,3,1, 2, 0,1, 0,1, IRU O ᔩ ^1,2,..., 13`
 (VHH TabOH 1). WH UHIHU WR SXVNR aQG RRJHU (2004) IRU a GHWaLOHG accRXQW RQ WKH
 NaHJOHULa JUXbHUL OLbUaULHV.

 WH IRcXVHG RQ WKH WZR-SaUaPHWHU PD SULRU aQG WKH QRUPaOL]HG GG SULRU.
 WH cKRRVH WKH YaOXHV RI (a, 6) aQG (a, U) b\ aQ HPSLULcaO Ba\HV aSSURacK, aV WKRVH
 WKaW Pa[LPL]HG WKH OLNHOLKRRG IXQcWLRQ ZLWK UHVSHcW WR WKH VaPSOH XQ IHaWXULQJ

 KQ ᒫ NQ aQG (A^LTO,..., ^V/cQ,Q) ᒫ (^L,P ᦔ ᒹ ᦔ ?^IcQ,Q)?

 PM�OMQQ ,TM \ UXQ (0)Q 11 ^ ( ᦔ ) (HU, ¸)=aUJPa[-!
 (<T,0)

 (G,I)=aUJPa[_H ^ (-U)T^Q-^;U^I](O-<T)(Q.Q_1`M. (4.2)

 AV ILUVW RbVHUYHG b\ FaYaUR HW aO. (2009), XQGHU WKH VSHcLILcaWLRQ RI WKH WZR
 SaUaPHWHU PD SULRU aQG IRU a UHOaWLYHO\ OaUJH RbVHUYHG VaPSOH, WKHUH LV a KLJK
 cRQcHQWUaWLRQ RI WKH SRVWHULRU GLVWULbXWLRQ RI WKH SaUaPHWHU (a, 9) aURXQG (a\9).
 IW caQ bH cKHcNHG WKaW, XQGHU WKH VSHcLILcaWLRQ RI a QRUPaOL]HG GG SULRU, a VLPLOaU
 bHKaYLRXU cKaUacWHUL]HV WKH SRVWHULRU GLVWULbXWLRQ RI (cU, U).

 TabOH 1 UHSRUWV WKH VaPSOH VL]H Q, WKH QXPbHU RI VSHcLHV NQ, aQG WKH YaOXHV
 RI (¤,9) aQG (<U,I) RbWaLQHG b\ WKH Pa[LPL]aWLRQV (4.1) aQG (4.2), UHVSHcWLYHO\.
 HHUH WKH YaOXH RI ¢ RbWaLQHG XQGHU WKH WZR-SaUaPHWHU PD SULRU cRLQcLGHV, XS WR

 a QHJOLJLbOH HUURU, ZLWK WKH YaOXH RI ¢ RbWaLQHG XQGHU WKH QRUPaOL]HG GG SULRU.
 IQ JHQHUaO, ZH H[SHcW WKH VaPH bHKaYLRXU IRU aQ\ GLbbV-W\SH SULRU LQ OLJKW RI
 WKH OLNHOLKRRG IXQcWLRQ RI a VaPSOH XQ IURP a GLbbV-W\SH UaQGRP SURbabLOLW\
 PHaVXUH QK,

 NQ (aO - UU), ᒵ U+rr UO
 LLVLL ;K"X) / K(W)UH7NQ / SQ-O-^Ia((O-S)W)GSGW. (4.3) U(Q ᒫ <7m;Q) J R J R

 ASaUW IURP HU, aQ\ RWKHU SaUaPHWHU LV LQWURGXcHG LQ (4.3) YLa WKH IXQcWLRQ K,
 ZKLcK GRHV QRW GHSHQG RQ WKH VaPSOH VL]H Q aQG WKH QXPbHU RI VSHcLHV NQ. TKHQ,

 IRU OaUJH Q aQG NQ WKH Pa[LPL]aWLRQ RI (4.3) ZLWK UHVSHcW WR a VKRXOG OHaG WR a
 YaOXH a YHU\ cORVH WR WKH YaOXH WKaW ZRXOG bH RbWaLQHG b\ Pa[LPL]LQJ (4.3) ZLWK
 K(W) = 1.

 4.1. CUHGLbOH LQWHUYaOV

 WH aSSOLHG PURSRVLWLRQV 1 aQG 2 LQ RUGHU WR SURYLGH cUHGLbOH LQWHUYaOV IRU
 WKH Ba\HVLaQ QRQSaUaPHWULc HVWLPaWRU VQ(I). FRU WKH WZR-SaUaPHWHU PD SULRU,
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 TabOH 1. SLPXOaWHG GaWa aQG NaHJOHULa JUXbHUL OLbUaULHV. FRU HacK VaPSOH
 ZH UHSRUW WKH VaPSOH VL]H Q, QXPbHU RI VSHcLHV NQ aQG Pa[LPXP OLNHOLKRRG
 YaOXHV (<U,¸) aQG (<U, I).

 PD  GG

 VaPSOH  Q  NQ  (7  6  <T  I

 1  1,000  642  0.914  2.086  0.913  2.517

 2  1,000  650  0.905  3.812  0.905  4.924

 SLPXOaWHG GaWa  3  1,000  656  0.910  3.236  0.910  4.060

 4  1,000  663  0.916  2.597  0.916  3.156

 5  1,000  688  0.920  3.438  0.920  4.225

 NaHJOHULa
 AHURbLc  959  473  0.669  46.241  0.684  334.334

 AQaHURbLc  969  631  0.656  155.408  0.656  4,151.075

 IRU I = 0 ZH JHQHUaWHG 5,000 GUaZV IURP WKH bHWa BJ+¤NQ Q_aNQ ZKLOH, IRU
 I > 1 ZH VaPSOHG 5,000 GUaZV IURP WKH GLVWULbXWLRQ RI a bHWa UaQGRP YaUL

 abOH «+UL-(L-R)UUQ ᒹ bRWK caVHV, ZH cRPSXWHG WKH TXaQWLOHV RI RUGHU
 ^0.025,0.975` RI WKH HPSLULcaO GLVWULbXWLRQ aQG RbWaLQHG 95% SRVWHULRU cUHGLbOH
 LQWHUYaOV IRU VQ(O). TKH SURcHGXUH IRU WKH QRUPaOL]HG GG caVH ZaV RQO\ VOLJKWO\
 PRUH HOabRUaWH. B\ H[SORLWLQJ WKH aGaSWLYH UHMHcWLRQ aOJRULWKP RI GLONV aQG WLOG

 (1992), ZH VaPSOHG 5,000 GUaZV IURP ZJ ZLWK GHQVLW\ IXQcWLRQ (2.6). IQ WXUQ,
 ZH VaPSOHG 5,000 GUaZV IURP WQ-^NQ,ZJ- WH WKHQ XVHG WKH TXaQWLOHV RI RUGHU
 ^0.025,0.975` RI WKH HPSLULcaO GLVWULbXWLRQ RI WQ-¬NQ,]J WR RbWaLQ 95% SRVWH
 ULRU cUHGLbOH LQWHUYaOV IRU VQ^0). SLPLOaUO\, LI I > 1, ZH VaPSOHG 5,000 GUaZV

 IURP WKH bHWa BQ_^PL Q Q_^NQ_(L_^PL Q aQG XVHG WKH TXaQWLOHV RI WKH HPSLULcaO
 GLVWULbXWLRQ RI - W.Q-aNQ,]J) aV H[WUHPHV RI WKH SRV
 WHULRU cUHGLbOH LQWHUYaO IRU VQ(O)- UQGHU WKH WZR-SaUaPHWHU PD SULRU aQG WKH
 QRUPaOL]HG GG SULRU, aQG ZLWK UHVSHcW WR WKHVH GaWa, WKH WRS SaQHO RI TabOH 2
 VKRZV WKH HVWLPaWHG /-GLVcRYHULHV, IRU I = 0,1,5,10, aQG WKH cRUUHVSRQGLQJ 95%
 DRVWHULRU cUHGLbOH LQWHUYaOV. TW LV aQQaUHQW WKaW W.KS WLYQ-QaUaPSWSU PT1 QULQU aQG

 WKH QRUPaOL]HG GG SULRU OHaG WR WKH VaPH LQIHUHQcHV IRU WKH /-GLVcRYHU\. SXcK
 a bHKaYLRXU LV PaLQO\ GHWHUPLQHG b\ WKH IacW WKaW WKH WZR-SaUaPHWHU PD SULRU,
 IRU aQ\ a ᔩ (0,1) aQG 9 > 0, caQ bH YLHZHG aV a PL[WXUH RI QRUPaOL]HG GG
 SULRUV. SSHcLILcaOO\, OHW e`S(cU,6) aQG e`J(c?, b) bH WKH GLVWULbXWLRQV RI WKH cRU

 UHVSRQGLQJ UaQGRP SURbabLOLW\ PHaVXUHV, aQG OHW GJ/aL bH a GaPPa UaQGRP
 YaULabOH ZLWK SaUaPHWHU (9/a, 1). TKHQ, accRUGLQJ WR PURSRVLWLRQ 21 LQ PLWPaQ

 aQG YRU (1997), J2S(a,6) = ^J(a,GJ^1), aQG VSHcLI\LQJ a WZR-SaUaPHWHU PD
 SULRU LV HTXLYaOHQW WR VSHcLI\LQJ a QRUPaOL]HG GG SULRU ZLWK aQ GaPPa K\SHU
 SULRU RYHU WKH SaUaPHWHU U1 //<T. TabOH 2 aOORZV XV WR cRPSaUH WKH SHUIRUPaQcH
 RI WKH Ba\HVLaQ QRQSaUaPHWULc HVWLPaWRU VQ(O) aQG WKH GRRG-TXULQJ HVWLPaWRU
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 VQ^O). AV H[SHcWHG, GRRG-TXULQJ HVWLPaWHV aUH QRW UHOLabOH aV VRRQ aV I LV QRW
 YHU\ VPaOO cRPSaUHG WR Q. SHH, H.J., WKH caVHV I ᒫ 5 aQG I = 10. OI cRXUVH
 WKHVH HVWLPaWHV Pa\ bH LPSURYHG b\ LQWURGXcLQJ a VXLWabOH VPRRWKLQJ UXOH IRU
 WKH IUHTXHQc\ cRXQWV P;LTO'V. WH aUH QRW aZaUH RI a QRQ-aV\PSWRWLc aSSURacK IRU
 GHYLVLQJ cRQILGHQcH LQWHUYaOV IRU T>Q(O), aQG IRXQG WKaW GLIIHUHQW SURcHGXUHV aUH
 XVHG accRUGLQJ WR WKH cKRLcH RI I = 0 aQG I > 1. WH UHOLHG RQ MaR (2004) IRU I = 0
 aQG RQ CKXUcK aQG GaOH (1991) IRU I > 1. SHH aOVR Baa\HQ (2001) IRU GHWaLOV. WH
 RbVHUYH WKaW WKH cRQILGHQcH LQWHUYaOV IRU VQ(O) aUH ZLGHU WKaQ WKH cRUUHVSRQGLQJ
 cUHGLbOH LQWHUYaOV IRU T>Q(O) ZKHQ I = 0, aQG QaUURZHU LI I > 1. DLIIHUHQWO\ IURP
 WKH cUHGLbOH LQWHUYaOV IRU T>Q(O), WKH cRQILGHQcH LQWHUYaOV IRU T>Q(O) aUH V\PPHWULc

 abRXW T>Q(O): VXcK a bHKaYLRXU LV GHWHUPLQHG b\ WKH GaXVVLaQ aSSUR[LPaWLRQ XVHG
 WR GHULYH cRQILGHQcH LQWHUYaOV.

 4.2. LaUJH VaPSOH aSSUR[LPaWLRQV

 WH aQaO\]HG WKH accXUac\ RI WKH OaUJH Q aSSUR[LPaWLRQV RI T>Q(O) LQWURGXcHG
 LQ TKHRUHP 2, PURSRVLWLRQV 3 aQG 4. WH ILUVW cRPSaUHG WKH SUHcLVLRQ RI H[acW
 aQG aSSUR[LPaWHG HVWLPaWRUV, ZKLOH a VHcRQG aQaO\VLV cRPSaUHG WKH bHKaYLRU RI
 ILUVW aQG VHcRQG RUGHU aSSUR[LPaWLRQV IRU YaU\LQJ VaPSOH VL]HV. FRU WKH VLPX
 OaWHG GaWa, WKH VSHcLILcaWLRQ RI WKH WZR-SaUaPHWHU PD SULRU aQG WKH QRUPaOL]HG
 GG SULRU, aQG IRU I = 0,1,5,10, ZH cRPSaUHG WKH WUXH GLVcRYHU\ SURbabLOLWLHV
 DQ(O) ZLWK WKH Ba\HVLaQ QRQSaUaPHWULc HVWLPaWHV RI DQ(O) aQG ZLWK WKHLU cRU
 UHVSRQGLQJ ILUVW aQG VHcRQG RUGHU aSSUR[LPaWLRQV. FURP TabOH 1, WKH HPSLULcaO
 Ba\HV HVWLPaWHV IRU a caQ bH VOLJKWO\ GLIIHUHQW XQGHU WKH WZR-SaUaPHWHU PD aQG
 WKH QRUPaOL]HG GG SULRUV. WH cRQVLGHUHG RQO\ WKH ILUVW RUGHU aSSUR[LPaWLRQ RI
 VQ(O) ZLWK WKH SaUaPHWHU a = ¤ VHW aV LQGLcaWHG LQ (4.1).

 RHVXOWV RI WKLV cRPSaUaWLYH VWXG\ aUH UHSRUWHG LQ TabOH 3. WH aOVR LQcOXGH, aV
 aQ RYHUaOO PHaVXUH RI WKH SHUIRUPaQcH RI WKH H[acW aQG aSSUR[LPaWH HVWLPaWRUV,
 WKH VXP RI VTXaUHG HUURUV (SSE), GHILQHG, IRU a JHQHULc HVWLPaWRU DQ(O) RI WKH O
 GLVcRYHU\, aV SSE^DQ) = YOR<L<Q(DQ(O) ᒫ GQ(O))2, ZLWK GQ(O) bHLQJ WKH WUXH YaOXH
 RI DQ(O). FRU aOO WKH cRQVLGHUHG VaPSOHV, WKHUH aUH QRW VXbVWaQWLaO GLIIHUHQcHV bH
 WZHHQ WKH SSEV RI WKH H[acW Ba\HVLaQ QRQSaUaPHWULc HVWLPaWHV aQG WKH SSEV RI
 WKH ILUVW aQG VHcRQG RUGHU aSSUR[LPaWH Ba\HVLaQ QRQSaUaPHWULc HVWLPaWHV. TKH
 ILUVW RUGHU aSSUR[LPaWLRQ LV aOUHaG\ SUHWW\ accXUaWH aQG, WKXV, WKH aSSUR[LPa
 WLRQ HUURU GRHV QRW cRQWULbXWH VLJQLILcaQWO\ WR LQcUHaVH WKH SSE. AV H[SHcWHG, WKH

 RUGHU RI PaJQLWXGH RI WKH SSE UHIHUULQJ WR WKH QRW-VPRRWKHG GRRG-TXULQJ HVWL
 PaWRU LV PXcK OaUJHU WKaQ WKH RQH cRUUHVSRQGLQJ WR WKH Ba\HVLaQ QRQSaUaPHWULc
 HVWLPaWRUV.

 WH cRQVLGHUHG VLPXOaWHG GaWa ZLWK VaPSOH VL]HV Q = 102,103,104,105. FRU
 HYHU\ Q, ZH GUHZ WHQ VaPSOHV IURP a ZHWa GLVWULbXWLRQ ZLWK SaUaPHWHU V = 1.1.
 WH IRcXVHG RQ WKH WZR-SaUaPHWHU PD SULRU, aQG IRU HacK VaPSOH ZH GHWHUPLQHG
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 TabOH 2. SLPXOaWHG GaWa (WRS SaQHO) aQG NaHJOHULa JUXbHUL aHURbLc aQG aQaHU
 RbLc OLbUaULHV (bRWWRP SaQHO). WH UHSRUW WKH WUXH YaOXH RI WKH SURbabLOLW\
 DQ(O) (aYaLOabOH IRU VLPXOaWHG GaWa RQO\) aQG WKH Ba\HVLaQ QRQSaUaPHWULc
 HVWLPaWHV RI DQ^O) ZLWK 95% cUHGLbOH LQWHUYaOV IRU I = 0,1, 5,10.

 GRRG TXULQJ PD GG

 I VaPSOH DQ(O) W>Q(O) 95%-c.L. 95%-c.L. I>ᒵ(O) 95%-c.L.
 1 0.599 0.588

 2 0.592 0.590

 3 0.600 0.599

 4 0.605 0.609

 5 0.599 0.634

 0.440

 0.454

 0.462

 0.473

 0.499

 0.736) 0.587
 0.726) 0.590
 0.736) 0.598
 0.745) 0.609
 0.769) 0.634

 0.557

 0.559

 0.568

 0.579

 0.603

 0.618) 0.588
 0.621) 0.591
 0.628) 0.599
 0.638) 0.608
 0.664) 0.635

 0.558

 0.562

 0.567

 0.577

 0.604

 1 0.050 0.044

 2 0.052 0.054

 3 0.051 0.046

 4 0.055 0.046

 5 0.061 0.052

 0.037

 0.046

 0.039

 0.039

 0.045

 0.051) 0.051
 0.062) 0.056
 0.053) 0.054
 0.053) 0.051
 0.059) 0.051

 0.038

 0.043

 0.040

 0.038

 0.038

 0.065) 0.051
 0.071) 0.055
 0.068) 0.053
 0.065) 0.051
 0.065) 0.050

 0.038

 0.042

 0.040

 0.038

 0.038

 1 0.015 0.030

 2 0.022 0

 3 0.019 0.012

 4 0.015 0.006

 5 0.007 0.012

 0.022

 0

 0.008

 0.003

 0.007

 0.038) 0.016
 0 ) 0.016
 0.016) 0.020
 0.009) 0.020
 0.017) 0.008

 0.009

 0.009

 0.013

 0.013

 0.004

 0.025) 0.016
 0.025) 0.016
 0.030) 0.021
 0.030) 0.021
 0.015) 0.008

 0.009

 0.009

 0.012

 0.013

 0.003

 1 0 0.011

 2 0.007 0

 10 3 0.011 0

 4 0.011 0

 5 0 0.011

 Q

 0

 0

 0

 Q

 a. 0

 0 ) 0.009
 0 ) 0.009
 0 ) 0.009
 a. 0

 0

 0.004

 0.004

 0.004

 0

 0 ) 0
 0.016) 0.009
 0.016) 0.009
 0.016) 0.009
 0 ) 0

 0

 0.004

 0.004

 0.004

 0

 0
 AHURbLc Q.a. 0.361

 AQaHURbLc Q.a. 0.507

 0.293

 0.451
 0.429) 0.361
 0.562) 0.509

 0.331

 0.478
 0.391) 0.361
 0.537) 0.507

 0.332

 0.480

 1
 AHURbLc Q.a. 0.119

 AQaHURbLc Q.a. 0.149

 0.107

 0.135
 0.131) 0.114
 0.162) 0.148

 0.095

 0.129
 0.134) 0.110
 0.169) 0.150

 0.092

 0.131

 5
 AHURbLc Q.a. 0.031

 AQaHURbLc Q.a. 0.031

 0.024

 0.024
 0.038) 0.039
 0.038) 0.050

 0.028

 0.038
 0.052) 0.039
 0.064) 0.050

 0.028

 0.038

 10  AHURbLc Q.a. 0.046 (0.037  0.055) 0.046
 AQaHURbLc Q.a. 0.011 Q.a. 0

 0.034

 0
 0.060) 0.047
 0 ) 0

 0.034

 0

 (¤,½) b\ PHaQV RI WKH HPSLULcaO Ba\HV SURcHGXUH GHVcULbHG LQ (4.1). WH WKHQ

 HYaOXaWHG, IRU HYHU\ I = 0,1,... ,Q + 1, WKH H[acW HVWLPaWRU PQ(/) aV ZHOO aV LWV

 ILUVW aQG VHcRQG RUGHU aSSUR[LPaWLRQV. TR cRPSaUH WKH UHOaWLYH accXUac\ RI WKH

 ILUVW aQG VHcRQG RUGHU aSSUR[LPaWLRQV T>Q\O) aQG T>Q\O) RI WKH VaPH HVWLPaWRU

 I>Q(O) ZH LQWURGXcH WKH UaWLR U%2,Q RI WKH VXP RI VTXaUHG HUURUV X¢)<]<Q(^m^(0 a
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 TabOH 3. SLPXOaWHG GaWa. WH UHSRUW WKH WUXH YaOXH RI WKH SURbabLOLW\ DQ(O),
 WKH GRRG-TXULQJ HVWLPaWHV RI DQ(O) aQG WKH H[acW aQG aSSUR[LPaWH Ba\HVLaQ
 QRQSaUaPHWULc HVWLPaWHV RI DQ^O).

 1 SaPSOH  1  2  3  4  5

 DQ(O)  0.599  0.592  0.600  0.605  0.599

 VQ^O)  0.588  0.590  0.599  0.609  0.634

 VQ^O) XQGHU PD  0.587  0.590  0.598  0.609  0.634

 0 VQ(O) XQGHU GG  0.588  0.591  0.599  0.608  0.635

 1VW RUG.  0.587  0.588  0.597  0.608  0.633

 2QG RUG. PD  0.589  0.592  0.600  0.610  0.6366

 2QG RUG. GG  0.589  0.592  0.600  0.610  0.636

 DQ^O)  0.050  0.052  0.051  0.055  0.061

 YQ^L)  0.044  0.054  0.046  0.046  0.052

 VQ(O) XQGHU PD  0.051  0.056  0.054  0.051  0.051

 1 VQ^O) XQGHU GG  0.051  0.055  0.053  0.051  0.050

 1VW RUG.  0.051  0.056  0.054  0.051  0.051

 2QG RUG. PD  0.051  0.056  0.054  0.051  0.051

 2QG RUG. GG  0.051  0.056  0.054  0.051  0.0512

 DQ[O)  0.015  0.022  0.019  0.015  0.007

 T>Q(O)  0.030  0  0.012  0.006  0.012

 VQ^O) XQGHU PD  0.016  0.016  0.020  0.020  0.008

 ^ VQ(O) XQGHU GG  0.016  0.016  0.021  0.021  0.008

 1VW RUG.  0.016  0.016  0.020  0.020  0.008

 2QG RUG. PD  0.016  0.016  0.020  0.020  0.008

 2QG RUG. GG  0.016  0.016  0.020  0.020  0.008

 DQ(O)  0  0.007  0.011  0.011  0

 VQ(O)  0.011  0  0  0  0.011

 VQ(O) XQGHU PD  0  0.009  0.009  0.009  0

 10 VQ^O) XQGHU GG  0  0.009  0.009  0.009  0

 1VW RUG.  0  0.009  0.009  0.009  0

 2QG RUG. PD  0  0.009  0.009  0.009  0

 2QG RUG. GG  0  0.009  0.009  0.009  0

 104 [ SSE(e>ᒵ)  289.266  275.881  256.886  254.416  255.655

 104 [ SSE(e>ᒵ) XQGHU PD  3.534  2.057  1.137  4.883  15.437

 104 [ SSE(Pᒵ) XQGHU GG  3.399  2.080  1.149  4.852  15.045

 104 [ SSE(PQ) 1VW RUG.  3.780  2.142  1.180  4.776  14.456

 104 [ SSE(DQ) 2VW RUG. PD  3.275  2.011  1.128  5.041  17.007

 104 [ SSE(PQ) 2VW RUG. GG  3.279  2.014  1.130  5.035  16.984
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 VQ(O))2 IRU L = 1 RYHU L = 2. WH cRPSXWHG WKH cRHIILcLHQW 7X2,71 IRU aOO WKH
 VaPSOHV aQG, IRU HacK Q, WKH aYHUaJH UaWLR IL,2,Q- WH IRXQG WKH LQcUHaVLQJ YaOXHV
 7*12,71 = 0.163,0.493,1.082,2.239 IRU VL]HV Q = 102,103,104,105 (VHH FLJXUH SI LQ
 WKH VXSSOHPHQWaU\ PaWHULaO). WKLOH IRU VPaOO Q a ILUVW RUGHU aSSUR[LPaWLRQ WXUQV

 RXW WR bH PRUH accXUaWH, IRU OaUJH YaOXHV RI Q (Q > 104 LQ RXU LOOXVWUaWLRQ), aV
 H[SHcWHG, WKH VHcRQG RUGHU aSSUR[LPaWLRQ LV PRUH SUHcLVH.

 SXSSOHPHQWaU\ MaWHULaO

 SXSSOHPHQWaU\ PaWHULaO, aYaLOabOH RQOLQH, cRQWaLQV WKH SURRIV RI TKHRUHPV 1,
 PURSRVLWLRQ 1, PURSRVLWLRQ 2, TKHRUHP 2, PURSRVLWLRQ 3 aQG PURSRVLWLRQ 4, GHWaLOV
 RQ WKH GHULYaWLRQ RI WKH aV\PSWRWLc HTXLYaOHQcH bHWZHHQ VQ[O) aQG T>Q(O;J?SG),
 aV ZHOO aV aGGLWLRQaO LOOXVWUaWLRQV ZLWK VLPXOaWHG GaWa.

 AcNQRZOHGJHPHQWV

 TKH aXWKRUV aUH JUaWHIXO WR WZR aQRQ\PRXV UHIHUHHV IRU YaOXabOH cRPPHQWV
 aQG VXJJHVWLRQV, aQG WR AOH[aQGHU GQHGLQ IRU VXJJHVWLQJ WKH aV\PSWRWLc UHOaWLRQ
 VKLS (3.5). SSHcLaO WKaQNV aUH GXH WR SWHIaQR PHOXcKHWW-L (KWWS://ZZZ.VcLOXa.
 RUJ/) IRU QXPHURXV XVHIXO GLVcXVVLRQV RQ QXPHULcaO RSWLPL]aWLRQ LQ LXa. BN
 ZRXOG OLNH WR WKaQN CROOHJLR CaUOR AObHUWR ZKHUH KH ZaV ZRUNLQJ ZKHQ SaUW RI
 WKH UHVHaUcK SUHVHQWHG KHUH ZaV caUULHG RXW. JA aQG SF aUH VXSSRUWHG b\ WKH EX
 URSHaQ RHVHaUcK CRXQcLO WKURXJK SWG N-BNP 306406. YWT LV VXSSRUWHG b\ WKH
 EXURSHaQ RHVHaUcK CRXQcLO WKURXJK WKH EXURSHaQ UQLRQV SHYHQWK FUaPHZRUN
 PURJUaPPH (FP7/2007-2013) ERC JUaQW aJUHHPHQW 617411.

 RHIHUHQcHV

 AUbHO, J., LLMRL, A. aQG NLSRWL, B. (2016). PXOO Ba\HVLaQ LQIHUHQcH ZLWK Ka]aUG PL[WXUH PRGHOV.
 CRPSXW. SWaWLVW. DaWa AQaO. 93, 359-372.

 Baa\HQ, R. H. (2001). WRUG FUHTXHQc\ DLVWULbXWLRQV. SSULQJHU ScLHQcH aQG BXVLQHVV MHGLa.

 BXbHcN, S., EUQVW, D. aQG GaULYLHU, A. (2013). OSWLPaO GLVcRYHU\ ZLWK SURbabLOLVWLc H[SHUW
 aGYLcH: ILQLWH WLPH aQaO\VLV aQG PacURVcRSLc RSWLPaOLW\. J. MacK. LHaUQ. RHV. 14, 601-623.

 BXQJH, J. aQG FLW]SaWULcN, M. (1993). EVWLPaWLQJ WKH QXPbHU RI VSHcLHV: a UHYLHZ. J. APHU.
 SWaWLVW. AVVRc. 88, 364-373.

 BXQJH, J., WLOOLV, A. aQG WaOVK, F. (2014). EVWLPaWLQJ WKH QXPbHU RI VSHcLHV LQ PLcURbLaO
 GLYHUVLW\ VWXGLHV. AQQX. RHY. SWa. ASSO. 1, 427-445.

 CaURQ, F. aQG FR[, E. B. (2015). SSaUVH JUaSKV ZLWK H[cKaQJHabOH UaQGRP PHaVXUHV. PUHSULQW
 AUXLY:1401.1137.

 CKaR, A. aQG LHH, S. (1992). EVWLPaWLQJ WKH QXPbHU RI cOaVVHV YLa VaPSOH cRYHUaJH. J. APHU.
 SWaWLVW. AVVRc. 87, 210-217.

 CKaR, A., CROZHOO, R. K., LLQ, C. W. aQG GRWHOOL, N. J. (2009). SXIILcLHQW VaPSOLQJ IRU aV\PSWRWLc
 PLQLPXP VSHcLHV ULcKQHVV HVWLPaWRUV. EcRORJ\ 90, 1125-1133.
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 CROOHJLR CaUOR AObHUWR, YLa RHaO CROOHJLR 30, 10024 MRQcaOLHUL, IWaO\.
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