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1 Introduction

Recently in [1] it has been observed that a 4d N = 1 quiver theory, called E[USp(2N)], is

left invariant by the action of an infra-red (IR) duality which is reminiscent of 3d N = 4

mirror symmetry [2]. This duality does not seem to be related to Seiberg dualities [3] and it

appears to be of a genuinely new type. Moreover in a suitable 3d limit followed by various

mass deformations, the 4d N = 1 E[USp(2N)] theory reduces to the familiar 3d N = 4

T [SU(N)] theory introduced in [4] and the 4d self-duality reduces to the mirror self-duality
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Figure 1. Quiver diagram of the E[USp(2N)] theory.

of T [SU(N)]. This represents the first example of derivation of a 3d mirror duality from a

4d IR duality.1 Indeed so far most of the known 3d IR dualities with the exception of mirror

dualities have been shown to have 4d ancestors, which upon compactifications followed by

various real mass deformations reproduce Seiberg-like dualities in 3d [6–16].

In this work, starting from E[USp(2N)] we will construct a family of 4d N = 1 theories

that we call Eσρ [USp(2N)], which are related by mirror-like dualities and which reduce in

the 3d limit to the T σρ [SU(N)] theories introduced in [4] that are related by mirror dualities.

The E[USp(2N)] is the quiver gauge theory depicted in figure 1, where all the nodes

denote USp(2n) symmetries. This theory has a USp(2N)x × USp(2N)y × U(1)t × U(1)c
global symmetry, with the second USp(2N)y being enhanced in the IR from the SU(2)

symmetries of the saw.2 This theory was used as a building block in [1] to construct more

complicated four-dimensional theories that were shown to arise from the compactification

of the 6d N = (1, 0) rank-N E-string theory on Riemann surfaces with fluxes for the E8

part of its E8×SU(2)L global symmetry. As such, some of these theories exhibit interesting

global symmetry enhancements, according to the subgroup of the 6d E8 global symmetry

preserved by the flux.

The duality leaving the E[USp(2N)] theory invariant acts by exchanging operators

charged under USp(2N)x with those charged under USp(2N)y much like the mirror self-

duality for the 3d N = 4 T [SU(N)] theory exchanges the Higgs branch operators in the

adjoint of the flavor SU(N) group with the Coulomb branch operators in the adjoint of the

other SU(N) group emerging in the IR as an enhancement of the topological symmetries.

In particular two of the E[USp(2N)] operators transforming under the USp(2N)x and

USp(2N)y global symmetry and which are exchanged by the 4d duality reduce to the

Coulomb and Higgs branch moment maps of T [SU(N)] which are swapped by Mirror

Symmetry. In this sense we consider the self-duality of E[USp(2N)], which is a 4d ancestor

of the self-duality under Mirror Symmetry of T [SU(N)], a 4d mirror-like self-duality.

1A derivation of a 3d mirror duality from 6d has been discussed recently in [5].
2The definition of the E[USp(2N)] theory we use here is slightly different from the one of [1], which

included an extra set of singlet fields flipping the meson matrix constructed with the chirals at the end of

the tail and transforming in the antisymmetric representation of USp(2N)x. Consequently, the self-dualities

of E[USp(2N)] we consider here are slightly different from those discussed in [1].
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Figure 2. The T σρ [SU(N)] quiver. Ranks Ni,Mi are as in eq. (1.3).

Many other mirror dualities are known in 3d. For example, closely related to T [SU(N)]

is the class of N = 4 T σρ [SU(N)] theories introduced by Gaiotto and Witten in [4], where

σ and ρ are partitions of N . The T σρ [SU(N)] theory can be realized on a brane set-up [17]

with N D3-branes suspended between K D5-branes and L NS5-branes, where K and L

are the lengths of the partitions σ and ρ respectively. The integers σi in σ = [σ1, · · · , σK ]

are the net number of D3-branes ending on the D5-branes going from the interior to the

exterior of the configuration, while the integers ρi in ρ = [ρ1, · · · , ρL] are the net number

of D3-branes ending on the NS5 branes again going from the interior to the exterior.

It is then natural to wonder whether it is possible to find a 4d ancestor for T σρ [SU(N)]

and construct a family of 4d theories enjoying mirror-like dualities. As a brane realisation

is not available in 4d we need to rely on field theory methods only.

The structure of the T σρ [SU(N)] quiver, with σT < ρ, depicted in figure 2, is dictated

by the partitions which we rewrite as

ρ =
[
N lN , . . . , 1l1

]
, σ =

[
NkN , . . . , 1k1

]
(1.1)

where some of the ln, km integers can be zero and must satisfy the conditions

N∑
n=1

n× ln =

N∑
m=1

m× km = N ,

L = l1 + · · ·+ lN , K = k1 + · · ·+ kN . (1.2)

The gauge and flavor ranks Ni, Mi are given by

ML−i = ki ,

NL−i =

L∑
j=i+1

ρj −
N∑

j=i+1

(j − i)kj . (1.3)

The T σρ [SU(N)] global symmetry group is S(
∏N
i=1 U(ki)) × S(

∏N
i=1 U(li)). While the

factor S(
∏N
i=1 U(ki)) acting on the Higgs branch is visibile in the UV Lagrangian, the factor

S(
∏N
i=1 U(li)) acting on the Coulomb branch appears only in the IR as an enhancement of

the topological symmetries. This pattern of symmetry enhancement is consistent with the

prediction of Mirror Symmetry stating that T σρ [SU(N)] is mirror dual to T ρσ [SU(N)].
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Figure 3. Duality web for T [SU(N)].

The T σρ [SU(N)] theory can be reached from the T [SU(N)] theory by giving a nilpotent

vev to the Higgs and the Coulomb branch moment maps labelled by σ and ρ respectively.

These vevs initiate sequential Higgs mechanisms which are quite intricate to follow.3 Indeed

one typically relies on the brane realisation of the theory. Here we propose an alternative

procedure to systematically derive T σρ [SU(N)] theories from T [SU(N)] which is based on

field theory methods only. We will then apply the same procedure in 4d to the E[USp(2N)]

theory to construct a new family of 4d theories, which we name Eσρ [USp(2N)] theories,

enjoying mirror-like dualities.

Our approach relies on a web of dualities for T [SU(N)] that was discussed in [19]. This

web, depicted in figure 3, is constructed combining two dualities for T [SU(N)]: one is the

standard self-duality under Mirror Symmetry discussed in the original paper [4] and the

other is called flip-flip duality [19]. We recall that under Mirror Symmetry the Higgs and

the Coulomb branch of the theory are exchanged. Hence, if we denote with H and C the

Higgs and Coulomb branch moment maps of T [SU(N)] and with H∨ and C∨ those of the

mirror dual T [SU(N)]∨, we have the operator map

H ↔ C∨

C ↔ H∨ . (1.4)

This duality corresponds to the upper edge of the diagram of figure 3.

On top of the mirror dual frame there exists another flip-flip dual frame called

FFT [SU(N)]. The latter theory is defined starting from T [SU(N)] and adding two sets of

3In [18] the vev was implemented at the level of the Hilbert series by means of a residue procedure.
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singlet fields OH and OC that flip both the Higgs and the Coulomb branch moment maps

WFFT [SU(N)] =WT [SU(N)] + TrX (OHHFF ) + TrY (OC CFF ) , (1.5)

where HFF and CFF denote the moment maps of the dual FFT [SU(N)] and the X,Y

subscripts in the traces refer to the IR global SU(N)X × SU(N)Y symmetry groups. The

moment maps H and C of the original T [SU(N)] theory are mapped across this duality to

the two sets of flipping fields OH and OC

H ↔ OH
C ↔ OC . (1.6)

This duality corresponds to the left vertical edge of the diagram of figure 3. As we will

show the flip-flip duality can be derived by applying sequentially the Aharony duality [20].

Combining Mirror Symmetry and flip-flip duality we can find a third dual frame, which

we denote by FFT [SU(N)]∨. The superpotential of the theory is

WFFT [SU(N)]∨ =WT [SU(N)] + TrY
(
O∨HH∨FF

)
+ TrX

(
O∨C C∨FF

)
. (1.7)

The operator map between the original T [SU(N)] and FFT [SU(N)]∨ is

H ↔ O∨C
C ↔ O∨H . (1.8)

The order in which we apply Mirror Symmetry and flip-flip duality doesn’t affect the result,

so that we obtain the commutative diagram of figure 3.

In order to study the nilpotent vev of T [SU(N)], we notice that it can be implemented

by adding singlets flipping some components of its moment maps and by turning them on

linearly in the superpotential. The F-term equations of the singlets then fix the vev of these

components of the moment maps to a non-vanishing value. Hence the IR theory obtained

turning on a vev in T [SU(N)] is equivalently reached by deforming FFT [SU(N)] by a

linear superpotential in some of the components of OH and OC and by removing those that

become free after the deformation. that is, we claim that by deforming FFT [SU(N)] by:

δWFF = TrX [(Jσ + Sσ)OH] + TrY [(Jρ + Tρ)OC ] , (1.9)

where Jσ and Jρ are block diagonal Jordan matrices encoding the vev, while Sσ and Tρ
are matrices of gauge singlets (both of these will be described in more details in the main

text), we flow to T σρ [SU(N)] as shown in the bottom left corner of figure 4.

Using the flip-flip duality, we can map this deformation into a deformation of T [SU(N)]

linear in the entries of the moment maps, that is, in this frame rather than turning on vevs,

we turn on mass and monopole deformations:

δW = TrX [(Jσ + Sσ)H] + TrY [(Jρ + Tρ) C] . (1.10)

This deformation triggers a flow to theory T , in the upper left corner of figure 4, which is

flip-flip dual to T σρ [SU(N)]. We will show that moving along the vertical edge of the web
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Figure 4. Deformed duality web for T [SU(N)].

from T to T σρ [SU(N)] by means of the flip-flip duality is equivalent to iteratively applying

a combination of the Aharony and one-monopole duality [12]. Flowing from T [SU(N)] to

T and then to T σρ [SU(N)] allows us to bypass the study of the sequential Higgs mechanism

initiated by the vevs, which, in the case of monopole vev, is particularly complicated.

We can then apply the same procedure to the mirror dual frame. The T ρσ [SU(N)] can

be obtained by deforming FFT [SU(N)]∨ by a linear superpotential

δW∨FF = TrY
[
(Jρ + Tρ)O∨H

]
+ TrX

[
(Jσ + Sσ)O∨C

]
, (1.11)

as shown in the bottom right corner, which corresponds, in the flip-flip dual frame, to a

deformation of T [SU(N)]∨ by

δW∨ = TrY
[
(Jρ + Tρ)H∨

]
+ TrX

[
(Jσ + Sσ) C∨

]
. (1.12)

This deformation triggers a flow to theory T ∨, upper right corner in figure 4, which is

flip-flip dual to T ρσ [SU(N)].

Having established this alternative procedure for deriving T σρ [SU(N)] from T [SU(N)]

we will export it to 4d to construct, starting from E[USp(2N)], a new class of theories that

we call Eσρ [USp(2N)] and that are related by mirror-like dualities.

Indeed, also the E[USp(2N)] theory enjoys a web of dualities, similar to the T [SU(N)]

web, depicted in figure 5.4 This web is obtained combining the 4d mirror-like duality

4In [1] it was observed that the superconformal index of the E[USp(2N)] theory coincides with the

interpolation kernel Kc(x, y) studied in [21]. The kernel Kc(x, y) satisfies various highly non-trivial integral

identities corresponding to the equality of the indices of the theories at the four corners of the duality web.

These identities provide strong evidences for the existence of these dualities.
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and the flip-flip duality. As we mentioned before, E[USp(2N)] possesses two USp(2N)

global symmetries, one of which is enhanced in the IR from the SU(2) symmetries of the

saw. As we will see we can construct two sets of operators transforming in the traceless

antisymmetric representation of the USp(2N)x and of the enhanced USp(2N)y symmetry,

that we denote with H and C. In the limit in which E[USp(2N)] reduces to T [SU(N)] the

operators H and C reduce to the Higgs and Coulomb branch moment maps H and C of

T [SU(N)]. The 4d mirror-like duality for E[USp(2N)] acts by exchanging all the operators

charged under USp(2N)x with those charged under USp(2N)y. It also acts non-trivially

on the U(1)t symmetry, while leaving the U(1)c charges unchanged. In particular the

operators H and C in E[USp(2N)] and H∨ and C∨ in the dual E[USp(2N)]∨ are mapped

as follows:

H ↔ C∨

C ↔ H∨ . (1.13)

The flip-flip duality instead relates E[USp(2N)] with FFE[USp(2N)], which is defined

as E[USp(2N)] with two extra sets of singlets OH and OC:

WFFE[USp(2N)] =WE[USp(2N)] + Trx (OHHFF ) + Try (OCCFF ) , (1.14)

where the x, y subscripts in the traces refer to the IR global USp(2N)x ×USp(2N)y sym-

metry groups. Across this duality, we have the operator map

H ↔ O∨H

C ↔ O∨C , (1.15)
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meaning that flip-flip duality leaves unchanged the two USp(2N) symmetries, but it acts

non-trivially on the abelian global symmetries of the theory. Moreover, similarly to the

3d case, flip-flip duality can be derived by sequentially applying the more fundamental

Intriligator-Pouliot duality [22].

These two dualities can be combined to find a third dual frame FFE[USp(2N)]∨ and

to construct a duality web for E[USp(2N)], represented in figure 5, which is analogous to

the one of T [SU(N)]

WFFE[USp(2N)]∨ =WE[USp(2N)] + Try
(
O∨HH

∨
FF

)
+ Trx

(
O∨CC

∨
FF

)
. (1.16)

Across this last duality, we have the operator map

H ↔ O∨C

C ↔ O∨H . (1.17)

In analogy with the 3d case, it is natural to consider deformations of the E[USp(2N)]

theory triggered by vevs of the operators C and H. Studying the Higgsing initiated by

such vevs is however quite tricky and in the 4d case we don’t have a brane realisation

for E[USp(2N)]. However we can implement the same procedure we described to obtain

T σρ [SU(N)], starting from the E[USp(2N)] web, as sketched in figure 6.

We name Eσρ [USp(2N)] the theories obtained turning on vevs for C and H labelled by

partitions of N ρ and σ. They are the quiver theories with USp(2n) gauge and flavor nodes

depicted in figure 7, where the ranks Ni and Mi are related to the data of the partitions

σ and ρ as in (1.3). There are also additional singlet fields which we will discuss in the

main text.
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Figure 7. Schematic structure of the Eρσ[USp(2N)] theory. Ranks Ni,Mi are as in (1.3).

Because of the vev, the two USp(2N) global symmetries of E[USp(2N)] are broken to

subgroups, according to the particular partitions chosen. Moreover, as a consequence of

the duality web we have that Eσρ [USp(2N)] is dual to Eρσ[USp(2N)]. This duality is a 4d

version of the mirror duality between T σρ [SU(N)] and T ρσ [SU(N)]. It implies that the SU(2)

symmetries of the saw of Eσρ [USp(2N)] can be collected into groups that are enhanced

at low energies to
∏N
i=1 USp(2li), so the total IR global symmetry is

∏N
i=1 USp(2ki) ×∏N

i=1 USp(2li)×U(1)2.

Given the many similarities between the 4d E[USp(2N)] theory and its Eσρ [USp(2N)]

generalizations and the 3d T [SU(N)] and T σρ [SU(N)] theories, it is natural to wonder

whether the analogy can be pushed further. For example since Hanany-Witten brane set-

ups [17] are known for T σρ [SU(N)] one could try to find a brane realization of Eσρ [USp(2N)].

Moreover, the T σρ [SU(N)] moduli space is known to have a neat description in terms of

hyperKähler quotients [23]. It would be interesting to understand if also the moduli space

of Eσρ [USp(2N)] possesses some interesting geometric structure. To this purpose, one

possibility would be to investigate limits of the superconformal index of Eσρ [USp(2N)] that

are analogue of the Higgs and Coulomb limits of the superconformal index of T σρ [SU(N)]

studied in [24]. In addition, the Coulomb limit of the superconformal index of T σρ [SU(N)]

takes the form of Hall-Littlewood polynomials [25], so a possible 4d version of this limit

for the superconformal index of Eσρ [USp(2N)] may lead to an interesting generalization of

these polynomials.

Another possible direction is to use Eσρ [USp(2N)] as a building block to construct

more complicated 4d N = 1 theories by gauging its non-abelian global symmetries, which

may have interesting IR properties. In this spirit, some models involving the E[USp(2N)]

theory as a component have been investigated in [1, 26].

Finally, it would be interesting to find more examples of 4d N = 1 IR dualities of the

mirror type we discuss here. For example, it would be interesting to find a 4d uplift of the

star-shaped quivers and of their mirror duals [27].
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Figure 8. Quiver diagram for T [SU(N)] in N = 2 notation. Round nodes denote gauge symmetries

and square nodes denote global symmetries. Single lines denote chiral fields in representations of

the nodes they are connecting. In particular, lines between adjacent nodes denote chiral fields in

the bifundamental representations of the two nodes symmetries, while arcs denote chiral fields in

the adjoint representation of the corresponding node symmetry.

The rest of the paper is organized as follows. In section 2 we review the definition

of T [SU(N)] and T σρ [SU(N)] theories and we discuss the procedure for deriving the de-

formed web from the duality web of T [SU(N)], which allows us to systematically construct

T σρ [SU(N)] mirror pairs starting from the self-duality of T [SU(N)]. In section 3 we review

the definition of E[USp(2N)] theory and we introduce its duality web. Finally, we discuss

the deformed duality web for E[USp(2N)] and we introduce the Eσρ [USp(2N)] theory with

its mirror dual. The main text is supplemented with appendices containing details on the

partition function computations.

2 3d mirror symmetry and T σρ [SU(N)] theories

2.1 T [SU(N)] duality web

The T [SU(N)] theory admits a Lagrangian description in terms of the quiver in figure 8.

The gauge group of the theory is
∏N−1
i=1 U(i) and each factor is represented by a round

node in the quiver. We will use N = 2 notation, where each gauge node carries a vector

multiplet and a chiral multiplet Φ(i) in the adjoint representation of the corresponding

gauge symmetry. The matter content of the theory consists also of bifundamental chiral

fields Q
(i,i+1)
ab and Q̃

(i,i+1)

ãb̃
represented in the quiver by lines connecting adjacent nodes,

which come from N = 4 hypermultiplets.5 For i = N − 1 these are actually fundamental

fields of the U(N − 1) gauge node and they transform under an SU(N)X global symmetry,

which is represented in figure 8 by a square node. In N = 2 notation the superpotential of

the theory is

WT [SU(N)] =

N−1∑
i=1

Tri

[
Φ(i)

(
Tri+1Q(i,i+1) − Tri−1Q(i−1,i)

)]
, (2.1)

where we are following the same conventions of [19], that is we defined the matrix of

bifundamentals Q(i,i+1) = Q
(i,i+1)
ab Q̃

(i,i+1)

ãb̃
connecting the U(i) to the U(i+ 1) gauge node.

On the first node Q(0,1) = 0. Traces Tri are taken in the adjoint of i-th gauge node,

except for i = N which corrsponds to the trace TrX over the global symmetry SU(N)X .

5In our conventions, the bifundamentals Q
(i,i+1)
ab transform in the representation �⊗� of U(i)×U(i+1)

and the bifundamental Q̃
(i,i+1)
ab transform in the representation �⊗�.
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SU(N)X SU(N)Y U(1)mA U(1)R

Q(i−1,i) • • 1 r

Q̃(i−1,i) • • 1 r

Q(N−1,N) N • 1 r

Q̃(N−1,N) N̄ • 1 r

Φ(i) • • −2 2− 2r

H N2 − 1 • 2 2r

C • N2 − 1 −2 2− 2r

Table 1. Charges and representations of the chiral fields and of the chiral ring generators of

T [SU(N)] under the global symmetries. In the table i = 1, · · · , N − 1 and Q(0,1) = Q̃(0,1) = 0.

The manifest global symmetry of T [SU(N)] is SU(N)X × U(1)N−1. The U(1) factors

corresponding to the topological symmetry of each gauge node are actually enhanced to the

second SU(N)Y symmetry in the IR. For each Cartan in the two SU(N) global symmetries

we can turn on real masses. The most suitable parametrization of these masses consists of

turning on 2N parameters Xn and Yn with n = 1, · · · , N and imposing the tracelessness

conditions
∑N

n=1Xn =
∑N

n=1 Yn = 0.

We will turn on a real mass for the U(1)mA = U(1)C−H axial symmetry where C and

H are the generators of the Cartans U(1)C ⊂ SU(2)C and U(1)H ⊂ SU(2)H of the N = 4

R-symmetry SU(2)C × SU(2)H , so our theories will have N = 2∗ supersymmetry [28]. We

will then take the UV R-symmetry as R0 = C + H. In the IR the R-symmetry can mix

with other abelian symmetries, but since the topological symmetry is non-abelian, R0 will

only mix with U(1)mA . Denoting with r the mixing coefficient and with qA the charge

under U(1)mA , we have

R = R0 + qA r . (2.2)

Our choice for the parametrization of U(1)mA and U(1)R is summarised in table 1. The

exact value of r corresponding to the IR superconformal R-symmetry can be fixed by

F-extremization [29]. As we did for the non-abelian symmetries, we can turn on a real

mass Re(mA) for the axial symmetry. It is also useful to define the following holomorphic

combination:

mA = Re(mA) + i
Q

2
r . (2.3)

Summing up, the complete IR global symmetry of the N = 2∗ version of T [SU(N)] is

SU(N)X × SU(N)Y ×U(1)mA . (2.4)

The chiral fields of the theory transform under these symmetries according to table 1.

The generators of the chiral ring are the Higgs branch (HB) and the Coulomb branch

(CB) moment maps H and C. The HB moment map is

H = Q− 1

N
TrX Q (2.5)
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with Q the N ×N meson matrix

Qij = TrN−1Q(N−1,N) . (2.6)

The CB branch moment map is instead generated by Tri Φ(i) and monopole operators with

magnetic flux vectors (m1, . . .mN−1), where mi denotes the unit of flux for the topological

U(1) of the i-th node. In particular monopole operators defined with fluxes of the form

(0i, (±1)j , 0k), where 0 and 1 are repeated with integer multiplicities i, j, and k such that

i+ j + k = N − 1, have the same R-charge of the adjoint chiral fields and the same charge

under U(1)mA . We then collect these N(N − 1) monopoles and the traces of the N − 1

adjoint chirals into a single N ×N traceless matrix. For N = 4 this matrix reads

C ≡


0 M(1,0,0) M(1,1,0) M(1,1,1)

M(-1,0,0) 0 M(0,1,0) M(0,1,1)

M(-1,-1,0) M(0,-1,0) 0 M(0,0,1)

M(-1,-1,-1) M(0,-1,-1) M(0,0,-1) 0

+
3∑
i=1

Tri Φ(i)Di , (2.7)

where Di are traceless diagonal generators of SU(N)Y . The operator C constructed in

this way transforms in the adjoint representation of SU(N)Y and thus corresponds to the

moment map for this enhanced symmetry.

In table 1 we also report the charges and representations under the global symmetries

of the chiral ring generators H and C according to our parametrization of U(1)mA and

U(1)R0 . Notice that these charges are consistent with the operator map dictated by Mirror

Symmetry which in this case corresponds to a self-duality of the theory, under which the

operators of the HB and the CB are exchanged. Hence, the nilpotency of H, which follows

by the F-term equations of (2.1), together with the operator map of Mirror Symmetry

implies that also the matrix C is nilpotent.

The main tool we will use to study T [SU(N)], its duality frames and their deforma-

tions related to T σρ [SU(N)] is the supersymmetric partition function on S3
b [29–31]. For

T [SU(N)], this will be a function of the parameters in the Cartan of the global symmetry

group, which we denoted as Xn, Yn and mA. Indeed, the partition function depends only

on the holomorphic combination of the real mass for the U(1)mA abelian symmetry and

the mixing coefficient with the trial R-symmetry U(1)R0 [29]. With these conventions, the

partition function of T [SU(N)] can be written recursively as

ZT [SU(N)]( ~X; ~Y ;mA) =

∫
d~z

(N−1)
N−1 e2πi(YN−1−YN )

∑N−1
i=1 z

(N−1)
i

N−1∏
i,j=1

sb

(
−iQ

2
+
(
z
(N−1)
i −z(N−1)j

)
+2mA

)

×
N−1∏
i=1

N∏
n=1

sb

(
i
Q

2
±(z

(N−1)
i −Xn)−mA

)
ZT [SU(N−1)]

(
~z(N−1);Y1, · · · ,YN−1;mA

)
,

(2.8)

where we defined the measure of integration for the m-th U(n) gauge groups on S3
b including

both the contribution of the N = 2 vector multiplet and the Weyl symmetry factor

d~z(m)
n =

1

n!

∏n
i=1 dz

(m)
i∏n

i<j sb

(
iQ2 ±

(
z
(m)
i − z(m)

j

)) . (2.9)
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In [19] it has been observed that T [SU(N)] possesses several duality frames that can

be summarized in the commutative diagram of figure 3. One frame is the one obtained

applying Mirror Symmetry, which we denote by T [SU(N)]∨. As we mentioned before,

T [SU(N)] is self-dual under this duality, which acts non-trivially on the chiral ring gener-

ators of the theory. In particular, it exchanges the operators charged under SU(N)X with

those charged under SU(N)Y . If we consider the N = 2∗ deformation of T [SU(N)], Mirror

Symmetry also acts flipping the sign of the U(1)mA charges as well as the mixing coefficient

of the R-symmetry with this abelian symmetry r → 1− r. In terms of the mass parameter

mA, we have

mA → i
Q

2
−mA . (2.10)

In other words, using table 1 we have the following operator map:

H ↔ C∨

C ↔ H∨ . (2.11)

At the level of the S3
b partition function, Mirror Symmetry for T [SU(N)] translates into

the following non-trivial integral identity

ZT [SU(N)]( ~X; ~Y ;mA) = ZT [SU(N)]

(
~Y ; ~X; i

Q

2
−mA

)
= ZT [SU(N)]∨( ~X; ~Y ;mA) . (2.12)

This identity can be proven using the fact that ZT [SU(N)] is an eigenfunction of the trigono-

metric Ruijsenaars-Schneider model [32].

On top of the mirror dual frame, T [SU(N)] has another interesting dual which was

named flip-flip dual FFT [SU(N)] in [19]. This theory is T [SU(N)] with two extra sets of

singlet fields OH and OC flipping the HB and CB moment maps

WFFT [SU(N)] =WT [SU(N)] + TrX (OHHFF ) + TrY (OC CFF ) , (2.13)

where HFF and CFF denote the HB and CB moment maps of FFT [SU(N)]. Flip-flip

duality acts trivially on the non-abelian global symmetries of T [SU(N)], while it acts on

U(1)mA and U(1)R exactly as Mirror Symmetry (2.10). The operators are accordingly

mapped as

H ↔ OH
C ↔ OC . (2.14)

This duality implies another non-trivial integral identity satisfied by ZT [SU(N)]

ZT [SU(N)]( ~X; ~Y ;mA) =
N∏

n,m=1

sb

(
iQ2 + (Xn −Xm)− 2mA

)
sb

(
iQ2 + (Yn − Ym)− 2mA

) ZT [SU(N)]

(
~X; ~Y ; i

Q

2
−mA

)
= ZFFT [SU(N)]( ~X; ~Y ;mA) , (2.15)

which can also be proven using the trigonometric Ruijsenaars-Schneider model eigenvalue

equation [19, 33].
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The flip-flip duality can be also derived by iteratively applying the Aharony duality

(see appendix A.1 for a review) along the tail:

• At the first iteration we start from the U(1) node, whose adjoint chiral is just a singlet.

Aharony duality has the effect of making the adjoint chiral field of the adjacent U(2)

node massive, hence we can apply again the Aharony duality on it. We continue

applying iteratively the Ahaorny duality until we reach the last U(N − 1) node.

Notice that since every U(n) node sees 2n flavors, the ranks do not change when we

apply the duality. Moreover some of the singlet fields expected from the Aharony

duality are massive (because of the R-charge assignement) and no new links between

nodes are created.

• At the second iteration we start again from the U(1) node and proceed along the tail,

but this time we stop at the second last node U(N − 2).

• At the third iteration we start again from the U(1) node and proceed along the tail

stopping at the U(N − 3) node.

• We iterate this procedure for a total of N − 1 times, meaning that we apply Aharony

duality N(N − 1)/2 times.

• The singlet fields flipping the mesons and the monopoles appearing in the Aharony

duality reconstruct the singlet matrices OH and OC .

We checked this procedure in the N = 3 case, by applying the integral identity for Aharony

duality (A.5) to the S3 partition function in appendix A.2.1.

By combining Mirror Symmetry and flip-flip duality we can reach a third duality frame

FFT [SU(N)]∨, which again corresponds to T [SU(N)] with two sets of singlet fields O∨H
and O∨C flipping the HB and CB moment maps H∨FF and C∨FF

WFFT [SU(N)]∨ =WT [SU(N)] + TrY
(
O∨HH∨FF

)
+ TrX

(
O∨C C∨FF

)
, (2.16)

but in this case the duality acts exchanging SU(N)X and SU(N)Y , while leaving un-

changed U(1)mA and U(1)R.6 The operator map between the original T [SU(N)] and

FFT [SU(N)]∨ is

H ↔ O∨C
C ↔ O∨H . (2.17)

2.2 From T [SU(N)] to T σρ [SU(N)] using the web

T σρ [SU(N)] can be obtained as a deformation of T [SU(N)] corresponding to giving nilpotent

vevs labelled by partitions σ and ρ of N to the moment maps:

〈C〉 = Jρ , 〈H〉 = Jσ , (2.18)

6In [19] this kind of duality was called spectral duality.
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where Jρ and Jσ are N×N block diagonal matrices with each block being a Jordan matrix

that can be uniquely determined after specifying the partitions σ and ρ

Jρ =
L⊕
i=1

Jρi =


Jρ1 0ρ1×ρ2 · · · 0ρ1×ρL

0ρ2×ρ1 Jρ2 · · · 0ρ2×ρL
. . .

0ρL×ρ1 0ρL×ρ2 · · · JρL

 , Jρi =


0 1 . . . . . . 0

0 0 1 . . . 0
...

...
...

0 0 . . . 0 0


︸ ︷︷ ︸

ρi

. (2.19)

These vevs trigger a sequential higgsing. The higgsing procedure is in general very difficult

to study, in particular when the vev is for the monopole operators contained in C.
As we explained in the introduction we will follow an alternative procedure based on

the duality web of T [SU(N)] we reviewed in the previous section. First of all we observe

that the vev can be implemented by adding two sets of N2 − 1 flipping fields OH and

OC that couple to the meson and monopole matrices, which is the same as considering

FF [TSU(N)], and turning on linearly in the superpotential some of their entries, depending

on the partitions σ and ρ. Some of the components of OH and OC remain massless and

correspond to a decoupled free sector of the low energy theory. Hence, we remove them

by adding some additional singlets Sσ and Tρ that flip them [34–36]. In order to do so, Sσ
and Tρ have to be N × N traceless matrices whose transpose commute with the Jordan

matrices Jσ and Jρ respectively.

For a generic nilpotent vev, the deformation taking FF [TSU(N)] to T σρ [SU(N)] is

δWFF = TrX [(Jσ + Sσ)OH] + TrY [(Jρ + Tρ)OC ] . (2.20)

Using the operator map (2.14) we can then translate the deformation of FFT [SU(N)] into

a deformation of T [SU(N)] which is linear in some of the components of H and C

δW = TrX [(Jσ + Sσ)H] + TrY [(Jρ + Tρ) C] . (2.21)

This is a mass and linear monopole deformation of T [SU(N)] that leads to an IR theory

that we denoted with T in figure 4. This deformation is easier to study than the vev of

T [SU(N)], but the price we have to pay is that we end up not directly with T σρ [SU(N)]

but its flip-flip dual T .

We propose that to implement the flip-flip duality moving from T to T σρ [SU(N)] we

can generalise the strategy to move from T [SU(N)] to FFT [SU(N)], where we applied

iteratively the Aharony duality. Here since some of the nodes will have a linear monopole

superpotential we will use a combination of Aharony duality and the one-monopole du-

ality [12] (see also appendix A.1), depending on whether a monopole is turned on in the

superpotential at the node we are considering.

For simplicity we will restrict to the case where one of the two partitions is trivial. We

first consider the case where σ = [1N ], which corresponds to turning on a nilpotent vev

labelled by a partition ρ for the CB moment map C leading to Tρ[SU(N)]. In the flip-flip

dual frame, this deformation corresponds to the following deformation of T [SU(N)]:

δW = TrX

[(
J[1N ] + S[1N ]

)
H
]

+ TrY [(Jρ + Tρ) C] . (2.22)
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Here J[1N ] is the null matrix, while S[1N ] and Tρ are matrices of gauge singlets whose

transposes commute with J[1N ] and Jρ respectively, so in particular S[1N ] is an arbitrary

N ×N traceless matrix which is completely flipping the HB moment map H.

This deformation leads to theory T whose global symmetry will be the product of

SU(N)X and of the subgroup of SU(N)Y preserved by the vev, which can be at most

broken to S(U(1)L) when all the entries ρi of the partition are different. Instead, when

some of the entries coincide the corresponding U(1) factors combine and are enhanced in

the infrared. More precisely, for a generic partition of the form ρ = [N lN , · · · , 1l1 ] the IR

CB global symmetry will be broken to7

SU(N)Y → S

(
N∏
i=1

U(li)

)
(2.23)

which is precisely the CB symmetry of Tρ[SU(N)]. Correspondingly at the level of partition

functions we will introduce the following fugacities

Yi, with i = 1, · · · , N → Y
(1)
i1
, Y

(2)
i2
, · · · with is = 1, · · · , ls (2.24)

and similarly, when also σ is non-trivial, we introduce

Xj , with j = 1, · · · , N → X
(1)
j1
, X

(2)
j2
, · · · with jr = 1, · · · , kr . (2.25)

We can then reach Tρ[SU(N)] implementing the flip-flip duality by applying sequentially

Aharony and one-monopole duality. Below we illustrate this procedure in the case of

a next-to-maximal vev corresponding to partition ρ = [N − 1, 1] and for the partition

ρ = [2, 12].

On the mirror dual side, we will have a nilpotent vev labelled by a partition ρ for the

HB moment map H∨ leading to T ρ[SU(N)]. In the flip-flip dual frame this vev corresponds

to the following deformation of T [SU(N)]∨:

δW∨ = TrY
[
(Jρ + Tρ)H∨

]
+ TrX

[(
J[1N ] + S[1N ]

)
C∨
]
. (2.26)

Since this is a purely massive deformation we can find a Lagrangian description for the

theory T ∨ which we flow to by integrating out the massive fields. T ∨ is the same quiver

as T [SU(N)]∨ but with less flavors attached to the last U(N − 1) node. The number

of remaining massless flavors coincides with the length L of the partition ρ and each of

them interacts with a different power of the adjoint chiral Φ(N−1) of the last gauge node.

Because of this superpotential coupling the HB SU(N)Y global symmetry of T [SU(N)]∨

will be generically broken down to S(U(1)L), but if some of the ρi are equal we can form

blocks of chirals transforming under a larger symmetry group since they interact with the

same power of Φ(N−1). Hence, for a partition of the form ρ = [N lN , · · · , 1l1 ] the resulting

7Notice that when we write the partition as ρ = [N lN , · · · , 1l1 ], some of the li will in general be zero.

The corresponding factor in the CB global symmetry is just an empty group.
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interaction is

TrN−1

[
Φ(N−1)

(
TrY q̃

(N−1,N)q(N−1,N)
)]
→

L∑
i=1

TrN−1

[
q̃i

(
Φ(N−1)

)ρi
qi

]
=

N∑
m=1

TrN−1

[(
Φ(N−1)

)m
TrY (m) (q̃mqm)

]
,

(2.27)

where we renamed as qm, q̃m the massless chirals at the U(N −1) gauge node in the funda-

mental and anti-fundamental representation of each U(lm) factor, with m = 1, · · · , N . In

particular, for the values of m for which lm = 0 we don’t have any chiral field. We also intro-

duced the notation TrY (i) for the trace over the i-th factor in this global symmetry group.

The full superpotential will be

WT ∨ =WT [SU(N−1)] − TrN−1

(
Φ(N−1) TrN−2 q̃

(N−2,N−1)q(N−2,N−1)
)

+
N∑
m=1

TrN−1

[(
Φ(N−1)

)m
TrY (m) (q̃mqm)

]
+ TrY

(
TρH∨

)∣∣
eom

+ TrX

(
S[1N ] C∨

)
(2.28)

and the global symmetry will be S(
∏N
i=1 U(li)). The subscript eom refers to the fact that

after imposing the F-terms equations only some of the components of H∨ will survive.

From T ∨ we can reach T ρ[SU(N)] by implementing the flip-flip duality, which in this

case is equivalent to applying Aharony duality only since we have no monopole superpo-

tential. Below we illustrate this procedure for the partitions ρ = [N − 1, 1] and ρ = [2, 12].

2.2.1 ρ = [N − 1, 1] and σ = [1N ]

Flow to T[N−1,1][SU(N)]. We define theory T as the theory obtained from T [SU(N)]

via the deformation:

δW = TrX

[(
J[1N ] + S[1N ]

)
H
]

+ TrY
[(
J[N−1,1] + T[N−1,1]

)
C
]
. (2.29)

The matrix J[1N ] is simply the null matrix and, consequently, S[1N ] is a generic N × N
traceless matrix. Instead by requiring that the transpose of T[N−1,1] commutes with J[N−1,1]
we find its non-vanishing entries:

J[N−1,1] + T[N−1,1] =



T1 1 · · · 0 0

T2 T1 1
...

...
. . .

. . . 1 0

TN−1 T2 T1 T+
T− 0 · · · 0 −(N − 1)T1


. (2.30)

More explicitly, the superpotential deformation is

δW = TrX

(
S[1N ]H

)
+ TrY

(
T[N−1,1]C

)
+ M(1,0,··· ,0) + M(0,1,0··· ,0) + · · ·+ +M(0,··· ,1,0) .

(2.31)
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The linear monopole deformation at the first N − 2 nodes breaks the topological and the

axial symmetries to a combination, implying the constraint on the fugacities

Yi − Yi−1 = 2mA for i = 2, · · ·N − 1 , (2.32)

which can be solved by

Yi = Y1 + 2(i− 1)mA, i = 1, · · ·N − 1 . (2.33)

From this we can easily determine the charges of the singlets Ti and T ±. Before imposing

the constraint on the fugacities the charges of the entry (i, j) of the moment map martix

C under the Cartan
∏N−1
i=1 U(1)Yi ⊂ SU(N)Y and under U(1)mA can be read off from the

coefficeints of Yi and mA in the combination

Yj − Yi − 2mA . (2.34)

Imposing the constraint (2.33) on this combination we can extract the charges under the

residual symmetry SU(N)X × U(1)Y × U(1)mA , where U(1)Y is a combination of U(1)Y1 ,

U(1)YN and U(1)mA

U(1)Y SU(N)X U(1)mA U(1)R

Ti 0 • 2i 2ri

T− −1 • N Nr

T+ 1 • N Nr

S[1N ] 0 N2 − 1 −2 2− 2r

From theory T we want to move along the vertical edge of the web and reach

T[N−1,1][SU(N)]. This is achieved by applying iteratively either the Aharony or the one-

monopole duality, depending on whether the node we are considering has a linear monopole

superpotential or not. In this case, we apply N−2 times the one-monopole duality starting

from the first node until we reach the U(N − 2) node. Since this duality is always applied

to a U(n) gauge node with n+1 flavors, which corresponds to the case dual to a WZ model,

its effect is to sequentially confine the nodes of the quiver. This phenomenon is known as

sequential confinement [19, 36, 37].

In particular the effect of the linear monopole deformation in (2.31), but without the

first two terms involving the singlets Ti, T± and S[1N ], was analysed in great detail in [19].

There it was shown that after confining the first N−2 nodes one reaches a U(N−1) theory

with N flavors and superpotential:

W = −
N−1∑
k=1

(−1)k

k
γk Tr[Qk] , (2.35)

where the singlets γk flip the traces of powers of the meson Q and have R[γk] = 2(1− kr).
The chiral ring of this theory in addition to the γi contains the fundamental U(N − 1)

monopoles with R[M±] = 2−Nr and the traceless meson matrix Q− TrQ
N of R-charge 2r.
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To complete our flip-flip prescription we need to apply the Aharony duality to the

remaining U(N − 1) node. We arrive at a U(1) theory with N flavors and three sets of

singlets: σ± with R-charge 2 − Nr flipping the fundamental U(1) monopoles, Fij with

R-charge 2r flipping the meson matrix (with trace) and singlets θk with k = 1, · · ·N − 1,

with R-charge 2− 2rk flipping the traces of powers of the matrix Fij .

When we consider the full deformation in (2.31), including singlets Ti, T ± and S[1N ],

the singlets σ±, θk and the traceless part of Fij becomes massive. The trace part of Fij ,

which we call Φ = Tr(Fij), instead reconstructs the N = 4 superpotential

WT[N−1,1][SU(N)] = Φ

N∑
i=1

P̃ iPi , (2.36)

so we arrive at theory T[N−1,1][SU(N)] which is N = 4 SQED with N flavors.

Flow to T [N−1,1][SU(N)]. Theory T ∨, the mirror dual of T , is obtained by the follow-

ing deformation of T [SU(N)]∨

δW∨ = TrY
[(
J[N−1,1] + T[N−1,1]

)
H∨
]

+ TrX

[(
J[1N ] + S[1N ]

)
C∨
]
. (2.37)

We can integrate out the massive fields to get a quiver theory with increasing ranks of the

gauge groups as in T [SU(N)], but with only two flavors at the end of the tail which interact

differently with the adjoint chiral of the U(N − 1) gauge node, plus some residual flipping

fields originally coming from S[1N ] and T[N−1,1]

WT ∨ =WT [SU(N−1)]∨−TrN−1

(
Φ(N−1)TrN−2 q̃

(N−2,N−1)q(N−2,N−1)
)

+TrN−1

[
q̃1Φ

(N−1)q1+q̃2

(
Φ(N−1)

)N−1
q2+T− q̃1q2+T+q̃2q1+

N−1∑
i=1

Ti q̃2
(

Φ(N−1)
)i−1

q2

]
+TrX

[
S[1N ]CT ∨

]
, (2.38)

where CT ∨ is the CB moment map of theory T ∨, which is constructed as in T [SU(N)].

To reach T [N−1,1][SU(N)] we now have to implement the flip-flip duality which amounts

to apply Aharony duality sequentially. This derivation is carried out explicitly at the level

of the sphere partition function in the N = 3 case in appendix A.2, while here we only

discuss its main steps which are sketched in figure 9.

• At the first iteration we start from the U(1) gauge node and proceed applying the

Aharony duality along the tail. Since the first N − 2 nodes are U(n) nodes with 2n

flavors, the gauge group doesn’t change when we apply the duality and because of the

charge assignments no new links are created. The last U(N − 1) node however sees

N flavors, so when we apply Aharony duality it becomes a U(1) gauge node. A new

link is created connecting one of the two flavor nodes (the blue one in the picture) to

the second last gauge node.
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Figure 9. Quiver representation of the iterative application of Aharony duality in the case N = 4.

We highlighted in green the gauge node to which we apply the duality at each step. We only sketch

the main steps and neglect gauge singlets; taking into account the S[1N ] and T[N−1,1] singlets from

the beginning, all the remaining ones are only those corresponding to adjoint chirals for U(1)

gauge nodes.

• At the second iteration we start again from the leftmost U(1) gauge node and go

along the whole tail, but this time we stop at the second last node. Because of the

result of the previous iteration, this is now a U(N−2) gauge node with N−1 flavors,

so when we apply Aharony duality it becomes a U(1) node. Now the blue flavor node

gets attached to the U(N − 2) gauge node, while the link with the rightmost U(1)

gauge node is removed.

• We iterate this procedure N − 1 times, meaning that we apply Aharony duality

N(N − 1)/2 times and we arrive to the abelian U(1)N−1 linear quiver with exactly

N = 4 superpotential.

• There are no extra singlets, since they became massive because of S[1N ] and T[N−1,1].

The final results is a linear quiver with N−1 U(1) gauge nodes, connected by bifunda-

mental flavors p(i−1,i), p̃(i−1,i). The first and last nodes are also connected to fundamental

flavors p(0,1), p̃(0,1) and p(N−1,N), p̃(N−1,N). The superpotential consists of the standard

N = 4 interaction with the adjoint chiral fields

WT [N−1,1][SU(N)] =
N−1∑
i=1

Φ(i)
(
p̃(i,i+1)p(i,i+1) + p̃(i−1,i)p(i−1,i)

)
. (2.39)

This theory is indeed dual to the N = 4 SQED with N flavors according to abelian Mirror

Symmetry and it corresponds to T [N−1,1][SU(N)].
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2.2.2 ρ = [2, 12] and σ = [14]

Flow to T[2,12][SU(4)]. We start analyzing the vev for the CB moment map as a

monopole deformation in the flip-flip dual theory plus flipping fields

δW = TrX
[(
J[14] + S[14]

)
H
]

+ TrY
[(
J[2,12] + T[2,12]

)
C
]
. (2.40)

In this case the Jordan matrix encoding the nilpotent deformation is

J[2,12] =


0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 (2.41)

and consequently the matrix of singlets that we need to add is

T[2,12] =


α2 0 0 0

α1 α2 γ̃1 γ̃2

γ1 0 β33 β34

γ2 0 β43 −2α2 − β33

 , (2.42)

while S[14] is an abritrary 4× 4 traceless matrix. Hence, the deformation δW corresponds

to turning on linearly the positive fundamental monopole of the first U(1) gauge node of

T [SU(4)]

WT =WT [SU(4)] + M(1,0,0) + TrX
(
S[14]H

)
+ TrY

(
T[2,12] C

)
. (2.43)

This monopole deformation breaks the SU(4)Y global symmetry down to U(1)Y (1)×SU(2)Y (2) .

In terms of the real masses Yn, the superpotential term we added implies the constraint

Y2 = Y1 + 2mA . (2.44)

Moreover, it will be useful to also redefine the Y1 real mass by

Y1 → Y1 −mA . (2.45)

The residual symmetry is then parametrized by

Y (1) = Y1

Y
(2)
1 = Y3 + Y1

Y
(2)
2 = Y4 + Y1 . (2.46)

The charges and representations of the chiral fields of the theory are the same as those of

T [SU(4)] since the deformation only affected the monopole operators. The gauge singlets
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in T[2,12] transform under the global symmetries as follows8

SU(4)X U(1)Y1 SU(2)Y3,Y4 U(1)mA U(1)R0

α1 • 0 • 4 0

α2 • 0 • 2 0

β • 0 3 2 0

γ, γ̃ • ±1 2 3 0

S[14] 15 0 • −2 2

where U(1)Y1 and SU(2)Y3,Y4 denote the symmetries after imposing the superpotential

constraint (2.44)–(2.45), but before the redefinition (2.46). This will be performed at the

very end of the derivation of the flip-flip dual of theory T , coinciding with T[2,12][SU(4)].

We can study the deformation at the level of the S3
b partition function of theory T ,

which can be obtained imposing (2.44) and (2.45) on ZT [SU(4)]

ZT = B
∫

d~z
(3)
3 e2πi(Y3−Y4)

∑3
i=1 z

(3)
i

3∏
i,j=1

sb

(
−iQ

2
+ (z

(3)
i − z

(3)
j ) + 2mA

)

×
3∏
i=1

4∏
n=1

sb

(
i
Q

2
± (z

(3)
i −Xn)−mA

)∫
d~z

(2)
2 e2πi(Y1−Y3+mA)

∑2
a=1 z

(2)
a

×
2∏

a,b=1

sb

(
−iQ

2
+ (z(2)a − z

(2)
b ) + 2mA

) 2∏
a=1

3∏
i=1

sb

(
i
Q

2
± (z(2)a − z

(3)
i )−mA

)

×
∫

dz
(1)
1 e−4πimAz

(1)
sb

(
−iQ

2
+ 2mA

) 2∏
a=1

sb

(
i
Q

2
± (z(1) − z(2)a )−mA

)
, (2.47)

where B is the contribution of the singlets

B =
4∏

n,m=1

sb

(
−iQ

2
+ (Xn −Xm) + 2mA

)
sb

(
i
Q

2
− 2mA

)
sb

(
i
Q

2
− 4mA

)

×
4∏

α,β=3

sb

(
i
Q

2
+ (Yα − Yβ)− 2mA

) 4∏
α=3

sb

(
i
Q

2
± (Y1 − Yα)− 3mA

)
. (2.48)

As mentioned in our previous general discussion, from T we can reach the flip-flip

dual theory T[2,12][SU(4)] by sequentially applying Aharony and one-monopole duality. We

show this explicitly for this particular case at the level of the sphere partition function

in appendix A.3, while here we only outline the main steps of the derivation sketched in

figure 10.

8With β we collectively denote the singlets β33, β34, β43 that form a triplet of SU(2). Similarly γ, γ̃ are

made of the singlets γ1, γ2, γ̃1, γ̃2 and transform as two doublets under SU(2).
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Figure 10. Quiver representation of the sequential application of Aharony and one-monopole

duality that leads to T[2,12][SU(4)] starting from its flip-flip dual T .

We begin by applying the one-monopole duality to the U(1) gauge node in (2.47). This

node confines yielding a quiver theory with no monopoles turned on:

ZT = B sb
(
−iQ

2
+ 2mA

)
sb

(
−iQ

2
+ 4mA

)∫
d~z

(3)
3 e2πi(Y3−Y4)

∑3
i=1 z

(3)
i

×
3∏

i,j=1

sb

(
−iQ

2
+ (z

(3)
i − z

(3)
j ) + 2mA

) 3∏
i=1

4∏
n=1

sb

(
i
Q

2
± (z

(3)
i −Xn)−mA

)

×
∫

d~z
(2)
2 e2πi(Y1−Y3)

∑2
a=1 z

(2)
a

2∏
a=1

3∏
i=1

sb

(
i
Q

2
± (z(2)a − z

(3)
i )−mA

)
. (2.49)

From this frame we proceed by iteratively applying Aharony duality until we reach the

flip-flip dual frame:9

ZT =

∫
d~z

(3)
2 e2πi(2Y

(1)−Y (2)
1 )

∑2
i=1 z

(3)
i

2∏
i,j=1

sb

(
i
Q

2
+ (z

(3)
i − z

(3)
j )−mA

)

×
2∏
i=1

4∏
n=1

sb

(
±(z

(3)
i +Xn) +mA

)∫
dz

(2)
1 e2πi(Y

(2)
1 −Y (2)

2 )z(2)sb

(
i
Q

2
− 2mA

)

×
2∏
i=1

sb

(
±(z(2) − z(3)i ) +mA

)
= ZT[2,12][SU(4)]( ~X; ~Y (2), Y (1);mA) . (2.50)

In this last expression we also introduced the proper U(1)Y (1)×SU(2)Y (2) fugacities defined

in (2.46). This is precisely the partition function of T[2,12][SU(4)].

Flow to T [2,12][SU(4)]. We now move to analyzing the deformation in the mirror dual

theory. This corresponds to a vev for the HB moment map which we can study as a mass

deformation of T [SU(4)]∨ plus flipping fields

δW∨ = TrY
[(
J[2,12] + T[2,12]

)
H∨
]

+ TrX
[(
J[14] + S[14]

)
C∨
]
, (2.51)

9Note that as a consequence of the sequential application of the Aharony and the one-monopole duality,

the fugacities for the topological symmetries are permuted and appear in the opposite order compared

to the definition of the original T [SU(4)] partition function. For this reason, we call the index (2.50)

as ZT
[2,12]

[SU(4)]( ~X; ~Y (2), Y (1);mA) instead of ZT
[2,12]

[SU(4)]( ~X;Y (1), ~Y (2);mA). Indeed we can’t use the

SU(4)Y Weyl symmetry to reorder the two set of fugacities Y (1) and Y (2) since this is not a symmetry of

T[2,12][SU(4)].
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where T[2,12] is the matrix (2.42). The mass deformation breaks the SU(4)Y global sym-

metry associated to the HB of T [SU(4)]∨ down to U(1)Y (1) × SU(2)Y (2) . We parametrize

these symmetries with the fugacities Y (1), Y
(2)
α defined as in (2.44)–(2.45)–(2.46). After

integrating out the massive fields, we end up with a quiver similar to T [SU(4)]∨, but with

only three flavors at the end of the tail coupling to different powers of the adjoint chiral

field of the last node and extra flipping fields:

WT ∨ =WT [SU(3)]−Tr3

(
Φ(3)Tr2 q̃

(2,3)q(2,3)
)

+Tr3

(
Φ(3)q̃1q1

)
+Tr3

[(
Φ(3)

)2
TrY (2) (q̃2q2)

]
+

+ TrY
(
T[2,12]H∨

)∣∣
eom

+TrX
(
S[14]C∨

)
. (2.52)

where TrY (2) is the trace with respect to the SU(2)Y (2) symmetry which is manifest in this

frame of the web and

TrY
(
T[2,12]H∨

)∣∣
eom

= α1 Tr3 (q̃1q1) + α2 Tr3 TrY (2) (q̃2q2) (2.53)

+ TrY (2)

(
βH(2)

)
+ TrY (2) [γ Tr3 (q̃2q1)] + TrY (2) [γ̃ Tr3 (q̃1q2)] ,

where we defined the SU(2)Y (2) moment map

H(2) = Tr3 (q̃2q2)−
1

2
TrY (2) Tr3 (q̃2q2) . (2.54)

The three-sphere partition function of this theory can be obtained from the one of

T [SU(4)]∨ imposing the constraint on the fugacities (2.44) and (2.45), simplifying the

contribution of the massive fields thanks to the relation sb(x) sb(−x) = 1 and adding the

contribution of the singlets T[2,12] and S[1N ]

ZT ∨ =B
∫

d~z
(3)
3 e2πi(X3−X4)

∑3
i=1 z

(3)
i

3∏
i,j=1

sb

(
i
Q

2
+(z

(3)
i −z

(3)
j )−2mA

)

×
3∏
i=1

sb

(
±(z

(3)
i −Y1)+2mA

) 4∏
α=3

sb

(
±(z

(3)
i −Yα)+mA

)∫
d~z

(2)
2 e2πi(X2−X3)

∑2
a=1 z

(2)
a

×
2∏

a,b=1

sb

(
i
Q

2
+(z(2)a −z

(2)
b )−2mA

) 2∏
a=1

3∏
i=1

sb

(
±(z(2)a −z

(3)
i )+mA

)

×
∫

dz
(1)
1 e2πi(X1−X2)z(1)sb

(
i
Q

2
−2mA

) 2∏
a=1

sb

(
±(z(1)−z(2)a )+mA

)
. (2.55)

where B is the contribution of the singlets defined in (2.48).

Again we want to find the flip-flip dual frame of this theory since we know that it will

coincide with T [2,12][SU(4)] and we claim that it can be obtained by sequentially applying

Aharony duality only, as in this case there is no monopole superpotential. This derivation

is carried out explicitly for this particular case at the level of the sphere partition function

in appendix A.3, while here we just report the final result, where we introduced the new
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Figure 11. Quiver representation of the sequential application of Aharony duality that leads to

T [2,12][SU(4)] starting from its flip-flip dual T ∨.

fugacities (2.46)10

ZT ∨ = e4πi(X1+X2)Y (1)

∫
d~z

(3)
2 e2πi(X1−X2)

∑2
i=1 z

(3)
i

2∏
i,j=1

sb

(
−iQ

2
+(z

(3)
i −z

(3)
j )+2mA

)

×
2∏
i=1

2∏
α=1

sb

(
i
Q

2
±(z

(3)
i +Y (2)

α )−mA

)∫
d~z

(2)
2 e2πi(X2−X3)

∑2
a=1 z

(2)
a

×
2∏

a,b=1

sb

(
−iQ

2
+(z(2)a −z

(2)
b )+2mA

) 2∏
a=1

sb

(
i
Q

2
±(z(2)a +Y (1))−mA

)

×
2∏
i=1

sb

(
i
Q

2
±(z(2)a −z

(3)
i )−mA

)
sb

(
−iQ

2
+2mA

)∫
dz

(1)
1 e2πi(X3−X4)z(1)

×
2∏

a=1

sb

(
i
Q

2
±(z(1)−z(2)a )−mA

)
=Z

T [2,12][SU(4)]

(
Y (1), ~Y (2); ~X; i

Q

2
−mA

)
. (2.56)

This is precisely the partition function of T [2,12][SU(4)], which is the quiver theory

depicted at the end of figure 11 where all the fields interact with the N = 4 superpotential.

The presence of the contact terms in the prefactor is essential in order for the partition

function of T[2,12][SU(4)] in (2.50) to match with the one of T [2,12][SU(4)] in (2.56). Indeed,

from the equality of the partition functions (2.12) of T [SU(4)] and T [SU(4)]∨ and the results

of the manipulations we just explained it follows the equality of the partition functions

associated to the Mirror Symmetry relating T[2,12][SU(4)] and T [2,12][SU(4)]

ZT[2,12][SU(4)]( ~X; ~Y (2), Y (1);mA) = Z
T [2,12][SU(4)]

(
Y (1), ~Y (2); ~X; i

Q

2
−mA

)
, (2.57)

10Again, the labelling of the topological parameters Xn is in the opposite order compared to the original

T [SU(4)]∨ partition function. This time, however, the permutations of Xn belong to the Weyl symmetry

of the SU(4)X global symmetry. Thus, the partition function is invariant under such permutations, so we

just call it Z
T [2,12][SU(4)]

(Y (1), ~Y (2); ~X; iQ
2
−mA) without specifying a particular order of Xn.
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…

…

2N−2 2N

2 22 2

A(1) A(2) A(N−1)

Q(1 , 2) Q(N−1, N )

D(1 ) D(2) D(N )

V (1 ) V (2 ) V (N−1)

2 4

Figure 12. Quiver diagram for E[USp(2N)]. Round nodes denote gauge symmetries and square

nodes denote global symmetries. Single lines denote chiral fields in representations of the nodes they

are connecting. In particular, lines between adjacent nodes denote a chiral field in the bifundamental

representation of the two nodes symmetries, while arcs denote chiral fields in the antisymmetric

representation of the corresponding node symmetry. Crosses represent the singlets βn that flip the

diagonal mesons.

where the parameter mA is mapped to iQ2 −mA across the duality, as required by Mirror

Symmetry (2.10).

3 4d mirror-like dualities and Eσ
ρ [USp(2N)] theories

3.1 E[USp(2N)] duality web

In this section we review the E[USp(2N)] theory and its duality web, which were first

discussed in [1]. E[USp(2N)] is a 4d N = 1 theory which admits a Lagrangian descrip-

tion in terms of the quiver represented in figure 12. The gauge group is
∏N−1
n=1 USp(2n)

and the matter content consists of the following chiral fields in the singlet, fundamental,

bifundamental and antisymmetric representation:11

• a chiral field Q(n,n+1) in the bifundamental representation of USp(2n)×USp(2(n+ 1)),

with n = 1, · · · , N − 1;

• two chiral fields D
(n)
α in the fundamental representation of USp(2n), which form a doublet

of the n-th SU(2) flavor symmetry of the saw, with n = 1, · · · , N ;

• two chiral fields V
(n)
α in the fundamental representation of USp(2n), which form a doublet

of the (n+ 1)-th SU(2) flavor symmetry of the saw, with n = 1, · · · , N − 1;

• a chiral field A(n) in the antisymmetric representation of USp(2n), with n = 1, · · · , N−1;

• a gauge singlet βn that is coupled to the gauge invariant meson built from D(n) through

a superpotential which will be discussed momentarily.

11In contrast with [1], we define E[USp(2N)] without the set of singlets in the traceless antisymmetric

representation of the USp(2N)x flavor symmetry, flipping the meson matrix, and without the singlet βN
flipping the last diagonal meson.
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In order to write the superpotential in a compact form, we define

Q(n,n+1)
abij = Q

(n,n+1)
ai Q

(n,n+1)
bj (3.1)

The superpotential consists of three main types of interactions: a cubic coupling between

the bifundamentals and the antisymmetrics, another cubic coupling between the chirals in

each triangle of the quiver and finally the flip terms with the singlets βn coupled to the

diagonal mesons

WE[USp(2N)] =

N−1∑
n=1

Trn

[
A(n)

(
Trn+1Q(n,n+1)−Trn−1Q(n−1,n)

)]
+
N−1∑
n=1

Tryn+1 TrnTrn+1

(
V (n)Q(n,n+1)D(n+1)

)
+
N−1∑
n=1

βnTryn Trn

(
D(n)D(n)

)
.

(3.2)

The traces are labelled as follows: Trn denotes the trace over the color indices of the n-th

gauge node, while Tryn denotes the trace over the n-th SU(2) flavor symmetry. Notice that

for n = N we have the trace over the USp(2N)x flavor symmetry, which we will also denote

by TrN = Trx. All the traces are defined including the J antisymmetric tensor of USp(2n)

J = In ⊗ i σ2 . (3.3)

For example, given a 2n× 2n matrix A, we define

Tr (A) = JijA
ij . (3.4)

In this Lagrangian description the following non-anomalous global symmetry is

manifest:

USp(2N)x ×
N∏
n=1

SU(2)yn ×U(1)t ×U(1)c . (3.5)

This symmetry gets actually enhanced in the IR to

USp(2N)x ×USp(2N)y ×U(1)t ×U(1)c . (3.6)

In [1] this enhancement was argued studying the gauge invariant operators, which re-

arrange into representations of the enhanced USp(2N)y symmetry, and using infra-red

dualities. Indeed, as we will review shortly, there exists a dual frame of E[USp(2N)] where

USp(2N)y is manifest, while USp(2N)x is enhanced.

We assign trial R-charge, which we denote as R0, zero to the fields Q(n,n+1) and D(n),

and R0 charge two to the fields βn, A(n) and V (n). This is not the superconformal R-

symmetry, but it is anomaly free and consistent with the superpotential (3.2). Moreover,

we define the U(1)c and U(1)t symmetries by assigning charges 0 and 1/2 to Q(N−1,N) and 1

and 0 to D(N). The charges of all the other chiral fields are then fixed by the superpotential

and by the requirement that U(1)R is not anomalous at each gauge node, where U(1)R is

– 27 –



J
H
E
P
0
9
(
2
0
2
0
)
0
4
7

…

…

2N−2 2N

2 22 2

2 , t−1 2 , t−1 2 , t−1
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2 2 ,c−1 t−1 /2

0 , c

2 4

Figure 13. Trial R-charges and charges under the abelian symmetries. The power of c is the

charge under U(1)c, while the power of t is the charge under U(1)t.

defined taking into account the possible mixing of the abelian symmetries with the UV

R-symmetry U(1)R0

R = R0 + cqc + tqt , (3.7)

where qc and qt are the charges under the two U(1) symmetries and c and t are mixing

coefficients. Among this two parameter family of R-charges, we can determine the exact

superconformal one by a-maximization [38]. The charges of all the chiral fields under the

two U(1) symmetries as well as their trial R-charges in our conventions are summarized in

figure 13.

The gauge invariant operators of E[USp(2N)] that will be important for us are of three

main types. First, we have two operators, which we denote by H and C, in the traceless

antisymmetric representation of USp(2N)x and USp(2N)y respectively. The first one is

just the meson matrix

H = TrN−1

[
Q(N−1,N)Q(N−1,N) − 1

N
TrX

(
Q(N−1,N)Q(N−1,N)

)]
. (3.8)

This operator has also U(1)c and U(1)t charge 0 and 1 respectively and trial R-charge

0. The operator C is instead constructed collecting different gauge invariant operators,

N − 1 of them are singlets under the non-abelian global symmetries while the others are

in the bifundamental representations of all the possible pairs of SU(2) manifest symme-

tries of the saw. These have indeed the same charges under the abelian symmetries and

the same trial R-charge and together they reconstruct the traceless antisymmetric repre-

sentation of the enhanced USp(2N)y according to the branching rule under the subgroup

SU(2)N ⊂ USp(2N)

N(2N− 1)− 1→ (N − 1)× (1, · · · ,1)⊕ [(2,2,1, · · · ,1)⊕ (all possible permutations)] .

(3.9)

The N − 1 singlets are the traces of the antisymmetric chirals at each gauge node

TrnA
(n), n = 1, · · · , N − 1 , (3.10)
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Figure 14. SU(2)× SU(2) bifundamental operators contributing to C in the N = 3 case.

2

22 2

64

Figure 15. Operators contributing to Π in the N = 3 case.

while the bifundamentals are constructed starting from one diagonal flavor, going along the

tail with an arbitrary number of bifundamentals Q(n,n+1) and ending on a vertical chiral,

with all the needed contractions of color indices (see figure 14). All these operators have

U(1)c and U(1)t charge 0 and −1 respectively and trial R-charge 2.

There is also an operator Π in the bifundamental representation of USp(2N)x ×
USp(2N)y. This is constructed collecting N operators in the fundamental representa-

tion of USp(2N)x and of each of the SU(2) symmetries according to the branching rule

under SU(2)N ⊂ USp(2N)

2N→ (2,1, · · · ,1)⊕ (1,2,1, · · · ,1)⊕ · · · ⊕ (1, · · · ,1,2) . (3.11)

These N operators are obtained starting with one diagonal flavor and going along the

tail with all the remaining bifundamentals ending on Q(N−1,N) (see figure 15). All these

operators have U(1)c and U(1)t charge 1 and 0 respectively and trial R-charge 0.

Finally, we have some gauge invariant operators that are also singlets under the non-

abelian global symmetries and are only charged under U(1)c and U(1)t. Those that will

be important for us are the chiral singlets βn and the mesons constructed with the vertical

chirals and dressed with powers of the antisymmetrics. We can collectively denote these

operators with

Bij =

βN−j+1 i = 1, j = 2, · · · , N
TrN−j

[(
A(N−j))i−2 V (N−j)V (N−j)

]
i = 2, · · · , N, i+ j ≤ N + 1

. (3.12)

These operators have U(1)c charge −2, U(1)t charge j−i and trial R-charge 2i. The charges

and representations of all these operators under the global symmetry are given in table 2.
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USp(2N)x USp(2N)y U(1)t U(1)c U(1)R0

H N(2N− 1)− 1 • 1 0 0

C • N(2N− 1)− 1 −1 0 2

Π N N 0 +1 0

Bij • • j − i −2 2i

Table 2. Trasnformation rules of the E[USp(2N)] operators.

In [1] it was shown that E[USp(2N)] has a limit to the T [SU(N)] theory [4]. More

precisely, the limit consists of first reducing E[USp(2N)] to 3d and then taking a series

of real mass deformations. The 3d limit results in an N = 2 theory with exactly the

same structure, but with the fundamental monopole of USp(2n) turned on at each gauge

node, so the 3d theory has the same global symmetry of E[USp(2N)]. Then we take a

real mass deformation combined with a Coulomb branch deformation that breaks all the

USp(2n) gauge and global symmetries to U(n). The resulting theory is the M [SU(N)]

theory studied in [39].12 The second real mass deformation, which reduces M [SU(N)]

to T [SU(N)], has the effect of integrating out all the fields charged under the original

U(1)c symmetry of E[USp(2N)] and restoring the topological symmetry at each node, thus

removing the monopole superpotential.

Among the other operators, Π and Bij become massive while the traceless antisym-

metric operators H, C of E[USp(2N)] reduce to the adjoint operators H, C of T [SU(N)].

Indeed, we can embed U(1) × SU(N) ⊂ USp(2N) and the traceless antisymmetric of

USp(2N) accordingly decomposes as

N(2N− 1)− 1→ (N2 − 1)0 ⊕
(

N(N− 1)

2

)2

⊕

(
N(N− 1)

2

)−2
. (3.13)

The real mass deformation makes the fields charged under the U(1) part massive and leaves

only the adjoint of SU(N) components of H and C massless, which we identify with H and C.
One of our main tools for studying E[USp(2N)], its dualities and deformations will be

the supersymmetric index [41–43] (see also [44] for a review). This will depend on fugacities

for the USp(2N)x×USp(2N)y×U(1)c×U(1)t global symmetries that we accordingly denote

by xn, yn, c and t. It can be expressed with the following recursive definition:

IE[USp(2N)](~x;~y; t,c)

= Γe
(
pq c−2t

) N∏
n=1

Γe
(
cy±1N x±1n

)∮
d~z

(N−1)
N−1 Γe

(
pq t−1

)N−1N−1∏
i<j

Γe

(
pq t−1z

(N−1)
i

±1z
(N−1)
j

±1
)

×
N−1∏
i=1

∏N
n=1Γe

(
t1/2z

(N−1)
i

±1x±1n

)
Γe

(
t1/2cy±1N z

(N−1)
i

±1
) IE[USp(2(N−1))]

(
z
(N−1)
1 , · · · ,z(N−1)N−1 ;y1, · · · ,yN−1; t, t−1/2c

)
,

(3.14)

12The three-dimensional M [SU(N)] theory was introduced in [39] from a completely different perspective

by exploiting a connection between S2 × S1 partition functions for 3d N = 2 theories and 2d free field

correlators first proposed in [40].
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with the base of the iteration defined as

IE[USp(2)](x; y; c) = Γe
(
c y±1x±1

)
. (3.15)

We also defined the integration measure of the m-th USp(2n) gauge node as

d~z(m)
n =

[(p; p)(q; q)]n

2nn!

n∏
i=1

dz
(m)
i

2πi z
(n)
i

1∏n
i<j Γe

(
z
(m)
i
±1z

(m)
j
±1
)∏n

i=1 Γe

(
z
(m)
i
±2
) . (3.16)

This index is defined using the assignment of R-charges as depicted in figure 13. If one

wishes to use another non-anomalous assignment of R-charges then the parameters should

be redefined as,

c→ c (pq)c/2, t→ t (pq)t/2 , (3.17)

where c and t are the mixing coefficients appearing in (3.7). As pointed out in [1], the ex-

pression (3.14) coincides with the interpolation kernel Kc(x, y) studied in [21], where many

integral identities for this function were proven which support the dualities of E[USp(2N)]

that we are going to review.

Indeed, E[USp(2N)] enjoys a web of dualities that is completely analogous to the one

of T [SU(N)] and that we sketched in figure 5. First of all, we have a dual frame we denote

by E[USp(2N)]∨ where the USp(2N)x and USp(2N)y symmetries are exchanged and the

U(1)t fugacity is mapped to

t→ pq

t
, (3.18)

which means that all the charges under U(1)t are flipped and that the mixing coefficient is

redefined as t → 2− t. In other words, E[USp(2N)] is self-dual with a non-trivial map of

the gauge invariant operators

H ↔ C∨

C ↔ H∨

Π ↔ Π∨

Bij ↔ B∨ji . (3.19)

We will refer to this duality as a 4d version of Mirror Symmetry, since it reduces to the

self-duality of T [SU(N)] under Mirror Symmetry upon taking the dimensional reduction

limit we mentioned above. At the level of the index we have the following identity:

IE[USp(2N)](~x; ~y; t, c) = IE[USp(2N)](~y; ~x; pq/t, c) , (3.20)

which has been proven in Theorem 3.1 of [21] and which reduces to the identity (2.12) for

the mirror self-duality of T [SU(N)] in a suitable limit. This duality strongly supports the

enhancement to USp(2N)y, since this symmetry is explicitly manifest in the E[USp(2N)]∨

dual frame.

On top of the mirror dual frame we have a second frame we denote by FFE[USp(2N)],

which is defined as E[USp(2N)] plus two sets of singlets OH and OC flipping the two

operators HFF and CFF

WFFE[USp(2N)] =WE[USp(2N)] + Trx (OHHFF ) + Try (OCCFF ) . (3.21)
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In this case the USp(2N)x and USp(2N)y symmetries are left unchanged, while only the

U(1)t fugacity transforms as in (3.18). The operator map is indeed

H ↔ OH

C ↔ OC

Π ↔ ΠFF

Bij ↔ BFF, ji . (3.22)

We will refer to this duality as a 4d version of flip-flip duality, since it reduces to the flip-flip

duality of T [SU(N)] upon taking the same dimensional reduction limit discussed in [1].

In analogy with the three-dimensional case, this flip-flip dual frame can be reached by

iteratively applying Intriligator-Pouliot duality [22] to E[USp(2N)] with the same strategy

described for the flip-flip duality of T [SU(N)] in section 2:13

• At the first iteration we start from the USp(2) node, whose antisymmetric chiral is

just a singlet. Intriligator-Pouliot duality has the effect of making the antisymmetric

chiral field of the adjacent USp(4) node massive, so that we can then apply again the

Intriligator-Pouliot duality on it. We continue applying iteratively the Intriligator-

Pouliot duality until we reach the last USp(2(N − 1)) node. Notice that since every

USp(2n) node sees 4n+ 4 chirals the ranks do not change when we apply the duality.

Moreover some of the singlet fields expected from the Intriligator-Pouliot duality are

massive (because of the R-charge assignement) and no new links between gauge nodes

are created.

• At the second iteration we start again from the USp(2) node and proceed along the

tail, but this time we stop at the second last node USp(2(N − 2)).

• We iterate this procedure for a total of N−1 times, meaning that we apply Intriligator-

Pouliot duality N(N − 1)/2 times.

• The singlet fields appearing in the Intriligator-Pouliot duality reconstruct the singlet

matrices OH and OC.

At the level of the supersymmetric index, the flip-flip duality is encoded in the following

integral identity:

IE[USp(2N)](~x; ~y; t, c) = Γe(t)
N Γe

(
pqt−1

)N N∏
n<m

Γe
(
tx±1n x±1m

)
Γe
(
pqt−1y±1n y±1m

)
× IE[USp(2N)](~x; ~y; pq/t, c) , (3.23)

which is proven in Proposition 3.5 of [21] and can be alternatively derived by applying

iteratively as explained above the integral identity (B.1) for Intriligator-Pouliot duality.

We show this in appendix B.2.1.

13It should be noted that the Aharony duality used in the derivation of the flip-flip dual of T [SU(N)] can

be obtained from a dimensional reduction limit of Intriligator-Pouliot duality, as shown in [12]. This limit

is the same that relates E[USp(2N)] and T [SU(N)].
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Finally, we can combine the two previous dualities to find a third dual frame and

complete the duality web of figure 5. We denote this frame by FFE[USp(2N)]∨ and its

superpotential is

WFFE[USp(2N)]∨ =WE[USp(2N)] + Try
(
O∨HH

∨
FF

)
+ Trx

(
O∨CC

∨
FF

)
. (3.24)

Across this duality the USp(2N)x and USp(2N)y symmetries are exchanged, while U(1)t
is left unchanged. Accordingly we have the operator map

H ↔ O∨C

C ↔ O∨H

Π ↔ Π∨FF

Bij ↔ B∨FF,ij . (3.25)

3.2 From E[USp(2N)] to Eσρ [USp(2N)] using the web

Now we would like to find a more general class of 4d N = 1 theories enjoying mirror-

like dualities. An obvious strategy to follow is to turn on vevs labelled by partitions

ρ = [ρ1, . . . , ρN ] =
[
N lN , . . . , 1l1

]
and σ = [σ1, . . . , σN ] =

[
NkN , . . . , 1k1

]
for the operators

H and C. As we discussed above, the operators H and C reduce in the 3d limit followed by

a suitable real mass deformation to the 3d moment maps H and C. It is then easy to guess

which 4d deformations of E[USp(2N)] reduce in the 3d limit to the nilpotent deformations

depending on the partitions ρ and σ of SU(N) we turned on for T [SU(N)]. These are the

deformations we are looking for and they correspond to the following vevs:

〈C〉 = Jρ , 〈H〉 = Jσ (3.26)

where Jσ and Jρ are the antisymmetric matrices

Jρ =
1

2

(
Jρ − JTρ

)
, (3.27)

where

Jρ = iσ2 ⊗ (Jρ1 ⊕ · · · ⊕ JρL) (3.28)

and Jρi are the Jordan matrices we defined in (2.19).14 We call Eσρ [USp(2N)] the theories

we reach at the end of the flow triggered by such vevs, after suitably removing some extra

massless fields, as we will discuss.

Again we can think that the vevs for H and C are implemented by F-terms when we

turn on linear deformations in OH and in OC in the flip-flip frame. We can then use the

same strategy described in the 3d case, but this time using the 4d duality web of figure 6

and map these deformations across flip-flip duality, so that they become mass deformations

of E[USp(2N)]. Finally we move back to the flip-flip dual frame, using sequentially the

Intriligator-Pouliot duality to reach Eσρ [USp(2N)].

14Notice that the vevs we are considering are not labelled by partitions of USp(2N), but by partitions

of the SU(N) part of U(1)× SU(N) ⊂ USp(2N). This choice is due to the fact that we want to mimic the

deformation we perform in 3d and find models that reduce to T σρ [SU(N)].
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More precisely we consider the following deformation of E[USp(2N)]:

δW = Trx [(Jσ + Sσ) · H] + Try [(Jρ + Tρ) · C] +
∑

{(i,j) 6=(1,1)|1≤i≤σj , 1≤j≤ρi}

OijB Bij . (3.29)

We have introduced extra gauge singlet chiral multiplets flipping some operators of the

original E[USp(2N)] theory that would represent a massless free sector of the theory after

the deformation. Note that the role of Sσ and Tρ is the same as that of Sσ and Tρ
in 3d, which flip part of the antisymmetric mesonic operators remaining massless in the

presence of the mass terms, but in 4d they are determined requiring that they are traceless

antisymmetric matrices commuting with the matrices Jσ and Jρ respectively. In addition,

there are other gauge singlet fields OijB which flip the operators Bij we defined in (3.12).15

The superpotential (3.29) triggers a flow to a new theory T. Due to this superpotential

term, the USp(2N)x global symmetry of the original E[USp(2N)] theory is now broken to

USp(2N)x −→
N∏
m=1

USp(2km)x(m) . (3.30)

Likewise, the USp(2N)y global symmetry is also broken to

USp(2N)y −→
N∏
n=1

USp(2ln)y(n) . (3.31)

This IR symmetry will become manifest in the mirror dual Lagrangian. Correspondingly

at the level of supersymmetric indices we will introduce the following fugacities

xi, with i = 1, · · · , N → x
(1)
i1
, x

(2)
i2
, · · · with im = 1, · · · , km

yi, with i = 1, · · · , N → y
(1)
i1
, y

(2)
i2
, · · · with in = 1, · · · , ln . (3.32)

We denote by Trx(m) and Try(n) respectively the traces over USp(2km)x(m) and USp(2ln)y(n)

indices.

Moreover, the mass terms in (3.29) make some of the chiral multiplets of E[USp(2N)]

massive and being integrated out. First, let us look at the chirals in the saw. Due to the

mass terms, only the followings among the original set of D(n) and V (n) remain massless:

D
(n)
1 , n = ρ1, ρ1 + ρ2, . . . , N ,

D
(n)
2 , n = 1, . . . , N ,

V
(n)
1 , n = 1, . . . , N ,

V
(n)
2 , n = ρ1, ρ1 + ρ2, . . . ,

L−1∑
i=1

ρi .

(3.33)

Second, in E[USp(2N)] there are 2N fundamental chirals Q(N−1,N) attached to the last

gauge node. Again due to the mass terms in (3.29), only 2K of them remain massless. We

15These extra OijB singlets were absent in the 3d case. Indeed, they are charged under U(1)c, which means

that they are massive and integrated out in the limit leading to T [SU(N)].
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2k 1
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…
… +

2ρ1

2ρ2

1

…
…

…

1

2N−2

2kN

…2

Figure 16. The quiver diagram representation of the deformed theory T. We have double lines

in the saw only for the gauge nodes at positions ρ1, ρ1 + ρ2, . . . ,
∑N−1
i=1 ρi. The mirror-like dual

theory, which is denoted by T∨, has the same diagram with ρ and σ exchanged.

…

…

2NL−12N2

2M L−12M2

2 22 2

2N1

2M1

A(1) A(2) A(L−1)

Q(1 , 2)

D(1 ) D(2)

V (1 ) V (2 ) V (L−1)

F(1) F(2) F(L−1)

Figure 17. The Eσρ [USp(2N)] quiver diagram. To avoid cluttering the drawing the gauge singlet

γnj and π(i,j) are not shown in this diagram.

rename as Qm, Q̃m the massless chirals at the USp(2(N − 1)) gauge node in the funda-

mental representation of each USp(2km) factor, with m = 1, · · · , N . In particular, for the

values of m for which km = 0 we don’t have any chiral field. Their interaction with the

antysymmetric A(N−1) is:

TrN−1

[
A(N−1)H

]
−→

N∑
m=1

TrN−1

[(
A(N−1)

)m
Trx(m) QmQm

]
. (3.34)

The quiver diagram of T is drawn in figure 16.

At this point we can go from T to Eσρ [USp(2N)] by iteratively applying Intriligator-

Pouliot dualities to move across the flip-flip dual frame. The quiver diagram representation

of the Eσρ [USp(2N)] theory is shown in figure 17. There are also two sets of gauge singlets:

the chirals γnj which are also singlets under the non-abelian global symmetries and the

chirals π(i,j) that transform non-trivially under the non-abelian symmetries. To avoid

cluttering figure 17 we did not draw the gauge singlets (but we will do so in the examples
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we will present). The flavor nodes in the top line and the gauge nodes in the middle line

are USp(2n) groups with ranks determined by the partitions ρ and σ as for T σρ [SU(N)]:

ML−i = ki ,

NL−i =
L∑

j=i+1

ρj −
N∑

j=i+1

(j − i)kj .
(3.35)

The Eσρ [USp(2N)] superpotential is given by:

WEσρ [USp(2N)] =
L−1∑
n=1

Trn

[
A(n)

(
Trn+1Q(n,n+1) − Trn−1Q(n−1,n) + Trx(n) F

(n)F (n)
)]

+

L−2∑
n=1

Trn Trn+1

[
V

(n)
[1 Q(n,n+1)D

(n+1)
2]

]
+

L−1∑
n=1

Nn−Nn−1∑
j=1

γnj Trn

[(
A(n)

)j−1
D

(n)
[1 D

(n)
2]

]

+

L−1∑
i=1

L∑
j=i+1

(
j−1∏
k=1

Trk

)
Trx(i)

[
F (i)

(
j−2∏
l=i

Q(l,l+1)

)
V

(j−1)
[1 π

(i,j)
2]

]
, (3.36)

where we defined N0 = 0. We also recall that the Trn traces are taken over the n-th gauge

node. Notice the interaction terms for the gauge singlets. In particular, the singlets γnj
couple to the n-th diagonal meson dressed by the (j − 1)-th power of the antisymmetric

chiral A(n), with j = 1, · · · , Nn − Nn−1. This means that the maximum power of the

dressing is given by how much the rank of the n-th gauge group jumps when compared to

the (n − 1)-th one. Moreover, we have singlets π(i,j) connecting the i-th USp(2Mi) flavor

node to all the j-th SU(2) nodes of the saw sitting to its right, that is j = i+1, · · · , L. The

π(i,j) singlets play a key role in the enhancement of the nonabelian global symmetry since

they enter the superpotential by flipping gauge invariant operators which do not respect

the enhanced symmetry.

The IR non-anomalous global symmetry of Eσρ [USp(2N)] is

N∏
m=1

USp(2km)x(m) ×
N∏
n=1

USp(2ln)y(n) ×U(1)c ×U(1)t . (3.37)

Indeed, one can verify that the constraints coming from the superpotential (3.36) and from

the requirement that the NSVZ beta-functions vanish at each gauge node fix all the R-

charges of the chiral fields up to two parameters, which correspond to the mixing coefficients

c and t with U(1)c and U(1)t. For what concerns the non-abelian part, the global symmetry

USp(2N)x ×USp(2N)y of the original E[USp(2N)] theory is broken to

USp(2N)x ×USp(2N)y −→
N∏
m=1

USp(2km)x(m) ×
N∏
n=1

USp(2ln)y(n) (3.38)

where, like the original E[USp(2N)] theory, only USp(2)ln ⊂ USp(2ln)y(n) is manifest in

the quiver gauge theory description.
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Let’s now consider the mirror dual frame where, because of the operator map (3.19),

the deformation superpotential (3.29) becomes

δW∨ = Trx
[
(Jσ + Sσ) · C∨

]
+ Try

[
(Jρ + Tρ) · H∨

]
+

∑
{(i,j) 6=(1,1)|1≤i≤σj , 1≤j≤ρi}

OijB B
∨
ji .

(3.39)

This deformation triggers a flow from E[USp(2N)]∨ to T∨ which contains gauge singlets

Sσ, Tρ and OB, which are mapped to the same gauge singlets in T.

Next we take the flip-flip duality on T∨. This leads to the mirror dual of Eσρ [USp(2N)],

denoted by Eρσ[USp(2N)]. Indeed, Eσρ [USp(2N)] and Eρσ[USp(2N)] have the same global

symmetry as well as the same operator spectrum. In the following we will illustrate this

construction in various examples.

3.2.1 ρ = [N ] and σ = [1N ]

Flow to E[N ][USp(2N)]. In this case, the superpotential deformation triggering the

flow to theory T is given by

δW = Trx

[
S[1N ] · H

]
+ Try

[
T[N ] · C

]
+
N−1∑
n=1

Trn

[
D

(n)
1 V

(n)
2

]
+

N∑
n=2

O1n
B βN−n+1 (3.40)

where S[1N ] is an arbitrary 2N×2N antisymmetric matrix and T[N ] is determined requiring

that it is traceless antisymmetric and that it commutes with J[N ]

T[N ] =


0 −T(2)T · · · −T(N)T

T(2) 0 · · · −T(N−1)T

...
. . .

. . .
...

T(N) · · · T(2) 0

 (3.41)

where each T(n) is a 2× 2 matrix with a single non-zero element:

T(n) =

(
0 0

t(n) 0

)
. (3.42)

Note that the flavor indices 1, 2 of D
(n)
1 and V

(n)
2 do not belong to the same SU(2); D

(n)
1 is

charged under the n-th SU(2) in the saw while V
(n)
2 is charged under the (n+1)-th SU(2). It

turns out that this deformation breaks the USp(2N)y symmetry of the original E[USp(2N)]

to SU(2)y. The deformation also makes D
(n)
1 and V

(n)
2 massive for n = 1, . . . , N − 1.

We obtain theory T by integrating out those massive fields. In theory T each gauge

node except the last one now has only two fundamental chirals while the last gauge node

has 2N+2 fundamental chirals in addition to the bifundamental and antisymmetric chirals

which remain the same.

Now to reach E[N ][USp(2N)] we need to implement the flip-flip duality by sequentially

applying the Intriligator-Pouliot duality on each gauge node starting from the left. The
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first gauge node is USp(2) with a total of 6 fundamental chirals, the antisymmetric is

a gauge singlet so we can apply directly the Intriligator-Pouliot duality. As the USp(2)

theory with 6 chirals is dual to a Wess-Zumino model with 15 chirals, the leftmost gauge

node is confined once the duality is applied. Some of the 15 chirals make massive the

traceless part of antisymmetric of the next USp(4) gauge node, while the others partially

cancel with the singlets S[1N ], T[N ] and O1n
B . Now the USp(4) node has 8 chirals and is

also confined when we apply the Intriligator-Pouliot duality. Proceeding to the right we

see that the entire chain of gauge nodes is sequentially confined leaving a set of chirals at

the end. So the E[N ][USp(2N)] theory will be a Wess-Zumino model.

This procedure of applying sequential Intriligator-Pouliot dualities can be realized at

the level of the index. The mass deformation
∑N−1

n=1 Trn

[
D

(n)
1 V

(n)
2

]
in (3.40) imposes the

constraints on the fugacities of the saw

yn+1

yn
= t, n = 1, · · · , N − 1 , (3.43)

which can be solved with

yn = tn−1a, n = 1, · · · , N . (3.44)

For our purpose, it is convenient to use y = at
N−1

2 = ynt
N−2n+1

2 , which makes the unbroken

SU(2)y ⊂ USp(2N)y manifest. The extra chirals we introduce give rise to the following

index contributions:

S[1N ] −→ Γe
(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
, (3.45)

T[N ] −→
N∏
i=2

Γe
(
ti
)
, (3.46)

O1n
B −→ Γe

(
t1−nc2

)
. (3.47)

Hence, the complete index of theory T is given by

IT(~x; y; t, c) = Γe
(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

) N∏
i=2

Γe
(
ti
) N∏
n=2

Γe
(
t1−nc2

)
× IE[USp(2N)]

(
~x; t

1−N
2 y, t

3−N
2 y, · · · , t

N−1
2 y; t; c

)
. (3.48)

The sequential confinement of the tail then translates in the identity

IE[USp(2N)]

(
~x; tN−1u, tN−2u, · · · , u; t, c

)
= Γe

(
c2
)

Γe(t)
N

N∏
n<m

Γe
(
t x±1n x±1m

) N∏
i=1

Γe
(
u c x±1i

)
Γe
(

c
u tN−1x

±1
i

)
Γe(t1−ic2) Γe(ti)

, (3.49)
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which was proven by Rains in Corollary 2.8 of [21]. Putting this back into IT with u =

t
1−N

2 y,16 we obtain the identity

IT(~x; y; t, c) =

N∏
n=1

Γe

(
y±1t−

N−1
2 cx±1n

)
= IE[N ][USp(2N)](~x; y; t, c) . (3.50)

As expected, E[N ][USp(2N)] is a Wess-Zumino model with 2N chirals, which are bifun-

damental betweeen USp(2N)x × SU(2)y. One can see that the new fugacity y makes the

SU(2)y symmetry manifest.

Flow to E[N ][USp(2N)]. Now let us examine this confinement on the mirror side. The

superpotential deformation triggering the flow to theory T∨ is given by

δW∨ = Trx

[
S[1N ] · C∨

]
+ Try

[
T[N ] · H∨

]
+
N−1∑
n=1

TrN−1

[
q
(N−1,N)
2n−1 q

(N−1,N)
2n+2

]
+

N∑
n=2

O1n
B TrN−1

[(
A(N−1)

)n−2
v
(N−1)
[1 v

(N−1)
2]

]
, (3.51)

which makes q(N−1,N) massive except q
(N−1,N)
2 and q

(N−1,N)
2N−1 . Integrating out the massive

q(N−1,N), we reach theory T∨, which is mirror-like dual to theory T.

T∨ differs from E[USp(2N)] only by the fact that there are only two chirals attached

to the last gauge node. Now to reach E[N ][USp(2N)] we can implement the flip-flip duality

by sequentially applying the Intriligator-Pouliot duality on each gauge node starting from

the leftmost USp(2) node and proceeding along the tail. Since the first N − 2 nodes are

USp(2n) with 4n+4 chirals, their rank does not change when we apply Intriligator-Pouliot

duality. However when we act one the last gauge node which is USp(2(N − 1)) with 2n+ 2

chirals it confines. At the second iteration we start again from the leftmost USp(2) node

but when we reach the USp(2(N − 2)) node it confines. In this way the quiver is confined

from the right until we are left with the same gauge singlets as in (3.50), that is we reach

the E[N ][USp(2N)] WZ model.

3.2.2 ρ = [N − 1, 1] and σ = [1N ]

Flow to E[N−1,1][USp(2N)]. The deformation leading to theory T is given by:

δW = Trx

[
S[1N ] ·H

]
+Try

[
T[N−1,1] ·C

]
+
N−2∑
n=1

Trn

[
D

(n)
1 V

(n)
2

]
+
N−1∑
n=2

O1n
B βN−n+1 (3.52)

16Notice that to apply (3.49) we need to use the USp(2N)y Weyl symmetry of E[USp(2N)] to reorder

the fugacities.

– 39 –



J
H
E
P
0
9
(
2
0
2
0
)
0
4
7

where S[1N ] is again an arbitrary 2N × 2N skew-symmetric matrix and T[N−1,1] is given by

T[N−1,1] =



T
(1)
11 −T(2)

11
T · · · −T(N−1)

11
T

T
(2)
11 T

(1)
11 · · · −T(N−2)

11
T

...
. . .

. . .
...

T
(N−1)
11 · · · T

(2)
11 T

(1)
11

−T(1)
N1

T

...

0

T
(1)
1N

T
(1)
N1 0 · · · −T(1)

1N
T −(N − 1)T

(1)
11


(3.53)

where each T
(n)
ij is a 2× 2 matrix of the form:

T
(1)
11 =

(
0 −t(1)11

t
(1)
11 0

)
, (3.54)

T
(n)
ij =



(
0 0

t
(n)
ii 0

)
, i = j, n 6= 1 ,

(
r
(n)
ij 0

s
(n)
ij 0

)
, i > j, n 6= 1 ,

(
0 0

u
(n)
ij w

(n)
ij

)
, i < j, n 6= 1 .

(3.55)

One can write down the superconformal index of theory T by constraining fugacities

of the index of E[USp(2N)]. The deformation (3.52) demands the following conditions on

the USp(2N)y fugacities:

yn+1

yn
= t , n = 1, . . . , N − 2 , (3.56)

which are satisfied by

yn = tn−1a , n = 1, . . . , N − 1 . (3.57)

For later convenience, we introduce the new fugacities

yn = tn−
N
2 y(1) , n = 1, . . . , N − 1 ,

yN = y(2) , (3.58)

which will make the unbroken USp(2)y(1) ×USp(2)y(2) ⊂ USp(2N)y manifest in the index.

The extra chiral singlets we introduce then give rise to the following index contributions:

S[1N ] −→ Γe
(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
,

T[N−1,1] −→ Γe

(
t
N
2 y(1)±1y(2)±1

)N−1∏
i=1

Γe
(
ti
)
,

O1n
B −→ Γe

(
t1−nc2

)
.

(3.59)
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Substituting them into the recursive definition of the index of the E[USp(2N)] theory, we

obtain the index of theory T as follows:

IT
(
~x; y(1), y(2); t, c

)
= Γe

(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe

(
t
N
2 y(1)±1y(2)±1

)N−1∏
i=1

Γe
(
ti
)

×
N−1∏
n=2

Γe
(
t1−nc2

)
IE[USp(2N)]

(
~x; t−

N
2
+1y(1), t−

N
2
+2y(1), · · · , t

N
2
−1y(1), y(2); t; c

)
= Γe

(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe

(
t
N
2 y(1)±1y(2)±1

)N−1∏
i=1

Γe
(
ti
)

×
N−1∏
n=2

Γe
(
t1−nc2

) ∏N
n=1 Γe

(
c y(2)±1x±1n

)
Γe(t−1c2)

∮
d~z

(N−1)
N−1 Γe

(
pqt−1

)N−1
×
N−1∏
i<j

Γe

(
pqt−1z

(N−1)
i

±1z
(N−1)
j

±1
)N−1∏
i=1

∏N
n=1 Γe

(
t1/2z

(N−1)
i

±1x±1n

)
Γe

(
t1/2c y(2)±1z

(N−1)
i

±1
)

× IE[USp(2(N−1))]

(
z
(N−1)
1 , · · · , z(N−1)N−1 ; t−

N
2
+1y(1), t−

N
2
+2y(1), · · · , t

N
2
−1y(1); t; t−1/2c

)
.

(3.60)

At this stage, one can see that there is an SU(2) symmetry for y(2) while it is not clear

whether or not we have an enhanced SU(2) symmetry for y(1).

To reach E[N−1,1][USp(2N)] we need to implement the flip-flip duality by applying

iteratively the IP duality. We can recycle some of the previous calculations noting that

the last factor of the integrand is the index of E[USp(2N − 2)] with the specialisation

of parameters leading to the evaluation formula (3.49) as we discussed in the previous

subsection. Taking this into account, we obtain

IT = Γe
(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe

(
t
N
2 y(1)±1y(2)±1

)
×
∏N
n=1 Γe

(
c y(2)±1x±1n

)
Γe(t−N+1c2)

∮
d~z

(N−1)
N−1

N−1∏
i=1

Γe

(
t−

N−1
2 cy(1)±1z

(N−1)
i

±1
)

× Γe

(
pqt−1/2c−1y(2)±1z

(N−1)
i

±1
) N∏
n=1

Γe

(
t1/2z

(N−1)
i

±1x±1n

)
, (3.61)

where the SU(2) symmetry for y(1) is also manifest.
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22

2

2N

π
(1 ,2 )

F(1)

A(1)

V (1 )

D(1 )

xn

y(2) y(1 )

Figure 18. The quiver diagram representation of E[N−1,1][USp(2N)].

This is the index of a USp(2(N − 1)) theory with 2N + 4 favors and various flipping

fields. To complete the derivation of the flip-flip duality we need to apply Intriligator-

Pouliot duality one more time and we obtain:

IT =

∏N
n=1 Γe

(
t−

N
2
+1cy(1)±1x±1n

)
Γe(p−1q−1tc2)

∮
d~z

(1)
1 Γe(t) Γe

(
p1/2q1/2t

N−1
2 c−1y(1)±1z(1)±1

)
× Γe

(
p−1/2q−1/2t1/2cy(2)±1z(1)±1

) N∏
n=1

Γe

(
p1/2q1/2t−1/2x±1n z(1)±1

)
= IE[N−1,1][USp(2N)]

(
~x; y(2), y(1); t, c

)
(3.62)

where

d~z
(1)
1 =

(p; p)(q; q)

2

dz(1)

2πiz(1)
1

Γe
(
z(1)±2

) . (3.63)

The E[N−1,1][USp(2N)] theory is a USp(2) theory with 2N + 4 fundamental chirals

and some additional singlets, which are shown in figure 18.17 From the index (3.62),

one can read off the charges of each chiral multiplet and the available superpoten-

tial. For example, one can see that there is a singlet γ11, whose index contribution is

Γe
(
p−1q−1tc2

)−1
, flipping the diagonal meson Tr1D

(1)
[1 D

(1)
2] where D(1) contributes to the

index by Γe
(
p−1/2q−1/2t1/2cy±12 z(1)±1

)
. The total superpotential of E[N−1,1][USp(2N)] is

17Note that as, a consequence of the sequential application of the Intriligator-Pouliot duality, the fugacities

are permuted and the two nodes in the saw are labeled by y(2) and y(1) respectively, from the left, which is

the opposite labelling compared to the definition of the original E[USp(2N)] index. For this reason, we call

the index (3.62) as IE[N−1,1][USp(2N)](~x; y(2), y(1); t, c) instead of IE[N−1,1][USp(2N)](~x; y(1), y(2); t, c). Indeed

we can’t use the USp(2N) Weyl symmetry to reorder the two set of fugacities y(1) and y(2).
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given by

WE[N−1,1][USp(2N)] = Tr1Trx

[
A(1)F (1)F (1)

]
+ Tr1Trx

[
F (1)V

(1)
[1 π

(1,2)
2]

]
+ γ11Tr2

[
D

(1)
[1 D

(1)
2]

]
.

(3.64)

We can work out some interesting gauge invariant operators:

Π(1) = π(1,2) ,

Π(2) = Tr1

[
D(1)F (1)

]
,

C(1) = Tr1A
(1) ,

C(1,2) = Tr1

[
D(1)V (1)

]
,

H = Tr1

[
F (1)F (1)

]
.

(3.65)

Recall that the global symmetry of E[N−1,1][USp(2N)] includes USp(2N)x × USp(2)y(1) ×
USp(2)y(2) rather than USp(2N)x × USp(4)y unless N = 2. Indeed, we find that the

would-be antisymmetric operator of USp(4)y is decomposed into one singlet operator and

one bifundamental operator between USp(2)y(1) × USp(2)y(2) , which are denoted by C(1)

and C(1,2) respectively. Also each Π(i) is a bifundamental operator between USp(2N)x ×
USp(2)y(i) . As expected, C(1) and C(1,2) have different U(1) global charges, and so do Π(1)

and Π(2). Thus, only USp(2)y(1) ×USp(2)y(2) ⊂ USp(4)y is preserved. On the other hand,

H is an antisymmetric operator respecting the entire USp(2N)x symmetry.

Notice that E[N−1,1][USp(2N)] is asymptotically free only when N < 4. Among these

three cases, N = 1 is the confining case while N = 2 is the self-dual case of Iintriligator-

Pouliot duality. In the subsequent subsections, thus, we will mostly focus on the N = 3 case

although the mathematical identities of the superconformal indices hold beyond N = 3.

Flow to E[N−1,1][USp(2N)]. Now let us consider the mass deformation in the mirror

dual frame. In this dual frame, the superpotential deformation (3.52) is mapped to

δW∨ = Trx

[
S[1N ] · C∨

]
+ Try

[
T[N−1,1] · H∨

]
+
N−2∑
n=1

TrN−1q
(N−1,N)
2n−1 q

(N−1,N)
2n+2

+
N−1∑
n=2

O1n
B TrN−1

[(
A(N−1)

)n−2
v
(N−1)
[1 v

(N−1)
2]

]
, (3.66)

which makes q
(N−1,N)
n massive except n = 2, 2N − 3, 2N − 1, 2N . The extra singlets we

introduce are denoted by the same letters as in the original side.

The superconformal index of theory T∨ can be obtained from that of E[USp(2N)]∨

taking into account the extra singlet contributions (3.59) and by imposing the fugacity
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conditions (3.56)–(3.57):

IT∨
(
~x; y(1), y(2); t, c

)
=

= Γe
(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe

(
t
N
2 y(1)±1y(2)±1

)N−1∏
i=1

Γe
(
ti
)N−1∏
n=2

Γe
(
t1−nc2

)
× IE[USp(2N)]∨

(
~x; t−

N
2
+1y(1), t−

N
2
+2y(1), · · · , t

N
2
−1y(1), y(2); t; c

)
= Γe

(
pqt−1

)N−1 N∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe

(
t
N
2 y(1)±1y(2)±1

)N−1∏
i=1

Γe
(
ti
)N−1∏
n=2

Γe
(
t1−nc2

)

×
Γe
(
c x±1N y(2)±1

)∏N−1
n=1 Γe

(
c x±1N

(
tn−

N
2 y(1)

)±1)
Γe(p−1q−1tc2)

×
∮

d~z
(N−1)
N−1 Γe(t)

N−1
N−1∏
i<j

Γe

(
tz

(N−1)
i

±1z
(N−1)
j

±1
)

×

∏N−1
i=1 Γe

(
p1/2q1/2t−1/2z

(N−1)
i

±1y(2)±1
)

Γe

(
p1/2q1/2t−

N−1
2 z

(N−1)
i

±1y(1)±1
)

∏N−1
i=1 Γe

(
p1/2q1/2t−1/2c x±1N z

(N−1)
i

±1
)

× IE[USp(2(N−1))]

(
z
(N−1)
1 , · · · , z(N−1)N−1 ;x1, · · · , xN−1; pq/t, p−1/2q−1/2t1/2c

)
. (3.67)

We see that theory T∨ is basically the same quiver theory as E[USp(2N)]∨ but there are

only 4 fundamental chirals attached to the (N − 1)-th gauge node on top of those of the

saw. Two of these 4 chirals couple to A(N−1), while the other two couple to
(
A(N−1))N−1.

Now we need to implement the flip-flip duality as a chain of sequential Intriligator-

Pouliot dualities. In appendix B.2.2 we do this at the level of the superconformal index for

the N = 3 case obtaining:18

IT∨ = Γe(t
−1/2cx±11 y(1)±1)Γe(t

−1/2cx±12 y(1)±1)Γe(cx
±1
1 y(2)±1)Γe(pqt

2c−2)

×
∮

d~z
(1)
1 d~z

(2)
1 Γe

(
pqt−1

)2
Γe(t

1/2z(1)±1y(1)±1)

× Γe(pqc
−1x±12 z(1)±1)Γe(t

−1cx±13 z(1)±1)Γe(t
1/2z(2)±1y(2)±1)

× Γe(pqt
−1/2c−1x±11 z(2)±1)Γe(t

−1/2cx±12 z(2)±1)Γe(t
1/2z(1)±1z(2)±1)

= IE[2,1][USp(6)]

(
y(1), y(2); ~x; pq/t, c

)
. (3.68)

One can read off the matter content of E[2,1][USp(6)] from the index (3.68), which is shown

in figure 19. In particular, there is a single flipping field γ∨11, denoted by a cross in figure 19,

18Again, the labelling of the saw by the xn fugaicties is in the opposite order compared to the original

E[USp(2N)]∨ index. This time, however, the permutations of xn belong to the Weyl symmetry of the

USp(6)x global symmetry. Thus, the index is invariant under such permutations, so we just call the index

IE[2,1][USp(6)](y
(1), y(2); ~x; pq/t, c) without specifying a particular order of xn.
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Figure 19. The quiver diagram representation of E[2,1][USp(6)]. The fugacity corresponding to

each gauge/flavor node is also indicated.

which flips the diagonal meson Tr1d
(1)
[1 d

(1)
2] . The total superpotential is given by

WE[2,1][USp(6)]

= Tr1

[
A(1)

(
Tr2 q

(1,2)q(1,2) + Try1f
(1)f (1)

)]
+ Tr2

[
A(2)

(
Tr1 q

(1,2)q(1,2) + Try2f
(2)f (2)

)]
+ Tr1Tr2

[
v
(1)
[1 q

(1,2)d
(2)
2]

]
+ Tr1Try2

[
f (1)v

(1)
[1 π

(1,2)∨
2]

]
+ Tr1Tr2Try2

[
f (1)q(1,2)v

(2)
[1 π

(1,3)∨
2]

]
+ Tr2Try2

[
f (2)v

(2)
[1 π

(2,3)∨
2]

]
+ γ∨11 Tr1

[
d
(1)
[1 d

(1)
2]

]
. (3.69)

Some examples of gauge invariant operators are as follows:

Π(1)∨ =
(
π(1,3)∨, π(1,2)∨,Tr1

[
d(1)f (1)

])
,

Π(2)∨ =
(
π(2,3)∨,Tr2

[
d(2)f (2)

]
,Tr1Tr2

[
d(1)q(1,2)f (2)

])
,

H(1)∨ = Tr1

[
f (1)f (1)

]
= H(2)∨ = Tr2

[
f (2)f (2)

]
,

H(1,2)∨ = Tr1Tr2

[
f (1)q(1,2)f (2)

]
,

C∨ =

 iσ2Tr1A
(1) Tr1d

(1)v(1) Tr1Tr2d
(1)q(1,2)v(2)

−Tr1d
(1)v(1) iσ2Tr2A

(2) Tr2d
(2)v(2)

−Tr1Tr2d
(1)q(1,2)v(2) −Tr2d

(2)v(2) −iσ2Tr1A
(1) − iσ2Tr2A

(2)

 .

(3.70)

Each Π(i)∨ is a bifundamental operator between USp(6)x×USp(2)y(i) . Note that the super-

potential (3.69) is crucial to realize the nonabelian part of the global symmetry, USp(6)x×
USp(2)y(1)×USp(2)y(2) , because other bifundamental operators Tr1f

(1)v(1), Tr1f
(1)q(1,2)v(2)

and Tr2f
(2)v(2), which do not respect this symmetry, are flipped by π(1,2)∨, π(1,3)∨ and

π(2,3)∨ respectively and thus are trivial in the chiral ring. Each H(i)∨ is an USp(2)y(i) an-

tisymmetric, i.e. a singlet operator. Note that H(1)∨ and H(2)∨ are identified due to the
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Figure 20. Duality between E[N−1,1][USp(2N)] and E[N−1,1][USp(2N)].

superpotential, which implies that

Tr1

[
f
(1)
[1 f

(1)
2]

]
∼
[
Tr1Tr2q

(1,2)q(1,2)
]
∼ Tr2

[
f
(2)
[1 f

(2)
2]

]
. (3.71)

H(1,2)∨ is a bifundamental operator between USp(2)y(1) × USp(2)y(2) . Lastly C∨ is an

USp(6)x antisymmetric operator.

We also find the map of these operators between E[2,1][USp(2N)] and E[2,1][USp(2N)]:

Π(1) ←→ Π(1)∨ ,

Π(2) ←→ Π(2)∨ ,

C(1) ←→ H(1)∨ = H(2)∨ ,

C(1,2) ←→ H(1,2)∨ ,

H ←→ C∨ .

(3.72)

This shows that E[2,1][USp(2N)] and E[2,1][USp(2N)] have the same low-lying operator

spectrum, which respects the same global symmetry.

Although here we only considered the N = 3 case, we checked that the superconformal

index identity holds for higher N as well. The mirror duality between E[N−1,1][USp(2N)]

and E[N−1,1][USp(2N)] for arbitrary N is represented in figure 20 in a simplified version

where we omit gauge singlets. This is the 4d analogue of the 3d abelian mirror duality.19

As shown in [46], the abelian 3d Mirror Symmetry for SQED with N flavors can be derived

from the basic duality between SQED with one flavor and the XYZ model with a piecewise

procedure. Interestingly, we can do the same in 4d and derive the duality 20 with a similar

piecewise procedure, where the role of the basic duality is now played by the Intriligator-

Pouliot duality in the confining case of USp(2) with 6 chirals dual to a WZ model of 15

chiral fields. We show this at the level of the index in the N = 3 case in appendix B.3.

19See [45] for the 2d N = (0, 2) reduction of this 4d N = 1 duality and for an analogue of the piecewise

derivation in that context.
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3.2.3 ρ = [22] and σ = [14]

Flow to E[22][USp(8)]. Starting from E[USp(8)] we introduce the superpotential (3.29)

with ρ = [22] and σ = [14], which includes the mass terms

δW = · · ·+ Tr1D
(1)
[1 V

(1)
2] + Tr3D

(3)
[1 V

(3)
2] + . . . , (3.73)

which lead to the following constraints on fugacities:

y1 = t−
1
2 y

(1)
1 , y2 = t

1
2 y

(1)
1 , y3 = t−

1
2 y

(1)
2 , y4 = t

1
2 y

(1)
2 . (3.74)

For simplicity, we will omit the superscript (1) of the new variables y
(1)
i , which should not

be confused with the original variables yi. We also introduce a set of extra flipping fields,

which contribute to the index as follows:

S[14] −→ Γe
(
pqt−1

)3 4∏
n<m

Γe
(
pqt−1x±1n x±1m

)
,

T[2,2] −→ Γe(t) Γe
(
t2
)2 2∏

i=1

Γe
(
tiy±11 y±12

)
,

O12
B −→ Γe

(
t−1c2

)
.

(3.75)

After integrating out the massive fields and applying sequentially the Intriligator-Pouliot

duality we obtain the index of the E[22][USp(8)] theory is as follows:

IT = Γe
(
pqt−1

)2 4∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe
(
t2
)2 2∏

i=1

Γe
(
tiy±11 y±12

)
Γe
(
t−1c2

)
× IE[USp(8)](~x, ~y, t, c)

∣∣
y1→t−

1
2 y1, y2→t

1
2 y1, y3→t−

1
2 y2, y4→t

1
2 y2

= Γe
(
p2q2c−2

)
Γe
(
p2q2t−1c−2

) 4∏
m=1

Γe

(
t−1/2cy±11 x±1m

)
×
∮

d~z
(1)
2 Γe(t)

2
2∏
i<j

Γe

(
tz

(1)
i
±1z

(1)
j
±1
) 2∏
j=1

Γe

(
p−1/2q−1/2cy±12 z

(1)
j
±1
)

×
2∏
i=1

4∏
m=1

Γe

(
p1/2q1/2t−1/2z

(1)
i
±1xm

±1
) 2∏
j=1

Γe

(
p1/2q1/2tc−1y±11 z

(1)
j
±1
)

=

= IE[22][USp(8)](~x; ~y; t, c) . (3.76)

From the superconformal index (3.76), one can read off the matter content and the su-

perpotential of the E[22][USp(8)] theory, which we represent using the quiver diagram of

figure 21. Furthermore, the total superpotential of E[22][USp(8)] is given by

WE[22][USp(8)] = Tr1Trx

[
A(1)F (1)F (1)

]
+ Tr1Trx

[
F (1)v

(1)
[1 π

(1,2)
2]

]
+ γ11 Tr1D

(1)
[1 D

(1)
2] + γ12 Tr1

[
A(1)D

(1)
[1 D

(1)
2]

]
. (3.77)
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Figure 21. The quiver diagram representation of E[22][USp(8)]. Two crosses with different

sizes on top of the diagonal line denote the singlets γ11 and γ12, which flip Tr1

[
D

(1)
[1 D

(1)
2]

]
and

Tr1

[
A(1)D

(1)
[1 D

(1)
2]

]
respectively.

One can see that the superpotential involves a set of gauge singlet operators, which con-

tribute to the resulting index (3.76) by

π(1,2) −→
4∏

m=1

Γe

(
t−1/2cy±11 x±1m

)
,

γ11 −→ Γe
(
p2q2c−2

)
,

γ12 −→ Γe
(
p2q2t−1c−2

)
.

(3.78)

The nonabelian global symmetry of E[22][USp(8)] is USp(8)x ×USp(4)y. A few exam-

ples of gauge invarint operators respecting this symmetry are as follows:

Π =
(
π(1,2),Tr1

[
D(1)F (1)

])
,

H = Tr1

[
F (1)F (1)

]
,

C =

(
iσ2Tr1A

(1) Tr1
[
D(1)V (1)

]
−Tr1

[
D(1)V (1)

]
−iσ2Tr1A

(1)

) (3.79)

where Π is a bifundamental between USp(8)x×USp(4)y, while H and C are antisymmetrics

of USp(8)x and USp(4)y respectively.

Flow to E[22][USp(8)]. Let’s now look at the mirror side. The deformation (3.73) is

mapped to a deformation of E[USp(8)]∨ which includes the mass terms

δW = · · ·+ q
(3,4)
1 q

(3,4)
4 + q

(3,4)
5 q

(3,4)
8 + . . . , (3.80)
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implying the constraints on fugacities

y1 = t−1/2y
(1)
1 , y2 = t1/2y

(1)
1 , y3 = t−1/2y

(1)
2 , y4 = t1/2y

(1)
2 . (3.81)

As before we will omit the superscript (1) of y
(1)
i . Taking into account the contributions

of the extra flipping fields (3.75) and applying sequentially the Intriligator-Pouliot duality

we obtain the superconformal index of E[22][USp(8)]:

I
E[22][USp(8)]

(~y; ~x; pq/t, c)

=

2∏
m=1

Γe

(
t−1/2cx±11 y±1m

) 2∏
m=1

Γe

(
t−1/2cx±12 y±1m

)
Γe
(
pqt3c−2

)
Γe
(
pqt2c−2

)
×
∮

d~z
(1)
1 d~z

(2)
2 d~z

(3)
1 Γe

(
pqt−1

)4 2∏
i<j

Γe

(
pqt−1z

(2)
i
±1z

(2)
j
±1
)

× Γe

(
t−3/2cx±14 z(1)±1

) 2∏
j=1

Γe

(
t−1cx±13 z

(2)
j
±1
)

Γe

(
t−1/2cx±12 z(3)±1

)

×
2∏
j=1

Γe

(
t1/2z(1)±1z

(2)
j
±1
) 2∏
i=1

Γe

(
t1/2z

(2)
i
±1z(3)±1

) 2∏
i=1

2∏
m=1

Γe

(
t1/2z

(2)
i
±1y±1m

)

× Γe

(
pqt1/2c−1x±13 z(1)±1

) 2∏
j=1

Γe

(
pqc−1x±12 z

(2)
j
±1
)

Γe

(
pqt−1/2c−1x±11 z(3)±1

)
. (3.82)

Starting from the identity for the mirror-like duality of E[USp(8)] we have derived a new

identity for the duality between E[22][USp(8)] and E[22][USp(8)]:

IE[22][USp(8)](~x; ~y; t, c) = I
E[22][USp(8)]

(~y; ~x; pq/t, c) . (3.83)

The quiver diagram of E[22][USp(8)] can be read from (3.82) and it’s represented in

figure 22. The superpotential of E[22][USp(8)] is given by

W
E[22][USp(8)]

= Tr1Tr2

[
A(1)q(1,2)q(1,2)

]
+ Tr2

[
A(2)

(
Tr1 q

(1,2)q(1,2) + Tryf
(2)f (2) + Tr3q

(2,3)q(2,3)
)]

+ Tr2Tr3

[
A(3)q(2,3)q(2,3)

]
+ Tr1Tr2

[
v
(1)
[1 q

(1,2)d
(2)
2]

]
+ Tr2Tr3

[
v
(2)
[1 q

(2,3)d
(3)
2]

]
+ Tr2Try

[
f (2)v

(2)
[1 π

(2,3)∨
2]

]
+ Tr2Tr3Try

[
f (2)q(2,3)v

(3)
[1 π

(2,4)∨
2]

]
+

2∑
i=1

γ∨i1 Tri

[
d
(i)
[1 d

(i)
2]

]
,

(3.84)
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Figure 22. The quiver diagram representation of E[22][USp(8)]. Two flipping fields γ∨11 and γ∨11,

denoted by crosses, flip Tr1

[
d
(1)
[1 d

(1)
2]

]
and Tr2

[
d
(2)
[1 d

(2)
2]

]
respectively.

which involves the gauge singlet operators whose index contributions are as follows:

π(2,3)∨ −→
2∏

m=1

Γe

(
t−1/2cx±12 y±1m

)
,

π(2,4)∨ −→
2∏

m=1

Γe

(
t−1/2cx±11 y±1m

)
,

γ∨11 −→ Γe
(
pqt3c−2

)
,

γ∨21 −→ Γe
(
pqt2c−2

)
.

(3.85)

One can also construct gauge invariant operators. For example,

Π∨ =
(
π(2,4)∨, π(2,3)∨,Tr2

[
d(2)f (2)

]
,Tr1Tr2

[
d(1)q(1,2)f (2)

])
,

H∨ = Tr2

[
f (2)f (2)

]
,

C∨ =


iσ2Tr1A

(1) Tr1d
(1)v(1) Tr1Tr2d

(1)q(1,2)v(2) Tr1Tr2Tr3d
(1)q(1,2)q(2,3)v(3)

−Tr1d
(1)v(1) iσ2Tr2A

(2) Tr2d
(2)v(2) Tr2Tr3d

(2)q(2,3)v(3)

−Tr1Tr2d
(1)q(1,2)v(2) −Tr2d

(2)v(2) iσ2Tr3A
(3) Tr3d

(3)v(3)

−Tr1Tr2Tr3d
(1)q(1,2)q(2,3)v(3) −Tr2Tr3d

(2)q(2,3)v(3) −Tr3d
(3)v(3) −iσ2

∑3
i=1 TriA

(i)

 ,

(3.86)

which are mapped to operators of E[22][USp(8)] as follows:

Π ←→ Π∨ ,

H ←→ C∨ ,

C ←→ H∨ .

(3.87)

Note that Π∨ is a bifundamental between USp(8)x × USp(4)y, while H∨ and C∨ are anti-

symmetrics of USp(4)y and USp(8)x respectively.
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3.2.4 ρ = [2, 12] and σ = [14]

Flow to E[2,12][USp(8)]. We now consider a deformation of E[USp(8)] corresponding

to ρ = [2, 12] and σ = [14], which includes a mass term

δW = · · ·+ Tr1D
(1)
[1 V

(1)
2] + . . . (3.88)

which relates y1 and y2 as follows:

y1 = t−
1
2 y(1) , y2 = t

1
2 y(1). (3.89)

For later convenience, we also rename y3 and y4 as

y3 = y
(2)
1 , y4 = y

(2)
2 . (3.90)

The extra flipping fields we introduce in this case are

S[14] −→ Γe
(
pqt−1

)3 4∏
n<m

Γe
(
pqt−1x±1n x±1m

)
,

T[2,12] −→ Γe(t)
2 Γe

(
t2
) 2∏
i=1

Γe

(
t
3
2 y(1)±1y

(2)
i
±1
)

Γe

(
ty

(2)
1
±1y

(2)
2
±1
)
,

O12
B −→ Γe

(
t−1c2

)
.

(3.91)

After applying sequentially the Intriligator-Pouliot duality, we obtain the superconformal

index of E[2,12][USp(8)]:

IE[2,12][USp(8)]

(
~x; ~y(2), y(1); t, c

)
= Γe

(
p3q3t−2c−2

)
Γe
(
p2q2t−1c−2

) 4∏
m=1

Γe

(
t−1/2cy(1)±1xm

±1
)

×
∮

d~z
(1)
1 d~z

(2)
2 Γe(t)

3
2∏
i<j

Γe

(
tz

(2)
i
±1z

(2)
j
±1
)

× Γe

(
p−1q−1tcz(1)±1y

(2)
2
±1
) 2∏
j=1

Γe

(
p−1/2q−1/2t1/2cy

(2)
1
±1z

(2)
j
±1
)

×
2∏
j=1

Γe

(
p1/2q1/2t−1/2z(1)±1z

(2)
j
±1
) 2∏
i=1

4∏
m=1

Γe

(
p1/2q1/2t−1/2z

(2)
i
±1xm

±1
)

× Γe

(
pqc−1y

(2)
1
±1z(1)±1

) 2∏
j=1

Γe

(
p1/2q1/2tc−1y(1)±1z

(2)
j
±1
)
. (3.92)

The quiver diagram of E[2,12][USp(8)] is drawn in figure 23, which can be worked out from

the superconformal index (3.92). The total superpotential of E[2,12][USp(8)] is given by

WE[2,12][USp(8)] = Tr1Tr2

[
A(1)Q(1,2)Q(1,2)

]
+Tr2

[
A(2)

(
Tr1Q

(1,2)Q(1,2)+TrxF
(2)F (2)

)]
+Tr1Tr2

[
V

(1)
[1 Q(1,2)D

(2)
2]

]
+Tr2Trx

[
F (2)V

(2)
[1 π

(2,3)
2]

]
+

2∑
i=1

γi1TriD
(i)
[1 D

(i)
2] .

(3.93)
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Figure 23. The quiver diagram representation of E[2,12][USp(8)]. Two flipping fields γ11 and γ21,

denoted by crosses, flip Tr1

[
D

(1)
[1 D

(1)
2]

]
and Tr2

[
D

(2)
[1 D

(2)
2]

]
respectively.

One can see that the superpotential involves a set of gauge singlet operators, which con-

tribute to the index (3.76) by

π(2,3) −→
4∏

m=1

Γe

(
t−1/2cy±11 x±1m

)
,

γ11 −→ Γe
(
p3q3t−2c−2

)
,

γ21 −→ Γe
(
p2q2t−1c−2

)
.

(3.94)

The nonabelian global symmetry of E[2,12][USp(8)] is USp(8)x×USp(2)y(1)×USp(4)y(2) .

Some interesting examples of gauge invariant operators, which respect this symmetry, are

Π(1) = π(2,3) ,

Π(2) =
(

Tr2

[
D(2)F (2)

]
,Tr1Tr2

[
D(1)Q(1,2)F (2)

])
,

H = Tr2

[
F (2)F (2)

]
,

C(1) = A(2) ,

C(2) =

(
iσ2Tr1A

(1) Tr1D
(1)V (1)

−Tr1D
(1)V (1) −iσ2Tr1A

(1)

)
,

C(1,2) = Tr1Tr2

[
D(1)Q(1,2)V (2)

]
,

(3.95)

where Π(i) is a bifundamental between USp(8)x × USp(2li)y(i) with l1 = 1 and l2 = 2, H

and C(i) are antisymmetrics of USp(8)x and USp(2li)y(i) respectively, and lastly C(1,2) is a

bifundamental between USp(2)y(1) ×USp(4)y(2) .
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Flow to E[2,12][USp(8)]. On the mirror side we start from the index of E[USp(8)]∨ and

impose the fugacity constraints

y1 = t−
1
2 y(1) , y2 = t

1
2 y(1) , y3 = y

(2)
1 , y4 = y

(2)
2 , (3.96)

which is due to the mirror deformation superpotential

δW = · · ·+ q
(3,4)
1 q

(3,4)
4 + . . . . (3.97)

We also introduce the extra flipping fields given in (3.91). After sequentially applying

Intriligator-Pouliot duality we obtain the index of the E[2,12][USp(8)] theory:

I
E[2,12][USp(8)]

(
y(1),~y(2);~x;pqt−1, c

)
= Γe

(
t−1/2cx±11 y(1)±1

) 2∏
j=1

Γe

(
cx±11 y

(2)
j
±1
)

Γe

(
t−1/2cx±12 y(1)±1

)
Γe
(
pqt3c−2

)
Γe
(
pqt2c−2

)
×
∮

d~z
(1)
1 d~z

(2)
2 d~z

(3)
2 Γe

(
pqt−1

)5 2∏
i<j

Γe

(
pqt−1z

(2)
i
±1z

(2)
j
±1
) 2∏
i<j

Γe

(
pqt−1z

(3)
i
±1z

(3)
j
±1
)

×Γe

(
t−3/2cx±14 z(1)±1

) 2∏
j=1

Γe

(
t−1cx±13 z

(2)
j
±1
) 2∏
j=1

Γe

(
t−1/2cx±12 z

(3)
j
±1
)

×
2∏
j=1

Γe

(
t1/2z(1)±1z

(2)
j
±1
) 2∏
i=1

2∏
j=1

Γe

(
t1/2z

(2)
i
±1z

(3)
j
±1
)

×
2∏
i=1

Γe

(
t1/2z

(2)
i
±1y(1)±1

) 2∏
i=1

2∏
j=1

Γe

(
t1/2z

(3)
i
±1y

(2)
j
±1
)

×Γe

(
pqt1/2c−1x±13 z(1)±1

) 2∏
j=1

Γe

(
pqc−1x±12 z

(2)
j
±1
) 2∏
j=1

Γe

(
pqt−1/2c−1x±11 z

(3)
j
±1
)
, (3.98)

We then have shown the equality of indices

IE[2,12][USp(8)](~x; ~y(2), y(1); t, c) = I
E[2,12][USp(8)]

(y(1), ~y(2); ~x; pq/t, c) . (3.99)

The quiver diagram read from the index (3.98) is shown in figure 24. The superpotential

of E[2,12][USp(8)] is

W
E[2,12][USp(8)]

=

Tr1Tr2

[
A(1)q(1,2)q(1,2)

]
+Tr2

[
A(2)

(
Tr1 q

(1,2)q(1,2)+Try(1)f
(2)f (2)+Tr3q

(2,3)q(2,3)
)]

+Tr3

[
A(3)

(
Tr2 q

(2,3)q(2,3)+Try(2)f
(3)f (3)

)]
+Tr1Tr2

[
v
(1)
[1 q

(1,2)d
(2)
2]

]
+Tr2Tr3

[
v
(2)
[1 q

(2,3)d
(3)
2]

]
+Tr2Try(1)

[
f (2)v

(2)
[1 π

(2,3)∨
2]

]
+Tr2Tr3Try(1)

[
f (2)q(2,3)v

(3)
[1 π

(2,4)∨
2]

]
+Tr3Try(2)

[
f (3)v

(3)
[1 π

(3,4)∨
2]

]
+

2∑
i=1

γ∨i1Tri

[
d
(i)
[1 d

(i)
2]

]
, (3.100)
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q(1 ,2 )

A(2)A(1)
f (2)

d(1 ) d (2)

v(1) v(2)

4

2

22 2

2

π
(2 , 4)V

π
(2 , 3)V

x3 x2 x1

y(1 )

q(2 ,3 )

A(3)

v(3)

4

2

x4

f (3 )

4

y j
(2)

π
(3 , 4 )V

d(3)

Figure 24. The quiver diagram representation of E[2,12][USp(8)]. Two flipping fields γ∨11 and γ∨21,

denoted by crosses, flip Tr1

[
d
(1)
[1 d

(1)
2]

]
and Tr2

[
d
(2)
[1 d

(2)
2]

]
respectively.

which involves a set of gauge singlet operators, which contribute to the index (3.98) by

π(2,3)∨ −→ Γe

(
t−1/2cx±12 y(1)±1

)
,

π(2,4)∨ −→ Γe

(
t−1/2cx±11 y(1)±1

)
,

π(3,4)∨ −→
2∏
j=1

Γe

(
cx±11 y

(2)
j
±1
)
,

γ∨11 −→ Γe
(
pqt3c−2

)
,

γ∨21 −→ Γe
(
pqt2c−2

)
.

(3.101)

We also exhibit some gauge invariant operators:

Π(1)∨=
(
π(2,4)∨,π(2,3)∨,Tr2

[
d(2)f (2)

]
,Tr1Tr2

[
d(1)q(1,2)f (2)

])
,

Π(2)∨=
(
π(3,4)∨,Tr3

[
d(3)f (3)

]
,Tr2Tr3

[
d(2)q(2,3)f (3)

]
,Tr1Tr2Tr3

[
d(1)q(1,2)q(2,3)f (3)

])
,

H(1)∨= Tr2

[
f (2)f (2)

]
,

H(2)∨= Tr3

[
f (3)f (3)

]
,

H(1,2)∨= Tr2Tr3

[
f (2)q(2,3)f (3)

]
(3.102)

and

C∨ =


iσ2Tr1A

(1) Tr1d
(1)v(1) Tr1Tr2d

(1)q(1,2)v(2) Tr1Tr2Tr3d
(1)q(1,2)q(2,3)v(3)

−Tr1d
(1)v(1) iσ2Tr2A

(2) Tr2d
(2)v(2) Tr2Tr3d

(2)q(2,3)v(3)

−Tr1Tr2d
(1)q(1,2)v(2) −Tr2d

(2)v(2) iσ2Tr3A
(3) Tr3d

(3)v(3)

−Tr1Tr2Tr3d
(1)q(1,2)q(2,3)v(3) −Tr2Tr3d

(2)q(2,3)v(3) −Tr3d
(3)v(3) −iσ2

∑3
i=1 TriA

(i)

 ,

(3.103)
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where Π(i) is a bifundamental between USp(8)x × USp(2li)y(i) with l1 = 1 and l2 = 2, C∨

and H(i)∨ are antisymmetrics of USp(8)x and USp(2li)y(i) respectively and lastly H(1,2)∨ is a

bifundamental between USp(2)y(1)×USp(4)y(2) . Note that the nonabelian global symmetry

of E[2,12][USp(8)] is USp(8)x×USp(2)y(1)×USp(4)y(2) . The operators in (3.102) are mapped

to those of E[2,12][USp(8)] as follows:

Π(1) ←→ Π(1)∨ ,

Π(2) ←→ Π(2)∨ ,

H ←→ C∨ ,

C(1) ←→ H(1)∨ ,

C(2) ←→ H(2)∨ ,

C(1,2) ←→ H(1,2)∨ .

(3.104)

3.2.5 ρ = σ = [23, 1]

So far we focused on cases with one non-trivial partitions, however we checked that our

construction consistently produces mirror pairs of theories also when both ρ and σ are non-

trivial (we checked this for all partitions up to N = 14). Here we exhibit one particular

example with N = 7 and ρ = σ = [23, 1], which corresponds to a self-duality. This

example exhibits diverse increments of the gauge rank along the tail, so one can see how

such different rank increments affect the number of the flipping fields in the resulting

Eσρ [SU(N)] theory.

We start with the E[USp(14)] theory and introduce the deformation (3.29) for

ρ = σ = [23, 1]. This deformation requires the following specialization of fugacities, now

both for ~x and for ~y:

x1 = t−
1
2x

(1)
1 , x2 = t

1
2x

(1)
1 , x3 = t−

1
2x

(1)
2 , x4 = t

1
2x

(1)
2 , x5 = t−

1
2x

(1)
3 , x6 = t

1
2x

(1)
3 ,

y1 = t−
1
2 y

(1)
1 , y2 = t

1
2 y

(1)
1 , y3 = t−

1
2 y

(1)
2 , y4 = t

1
2 y

(1)
2 , y5 = t−

1
2 y

(1)
3 , y6 = t

1
2 y

(1)
3 .

(3.105)

We also rename x7 and y7 as follows:

x7 = x
(2)
1 , y7 = y

(2)
1 . (3.106)

Then those new variables will be the fugacities for the enhanced non-abelian global symme-

try in the IR, which is USp(6)x(1)×USp(2)x(2)×USp(6)y(1)×USp(2)y(2) for ρ = σ = [23, 1].
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In addition, we introduce the extra singlets, which contribute to the index as follows:

S[23,1] −→ Γe
(
p2q2t−2

)3
Γe
(
pqt−1

)2 3∏
m<n

Γe

(
p2q2t−2x(1)m

±1x(1)n
±1
)

×
3∏

m<n

Γe

(
pqt−1x(1)m

±1x(1)n
±1
) 3∏
n=1

Γe

(
p3/2q3/2t−

3
2x(1)n

±1x
(2)
1
±1
)
,

T[23,1] −→ Γe
(
t2
)3

Γe(t)
2

3∏
m<n

Γe

(
t2y(1)m

±1y(1)n
±1
)

×
3∏

n<m

Γe

(
ty(1)m

±1y(1)n
±1
) 3∏
n=1

Γe

(
t3/2y(1)n

±1y
(2)
1
±1
)
,

O12
B −→ Γe

(
t−1c2

)
,

O21
B −→ Γe

(
p−1q−1tc2

)
,

O22
B −→ Γe

(
p−1q−1c2

)
.

(3.107)

Adding the singlets and applying sequentially the Intriligator-Pouliot duality we obtain the

index of the E
[23,1]
[23,1]

[USp(14)] theory:

IE[23,1][USp(14)]

(
~x(1), x(2); y(2), ~y(1); t, c

)
= Γe

(
p4q4t−3c−2

)
Γe
(
p3q3t−2c−2

)
Γe
(
p3q3t−1c−2

)
×

3∏
m=1

Γe

(
p−1/2q−1/2cy

(1)
2
±1x(1)m

±1
) 3∏
m=1

Γe

(
p−1/2q−1/2cy

(1)
1
±1x(1)m

±1
)

Γe

(
t−1/2cy

(1)
1
±1x

(2)
1
±1
)

×
∮

d~z
(1)
1 d~z

(2)
3 d~z

(3)
2 Γe(t)

6
3∏
i<j

Γe

(
tz

(2)
i
±1z

(2)
j
±1
) 2∏
i<j

Γe

(
tz

(3)
i
±1z

(3)
j
±1
)

× Γe

(
p−3/2q−3/2t3/2cz(1)±1y

(2)
1
±1
) 3∏
j=1

Γe

(
p−1q−1t1/2cy

(1)
3
±1z

(2)
j
±1
) 2∏
j=1

Γe

(
p−1/2q−1/2cy

(1)
2
±1z

(3)
j
±1
)

×
3∏
j=1

Γe

(
p1/2q1/2t−1/2z(1)±1z

(2)
j
±1
) 3∏
i=1

2∏
j=1

Γe

(
p1/2q1/2t−1/2z

(2)
i
±1z

(3)
j
±1
)

× Γe

(
p3/2q3/2c−1y

(1)
3
±1z(1)±1

) 3∏
j=1

Γe

(
pqt1/2c−1y

(1)
2
±1z

(2)
j
±1
) 2∏
j=1

Γe

(
p1/2q1/2tc−1y

(1)
1
±1z

(3)
j
±1
)

×
3∏
i=1

3∏
n=1

Γe

(
p1/2q1/2t−1/2z

(2)
i
±1x(1)n

±1
) 2∏
i=1

Γe

(
p1/2q1/2t−1/2z

(3)
i
±1x

(2)
1
±1
)
, (3.108)

from which one can read off the matter content and the superpotential. The matter content

is conveniently represented using the quiver diagram, which is drawn in figure 25. In
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V (1 ) V (2 )

6

6

22 2

2

π
(2 , 4)

π
(2 , 3)

y3
(1 ) y2

(1 ) y1
(1 )

x(1)

Q(2 , 3)

A(3)

V (3 )

4

2

y1
(2)

F(3)

2

x(2)

π
(3 , 4 )

D(3)

Figure 25. The quiver diagram representation of E
[23,1]
[23,1] [USp(14)]. Three flipping fields γ11, γ21 and

γ22, denoted by crosses with two different sizes, flip Tr1D
(1)
[1 D

(1)
2] , Tr2D

(2)
[1 D

(2)
2] and Tr2A

(2)D
(2)
[1 D

(2)
2]

respectively.

particular we find the gauge singlets

π(2,3) −→
3∏

m=1

Γe

(
p−1/2q−1/2cy

(1)
2
±1x(1)m

±1
)
,

π(2,4) −→
3∏

m=1

Γe

(
p−1/2q−1/2cy

(1)
1
±1x(1)m

±1
)
,

π(3,4) −→ Γe

(
t−1/2cy

(1)
1
±1x

(2)
1
±1
)
,

γ11 −→ Γe
(
p4q4t−3c−2

)
,

γ21 −→ Γe
(
p3q3t−2c−2

)
,

γ22 −→ Γe
(
p3q3t−1c−2

)
,

(3.109)

and the superpotential

WE[23,1][USp(14)] =

Tr1Tr2

[
A(1)Q(1,2)Q(1,2)

]
+ Tr2

[
A(2)

(
Tr1Q

(1,2)Q(1,2) + Trx(1)F
(2)F (2) + Tr3Q

(2,3)Q(2,3)
)]

+ Tr3

[
A(3)

(
Tr2Q

(2,3)Q(2,3) + Trx(2)F
(3)F (3)

)]
+ Tr1Tr2

[
V

(1)
[1 Q(1,2)D

(2)
2]

]
+ Tr2Tr3

[
V

(2)
[1 Q(2,3)D

(3)
2]

]
+ Tr2Trx(1)

[
F (2)V

(2)
[1 π

(2,3)
2]

]
+ Tr2Tr3Trx(1)

[
F (2)Q(2,3)V

(3)
[1 π

(2,4)
2]

]
+ Tr3Trx(2)

[
F (3)V

(3)
[1 π

(3,4)
2]

]
+

2∑
i=1

i∑
j=1

γij Tri

[
(A(i))j−1D

(i)
[1 D

(i)
2]

]
. (3.110)

where, as before, subscripts 1, 2 denote the flavor indices for the corresponding SU(2) in the

saw. This superpotential is perfectly consistent with the general form of the Eσρ [USp(2N)]

theory given by (3.36).
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A Partition function computations in 3d

A.1 Basic 3d dualities

In the main text we used intessively two basic 3d N = 2 dualities: Aharony duality and a

variant with one monopole turned on in the superpotential. Both of these dualities can be

derived from a more fundamental one, which was first proposed in [12]:

Theory A: U(Nc) gauge theory with Nf flavors and superpotential W = M+ + M−.

Theory B: U(Nf − Nc − 2) gauge theory with Nf flavors, N2
f singlets (collected in a

matrix Mab) and superpotential Ŵ =
∑Nf

a,b=1Mabq̃aqb + M̂+ + M̂−.

The global symmetry of these theories is SU(Nf )m × SU(Nf )s. Indeed, the monopole

superpotential breaks both the axial and the topological symmetry. Moreover, requiring

that the two fundamental monopoles of U(Nc) are marginal we can fix the R-charges of all

the chiral fields to
Nf−Nc−1

Nf
. At the level of S3

b partition functions, this duality translates

into the following integral identity:

ZTA =
1

Nc!

∫ Nc∏
i=1

dxi

∏Nc
i=1

∏Nf
a=1 sb

(
iQ2 ± (xi +ma)− sa

)
∏Nc
i<j sb

(
iQ2 ± (xi − xj)

)
=

1

(Nf −Nc − 2)!

Nf∏
a,b=1

sb

(
i
Q

2
− (sa + sb −ma +mb)

)

×
∫ Nf−Nc−2∏

i=1

dxi

∏Nf−Nc−2
i=1

∏Nf
a=1 sb (±(xi −ma) + sa)∏Nf−Nc−2

i<j sb

(
iQ2 ± (xi − xj)

) = ZTB , (A.1)

where ma, sa are real masses in the Cartan subalgebra of the two SU(Nf ) flavor symmetries.

Hence, the vector masses sum to zero
∑
ma = 0, while the axial masses have to satisfy the

following constraint due to the monopole superpotential:

2

Nf∑
a=1

sa = iQ(Nf −Nc − 1) . (A.2)

From this duality, we can derive the two that we actually need by performing suitable

real mass deformations. The first one involves theories with only one monopole linearly

turned on in the superpotential [12]:
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Theory A: U(Nc) gauge theory with Nf fundamental flavors and superpotentialW=M−.

Theory B: U(Nf − Nc − 1) gauge theory with Nf fundamental flavors, N2
f singlets

(collected in a matrix Mab), an extra singlet S+ and superpotential Ŵ =
∑Nf

a,b=1Mabq̃aqb+

M̂+ + S+M̂−.

Implementing the real mass deformation on the partition functions, we get the following

integral identity:

ZTA =
1

Nc!

∫ Nc∏
i=1

dxi eiπ(
∑Nc
i=1 xi)(η−iQ)

∏Nc
i=1

∏Nf
a=1 sb

(
iQ2 ± (xi +ma)− sa

)
∏Nc
i<j sb

(
iQ2 ± (xj − xi)

)
=

1

(Nf −Nc − 1)!
e
−iπ

(
2
∑Nf
a=1masa+(η−iQ)

∑Nf
a=1ma

)
sb

(
i
Q

2
− η
)

×
Nf∏
a,b=1

sb

(
i
Q

2
− (sa + sb −ma +mb)

)

×
∫ Nf−Nc−1∏

i=1

dxi eiπη
∑Nc
i=1 xi

∏Nf−Nc−1
i=1

∏Nf
a=1 sb (±(xi −ma) + sa)∏Nf−Nc−1

i<j sb

(
iQ2 ± (xj − xi)

) = ZTB , (A.3)

where η is the real mass for a restored combination of the topological and the axial sym-

metry. The condition of the monopole superpotential is now

η + 2

Nf∑
a=1

sa = iQ(Nf −Nc) . (A.4)

Finally, we can perform a further real mass deformation that leads to Aharony duality [20]:

Theory A: U(Nc) gauge theory with Nf flavors and superpotential W = 0.

Theory B: U(Nf −Nc) gauge theory with Nf flavors, N2
f singlets (collected in a matrix

Mab), two extra singlets S± and superpotential Ŵ =
∑Nf

a,b=1Mabq̃aqb + S−M̂+ + S+M̂−.

The equality of partition functions of the dual theories is

ZTA =
1

Nc!

∫ Nc∏
i=1

dxi e
iπξ(

∑Nc
i=1 xi)

∏Nc
i=1

∏Nf
a=1 sb

(
iQ2 ±(xi+ma)−sa

)
∏Nc
i<j sb

(
iQ2 ±(xj−xi)

)
= e−iπξ

∑Nf
a=1masb

(
i
Q

2
−
iQ(Nf−Nc+1)−2

∑Nf
a=1 sa±ξ

2

)

×
Nf∏
a,b=1

sb

(
i
Q

2
−(sa+sb−ma+mb)

)

× 1

(Nf−Nc)!

∫ Nf−Nc∏
i=1

dxi e
iπξ
∑Nc
i=1 xi

∏Nf−Nc
i=1

∏Nf
a=1 sb (±(xi−ma)+sa)∏Nf−Nc

i<j sb

(
iQ2 ±(xj−xi)

) =ZTB ,

(A.5)
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where ξ is the FI parameter for the restored topological symmetry, while
∑

a sa = s with

s being the axial mass.

A.2 3d flip-flip duality as repeated Aharony duality

In this appendix we explicitly show that, when the theory has no monopole superpotential,

the flip-flip duality is equivalent to sequentially applying the Aharony duality. At the

level of the S3
b partition function, we sequentially apply the integral identity (A.5) for

Aharony duality. We first consider the flip-flip duality between T [SU(3)] and FFT [SU(3)]

and then the deformation of T [SU(3)]∨ labelled by the partition ρ = [2, 1] which leads to

T [2,1][SU(3)].

A.2.1 Derivation of T [SU(3)]↔ FFT [SU(3)]

Let us consider the partition function of T [SU(3)]

ZT [SU(3)] =

∫
d~z

(2)
2 e2πi(Y2−Y3)

∑2
i=1 z

(2)
i

2∏
i,j=1

sb

(
−iQ

2
+ (z

(2)
i − z

(2)
j ) + 2mA

)

×
2∏
i=1

3∏
n=1

sb

(
i
Q

2
± (z

(2)
i −Xn)−mA

)∫
dz

(1)
1 e2πi(Y1−Y2)z

(1)
sb

(
−iQ

2
+ 2mA

)

×
2∏
i=1

sb

(
i
Q

2
± (z(1) − z(2)i )−mA

)
. (A.6)

In order to get the partition function of FFT [SU(3)] we have to apply Aharony duality

2 + 1 = 3 times. At the first iteration, we first apply it to the U(1) gauge node associated

to the z(1) integration variable

ZT [SU(3)] = sb

(
−iQ

2
+2mA

)
sb

(
−iQ

2
±(Y1−Y2)+2mA

)∫
d~z

(2)
2 e2πi(Y1−Y3)

∑2
i=1 z

(2)
i

×
2∏
i=1

3∏
n=1

sb

(
i
Q

2
±(z

(2)
i −Xn)−mA

)∫
dz

(1)
1 e2πi(Y1−Y2)z

(1)
2∏
i=1

sb

(
±(z(1)+z

(2)
i )+mA

)
(A.7)

and then to the U(2) gauge node associated to the z
(2)
i integration variable

ZT [SU(3)] = e2πi(Y1−Y3)
∑3
n=1Xnsb

(
−iQ

2
+ 2mA

)2

sb

(
−iQ

2
± (Y1 − Y2) + 2mA

)
× sb

(
−iQ

2
± (Y1 − Y3) + 2mA

) 3∏
n,m=1

sb

(
i
Q

2
+ (Xn −Xm)− 2mA

)

×
∫

d~z
(2)
2 e2πi(Y1−Y3)

∑2
i=1 z

(2)
i

2∏
i=1

3∏
n=1

sb

(
±(z

(2)
i +Xn) +mA

)
×
∫

dz
(1)
1 e2πi(Y3−Y2)z

(1)
2∏
i=1

sb

(
i
Q

2
± (z(1) − z(2)i )−mA

)
. (A.8)
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The second iteration only consists of applying Aharony duality once, again to the U(1)

gauge node

ZT [SU(3)] = e2πi(Y1−Y3)
∑3
n=1Xnsb

(
−iQ

2
+ 2mA

)2

sb

(
−iQ

2
± (Y1 − Y2) + 2mA

)
× sb

(
−iQ

2
± (Y1 − Y3) + 2mA

)
sb

(
−iQ

2
± (Y2 − Y3) + 2mA

)
×

3∏
n,m=1

sb

(
i
Q

2
+ (Xn −Xm)− 2mA

)∫
d~z

(2)
2 e2πi(Y1−Y2)

∑2
i=1 z

(2)
i

×
2∏

i,j=1

sb

(
i
Q

2
± (z

(2)
i − z

(2)
j )− 2mA

) 2∏
i=1

3∏
n=1

sb

(
±(z

(2)
i +Xn) +mA

)

×
∫

dz
(1)
1 e2πi(Y3−Y2)z

(1)
2∏
i=1

sb

(
±(z(1) + z

(2)
i )−mA

)
. (A.9)

Re-arranging the contribution of the singlets in the prefactor, imposing the tracelessness

condition
∑3

n=1Xn = 0 and performing the change of variables z
(2)
i → −z

(2)
i , we get

ZT [SU(3)] =

3∏
n,m=1

sb

(
i
Q

2
+ (Xn −Xm)− 2mA

)
sb

(
−iQ

2
+ (Yn − Ym) + 2mA

)

×
∫

d~z
(2)
2 e2πi(Y2−Y1)

∑2
i=1 z

(2)
i

2∏
i,j=1

sb

(
i
Q

2
± (z

(2)
i − z

(2)
j )− 2mA

)

×
2∏
i=1

3∏
n=1

sb

(
±(z

(2)
i −Xn) +mA

)∫
dz

(1)
1 e2πi(Y3−Y2)z

(1)

×
2∏
i=1

sb

(
±(z(1) − z(2)i )−mA

)
. (A.10)

This is precisely the partition function of FFT [SU(3)] up to the exchange Y1 ↔ Y3, which

is just an element of the Weyl group of SU(3)Y that acts trivially on the partition function.

Hence, we get (2.15) in the particular case N = 3

ZT [SU(3)]( ~X; ~Y ;mA) =

3∏
n,m=1

sb

(
i
Q

2
+(Xn−Xm)−2mA

)
sb

(
−iQ

2
+(Yn−Ym)+2mA

)
×ZT [SU(3)]

(
~X; ~Y ; i

Q

2
−mA

)
. (A.11)

With the same strategy, one can derive flip-flip duality for T [SU(N)] with arbitrary rank N .

A.2.2 The case ρ = [2, 1]

The starting point of the computation is the partition function of T [SU(3)], to which

we have to impose the constraint on the real masses (2.33) due to the superpotential

deformation (2.29)

Y2 = Y1 + 2mA . (A.12)
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We know that the effect of the massive deformation (2.29) is of making some of the flavors

at the end of the tail of T [SU(3)]∨ massive. This is realized at the level of the partition

function using the identity sb(x) sb(−x) = 1. Denoting with z
(2)
i the integration variables

of the U(2) gauge node, we have

3∏
n=1

sb

(
±(z

(2)
i −Yn)+mA

)
= sb

(
z
(2)
i −Y1+mA

)
sb

(
−z(2)i +Y1+3mA

)
sb

(
±(z

(2)
i −Y3)+mA

)
→ sb

(
±(z

(2)
i −Y1)+2mA

)
sb

(
±(z

(2)
i −Y3)+mA

)
, (A.13)

where at the last step we redefined

Y1 → Y1 −mA . (A.14)

Hence, the partition function of theory T ∨ is

ZT ∨ =B
∫

d~z
(2)
2 e2πi(X2−X3)

∑2
i=1 z

(2)
i

2∏
i,j=1

sb

(
i
Q

2
+(z

(2)
i −z

(2)
j )−2mA

) 2∏
i=1

sb

(
±(z

(2)
i −Y1)+2mA

)

×sb
(
±(z

(2)
i −Y3)+mA

)∫
dz

(1)
1 e2πi(X1−X2)z(1)sb

(
i
Q

2
−2mA

) 2∏
i=1

sb

(
±(z(1)−z(2)i )+mA

)
,

(A.15)

where B denotes the contribution of the flipping fields S[13] and Ti, T , T̃ contained in T[2,1]

B = sb

(
i
Q

2
− 2mA

)2

sb

(
i
Q

2
− 4mA

)
sb

(
i
Q

2
± (Y1 − Y3)− 3mA

)
×

3∏
n,m=1

sb

(
−iQ

2
+ (Xn −Xm) + 2mA

)
(A.16)

Since the adjoint chiral field at the U(1) node is just a singlet, we can apply Aharony

duality at this node. Using (A.5) we find

ZT ∨ = Bsb
(
i
Q

2
− 2mA

)
sb

(
i
Q

2
± (X1 −X2)− 2mA

)∫
d~z

(2)
2 e2πi(X1−X3)

∑2
i=1 z

(2)
i

×
2∏
i=1

sb

(
±(z

(2)
i − Y1) + 2mA

)
sb

(
±(z

(2)
i − Y3) +mA

)∫
dz

(1)
1 e2πi(X1−X2)z(1)

×
2∏
i=1

sb

(
i
Q

2
± (z(1) + z

(2)
i )−mA

)
. (A.17)

This had the effect of removing the adjoint chiral of the adjacent U(2) gauge node, so now

we can apply Aharony duality to it. In this case the rank of the group gets lowered by one
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unit

ZT ∨ =B e2πi(X1−X3)(Y1+Y3)sb

(
i
Q

2
−2mA

)
sb

(
−iQ

2
+4mA

)
sb

(
i
Q

2
±(X1−X2)−2mA

)
×sb

(
i
Q

2
±(X1−X3)−2mA

)
sb

(
−iQ

2
±(Y1−Y3)+3mA

)∫
dz

(2)
1 e2πi(X1−X3)z(2)

×sb
(
i
Q

2
±(z(2)+Y1)−2mA

)
sb

(
i
Q

2
±(z(2)+Y3)−mA

)∫
dz

(1)
1 e2πi(X3−X2)z(1)

×sb(±(u+Y1)+mA)sb

(
±(z(1)−z(2)i )+mA

)
. (A.18)

The last step of the computation consists of applying Aharony duality on the first U(1)

node once again. The various flipping fields produced in the derivation perfectly cancel

with those contained in the prefactor B and we get

ZT ∨ = e2πi(X1+X2−2X3)Y1e2πi(X1−X3)Y3

∫
dz

(2)
1 e2πi(X2−X1)z(2)sb

(
−iQ

2
+ 2mA

)
× sb

(
i
Q

2
± (z(2) − Y3)−mA

)∫
dz

(1)
1 e2πi(X3−X2)z(1)sb

(
−iQ

2
+ 2mA

)
× sb

(
i
Q

2
± (u− Y1)−mA

)
sb

(
i
Q

2
± (z(1) − z(2)i )−mA

)
. (A.19)

At this point we recall that Y1 and Y3 are not independent variables because of the original

tracelessness condition
∑3

n=1 Yn = 0, which after the constraint (2.33) and the shift (2.45)

becomes

2Y1 + Y3 = 0 . (A.20)

We parametrize the residual U(1)Y (1) symmetry with

Y (1) = Y1 − Y3 (A.21)

and we also perform the change of variables z(i) → z(i) + Y (1)/3, so that

ZT ∨ = e−2πiX1Y (1)

∫
dz

(2)
1 e2πi(X2−X1)z(2)sb

(
−iQ

2
+ 2mA

)
× sb

(
i
Q

2
±

(
z(2) − Y (1)

3

)
−mA

)∫
dz

(1)
1 e2πi(X3−X2)z(1)sb

(
−iQ

2
+ 2mA

)
× sb

(
i
Q

2
± z(1) −mA

)
sb

(
i
Q

2
± (z(1) − z(2)i )−mA

)
= ZT [2,1][SU(3)] . (A.22)

This coincides with the partition function T [2,1][SU(3)] which, from the deformation of the

duality web of T [SU(N)], we expect to be flip-flip dual to theory T . The real masses

Xn correspond to the SU(3)X global symmetry of T [2,1][SU(3)] that enhances from the

U(1)2 topological symmetry that is manifest in the UV. Instead, the flavor symmetry of

T [2,1][SU(3)] is U(1)Y (1) . Hence, we showed that flip-flip duality is equivalent to sequentially

applying Aharony duality.
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A.3 Derivation of the partition functions of T[2,12][SU(4)] and its mirror dual

Flow to T[2,12][SU(N)]. As discussed in section 2.2, the vev for the CB moment map of

T [SU(4)] can be studied as a linear superpotential in FFT [SU(4)] or, using flip-flip duality,

as a monopole deformation of T [SU(4)] with the addition of extra singlet fields flipping the

components of the HB and CB moment maps that remain free after the vev. Hence, in our

computation we start from the partition function (2.8) of T [SU(4)], impose the constraint

on the fugacities

Y2 = Y1 + 2mA (A.23)

due to the monopole deformation (2.40), as well as the redefinition

Y1 → Y1 −mA (A.24)

and add the contribution of the flipping fields

ZT = B
∫

d~z
(3)
3 e2πi(Y3−Y4)

∑3
i=1 z

(3)
i

3∏
i,j=1

sb

(
−iQ

2
+ (z

(3)
i − z

(3)
j ) + 2mA

)

×
3∏
i=1

4∏
n=1

sb

(
i
Q

2
± (z

(3)
i −Xn)−mA

)∫
d~z

(2)
2 e2πi(Y1−Y3+mA)

∑2
a=1 z

(2)
a

×
2∏

a,b=1

sb

(
−iQ

2
+ (z(2)a − z

(2)
b ) + 2mA

) 2∏
a=1

3∏
i=1

sb

(
i
Q

2
± (z(2)a − z

(3)
i )−mA

)

×
∫

dz
(1)
1 e−4πimAz

(1)
sb

(
−iQ

2
+ 2mA

) 2∏
a=1

sb

(
i
Q

2
± (z(1) − z(2)a )−mA

)
, (A.25)

where B is the contribution of the singlets

B =
4∏

n,m=1

sb

(
−iQ

2
+ (Xn −Xm) + 2mA

)
sb

(
i
Q

2
− 2mA

)
sb

(
i
Q

2
− 4mA

)

×
4∏

α,β=3

sb

(
i
Q

2
+ (Yα − Yβ)− 2mA

) 4∏
α=3

sb

(
i
Q

2
± (Y1 − Yα)− 3mA

)
. (A.26)

As we explained in section 2.2.2 we first apply the integral identity for the one-monopole

duality (A.3) to the U(1) gauge node where the monopole superpotential is turned on. In

this way, this node confines and we get the partition function of a dual frame of theory T
where we have no monopole superpotential

ZT = B sb
(
−iQ

2
+ 2mA

)
sb

(
−iQ

2
+ 4mA

)∫
d~z

(3)
3 e2πi(Y3−Y4)

∑3
i=1 z

(3)
i

×
3∏

i,j=1

sb

(
−iQ

2
+ (z

(3)
i − z

(3)
j ) + 2mA

) 3∏
i=1

4∏
n=1

sb

(
i
Q

2
± (z

(3)
i −Xn)−mA

)

×
∫

d~z
(2)
2 e2πi(Y1−Y3)

∑2
a=1 z

(2)
a

2∏
a=1

3∏
i=1

sb

(
i
Q

2
± (z(2)a − z

(3)
i )−mA

)
. (A.27)
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In order to find the flip-flip dual of T , we now have to sequentially apply the integral

identity for Aharony duality (A.5). First we apply the duality to the U(2) gauge node,

whose rank decreases by one since we confined the previous node

ZT = B sb
(
−iQ

2
+ 2mA

)
sb

(
−iQ

2
+ 4mA

)
sb

(
−iQ

2
± (Y1 − Y3) + 3mA

)
×
∫

d~z
(3)
3 e2πi(Y1−Y4)

∑3
i=1 z

(3)
i

3∏
i=1

4∏
n=1

sb

(
i
Q

2
± (z

(3)
i −Xn)−mA

)

×
∫

dz
(2)
1 e2πi(Y1−Y3)z

(2)
3∏
i=1

sb

(
±(z(2) + z

(3)
i ) +mA

)
. (A.28)

Now we can apply Aharony duality on the U(3) gauge node since its adjoint chiral became

massive and was integrated out. The rank of the node decreases to two and we get

ZT =B e2πi(Y1−Y4)
∑
n=1Xnsb

(
−iQ

2
+2mA

)2

sb

(
−iQ

2
+4mA

)
sb

(
−iQ

2
±(Y1−Y3)+3mA

)
×sb

(
−iQ

2
±(Y1−Y4)+3mA

) 4∏
n,m=1

sb

(
i
Q

2
+(Xn−Xm)−2mA

)∫
d~z

(3)
2 e2πi(Y1−Y4)

∑2
i=1 z

(3)
i

×
3∏
i=1

4∏
n=1

sb

(
±(z

(3)
i +Xn)+mA

)∫
dz

(2)
1 e2πi(Y4−Y3)z

(2)
3∏
i=1

sb

(
i
Q

2
±(z(2)−z(3)i )−mA

)
.

(A.29)

Finally, we apply Aharony duality to the U(1) gauge node. Simplifying the contributions

of the singlets we produced in the derivation of the flip-flip dual with those contained in

the prefactor B and performing the change of variable z(2) → −z(2) we get

ZT = e2πi(Y1−Y4)
∑4
n=1Xn

∫
d~z

(3)
2 e2πi(Y1−Y3)

∑2
i=1 z

(3)
i

2∏
i,j=1

sb

(
i
Q

2
+(z

(3)
i −z

(3)
j )−mA

)

×
2∏
i=1

4∏
n=1

sb

(
±(z

(3)
i +Xn)+mA

)∫
dz

(2)
1 e2πi(Y3−Y4)z

(2)
sb

(
i
Q

2
−2mA

) 2∏
i=1

sb

(
±(z(2)−z(3)i )+mA

)
.

(A.30)

Notice that the contact term is actually trivial, since the Xn parameters still parametrize

the Cartan of the SU(4)X HB global symmetry. Moreover, we should recall that the

original Yn real masses were parametrizing the SU(4)Y CB global symmetry of T [SU(4)],

meaning that
∑4

n=1 Yn = 0. After imposing the condition Y2 = Y1 + 2mA and redefining

Y1 → Y1 −mA, this translates into a condition for the real masses Y1, Yα of the remaining

U(1)× SU(2) CB global symmetry

2Y1 +
4∑

α=3

Yα = 0 . (A.31)
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This means that the proper U(1)Y (1) × SU(2)Y (2) fugacities are

Y (1) = Y1

Y
(2)
1 = Y3 + Y1

Y
(2)
2 = Y4 + Y1 , (A.32)

so that
∑2

α=1 Y
(2)
α = 0. After this shift, we get

ZT =

∫
d~z

(3)
2 e2πi(2Y

(1)−Y (2)
1 )

∑2
i=1 z

(3)
i

2∏
i,j=1

sb

(
i
Q

2
+ (z

(3)
i − z

(3)
j )−mA

)

×
2∏
i=1

4∏
n=1

sb

(
±(z

(3)
i +Xn) +mA

)∫
dz

(2)
1 e2πi(Y

(2)
1 −Y (2)

2 )z(2)sb

(
i
Q

2
− 2mA

)

×
2∏
i=1

sb

(
±(z(2) − z(3)i ) +mA

)
= ZT[2,12][SU(4)]( ~X; ~Y (2), Y (1);mA) , (A.33)

where the contact term disappeared because of the tracelessness condition
∑4

n=1Xn = 0.

This is precisely the partition function of T[2,12][SU(4)], whose global symmetry is indeed

SU(4)X ×U(1)Y (1) × SU(2)Y (2) with the CB factor U(1)Y (1) × SU(2)Y (2) being enhanced at

low energies.

Flow to T [2,12][SU(4)]. As discussed in section 2.2, on the mirror dual side we should

consider the vev for the HB moment map of T [SU(4)]∨, which can be studied as a linear su-

perpotential in FFT [SU(4)]∨ or, using flip-flip duality, as a mass deformation of T [SU(4)]∨

with the addition of extra singlet fields flipping the components of the HB and CB moment

maps that remain free after the vev. Hence, in our computation we start from the partition

function T [SU(4)]∨ and impose the constraint on the fugacities Y2 = Y1 + 2mA due to the

mass deformation. Using the relation sb(x) sb(−x) = 1, we have that the contribution of

some of the chiral fields attached to the last U(3) gauge node cancel each other, meaning

that they have become massive fields. Denoting with z
(3)
i the integration variables of the

U(3) gauge node, we have

4∏
n=3

sb

(
±(z

(3)
i − Yn) +mA

)
=

4∏
α=3

sb

(
±(z

(3)
i − Yn) +mA

)
sb

(
z
(3)
i − Y1 +mA

)
× sb

(
−z(3)i + Y1 + 3mA

)
→

4∏
α=3

sb

(
±(z

(3)
i − Yn) +mA

)
sb

(
±(z

(3)
i − Y1) + 2mA

)
,

(A.34)

where at the last step we redefined

Y1 → Y1 −mA . (A.35)
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Thus, the starting point of our computation is the partition function of theory T ∨

ZT ∨ = B
∫

d~z
(3)
3 e2πi(X3−X4)

∑3
i=1 z

(3)
i

3∏
i,j=1

sb

(
i
Q

2
+ (z

(3)
i − z

(3)
j )− 2mA

)

×
3∏
i=1

sb

(
±(z

(3)
i − Y1) + 2mA

) 4∏
α=3

sb

(
±(z

(3)
i − Yα) +mA

)∫
d~z

(2)
2 e2πi(X2−X3)

∑2
a=1 z

(2)
a

×
2∏

a,b=1

sb

(
i
Q

2
+ (z(2)a − z

(2)
b )− 2mA

) 2∏
a=1

3∏
i=1

sb

(
±(z(2)a − z

(3)
i ) +mA

)∫
dz

(1)
1 e2πi(X1−X2)z(1)

× sb
(
i
Q

2
− 2mA

) 2∏
a=1

sb

(
±(z(1) − z(2)a ) +mA

)
. (A.36)

Again we claim that in order to reach the flip-flip dual frame which corresponds to

T [2,12][SU(4)], we can iteratively apply the integral identity for Aharony duality (A.5).

We start from the U(1) gauge node since its adjoint chiral field is just a singlet. This node

has two flavors attached to it, so it remains a U(1) node and we get

ZT ∨ = B sb
(
i
Q

2
− 2mA

)
sb

(
i
Q

2
± (X1 −X2)− 2mA

)∫
d~z

(3)
3 e2πi(X3−X4)

∑3
i=1 z

(3)
i

×
3∏

i,j=1

sb

(
i
Q

2
+ (z

(3)
i − z

(3)
j )− 2mA

) 3∏
i=1

sb

(
±(z

(3)
i − Y1) + 2mA

) 4∏
α=3

sb

(
±(z

(3)
i − Yα) +mA

)

×
∫

d~z
(2)
2 e2πi(X1−X3)

∑2
a=1 z

(2)
a

2∏
a=1

3∏
i=1

sb

(
±(z(2)a − z

(3)
i ) +mA

)∫
dz

(1)
1 e2πi(X1−X2)z(1)

×
2∏

a=1

sb

(
i
Q

2
± (z(1) + z(2)a )−mA

)
. (A.37)

Notice that this application of Aharony duality had the effect of removing the adjoint

chiral field for the next U(2) gauge node, which allows us to apply the duality again on

this second node. This is a U(2) gauge node with four flavors, so its rank doesn’t change

ZT ∨ =B sb
(
i
Q

2
−2mA

)2

sb

(
i
Q

2
±(X1−X2)−2mA

)
sb

(
i
Q

2
±(X1−X3)−2mA

)
×
∫

d~z
(3)
3 e2πi(X1−X4)

∑3
i=1 z

(3)
i

3∏
i=1

sb

(
±(z

(3)
i −Y1)+2mA

) 4∏
α=3

sb

(
±(z

(3)
i −Yα)+mA

)
×
∫

d~z
(2)
2 e2πi(X1−X3)

∑2
a=1 z

(2)
a

2∏
a=1

3∏
i=1

sb

(
i
Q

2
±(z(3)a +z

(3)
i )−mA

)∫
dz

(1)
1 e2πi(X3−X2)z(1)

×
2∏

a=1

sb

(
±(z(1)−z(2)a )+mA

)
. (A.38)

Again, since we removed the adjoint chiral field from the U(3) node we can apply Aharony

duality to it. In this case the rank of the group decreases, since some of the flavors that
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used to be attached to it became massive, so this node is not balanced anymore. Hence,

we get

ZT ∨ =B e2πi(X1−X4)(Y1+
∑2
α=1Yα)sb

(
i
Q

2
−2mA

)2

sb

(
−iQ

2
+4mA

)
sb

(
i
Q

2
±(X1−X2)−2mA

)
×sb

(
i
Q

2
±(X1−X3)−2mA

)
sb

(
i
Q

2
±(X1−X4)−2mA

) 4∏
α,β=3

sb

(
−iQ

2
+(Yα−Yβ)+2mA

)

×
4∏

α=3

sb

(
−iQ

2
±(Y1−Yα)+3mA

)∫
d~z

(3)
2 e2πi(X1−X4)

∑2
i=1 z

(3)
i

2∏
i=1

sb

(
i
Q

2
±(z

(3)
i +Y1)−2mA

)

×
4∏

α=3

sb

(
i
Q

2
±(z

(3)
i +Yα)−mA

)∫
d~z

(2)
2 e2πi(X4−X3)

∑2
a=1 z

(2)
a

2∏
a,b=1

sb

(
i
Q

2
+(z(2)a −z

(2)
b )−2mA

)

×
2∏

a=1

2∏
i=1

sb

(
±(z(2)a −z

(3)
i )+mA

)∫
dz

(1)
1 e2πi(X3−X2)z(1)

2∏
a=1

sb

(
±(z(1)−z(2)a )+mA

)
. (A.39)

This concludes the first iteration of the sequential application of Aharony duality along

the whole tail. In the second iteration, we again sequentially apply the duality starting

from the left U(1) gauge node, but stopping at the second last node in order to restore

the adjoint chiral at the U(2) gauge node labelled by ~z(3). From the first application of

Aharony duality we get

ZT ∨ =B e2πi(X1−X4)(Y1+
∑2
α=1Yα)sb

(
i
Q

2
−2mA

)2

sb

(
−iQ

2
+4mA

)
sb

(
i
Q

2
±(X1−X2)−2mA

)
×sb

(
i
Q

2
±(X1−X3)−2mA

)
sb

(
i
Q

2
±(X1−X4)−2mA

)
sb

(
i
Q

2
±(X2−X3)−2mA

)
×

4∏
α,β=3

sb

(
−iQ

2
+(Yα−Yβ)+2mA

) 4∏
α=3

sb

(
−iQ

2
±(Y1−Yα)+3mA

)

×
∫

d~z
(3)
2 e2πi(X1−X4)

∑2
i=1 z

(3)
i

2∏
i=1

sb

(
i
Q

2
±(z

(3)
i +Y1)−2mA

) 4∏
α=3

sb

(
i
Q

2
±(z

(3)
i +Yα)−mA

)

×
∫

d~z
(2)
2 e2πi(X4−X2)

∑2
a=1 z

(2)
a

2∏
a=1

sb

(
±(z(2)a +Y1)+mA

) 2∏
i=1

sb

(
±(z(2)a −z

(3)
i )+mA

)
×
∫

dz
(1)
1 e2πi(X3−X2)z(1)

2∏
a=1

sb

(
i
Q

2
±(z(1)+z(2)a )−mA

)
. (A.40)
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Now we apply Aharony duality to the U(2) gauge node labelled by ~z(2)

ZT ∨ =B e2πi(X1+X2−2X4)Y1e2πi(X1−X4)
∑2
α=1Yαsb

(
i
Q

2
−2mA

)2

sb

(
−iQ

2
+4mA

)
×sb

(
i
Q

2
±(X1−X2)−2mA

)
sb

(
i
Q

2
±(X1−X3)−2mA

)
sb

(
i
Q

2
±(X1−X4)−2mA

)
×sb

(
i
Q

2
±(X2−X3)−2mA

)
sb

(
i
Q

2
±(X2−X4)−2mA

) 4∏
α,β=3

sb

(
−iQ

2
+(Yα−Yβ)+2mA

)

×
4∏

α=3

sb

(
−iQ

2
±(Y1−Yα)+3mA

)∫
d~z

(3)
2 e2πi(X1−X2)

∑2
i=1 z

(3)
i

2∏
i,j=1

sb

(
−iQ

2
+(z

(3)
i −z

(3)
j )+2mA

)

×
2∏
i=1

4∏
α=3

sb

(
i
Q

2
±(z

(3)
i +Yα)−mA

)∫
d~z

(2)
2 e2πi(X4−X2)

∑2
a=1 z

(2)
a

2∏
a=1

sb

(
i
Q

2
±(z(2)a −Y1)−mA

)

×
2∏
i=1

sb

(
i
Q

2
±(z(2)a +z

(3)
i )−mA

)∫
dz

(1)
1 e2πi(X3−X4)z(1)

2∏
a=1

sb

(
±(z(1)−z(2)a )+mA

)
. (A.41)

This concludes also the second iteration. The last iteration only consists of applying

Aharony duality on the original U(1) node, so to restore the adjoint chiral also at the U(2)

node labelled by ~z(2). Simplifying the contributions of the many singlets we produced by

the sequential application of Aharony duality with those contained in the prefactor B and

performing the change of variables z
(2)
a → −z(2)a we get

ZT ∨ = e2πi(X1+X2−2X4)Y1e2πi(X1−X4)
∑4
α=3Yα

∫
d~z

(3)
2 e2πi(X1−X2)

∑2
i=1 z

(3)
i

×
2∏

i,j=1

sb

(
−iQ

2
+(z

(3)
i −z

(3)
j )+2mA

) 2∏
i=1

4∏
α=3

sb

(
i
Q

2
±(z

(3)
i +Yα)−mA

)

×
∫

d~z
(2)
2 e2πi(X2−X3)

∑2
a=1 z

(2)
a

2∏
a,b=1

sb

(
−iQ

2
+(z(2)a −z

(2)
b )+2mA

)

×
2∏

a=1

sb

(
i
Q

2
±(z(2)a +Y1)−mA

) 2∏
i=1

sb

(
i
Q

2
±(z(2)a −z

(3)
i )−mA

)

×sb
(
−iQ

2
+2mA

)∫
dz

(2)
1 e2πi(X3−X4)z(1)

2∏
a=1

sb

(
i
Q

2
±(z(1)−z(2)a )−mA

)
. (A.42)

At this point we implement the redefinition of the fugacities (A.32) and we also perform the

change of variables z(i) → z(i) + Y (1). By taking into account the tracelessness conditions
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∑4
n=1Xn =

∑2
α=1 Y

(2)
α = 0, we get

ZT ∨ = e4πi(X1+X2)Y (1)

∫
d~z

(3)
2 e2πi(X1−X2)

∑2
i=1 z

(3)
i

2∏
i,j=1

sb

(
−iQ

2
+(z

(3)
i −z

(3)
j )+2mA

)

×
2∏
i=1

2∏
α=1

sb

(
i
Q

2
±(z

(3)
i +Y (2)

α )−mA

)∫
d~z

(2)
2 e2πi(X2−X3)

∑2
a=1 z

(2)
a

×
2∏

a,b=1

sb

(
−iQ

2
+(z(2)a −z

(2)
b )+2mA

) 2∏
a=1

sb

(
i
Q

2
±(z(2)a +Y (1))−mA

)

×
2∏
i=1

sb

(
i
Q

2
±(z(2)a −zi)−mA

)
sb

(
−iQ

2
+2mA

)∫
dz

(1)
1 e2πi(X3−X4)z(1)

×
2∏

a=1

sb

(
i
Q

2
±(z(1)−z(2)a )−mA

)
=Z

T [2,12][SU(4)]

(
Y (1), ~Y (2); ~X; i

Q

2
−mA

)
. (A.43)

This is precisely the partition function of T [2,12][SU(4)], whose global symmetry is indeed

U(1)Y (1) ×SU(2)Y (2) ×SU(4)X with the CB factor SU(4)X being enhanced at low energies.

Combining the results (A.33) and (A.43) with the integral identity for the mirror self-

duality of T [SU(4)] (2.12) we get that the partition function of T[2,12][SU(4)] coincides with

that of T [2,12][SU(4)] provided that mA ↔ iQ2 − mA as expected from Mirror Symme-

try (2.10)

ZT[2,12][SU(4)]( ~X; ~Y (2), Y (1);mA) = Z
T [2,12][SU(4)]

(
Y (1), ~Y (2); ~X; i

Q

2
−mA

)
. (A.44)

B Partition function computations in 4d

B.1 Intriligator-Pouliot duality

The Intriligator-Pouliot duality was first proposed in [22] and it relates the two following

4d N = 1 theories:

Theory A: USp(2Nc) gauge theory with 2Nf fundamental chirals and no superpotential

W = 0.

Theory B: USp(2Nf−2Nc−4) gauge theory with 2Nf fundamental chirals, Nf (2Nf−1)

singlets (collected in an antisymmetric matrix Mab) and superpotential Ŵ = Mabqaqb.

At the level of the S3 × S1 partition function, this translates into an integral identity

proved in Theorem 3.1 of [47]

∮
d~zNc

Nc∏
i=1

2Nf∏
a=1

Γe
(
vaz
±1
i

)
=

2Nf∏
a<b

Γe(vavb)

∮
d~zNf−Nc−2

Nf−Nc−2∏
i=1

2Nf∏
a=1

Γe

(
(pq)1/2v−1a z±1i

)
,

(B.1)
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which holds provided that
2Nf∏
a=1

va = (pq)Nf−Nc−1 (B.2)

and where we defined the integration measure as

d~zN =
[(p; p)(q; q)]N

2NN !

N∏
i=1

dzi
2πi zi

1∏N
n=1 Γe

(
z±2n
)∏N

n<m Γe
(
z±1n z±1m

) , (B.3)

which includes the contribution of the vector multiplet.

Notice that for Nc =N andNf =N+2 the dual theory is a WZ model of (N+2)(2N+3)

chiral fields and the identity (B.1) reduces to

∮
d~zN

N∏
i=1

2N+4∏
a=1

Γe
(
vaz
±1
i

)
=

2N+4∏
a<b

Γe(vavb) , (B.4)

with the condition
2N+4∏
a=1

va = pq , (B.5)

which was first conjectured in [48].

B.2 4d flip-flip duality as repeated Intriligator-Pouliot duality

B.2.1 Derivation of E[USp(6)]↔ FFE[USp(6)]

Recall that the flip-flip duality of T [SU(N)] in 3d can be realized as a repeated application of

the Aharony duality and one-monopole duality. In 4d, as claimed in the main text, the flip-

flip duality of E[USp(2N)] can be also realized using the Intriligator-Pouliot duality only.

In this appendix, we use the superconformal index to show how to obtain FFE[USp(2N)],

the flip-flip dual of E[USp(2N)], by sequential Intriligator-Pouliot dualities. As an explicit

example, we take N = 3, which requires the Intriligator-Pouliot duality three times in total

to obtain the flip-flip dual.

The superconformal index of E[USp(6)] is given by

IE[USp(6)](~x; ~y; t, c)

=
3∏

n=1

Γe
(
c y±13 x±1n

)
Γe(t−2c2) Γe(t−1c2)

∮
d~z

(1)
1 d~z

(2)
2 Γe

(
pqt−1

)3 2∏
i<j

Γe

(
pqt−1z

(2)
i
±1z

(2)
j
±1
)

×

∏2
j=1 Γe

(
t1/2z(1)±1z

(2)
j
±1
)

Γe
(
cy±12 z(1)±1

) ∏2
i=1

∏3
n=1 Γe

(
t1/2z

(2)
i
±1x±1n

)
∏2
i=1 Γe

(
t1/2cy±13 z

(2)
i
±1
)

× Γe

(
t−1cy±11 z(1)±1

) 2∏
i=1

Γe

(
t−1/2cy±12 z

(2)
i
±1
)
. (B.6)
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As a first step, we apply the Intriligator-Pouliot duality on the leftmost node, which cor-

responds to the following identity:∮
d~z

(1)
1 Γe(t

−1cy±11 z(1)±1)Γe(pqc
−1y±12 z(1)±1)

2∏
j=1

Γe(t
1/2z(1)±1z

(2)
j
±1)

= Γe(t
−2c2)Γe(pqt

−1y±11 y±12 )

2∏
j=1

Γe(t
−1/2cy±11 z

(2)
j
±1)

× Γe(p
2q2c−2)

2∏
j=1

Γe(pqt
1/2c−1y±12 z

(2)
j
±1)Γe(t)

2
2∏
i<j

Γe(tz
(2)
i
±1z

(2)
j
±1)

∮
d~z

(1)
1

× Γe(p
1/2q1/2tc−1y±11 z(1)±1)Γe(p

−1/2q−1/2cy±12 z(1)±1)

2∏
j=1

Γe(p
1/2q1/2t−1/2z(1)±1z

(2)
j
±1) .

(B.7)

Next we apply the Intriligator-Pouliot duality on the middle gauge node. We thus collect

the z(2) dependent factors and apply the following identity:∮
d~z

(2)
2

2∏
i=1

3∏
n=1

Γe(t
1/2z

(2)
i
±1x±1n )

×
2∏
j=1

Γe(pqt
−1/2c−1y±13 z

(2)
j
±1)

2∏
j=1

Γe(t
−1/2cy±11 z

(2)
j
±1)

2∏
j=1

Γe(p
1/2q1/2t−1/2z(1)±1z

(2)
j
±1)

= Γe(t)
2

3∏
m<n

Γe
(
tx±1m x±1n

) 3∏
n=1

Γe(pqc
−1x±1n y±13 )

3∏
n=1

Γe(cx
±1
n y±11 )

× Γe(p
2q2t−1c−2)Γe(pqt

−1y±13 y±11 )Γe(p
3/2q3/2t−1c−1y±13 z(1)±1)

× Γe(t
−1c2)Γe(p

1/2q1/2t−1cy±11 z(1)±1)

∮
d~z
′(2)
2

2∏
i=1

3∏
n=1

Γe(p
1/2q1/2t−1/2z

′(2)
i
±1x±1n )

×
2∏
i=1

Γe(p
−1/2q−1/2t1/2cy±13 z

′(2)
i
±1)

2∏
i=1

Γe(p
1/2q1/2t1/2c−1y±11 z

′(2)
i
±1)

2∏
i=1

Γe(t
1/2z(1)±1z

′(2)
i
±1) .

(B.8)

Lastly, we collect the z(1) dependent factors resulting from the previous two applications

of the Intriligator-Pouliot duality, which become∮
d~z

(1)
1 Γe(p

−1/2q−1/2cy±12 z(1)±1)Γe(p
3/2q3/2t−1c−1y±13 z(1)±1)

2∏
i=1

Γe(t
1/2z(1)±1z

′(2)
i
±1)

= Γe(p
−1q−1c2)Γe(pqt

−1y±12 y±13 )
2∏
i=1

Γe(p
−1/2q−1/2t1/2cy±12 z

′(2)
i
±1)Γe(p

3q3t−2c−2)

×
2∏
i=1

Γe(p
3/2q3/2t−1/2c−1y±13 z

′(2)
i
±1)Γe(t)

2
2∏
i<j

Γe(tz
′(2)
i
±1z
′(2)
j
±1)

∮
d~z
′(1)
1

× Γe(pqc
−1y±12 z′(1)±1)Γe(p

−1q−1tcy±13 z′(1)±1)
2∏
i=1

Γe(p
1/2q1/2t−1/2z′(1)±1z

′(2)
i
±1) . (B.9)

– 72 –



J
H
E
P
0
9
(
2
0
2
0
)
0
4
7

Combining all the remaining factors, we obtain the following expression for the entire

superconformal index:

IE[USp(6)](~x; ~y; t, c)

=
3∏

m<n

Γe
(
tx±mx

±
n

) 3∏
m<n

Γe
(
pqt−1y±my

±
n

)
×

∏3
n=1 Γe(cy

±1
1 x±1n )

Γe(p−2q−2t2c2)Γe(p−1q−1tc2)

∮
d~z
′(1)
1 d~z

′(2)
2 Γe(t)

3
2∏
i<j

Γe

(
tz
′(2)
i
±1z
′(2)
j
±1
)

×
∏2
i=1 Γe(p

1/2q1/2t−1/2z′(1)±1z
′(2)
i
±1)

Γe(c2y
±1
2 z′(1)±1)

∏2
i=1

∏3
n=1 Γe(p

1/2q1/2t−1/2z
′(2)
i
±1x±1n )∏2

i=1 Γe(p1/2q1/2t−1/2cy
±1
1 z

′(2)
i
±1)

× Γe(p
−1q−1tcy±13 z′(1)±1)

2∏
i=1

Γe(p
−1/2q−1/2t1/2cy±12 z

′(2)
i
±1)

= IFFE[USp(6)](~x; ~y; pq/t, c) . (B.10)

This proves the index equality of the flip-flip duality of E[USp(6)] and the sequential

applications of the Intriligator-Pouliot duality. Note that while the variables yn appear in

the opposite way compared to the original definition, the index is invariant under such a

shuffling of variables because it is a Weyl symmetry of the USp(6)y global symmetry.

B.2.2 The case ρ = [2, 1]

In this appendix, we show how to obtain E[2,1][USp(6)] from its flip-flip dual T∨ by se-

quential applications of the Intriligator-Pouliot duality. We start with the index of theory

T∨, which is given by (3.67). For N = 3, it is written as follows:

IT∨
(
~x; y(1), y(2); t, c

)
= Γe

(
pqt−1

)2 3∏
n<m

Γe
(
pqt−1x±1n x±1m

)
Γe

(
t
3
2 y(1)±1y(2)±1

) 2∏
i=1

Γe
(
ti
)

Γe
(
t−1c2

)

×
Γe
(
c x±13 y(2)±1

)∏2
n=1 Γe

(
c x±13

(
tn−

3
2 y(1)

)±1)
Γe(p−2q−2t2c2) Γe(p−1q−1tc2)

∮
d~z

(1)
1 d~z

(2)
2 Γe(t)

3
2∏
i<j

Γe(tz
(2)
i
±1z

(2)
j
±1)

×

∏2
j=1 Γe

(
p1/2q1/2t−1/2z(1)±1z

(2)
j
±1
)

Γe
(
cx±12 z(1)±1

) ∏2
i=1 Γe

(
p1/2q1/2t−1z

(2)
i
±1y(1)±1

)
Γe

(
p1/2q1/2t−1/2z

(2)
i
±1y(1)±1

)
∏2
i=1 Γe

(
p1/2q1/2t−1/2c x±13 z

(2)
i
±1
)

× Γe

(
p−1q−1tcx±11 z(1)±1

) 2∏
i=1

Γe

(
p−1/2q−1/2t1/2cx±12 z

(2)
i
±1
)
. (B.11)
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We first apply the Intriligator-Pouliot duality on the leftmost node, which corresponds to

the following identity:∮
d~z

(1)
1 Γe(p

−1q−1tcx±11 z(1)±1)Γe(pqc
−1x±12 z(1)±1)

2∏
j=1

Γe(p
1/2q1/2t−1/2z(1)±1z

(2)
j
±1)

= Γe(p
−2q−2t2c2)Γe(tx

±1
1 x±12 )

2∏
j=1

Γe(p
−1/2q−1/2t1/2cx±11 z

(2)
j
±1) (B.12)

×Γe(p
2q2c−2)

2∏
j=1

Γe(p
3/2q3/2t−1/2c−1x±12 z

(2)
j
±1)Γe(pqt

−1)2
2∏
i<j

Γe(pqt
−1z

(2)
i
±1z

(2)
j
±1)

×
∮

d~z
(1)
1 Γe(p

3/2q3/2t−1c−1x±11 z(1)±1)Γe(p
−1/2q−1/2cx±12 z(1)±1)

2∏
j=1

Γe(t
1/2z(1)±1z

(2)
j
±1) .

Next, we collect the z(2) dependent factors and apply the Intriligator-Pouliot duality again:∮
d~z

(2)
2

2∏
i=1

Γe(p
1/2q1/2t−1z

(2)
i
±1y(1)±1)

2∏
i=1

Γe(p
1/2q1/2t−1/2z

(2)
i
±1y(2)±1)

×
2∏
j=1

Γe(p
1/2q1/2t1/2c−1x±13 z

(2)
j
±1)

2∏
j=1

Γe(p
−1/2q−1/2t1/2cx±11 z

(2)
j
±1)

2∏
j=1

Γe(t
1/2z(1)±1z

(2)
j
±1)

= Γe(pqt
−2)Γe(pqt

−3/2y(1)±1y(2)±1)Γe(pqt
−1/2c−1y(1)±1x±13 )Γe(t

−1/2cy(1)±1x±11 )Γe(p
1/2q1/2t−1/2y(1)±1z(1)±1)

× Γe(pqc
−1y(2)±1x±13 )Γe(cy

(2)±1x±11 )Γe(pqtc
−2)Γe(tx

±1
3 x±11 )Γe(p

1/2q1/2tc−1x±13 z(1)±1)

× Γe(p
−1q−1tc2)Γe(p

−1/2q−1/2tcx±11 z(1)±1)

∮
d~z
′(2)
1 Γe(tz

′(2)±1y(1)±1)Γe(t
1/2z′(2)±1y(2)±1)

× Γe(t
−1/2cx±13 z′(2)±1)Γe(pqt

−1/2c−1x±11 z′(2)±1)Γe(p
1/2q1/2t−1/2z(1)±1z′(2)±1) . (B.13)

Lastly, we collect the z(1) dependent factors, which become∮
d~z

(1)
1 Γe(p

−1/2q−1/2cx±12 z(1)±1)Γe(p
1/2q1/2tc−1x±13 z(1)±1)

× Γe(p
1/2q1/2t−1/2z(1)±1y(1)±1)Γe(p

1/2q1/2t−1/2z(1)±1z′(2)±1)

= Γe(p
−1q−1c2)Γe(tx

±1
2 x±13 )Γe(t

−1/2cx±12 y(1)±1)Γe(t
−1/2cx±12 z′(2)±1)

× Γe(pqt
2c−2)Γe(pqt

1/2c−1x±13 y(1)±1)Γe(pqt
1/2c−1x±13 z′(2)±1)Γe(pqt

−1)2Γe(pqt
−1y(1)±1z′(2)±1)

×
∮

d~z
′(1)
1 Γe(pqc

−1x±12 z′(1)±1)Γe(t
−1cx±13 z′(1)±1)Γe(t

1/2z′(1)±1y(1)±1)Γe(t
1/2z′(1)±1z′(2)±1) .

(B.14)

Combining all the remaining factors, we obtain the following expression for the entire

superconformal index:

Γe(t
−1/2cx±11 y(1)±1)Γe(t

−1/2cx±12 y(1)±1)Γe(cx
±1
1 y(2)±1)Γe(pqt

2c−2)

×
∮

d~z
′(1)
1 d~z

′(2)
1 Γe

(
pqt−1

)2
Γe(t

1/2z′(1)±1y(1)±1)

× Γe(pqc
−1x±12 z′(1)±1)Γe(t

−1cx±13 z′(1)±1)Γe(t
1/2z′(2)±1y(2)±1)

× Γe(pqt
−1/2c−1x±11 z′(2)±1)Γe(t

−1/2cx±12 z′(2)±1)Γe(t
1/2z′(1)±1z′(2)±1)

= IE[USp(6)][2,1]

(
~x; y(1), y(2); pq/t, c

)
, (B.15)

which completes the derivation.
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Figure 26. A direct derivation of the 4d mirror-like duality between E[N−1,1][USp(2N)] and

E[N−1,1][USp(2N)] using the Intriligator-Pouliot duality.

B.3 Alternative derivation of E[N−1,1][USp(2N)]↔ E[N−1,1][USp(2N)]

In section 3.2.2, we derived the mirror-like duality between E[N−1,1][USp(2N)] and

E[N−1,1][USp(2N)] using the E[USp(2N)] duality web. In this appendix we provide an

alternative derivation of this duality.

First we note that the 3d counterpart of this duality is the abelian Mirror Symmetry

which maps the 3d SQED with N flavors to an abelian quiver of N − 1 gauge nodes with

one flavor attached to each end of the quiver. This abelian mirror can be obtained by

sequential applications of the Aharony duality between the SQED with one flavor and

the XYZ Wess-Zumino model [46]. Accordingly one can expect that the 4d mirror-like

duality between E[N−1,1][USp(2N)] and E[N−1,1][USp(2N)] is also obtained by sequential

applications of the Intriligator-Pouliot duality in the confining case, which indeed turns

out to be true. For example, this procedure for N = 3 is shown in figure 26.

In this appendix, we also exhibit the derivation of the duality in terms of the 4d

superconformal index.

Let us start with E[2,1][USp(6)], whose superconformal index is given by

IE[2,1][USp(6)]

(
y(1), y(2); ~x; pq/t, c

)
= Γe(t

−1/2cx±11 y(1)±1)Γe(t
−1/2cx±12 y(1)±1)Γe(cx

±1
1 y(2)±1)Γe(pqt

2c−2)

×
∮

d~z
(1)
1 d~z

(2)
1 Γe

(
pqt−1

)2
Γe(t

1/2z(1)±1y(1)±1)

× Γe(pqc
−1x±12 z(1)±1)Γe(t

−1cx±13 z(1)±1)Γe(t
1/2z(2)±1y(2)±1)

× Γe(pqt
−1/2c−1x±11 z(2)±1)Γe(t

−1/2cx±12 z(2)±1)Γe(t
1/2z(1)±1z(2)±1) . (B.16)
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We can apply the Intriligator-Pouliot duality relating a WZ model with 15 chirals to the

USp(2) theory with six chirals to trade some of the chirals in (B.16) for a new USp(2)

gauge node:

Γe(cx
±1
1 y(2)±1)Γe(pqt

−1/2c−1x±11 z(2)±1)Γe(t
1/2z(2)±1y(2)±1)

= Γe(p
2q2t−1c−2)Γe(t)Γe(c

2)

∮
d~z
′(1)
1 Γe(p

−1/2q−1/2t1/2cz′(1)±1y(2)±1)

× Γe(p
1/2q1/2t−1/2z′(1)±1x±11 )Γe(p

1/2q1/2c−1z′(1)±1z(2)±1) , (B.17)

in this way we obtain the second quiver in figure 26.

We then observe that collecting the factors depending on z(2), we can apply the

Intriligator-Pouliot duality to confine the second node in the second quiver in figure 26:∮
d~z

(2)
1 Γe(t

1/2z(1)±1z(2)±1)Γe(t
−1/2cx±12 z(2)±1)Γe(p

1/2q1/2c−1z′(1)±1z(2)±1)

= Γe(cz
(1)±1x±12 )Γe(p

1/2q1/2t−1/2x±12 z′(1)±1)Γe(p
1/2q1/2t1/2c−1z(1)±1z′(1)±1)

× Γe(t)Γe(t
−1c2)Γe(pqc

−2) , (B.18)

we then arrive at the third quiver in figure 26.

Then we collect the factors depending on z(1) and apply again Intriligator-Pouliot

duality to confine this node:∮
d~z

(1)
1 Γe(t

1/2z(1)±1y(1)±1)Γe(t
−1cz(1)±1x±13 )Γe(p

1/2q1/2t1/2c−1z(1)±1z′(1)±1)

= Γe(t
−1/2cx±13 y(1)±1)Γe(p

1/2q1/2t−1/2x±13 z′(1)±1)Γe(p
1/2q1/2tc−1y(1)±1z′(1)±1)

× Γe(t)Γe(t
−2c2)Γe(pqtc

−2) . (B.19)

Collecting the remaining factors, we obtain the partition function of the last quiver in

figure 26:

IE[2,1][USp(6)]

(
y(1), y(2), ~x, t, c

)
=

∏3
n=1 Γe

(
t−1/2cy(1)±1x±1n

)
Γe(p−1q−1tc2)

∮
d~z
′(1)
1 Γe(t) Γe

(
p1/2q1/2tc−1y(1)±1z′(1)±1

)
× Γe

(
p−1/2q−1/2t1/2cy(2)±1z′(1)±1

) 3∏
n=1

Γe

(
p1/2q1/2t−1/2x±1n z′(1)±1

)
= IE[2,1][USp(6)]

(
~x, y(2), y(1), t, c

)
, (B.20)

which coincides with the superconformal index of E[2,1][USp(6)] given in (3.62). Applying

this procedurefor generic N we prove the identity between the indices of IE[N−1,1][USp(2N)]

and IE[N−1,1][USp(2N)].
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