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ABSTRACT: We construct a family of 4d A" = 1 theories that we call Ef[USp(2N)] which
exhibit a novel type of 4d IR duality very reminiscent of the mirror duality enjoyed by the
3d N = 4 TJ[SU(N)] theories. We obtain the E7[USp(2N)] theories from the recently
introduced E[USp(2N)] theory, by following the RG flow initiated by vevs labelled by
partitions p and o for two operators transforming in the antisymmetric representations of
the USp(2N) x USp(2N) IR symmetries of the E[USp(2N)] theory. These vevs are the
4d uplift of the ones we turn on for the moment maps of T[SU(N)] to trigger the flow
to T7[SU(NV)]. Indeed the E[USp(2N)] theory, upon dimensional reduction and suitable
real mass deformations, reduces to the T[SU(N)] theory. In order to study the RG flows
triggered by the vevs we develop a new strategy based on the duality webs of the T[SU(N)]
and E[USp(2N)] theories.
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1 Introduction

Recently in [1] it has been observed that a 4d N' =1 quiver theory, called E[USp(2N)], is
left invariant by the action of an infra-red (IR) duality which is reminiscent of 3d N' = 4

mirror symmetry [2]. This duality does not seem to be related to Seiberg dualities [3] and it

appears to be of a genuinely new type. Moreover in a suitable 3d limit followed by various
mass deformations, the 4d N' = 1 E[USp(2N)] theory reduces to the familiar 3d N' = 4
T[SU(N)] theory introduced in [4] and the 4d self-duality reduces to the mirror self-duality



Figure 1. Quiver diagram of the E[USp(2N)] theory.

of T[SU(N)]. This represents the first example of derivation of a 3d mirror duality from a
4d IR duality.! Indeed so far most of the known 3d IR dualities with the exception of mirror
dualities have been shown to have 4d ancestors, which upon compactifications followed by
various real mass deformations reproduce Seiberg-like dualities in 3d [6-16].

In this work, starting from E[USp(2N)] we will construct a family of 4d A" = 1 theories
that we call E£7[USp(2N)], which are related by mirror-like dualities and which reduce in
the 3d limit to the Ty [SU(N)] theories introduced in [4] that are related by mirror dualities.

The E[USp(2N)] is the quiver gauge theory depicted in figure 1, where all the nodes
denote USp(2n) symmetries. This theory has a USp(2N), x USp(2N), x U(1); x U(1),
global symmetry, with the second USp(2N), being enhanced in the IR from the SU(2)
symmetries of the saw.? This theory was used as a building block in [1] to construct more
complicated four-dimensional theories that were shown to arise from the compactification
of the 6d N' = (1,0) rank-N E-string theory on Riemann surfaces with fluxes for the Eg
part of its Fg x SU(2), global symmetry. As such, some of these theories exhibit interesting
global symmetry enhancements, according to the subgroup of the 6d Eg global symmetry
preserved by the flux.

The duality leaving the E[USp(2N)] theory invariant acts by exchanging operators
charged under USp(2N), with those charged under USp(2V), much like the mirror self-
duality for the 3d N/ = 4 T[SU(N)] theory exchanges the Higgs branch operators in the
adjoint of the flavor SU(N) group with the Coulomb branch operators in the adjoint of the
other SU(NN) group emerging in the IR as an enhancement of the topological symmetries.
In particular two of the E[USp(2N)] operators transforming under the USp(2N), and
USp(2N), global symmetry and which are exchanged by the 4d duality reduce to the
Coulomb and Higgs branch moment maps of T[SU(N)] which are swapped by Mirror
Symmetry. In this sense we consider the self-duality of E[USp(2N)], which is a 4d ancestor
of the self-duality under Mirror Symmetry of T[SU(N)], a 4d mirror-like self-duality.

' A derivation of a 3d mirror duality from 6d has been discussed recently in [5].

2The definition of the E[USp(2N)] theory we use here is slightly different from the one of [1], which
included an extra set of singlet fields flipping the meson matrix constructed with the chirals at the end of
the tail and transforming in the antisymmetric representation of USp(2N).. Consequently, the self-dualities
of E[USp(2N)] we consider here are slightly different from those discussed in [1].
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Figure 2. The T} [SU(N)] quiver. Ranks N;, M; are as in eq. (1.3).

Many other mirror dualities are known in 3d. For example, closely related to T[SU(N)]
is the class of N' = 4 T7[SU(N)] theories introduced by Gaiotto and Witten in [4], where
o and p are partitions of N. The T [SU(N)] theory can be realized on a brane set-up [17]
with N D3-branes suspended between K Db-branes and L NS5-branes, where K and L
are the lengths of the partitions o and p respectively. The integers o; in 0 = [01,- -+ ,0K]
are the net number of D3-branes ending on the D5-branes going from the interior to the
exterior of the configuration, while the integers p; in p = [p1,--- , pr] are the net number
of D3-branes ending on the NS5 branes again going from the interior to the exterior.

It is then natural to wonder whether it is possible to find a 4d ancestor for T7[SU(N)]
and construct a family of 4d theories enjoying mirror-like dualities. As a brane realisation
is not available in 4d we need to rely on field theory methods only.

The structure of the T7 [SU(N)] quiver, with o7 < p, depicted in figure 2, is dictated
by the partitions which we rewrite as

p= [NlN,...,lll} . o= [NkN,...,lkl] (1.1)

where some of the [,, k,, integers can be zero and must satisfy the conditions

N N
anln:mekm:N,
n=1 m=1

L=+ -+ly, K=k+ ---+kn. (1.2)

The gauge and flavor ranks N;, M; are given by

My =Fk;,
L N
Nei= Y pi— Y, (G—ik;. (1.3)
j=it1 j=itl

The T [SU(N)] global symmetry group is STIY, U(k:)) x S(TTY., U(l;)). While the
factor ([T, U(k;)) acting on the Higgs branch is visibile in the UV Lagrangian, the factor
S (Hf\il U(l;)) acting on the Coulomb branch appears only in the IR as an enhancement of
the topological symmetries. This pattern of symmetry enhancement is consistent with the
prediction of Mirror Symmetry stating that 77 [SU(N)] is mirror dual to TF[SU(N)].
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Figure 3. Duality web for T[SU(N)].

The T7[SU(N)] theory can be reached from the T[SU(N)] theory by giving a nilpotent
vev to the Higgs and the Coulomb branch moment maps labelled by ¢ and p respectively.
These vevs initiate sequential Higgs mechanisms which are quite intricate to follow.? Indeed
one typically relies on the brane realisation of the theory. Here we propose an alternative
procedure to systematically derive T7[SU(V)] theories from T[SU(N)] which is based on
field theory methods only. We will then apply the same procedure in 4d to the E[USp(2N)]
theory to construct a new family of 4d theories, which we name Ef[USp(2N)] theories,
enjoying mirror-like dualities.

Our approach relies on a web of dualities for T[SU(N)| that was discussed in [19]. This
web, depicted in figure 3, is constructed combining two dualities for T[SU(N)]: one is the
standard self-duality under Mirror Symmetry discussed in the original paper [4] and the
other is called flip-flip duality [19]. We recall that under Mirror Symmetry the Higgs and
the Coulomb branch of the theory are exchanged. Hence, if we denote with H and C the
Higgs and Coulomb branch moment maps of T[SU(N)] and with H" and CV those of the
mirror dual T[SU(N)]V, we have the operator map

H < CY
C < HY. (1.4)

This duality corresponds to the upper edge of the diagram of figure 3.

On top of the mirror dual frame there exists another flip-flip dual frame called
FFT[SU(N)]. The latter theory is defined starting from T'[SU(V)] and adding two sets of

3In [18] the vev was implemented at the level of the Hilbert series by means of a residue procedure.



singlet fields Oy and O¢ that flip both the Higgs and the Coulomb branch moment maps

Wrrrsuwy = Wrisuw) + Trx (Oy Her) + Try (Oc Crr) (1.5)

where Hpp and Crpp denote the moment maps of the dual FFT[SU(N)| and the X,Y
subscripts in the traces refer to the IR global SU(N)x x SU(N)y symmetry groups. The
moment maps H and C of the original T[SU(N)] theory are mapped across this duality to
the two sets of flipping fields Oy and O¢

H OH
C & Oc¢. (1.6)

This duality corresponds to the left vertical edge of the diagram of figure 3. As we will
show the flip-flip duality can be derived by applying sequentially the Aharony duality [20].

Combining Mirror Symmetry and flip-flip duality we can find a third dual frame, which
we denote by FFT[SU(N)]Y. The superpotential of the theory is

Wrersunyy = Wrisuw) + Try (03, Hip) + Trx (O¢ Crp) (1.7)
The operator map between the original T[SU(N)] and FFT[SU(N)]Y is

H < O
C < 0. (1.8)

The order in which we apply Mirror Symmetry and flip-flip duality doesn’t affect the result,
so that we obtain the commutative diagram of figure 3.

In order to study the nilpotent vev of T[SU(V)], we notice that it can be implemented
by adding singlets flipping some components of its moment maps and by turning them on
linearly in the superpotential. The F-term equations of the singlets then fix the vev of these
components of the moment maps to a non-vanishing value. Hence the IR theory obtained
turning on a vev in T[SU(N)] is equivalently reached by deforming FFT[SU(N)] by a
linear superpotential in some of the components of Oy and O¢ and by removing those that
become free after the deformation. that is, we claim that by deforming FFT[SU(N)] by:

Wrr = Trx [(ja + Sg') OH] + Try [(jp + 7;)) Oc] , (1.9)

where J, and J, are block diagonal Jordan matrices encoding the vev, while S, and 7,
are matrices of gauge singlets (both of these will be described in more details in the main
text), we flow to T [SU(N)] as shown in the bottom left corner of figure 4.

Using the flip-flip duality, we can map this deformation into a deformation of T'[SU(NV)]
linear in the entries of the moment maps, that is, in this frame rather than turning on vevs,
we turn on mass and monopole deformations:

oW =Trx [(Jo + So) H] + Ty (T, + T,)C] (1.10)

This deformation triggers a flow to theory 7, in the upper left corner of figure 4, which is
flip-flip dual to T}y [SU(N)]. We will show that moving along the vertical edge of the web
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Figure 4. Deformed duality web for T[SU(N)].

from 7 to T} [SU(N)] by means of the flip-flip duality is equivalent to iteratively applying
a combination of the Aharony and one-monopole duality [12]. Flowing from T[SU(N)] to
7 and then to T;[SU(NV)] allows us to bypass the study of the sequential Higgs mechanism
initiated by the vevs, which, in the case of monopole vev, is particularly complicated.

We can then apply the same procedure to the mirror dual frame. The T5[SU(N)] can
be obtained by deforming FFT[SU(N)]Y by a linear superpotential

Wip =Try [(J, + Tp) Of] + Trx [(Js + So) OF] (1.11)

as shown in the bottom right corner, which corresponds, in the flip-flip dual frame, to a
deformation of T[SU(N)]Y by

WY =Try (T, + Tp) H'] + Trx [(Js +S5)CY] . (1.12)

This deformation triggers a flow to theory 7, upper right corner in figure 4, which is
flip-flip dual to TZ[SU(N)].

Having established this alternative procedure for deriving 77 [SU(N)] from T[SU(N)]
we will export it to 4d to construct, starting from E[USp(2N)], a new class of theories that
we call E7[USp(2N)] and that are related by mirror-like dualities.

Indeed, also the E[USp(2N)] theory enjoys a web of dualities, similar to the T[SU(N)]
web, depicted in figure 5.# This web is obtained combining the 4d mirror-like duality

“In [1] it was observed that the superconformal index of the E[USp(2N)] theory coincides with the
interpolation kernel K.(z,y) studied in [21]. The kernel K.(z,y) satisfies various highly non-trivial integral
identities corresponding to the equality of the indices of the theories at the four corners of the duality web.
These identities provide strong evidences for the existence of these dualities.
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Figure 5. Duality web for E[USp(2N)].

and the flip-flip duality. As we mentioned before, E[USp(2N)]| possesses two USp(2N)
global symmetries, one of which is enhanced in the IR from the SU(2) symmetries of the
saw. As we will see we can construct two sets of operators transforming in the traceless
antisymmetric representation of the USp(2NV), and of the enhanced USp(2N), symmetry,
that we denote with H and C. In the limit in which E[USp(2N)] reduces to T[SU(N)] the
operators H and C reduce to the Higgs and Coulomb branch moment maps H and C of
T[SU(N)]. The 4d mirror-like duality for E[USp(2N)] acts by exchanging all the operators
charged under USp(2N), with those charged under USp(2N),. It also acts non-trivially
on the U(1); symmetry, while leaving the U(1). charges unchanged. In particular the
operators H and C in E[USp(2N)] and HY and CY in the dual E[USp(2N)]" are mapped
as follows:

H « ¢
C <+ HY. (1.13)

The flip-flip duality instead relates E[USp(2N)] with FFE[USp(2N )|, which is defined
as E[USp(2N)] with two extra sets of singlets Oy and Oc:

WrrEuspen) = Weuspen) + Trz (OuHFr) + Try (OcCrr) , (1.14)

where the z,y subscripts in the traces refer to the IR global USp(2N), x USp(2N), sym-
metry groups. Across this duality, we have the operator map

H « Oy

C « 0¢f, (1.15)



MIRROR

E[USp(2N)] « ~ E[USp(2N)]”
A A
SW Sw’
T T
FLIP-FLIP [ FLIP-FLIP
E°[USp(2N)] E[USp(2N)]
OW o OW
\ \
FFE[USp(2N)] MIRROR - FFE[USp(2N)]”

Figure 6. Deformed duality web for E[USp(2N)].

meaning that flip-flip duality leaves unchanged the two USp(2N) symmetries, but it acts
non-trivially on the abelian global symmetries of the theory. Moreover, similarly to the
3d case, flip-flip duality can be derived by sequentially applying the more fundamental
Intriligator-Pouliot duality [22].

These two dualities can be combined to find a third dual frame FFE[USp(2N)]" and
to construct a duality web for E[USp(2N)], represented in figure 5, which is analogous to
the one of T[SU(N)]

WrrEpuspen)Y = Weuspen) + Try (O4HER) + Try (O¢Chr) - (1.16)
Across this last duality, we have the operator map

H < 0¢

C « 04 (1.17)

In analogy with the 3d case, it is natural to consider deformations of the E[USp(2N)]
theory triggered by vevs of the operators C and H. Studying the Higgsing initiated by
such vevs is however quite tricky and in the 4d case we don’t have a brane realisation
for E[USp(2N)]. However we can implement the same procedure we described to obtain
T7[SU(N)], starting from the E[USp(2N)] web, as sketched in figure 6.

We name Ef[USp(2NV)] the theories obtained turning on vevs for C and H labelled by
partitions of N p and o. They are the quiver theories with USp(2n) gauge and flavor nodes
depicted in figure 7, where the ranks IN; and M; are related to the data of the partitions
o and p as in (1.3). There are also additional singlet fields which we will discuss in the
main text.
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Figure 7. Schematic structure of the E2[USp(2N)] theory. Ranks N;, M; are as in (1.3).

Because of the vev, the two USp(2NN) global symmetries of E[USp(2N)] are broken to
subgroups, according to the particular partitions chosen. Moreover, as a consequence of
the duality web we have that ES[USp(2N)] is dual to ES[USp(2N)]. This duality is a 4d
version of the mirror duality between T [SU(N)] and TZ[SU(N)]. It implies that the SU(2)
symmetries of the saw of EJ[USp(2N)] can be collected into groups that are enhanced
at low energies to Hf\il USp(2l;), so the total IR global symmetry is Hf\il USp(2k;) x
1Y, USp(2l;) x U(1)2.

Given the many similarities between the 4d E[USp(2N)] theory and its E7[USp(2N)]
generalizations and the 3d T[SU(N)] and T [SU(N)] theories, it is natural to wonder
whether the analogy can be pushed further. For example since Hanany-Witten brane set-
ups [17] are known for 77 [SU(N)] one could try to find a brane realization of EJ[USp(2N)].
Moreover, the T7[SU(/V)] moduli space is known to have a neat description in terms of
hyperKéhler quotients [23]. It would be interesting to understand if also the moduli space
of E[USp(2N)] possesses some interesting geometric structure. To this purpose, one
possibility would be to investigate limits of the superconformal index of Ef[USp(2N)] that
are analogue of the Higgs and Coulomb limits of the superconformal index of T7[SU(V)]
studied in [24]. In addition, the Coulomb limit of the superconformal index of T} [SU(N)]
takes the form of Hall-Littlewood polynomials [25], so a possible 4d version of this limit
for the superconformal index of Ef[USp(2N)] may lead to an interesting generalization of
these polynomials.

Another possible direction is to use EJ[USp(2NN)] as a building block to construct
more complicated 4d N/ = 1 theories by gauging its non-abelian global symmetries, which
may have interesting IR properties. In this spirit, some models involving the E[USp(2N)]
theory as a component have been investigated in [1, 26].

Finally, it would be interesting to find more examples of 4d A/ = 1 IR dualities of the
mirror type we discuss here. For example, it would be interesting to find a 4d uplift of the
star-shaped quivers and of their mirror duals [27].



Figure 8. Quiver diagram for T[SU(N)] in /' = 2 notation. Round nodes denote gauge symmetries
and square nodes denote global symmetries. Single lines denote chiral fields in representations of
the nodes they are connecting. In particular, lines between adjacent nodes denote chiral fields in
the bifundamental representations of the two nodes symmetries, while arcs denote chiral fields in
the adjoint representation of the corresponding node symmetry.

The rest of the paper is organized as follows. In section 2 we review the definition
of T[SU(NV)] and T7[SU(N)] theories and we discuss the procedure for deriving the de-
formed web from the duality web of T'[SU(N)], which allows us to systematically construct
T7[SU(N)] mirror pairs starting from the self-duality of T[SU(V)]. In section 3 we review
the definition of E[USp(2N)] theory and we introduce its duality web. Finally, we discuss
the deformed duality web for E[USp(2N)] and we introduce the EJ[USp(2N)] theory with
its mirror dual. The main text is supplemented with appendices containing details on the
partition function computations.

2 3d mirror symmetry and T7[SU(IV)] theories

2.1 T[SU(N)] duality web

The T[SU(N)| theory admits a Lagrangian description in terms of the quiver in figure 8.
The gauge group of the theory is Hf\;_ll U(i) and each factor is represented by a round
node in the quiver. We will use A/ = 2 notation, where each gauge node carries a vector
multiplet and a chiral multiplet & in the adjoint representation of the corresponding
gauge symmetry. The matter content of the theory consists also of bifundamental chiral
fields Qgib’Hl) and Qé%iﬂ) represented in the quiver by lines connecting adjacent nodes,
which come from N = 4 hypermultiplets.® For i = N — 1 these are actually fundamental
fields of the U(N — 1) gauge node and they transform under an SU(N)x global symmetry,
which is represented in figure 8 by a square node. In A/ = 2 notation the superpotential of
the theory is

N-1
Wrisu)) = Z Tr; {‘I’(i) (Tri—i-l QU — Ty @(i_l’i))} ; (2.1)

=1

where we are following the same conventions of [19], that is we defined the matrix of
bifundamentals Q(+-#+1) = Qgib,wrl)@é%i“) connecting the U(7) to the U(i + 1) gauge node.
On the first node Q1) = 0. Traces Tr; are taken in the adjoint of i-th gauge node,
except for ¢ = N which corrsponds to the trace Trx over the global symmetry SU(N)x.

®In our conventions, the bifundamentals Qai,;iﬂ) transform in the representation O® 0 of U(i) x U(i+1)
and the bifundamental Qf;b'“rl) transform in the representation 0 ® OI.

~10 -



SU(N)x SUWNN)y UL)m, | UD)r
Q(ifl’i) ° ° 1 T
QU~L) . . 1 r
QWN-LN) N ° 1 r
QW-1LN) N . 1 r
) ° ° -2 2—2r
H N2 -1 . 2 2r
C ° N2 -1 -2 2—2r

Table 1. Charges and representations of the chiral fields and of the chiral ring generators of
T[SU(N)] under the global symmetries. In the table i = 1,--- , N — 1 and Q(®Y = Q(®1 = 0.

The manifest global symmetry of T[SU(N)] is SU(N)x x U(1)V~1. The U(1) factors
corresponding to the topological symmetry of each gauge node are actually enhanced to the
second SU(N)y symmetry in the IR. For each Cartan in the two SU(V) global symmetries
we can turn on real masses. The most suitable parametrization of these masses consists of
turning on 2N parameters X, and Y,, with n = 1,--- , N and imposing the tracelessness
conditions >N X, = SNy, =o.
We will turn on a real mass for the U(1),,, = U(1)c_p axial symmetry where C' and
H are the generators of the Cartans U(1)¢ C SU(2)¢ and U(1)g C SU(2)g of the N =4
R-symmetry SU(2)¢ x SU(2)x, so our theories will have N' = 2* supersymmetry [28]. We
will then take the UV R-symmetry as Ry = C'+ H. In the IR the R-symmetry can mix
with other abelian symmetries, but since the topological symmetry is non-abelian, Ry will
only mix with U(1),,,. Denoting with r the mixing coefficient and with g4 the charge
under U(1),,,, we have
R=Ryp+qar. (2.2)

Our choice for the parametrization of U(1),,, and U(1)g is summarised in table 1. The
exact value of r corresponding to the IR superconformal R-symmetry can be fixed by
F-extremization [29]. As we did for the non-abelian symmetries, we can turn on a real
mass Re(m4) for the axial symmetry. It is also useful to define the following holomorphic
combination:

ma = Re(ma) + i%r. (2.3)

Summing up, the complete IR global symmetry of the N' = 2* version of T[SU(N)] is
SU(N)x x SUN)y x U(1)pm,, - (2.4)

The chiral fields of the theory transform under these symmetries according to table 1.
The generators of the chiral ring are the Higgs branch (HB) and the Coulomb branch
(CB) moment maps H and C. The HB moment map is

1
H=Q- 1 TrxQ (2.5)

- 11 -



with Q the N x N meson matrix
Qij = Try-1 Q1Y) (2.6)

The CB branch moment map is instead generated by Tr; (%) and monopole operators with
magnetic flux vectors (mq,...my_1), where m; denotes the unit of flux for the topological
U(1) of the i-th node. In particular monopole operators defined with fluxes of the form
(0%, (£1)7,0%), where 0 and 1 are repeated with integer multiplicities 4, j, and k such that
i+ j+ k= N —1, have the same R-charge of the adjoint chiral fields and the same charge
under U(1),,,. We then collect these N(N — 1) monopoles and the traces of the N — 1
adjoint chirals into a single N x N traceless matrix. For N = 4 this matrix reads

0 on(1,0,0) (11,00 gR(1,1,1)
971(-1.0,0) 0 o (0:1,0) 9y (0,1,1)
on(-1-1.0)  9y(0,-1,0) 0 977(0,0,1)
o111 gn(0-1,-1)  95(0,0,-1) 0

)
Il

3
+) T 20Dy, (2.7)
=1

where D; are traceless diagonal generators of SU(N)y. The operator C constructed in
this way transforms in the adjoint representation of SU(/N)y and thus corresponds to the
moment map for this enhanced symmetry.

In table 1 we also report the charges and representations under the global symmetries
of the chiral ring generators # and C according to our parametrization of U(1),,, and
U(1)R,. Notice that these charges are consistent with the operator map dictated by Mirror
Symmetry which in this case corresponds to a self-duality of the theory, under which the
operators of the HB and the CB are exchanged. Hence, the nilpotency of H, which follows
by the F-term equations of (2.1), together with the operator map of Mirror Symmetry
implies that also the matrix C is nilpotent.

The main tool we will use to study T [SU(N)], its duality frames and their deforma-
tions related to T[SU(N)] is the supersymmetric partition function on S3 [29-31]. For
T[SU(N)], this will be a function of the parameters in the Cartan of the global symmetry
group, which we denoted as X,,, Y;, and m 4. Indeed, the partition function depends only
on the holomorphic combination of the real mass for the U(1),,, abelian symmetry and
the mixing coefficient with the trial R-symmetry U(1)g, [29]. With these conventions, the
partition function of T[SU(NV)] can be written recursively as

N-1
Lo _ . —1 (N-1) _ _
ZT[SU(N)](X;Y;mA)=/dE(NN_ll)ezm(YN—l_YN)Zivzllzi ' H sb<—iQ+(z(N 1)—z§N 1)>+2mA>

L 2 ¢
7,j=1
. (Q, v
X H HSb <Z.2:t(zi( N )_Xn)_mA> ZT1SU(N-1)] (E(Nfl);yh"' aYN—l;mA) )
i=1 n=1

(2.8)
where we defined the measure of integration for the m-th U(n) gauge groups on Sg’ including
both the contribution of the N = 2 vector multiplet and the Weyl symmetry factor
1 [, dz ™

. : (2.9)

dﬁm_mn%%ggi@m—ém»
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In [19] it has been observed that T[SU(V)] possesses several duality frames that can
be summarized in the commutative diagram of figure 3. One frame is the one obtained
applying Mirror Symmetry, which we denote by T[SU(N)]Y.

T[SU(N)] is self-dual under this duality, which acts non-trivially on the chiral ring gener-

As we mentioned before,

ators of the theory. In particular, it exchanges the operators charged under SU(N)x with
those charged under SU(N)y. If we consider the N' = 2* deformation of T[SU(N)], Mirror
Symmetry also acts flipping the sign of the U(1),,, charges as well as the mixing coefficient
of the R-symmetry with this abelian symmetry » — 1 —r. In terms of the mass parameter
m4, we have

mA—M'%—mA. (2.10)

In other words, using table 1 we have the following operator map:

H < CY
C < HY. (2.11)

At the level of the S} partition function, Mirror Symmetry for T[SU(N)] translates into
the following non-trivial integral identity

— — —

Zrsun (X3 Yima) = Zrsuo (Y; Xyig = mA) = Zrsunv (X3 Yima).  (2.12)

This identity can be proven using the fact that Zp(sy(n)) is an eigenfunction of the trigono-
metric Ruijsenaars-Schneider model [32].

On top of the mirror dual frame, T[SU(NV)] has another interesting dual which was
named flip-flip dual FFT[SU(N)] in [19]. This theory is T[SU(N)] with two extra sets of
singlet fields Oy and O¢ flipping the HB and CB moment maps

Werrrisuny) = Wrisuy) + Trx (Oy Her) + Try (Oc Crr) | (2.13)

where Hrr and Crpp denote the HB and CB moment maps of FFT[SU(N)]. Flip-flip
duality acts trivially on the non-abelian global symmetries of T[SU(N)], while it acts on
U(1),, and U(1)g exactly as Mirror Symmetry (2.10). The operators are accordingly
mapped as

H (’),H
C « Oc. (2.14)

This duality implies another non-trivial integral identity satisfied by Zrguw]
N g (z% (X — Xm) — 2m,4)
n,m=1 Sb (1% + (Yn - Ym) - 2mA)

— =

= Zpprisuw) (X;Yima), (2.15)

—

Zrsuvy (XY ima) =

Z7sU(N)) (X; Y; Z% - mA)

which can also be proven using the trigonometric Ruijsenaars-Schneider model eigenvalue
equation [19, 33].
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The flip-flip duality can be also derived by iteratively applying the Aharony duality
(see appendix A.1 for a review) along the tail:

e At the first iteration we start from the U(1) node, whose adjoint chiral is just a singlet.
Aharony duality has the effect of making the adjoint chiral field of the adjacent U(2)
node massive, hence we can apply again the Aharony duality on it. We continue
applying iteratively the Ahaorny duality until we reach the last U(N — 1) node.
Notice that since every U(n) node sees 2n flavors, the ranks do not change when we
apply the duality. Moreover some of the singlet fields expected from the Aharony
duality are massive (because of the R-charge assignement) and no new links between
nodes are created.

e At the second iteration we start again from the U(1) node and proceed along the tail,
but this time we stop at the second last node U(N — 2).

e At the third iteration we start again from the U(1) node and proceed along the tail
stopping at the U(N — 3) node.

e We iterate this procedure for a total of NV — 1 times, meaning that we apply Aharony
duality N(N — 1)/2 times.

e The singlet fields flipping the mesons and the monopoles appearing in the Aharony
duality reconstruct the singlet matrices Oy and O¢.

We checked this procedure in the NV = 3 case, by applying the integral identity for Aharony
duality (A.5) to the S® partition function in appendix A.2.1.

By combining Mirror Symmetry and flip-flip duality we can reach a third duality frame
FFT[SU(N)]Y, which again corresponds to T[SU(N)] with two sets of singlet fields O},
and O} flipping the HB and CB moment maps H Y. and C}p

Wrersunyy = Wrisu) + Try (O3, Hip) + Trx (O¢ Crp) (2.16)

but in this case the duality acts exchanging SU(N)x and SU(N)y, while leaving un-
changed U(1),,, and U(1)g.5 The operator map between the original T[SU(N)] and
FFT[SU(N)]V is

H < O
C « 0. (2.17)

2.2 From T[SU(N)] to Ty [SU(N)] using the web

T7[SU(N)] can be obtained as a deformation of T[SU(NN)] corresponding to giving nilpotent
vevs labelled by partitions ¢ and p of N to the moment maps:

=9, M=, (2.18)

6In [19] this kind of duality was called spectral duality.
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where J, and J, are N x N block diagonal matrices with each block being a Jordan matrix
that can be uniquely determined after specifying the partitions o and p

w]]pl Op1><p2 0p1><pL 01...... 0
L
0,5 x J cool Opyx 001 ...0
jp _ @Jpz _ P2XP1 P2 5 P2XPL 7 in _ o . (2.19)
=1 . Lol :
OpLXp1 OpLXp2 a]]pL 0 0 0 0

These vevs trigger a sequential higgsing. The higgsing procedure is in general very difficult
to study, in particular when the vev is for the monopole operators contained in C.

As we explained in the introduction we will follow an alternative procedure based on
the duality web of T'[SU(N)| we reviewed in the previous section. First of all we observe
that the vev can be implemented by adding two sets of N? — 1 flipping fields Oy and
O¢ that couple to the meson and monopole matrices, which is the same as considering
FF[TSU(N)], and turning on linearly in the superpotential some of their entries, depending
on the partitions ¢ and p. Some of the components of Oy and O¢ remain massless and
correspond to a decoupled free sector of the low energy theory. Hence, we remove them
by adding some additional singlets S, and 7, that flip them [34-36]. In order to do so, S,
and 7, have to be N x N traceless matrices whose transpose commute with the Jordan
matrices J, and J, respectively.

For a generic nilpotent vev, the deformation taking F'/F[TSU(N)] to T7[SU(N)] is

Wrr =Trx (T + Ss) On] + Try (T, + T,) Oc] . (2.20)

Using the operator map (2.14) we can then translate the deformation of FFT[SU(N)] into
a deformation of T'[SU(N)] which is linear in some of the components of ‘H and C

W =Trx [(To + So) H] + Try (T, + T,) C - (2.21)

This is a mass and linear monopole deformation of T'[SU(V)] that leads to an IR theory
that we denoted with 7 in figure 4. This deformation is easier to study than the vev of
T[SU(N)], but the price we have to pay is that we end up not directly with T7[SU(N)]
but its flip-flip dual 7.

We propose that to implement the flip-flip duality moving from 7 to T7[SU(N)] we
can generalise the strategy to move from T[SU(N)| to FFT[SU(N)], where we applied
iteratively the Aharony duality. Here since some of the nodes will have a linear monopole
superpotential we will use a combination of Aharony duality and the one-monopole du-
ality [12] (see also appendix A.1), depending on whether a monopole is turned on in the
superpotential at the node we are considering.

For simplicity we will restrict to the case where one of the two partitions is trivial. We
first consider the case where o = [1V], which corresponds to turning on a nilpotent vev
labelled by a partition p for the CB moment map C leading to 7),[SU(N)]. In the flip-flip
dual frame, this deformation corresponds to the following deformation of T'[SU(N)]:

SW = Trx [(JUN] + sm) H} +Try [(J,+T,)C) . (2.22)
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Here Jjy~ is the null matrix, while S;jn) and 7, are matrices of gauge singlets whose
transposes commute with j[lN} and J, respectively, so in particular S[ll\]} is an arbitrary
N x N traceless matrix which is completely flipping the HB moment map H.

This deformation leads to theory 7 whose global symmetry will be the product of
SU(N)x and of the subgroup of SU(N)y preserved by the vev, which can be at most
broken to S(U(1)Y) when all the entries p; of the partition are different. Instead, when
some of the entries coincide the corresponding U(1) factors combine and are enhanced in
the infrared. More precisely, for a generic partition of the form p = [N~ ... 11] the IR
CB global symmetry will be broken to”

N
SU(N)y — S (H U(li)> (2.23)

i=1
which is precisely the CB symmetry of T,,[SU(NV)]. Correspondingly at the level of partition
functions we will introduce the following fugacities

Y;, with i=1,---,N — YWY vP . with iy=1,---,1I, (2.24)

11 ) T )

and similarly, when also ¢ is non-trivial, we introduce

X;, with j=1,--,N — XV XP . with jy=1, k. (2.25)
We can then reach T,[SU(NN)| implementing the flip-flip duality by applying sequentially
Aharony and one-monopole duality. Below we illustrate this procedure in the case of
a next-to-maximal vev corresponding to partition p = [N — 1,1] and for the partition
p=1[2,1%].

On the mirror dual side, we will have a nilpotent vev labelled by a partition p for the
HB moment map H" leading to T?[SU(N)]. In the flip-flip dual frame this vev corresponds
to the following deformation of T[SU(N)|V:

WY = Try (T, + Tp) K] + Trx [ (Fum + Sum) €] - (2.26)

Since this is a purely massive deformation we can find a Lagrangian description for the
theory 7V which we flow to by integrating out the massive fields. 7 is the same quiver
as T[SU(N)]Y but with less flavors attached to the last U(N — 1) node. The number
of remaining massless flavors coincides with the length L of the partition p and each of
them interacts with a different power of the adjoint chiral ®V—1 of the last gauge node.
Because of this superpotential coupling the HB SU(N)y global symmetry of T[SU(N)]Y
will be generically broken down to S(U(1)%), but if some of the p; are equal we can form
blocks of chirals transforming under a larger symmetry group since they interact with the

(N-1)

same power of ¢ . Hence, for a partition of the form p = [N~ ...  14] the resulting

"Notice that when we write the partition as p = [NZN7 .- ,111}, some of the [; will in general be zero.
The corresponding factor in the CB global symmetry is just an empty group.
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interaction is

Ten-p [@V7 (Try gV 1NN |y }LjTrN_l [ (2™ 1) 4l

(2.27)

where we renamed as g, ¢, the massless chirals at the U(N — 1) gauge node in the funda-

mental and anti-fundamental representation of each U(l,,) factor, with m =1,--- | N. In

particular, for the values of m for which [,,, = 0 we don’t have any chiral field. We also intro-

duced the notation Try-;) for the trace over the i-th factor in this global symmetry group.
The full superpotential will be

Wrv = Wrisuwv-1)) — Trv—1 (‘I)(N_l) Try_2 Q(N_2’N_1)Q(N_2’N_l)>

eom

+ ZN: Ten 1 [(@V ) Ty o) (Gmam)] + Try (T, 1Y), + Trx (S €Y)
m=1

(2.28)

and the global symmetry will be S([TXX, U(l;)). The subscript eom refers to the fact that
after imposing the F-terms equations only some of the components of H" will survive.
From 7 we can reach T?[SU(N)] by implementing the flip-flip duality, which in this
case is equivalent to applying Aharony duality only since we have no monopole superpo-
tential. Below we illustrate this procedure for the partitions p = [N —1,1] and p = [2,1?].

2.2.1 p=[N—-1,1] and o = [1V]
Flow to Tin_1,1)[SU(IV)]. We define theory 7 as the theory obtained from T'[SU(N)]
via the deformation:

(5W = TI‘X |:<k7[1N] + S[lN}) H:| + TI'Y [(b7[N71,1] + 7-[]\/'71,1]) C] . (229)

The matrix Jjj~j is simply the null matrix and, consequently, Sy~ is a generic N X N
traceless matrix. Instead by requiring that the transpose of 7Ty _1 1) commutes with Jjn_1 ]
we find its non-vanishing entries:

o1 -0 0
T2 T 1 :
Jin-11) +TiN-1,1) = T | 0 . (2.30)
Tn-1 T T T+
T 0 -~ 0| -(N-1T1

More explicitly, the superpotential deformation is

SW = Trx (5[1N]H) + Try (Tiy—1,1C) + D00 0100 oy (0. L0)
(2.31)
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The linear monopole deformation at the first NV — 2 nodes breaks the topological and the
axial symmetries to a combination, implying the constraint on the fugacities

Y,-Y, 1=2my for i=2,---N -1, (2.32)
which can be solved by
Yi=Y1+2(i—1)may, i1=1,---N—1. (2.33)

From this we can easily determine the charges of the singlets 7; and 7*. Before imposing
the constraint on the fugacities the charges of the entry (i,j) of the moment map martix
C under the Cartan HZJ\SI U(1)y, € SU(N)y and under U(1),,, can be read off from the
coefficeints of Y; and m 4 in the combination

Y, — Y —2my. (2.34)

Imposing the constraint (2.33) on this combination we can extract the charges under the
residual symmetry SU(N)x x U(1)y x U(1),,,, where U(1)y is a combination of U(1)y;,
U(1)y, and U(1),,,

Uy SUWN)x UD)m, | UD)r
Ti 0 ° 21 2r1i
= -1 o N Nr
Tr 1 . N Nr
Siivy 0 N2 -1 -2 2 — 2

From theory 7 we want to move along the vertical edge of the web and reach
Tin—11[SU(N)]. This is achieved by applying iteratively either the Aharony or the one-
monopole duality, depending on whether the node we are considering has a linear monopole
superpotential or not. In this case, we apply N —2 times the one-monopole duality starting
from the first node until we reach the U(N — 2) node. Since this duality is always applied
to a U(n) gauge node with n+1 flavors, which corresponds to the case dual to a WZ model,
its effect is to sequentially confine the nodes of the quiver. This phenomenon is known as
sequential confinement [19, 36, 37].

In particular the effect of the linear monopole deformation in (2.31), but without the
first two terms involving the singlets 7;, Tx and Spy~y, was analysed in great detail in [19].
There it was shown that after confining the first N —2 nodes one reaches a U(/N —1) theory
with N flavors and superpotential:

N—-1
W= —
k=1

(-D*

Wk Tr[QF], (2.35)

where the singlets 7y flip the traces of powers of the meson Q and have R[y;] = 2(1 — kr).
The chiral ring of this theory in addition to the 7; contains the fundamental U(N — 1)
monopoles with R[9*] = 2 — N7 and the traceless meson matrix Q — TrTQ of R-charge 2r.
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To complete our flip-flip prescription we need to apply the Aharony duality to the
remaining U(/N — 1) node. We arrive at a U(1) theory with N flavors and three sets of
singlets: o with R-charge 2 — Nr flipping the fundamental U(1) monopoles, Fj; with
R-charge 2r flipping the meson matrix (with trace) and singlets 0y with £k =1,--- N — 1,
with R-charge 2 — 27k flipping the traces of powers of the matrix Fj;.

When we consider the full deformation in (2.31), including singlets 7;, 7+ and Spny,
the singlets oF, 6, and the traceless part of F;; becomes massive. The trace part of Fj;,
which we call ® = Tr(Fj;), instead reconstructs the N' = 4 superpotential

N
Wriy_y ylsuny = @ Z PP, (2.36)
=1

so we arrive at theory Tjn_11][SU(N)] which is N' = 4 SQED with N flavors.

Flow to T!N—LU[SU(N)]. Theory TV, the mirror dual of T, is obtained by the follow-
ing deformation of T[SU(N)]Y

oW =Try [(Jn—1, + Tiv-1,1) H'] + Trx [(j[m + 5[1N1> Cv} : (2.37)

We can integrate out the massive fields to get a quiver theory with increasing ranks of the
gauge groups as in T[SU(N)], but with only two flavors at the end of the tail which interact
differently with the adjoint chiral of the U(N — 1) gauge node, plus some residual flipping
fields originally coming from S}~y and Ty 1 1

Wrv =Wrisuwv-1)v —Trn-1 (‘P(N_l) Try_o Q(N_2’N_1)Q(N_2’N_l))

N—-1 N-1 i—1
+Try—1 [dl‘b(N_l)ql+6]2 (Q(N_l)) q@+T- q~1Q2+7'+cj2q1+Z 77 Go (q;(N—l)) a2
i=1

+Try [S[IN]CTV} : (2.38)

where Cyv is the CB moment map of theory 7, which is constructed as in T[SU(N)].

To reach TIV=LU[SU(N)] we now have to implement the flip-flip duality which amounts
to apply Aharony duality sequentially. This derivation is carried out explicitly at the level
of the sphere partition function in the N = 3 case in appendix A.2, while here we only
discuss its main steps which are sketched in figure 9.

e At the first iteration we start from the U(1) gauge node and proceed applying the
Aharony duality along the tail. Since the first N — 2 nodes are U(n) nodes with 2n
flavors, the gauge group doesn’t change when we apply the duality and because of the
charge assignments no new links are created. The last U(IN — 1) node however sees
N flavors, so when we apply Aharony duality it becomes a U(1) gauge node. A new
link is created connecting one of the two flavor nodes (the blue one in the picture) to
the second last gauge node.
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PERS = Tp,1y[SU(4)]

Figure 9. Quiver representation of the iterative application of Aharony duality in the case N = 4.
We highlighted in green the gauge node to which we apply the duality at each step. We only sketch
the main steps and neglect gauge singlets; taking into account the S~y and Ty _1 1) singlets from
the beginning, all the remaining ones are only those corresponding to adjoint chirals for U(1)
gauge nodes.

e At the second iteration we start again from the leftmost U(1) gauge node and go
along the whole tail, but this time we stop at the second last node. Because of the
result of the previous iteration, this is now a U(N —2) gauge node with N —1 flavors,
so when we apply Aharony duality it becomes a U(1) node. Now the blue flavor node
gets attached to the U(IN — 2) gauge node, while the link with the rightmost U(1)
gauge node is removed.

e We iterate this procedure N — 1 times, meaning that we apply Aharony duality
N(N —1)/2 times and we arrive to the abelian U(1)V~! linear quiver with exactly
N = 4 superpotential.

e There are no extra singlets, since they became massive because of S~y and TiN-11]-

The final results is a linear quiver with N —1 U(1) gauge nodes, connected by bifunda-
mental flavors pi=19) p(i=14)  The first and last nodes are also connected to fundamental
flavors p(O | 01 and p(N=LN) = 5(N=LN) = The superpotential consists of the standard

N = 4 interaction with the adjoint chiral fields
WT[N*LH[SU(N)] _ Z (I)(z) (ﬁ(z,l+1)p(z,z+l) _i_ﬁ(zfl,z)p(zfl,z)) ) (239)

=1

This theory is indeed dual to the N =4 SQED with N flavors according to abelian Mirror
Symmetry and it corresponds to TIV=1U[SU(N)].
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2.2.2 p=1[2,1%] and o = [14]

Flow to Tj3,12)[SU(4)]. We start analyzing the vev for the CB moment map as a
monopole deformation in the flip-flip dual theory plus flipping fields

(5W = TI'X [(‘7[14] + 8[14]) 7‘[] + TI'Y [(\7[2’12] + 7-[2’12]) C:| . (240)

In this case the Jordan matrix encoding the nilpotent deformation is

0 1(0|0
-
0 0(0]0
and consequently the matrix of singlets that we need to add is
as 010 0
Touy = |0 T2 (2.42)

)

7 0 |fB33 B34 ’
v2 0 |Baz|—202 — B33

while 8[14] is an abritrary 4 x 4 traceless matrix. Hence, the deformation dWW corresponds
to turning on linearly the positive fundamental monopole of the first U(1) gauge node of
T[SU(4)]

Wy = WT[SU(4)} + i))’t(l,O,O) + Trx (8[14] 7‘[) + Try (7-[2’12] C) . (243)

This monopole deformation breaks the SU(4)y global symmetry down to U(1)y1)xSU(2)y (2.

In terms of the real masses Y,,, the superpotential term we added implies the constraint
Yo=Y +2myu. (2.44)

Moreover, it will be useful to also redefine the Y7 real mass by
Yi—-Yi—myu. (2.45)

The residual symmetry is then parametrized by

vy =y
v =v;+ 1
=y, + V1. (2.46)

The charges and representations of the chiral fields of the theory are the same as those of
T[SU(4)] since the deformation only affected the monopole operators. The gauge singlets
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in 7Tpy,12) transform under the global symmetries as follows®

SU(4)X U(l)Yl SU(2 Y3,Yy U(l)mA U(l)Ro
o ° 0 ) 4 0
9 ° 0 ) 2 0
I5} ° 0 3 2 0
v, v ° +1 2 3 0
5[14] 15 0 ° —2 2

where U(1)y, and SU(2)y,,y, denote the symmetries after imposing the superpotential
constraint (2.44)—(2.45), but before the redefinition (2.46). This will be performed at the
very end of the derivation of the flip-flip dual of theory T, coinciding with Tiy 12[SU(4)].

We can study the deformation at the level of the S; partition function of theory T,
which can be obtained imposing (2.44) and (2.45) on Z7(sy(4)]

3
ZT B/d 271'1 YB ) f 1 53) H Sp <_ZQ + (Zi(g) _ Z§3)) + 2mA>

- 2
1,7=1
ST Q (3) A2) 2mi(Yi-Y: )2 2P
- X \ _ o 2mi(Y1—Y3+ma a=1%a
X Hgsb<22 + (2 Xn) mA> /dz2 e 1
2 2 3 0
2
% ];[1 Sp (—Z (2) _ ZIS )) + 2m,4> 1—‘[11_[181) <Z2 + (Z¢(12) —z )) — mA)
a, a=11i=

where B is the contribution of the singlets

B = H 3b<—ic22 +(Xn— X)) + 2mA> sb<i§ — 2mA> sb<ic22 — 4m,4>

n,m=1

X H Sb <z + (Yo — Y3) — 2mA> H Sp <z§ + (Y1 —Y,) — 3mA> . (2.48)

As mentioned in our previous general discussion, from 7 we can reach the flip-flip
dual theory Tjy 12)[SU(4)] by sequentially applying Aharony and one-monopole duality. We
show this explicitly for this particular case at the level of the sphere partition function
in appendix A.3, while here we only outline the main steps of the derivation sketched in
figure 10.

SWith 8 we collectively denote the singlets B33, B4, Ba3 that form a triplet of SU(2). Similarly v, 4 are
made of the singlets v1, v2, 91, 42 and transform as two doublets under SU(2).
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M
f ) (f) . :-mono;ﬁ @>:®: . <Aharcmy> Q>:@>: 4
<Aharony>@:®: 4 <Ahar°"y>6ﬁ@: 4 | — T[2’12][ SU(4)]

Figure 10. Quiver representation of the sequential application of Aharony and one-monopole
duality that leads to Tjp 12[SU(4)] starting from its flip-flip dual 7.

We begin by applying the one-monopole duality to the U(1) gauge node in (2.47). This
node confines yielding a quiver theory with no monopoles turned on:

Zr = Bsb<—i§ + 2mA> sb<—z‘§ + 4mA> /dg.ff) Q2mi(Ys—¥a) iy 27

3 3 4
X H Sp (—z (3) (,3)) + 2m,4) H Sp <z§ + (Zz@ - X)) — mA>
t,j=1 i=1n=1
" /dZ(QQ) Q2ri(Yi—Y5) T2, 2 H Hsb (z @ _ Zi(3)) _ mA) ' (2.49)

a=1i=1

From this frame we proceed by iteratively applying Aharony duality until we reach the
flip-flip dual frame:®

2
2 = / 4z riey V) S T <Z-Q (9 ) mA)

- 2

3,j=1
SN (3) 2) 2mi(v® _y@).@ Q
HH ( +X )—FmA)/dz1 e2mi(1 T =Yy )z sb(iQ—QmA)
; =

3 P

H ( — ) +mA> = 21, 12[SUM)] (X; YD v Wimy). (2.50)
=1

In this last expression we also introduced the proper U(1)y-1) x SU(2)y-(2) fugacities defined
n (2.46). This is precisely the partition function of Tjs 12)[SU(4)].

Flow to T[>1*][SU(4)]. We now move to analyzing the deformation in the mirror dual
theory. This corresponds to a vev for the HB moment map which we can study as a mass
deformation of T'[SU(4)]Y plus flipping fields

5w\/ == TI'Y [(‘,7[2712] —I— 7{2&2}) Hv] + TI'X [(g7[14] + 8[14]> C\/] 5 (251)

9Note that as a consequence of the sequential application of the Aharony and the one-monopole duality,
the fugacities for the topological symmetries are permuted and appear in the opposite order compared
to the definition of the original T[SU(4)] partition function. For this reason, we call the index (2.50)
as ZT[Q,IQ][SU(zL)] ()Z;?<2),Y(1>;mA) instead of ZT[Mz][SUM)] (X;Y(D,?@);mA). Indeed we can’t use the
SU(4)y Weyl symmetry to reorder the two set of fugacities Y and Y@ since this is not a symmetry of
Ti2,12)[SU(4)].
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where T}y 12 is the matrix (2.42). The mass deformation breaks the SU(4)y global sym-
metry associated to the HB of T[SU(4)]" down to U(1)ya) x SU(2)y(2). We parametrize
these symmetries with the fugacities Y1), V!? defined as in (2.44)-(2.45)—(2.46). After
integrating out the massive fields, we end up with a quiver similar to T[SU(4)]", but with
only three flavors at the end of the tail coupling to different powers of the adjoint chiral
field of the last node and extra flipping fields:

2
Wrv =Wrsu(s) —Trs (‘I’(g) Try q~(2’3)q(2’3)) +Trs (‘13(3)@1%) +Tr3 [(‘5(3)> Try ) (q~2Q2)] +
+ Try (7-[2’12]7-[\/) |60m+T1"X (8[14]CV) . (2.52)

where Try-(2) is the trace with respect to the SU(2)y 2y symmetry which is manifest in this
frame of the web and

Try (7'[2’12]7‘[\/) ’eom = qaqTrg (qlql) + ap Trg Try(z) (cqug) (2.53)
+ Try e (5 H(2)> + Try ) [y Trs3 (G2q1)] + Try) [7Trs3 (q1q2)] ,
where we defined the SU(2)y-(2) moment map
2) . 1 .
H'Y = Tr3 (Gage) — 5 Trye Trs (322) - (2.54)
The three-sphere partition function of this theory can be obtained from the one of
T[SU(4)]Y imposing the constraint on the fugacities (2.44) and (2.45), simplifying the

contribution of the massive fields thanks to the relation sy(z) sp(—x) = 1 and adding the
contribution of the singlets 7} 12) and S}y

3
ZTv—B/d 2mi(Xs—Xa) 2 2(Y H sb<z§+( 3 253))—2mA>

ij=1
3 4
Lo (£ =y +2ma) [T s (£ ~Ya) +ma) / ) Qi) £y 7
ZZ?l 0 = 2 3
X H Sb (i2+(zn(z2)_zz§2))—2m/;> HHSb <i(zé2)—z£3))+mA)
a,b=1 a=1li=1

X/dzgnezm(xl—){g)z(l) (i—2m,4> HSb( ))+m,4> (2.55)

where B is the contribution of the singlets defined in (2.48).

Again we want to find the flip-flip dual frame of this theory since we know that it will
coincide with 712" [SU(4)] and we claim that it can be obtained by sequentially applying
Aharony duality only, as in this case there is no monopole superpotential. This derivation
is carried out explicitly for this particular case at the level of the sphere partition function
in appendix A.3, while here we just report the final result, where we introduced the new
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<«

Figure 11. Quiver representation of the sequential application of Aharony duality that leads to
T2 [SU(4)] starting from its flip-flip dual 7.

fugacities (2.46)'°

2
Zyv = i+ X)Y 0 / 4z i T T 5, <—i§+(z£3> —z§3>>+zm,4>
ij=1

2 2
<[T11= <i§i<z§3>+Y;2>>—mA) / Az 2milXa=Xa) Tiy 2

i=la=1
- Q = (.Q
X H Sp (i2+(zl(12) 2152))+2mA) H Sb <z’2:|:(z£2)+Y(1))mA>
a,b=1 a=1
2
T (a1 Zrzma) f o
i=1
2 (.Q Q
<[ (1260 —82)-ma) = Zgssgguy (YO TG -ma )« (256)
a=1

This is precisely the partition function of T' [2’12][SU(4)], which is the quiver theory
depicted at the end of figure 11 where all the fields interact with the A/ = 4 superpotential.
The presence of the contact terms in the prefactor is essential in order for the partition
function of Tj, 12)[SU(4)] in (2.50) to match with the one of TRYI[SU(4)] in (2.56). Indeed,
from the equality of the partition functions (2.12) of T[SU(4)] and T'[SU(4)]" and the results
of the manipulations we just explained it follows the equality of the partition functions
associated to the Mirror Symmetry relating T}, ;2[SU(4)] and TERYISU(4)]

—

Lo )
ZT[2,12][SU(4)} (X5 Y(Q)a Y(1)§ ma) = ZT[2,12][SU(4)] <Y(1)7Y(2)§ Xﬂ; —ma ), (2.57)

10 Again, the labelling of the topological parameters X, is in the opposite order compared to the original
T[SU(4)]" partition function. This time, however, the permutations of X,, belong to the Weyl symmetry
of the SU(4)x global symmetry. Thus, the partition function is invariant under such permutations, so we

just call it ZT[Q)lz][SUM)](Y(l), }7'(2>; X; z% — ma) without specifying a particular order of X,.
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Figure 12. Quiver diagram for E[USp(2N)]. Round nodes denote gauge symmetries and square
nodes denote global symmetries. Single lines denote chiral fields in representations of the nodes they
are connecting. In particular, lines between adjacent nodes denote a chiral field in the bifundamental
representation of the two nodes symmetries, while arcs denote chiral fields in the antisymmetric
representation of the corresponding node symmetry. Crosses represent the singlets 3,, that flip the
diagonal mesons.

where the parameter m4 is mapped to 2% — m4 across the duality, as required by Mirror

Symmetry (2.10).

3 4d mirror-like dualities and EJ[USp(2N)] theories

3.1 E[USp(2N)] duality web

In this section we review the E[USp(2N)] theory and its duality web, which were first
discussed in [1]. E[USp(2N)] is a 4d N' = 1 theory which admits a Lagrangian descrip-
tion in terms of the quiver represented in figure 12. The gauge group is Hi:rz_ll USp(2n)
and the matter content consists of the following chiral fields in the singlet, fundamental,

bifundamental and antisymmetric representation:!!

e a chiral field Q"*Y in the bifundamental representation of USp(2n) x USp(2(n + 1)),
withn=1,--- ,N —1;

two chiral fields D((Xn) in the fundamental representation of USp(2n), which form a doublet
of the n-th SU(2) flavor symmetry of the saw, with n =1,--- | N;

e two chiral fields V™ in the fundamental representation of USp(2n), which form a doublet
of the (n + 1)-th SU(2) flavor symmetry of the saw, with n =1,--- | N — 1;

)

a chiral field A in the antisymmetric representation of USp(2n), withn=1,--- ,N—1;

e a gauge singlet 3, that is coupled to the gauge invariant meson built from D™ through
a superpotential which will be discussed momentarily.

"Tn contrast with [1], we define E[USp(2N)] without the set of singlets in the traceless antisymmetric
representation of the USp(2N), flavor symmetry, flipping the meson matrix, and without the singlet Sy
flipping the last diagonal meson.
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In order to write the superpotential in a compact form, we define

(nyn+1) _ ~(n,n+1) H(n,n+1)
Quij = Qui Qy, (3.1)
The superpotential consists of three main types of interactions: a cubic coupling between
the bifundamentals and the antisymmetrics, another cubic coupling between the chirals in
each triangle of the quiver and finally the flip terms with the singlets (3, coupled to the
diagonal mesons

N-1
Weuspen)) = Y Tra [A(") (TrnH Q) v, Q(n—l,n)ﬂ
n=1
Nl N-1
+ Z Try, . Trp Trp g (V(n)Q(n’n+1)D(n+1)) + Z Br Try, Try, <D(”)D(n)> )
n=1 n=1

(3.2)

The traces are labelled as follows: Tr,, denotes the trace over the color indices of the n-th
gauge node, while Tr,,, denotes the trace over the n-th SU(2) flavor symmetry. Notice that
for n = N we have the trace over the USp(2N), flavor symmetry, which we will also denote
by Try = Tr,. All the traces are defined including the J antisymmetric tensor of USp(2n)

J=1,Rio0,. (3.3)
For example, given a 2n x 2n matrix A, we define
Tr(A) = J;; A9 (3.4)

In this Lagrangian description the following non-anomalous global symmetry is
manifest:

N
USp(2N), x [] SU(2),

n=1

% U(L)e x U(L)e. (3.5)

This symmetry gets actually enhanced in the IR to
USp(2N), x USp(2N), x U(1); x U(1).. (3.6)

In [1] this enhancement was argued studying the gauge invariant operators, which re-
arrange into representations of the enhanced USp(2N), symmetry, and using infra-red
dualities. Indeed, as we will review shortly, there exists a dual frame of E[USp(2N)] where
USp(2N), is manifest, while USp(2N), is enhanced.

We assign trial R-charge, which we denote as Ry, zero to the fields Q"1 and D™,
and Ry charge two to the fields 8,, A™ and V(™. This is not the superconformal R-
symmetry, but it is anomaly free and consistent with the superpotential (3.2). Moreover,
we define the U(1),. and U(1); symmetries by assigning charges 0 and 1/2 to QN =1") and 1
and 0 to DY), The charges of all the other chiral fields are then fixed by the superpotential
and by the requirement that U(1)g is not anomalous at each gauge node, where U(1)p is
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Figure 13. Trial R-charges and charges under the abelian symmetries. The power of ¢ is the
charge under U(1)., while the power of ¢ is the charge under U(1);.

defined taking into account the possible mixing of the abelian symmetries with the UV
R-symmetry U(1)g,

where ¢, and ¢ are the charges under the two U(1) symmetries and ¢ and t are mixing
coefficients. Among this two parameter family of R-charges, we can determine the exact
superconformal one by a-maximization [38]. The charges of all the chiral fields under the
two U(1) symmetries as well as their trial R-charges in our conventions are summarized in
figure 13.

The gauge invariant operators of E[USp(2/V)] that will be important for us are of three
main types. First, we have two operators, which we denote by H and C, in the traceless
antisymmetric representation of USp(2N), and USp(2N), respectively. The first one is

just the meson matrix

1
H=Try_; |[QW-LNQWN=1N) _ = Try (Q(Nl,N)Q(Nl,N)):| ' (3.8)

This operator has also U(1). and U(1); charge 0 and 1 respectively and trial R-charge
0. The operator C is instead constructed collecting different gauge invariant operators,
N — 1 of them are singlets under the non-abelian global symmetries while the others are
in the bifundamental representations of all the possible pairs of SU(2) manifest symme-
tries of the saw. These have indeed the same charges under the abelian symmetries and
the same trial R-charge and together they reconstruct the traceless antisymmetric repre-

sentation of the enhanced USp(2N), according to the branching rule under the subgroup
SU(2)N c USp(2N)

N2N-1)-1—-(N-1)x(1,---,1)®[(2,2,1,--- ,1) & (all possible permutations)] .
(3.9)

The N — 1 singlets are the traces of the antisymmetric chirals at each gauge node

Tr, A™,  n=1,--- ,N-1, (3.10)
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Figure 14. SU(2) x SU(2) bifundamental operators contributing to C in the N = 3 case.

—_— N\ P
—_—

Vavadi

2 2 2

Figure 15. Operators contributing to II in the N = 3 case.

while the bifundamentals are constructed starting from one diagonal flavor, going along the
tail with an arbitrary number of bifundamentals Q("*1) and ending on a vertical chiral,
with all the needed contractions of color indices (see figure 14). All these operators have
U(1). and U(1); charge 0 and —1 respectively and trial R-charge 2.

There is also an operator II in the bifundamental representation of USp(2N), x
USp(2N),. This is constructed collecting N operators in the fundamental representa-
tion of USp(2N), and of each of the SU(2) symmetries according to the branching rule
under SU(2)" C USp(2N)

2N — (2,1,---,1) & (1,2,1,--- , 1) @--- & (1,---,1,2). (3.11)

These N operators are obtained starting with one diagonal flavor and going along the
tail with all the remaining bifundamentals ending on QW =1N) (see figure 15). All these
operators have U(1). and U(1); charge 1 and 0 respectively and trial R-charge 0.

Finally, we have some gauge invariant operators that are also singlets under the non-
abelian global symmetries and are only charged under U(1). and U(1);. Those that will
be important for us are the chiral singlets £, and the mesons constructed with the vertical
chirals and dressed with powers of the antisymmetrics. We can collectively denote these
operators with

BN—j—i—l Zzlv ]:277N

B = . | . .
! TrN,j[(AUV—J)) 2yW-iyN-D| j—2... N, i+j<N+1

(3.12)

These operators have U(1), charge —2, U(1); charge j—i and trial R-charge 2i. The charges
and representations of all these operators under the global symmetry are given in table 2.
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USp(2N), USp(2N),  U(L)e U(L)e | Ul)r,
H | N2N-1)-1 ° 1 0
C . N(2N-1)-1 -1 0
1I N N 0 +1
B;; ° ° j—1 -2 27

Table 2. Trasnformation rules of the E[USp(2N)] operators.

In [1] it was shown that E[USp(2N)] has a limit to the T[SU(N)] theory [4]. More
precisely, the limit consists of first reducing E[USp(2N)] to 3d and then taking a series
of real mass deformations. The 3d limit results in an A/ = 2 theory with exactly the
same structure, but with the fundamental monopole of USp(2n) turned on at each gauge
node, so the 3d theory has the same global symmetry of E[USp(2N)]. Then we take a
real mass deformation combined with a Coulomb branch deformation that breaks all the
USp(2n) gauge and global symmetries to U(n). The resulting theory is the M[SU(N)]
theory studied in [39].'> The second real mass deformation, which reduces M[SU(N)]
to T[SU(N)], has the effect of integrating out all the fields charged under the original
U(1), symmetry of E[USp(2N)] and restoring the topological symmetry at each node, thus
removing the monopole superpotential.

Among the other operators, II and B;; become massive while the traceless antisym-
metric operators H, C of E[USp(2N)] reduce to the adjoint operators H, C of T[SU(N)].
Indeed, we can embed U(1) x SU(N) C USp(2N) and the traceless antisymmetric of
USp(2N) accordingly decomposes as

— \ —2
NE2N-1)-1—>(N2-1)°a <N(NZ_1))2 ® <N(Nz_1)> : (3.13)

The real mass deformation makes the fields charged under the U(1) part massive and leaves
only the adjoint of SU(NN) components of H and C massless, which we identify with # and C.

One of our main tools for studying E[USp(2N)], its dualities and deformations will be
the supersymmetric index [41-43] (see also [44] for a review). This will depend on fugacities
for the USp(2V ), x USp(2N ), x U(1).x U(1); global symmetries that we accordingly denote
by x5, yn, ¢ and t. It can be expressed with the following recursive definition:

Zeuspen)) (T 37; t,c)

pqc HF cyff,l il fdﬂ(N 1)F pqt HF (pqt ZN 1)+1 §N—1)i1)

1<J
N-1 Hi\le T, (tl/QZ(N* ):I:lle:l

X T -
<t1/2 1, (V- 1&1) E[USp(2(N—1))]

N-1 N-1 _
(Z§ ) ZASV 1),3/1, : 7yN—1;t7t 1/2C)>

=1
(3.14)

2The three-dimensional M[SU(N)] theory was introduced in [39] from a completely different perspective
by exploiting a connection between S% x S partition functions for 3d N' = 2 theories and 2d free field
correlators first proposed in [40].

— 30 —



with the base of the iteration defined as

Irsp) (@ yic) = Le(cy™a™!) . (3.15)

We also defined the integration measure of the m-th USp(2n) gauge node as

gzm _ [esp) (@ 9)]” 12[ dzm 1

i 2l oo 1, T (A1) 1, T (4728) (3.16)

<j e\~ J
This index is defined using the assignment of R-charges as depicted in figure 13. If one
wishes to use another non-anomalous assignment of R-charges then the parameters should

be redefined as,
c—clpg)?  t—tpg)t?, (3.17)

where ¢ and t are the mixing coefficients appearing in (3.7). As pointed out in [1], the ex-
pression (3.14) coincides with the interpolation kernel IC.(x, y) studied in [21], where many
integral identities for this function were proven which support the dualities of E[USp(2N)]
that we are going to review.

Indeed, E[USp(2N)] enjoys a web of dualities that is completely analogous to the one
of T[SU(NV)] and that we sketched in figure 5. First of all, we have a dual frame we denote
by E[USp(2N)]Y where the USp(2N), and USp(2N), symmetries are exchanged and the
U(1); fugacity is mapped to

t pt—q , (3.18)
which means that all the charges under U(1); are flipped and that the mixing coefficient is
redefined as t — 2 — t. In other words, E[USp(2N)] is self-dual with a non-trivial map of

the gauge invariant operators

H < ¢V
C & HY
I« I
Bij <« Bj;. (3.19)

We will refer to this duality as a 4d version of Mirror Symmetry, since it reduces to the
self-duality of T[SU(N)] under Mirror Symmetry upon taking the dimensional reduction
limit we mentioned above. At the level of the index we have the following identity:

Zruspen) (T ¥t ¢) = Tpuspeny (¥ T5pa/t,c) (3.20)

which has been proven in Theorem 3.1 of [21] and which reduces to the identity (2.12) for
the mirror self-duality of T'[SU(N)] in a suitable limit. This duality strongly supports the
enhancement to USp(2N),, since this symmetry is explicitly manifest in the E[USp(2N)]Y
dual frame.

On top of the mirror dual frame we have a second frame we denote by F'FE[USp(2N)],
which is defined as E[USp(2N)] plus two sets of singlets Oy and Oc flipping the two
operators Hpp and Cpp

WrrEuspen) = Weuspeny + Trz (OuHFF) + Try (OcCrr) (3.21)
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In this case the USp(2N), and USp(2N), symmetries are left unchanged, while only the
U(1); fugacity transforms as in (3.18). The operator map is indeed

H <+ Oy
C + Oc
II & Ilpp
Bij <+ Brrji. (3.22)

We will refer to this duality as a 4d version of flip-flip duality, since it reduces to the flip-flip
duality of T[SU(N)] upon taking the same dimensional reduction limit discussed in [1].

In analogy with the three-dimensional case, this flip-flip dual frame can be reached by
iteratively applying Intriligator-Pouliot duality [22] to E[USp(2/N)] with the same strategy
described for the flip-flip duality of T[SU(N)] in section 2:3

e At the first iteration we start from the USp(2) node, whose antisymmetric chiral is
just a singlet. Intriligator-Pouliot duality has the effect of making the antisymmetric
chiral field of the adjacent USp(4) node massive, so that we can then apply again the
Intriligator-Pouliot duality on it. We continue applying iteratively the Intriligator-
Pouliot duality until we reach the last USp(2(/V — 1)) node. Notice that since every
USp(2n) node sees 4n + 4 chirals the ranks do not change when we apply the duality.
Moreover some of the singlet fields expected from the Intriligator-Pouliot duality are
massive (because of the R-charge assignement) and no new links between gauge nodes
are created.

o At the second iteration we start again from the USp(2) node and proceed along the
tail, but this time we stop at the second last node USp(2(NN — 2)).

e We iterate this procedure for a total of N—1 times, meaning that we apply Intriligator-
Pouliot duality N(N — 1)/2 times.

e The singlet fields appearing in the Intriligator-Pouliot duality reconstruct the singlet
matrices Oy and Oc.

At the level of the supersymmetric index, the flip-flip duality is encoded in the following
integral identity:

N
Touspen) (& Gt ¢) = Te(t)™ Te(pgt ™)™ T Te(tei o) Te(pat 'y v}

n<m

x Tpuspeny (@ ¥;pa/t,c) (3.23)

which is proven in Proposition 3.5 of [21] and can be alternatively derived by applying
iteratively as explained above the integral identity (B.1) for Intriligator-Pouliot duality.
We show this in appendix B.2.1.

131t should be noted that the Aharony duality used in the derivation of the flip-flip dual of T[SU(N)] can
be obtained from a dimensional reduction limit of Intriligator-Pouliot duality, as shown in [12]. This limit
is the same that relates E[USp(2N)] and T[SU(N)].
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Finally, we can combine the two previous dualities to find a third dual frame and
complete the duality web of figure 5. We denote this frame by FFE[USp(2N)]Y and its
superpotential is

WrrEpuspen)y = Weuspen) + Try (O4HEF) + Try (O¢ChE) - (3.24)

Across this duality the USp(2N), and USp(2N), symmetries are exchanged, while U(1);
is left unchanged. Accordingly we have the operator map

H < 0¢
C « 04
I« Ijg
Bij ¢+  Bipi- (3.25)

3.2 From E[USp(2N)] to EJ[USp(2N)] using the web

Now we would like to find a more general class of 4d N' = 1 theories enjoying mirror-
like dualities. An obvious strategy to follow is to turn on vevs labelled by partitions
p=1[p1,.-.,pN] = [NZN,...,lll] and 0 = [01,...,0N5] = [NkN,...,lkl] for the operators
H and C. As we discussed above, the operators H and C reduce in the 3d limit followed by
a suitable real mass deformation to the 3d moment maps H and C. It is then easy to guess
which 4d deformations of E[USp(2N)] reduce in the 3d limit to the nilpotent deformations
depending on the partitions p and o of SU(N) we turned on for T[SU(NN)]. These are the
deformations we are looking for and they correspond to the following vevs:

A=, (H=J (3.26)

where J, and J, are the antisymmetric matrices
1 T
=3 (Jo—"p) (3.27)

where
Jy=i02® (Jp, ©--- @ Jp,) (3.28)

and J,, are the Jordan matrices we defined in (2.19).!* We call ES[USp(2N)] the theories
we reach at the end of the flow triggered by such vevs, after suitably removing some extra
massless fields, as we will discuss.

Again we can think that the vevs for H and C are implemented by F-terms when we
turn on linear deformations in Oy and in Oc in the flip-flip frame. We can then use the
same strategy described in the 3d case, but this time using the 4d duality web of figure 6
and map these deformations across flip-flip duality, so that they become mass deformations
of E[USp(2N)]. Finally we move back to the flip-flip dual frame, using sequentially the
Intriligator-Pouliot duality to reach EJ[USp(2N)].

! Notice that the vevs we are considering are not labelled by partitions of USp(2NN), but by partitions
of the SU(N) part of U(1) x SU(N) C USp(2N). This choice is due to the fact that we want to mimic the
deformation we perform in 3d and find models that reduce to T, [SU(N)].
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More precisely we consider the following deformation of E[USp(2N)]:

SW = Tr, [(Jo + So) - Hl 4+ Try [(J, + T,) - C + > 0% Bij. (3.29)
{(.)#0,1)]1<i<0;,1<5<pi}

We have introduced extra gauge singlet chiral multiplets flipping some operators of the
original E[USp(2N)] theory that would represent a massless free sector of the theory after
the deformation. Note that the role of S, and T, is the same as that of S, and 7,
in 3d, which flip part of the antisymmetric mesonic operators remaining massless in the
presence of the mass terms, but in 4d they are determined requiring that they are traceless
antisymmetric matrices commuting with the matrices J, and J, respectively. In addition,
there are other gauge singlet fields Og which flip the operators B;; we defined in (3.12).1

The superpotential (3.29) triggers a flow to a new theory T. Due to this superpotential
term, the USp(2NNV), global symmetry of the original E[USp(2/N)] theory is now broken to

N
USp(2N):  — ] USp(2km)uim - (3.30)

m=1

Likewise, the USp(2V), global symmetry is also broken to

N
USp(2N), — [ USp(2ln),m - (3.31)

n=1

This IR symmetry will become manifest in the mirror dual Lagrangian. Correspondingly
at the level of supersymmetric indices we will introduce the following fugacities

zi, with i=1,---, N — a0 o with =1,k
yi with i=1,--,N — Py with i =1, 0. (3.32)

We denote by Tr,m) and Tr, ) respectively the traces over USp(2k,) ,(m) and USp(2ln)y(n>
indices.

Moreover, the mass terms in (3.29) make some of the chiral multiplets of E[USp(2N)]
massive and being integrated out. First, let us look at the chirals in the saw. Due to the
mass terms, only the followings among the original set of D™ and V(" remain massless:

Dgn)7 n:p17p1+p27"'7N7

DY, n=1,...,N,

v, n=1,...,N, (3.33)
L—1

‘/2(71)7 n:plap1+p27"'7zpi'
=1

Second, in E[USp(2N)] there are 2N fundamental chirals QN=1N) attached to the last
gauge node. Again due to the mass terms in (3.29), only 2K of them remain massless. We

5 These extra Og singlets were absent in the 3d case. Indeed, they are charged under U(1)., which means
that they are massive and integrated out in the limit leading to T[SU(N)].
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2k,

2k,

Figure 16. The quiver diagram representation of the deformed theory T. We have double lines
in the saw only for the gauge nodes at positions p1, p1 + p2, ..., Zf\;l pi- The mirror-like dual
theory, which is denoted by TV, has the same diagram with p and o exchanged.

oM, oM,
R [ £
A(l) A(Z)
Q(I,Z)
2N1 2N2 e o0
D(U D(Z) .
V(l) V(2)

2 2 2 2

Figure 17. The EJ[USp(2N)] quiver diagram. To avoid cluttering the drawing the gauge singlet
Ynj and 7(*7) are not shown in this diagram.

rename as Qn, Qp the massless chirals at the USp(2(IV — 1)) gauge node in the funda-
mental representation of each USp(2k,,) factor, with m = 1,--- | N. In particular, for the
values of m for which k,, = 0 we don’t have any chiral field. Their interaction with the
antysymmetric AN is:

Try_ [A(N*UH] — ZN: Try_1 [(A(N*U)mTrm(m) QQO] . (3.34)
m=1

The quiver diagram of T is drawn in figure 16.

At this point we can go from T to EJ[USp(2N)] by iteratively applying Intriligator-
Pouliot dualities to move across the flip-flip dual frame. The quiver diagram representation
of the EY [USp(2N)] theory is shown in figure 17. There are also two sets of gauge singlets:
the chirals 7,; which are also singlets under the non-abelian global symmetries and the
chirals () that transform non-trivially under the non-abelian symmetries. To avoid
cluttering figure 17 we did not draw the gauge singlets (but we will do so in the examples
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we will present). The flavor nodes in the top line and the gauge nodes in the middle line
are USp(2n) groups with ranks determined by the partitions p and o as for T}y [SU(NV)]:

My = ki,
L N
o (3.35)
NLfi: E Pj— E (]—’L)kij.
Jj=i+1 Jj=i+1

The EJ[USp(2N)] superpotential is given by:

L-1
Wegusp(en)] = > Tr, [A(n) (Tfn+1 QU+l — T,y QU 4 T F(")F(n))}
n=1

L—2 L—1Np—Np_1 .
(n) A(n.n (n+1) WY L ) H ()

+ZTr"Tr"+1 [Vu Q( +1)D2] }*Z Z Vnj Trn {(A( )> D[1 Dz] ]

n=1 n=1 j:l

L—-1 L Jj—1 j—2

i j—1) (i,

S (Hm) Tr | PO <HQ(”+”> v %ré]”] , (3.36)

i=1 j=i+1 \k=1 I—i

where we defined Ny = 0. We also recall that the Tr,, traces are taken over the n-th gauge
node. Notice the interaction terms for the gauge singlets. In particular, the singlets v,,;
couple to the n-th diagonal meson dressed by the (j — 1)-th power of the antisymmetric
chiral A", with j = 1,---,N, — Np,_;. This means that the maximum power of the
dressing is given by how much the rank of the n-th gauge group jumps when compared to
the (n — 1)-th one. Moreover, we have singlets (%)) connecting the i-th USp(2M;) flavor
node to all the j-th SU(2) nodes of the saw sitting to its right, that is j =i+ 1,--- , L. The
7(13) singlets play a key role in the enhancement of the nonabelian global symmetry since
they enter the superpotential by flipping gauge invariant operators which do not respect
the enhanced symmetry.
The IR non-anomalous global symmetry of Ef[USp(2V)] is

N N
1T USp(2km)om x J] USP(20n) 00 x U(1)e x U(L), . (3.37)
m=1 n=1

Indeed, one can verify that the constraints coming from the superpotential (3.36) and from
the requirement that the NSVZ beta-functions vanish at each gauge node fix all the R-
charges of the chiral fields up to two parameters, which correspond to the mixing coefficients
¢ and t with U(1), and U(1);. For what concerns the non-abelian part, the global symmetry
USp(2N), x USp(2N), of the original E[USp(2N)] theory is broken to

N N
USp(2N), x USp(2N),  —  [] USp(2km)oem x [ ] USP(2Ln) (3.38)

m=1 n=1

where, like the original E[USp(2N)] theory, only USp(2)!» C USp(2l,), () is manifest in
the quiver gauge theory description.
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Let’s now consider the mirror dual frame where, because of the operator map (3.19),
the deformation superpotential (3.29) becomes

SWY =T, [(Js +So) - CV] + Try [(J, + T,) - HY] + > O} Bj;.-
{(@,)#£1,1)1<i<0;, 1<j<p; }
(3.39)

This deformation triggers a flow from E[USp(2N)]Y to T which contains gauge singlets
Ss, T, and Op, which are mapped to the same gauge singlets in T.

Next we take the flip-flip duality on T. This leads to the mirror dual of EJ[USp(2N)],
denoted by EF[USp(2N)]. Indeed, EJ[USp(2N)] and EZ[USp(2N)] have the same global
symmetry as well as the same operator spectrum. In the following we will illustrate this
construction in various examples.

3.2.1 p=[N]and o = [1V]

Flow to Ejnj [USp(2N)]. In this case, the superpotential deformation triggering the
flow to theory T is given by

SW = Tr, [S[lN]-H}+T&" [T - C Zﬁ [ ”%”MZOB BNons1  (3.40)
n=2

where S[lN] is an arbitrary 2N X 2N antisymmetric matrix and T|yj is determined requiring
that it is traceless antisymmetric and that it commutes with Jjy)

0 —-T®T ... _TWNT
T@ 0 coe _TWN-1T
Twm=1 . . . : (3.41)
3 G0 I, o ¢) 0

where each T(™ is a 2 x 2 matrix with a single non-zero element:

(n) _ 0 0
- (3,1). o

Note that the flavor indices 1, 2 of Dgn) and Vg(n) do not belong to the same SU(2); Dgn) is
charged under the n-th SU(2) in the saw while Vz(n) is charged under the (n+1)-th SU(2). It
turns out that this deformation breaks the USp(2/V), symmetry of the original E[USp(2N)]
to SU(2),. The deformation also makes D§n) and VQ(n) massive forn=1,...,N — 1.

We obtain theory T by integrating out those massive fields. In theory T each gauge
node except the last one now has only two fundamental chirals while the last gauge node
has 2N + 2 fundamental chirals in addition to the bifundamental and antisymmetric chirals
which remain the same.

Now to reach Ejy; [USp(2N)] we need to implement the flip-flip duality by sequentially
applying the Intriligator-Pouliot duality on each gauge node starting from the left. The
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first gauge node is USp(2) with a total of 6 fundamental chirals, the antisymmetric is
a gauge singlet so we can apply directly the Intriligator-Pouliot duality. As the USp(2)
theory with 6 chirals is dual to a Wess-Zumino model with 15 chirals, the leftmost gauge
node is confined once the duality is applied. Some of the 15 chirals make massive the
traceless part of antisymmetric of the next USp(4) gauge node, while the others partially
cancel with the singlets Sy, Tiyj and O}'. Now the USp(4) node has 8 chirals and is
also confined when we apply the Intriligator-Pouliot duality. Proceeding to the right we
see that the entire chain of gauge nodes is sequentially confined leaving a set of chirals at
the end. So the Ejx)[USp(2N)] theory will be a Wess-Zumino model.

This procedure of applying sequential Intriligator-Pouliot dualities can be realized at
the level of the index. The mass deformation ZN ' Tr, {Dgn) VQ(n)] in (3.40) imposes the
constraints on the fugacities of the saw

Intl _ 4 =1, N—1, (3.43)
Yn
which can be solved with
yn = t" La, n=1,---,N. (3.44)
-1 N—2n+1 X
For our purpose, it is convenient to use y = at'zT = =yt~ 2 , which makes the unbroken

SU(2), € USp(2N), manifest. The extra chirals we introduce give rise to the following
index contributions:

Suvy — I pqt_1 H I‘ pqt 1£L'i1.%'j:1) , (3.45)
n<m

Ty — J[Te(t), (3.46)

0p" — T (t'"?). (3.47)

Hence, the complete index of theory T is given by

N N
I1(Z5y;t,c) =T, ]oqt_1 H Le(pgt™ 1xi1xi1) HFe(ti) H Fe(tl_"CQ)
n<m =2 n=2
—N —N N-1
X IE[USp(QN)] (J) 2 yat 2y, b2yt C) . (348)

The sequential confinement of the tail then translates in the identity

Towspem) (&t u tV 2, ust o)
N N ucazil)f‘ (=% $:.t1)
_ 2 N 6 e\ tN—-1%4
=T () Te(t) ngnr (taflat ZHI ROEFIG) , (3.49)



which was proven by Rains in Corollary 2.8 of [21]. Putting this back into Zt with u =
t%y,w we obtain the identity

N
Tr(%yt.c) = [ ] Te (yﬂt T c:cﬂ) = Ly [Uspen) (T3 3 t, ). (3.50)

n=1

As expected, Ejn[USp(2N)] is a Wess-Zumino model with 2NNV chirals, which are bifun-
damental betweeen USp(2N), x SU(2),. One can see that the new fugacity y makes the
SU(2), symmetry manifest.

Flow to ENI[USp(2IV)]. Now let us examine this confinement on the mirror side. The
superpotential deformation triggering the flow to theory TV is given by

WY = Tr, |:S[1N] : } + Tr, T[N Z Try—1 [ng 11 N)qézr\L[J:zl’N)
al =2 (N-1) (N-1
+3 0k Tryy {(A(N‘l)) v ey )} 7 (3.51)
n=2

N-1,N) (N-LN) 4 o (N-1N)

which makes ¢! massive except g, dyn_, - Integrating out the massive

gWN=LN) e reach theory TV, which is mirror-like dual to theory T.

TV differs from E[USp(2N)] only by the fact that there are only two chirals attached
to the last gauge node. Now to reach EN[USp(2V)] we can implement the flip-flip duality
by sequentially applying the Intriligator-Pouliot duality on each gauge node starting from
the leftmost USp(2) node and proceeding along the tail. Since the first N — 2 nodes are
USp(2n) with 4n+4 chirals, their rank does not change when we apply Intriligator-Pouliot
duality. However when we act one the last gauge node which is USp(2(N — 1)) with 2n + 2
chirals it confines. At the second iteration we start again from the leftmost USp(2) node
but when we reach the USp(2(N — 2)) node it confines. In this way the quiver is confined
from the right until we are left with the same gauge singlets as in (3.50), that is we reach
the EIN[USp(2N)] WZ model.

3.22 p=[N—-1,1] and o = [1V]

Flow to E[n_1,11[USp(2N)]. The deformation leading to theory T is given by:

N-2
SW =Tr, [s[lN]-H}JrTry [T[N_m]-chzm[ pMy" }+ZOB Byomir  (3.52)

n=1 n=2

5Notice that to apply (3.49) we need to use the USp(2N), Weyl symmetry of E[USp(2N)] to reorder
the fugacities.
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where S[lN} is again an arbitrary 2V X 2N skew-symmetric matrix and Ty _1 1) is given by

1 2 N—-1
A S
Tll Tll _Tll r :
Tin-11) = : : 0 (3.53)
N-—1 2 1 1
SO . R
™ 0 o —TWT (N -1)Th

(n)

where each TZ-]- is a 2 x 2 matrix of the form:

(1)
0 -t
T = <t<1) . 1 > : (3.54)
11
0 O . .
(t(n)0>7 /L:]an#lv
(n)
Tl(;%) _ <rz-r-l) 8) , i>jn#1, (3.55)
S
0 0 .
( (n) (n))v i<j,n#l.
Ui~ Wi

One can write down the superconformal index of theory T by constraining fugacities
of the index of E[USp(2N)]. The deformation (3.52) demands the following conditions on
the USp(2N), fugacities:

Il _y o p=1,...,N—2, (3.56)
Un

which are satisfied by

yp =t""a, n=1,...,N—1. (3.57)

For later convenience, we introduce the new fugacities
yn:t”*%y(l), n=1,....,N—1,
yn =@, (3.58)

which will make the unbroken USp(2),a) x USp(2),2) C USp(2N), manifest in the index.
The extra chiral singlets we introduce then give rise to the following index contributions:

S[lN] — pqt H I‘ pqt lxilxil) ’
n<m
Nt 3.59
Tivo1y] — Fe(t%y(l)ﬂy@)ﬂ) IGE (3.59)
=1

o — Fe(tl_”CQ).
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Substituting them into the recursive definition of the index of the E[USp(2N)] theory, we
obtain the index of theory T as follows:

I (f; y My, C)

N N-1
_\N-1 N :
=Te(pgt ™) H L. (pgt 'oitaE!) T <t2 y(l)ﬂy@)ﬂ) H . (t)
n<m =1
Nt N N N
x T Te(t¢) Touspiany (@5 Ty, 520 o 5710 @4 )
n=2
N N-1 )
pqt 1 H F pqt 1xi1xi1)r <t7y(1)i1y(2)i1) H Fe(tl)
n<m =1
N-1 N (2)+1,,.+1
1-n 2 | Pe(cy Tn ) (N-1) _1\N-1
X H Fe t T (1) ?{dZN—1 Fe(pqt )
n=2
N A S .
x T (pgt—'2 N-1)x1, (N=1)x1 =
g < J ) }_[1 T, <t1/2cy(2)i1zi(N—1)il>
N— N-1) ,_N _N N_ _
% Tp[usp(2(N-1)) (Z§ Vo D E Ty By By g1 )

(3.60)

At this stage, one can see that there is an SU(2) symmetry for y? while it is not clear
whether or not we have an enhanced SU(2) symmetry for y,

To reach Ejy_;1)[USp(2N)] we need to implement the flip-flip duality by applying
iteratively the IP duality. We can recycle some of the previous calculations noting that
the last factor of the integrand is the index of E[USp(2N — 2)] with the specialisation
of parameters leading to the evaluation formula (3.49) as we discussed in the previous
subsection. Taking this into account, we obtain

It = Te(pgt ™) H e (pgt 'zt )Fe(t%y(l)ily@)ﬂ)
n<m
[TV, Te(cy@*1pE1) ) .
% ;e(t_N“c?) %dZN 1) H Ie ( (1= 12’1‘( )il)
N
X Fe<pqt—1/2c—1y( NES! (N 1)ﬂ:1> H (1/2 )il$7:i;1) , (3.61)
n=1

where the SU(2) symmetry for 3! is also manifest.

— 41 —



2N
F(IJ
A(1)
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Figure 18. The quiver diagram representation of Ejy_; 1j[USp(2N)].

This is the index of a USp(2(N — 1)) theory with 2N + 4 favors and various flipping
fields. To complete the derivation of the flip-flip duality we need to apply Intriligator-
Pouliot duality one more time and we obtain:

qumvzl I, <t7%+1cy(l)i1xil

_ " ) AL 1/2 1/2,8=1 1 ()41 _(1)+1
It T, lg-1ic2) 7£d21 Le(t) T <p gt Ty z )
N
« T, <p—1/2q—1/2t1/2cy(2):|:1Z(l):tl) H T, (pl/qu/Qt_l/gx#z(l)i1>
n=1
= Zp_, 1y[USP(2N)] (f; y @y, C) (3.62)
where
dz_,il) _ (pvp)(% Q) < ) (363)

2 2miz() T (2(V+2)

The Ejn_1,1)[USp(2N)] theory is a USp(2) theory with 2N + 4 fundamental chirals
and some additional singlets, which are shown in figure 18.!7 From the index (3.62),
one can read off the charges of each chiral multiplet and the available superpoten-
tial. For example, one can see that there is a singlet 71, whose index contribution is
I, (pfqultcz)fl, flipping the diagonal meson TrlDEl1 )D;]l) where D) contributes to the
index by T, (p_1/2q_1/2t1/20y2ﬂz(1)i1). The total superpotential of Ejy_;1[USp(2NV)] is

"Note that as, a consequence of the sequential application of the Intriligator-Pouliot duality, the fugacities
are permuted and the two nodes in the saw are labeled by y<2) and y<1> respectively, from the left, which is
the opposite labelling compared to the definition of the original E[USp(2N)] index. For this reason, we call
the index (3.62) as IE[N—I,I] [uspzny) (L5 y @yt ¢) instead of IE[N—I,I] [uspzn)] (& y @ y@ g, ¢). Indeed
we can’t use the USp(2/N) Weyl symmetry to reorder the two set of fugacities y® and y@.
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given by

Wi yiuspen) = TriTe, [AVFOFO] 4 Ty T, [FOVOrD] 45T, | DYDY |
(3.64)
We can work out some interesting gauge invariant operators:
M = (1,2) ’
n® = 1y, [DO Fu)] ,
W =Tr AW, (3.65)

c1?) = Ty D(l)V(l)] ’

H= T, 'F<1>F<1>} _

Recall that the global symmetry of Ejy_11)[USp(2N)] includes USp(2N), x USp(2),a) x
USp(2),2) rather than USp(2N), x USp(4), unless N = 2. Indeed, we find that the
would-be antisymmetric operator of USp(4), is decomposed into one singlet operator and
one bifundamental operator between USp(2),a) x USp(2),(2), which are denoted by c®
and C(1?) respectively. Also each II¥) is a bifundamental operator between USp(2N), X
USp(Q)ym. As expected, CM) and C(12) have different U(1) global charges, and so do II(})
and 1), Thus, only USp(2),) x USp(2),2 C USp(4)y is preserved. On the other hand,
H is an antisymmetric operator respecting the entire USp(2N), symmetry.

Notice that Ejy_;1j[USp(2V)] is asymptotically free only when N < 4. Among these
three cases, N = 1 is the confining case while N = 2 is the self-dual case of lintriligator-
Pouliot duality. In the subsequent subsections, thus, we will mostly focus on the N = 3 case
although the mathematical identities of the superconformal indices hold beyond N = 3.

Flow to EIN-LU[USp(2N)]. Now let us consider the mass deformation in the mirror
dual frame. In this dual frame, the superpotential deformation (3.52) is mapped to

N—-2
OWY = Try [ Sy - €] 4 Try [T - HY] + 3 Trvaay a5
n=1

N-1
“)\"2 (N-1) (N-1
+Y ol Ty [(A(N 1>) v oy )} : (3.66)
n=2
. (N—1,N) . .
which makes g, massive except n = 2, 2N — 3, 2N — 1, 2N. The extra singlets we

introduce are denoted by the same letters as in the original side.

The superconformal index of theory TV can be obtained from that of E[USp(2N)]Y
taking into account the extra singlet contributions (3.59) and by imposing the fugacity

43 —



conditions (3.56)—(3.57):
Trv (f; y(l),y(g);t,C) =

N-1 N-1
—T, pqt—l H F pqt 1x:|:1xj:1)rx (t%y(l):l:ly(Z)jj) H Fe(ti) H Fe(tl—nCQ)
=1 n=2

n<m

-, N _N N _
XIE[USP(QN)}V <$7t 2+1y(1)7t 2+2y(1)7"' 7t2 1y() (2),t,C)

N-1 N-1
F qt 1 H F qt 1xi1xi1) Fe<t%y(1)i1y(2)i1> H Fe(ti) H Fe(tlfnCQ)
i=1 n=2

n<m

-~ N +1
etaeot ()
Le(p~tg~'tc?)

N-1
j{dz(NN . r T, ()N H F€<tZ§N—1):tlzJ(N—1):t1)

i<j
', <p1/2q1/2t—1/22Z(N—1)11y(2)i1) T, <p1/2q1/2t7% Zi(N—l)ily(l)ﬂ)

X

X

N N-1
T, (p1/2q1/2t*1/2cx§1zi( )il)

X Lpuspe(N-1)] (Z§N_1), R AT TTRR ,:cN_l;pq/t,p’lﬂq’l/ztl/20> . (3.67)

We see that theory TV is basically the same quiver theory as E[USp(2N)]Y but there are
only 4 fundamental chirals attached to the (N — 1)-th gauge node on top of those of the
saw. Two of these 4 chirals couple to AN~ while the other two couple to (A(N_l))N_l.

Now we need to implement the flip-flip duality as a chain of sequential Intriligator-
Pouliot dualities. In appendix B.2.2 we do this at the level of the superconformal index for
the N = 3 case obtaining:'®

I = Pe(tfl/Zcx:I:Iy(l)il)Pe(tfl/Zcx;:ly(l)il)P (C$i1y(2)il) (pqt2072)

fdgg )d_(z) (pqt*1)2 T, (#1201, (D1

x Te(pge™ g sWEND (et sWF (11225 @51
x To(pgt™12c 1aEt L @FN D, (171205 ,@FN) D, (41/2,(DF1 ()41

= T usp(s)] (y(” ,y?; &5 pa/t, c) : (3.68)

One can read off the matter content of E2![USp(6)] from the index (3.68), which is shown
in figure 19. In particular, there is a single flipping field +,, denoted by a cross in figure 19,

18 Again, the labelling of the saw by the z,, fugaicties is in the opposite order compared to the original
E[USp(2N)]Y index. This time, however, the permutations of x, belong to the Weyl symmetry of the
USp(6)s global symmetry. Thus, the index is invariant under such permutations, so we just call the index
(2)

IE[z,l][Usp(G)](y(l>, y'“; & pq/t, ) without specifying a particular order of z,.
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Figure 19. The quiver diagram representation of E!*1 [USp(6)]. The fugacity corresponding to
each gauge/flavor node is also indicated.

(1) 41

which flips the diagonal meson Trld[1 5 -

The total superpotential is given by
Wtz [usp(s)]
- Tr, [ AL (Tr? g1Dg12) Ly, £ f“)ﬂ + Try [ A®) (Trl g1 1y £ f<2>>}
+ TryTry [,U[(l)q(lﬂ)d(}?)} + Ty Try, [fu)v[(l)ﬂg]lﬁ)v] + Try Tro Try, [f(l)q(l,Q)v[(f)ﬂé]lﬁ)\/]
+ TroTry, [ fO PG } Y, Ty [df ) gg] (3.69)
Some examples of gauge invariant operators are as follows:
nv (Wa,s)vm(l,z)v,Trl [du) f(l)D ’
v — (W(z,:«nv,Tr2 [d@) & )} Tr,Try [d(l (1,2) f@)D

HOY = Ty, {fmf(l)] — H®V = Ty, [f@)f(z)] ,

(3.70)
H2)VY — Ty, Tr, [f Q, 2)f }
iJQTrlA(l) Trld(l)v(l) TrlTrgd(l)q(LQ)U@)
CV = —Tl”ld(l)v(l) iUQ’I‘rgA(Q) Tl"gd(z)v(Q)

—T‘I‘lTrgd(l)q(l’Q)v(Q) —TI'Qd(Z)U(Q) —iO’gT\rlA(l) - iUQTrgA(Q)

Each IV is a bifundamental operator between USp(6),, x USp(Q)y(i). Note that the super-
potential (3.69) is crucial to realize the nonabelian part of the global symmetry, USp(6), x
USp(2 ) (1) xUSp(?)y(z), because other bifundamental operators Try fMo® | Try f1¢(1:2)4(2)

and Tro f )v@ | which do not respect this symmetry, are flipped by L2V 2@V and

723V respectively and thus are trivial in the chiral ring. Each H®V is an USp(2 )y@ an-

tisymmetric, i.e. a singlet operator. Note that HO" and H®" are identified due to the
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Figure 20. Duality between E[y_; 1j[USp(2N)] and EN~1U[USp(2N)].

superpotential, which implies that
Try {f[(f)fg(]l)} ~ [TF1TT2Q(1’2)CI(1’2)] ~ Try {f[(f)fg(]z)} . (3.71)
H12V is a bifundamental operator between USp(2),a) x USp(2),@. Lastly CV is an

USp(6), antisymmetric operator.
We also find the map of these operators between Ejp 11[USp(2/V)] and ERU[USP(2N)]:

n® - gov,
n® - [g®v,
c® s HOY OV, (3.72)
C(1’2) “ H(l’Q)V,
H «— CY.

This shows that Ejyj[USp(2N)] and EU[USp(2N)] have the same low-lying operator
spectrum, which respects the same global symmetry.

Although here we only considered the N = 3 case, we checked that the superconformal
index identity holds for higher N as well. The mirror duality between EN-LU[USp(2N)]
and Ejy_; 1)[USp(2N)] for arbitrary N is represented in figure 20 in a simplified version
where we omit gauge singlets. This is the 4d analogue of the 3d abelian mirror duality.
As shown in [46], the abelian 3d Mirror Symmetry for SQED with N flavors can be derived
from the basic duality between SQED with one flavor and the XYZ model with a piecewise
procedure. Interestingly, we can do the same in 4d and derive the duality 20 with a similar
piecewise procedure, where the role of the basic duality is now played by the Intriligator-
Pouliot duality in the confining case of USp(2) with 6 chirals dual to a WZ model of 15
chiral fields. We show this at the level of the index in the N = 3 case in appendix B.3.

19Gee [45] for the 2d A = (0,2) reduction of this 4d A" = 1 duality and for an analogue of the piecewise
derivation in that context.
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3.2.3 p=[2%] and o = [1%]
Flow to E[32)[USp(8)]. Starting from E[USp(8)] we introduce the superpotential (3.29)
with p = [22] and o = [1%], which includes the mass terms

SW =+ TrlD[(ll)VQ(]l) + TI‘gD[(f)VQ(]B) +..., (3.73)

which lead to the following constraints on fugacities:

1) 1) 1)

:t_Q :tQ :t_Z :t% (1) 374
Y1 o, Yo n, Y3 s Y4 Yy - (3.74)

For simplicity, we will omit the superscript (1) of the new variables yzm, which should not
be confused with the original variables y;. We also introduce a set of extra flipping fields,
which contribute to the index as follows:

4
Spyqg — l“e(pqt*l)3 H . (pqt 1azﬂxﬂ) ,
n<m
2 (3.75)
T[2,2] — Fe(t) Ie (t2)2 HFe (tlylilyéd) 5
i=1

oF — Fe(t_ICQ).

After integrating out the massive fields and applying sequentially the Intriligator-Pouliot
duality we obtain the index of the Ejy2[USp(8)] theory is as follows:

4 2

T = qt 1 H qt 1x:|:1x:|:1) T, (t2)2 HFe (tiyitlyg:l) T, (t—lcQ)
i=1

X IE[USp(S)](xa .t

_1 1 _1 1
Y1t 2y1, Y2212 y1,y3—=t 2y2,ya—>t2y2

(e ) ﬁ r (1203
X]{ VT QHF( >ﬁ1“e( 2q7 12y (l)il)

1<j j=1
2 4 2 1
% H H (p1/2q1/2t—1/2 xmﬂ) HF (p1/2q1/2tc—1yi1 ( )il) _
i=1m=1 Jj=1
= L, usp(®) (3 G 1, €) - (3.76)

From the superconformal index (3.76), one can read off the matter content and the su-
perpotential of the E[zz][USp(S)] theory, which we represent using the quiver diagram of
figure 21. Furthermore, the total superpotential of Ejy2)[USp(8)] is given by

Wi o (USp(s) = Tr1 T [AU)F(UF(”] + Tri Tr, [F( oDl )]

+ 91 D DY + 2 Ty [AVD D] (3.77)
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Figure 21. The quiver diagram representation of FEjy21[USp(8)]. Two crosses with different

sizes on top of the diagonal line denote the singlets 7117 and 732, which flip Try [D[(ll )Dg]l)} and
Try A(l)D[(ll)D;]l) respectively.

One can see that the superpotential involves a set of gauge singlet operators, which con-
tribute to the resulting index (3.76) by

4
a2 H Fe<t_1/2cyflazi1) ,

" (3.78)
i — Te(p’q’c™?),

n2  — Te(p’t'c?).

The nonabelian global symmetry of Ejy2)[USp(8)] is USp(8). x USp(4)y. A few exam-
ples of gauge invarint operators respecting this symmetry are as follows:

= (7r(1’2),Tr1 [D(l)F(l)D :
H=Tr, [FOFD]

C— iUQTrlA(l) Trq [D(l)V(l)]
B —TI‘1 [D(I)V(l)] —iUgTrlA(l)

(3.79)

where IT is a bifundamental between USp(8), x USp(4),,, while H and C are antisymmetrics
of USp(8), and USp(4), respectively.

Flow to E[*][USp(8)]. Let’s now look at the mirror side. The deformation (3.73) is
mapped to a deformation of E[USp(8)]¥ which includes the mass terms

W=+ q§3’4)q4(13’4) + qé3’4)q§3’4) +..., (3.80)
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implying the constraints on fugacities
_ 1 1 _ 1 1
gL =t 1/2y§ ) 7 Yo = t1/2y§ ) ’ ys =t 1/2yé ) ’ s = tl/Zyé ) (3.81)

(1)

As before we will omit the superscript (1) of y;,”’. Taking into account the contributions
of the extra flipping fields (3.75) and applying sequentially the Intriligator-Pouliot duality

we obtain the superconformal index of E2*I[USp(8)]:

IE[22] [USp(8)] (gv z; pQ/ta C)
2

2
H T, (t—1/2m:i1yi1) H T, <t_1/209:2ﬂyi1) T, (pqt3c_2) T, (pqt26_2)

m=1 m=1

2
" jgd’%l) d:Zf) dzf’) Fe(pqt_1)4HFe(pqt_IZfQ)ilz](2)il>

1<j

« T, (t73/2c$f12(1)i1) ﬁfe (t cat 1,(2 )il) T, (tq/zcxzﬂz(s)ﬂ)

J
J=1

2
y H r, <t1/2z(1)i12§2)i1)

Jj=1

2

<t1/2 )+1 3)¢1>H ﬁ r, (1/2 (2)+1 il)

| S (pqc 1:1:5512](2&1) Fe(pqtflmcfleﬂz@)ﬂ). (3.82)

,:]M

@
I
-
=
I
3
()

Ew

« T, (pqtl/chlxél:lZ(l)il>

<.
Il
—-

Starting from the identity for the mirror-like duality of E[USp(8)] we have derived a new
identity for the duality between Ej2)[USp(8)] and ERUSp(8)):

L0y 1USp(®) (T3 U5 £ €) = Lppo2 g s (7 5 P4 /5 €) (3.83)

The quiver diagram of E2*/[USp(8)] can be read from (3.82) and it’s represented in
figure 22. The superpotential of E2*I[USp(8)] is given by

Wt usp(s)
— Tr; Try [ A<1>q<172)q<1,2>] + Try [ A® (Th g1Dg(12) 4 Ty f D 5@ 4 Trgqm)q(z:a)ﬂ

4 TryTrs [A(S)q(z,a)q(zs)} 4 TryTry [U[(ll)q(l,Q)d(}?)} 4 TryTrs [ [(12)q(2 3)d(])]

+ TroTr, [f(z)v[(f)ﬁé]l?’)v} + TroTrsTr, {f@)q(2 5) ] Z’yﬂ Tr; [d(Z Z } ,

(3.84)
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Figure 22. The quiver diagram representation of F [22}[USp(8)]. Two flipping fields vy} and vy},

denoted by crosses, flip Trq [dﬁ )déﬂ and Trs {dff )d;]Z)] respectively.

which involves the gauge singlet operators whose index contributions are as follows:

2
223V H r, (t_l/%x;ﬂyﬁ) 7
m=1

2
a@Hv H I, (t_l/chflyil) , (3.85)
m=1
7, — Te(pgt’c™?),
wi — Te(pat’e?).
One can also construct gauge invariant operators. For example,

nv = (71,(2.,4)\/771,(2,3)V7Tr2 [d@)f@)} Try Try [d(l)q(1=2>f(2)]) 7

HY =T [/ 7]

iooTr; A TrydWoy® Tr1 Trod® gD @) Try T Trad(® ¢(1:2) ¢(23)4(3)
v —Tryd®p® iooTra A®? Trod@ o) TroTrgd(? ¢(23)y(3)
- —Try Trad® ¢(124(2) —Trod@p(2) ioyTrs A®) Trad® v ’
—TrlTrgTYgd(l)q(l’z)q(z’:")v(?’) _T\«QTrSd(Z)q(Z?))U(S) —Tr3d®y®) —ioy Z?:l Tr; A®
(3.86)

which are mapped to operators of Ej2[USp(8)] as follows:

I «— 1,
H «— CY, (3.87)

C +— H.

Note that ITV is a bifundamental between USp(8), x USp(4),, while HY and C¥ are anti-
symmetrics of USp(4), and USp(8), respectively.
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3.2.4 p=[2,1%] and o = [1%]
Flow to E[3121[USp(8)]. We now consider a deformation of E[USp(8)] corresponding
to p = [2,1%] and o = [1*], which includes a mass term

OW =+ Ty DYV + (3.88)
which relates y1 and yo as follows:
y=t"3y gy =3y, (3.89)
For later convenience, we also rename y3 and y4 as
=y, =y (3.90)
The extra flipping fields we introduce in this case are

Spgqp — F pqt 1 HF pqt™ 1xi1xi1),

n<m

2
Tou — (62T, (2) H T, (t%y(l)ilyz@)il) r, (ty?)ﬂyémﬂ) 7
i=1

(3.91)

o — T, (t_lcz) :
After applying sequentially the Intriligator-Pouliot duality, we obtain the superconformal
index of Ejy 12[USp(8)]:

2. 2 1
Ti, o osoce) (77255t c)

4
_ Fe(p3q3t_20_2) F p Pt e —2 H Fe<t_1/20y(1)i1xmﬂ>
m=1

Xj{d l)d Q)F 3H1—1( 2):I:l :I:l)

1<j

2
< T, (p—lq—ltcz(l):tly§2):|:1) H r, (p_1/2q_1/2t1/2cy§2)ilz]@)ﬂ)
j=1

% HF (p1/2q1/2t 1/2,,(1)£1 :tl)ﬁ f[ r, <p1/2q1/2t 1/2, (2)11 j:l)
m=1

Jj=1 i=1
2
% T, (pqcfly?)ilz(l)il) Hre (pl/qu/Qthly(l)ilzj(?)il) ‘ (3.92)
j=1

The quiver diagram of Efy12)[USp(8)] is drawn in figure 23, which can be worked out from
the superconformal index (3.92). The total superpotential of Ejy 12)[USp(8)] is given by

wsps) = T Trz [ADQUQUD | Ty [A4G) (Trlczm)@“v?)+Ter<2>F<2>)}

Era12)
+TrqTro [V( )Q(l 2) } +TroTr,, [F( )V[( ) 3)} —i—z%l TrZD( )D( 2

[
=1
(3.93)
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Figure 23. The quiver diagram representation of Ej 121[USp(8)]. Two flipping fields v1; and 71,

denoted by crosses, flip Trq [D[(ll)D(l)} and Try [D(Z)

5] i Déﬂ respectively.

One can see that the superpotential involves a set of gauge singlet operators, which con-
tribute to the index (3.76) by

4
723 H T, <t*1/zcyf1x#) ,
m=1

3 3,—2 —2 (3.94)
o — Te(p’e’t™2c?),

vo1  —  Te(p@t 'c7?).

The nonabelian global symmetry of E 12[USp(8)] is USp(8),x USp(2),,1) X USp(4) ,2)-
Some interesting examples of gauge invariant operators, which respect this symmetry, are

I = 7(23)
m® — <Tr2 [D@) F(2>] Ty T, [ P2 F<2>D 7

H = Tr, [FOFO)]
) = 4@ (3.95)

C(Z) - iagTrlA(l) TrlD(l)V(l)
N —TrlD(l)V(l) —iO’gTrlA(l) ’

(1) = Ty, Try [ D(1>Q<1,2>V(2>] ,

where 1) is a bifundamental between USp(8), x USp(2l;) ) with ly =1 and I =2, H
and C are antisymmetrics of USp(8), and USp(2l,~)y<i) respectively, and lastly C12) is a
bifundamental between USp(2),a) X USp(4) -
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Flow to E[21’][USp(8)]. On the mirror side we start from the index of E[USp(8)]" and
impose the fugacity constraints

1 1
Y1 = tiﬁy(l) ) Y2 = tiy(l) , Yz = y§2) ) Ya = yéQ) ) (396)
which is due to the mirror deformation superpotential
W = BBV 4 (3.97)

We also introduce the extra flipping fields given in (3.91). After sequentially applying
Intriligator-Pouliot duality we obtain the index of the E21°][USp(8)] theory:

T 221 usp(s)] <y(1),ﬂ(2);f;pqt‘1,6)

2
—T, (t—1/20$%1y(1)i1) H T, (Cxlily(Z):H) T, (t—l/Zcxily(l):tl) T, (pqt3c_2) r, (pqt20_2)

2
jgdzﬁl)d*@)d (pgt™ 1 HF ( gtz 1 lz](?)ﬂ)er<pqt_lzz-(3)ilzj(3)il)
1<j 1<J
2
%T, +3/20pE1 (D EL T, (t ez ~1/2.,%1,(3)%1
(02 (e o220 T (e 20
2
< TTT. /2 (1)i1 2)+1 T, /2, (Q)il 3)+1
I >gg (o)
2 2
<TTr. 1172, 2)i1 (1 Y1 T, 1/2 2)¢
I1r( )HH (1 )
2 2
><Fe<pqtl/2 -1 j:l 1)1 H <pqc*1m2 Q)il)H <pqt*1/20*1xf1zj(.3)ﬂ>, (3.98)
: j=1
We then have shown the equality of indices
IE[Q’IQ][USp(B)] (fa 37(2) ) y(l) i1, C) = IE[2,12] [USp(8)] (y(l)a g@); f; pQ/t7 C) . (399)

The quiver diagram read from the index (3.98) is shown in figure 24. The superpotential
of ERYI[USP(8)] is

Wheazusp(s) =

Te, Try [A(1>q(1,2)q<1,2>]+Tr2 (A (Try 12009 4 Tr ) 72 )4 Tagg 929 |
Ty [ A®) (Tra gD 1T, ) F) ) [ 4Ty Ty [0 g2 |+ Tra T [ o7 g d) |

+Tr2Try(1) [f(2> vy 23)V]+Tr2Tr3Tr W [f@) (2:3) [U <]24> }+Tr3Try<2) [fu [<13> %MW}

+Zm Ty, [d(z dy } : (3.100)
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Figure 24. The quiver diagram representation of E[2’12][USp(8)]. Two flipping fields vy} and 73,

denoted by crosses, flip Trq [dﬁ )déﬂ and Tro {dff )d;]Z)] respectively.

which involves a set of gauge singlet operators, which contribute to the index (3.98) by
F23v o, (t_l/chfly(l)il) :

2OV Fe<t’1/20mfﬂy(l)ﬂ>,

2
2BAHV HR(CSUflyj(-Q)il) ’ (3.101)
j=1
M e (pgt’c™?) ,

o
v — T (pqt2c*2) .

We also exhibit some gauge invariant operators:
v — (7r(2’4)v,7r(2’3)v,Tr2 [d@) f<2>} Ty, Try [du)qm) f(z‘)D 7
@V — (ﬁ<374>v7ﬁ3 [d«’») f(3>} TroTr [d@)q(m) ﬂs)} Tr, TroTrs [du)q(l,z)q(w f<3>]> :
HOV = Ty, [ 7@ f(2)} 7

H@Y = Try [f(3)f(3)} ’

H2Y — Ty Try [f@)q(?’?’)f(?’)] (3.102)
and
ioeTri AD TrydD oy Tr1 Trod® ¢ v@ Try TroTrsd® ¢(12) ¢(2:3)4(3)
v fTrld(l)v(l) iagTr2A<2) Trgd(z)v<2) TrgTrgd(Q)q(2’3)v(3>
B —Try Trad® (12 y(2) —Tred@p?@ ioaTrs A®) Trsd®)y®) ’
—Tr TroTrsdM¢(12) ¢34 (3) —TryTryd® ¢(2:3)y(3) —Trad®o®) —ioy 23:1 Tr; A©
(3.103)
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where TI(¥) is a bifundamental between USp(8), x USp(2;),, with [; = 1 and Iy = 2, CV
and H®Y are antisymmetrics of USp(8), and USp(2l;) ) respectively and lastly HL2V js g
bifundamental between USp(2),) x USp(4),2). Note that the nonabelian global symmetry
of ERYI[USp(8)] is USp(8), X USp(2),) xUSp(4),,»)- The operators in (3.102) are mapped
to those of Efy12)[USp(8)] as follows:

n® s ooV,
n? - o®v,
H +«— ¢V,
Oy v, (3.104)
C(2) s H(2)v ,
cl2) ., HO2V

3.2.5 p=o=[231]

So far we focused on cases with one non-trivial partitions, however we checked that our
construction consistently produces mirror pairs of theories also when both p and ¢ are non-
trivial (we checked this for all partitions up to N = 14). Here we exhibit one particular
example with N = 7 and p = o = [23,1], which corresponds to a self-duality. This
example exhibits diverse increments of the gauge rank along the tail, so one can see how
such different rank increments affect the number of the flipping fields in the resulting
ES[SU(N)] theory.

We start with the E[USp(14)] theory and introduce the deformation (3.29) for
p =0 =[231]. This deformation requires the following specialization of fugacities, now
both for & and for ¥:

1) (1) _1 ()

1 1 1 1 1
r1 =1 22", w2 =122y ", T3=1 225 , X4=1225" , X5=1 223", Tg=1t213",

_1 (1 1 (1 _1 (1 1 1 _1 1 1 (1
y1 =t 2y§), y2=t2y§), ys =t Zyé), y4=t2y§), ys =t Zyé), y6=t2y§)-

We also rename x7 and y7 as follows:
=1, yr=y?. (3.106)

Then those new variables will be the fugacities for the enhanced non-abelian global symme-
try in the IR, which is USp(6) ) X USp(2),) x USp(6),a) X USp(2) 2 for p =0 = [23,1].
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In addition, we introduce the extra singlets, which contribute to the index as follows:

5[23,1] — Fe(p2q2t_2) pqt_l HF( Pt 9:( )1 (1)11)

m<n
3 3
< ] Te (pqt—lwgl)i1x7(11)i1> 11 1—16(p3/2q3/2t—%x;l):l:lﬂj?);u) ’
m<n n=1
3
2)3 2 2. (1)£1, (1)+1
Tl BT Enre<t i) (3.107)
3
x I re (ty(l)il (1) ) Hre(t:a/zyg)ﬂygmﬂ) 7
0132 — Fe(tilcQ)ﬂ
0F — Fe(p_lq_ltCQ) ,
o} — T (p71q7102).

Adding the smglets and applying sequentially the Intriligator-Pouliot duality we obtain the

index of the E[[sg 11}] [USp(14)] theory:

I [2;1][U8p(14>](
_ F ( 4t 3 —2) Fe(p3q3t—2 _2)F (quSt—l —2)

7 22,y @) 5.y C)

X H r, (p—1/2q ¥ ) H Fe( 172 (0% %)il) T, (t—1/2cy§1)i1x§2)i1)
m=1
%dz*(ll)dq(z d~(3 Ggr (tz 241, ﬂ)gr (tz 11 (3 )

2
x T (p~ 3/2 3/2t3/20z )j:l 2)+1 r.(pq -1 1/2cy )£1,(2)£1 —1/2 Cy(l)ilz(S):tl
( (o ) LI 140

3 2
% T, 1/2 1/215 1/2, (1)1, 2)+1 p1/2q1/2t71/22'(2)ilz('3)il
Ir(r )H[I i P o)

=1

~.

2
% T, (p3/2q3/26—1y§1):|:12(1):tl) H r, (pqtl/Qc—lyél)ilzj(Q):tl) H r, (p1/2q1/2tc—1y§1):tlZJ(B)il)

3 3
y HHFe(pl/qumfl/QZi@)ﬂ il) HF (p1/2q1/2t 1/2, ( )1 (2&1) ’ (3.108)

i=1n=1 =1

from which one can read off the matter content and the superpotential. The matter content
is conveniently represented using the quiver diagram, which is drawn in figure 25. In

— 56 —



X X
ﬂ(z,zx)
6 2
AN
F2 £
A(l) A(z) A(3)
(1,2) (2,3) 2,4)
2 |2 6 )2 4 x
V(IJ V(ZJ V(B)
D(l) D(2) D(3)
2 2 2 ]_[[2 3 2
! vy vy !

Figure 25. The quiver diagram representation of E[23 1] [USp( 14)]. Three flipping fields 11, 21 and
Y22, denoted by crosses with two different sizes, flip Try D[(l1 )Dé]l), Tr 2D[(2)D( and Try A 2)Dé]2)
respectively.

particular we find the gauge singlets

3
23 H ( —1/24-1/2 cyél)ilx%)ﬂ) 7
3
29 H ( /2cy§1)ilx§r1l)i1) 7
B4 T, (t—l/Qcygl):tl ( )il) ’ (3.109)
v —  Te(pq*t3c?),
Y1 —  Le(pPd*t2c7?)
Y2 — Le(pPdt'c7?)

and the superpotential

WEs [USp(14)] =

Tr;, Try [AU)Q(L?)Q(LQ)} 4 Ty [A@) (TrlQ(l’Q)Q WD) 4 7y FOFO@ 4 Ty Q3 QR 3>)]

+ Tr [A®) (Tr2Q@HQE) 4+ Ty FOFD) | 4 Try Ty [VVQUD DY + TooTs VD@2 DY |

+ e Ty [FOVEIrE] 4+ ToyTryTr, o) [FOQEIVIREY] + Ty Ty, ) [FOVI(Y]

+ZZ%J (@Y= D] (3.110)

=1 j=1

where, as before, subscripts 1, 2 denote the flavor indices for the corresponding SU(2) in the
saw. This superpotential is perfectly consistent with the general form of the E7[USp(2N)]
theory given by (3.36).
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A Partition function computations in 3d

A.1 Basic 3d dualities

In the main text we used intessively two basic 3d N = 2 dualities: Aharony duality and a
variant with one monopole turned on in the superpotential. Both of these dualities can be
derived from a more fundamental one, which was first proposed in [12]:

Theory A: U(N,) gauge theory with N flavors and superpotential W = 9 + 9~

Theory B: U(N; — N, — 2) gauge theory with Ny flavors, N]% singlets (collected in a
matrix M) and superpotential W = Zivizl MapGags + M + M.

The global symmetry of these theories is SU(Ny),, x SU(N¢),. Indeed, the monopole
superpotential breaks both the axial and the topological symmetry. Moreover, requiring
that the two fundamental monopoles of U(N,) are marginal we can fix the R-charges of all
the chiral fields to W

I At the level of Sg’ partition functions, this duality translates
into the following integral identity:

[T:E 1 szfl b (Z% + (zi +ma) — Sa>
/ H T (19 + (2 — =)

TA N'

(Nf— _Q‘Hsb( sa+sb—ma+mb)>

Ny—N.—2 Nj—Ne—2
" Hz f1 Ha 15b (£(z; —ma) + 8a) i
X I d= =Zr,, (A1)
I s (19 % (@i — 7))
=1 1<j ? J

where mg, s4 are real masses in the Cartan subalgebra of the two SU(Ny) flavor symmetries.
Hence, the vector masses sum to zero »  m, = 0, while the axial masses have to satisfy the
following constraint due to the monopole superpotential:

Ny
2) "sq=iQ(Ny— Ne—1). (A.2)

a=1

From this duality, we can derive the two that we actually need by performing suitable
real mass deformations. The first one involves theories with only one monopole linearly
turned on in the superpotential [12]:
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Theory A: U(N,) gauge theory with Ny fundamental flavors and superpotential YW =".

Theory B: U(Ny — N, — 1) gauge theory with Ny fundamental flavors, N]% singlets
(collected in a matrix My), an extra singlet ST and superpotential W = Zi\z:l MapGaqe+
M+ 4 Stom-.

Implementing the real mass deformation on the partition functions, we get the following

integral identity:
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where 7 is the real mass for a restored combination of the topological and the axial sym-
metry. The condition of the monopole superpotential is now

Ny
n+225a:iQ(Nf7Nc)' (A4)

a=1

Finally, we can perform a further real mass deformation that leads to Aharony duality [20]:

Theory A: U(N.) gauge theory with Ny flavors and superpotential W = 0.
Theory B: U(N; — N.) gauge theory with N; flavors, NJ% singlets (collected in a matrix
M), two extra singlets S* and superpotential W = Zivgzl MapQaqp + ST + ST
The equality of partition functions of the dual theories is
N, N .
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where ¢ is the FI parameter for the restored topological symmetry, while )" s, = s with
s being the axial mass.

A.2 3d flip-flip duality as repeated Aharony duality

In this appendix we explicitly show that, when the theory has no monopole superpotential,
the flip-flip duality is equivalent to sequentially applying the Aharony duality. At the
level of the Sg’ partition function, we sequentially apply the integral identity (A.5) for
Aharony duality. We first consider the flip-flip duality between T'[SU(3)] and FFT[SU(3)]
and then the deformation of T[SU(3)]V labelled by the partition p = [2,1] which leads to
TRU[SU(3)].

A.2.1 Derivation of T[SU(3)] +» FFT[SU(3)]

Let us consider the partition function of T[SU(3)]
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In order to get the partition function of FFT[SU(3)] we have to apply Aharony duality
2+ 1 = 3 times. At the first iteration, we first apply it to the U(1) gauge node associated
to the z(!) integration variable
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2
XH H Sb (Z (2) Xn>—mA> /dzgl) e27ri(Y1—Y2)z<1) Hsb (i<z(1)+252))+mA)

i=1n=1 i=1
(A.7)
and then to the U(2) gauge node associated to the 252) integration variable
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The second iteration only consists of applying Aharony duality once, again to the U(1)
gauge node

2
Zrigu() = M Xnm X, <—z§ + 2mA> b (—zg +(Y) - Ya) + 2mA>

X Sp <—ZC§ + (Y1 —-Y3) + 2mA> Sp <—l622 + (Yo —Y3) + 2mA>

3
< 1 Sb<zQ+(X - X )—QmA>/d_(2) 2mi(Vi—Y2) Sy 27

n,m=1
2 2 3
< TLa(i§ 6 - —2mA) [T TT 666 + X0+ ma)

i=1n=1

/dz(l) 2mi(Yz—Ya)z(D) H ( i(2)) — mA) . (A.g)

Re-arranging the contribution of the singlets in the prefactor, imposing the tracelessness

condition Zi:l X, = 0 and performing the change of variables zi(z) — —z§2), we get
3 0 0
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This is precisely the partition function of FFT[SU(3)] up to the exchange Y] <> Y3, which
is just an element of the Weyl group of SU(3)y that acts trivially on the partition function.
Hence, we get (2.15) in the particular case N = 3

3
Zrsuey (X Yima)= [] 8b<’i§+(Xn—Xm)—2mA> 3b<_i§+(Yn_Ym)+2mA>
n,m=1
¢ 7.9
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With the same strategy, one can derive flip-flip duality for T[SU(N)] with arbitrary rank N.

A.2.2 The case p = [2,1]

The starting point of the computation is the partition function of T[SU(3)], to which
we have to impose the constraint on the real masses (2.33) due to the superpotential
deformation (2.29)

Yo=Y +2myu. (A.12)
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We know that the effect of the massive deformation (2.29) is of making some of the flavors

at the end of the tail of T[SU(3)]Y massive. This is realized at the level of the partition

2)

function using the identity sy(x) sp(—x) = 1. Denoting with z;~’ the integration variables

of the U(2) gauge node, we have

ﬁ ( (2) )+mA> =38 (zi@) - —i—mA) Sp (—z£2)+Y1 +3m,4> Sp (:l:(zi@) —Yg)—i—mA)
i s (i(zgz)—m)JrzmA) sb(i(z§2>—yg)+mA) , (A.13)

where at the last step we redefined
Yi = Y1 —ma. (A.14)

Hence, the partition function of theory 7V is
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(A.15)
where B denotes the contribution of the flipping fields Sy and 7;, T, T contained in T2,

2
B = sb<i§ — 2mA> sb<i§ — 4mA> 3b<i§ + (Y1 —Y3) — 3mA>

X H sb<—z (X, — X )+2mA> (A.16)

n,m=1

Since the adjoint chiral field at the U(1) node is just a singlet, we can apply Aharony
duality at this node. Using (A.5) we find

Zrv = Bsy <z§ —2m A) S (f; +(X; — Xo) — 2mA> / A7) 2 -Xa) X1, 5

2
T 60+ 2m) (e 65 o

=1

2
X Hsb <z§ + (21 + zZ@)) — mA> . (A.17)

This had the effect of removing the adjoint chiral of the adjacent U(2) gauge node, so now
we can apply Aharony duality to it. In this case the rank of the group gets lowered by one
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2
X Sp <i§i(X1—X3)—2mA> Sp <_i§i( —Y3)+3my > e2mi(X1— X3)z(2)
Xsb(igi(z@)—i—yl)—QmA) Sb(igi( (2)—1—Y3 )/ 27”(X3 X2)z(W
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The last step of the computation consists of applying Aharony duality on the first U(1)
node once again. The various flipping fields produced in the derivation perfectly cancel
with those contained in the prefactor B and we get

Zyv = iR N 2 — /dzg) 2mi(Xa=X1)2® o (‘iQ + 2mA>
2
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X Sp <’LC§ +(u—-Y1)— mA> Sp <’LC§ + (2 — zz@) - mA) . (A.19)

At this point we recall that Y7 and Y3 are not independent variables because of the original
tracelessness condition Ei:l Y,, = 0, which after the constraint (2.33) and the shift (2.45)
becomes

21 + Y3 =0. (A.20)

We parametrize the residual U(1)y ) symmetry with
YO =y, -V, (A.21)

and we also perform the change of variables () — z(0) 4 y(1 / 3, so that

Zpv = e 2miXaY /dz?) e2mi(X2=X1)z® o <_1622 + 2mA>

(1 ,
X 8p <iQ + (z(Q) — Y) — mA> /dzgl) e2’”(X3*X2)Z(1)Sb <—iQ + 2mA>
2 3 2
X S <’LC§ + 20 — mA> Sp (zg + (2 — zl.@)) - mA) = Zreague) - (A22)

This coincides with the partition function T1>1[SU(3)] which, from the deformation of the
duality web of T[SU(N)], we expect to be flip-flip dual to theory 7. The real masses
X,, correspond to the SU(3)x global symmetry of T1>![SU(3)] that enhances from the
U(1)? topological symmetry that is manifest in the UV. Instead, the flavor symmetry of
T2U[SU(3)] is U(1)yq). Hence, we showed that flip-flip duality is equivalent to sequentially
applying Aharony duality.
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A.3 Derivation of the partition functions of Tj;12)[SU(4)] and its mirror dual

Flow to Tj312)[SU(IN)]. As discussed in section 2.2, the vev for the CB moment map of
T[SU(4)] can be studied as a linear superpotential in F'F'T[SU(4)] or, using flip-flip duality,
as a monopole deformation of T[SU(4)] with the addition of extra singlet fields flipping the
components of the HB and CB moment maps that remain free after the vev. Hence, in our
computation we start from the partition function (2.8) of T[SU(4)], impose the constraint

on the fugacities
Yo=Y+ 2mgy (A.23)

due to the monopole deformation (2.40), as well as the redefinition
Yi =Y —mgy (A.24)

and add the contribution of the flipping fields
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where B is the contribution of the singlets
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As we explained in section 2.2.2 we first apply the integral identity for the one-monopole
duality (A.3) to the U(1) gauge node where the monopole superpotential is turned on. In
this way, this node confines and we get the partition function of a dual frame of theory T
where we have no monopole superpotential
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In order to find the flip-flip dual of 7, we now have to sequentially apply the integral
identity for Aharony duality (A.5). First we apply the duality to the U(2) gauge node,
whose rank decreases by one since we confined the previous node
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Now we can apply Aharony duality on the U(3) gauge node since its adjoint chiral became
massive and was integrated out. The rank of the node decreases to two and we get

2
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(A.29)
Finally, we apply Aharony duality to the U(1) gauge node. Simplifying the contributions
of the singlets we produced in the derivation of the flip-flip dual with those contained in
2)

the prefactor B and performing the change of variable z2(2) — —z(2) we get

2
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Notice that the contact term is actually trivial, since the X,, parameters still parametrize
the Cartan of the SU(4)x HB global symmetry. Moreover, we should recall that the
original Y,, real masses were parametrizing the SU(4)y CB global symmetry of T[SU(4)],
meaning that Eszl Y, = 0. After imposing the condition Y5 = Y7 + 2m 4 and redefining
Y1 — Y1 — my, this translates into a condition for the real masses Y7, Y, of the remaining
U(1) x SU(2) CB global symmetry

4
2V + > Vu=0. (A.31)

a=3
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This means that the proper U(1)y-1) x SU(2)y 2 fugacities are

Yy =y,
W =Yi+vi
Y =vi+vi, (A.32)

so that 2221 v = 0. After this shift, we get
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where the contact term disappeared because of the tracelessness condition Zizl X, =0.
This is precisely the partition function of Tj; 12[SU(4)], whose global symmetry is indeed
SU(4)x x U(1)yq) x SU(2)y(2) with the CB factor U(1)y ) x SU(2)y(2) being enhanced at
low energies.

Flow to T!21’] [SU(4)]. As discussed in section 2.2, on the mirror dual side we should
consider the vev for the HB moment map of T[SU(4)]", which can be studied as a linear su-
perpotential in FFT[SU(4)]" or, using flip-flip duality, as a mass deformation of T[SU(4)]"
with the addition of extra singlet fields flipping the components of the HB and CB moment
maps that remain free after the vev. Hence, in our computation we start from the partition
function T[SU(4)]" and impose the constraint on the fugacities Y2 = Y7 4+ 2m 4 due to the
mass deformation. Using the relation sp(x) sp(—x) = 1, we have that the contribution of
some of the chiral fields attached to the last U(3) gauge node cancel each other, meaning
that they have become massive fields. Denoting with 21(3) the integration variables of the
U(3) gauge node, we have

ﬁ Sp (:t(sz) -Y,)+ mA> = ﬁ Sp (:E(ZZ@ -Y,)+ mA) Sp (zZ(S) -+ mA)

n=3 a=3

X 3b<—Zi(3) +Yi+ 3mA>

4
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a=3
(A.34)

where at the last step we redefined

Vi =Y —ma. (A.35)
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Thus, the starting point of our computation is the partition function of theory 7V

.3
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Again we claim that in order to reach the flip-flip dual frame which corresponds to
T2’1[SU(4)], we can iteratively apply the integral identity for Aharony duality (A.5).
We start from the U(1) gauge node since its adjoint chiral field is just a singlet. This node
has two flavors attached to it, so it remains a U(1) node and we get

ZTV = Bsb <Z§ — 2m,4) Sp (lg + (X1 — XQ) — 2mA> /dﬂ(?)) 2mi(X3—X4) ? 1% 55)
3

XHSb(Zg -2 —QWA)ﬁSb< Yl>+2mA)H5b< (3)_Ya)+mA>

i,j=1 a=3
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X H sp (z (z1) 4 22y - mA> . (A.37)

Notice that this application of Aharony duality had the effect of removing the adjoint
chiral field for the next U(2) gauge node, which allows us to apply the duality again on
this second node. This is a U(2) gauge node with four flavors, so its rank doesn’t change

2
Zrv=Bsy (ig—ZmA> Sp <i§:|:(X1—X2)—2mA> Sp (ig:l:(Xl—Xg)—QmA>
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Again, since we removed the adjoint chiral field from the U(3) node we can apply Aharony
duality to it. In this case the rank of the group decreases, since some of the flavors that
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used to be attached to it became massive, so this node is not balanced anymore. Hence,
we get

2
Zrv = Be2mi(X1—Xo)(Vi+Y0, >sb<z§—2m,4> sb<—i§+4m,4> sb<i§i(X1—X2)—2mA)
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This concludes the first iteration of the sequential application of Aharony duality along
the whole tail. In the second iteration, we again sequentially apply the duality starting
from the left U(1) gauge node, but stopping at the second last node in order to restore
the adjoint chiral at the U(2) gauge node labelled by 7). From the first application of
Aharony duality we get
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a=1
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Now we apply Aharony duality to the U(2) gauge node labelled by 72
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This concludes also the second iteration. The last iteration only consists of applying
Aharony duality on the original U(1) node, so to restore the adjoint chiral also at the U(2)
node labelled by z?). Simplifying the contributions of the many singlets we produced by

the sequential application of Aharony duality with those contained in the prefactor B and
(2) 52

performing the change of variables z’ — —z4 we get

i=1%;
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At this point we implement the redefinition of the fugacities (A.32) and we also perform the
change of variables z() — z() 4+ V(1) By taking into account the tracelessness conditions
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Zizl Xn = Zi:l YoEQ) =0, we get

2
. . )
Zrv :e47”(X1+X2)Y(1) /d?(z?)) eQﬂl(Xl*X?)Z?:ﬁEB H Sp (—ig—i—(zi(g)_z](.?’))—l—QmA)

ij=1

2 2
<[] = (igi&f’) +Y4%) —m) / 42D 2miXa-X3) T2, 2

2

2
X H sb<—i§2+(zc(b2)—zl§2))+2ml4> Hsb(igi(z((f)—f—Y(l))—mA)

a=1

[T <ic22i(2§2)—2i)—m,4> 5 (—i§+2mA> /dz§1)627ri(X3—X4)z(1)
e, Q
SIE <i2i(z(1)—z((12))—m,4> = Z 10025y (Y(l),Y(Q);X;iQ—mA> . (A.43)

This is precisely the partition function of T21*J[SU(4)], whose global symmetry is indeed
U(1)ya) x SU(2)y(2) x SU(4) x with the CB factor SU(4) x being enhanced at low energies.

Combining the results (A.33) and (A.43) with the integral identity for the mirror self-
duality of T'[SU(4)] (2.12) we get that the partition function of T}, ;2[SU(4)] coincides with

that of T2°1[SU(4)] provided that my z% — my4 as expected from Mirror Symme-
try (2.10)

—

. . Q
21, 50 (X5 Y Y Wima) = 200 106 (Ym’ VO Xy —ma ) (Add)

B Partition function computations in 4d

B.1 Intriligator-Pouliot duality
The Intriligator-Pouliot duality was first proposed in [22] and it relates the two following
4d N = 1 theories:

Theory A: USp(2N.) gauge theory with 2Ny fundamental chirals and no superpotential
W =0.

Theory B: USp(2N; —2N.—4) gauge theory with 2N, fundamental chirals, Nt(2Ny—1)
singlets (collected in an antisymmetric matrix M,;) and superpotential W=M L

At the level of the S3 x S! partition function, this translates into an integral identity
proved in Theorem 3.1 of [47]

N 2Nf 2Nf Nf*N6722Nf

7{(12}\76 H H I (Uaziﬂ) = H Te(vqup) deNf_NC_z H H Fe((pQ)l/Zva_lzin) )
=1 a=1

i=1a=1 a<b

(B.1)

— 70 —



which holds provided that
[T ve = (pg)™ " (B.2)

and where we defined the integration measure as

- [(p;p)(q dz; 1
dzy = || : B.3
o e e

which includes the contribution of the vector multiplet.
Notice that for N, = N and Ny = N+2 the dual theory is a WZ model of (N +2)(2N +3)
chiral fields and the identity (B.1) reduces to

N 2N+4 2N+4

fdzN H H F va H Le(vavp) (B.4)
i=1 a=1 a<b
with the condition
2N+4
II ve=rq, (B.5)
a=1

which was first conjectured in [48].

B.2 4d flip-flip duality as repeated Intriligator-Pouliot duality

B.2.1 Derivation of E[USp(6)] +> FFE[USp(6)]

Recall that the flip-flip duality of T[SU(N)] in 3d can be realized as a repeated application of
the Aharony duality and one-monopole duality. In 4d, as claimed in the main text, the flip-
flip duality of E[USp(2N)] can be also realized using the Intriligator-Pouliot duality only.
In this appendix, we use the superconformal index to show how to obtain F'FE[USp(2N)],
the flip-flip dual of E[USp(2N)], by sequential Intriligator-Pouliot dualities. As an explicit
example, we take N = 3, which requires the Intriligator-Pouliot duality three times in total
to obtain the flip-flip dual.
The superconformal index of E[USp(6)] is given by

Ig [USp( ) (T 75t ¢)

(Cyf” o) D) 4D T (1T 141 021
H (2 To(t 102)j{d21 dzy Fe(Pqt ) er(pqt 2 Z; )

n:l 1<j
H? <t1/2 (1 )ilzj(2)i1) 12, [, T. (t1/2z(2)ilxi1>
8 I‘e(cy2 21 )il) H?:1F (tl/Qcyil (2 )il)
2
x Ie (tilcylilz(l)ﬂ) er (til/Qcy2 z( )il) . (B.6)
=1
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As a first step, we apply the Intriligator-Pouliot duality on the leftmost node, which cor-
responds to the following identity:

[\

y{d—(l) e(t_lcylilz(l)il)r‘e(pqc 1 Qil H t1/2 (1)%1 J( ):I:l)
2
:Fe(t_202)r‘e(pqt_1 +1 11 H 1/2cyflz§2)i1)

7j=1 1<J

2
(PP HFe pqt1/2 -1 :tl (2)11 QHF 2)+1 (2 1) ?{dﬂ
2

% I‘e(p1/2q1/2tc_1yfdz(1)il)I‘e(p_1/2q_1/20y§[12(1)i1) H Fe(p1/2q1/2t_1/2z(1)ﬂz](-2)il) ‘
j=1

(B.7)

Next we apply the Intriligator-Pouliot duality on the middle gauge node. We thus collect
the 22 dependent factors and apply the following identity:

2 3
fas T I v
i=1n=1
2 2 9
_ 2 _ 9 B )
< [T Telpar™ eyt 4 T el eyt o) T Telp g 2720502
=1

i=1 j=1

3
H r, tx (E H F qu lmj:lyétl) H T (C.Iilylil)
m<n n=1

« ]_—\e(quQt—l )F (pqt—lyilyil)r ( 3/2q3/2t_10_1y§t12(1)i1)

2 3
X To(t e (p' g Pt eyt 2(0E) fd%(z) [T TT re(p'/?q! /271222155
i=1n=1
2 2 2
% H T, (p—l/Zq—1/2t1/2cy§:1Z;(Z)il) H Fe(p1/2q1/2t1/20_1yflz;(2)il) H Fe(tl/QZ(l)ilzl’_@)il) '
i=1 i=1 i=1

(B.8)

Lastly, we collect the z(!) dependent factors resulting from the previous two applications
of the Intriligator-Pouliot duality, which become

2
]{d—»(l) (p_1/2q_1/20y2ﬂz(1)i1)I‘e(p3/2q3/2t_1c_1y3ﬂz(1)i1) er(tlmz(l)ilz;(z)ﬂ)
i=1
: 2
=Te(p g ) Te(pat s i) [[ Teo™ a2 ey P ENE (PPt 2e72)
i=1
2
% HF (p32g%/2 12 —1y3i1 "2 QHF 2)21,/( )il)j{dz_/lu)
i=1 i<y
2
Xre(pqcflyétlz/(l):tl)r (g ltcyil "1 ):l:l)HFe(p1/2q1/2t71/2zl(1)j:lzz{(Z)jzl)' (B.9)
i=1
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Combining all the remaining factors, we obtain the following expression for the entire
superconformal index:

Trspe) (75 ¥ ts )

3
=[] re(taiia HF pat yEyt)

m<n m<n

3
o a Deleyi o) 7{(1 S0 g7 BHF (ta151051)
Le(p=2q 22 Te(p~'q'tc?)

1<J
HZ_l Fe(p1/2q1/2t*1/2z’(1)ilz((2)ﬂ)]_[2_1 H3 Telp 1/2 1/215*1/2 /(Q)ﬂ il)
Le(c2yy 2/ (DF) T2, Tu(pV/2q1 /2t 1/2cyi1 @)
2
« T (p q 1tcy:|:1 /(1)i1)HFe(p—1/2q—1/2t1/2cygzlzl{(2)il)
i=1
= IZrreuspe) (T 95 pq/t, c) . (B.10)

This proves the index equality of the flip-flip duality of E[USp(6)] and the sequential
applications of the Intriligator-Pouliot duality. Note that while the variables 1, appear in
the opposite way compared to the original definition, the index is invariant under such a
shuffling of variables because it is a Weyl symmetry of the USp(6), global symmetry.

B.2.2 The case p = [2,1]

In this appendix, we show how to obtain E[21] [USp(6)] from its flip-flip dual TV by se-
quential applications of the Intriligator-Pouliot duality. We start with the index of theory
TV, which is given by (3.67). For N = 3, it is written as follows:

Trv (f y O @, ¢ C)
2

e(pgt™) H e (pgt™ lelmil) I‘e(t%ymily(?)ﬂ)HFe(ti) I‘e(tflcz)

n<m =1

I (c :l:ly(Q)il)Hn 1F6<c;r3 (t'n 2y(l)) )
« fd*(”d*?)r BHF 1 #1,2%)
Pe(p~2q~212c*) Le(p~tq~c?) i
H?:1 T, <p1/2q1/2t71/22(1)1123(_2)11) 12, I. (p1/2q1/2t712(2)ily(1)i1) T, (p1/2q1/2t71/22i(2)ilymﬂ)
L. (ca3tz(M*L) 2,1 ( 1/241/24- 1/zc$ilz§2)i1)

% T, (p g etz (1):t1) ﬁFe(pfl/Zq—l/Qtl/chQilZZ_(Q)il) ' (B.11)

i=1
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We first apply the Intriligator-Pouliot duality on the leftmost node, which corresponds to
the following identity:

[\

fdz(ln (g a2 OEND, (pget a2 VE H (p\/2q1 /2412, (0% ():tl)

2
_ Fe(p—Qq—2t2CQ)F (t:l)lililéd) H Fe(p—1/2q—1/2t1/26$1i12§2):t1) (B12)
j=1

2
p e H 3/2q3/2t—1/2c—1x§c12](2)ﬁ:1)Fe(pqt—1)2Hre(pqt—lzz@)jzlzj@):tl)

[\

j=1 i<j
2
% %d;?%l) Fe(p3/2q3/2t—1c—1x%12(1):tl)re(p—1/2q—1/26x2ilz(1):l:1) H Fe(t1/2z(1)ilzj(2):t1) '
j=1

Next, we collect the z(2) dependent factors and apply the Intriligator-Pouliot duality again:

2 2
f' déf) H Fe(p1/2q1/2t71Zl(2)ily(1)i1) H Fe(p1/2q1/2t71/gzl(2)ily(2)¢1)

i=1 i=1

X
T
o

2 2
T (p1/2q1/2t1/2c—1x§t1ZJ(_2)i1 H ‘1/2q‘1/2t1/2cmf1z§2)i1 H t1/2 (1) %1 (2):t1)
:Fe(pqt’2)1“e(pqt’3/2y(1)ﬂ (2)11)F (pgt™ 1/2,.-1 (1)i1 :l:l)F( 1/2 (1)1[1 ?:1)Fe(p1/2q1/2t—1/2y(1)i1Z(l)il)
x Te(pge y P ag Do (cy P i Te(pate ) Te(tay o Lo (p'/ 2" P te ozt 2=
% Fe(p’lq’ltCQ)Fe(p’1/2q’1/2tcxflz<1)ﬂ) j{dgll@) FE(tzl(2)ily(l)il)Fe(tl/QZ/(Q)ily(Q)il)

« Fe(tfl/ZCl,silz/(Q):tl)Fe(pqtfl/ZC—lzlilz/(Q):tl)Fe(pl/qu/Qtfl/ZZ(l):tlz/(Z):tl) ) (B_13>

Lastly, we collect the z(!) dependent factors, which become
f dz%l) Fe(p*1/2q’1/2cx2i1z(1)il)I‘e(pl/qu/ztc’lmglz(l)il)
x To(pl/2q1 /2412, ELY (DEN D (,1/21/24=1/2, (DF1 /(D)%)
= Do(p~lq ')tz x?fl)I‘e(t’l/Qc:cﬂy(l)il) ot 71/2033;(12/(2&1)
% Fe(pthC_z)Fe(pqtl/zc_lxgﬂy(l)il) e(pqt1/26—1x§c1z/(2)ﬂ)Fe(pqt—l)2Fe(pqt—1y(1)ﬂzl(2)i1)
< fdz—ll(l) Fe(pqc—lxgclz/(l)il)re(t—lcm§1zl(1)i1)re(t1/2zl(1):|:1y(1):|:1)re(tl/QZ/(l)j:IZ/(Q)j:l) .
(B.14)

Combining all the remaining factors, we obtain the following expression for the entire
superconformal index:

Fe(t_1/201‘iﬂy(1):‘:1)Fe(t_l/chg:ly(l)il)Fe(cletly@)il)Fe(pthC_Q)

" 7{(15/1(1) dZJl(z) Fe(pqtfl)QFe(tl/QZ/(l)ily(l)il)

X Fe(pqc_lfﬂétlzl(l)il)Fe(t_lcxgilz/(l)il)Fe(t1/221(2):|:1y(2):|:1)
x To(pgt ™2/ OFND (171 2ca 1/ OFND, (11/2,/ (D1 /() £1)

= Zpusp(e))21 (1‘ y, m;m/t,C) ) (B.15)

which completes the derivation.
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Figure 26. A direct derivation of the 4d mirror-like duality between Ejy_1 1[USp(2N)] and
EW-1L1[USp(2N)] using the Intriligator-Pouliot duality.

B.3 Alternative derivation of E|n_1,1)[USp(2N)] <> EIN-LU[USp(2N)]

In section 3.2.2, we derived the mirror-like duality between FEjy_;[USp(2N)] and
EW-LU[USp(2N)] using the E[USp(2N)] duality web. In this appendix we provide an
alternative derivation of this duality.

First we note that the 3d counterpart of this duality is the abelian Mirror Symmetry
which maps the 3d SQED with N flavors to an abelian quiver of NV — 1 gauge nodes with
one flavor attached to each end of the quiver. This abelian mirror can be obtained by
sequential applications of the Aharony duality between the SQED with one flavor and
the XYZ Wess-Zumino model [46]. Accordingly one can expect that the 4d mirror-like
duality between Ejy_;11[USp(2NV)] and EW-LU[USp(2N)] is also obtained by sequential
applications of the Intriligator-Pouliot duality in the confining case, which indeed turns
out to be true. For example, this procedure for N = 3 is shown in figure 26.

In this appendix, we also exhibit the derivation of the duality in terms of the 4d
superconformal index.

Let us start with E[ZY[USp(6)], whose superconformal index is given by
Tpenuspo)] (y(l)» Yy # pa/t, C)
_ Fe(tfl/ch:tly(l)il) ( 71/20x:t1y(1)i1) (cx:l:ly(Q)il)Fe(p(chfZ)
j{d% )d42) (pqt_1)2 T (/22041 ()41

% Fe(pqc 11,5&12( ):tl)re(t C.I'étlz( ):tl)re(tl/QZ(Q):tly(Q):l:l)

> Fe(pqt I/QC lx:lzlz( ):I:l)re( I/QCl‘étIZ(Q)il)Fe(tl/QZ(l)ilz(Q)il). (Blﬁ)
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We can apply the Intriligator-Pouliot duality relating a WZ model with 15 chirals to the
USp(2) theory with six chirals to trade some of the chirals in (B.16) for a new USp(2)
gauge node:

Fe(cxitly@)il)Fe(pqt—1/2c—1witlz(2)il)Fe(tl/ZZ(Q)ily(Q)il)
= Le(pqt e )Le(t)le(c?) ]{ dzV T (p2q 2 2 (D E 1)
5 Fe(p1/2q1/2t_1/2z’(1)i1x1ﬂ)Fe(pl/qu/zc_lz’(l)ilz@)il) , (B.17)

in this way we obtain the second quiver in figure 26.

2)

We then observe that collecting the factors depending on z(?), we can apply the

Intriligator-Pouliot duality to confine the second node in the second quiver in figure 26:

7{ d2(12) D (#1/2,(WFLQEND (17172041 D (p1/2g1/26-1 /() F1 (2) 41
_ Fe(02(1)il%ﬂ)Fe(p1/2q1/2t71/2x2ilz/(1)11)Fe(p1/2q1/2t1/20712,(1)ilzl(l)il)
x Te(t)Le(t™ e*)le(pge™), (B.18)
we then arrive at the third quiver in figure 26.

Then we collect the factors depending on z() and apply again Intriligator-Pouliot
duality to confine this node:

% d;?gl) Fe(t1/2z(1)i1y(1)il)re(tflcz(l)ilxél:l)Fe(p1/2q1/2t1/2cflz(l)ilz/(l)il)
_ Fe(t—l/QCxétly(l):tl)Fe(p1/2q1/2t—1/2$§t1z/(1):tl)Fe(p1/2q1/2tc—1y(l)ilz/(l)j:l)
X To(t)Te(t 2T (pgtc™?) . (B.19)

Collecting the remaining factors, we obtain the partition function of the last quiver in
figure 26:

VAOIERY [USp(6)] <y(1), 9(2), Z,t, C)

Hi: T, (t~1/2cy(DF1 41 B
_ 11“ ((p—lq—ltCQ) )%dgll(l) T.(t) Fe(pl/qu/th 1y(1):tlz/(1):t1>

3
% T, (p_1/2q_1/2t1/20y(2)ilz’(l)il) H T, <p1/2q1/2t—1/2x7:il:1zl(1):tl)
n=1

= ZE'[QJ] [USp(6)] <fv y(2)7 y(1)7 t C) ) (BQO)

which coincides with the superconformal index of Ej; ;)[USp(6)] given in (3.62). Applying
this procedurefor generic N we prove the identity between the indices of IE[Nf 111 [USp(2N)]

and Zpiv-1.1[ysp(2n))-
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