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1. Introduction
The Newton kernel ®y: RY — R is defined by
e
%m:%wﬂ :
mlog: N =2.
The non-local partial differential equation
—Au + au = [@N * |u|2] u inRY, (1.1)

where a is a positive function, was proposed in the study of quantum physics of electrons in a ionic
crystal (the so-called Pekar polaron model) for N = 3. The same equation can also be seen as a
coupling of quantum physics with Newtonian gravitation: indeed, the system

iy — AW+ EQ)W +ywi = 0
Aw = [y
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in the unknown ¢ : RY xR — R, ¢ = ¢(x, 1), reduces to the single equation
—Au+au+y[(DN* |u|2]u =0

via the ansatz ¥(x,t) = e u(x) with 4 € R and a(x) = E(x) + 1. E.H. Lieb proved in [11] that
(1.1) possesses, in dimension N = 3, a unique ground state solution which is positive and radially
symmetric. E. Lenzmann proved in [10] that this solution is also non-degenerate. The analysis of
(1.1) in dimension N = 3 is heavily based on the algebraic properties of the kernel @3, in particular its
homogeneity. Lieb’s proof of existence carries over to N = 4 and N = 5, while no solution with finite
energy can exist in dimension N > 6, see [6].

In this note we consider (1.1) in the plane, i.e., when N = 2. The appearance of the logarithm in ®,
changes drastically the setting of the problem, which has been an open field of study for several years.
One of the main obstructions to a straightforward analysis in the planar case is the lack of positivity of
the kernel @,.

Some preliminary numerical results contained in [9] encouraged Ph. Choquard, J. Stubbe and M.
Vuffray to prove the existence of a unique positive radially symmetric solution by applying a shooting
method, see [7]. But only in very recent years have variational methods been used to solve (1.1) for
N = 2: the formal definition of a Euler functional

1 1
10 =5 [ (9a+aul)+ o [ togle - PGP dxdy
2 R2 87T R2xR2
is not consistent with the metric structure of the Sobolev space H'(R?).
Stubbe proposed in [14] a variational setting for (1.1) in dimension two within the closed subspace

X = {u € H'R?) | f log(1 + |x])|u(x)|* dx < +oo}
RZ
endowed with the norm

i = [ (P + ali?) + [ togt + bhluCoP d
R2 R2

Although this space permits to use variational methods, several difficulties arise from the logarithmic
term.

Using this functional approach, S. Cingolani and T. Weth (see [8]) proved some existence results
for (1.1) under either a periodicity assumption on the potential a, or the action of a suitable group of
transformations. Uniqueness and monotonicity of positive solutions are also proved.

Later on, D. Bonheure, S. Cingolani and J. Van Schaftingen (see [6]) proved that the positive
solution u of (1.1) with a > 0 is non-degenerate, in the sense that the only solutions of the linearized
equation associated to (1.1) are the (linear combinations of) the two partial derivatives of u.

Motivated by these results, we consider the following perturbed equation, based on (1.1):

1 1
—Au+au — — [log — % u?|u = eh(O)uf’'u inR% (1.2)

2z

The quantity & plays the rdle of a “small” perturbation, and the function 4 is a “weight” for the local
nonlinearity |u|’~'u. We refer to the next Sections for the precise assumptions we make.
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We will face the problem of constructing solutions to (1.2) by means of a general technique in
Critical Point Theory, introduced by A. Ambrosetti and M. Badiale in [1-3]. We refer to [4] for a
presentation in book form. For the reader’s convenience, we summarize here the main ideas of this
method.

Suppose we are given a (real) Hilbert space X and a functional I, € C*(X) of the form

I.#) = Ip(#) + eG#).

Here I, € C*(X) is the so-called unperturbed functional, while & € R is a (small) perturbation
parameter. We will suppose that there exists a (smooth) manifold Z of dimension d < oo, such that
every z € Z is a critical point of 1.

Letting W = (T,Z)* for z € Z, we look for solutions to the equation I(«) = 0 of the form u = z + w,
where z € Z and w € W. We can split the equation I(u) = 0 into two equations by means of the
orthogonal projection P: X — W:

{ Pll(z+w)=0 (1.3)

(I-P)(z+w)=0.
We will assume that the following conditions hold:
(ND) for all z € Z, we have T.Z = ker I/ (z);
(Fr) for all z € Z, we have that the linear operator [/(z) is Fredholm with index zero.

Remark 1.1. The condition (ND) can be seen as a non-degeneracy assumption, since it is always true
that 7.Z C ker I{/(z), by definition of Z.

It is possible to show that the first equation of system (1.3) can be (uniquely) solved with respect to
w = w(g, z), with z € Z and ¢ sufficiently small. The main result of this perturbation technique can be
summarized in the following statement.

Theorem 1.2 ( [4]). Suppose that the function ®,: Z — R defined by ®.(z) = I.(z + w(g, 7)) possesses,
for |e| sufficiently small, a critical point z, € Z. Then u, = 7, +w(e, z..) is a critical point of I, = I+ £G.

As it should be clear, the perturbation method of Ambrosetti and Badiale leans on the effect of the
function A, which breaks the invariance of I, under translations. As such, the existence of a critical
point of the function ®, depends crucially on the behavior of 4.

We split our existence results into two categories. The first one assumes that the weight function
h is not only bounded, but also sufficiently integrable over R?; because of this, we can consider this
results as a local existence result.

Theorem 1.3. Let p > 1 and h € L*(R?) N LY(R?) for some q > 1. Moreover, suppose that

(hl)fh(x)|Zo|p+1dx¢0.
R2

Then Eq. (1.2) has a solution provided || is small enough.

It is possibile to drop the integrability condition on /4, at the cost of a more delicate analysis of the
implicit function w = w(g, z) that describes ®,. We have the following global result.
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Theorem 1.4. Let p > 2 and suppose that h satisfies
(hy) h € L*(R?) and limy,_, h(x) = 0.
Then for all || small, Eq. (1.2) has a solution.

We highlight that our results differ from those appearing in the literature for several reasons. First
of all, the non-degeneracy property appearing in Proposition 2.5 can be used as a basis for further
investigation. Moreover, the right-hand side of Eq. (1.2) may (and indeed must) depend on x; no
symmetry requirement, like radial symmetry, is needed in our proofs.

The paper is organized as follows. In Section 2 we first give the precise assumptions for our
problem, then we recall some known results (classical and not) and we prove some properties for
energy functional, such as regularity. In Section 3 we present the proof of the main theorems.

2. Preliminary results
Consider the equation

1 1
—Au+au— — [log — x| u = eh(O)u/’'u inR2 (2.1)

2

with a > 0, h € L°(R?) and p > 1. We introduce the function space

X = {u € H'(R?) | f lu(x)|* log(1 + |x|) dx < oo},
RZ
endowed with the norm

2 2 2
”u”X = ”u”Hl(RZ) + |M|*,

where
e, = [ (V0P + aluoF) d
Jul? = f Ju(x)? log(1 + ) dx.
R2
The norm || - ||y is associated naturally to an inner product. Let

I.(u) = In(u) + eG(u) (2.2)

be the energy functional associated to the equation, where

I = f (V)P + au’(x)) dx - L log ——Ju(oPluy)F dxdy
R2

2 87 Jraxm2 |x =l

and

G(u) = b f RO u(x)|P dx.
p + 1 RQ
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We define (see [8, 14]) the symmetric bilinear forms

Bi(u,v) = f log(1 + |x — yDu(x)v(y) dx dy,
R2xR?

1
By(u,v) = f log (1 + ) u(x)v(y)dxdy,
R2xR2 lx =yl

and
B(u,v) = Bi(u,v) — Bo(u,v) = f log (|x — yD) u(x)v(y) dx dy,

R2xR?2
since for all r > 0 we have

1
logr =log(l +r)— log(l + —).
r

(2.3)

Remark 2.1. The definitions above are restricted to measurable functions u, v: R> — R such that the

corresponding double integral is well defined in the Lebesgue sense.

In order to find estimates for B; and B, we recall a classical result of Measure Theory.

Theorem 2.2 (Hardy-Littlewood-Sobolev’s inequality [12]). Let p > 1, ¢ > 1 and 0 < A < N with
% + ﬁ + é =2.If f € L’(RY) and g € LY(R"), then there exists a sharp constant C(N, A, p), independent

of f and g, such that

F )W)l
f VOO 4y < €N, A il gl
RN

xRN |x_y|/l
A4 A
AN (N )"
-1 TlioT) )
P q

1T(N/2 = 2/2) (F(N/z))‘l”/’v
TV -21/2) \ TV

The sharp constant satisfies

N SN—I % 1
C(N,A,p) < (l l) —
N-D\ N rq

pr:qzzfl—g,then

CN,A,p)=C(N,)=nm

In this case there is equality in (2.4) if and only if g = cf with c constant and

—-(2N-1)/2

[ =AY +lx-af)
for some A € R, y € R\ {0} and a € RV.
We note that, since
log(1 + |x — yl) < log(l + [x| + [y < log(1 + [x]) + log(1 + [y]),

we have by Schwarz’s inequality

|By(uv, wz)| < f [log(1 + |x]) + log(1 + [yD] lu(x)v(x)llw(»)z(y)l dx dy
R2xR2

(2.4)
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< ful Wil 2@ llzll2e) + lull2e) V2 e2) W2l 2.5

for u, v, w, z € X. Next, since 0 < log(1 + r) < r for all » > 0, we have by Hardy-Littlewood-Sobolev’s
inequality

|&@wﬂ§]éﬁ”xilmmwwdm@<cme®4Mb®% (2.6)
foru,v e L%(Rz), for some constant C > 0. In particular, from (2.5) we have
B, u?) < 2ulllull} s, (2.7)
for all # € X and from (2.6) we have
By(u?, u?) < Cllullig(Rz) (2.8)

for all u € L5 (R2).
Proposition 2.3. The functional 1, is of class C*(X).

Proof. The proof is similar to [8, Lemma 2.2], so we just sketch the main ideas. Recalling (2.7),
(2.8), the assumption 4 € L*(R?) and the fact that X is compactly embedded into L*(R?), s € [2, +00)
(see [5, 6, 8] for a proof) we have

+1
8||h||oo||u||”

1 1 1
[L(u)| < §||”||H1(R2) + EB(MZ, u?) + P

L])+1(R2)

1 1

E””HHI(RZ) + Iul ||u||L2(R2 CII ||L3(R2)

+Mww?<wx

The first Gateaux derivative of I, along v is
/ 1 1 2
Lwyv= [ (Vu-Vv+auw)dx - — log u (X)u(y)v(y)dxdy
21 Jrexwe lx =yl
- 8[ hOO|ulP~ " uv dx. (2.9)
R2

We add and subtract f u(x)v(x)log(1l + |x|) dx to recover the scalar product of X, so we obtain
R2

L(wyv = (uv)y — iB(uz, uv) — f u(x)v(x)log(l + |x|)dx — & f h(O)ulP~ uy dx.
2r R2 R2
Now,
[ (u)v| < (ulv)x + %TB(MZ, uv) + f u(x)v(x)log(l + |x|)dx + 8f |hCO)||ulPv| dx
R2 RZ

1 2 1 2
< )+ RVl + 5l s v,
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1
+ —CIIMII Y IIMVII + ellAlloolludl? V1]

21 L3 (R2)
The second Gateaux derivative of I.(u) along (v, w) is
1
I (w)(v,w) = f (Vv-Vw +avw) dx — — log W (x)v(y)w(y) dx dy
R2 2n RZxR2 |x -y |

_1 f log ! u(W(X)u(y)w(y) dx dy
R2xR2 lx — ¥l

T

-(p- 1)8f h(O)|ulP~'w dx — 8f h(x)|ulP~vw dx.
R? R2

In this case, we add and subtract fR2 v(x)w(x)log(1 + |x|) dx, hence

I (w)(v,w) = (vw)x — f v(x)w(x) log(1 + |x|) dx — iB(uz, ww) — 1B(uv, uw)
R2 2r m

—(p-De f h(x)ul’'wdx — & f h(x)ulP~vw dx.
R2 R2
Finally,

I/ (w)(v,w)| < (Vw)x + f v(x)w(x)log(1 + |x]) dx + %B(uz, vw) + 7—1TB(uv, uw)

R
+(p—1)8f Ih(X)Ilulp‘IIWIdX+8f ACONul”~ Viwl dx
R2

]

1
< (viw)x + f v(x)w(x)log(1 + |x]) dx + EWEHVWHU(R%
R

1
||u||L2(R2 |V| |W| + ZTC”M” 8 RZ)”VW”L%(RZ)

1 1
+ 7_z_|u|*|V|*”u”LZ(RZ)”W”LZ(R2) + ;||M||L2(R2)”V||L2(R2)|u|*|W|*

+ _C||u||L2 R2)||V||L2(R2)||u”L2 R2)||W||L2 R2)
+(p = Delllloliall il + ellillollall? ) llvwll,

It is now standard to conclude that the first and the second Gateaux derivatives are continuous (with
respect to u € X), so that I, € C*(X). o

Ciritical points of the unperturbed functional Ij(u#) = 0 are solutions of the equation

1 1
—Au+au——[log—*u u=0 inR?, (2.10)

|-
which admits for every @ > 0 a unique — up to translations — radially symmetric solution u € X
(see [8], Theorem 1.3).
Since (2.10) is invariant under translations, we can consider z:(x) = u(x — &), with & € R2. The
manifold

= (e 1 £ € R?)
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is therefore a critical manifold for /,. We want to show that the manifold Z satisfies the properties (ND)
and (Fr).

The (ND) property follows from the following theorem, proved in [6].

Theorem 2.4. If a > 0 and u € X is a radial solution of (2.10) then there exists u € (0, 00) such that

eﬁlxl
u(x) = (u+ o(1)) exp [— VMe i

= 7 v log sds
Vil (log |x)* . )

1

with

To prove that (Fr) holds, we actually show that I (z;) is a compact perturbation of the identity
operator.

Proposition 2.5. I(z;) = L — K, where L is a continuous invertible operator and K is a continuous
linear compact operator in X.

Proof. We recall that
1 1
Iy (z))(v, w) = f (Vv-Vw +avw) dx — — f log —zé(x)v(y)w(y) dxdy
R? 27T R2xR2 |.x - yl
1 1
- = f log —— ze(xV()ze(W() dx dy
R2xR2 lx =yl

T

We add and subtract fRz log(1 + |x[)v(x)w(x) dx, hence

1§ (ze) (v, w) = f (Vv-Vw + avw) dx + f log(1 + |x|)v(x)w(x) dx
R2 R2

- f log(1 + [xDv(x)w(x) dx
R2
1

27T R2xR2

log ——22(xv(y)w(y) dxdy

lx =yl
1 1

- = f log 2e(X(0)z:(y)w(y) dx dy,
T Jr2xg2 |x —y]

and so

ZV(IW() dx dy

1
1§ (ze)(v, w) = (Vw)x — f log(1 + |x[)v(x)w(x) dx — - f log
R2 T JR2xR2

lx =yl

1 1
- f log 2e(OV(0)ze(Mw(y) dx dy.
T R2xR2 |'x - y|

The second derivative is therefore the linear operator defined by

lo

S (ngo)),

L(z): o —Ago+(a—w)90+2z§(2ﬂ
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where

1
w(x) = _2_f logx = Ylze()F dy, xeR>
JT R2

Following the proof in [13], Lemma 15, let {v,},, {w,}, be two sequences in X such that ||v,|| < 1,

[w,ll <1, v, = vo and w, = wy. Without loss of generality we can assume vy = wy = 0, so that

v, =0, w,—0.
From the compact embedding of X in L*(R?) for s > 2, we can say that
v, 50, w,—>0

in L*(R?), for every s > 2. We compute, using Theorem 2.4,

llzewnl|

L3®) L@

1
f log eV (X)ze (Y)W, (y) dx dy < Cllzgv,l|
R2xR2 |x — )’|

Now, by Holder’s inequality,

1 2

4 3 3
lim sup ||z§vn||§4 < lim sup (f |z§(x)|4 dx) (f v, () dx) =0
n—+oo L3(R?) n—+oo R2 R2

thanks to Theorem 2.4 and (2.11).
Similarly,

lim sup

n—oo

1
f log 2e(XVp(X)zew,(y) dx dy’ =0.
R2xR2 lx =yl

This proves that the linear operator

log
27| =— *
¢ 2z ( e (Zfsﬂ))
is compact. At this point, we should notice that the linear operator
e -Ap+(a-w)p

is not invertible on X. To overcome this difficulty, we set

1
2 2
= d
C 5 fz |Z{-‘(x)| X

and rewrite L(z¢) as follows:

1
L(ze): @ o —Ap + (a+ P log(l +|x)) ¢ — (c*log(1 + |x]) + w) ¢ + 22 (% * (zggo)) :

Since

lim (w(x) + ¢ log(1 + |x])) = 0

[x]|—>+00

(2.11)

(2.12)
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by [8, Proposition 2.3], the multiplication operator
¢ > (P log(1 + |x) + w)
is compact. We may conclude that the functional 1§/ (z,) is of the form L — K where
Lo =—-Ap + (a + log(1 + |x|)) @

is a linear, continuous, invertible operator and K is a linear, continuous, compact operator. A different
proof, based on a direct computation, appears in [?]. m|

3. Existence results for equation (1.2)

3.1. Proof of Theorem 1.3

Since the properties (ND) and (Fr) hold we can say that, for || small, the reduced functional has
the following form:

D (z¢) = I(ze + we(§)) = co + G(2e) + 0(e),

with Co = Io(Zé').
LetT': R?2 — R be the function defined as

1
['(¢) = G(zo) = Torl Lz h(O)lze" dx, € e R?.

Lemma 3.1. Suppose that h € L*(R?) N LY(R?) for some g > 1. Then

Jm 06 =0

Proof. By the Holder inequality,

1

L@l < PP

1 1
1 4 , I
(f Ih(x)lqu) (f |Z$|(p+l)q dx)q

1 R2 R2

h Pldx <
fRZI (Ollzel™ dx < Py

and since z; decays to zero as |£] — oo we have

Q|

Tl < C( f || P+ dx) — 0 aslé — +oo.
R2

The proof is completed. O
Thanks to the previous Lemma we can now prove the existence of local solutions for (2.1).

Proof of Theorem 1.3. The hypothesis of the previous Lemma are satisfied, so we have that I'(£) goes
to 0 as |£] — oco. From (h;) follows that I'(0) = —[ﬁ fRZ h(x)|zol”*! dx # 0. Then I is not identically

zero and follows that I has a maximum or a minimum on R? and the existence of a solution follows
from Theorem 2.16 in [4]. O
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3.2. Proof of Theorem 1.4

As before, we call P = P; : X — W, the orthogonal projection onto W, = (TQZ)l, W; =
(ze) ® (T-,Z) and Re(w) = I(ze +w) = I (ze)[w].

Remark 3.2. By the variational characterization of the Mountain-Pass solution u as in [4, Remark 4.2],
the spectrum of PI(u) has exactly one negative simple eigenvalue with eigenspace spanned by u itself.
Moreover, A = 0 is an eigenvalue with multiplicity N and eigenspace spanned by D;u, i = 1,..., N and
there exists k > 0 such that

(PI} w)[VIlv) = VI*, Vv L(wy & T,Z,

and hence the rest of the spectrum is positive.

We prove the following

-1
Theorem 3.3. (i) There is C > O such that || (PI(’)’(zf)) leewwy < C, for every & € R?,
(ii) R:(w) = o(|lwl]), uniformly with respect to & € R2.

Proof. Since z¢ is a Mountain-Pass solution, Remark 3.2 holds, hence it suffices to show that there
exists k > 0 such that

(PIJ(z)V] | v) = VP, VEER?, Vv L W,
For any fixed ¢ € R?, say & = 0, PI}/(z0) = PI/(u) is invertible and there exists x > 0 such that
(PII )] | v) = kIVI?, Yve W :=(w)eT,Z

Let v¥(x) = v(x + &), then

(PIy (zo)V] [ v) = P[f (IVVI2 + avz) dx — 1 log Z(x)V(y)dxdy
R2 ’

21 Jroxw2 lx =yl

1 1
_ f log 2e(V(X)ze(MV(y) dx dy ]
T Jraxgr X =)l

and thanks to the change of variables x = f + £ and y = s + £ we obtain

(PI§z)V] | v) = P| f IV + §)|2 +avi(t+8))dt
1

2r R2 ><R2

_1 f
T
1
f |va|2 +a ) )dt— — f log (OW(s)* dt ds
R2 21 Jrexwe lx =yl

1
——f log
T JRr2x
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Moreover, ¢ L W whenever v L VT/;, hence
(PI} o)[(v, VIV] | v) = (PIJ@)FT 1 V) = dbiIP = klvIP, VE€R?, Vv L W,

and so (i) si true.
To prove (ii) we observe that

Re(w) = I)(ze + wW)(V) — I (ze)(w, v) = f [V(ze +w) - Vv + alze + wyv| dx
R2
1

— 0
21 Jraxge lx =yl

(z¢ + W) (xX)(ze + W)Y)V() dx dy

1
(Vw - Vv +awy) dx + — log z?(x)w(y)v(y) dxdy
R2 2 R2xR2 |x — y|
1 1
+ - f log z2e(OW(x)z:(Y)v(y) dx dy.
T JRr2xR? lx =yl

After some computations we obtain

1 1
R:(w) = Vze - Vv +azev) dx — — log ——2%(x v(y)dxd
£0w) fR (Vz %ev) dx - = fR . Jog @O dedy
1

27T R2xR2

1 1
! f log —— z(W(X)ze V() dx dy
T R2xR2 |x - yl

1
log ()W) dx dy
|x =yl

1 1
! f log —— 2 (W(WIV(y) dxdy
R2xR2 lx =l

1 1
= log ——w*(x)ze(y)v(y) dx dy
21 Jraxg2 lx =yl
1 1
- — log —— w2 ()w(y)v(y) dx dy
21 Jroxg2 lx =yl
1 1
— | log —— 2w dxdy
21 Jrogge |x —y]
1 1
+ = f log 2e(OW(X)ze(Y)v(y) dx dy
T JRr2gg2 |x —y]

and since z; is critical point we finally have

1 1
R:(w) = —= f log ——z(x)w(x)w(y)v(y) dx dy
T JR2xR? lx =yl
1 1
-5 fR 2><R21 . |w (x)zg(y)v(y) dxdy

1 1
— g ——w (X)wO)(y) dx dy.
2r Jrexre | -

By (2.7), (2.8), (2.4), Holder’s inequality we have

1 2
IR(wW)l < — (|Z§|*|W|*”W”L2”V”L2 + llzell 2wl 2wl vl + C1IIZ§||LgIIWIIL§IIVIng)
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1
+_
2

2 2 2
(|W|*”Z§”L2HV”L2 + (Wl lzgl vl + Czllwlng ||Z§||L%||V||Lg)
1 2 2 C 2
+ — [ IWEIWllzz Il + Wl wldvle + Cliwl s [Iwll <Vl + ],
L3 L3 L3

by the compact embedding of X into L*(R?), s > 2

1 2 2 2
IRew)| < — (Ilellxlwlfzlivll + Izelllwilelvily + Cilleellcdhwli Vi)
1 2 2 2
+ o (IwIRlzellcdvile + vl leelldVile + Callwlilizellelivlx) (3.1)
N (I VIl + VL + Calwl Vil )
2n
and finally
2 2 3
IR )| < CallzellxlwlIMIx + Csliwlizlizelllvily + Collwli} Vil
Hence,
IR (w)| )
W < C4||Z§||X”W”X”V”X + C5||W||X||Z§||X||V||X + ColwllxlIvllx
X
O

and this goes to 0 as ||w|lxy — 0 uniformly with respect to & € R?.

This Lemma allows us to use Lemma 2.21 in [4], so there exists gy > 0 such that for all || < g9 and

all £ € R? the auxiliary equation PI. (zg + w) = 0 has a unique solution w(z;) with
(3.2)

lim [lw,(z)ll = 0,

uniformly with respect to & € R,

We now prove
Lemma 3.4. There exists &, > 0 such that for all |e| < €, the following result holds:
lim we =0,  strongly in X.

gl -0

Proof. We first show two preliminaries results:
(a) wg weakly converges in X to some w,, € X as |{| — co. Moreover, the weak limit w, ., is a weak

solution of
1 2 -1
* W oo | Weoo = ER(X)We ol We oo (3.3)

— AW o + AWe oo — I [log N

(b) weoo =0.
Volume 2, Issue 3, 438—458.
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As a consequence of (3.2) we have that w,(z¢) weakly converges in X to some w, ., € X, as [£] — oo.
Recall that w,(z¢) is a solution of the auxialiary equation PI (zf + wg(zf)) = 0, namely

1 1
— AW&E + AWg e — Z [log m

1[ 1
Vs [ -]

2
* Ws,{-' We ¢

1 1
Wee — log o * z§

* Zé 2

1 1
(Zé? + W&g) - Z log ﬁ * Wié_-

2

-1 —-1
= 8h()C)|Z§ + Wg’flp (Zg + Wg’é-‘) - Zg - Z a,'Dl'Zg,
i=1

where
a; = (sh(x)lz +we P - ”_l)D d
i & && Z‘f iZe AX,
R? ’

and D; denotes the partial derivative with respect to x;.
Let v be any test function, then

1 1
Vwes - Vv + aw, v dx——f lo —wg X)W :ov(y)dxd
fR2( ¢ ¢ ) 27 Jrexge s ey o¢ o0 Y
1

" log ——zz(x)ws dxd
27 Jpog2 g |x — |Z§(x)w () dxdy

1 f 1
+ — lo 2(0) (z + we Ww(y)dxd
T JR2xR? g| -y ( ¢ f)(y g g

log —wﬁ’f(x)zf(y)v(y) dxdy + f eh(X)|ze + we gl _1v(x) dx
RZ

2r Jrexre lx =yl

2
_ Lz Z‘1;—1()()\;()() dx — ; a; Lz Diz:(x)v(x) dx.

Following the computations in the proof of Proposition 2.5, in particular (2.12), and by Theorem 2.4
we can say that

1 1
_ f log —zé(x)wa,f(y)v(y) dxdy — 0,
21 Jroxge |x —y]
l f log ! 2(x) (Zé-‘ +w f) ywv(y)dxdy — 0
T JRr2xR2 lx =y | ’
1
log —— w7 (0)z:(y)v(y) dxdy — 0,
21 Jroxge lx—y = ‘

as |&| — oo.
Now, we need to pass to the limit in

f eh(x)lzg + weel” “y(x) dx.
R2

Mathematics in Engineering Volume 2, Issue 3, 438—458.



452

In order to do that, we show that

lim @ Wivdx =0, Vke[0,p-1). (3.4)
e ,

We split the integral as

—1-k —1-k —1-k
fz Zg w/;’fv dx = [l zg w’;gv dx + fll Zg w';gv dx
R x|<p x[>p

p

m , WE obtain

where p > 0. Using Holder’s inequality with p = k + 1, s0 p’ =

p-1-k_ &
f Zg Weevdx
[xl<p

1 1
, P P
< ( f g dx) ( f [We el PIvI? dx)
[xl<p [xl<p
P
< C(f |Z§|p dx)
[xl<p

and this goes to 0 as p goes to co. On the other hand,

—1-k_ k (p=1-k)p’ kp’
f zé’ Wi vdx| < (f szp P IWeel™ dx)
[xI>p |x|>p

and since v is a test function this integral goes to 0 as p goes to co.
Hence, (3.4) holds and then

1

( f vl? dx)p :
|xI>p

e

f eh(x)|zg + weel’™ ' v(x) dx — f Eh(X)We.col” ' v(x) dx, .
R2 R2
Moreover,

f|wg’§|p‘1v(x)dx—>f weol”~ V() dx,
R? R2

f eh()We el v(x) dx — f gh(0)lwe|"™ v(x) dx,
R2 R2

as |é| — oo and again by Theorem 2.4,
f 2 (v dx -0,
R2

f Dizs(x)v(x) dx — 0,
R2

as |¢| — oo.
Finally, we obtain

1
(VWeoo - VV + awg V) dx — — f log Wioo(x)wg,w(y)v(y) dxdy
RZxR2

R? 2n lx =yl
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= f Eh(X) Wl W(x) dx,
R2

thus w, , 1s a weak solution of (3.3), namely (a) holds.
By (3.2) we have that lim w, ., = 0. Since the unique solution w € X of

le|l—0

1 1
—Aw +aw — — [log — * w?|w = gh(x)w"'w

[
with small norm is w = 0. To show that, we need to prove that there exists a constant C > 0 such that
IIwllx = C.

Consider the first Gateaux derivative, computed in (2.9), evaluated at w along w, namely

0=1I.(ww
1 1
= f (leI2 + awz) dx — — f log —— w2 ()W (y) dxdy — sf h(x)w|P*! dx,
R? 21 Jpeswe lx =yl R2

thus

1 1
Iwll?, ®) = Ho f log ——w* ()W’ (y) dxdy + & f h(x)w|P*! dx,
- 21 Jroxg2 lx =yl R2

and thus | |
W7 2y < f log ——w?(X)W?(y)dxdy + & f |h(x)|lw|P*! dx. (3.5)
2 R2XR?2 lx =yl R2

Now, observe that from (2.3) we have

1
- f log W)W’ dxdy =
R2xR2 lx =yl

f log (1 + |x — y]) w(x)PIw()|* dx dy — f log(l + )wz(x)wz(y)dxdy,
R2xR2 R2xR2

1
|x =yl

hence

1
f log (1 + ) w?(Ow(y)dxdy =
R2xR2 lx =yl
1
f log (1 + [x —y|) w?(OwW(y) dx dy + f log (| |) w2 (W (y) dx dy
R2XR?2 R2XR?

and finally

1
f log (1 + )wz(x)wz(y) dxdy < f log( )wz(x)wz(y) dxdy.
R2XR2 lx =yl R2xR2

Moreover,

& f Ih(OlwlP dx < CilwlIP, < Collwll?h!
RZ

LP*‘(RZ) - HI(RZ)'
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By (3.5) we obtain

1
W2 oo < log| —— | W (OW?()dxdy +& | [h(x)|wP dx
H® ) R2xR2 lx — )’| R2

+1
< Clwll gy + CalWllf iz < Callwll]

H! RZ) — H! RZ)’

where 7 = max{p + 1,4} > 2 since p > 1; recalling that ||w||" C4||w||X we obtain

Hl(RZ) s
1
-
W2 > — > 0.
Cs

From this we infer that w, ., = 0, provided that |¢| < 1. Hence (b) is true.
We recall that w, . satisfies

Woe = (PI (20) [6PG” (2 + wee) = PRe (e, (3.6)

where

G’ (Zg + wg,f) =— fRz h(x)|ze + Weel” ™! (Zg + ws,g) dx

and

1 1
Re(Wge) = —= f log 2e(OWe g(XIWe :(VIV(y) dx dy
T JR2xR2 lx =yl

1 1
- 5= f log —— w7 (0)ze(YV(y) dx dy

21 Jrexw? lx =yl
1

— | log —— w2 (OWe )V dx dy.

21 Jroxwe lx =yl ™

From (3.6) and Theorem 3.3 it follows
el < C[1el|(G" (2 + weelwee))| + (ReCwelwes) | (3.7)

We infer that

‘(G’ (Zg-' + W&§|W&§))‘ f |I’l(x)||Z$ + W85|p|wg$(x)| dx

<||h||oo(f |Z§|p|st|dx+f |st|p+ldx)

and this goes to 0 as |£] — oo by the compact embedding of X in L*(R?) for all s > 2, (a) and (b) proved
above.
Then, by (3.1) we find that

|(R£(Wg,§)|w8,£)‘ <
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2 2 2
< (||Z§||X||We,§||x||Ws,§||X + ||Z§||X||Ws,§||x||We,§||X + Cl||Z§||X|IW8,$”)(I|W8,§||X)

1

b
+ 1 || 2 2 C 2

= Ws,§||x||Z§||x||Ws,§||x + ||W£,§||X||Z§||X||W£,§”X + 2||Ws,§||x||Z§||x||Ws,§||x

27r(

1 3 3 3
+ o (IWaellelweelly + 1w ellelweelly + Csllwe el Iweellx)

thus,
(R we)| < Callweelly + o(e).
Inserting the above inequality in (3.7) we obtain that
[Iweellx < Callweglly + o), as €] — oo

and passing to the limit we find that

lim [[weelly < Cy lim [lweglly.

|§l—c0 |§l—00
Since w, is small in X as |g] — 0 we conclude that

|‘;lim weellx =0  provided |g| < 1.

O
Now we are ready to prove the existence of a global solution for the problem (2.1).
Proof of Theorem 1.4. Consider the reduced function ®.(¢) = I, (z.f + wg,g), namely
O (§)=1||Z + weell? —if lo (z +w )Z(X)(Z +w )z(y)dxdy
& 2 '3 £ HI(R2) 87 - |X _ yl 3 &€ & 24
e

- h + Wwe " dx. 3.8
p+1fR2 (0)lzg + weel” dx (3.8)

From Iy(z¢) = 3llzll%, ®) " = fszRz log ﬁzé(x)z?(y) dxdy and setting ¢y = Io(z;) we have that

1 1 1,
- = o+ — log —— dxdy.
S Izelli g2y = co+ o= fR o8 |x_y|zg(x)zg(y) xdy

Moreover, —Az; + az — 5= [logﬁ * sz] z¢ = 0 implies

1 1,
(Zglwg,g)Hl & " o L - log mzf(x)zg(y)wg,g(y) dxdy.

Substituting into (3.8) we obtain

1 2 1 2
o) = Slellfp e, + 5 IWeelline) + (2ebvee) o
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—1 f 1 ! ( + )2( )( + )2()61 d
- 0 Ze + Wee) () (26 + W, X
87 Jrawm2 & |x — | ¢ ¢ ¢ €) Y

f h(x)|ze + weelP ™ dx
RZ

p+1

1 1 1
=cot o | log ——2HWZ0) dxdy + Slweelln e

87 Jr2xm2 lx =yl
1 1
+ — log ——22(x)z2:(V)W,e(y) dx d
21 Jraxg2 s lx =yl ¢ £V g(y Y

1

87 Jraxr2 |x =yl

f h(X)|ze + We el dx,
. : :

(Zg + w&é:)2 (x) (Zg + wg,g)2 (v)dxdy

p+1

thus

1 1
0O =t g [ tog 20 dxdy
87 Jraxm2 |x =yl

et + 2 [ g e dxd
2”W ’fllHl(Rz) 2r fR2xR2 ©8 |x — y|Z§(x)Z§(y)W () dxdy

1 f 1 5,
- — log ——z:(x)z:(y) dx d
87 Jr2xre . lx =yl ¢ £ Y

1 1
- log ——22(x)z:(y)W,£(y) dx dy
4 Jraxg2 8 lx =yl ¢ ¢ €

- % e ﬁzg%(x)wi,g(y) dxdy
1

- E R2xR2
1

- Z R2xR?
1

- E RZxR2

1

1
81 Jraup2 lx =yl

1 1
- — log ——w? (X)z:(V)We e (y) dx d
4 Jrexge g|X—y| fDZIWey Y

1 1 2 2 & f
- — — dxdy — —— | h(x)|ze + weel”*" dx,
5 ., Joe i WL ) dxdy =~ | h@ze + gl dx

log Zg(x)Ws,g(X)Zé(Y) dxdy

lx =yl

log Zg(x)Ws,f(x)Zf()’)Ws,f (y) dx dy

lx =yl

log zg(x)w&g(x)wif(y) dxdy

lx —
w2 ()Z3(y) dx dy

log
log
and after a short computation
1 ) 1 1,
Dy (&) =co+ §||Ws,§||H1(Rz) + — log —Zg(x)Zg()’)We,g()’) dxdy
R2xR2

2 |.x - yl
! 1 1 2( )Z(y) )
(0] Z:X)Z We, dxd
A R2ZxR2 & |x - yl ¢ ¢ Y ¢ Y
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1 1

- — f log zé(x)wg ) dxdy
87 Jr2xwe lx =yl ’
1

- — lo 2e(X)We e (X)Z2(y) dx d
An Jroxwe 8 |x — ¥l ¢ ¢ £ Y
1
- 1 . . dxd
27 Jaoee 0g X — ylzg(x)w £X)2e(NWee(y) dx dy
1
- — lo 2e(X)We (W (¥) dx d
4n Jroxr2 s lx =yl ¢ ¢ i Y
1 1
- — log —— w2 (x)z;(y) dx dy
87 Jr2xm2 lx =yl = ‘
1 1
- — log ——w? (X)z:(V)We e (y) dxd
4n Jrexr2 s e —yl ¢ (OMWesly Y
1 1
- — log —wﬁ’f(x)wif(y) dxdy
87 Jraxme lx =yl = ’
&
Cp+l fR h()lzg + weel ™ dax.

Now, by repating the same arguments used in Proposition 2.5 all the integrals over R? x R? converge
to 0.

Moreover, by Lemma 3.4 we have |lw, ||
Proposition 2.4, Lemma 3.4 and (h,):

2

HEy 0 as |¢] — +o0 and by Minkowski’s inequality,

lim f h(xX)|ze + WP dx = 0.
R2

[€]=+00

Hence,

lim @.(&) = cp.

[€]>+00

This means that either @, is constant, or it has a maximum or minimum. In any case @, has a critical
point and we can apply Theorem 2.23 in [4] to find a solution for problem (2.1). O
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