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1 Introduction

The study of the dynamics of supersymmetric quantum field theory in three spacetime
dimensions is a very rich research topic. One reason for this is that it is believed that any
supersymmetric gauge theory with sufficient matter flows to an interacting superconformal
field theory (SCFT), leading to a wealth of models. Furthermore, in many cases these
models exhibit interesting non-perturbative dynamical effects. An example of this is given
by the phenomenon of symmetry enhancement, where the global symmetry of the IR theory
is larger than that expected from the UV description. A further example is given by the
phenomenon of duality, where two different UV theories flow to the same IR SCFT.

For theories with at least four supercharges, the advent of supersymmetric localization
has brought about many tools that can be used to uncover cases of such phenomena
facilitating the discovery of many examples of these. However, this discovery raises the
need for an organizing principle, allowing for the organization, motivation and prediction
of such models.

In the case of four dimensional quantum field theory, where similar phenomena also
occur, one such organizing principle is given by the compactification of 6d SCFTs on Rie-
mann surfaces to 4d, potentially with flux in the global symmetry of the 6d SCFT. The way
this method works is that we can break any complicated Riemann surface to a collection
of three-punctured spheres, called trinions, that are glued together along their punctures.
This is usually refereed to as a pair of pants decomposition, and has interesting implica-
tions for 4d physics. Specifically, to each trinion one associates a 4d theory, given by the
compactification of the 6d SCFT on this surface. The 4d theory resulting from the compact-
ification on the full surface can be obtained by gluing together the 4d theories associated
with each trinion, usually by gauging mutual global symmetries, in the same manner as
the pair of pants decomposition constructs the full Riemann surface. However, the pair
of pants decomposition is not unique. This naturally leads to dualities between different
4d theories, corresponding to different pair of pants decompositions of the same surface,
and to symmetry enhancement, where the surface is built from trinions that individually
preserve less symmetry than that expected from the full surface.

Given the success of this approach in understanding the behavior of 4d theories, it is
thus tempting to seek similar such organizing principles also for three dimensional theories.
One option is to consider the compactification of 6d SCFTs on 3-surfaces to 3d, which is
usually referred to as the 3d-3d correspondence [1, 2]. In this approach we keep the UV
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theory to be a 6d SCFT, but change the dimension of the compactification surface to
three. This means that in this approach we need to deal with 3-surfaces whose geometry
is significantly more complicated than the geometry of 2-surfaces.

Another option is to keep the dimension of the compactification surface, but change
the UV theory to be a 5d SCFT. This allows us to keep the relatively simple geometry of
two dimensional surfaces. Despite this appealing feature, this approach has remained rela-
tively unexplored. Here we aim to begin the study of this method of realizing 3d theories.
Specifically, we shall rely on the advancement made in the study of the compactification
of 6d (1, 0) SCFTs on Riemann surfaces to 4d N = 1 theories, and apply the methods
developed there also to the study of the compactification of 5d N = 1 SCFTs on Riemann
surfaces to 3d N = 2 theories.

To study the compactification of 5d SCFTs, we first need to make a choice of 5d SCFT.
These can be realized by a variety of methods. Many of them can be realized in field theory
as UV completions of 5d gauge theories [3–5]. However, the most prolific method to realize
them is using string theory, either through brane systems [6–11] or by the compactification
of M-theory on Calabi-Yau threefolds [12–23]. While a complete classification of 5d SCFTs
is still lacking, there are by now many known examples of them.

Here we shall make a choice of a specific family of 5d SCFTs. This family is the so-
called Seiberg ENf +1 SCFTs, first discussed in [3]. These correspond to one of the simplest
families of 5d SCFTs, that still possess a rich flavor symmetry, which is the reason we shall
choose to concentrate on this case. It can be conveniently described in field theory as the
SCFT UV completion of the 5d gauge theory made from an SU(2) vector multiplet and
Nf fundamental hypermultiplets. We note that the methods used here can also be used
to analyze the compactifications of other 5d SCFTs, as long as they have a deformation
leading to a 5d gauge theory.

We shall also concentrate on the cases where the surfaces are tori and tubes, that is
spheres with two punctures, with flux in their global symmetry supported on the surface.
This choice is motivated by the strategy used to study the compactification of 6d SCFTs
to 4d on Riemann surfaces. There, the starting point is to first consider the compactifi-
cation on these surfaces, which can be handled by reducing along the circle to 5d. Once
determined for a family of theories, it is possible to use this to also study theories resulting
from the compactification on trinions, that is spheres with three punctures, and from there
to general surfaces.

While many steps in the computation follow through the application of the methods
used in the study of compactifications to four dimensions, there are several novel elements
that make an appearance due to the fact that we now get 3d theories. Particularly, in 3d
gauge theories we can add Chern-Simons terms to the Lagrangian. Additionally, 3d gauge
theories have a non-perturbative sector of operators, the so called monopole operators,
which can be used to introduce interactions through monopole superpotentials. As we
shall see, both of these new aspects appear and play an important role in the construction.

Once we have motivated a potential 3d theory, we shall test it using various methods.
This will be done by considering the theories associated with tori. The 5d construction
suggests that these should have a specific symmetry, the commutant of the flux in the
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global symmetry of the 5d SCFT. However, the 3d Lagrangian models generally manifest
less symmetry. An important test then is to show that the symmetry in the IR is consistent
with that expected from the geometric picture. This is done by studying supersymmetric
partition functions, specifically the superconformal index and the S3 partition function.
The former is used to check that the BPS operators indeed form characters of the expected
symmetry, up to possible merging of operators. The latter is used to evaluate central
charges and check that these are consistent with the enhancement.

Moreover, the 5d picture has several implications on the operator spectrum that can be
checked using the superconformal index. For instance, the theory is expected to inherit a
conformal manifold from the compactification, and we can use the superconformal index to
check for its existence. Additionally, there are operators associated with the currents broken
by the flux, and these lead to special relevant and irrelevant operators. An extra consistency
check then is to verify that we indeed see these extra states in the representations that
would correctly enhance the expected global symmetry to that of the 5d SCFT.

We do note that most of our consistency checks are preformed on theories associated
to tori compactification, and not to the tubes themselves. The main consistency check for
the tubes is rather indirect, that the theories associated to tori which we build from them
pass the necessary consistency checks for many different models. While this gives a strong
indication that these theories indeed correspond to the claimed tubes, it still leaves open
the possibility that the two theories differ by some modification that cancels out once the
theories are glued to a closed surface. Additionally, the checks mainly involve predictions
for symmetry enhancement, dualities, and the existence of a certain special subsector of
operators. This leaves open the possibility of modifying this theory by something that does
not affect these, like the addition of singlet fields. As such, the best we can claim is that
these theories are closely related to the theories engineered through the compactification
of the rank 1 ENf +1 5d SCFTs on a torus with flux, at worst differing from these by minor
modifications.

The structure of this paper is as follows. We begin in section 2 by studying the com-
pactification of the 5d Seiberg ENf +1 SCFTs on tubes with fluxes for the global symmetry,
and construct the 3d N = 2 theories expected to be the result of this procedure. Then,
after discussing the consistency checks one can perform to test such compactifications, we
turn to sections 3, 4 and 5 where we consider tori with different fluxes as the compactifying
surfaces. These cases are obtained by gluing tubes together, and reveal the role played by
Chern-Simons terms and monopole superpotentials. In section 3 we consider tori obtained
by gluing two copies of the basic tube together, while in section 4 the tori are constructed
from four such tubes corresponding to a higher value of flux. Section 5 contains several
additional cases of interest, including tori obtained by gluing more than four copies of the
basic tube together or by gluing just a single such tube to itself. Then, in section 6 we
discuss gluing rules in general and refer to the novel elements we encountered that are
not present in compactifications to 4d, and later conclude in section 7. Several appendices
include additional information and notations.
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2 The compactification of 5d SCFTs to 3d N = 2 theories

We shall begin by motivating the 3d N = 2 theories that we expect result from the
compactification of the 5d ENf +1 theories on tubes, that is spheres with two punctures.
While we shall try to make the discussion self-contained, the analysis is heavily motivated
by similar methods used in the study of the compactification of 6d (1, 0) SCFTs to 4d.
Specifically, we can consider the compactification of 6d (1, 0) SCFTs on a Riemann surfaces,
which should lead to a 4d theory at low-energies. In order to preserve some supersymmetry,
we couple the R-symmetry bundle to a background connection equal to the spin connection
on the Riemann surfaces so that the two will cancel for some of the supercharges. This is
usually refereed to as twisting, and with it we can generically preserve four supercharges,
leading to N = 1 supersymmetric theories in 4d. It is also possible to turn on fluxes in the
global symmetry of the 6d SCFT without breaking additional supersymmetry [24, 25].

These types of relations were studied extensively in the context of 6d (2, 0) SCFTs [26–
28], and recently much progress has been made in the study of similar relations also for
purely 6d (1, 0) SCFTs [25, 29–41]. The culmination of this work is a general procedure to
study and determine the resulting 4d theories. We shall rely on this procedure, and mimic
it in an attempt to make progress on the study of compactifications of 5d SCFTs to 3d on
Riemann surfaces. For more information on the many steps of the analysis as they apply
to the study of the compactification of 6d SCFTs, we refer the interested readers to the
original papers [31–33].

Similarly to the study of the compactification of 6d SCFTs, we wish to study the
compactification of 5d SCFTs on Riemann surfaces to 3d, potentially with flux in their
global symmetry supported on the Riemann surface. Like in the case of the compactification
of 6d SCFTs, to preserve SUSY we need to perform a twist when compactifying on a curved
Riemann surface. While we shall mostly concentrate on compactifications on flat surfaces,
we still comment that to preserve SUSY on curved surfaces we need to couple the Cartan
of the SU(2) R-symmetry to a background connection equal to the spin connection. This
allows us to preserve four supercharges in 3d leading toN = 2 theories. We can also add flux
in the global symmetries of the 5d SCFT, without breaking the 3d N = 2 supersymmetry.

So far the discussion has been general. However, in the proceeding discussion we shall
concentrate on a specific choice of both 5d SCFTs and compactification surfaces. For the
choice of 5d SCFTs, we shall take the rank 1 Seiberg ENf +1 theories introduced in [3]. This
choice is motivated as these are one of the simpler and most well studied 5d SCFTs, that
furthermore also support a rich global symmetry. For the choice of compactification surface,
we shall take tori and tubes, that is a spheres with two punctures, with flux in the global
symmetry of the 5d SCFT supported on the surface. The choice of surfaces is motivated by
the study of compactifications of 6d SCFTs. There the basic starting point is determining
the theories corresponding to tubes. From them we can form theories associated with tori
with flux by gluing tubes together to form a closed surface. There are then methods to
determine theories associated to trinions, that is three-punctured spheres, once the tube
theories have been determined for a family of theories, see [37, 39–41]. Knowledge of the
trinion theories then allows us to determine the theories associated with compactifications
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on arbitrary surfaces. Here we shall take the first step by considering only the cases of
tubes and tori, postponing thought on other surfaces for future work.

We shall begin by discussing some of the properties of the Seiberg ENf +1 SCFTs.
Following that, we shall begin considering the compactification of the 5d ENf +1 SCFTs to
3d on tubes with flux in their global symmetry.

2.1 Properties of the 5d rank 1 ENf +1 SCFTs

Here we shall concentrate on the rank 1 Seiberg ENf +1 theories. These are a family
of 5d SCFTs, defined for Nf = −1, 0, 1, . . . , 7. One of their defining properties is that
they have an ENf +1 global symmetry.1 For Nf ≥ 0 they are conveniently defined as
the SCFT UV completions of the N = 1 supersymmetric gauge theories SU(2) + NfF ,
where this shortened notation stands for an SU(2) vector multiplet with Nf fundamental
hypermultiplets. Specifically, the ENf +1 SCFTs can be deformed by a mass deformation,
breaking ENf +1 → U(1) × SO(2Nf ). This initiates an RG flow leading at low-energies to
the SU(2) + NfF 5d gauge theories. Here the SO(2Nf ) factor of the preserved symmetry
is identified with the symmetry rotating the Nf fundamentals, while the U(1) is identified
with the topological instanton symmetry. The gauge coupling of the low-energy theory is
then associated with the mass deformation.

Besides the mass deformation sending the 5d SCFTs to the SU(2) gauge theories, the
ENf +1 SCFTs are also connected to one another via mass deformations. Specifically, there
are mass deformations that initiate a flow from an ENf +1 SCFT to an ENf

SCFT. These
are manifested in the gauge theories by the integrating out of fundamental matter. These
flows proceed straightforwardly until we reach the E2 SCFT. The curious thing at this
stage is that there are two 5d SCFTs, dubbed the E1 and Ẽ1 theories, that one can go to.
True to its name, the E1 SCFT has an E1 = SU(2) global symmetry, while the Ẽ1 SCFT
has only a U(1) global symmetry. Both SCFTs UV complete the 5d gauge theory consisting
of a pure SU(2) N = 1 vector multiplet, but differ by the θ angle, which is a Z2 valued
parameter available for pure USp type 5d gauge theories [4]. Specifically, the E1 SCFT UV
completes the case with θ angle 0, while the Ẽ1 SCFT UV completes the case with θ angle π.

The mass deformations to the gauge theories of the E1 and Ẽ1 SCFTs are associated to
the single Cartan factor of their global symmetry. Mass deformations in 5d N = 1 theories
are real, and as such can be both positive and negative. For the case of the E1 SCFT, as
it has an SU(2) global symmetry, both the positive and negative mass deformations give
the gauge theory. This property, that both the positive and negative mass deformations
lead to the same theory, also holds for the mass deformations leading to the SU(2) gauge
theories for the ENf +1 SCFTs with Nf > 0 [42], again due to the enhanced symmetry.
This will be important to us later on. However, this is not the case for the Ẽ1 SCFT. Here
one sign gives the gauge theory, but the other leads to a new 5d SCFT. This 5d SCFT
is dubbed the E0 SCFT, has no global symmetry, and as such no SUSY preserving mass
deformations.

1For Nf = 5, 6 and 7 these are just the exceptional groups E6, E7 and E8. For smaller values of Nf

these are identified with some combination of classical groups, specifically: E5 = SO(10), E4 = SU(5),
E3 = SU(2)× SU(3), E2 = U(1)× SU(2), E1 = SU(2).
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Here we shall mostly concentrate on the ENf +1 theories for Nf ≥ 0. This follows
as we shall rely on their gauge theory deformations to motivate the resulting 3d theories.
Specifically, we shall rely on the expectation that these theories can be made to flow to the
corresponding 4d theories by compactifying them with a suitable holonomy. To understand
this we first consider what happens when we reduce theories with eight supercharges on
a circle with an holonomy in a flavor symmetry. In these cases, the holonomy sits in the
component along the circle reducing from 5d to 4d, of a background vector field belonging
to a 5d vector multiplet. Such 5d vector multiplets also contain a scalar field, whose vevs
leads to mass deformations.

In that case, we can take the holonomy to be in the vector field belonging to the same
5d vector multiplet in which resides also the scalar whose vev leads to the mass deformation
sending the ENf +1 SCFTs to the 5d gauge theories SU(2) + NfF . In such compactified
theories, the component of the vector field along the compact direction and the real scalar
join to form the complex scalar parameterizing mass deformations in 4d N = 2 theories.
As such this deformation in 5d should be equivalent to the purely 5d mass deformation,
and so we expect that the 5d ENf +1 SCFTs will flow to the 4d SU(2)+NfF gauge theories
when compactified in the presence of this holonomy. We shall make use of this next when
we discuss the compactification of the ENf +1 SCFTs to 3d on tubes.

2.2 4d compactification

Our first step in analyzing the compactification of the 5d ENf +1 SCFTs on tubes is to
reduce on the circle, leading to a 4d theory compactified on the interval. At the boundaries
of the interval, corresponding to the boundaries of the tube, we will need to put boundary
conditions, which we shall describe momentarily. One issue here is what happens to the
flux in the global symmetry of the 5d SCFT supported on the surfaces when we perform
this reduction.

The central idea here, that we shall next describe, is that this flux can be implemented
using a variable holonomy. Specifically, let us call the 4d compact direction x4, and consider
the boundaries to be at x4 = ±a. Then we consider an holonomy inside a U(1) subgroup
of the global symmetry such that its value at x4 = a is say m, but its value at x4 = −a
is −m. Furthermore, we shall take it to be constant everywhere except at x4 = 0 where
it jumps, and as such we have flux located at that point, leading to flux supported on the
surface. This is a convenient choice to take as it allows us to relate the flux to domain walls.
This approach has been extensively used in the study of compactifications of 6d SCFTs,
and its success there suggests that the actual profile of the flux has an either irreverent
or at best marginal effect on the resulting 4d theory, so we do not lose anything in taking
this specific profile. We shall assume here that this continues to hold also for the case of
compactifications of 5d SCFTs.

The presence of the holonomy leads to two 4d theories. One at x4 > 0 and the other at
x4 < 0, while at x4 = 0 we have a domain wall separating the two.2 The type of 4d theories

2Here there is a slight abuse of terminology, as this object is non-dynamical and so more akin to an
interface between two different theories. Nevertheless, the name domain walls for these interfaces has
become standard in the literature on compactification of six-dimensional theories that inspired this work,
and as such we shall also employ it here to conform with the existing notation in the literature.
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we have at the two segments depends on the choice of holonomy, and thus the choice of
flux. Here we shall make a special choice and choose this holonomy to be the one that is
expected to give the 4d gauge theory SU(2) + NfF , as explained previously. As such, in
the 4d picture, we expect the 4d theory at both x4 > 0 and x4 < 0 to be the gauge theory
SU(2) +NfF .

The nice property of this choice is that it leads to Lagrangian gauge theories at almost
all points of the 4d spacetime. This facilitates the study of the boundary conditions and
the determination of the resulting 3d theories. For Nf > 4 the 4d theories away from the
domain wall are IR free and so expected to be weakly coupled. However, for Nf = 4 the
gauge coupling is marginal, and becomes relevant for Nf < 4 leading to potentially strongly
coupled 4d interactions. This seems to lead to a difficulty in the study of the resulting 3d
theories for Nf ≤ 4, on which we shall elaborate in the later sections.

This specific choice of holonomy leads to a special choice of flux. To specify the flux, we
need to choose a Cartan basis of the global symmetry and specify the flux in each Cartan el-
ement. For our considerations here, it is convenient to choose a basis manifesting the U(1)×
SO(2Nf ) subgroup of ENf +1, which is the one preserved by the gauge theory deformation
that we are frequently using. Additionally, we shall span the SO(2Nf ) part by its SO(2)Nf

subgroup. As such, we shall denote the flux by (FU(1);FSO(2)1 , FSO(2)2 , . . . , FSO(2)Nf
), where

we use FU(1) for the flux in the U(1) part of U(1) × SO(2Nf ), and FSO(2)i
for the flux in

the Nf independent SO(2) subgroups of SO(2Nf ). In this basis, as we shall see in the
later sections, the flux associated with this specific choice of holonomy appears to be(√

8−Nf

4 ; 1
4 ,

1
4 , . . . ,

1
4︸ ︷︷ ︸

Nf

)
. We note here that the square root in the flux comes from our

chosen normalization of the roots of ENf +1. Specifically, we normalize one of the U(1)
Cartans such that the minimal charge under it is proportional to the square root. This
flux is then one of the roots of ENf +1 and more specifically, is one of the roots enhancing
U(1) × SO(2Nf ) to ENf +1. As such we could also choose to represent it by any root of
ENf +1, that is equivalent to it by the action of the Weyl group. Here, we have chosen this
specific representation for reasons that will become apparent later. We refer the reader to
appendix A for more information on the fluxes and our chosen conventions for them.

With this choice we have two N = 2 SU(2) + NfF gauge theories separated by a
domain wall at x4 = 0. Next we need to consider the reduction to 3d, but before that we
need to discuss the boundary conditions.

2.2.1 Boundary conditions
Next we discuss the boundary conditions that we can enforce at the two boundaries. As we
are interested in having N = 2 theories in 3d, we shall concentrate on boundary conditions
preserving 4 supercharges. For this we consider the 4d fields, that we have in the bulk, close
to the boundary. Specifically, we have 4d N = 2 vector multiplets and hypermultiplets.
Close to the boundary, the former decomposes to the 3d N = 2 vector and adjoint chiral
multiplets, while the latter decomposes to two chiral fields in conjugate representations.
Boundary conditions, preserving 3d N = 2 SUSY, are then given by assigning Neumann
and Dirichlet boundary conditions to these.
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In general there are many possible choices of such boundary conditions. Here we shall
not concentrate on classifying all types of boundary conditions. Instead, we consider a
specific type of boundary conditions. These are the analogues of the boundary conditions
that correspond to maximal punctures in compactifications of 6d SCFTs to 4d, see the
discussion in [31–33]. In terms of the 3d fields, it is given by assigning Dirichlet boundary
conditions to the vector in the vector multiplet and Neumann boundary conditions to the
adjoint chiral. For the hypermultiplets, we give one of the chiral fields Dirichlet boundary
conditions and Neumann boundary conditions to the other. Here we have a choice of which
field to give which boundary condition, which translate to a discrete label associated with
the puncture, which is usually refereed to as the sign or color of the puncture.

2.2.2 Conjecturing the 3d theories

Having discussed the boundary conditions, we next move to discuss how we can conjecture
the 3d theories. For this we first consider the fields coming from the bulk. There we have
a Lagragian gauge theory which we can analyze. For Nf > 4 the gauge theory is IR free,
and we need not consider strong coupling effects. Other values of Nf might involve such
effects. Nevertheless, we shall here only analyze the Lagrangian gauge theory. The Dirichlet
boundary conditions for the vector field at the two boundaries mean that it becomes non-
dynamical. As such we expect two SU(2) global symmetry groups, coming from the bulk
SU(2) gauge symmetry, associated with the two punctures.

The Dirichlet boundary conditions are also assigned to one of the chiral fields in the hy-
permultiplet and so it is not expected to contribute to the 3d theory. The other chiral field in
the hypermultiplet, that receives Neumann boundary conditions, is expected to contribute.
These should give chiral fields in the bifundamental representation of SU(2) × SU(Nf ),
where SU(2) is the global symmetry associated with the puncture they are connected to,
while the SU(Nf ) is part of the global symmetry inherited from the 5d theory. We expect
additional fields coming from the domain wall, and so, properly understanding the result-
ing 3d theory necessitates understanding the fields and boundary conditions present at the
domain wall.

To make progress, we shall assume that the domain walls for the theories considered
here behave similarly to the domain walls that appear in the study of compactifications
of 6d SCFTs to 4d. Specifically, we consider the case of compactifications of the E-string
6d SCFT, which is the closest analogue to the theories considered here. The domain walls
involved in that case were studied in [31]. In there, it was found that the fields living on the
domain walls are an SU(2) × SU(2) bifundamental, interpolating between the two SU(2)
groups associated with the two punctures, and a singlet chiral field. These interact with
the other fields and with themselves as follows. There is a cubic superpotential involving
the SU(2) × SU(2) bifundamental coming from the domain wall, and the two SU(2) ×
SU(Nf ) bifundamentals that survive at the two boundaries. Additionally, there is a cubic
superpotential connecting the singlet field and the quadratic SU(2)×SU(2) invariant made
from the bifundamental. Finally, the domain wall assigns Dirichlet boundary conditions to
the adjoint chiral field in the vector multiplet and so it is not expected to survive in the
low-energy theory.
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Figure 1. The conjectured 3d theory associated with the compactification of the rank 1 5d ENf +1

SCFT on a tube with two maximal punctures and flux
(√

8−Nf

4 ; 1
4 ,

1
4 , . . . ,

1
4

)
. As customary,

squares denote SU type global symmetries, and lines connecting them denote bifundamental chiral
fields under the connected groups. We also use crosses over fields to denote flipping, that is that
there is an additional chiral field linearly coupled to the invariant made from the field being flipped
under the non-abelian global symmetries. Finally, W denotes the superpotentials, with the last
term being the flipping one.

Assuming the domain walls considered here behave similarly to those studied in [31], we
are lead to conjecture the 3d theory shown in figure 1. These are expected to be the result of
the compactification of the rank 1 5d ENf +1 SCFT on a tube with two maximal punctures

and flux. As we shall motivate later the specific value of flux is
(√

8−Nf

4 ; 1
4 ,

1
4 , . . . ,

1
4︸ ︷︷ ︸

Nf

)
.

We could have equally chosen any other value consistent with the Weyl group. Specif-
ically, the last Nf numbers represent the flux under the SO(2Nf ) subgroup of the global
symmetry and we are free to act on these via the Weyl group of SO(2Nf ), which is given
by the permutation of these Nf values and the multiplication by −1 of any even number
of them. The reason to consider this specific subgroup of the full Weyl group is that the
SO(2Nf ) subgroup of the global symmetry is manifest in the gauge theory living in the
bulk, and so its action on the flux also has an effect on the gauge theory that will be of
use to us later on.

Specifically, the permutation symmetry acts by permuting the Nf doublets in the bulk
SU(2) + NfF gauge theory, while the operation of multiplying an element by −1 acts
by exchanging the two chiral fields in the hypermultiplets. This latter operation is of
interest to us. The reason for this is that the boundary conditions generally give Dirichlet
boundary conditions to one of them and Neumann boundary conditions to the other. Thus,

tubes with flux of
(√

8−Nf

4 ;±1
4 ,±

1
4 , . . . ,±

1
4︸ ︷︷ ︸

Nf

)
, with even number of minus signs, are all

equivalent, but with different component of the Nf bulk doublet hypermultiplets receiving
the Neumann and Dirichlet boundary conditions. This is true both at the domain wall,
and at the two punctures, which as such have differing signs.
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Next, we can take two such tubes and glue them together to form the theory corre-

sponding to the compactification on a torus with flux
(√

8−Nf

2 ; 1
2 ,

1
2 , . . . ,

1
2︸ ︷︷ ︸

Nf

)
. The gluing

is done along two punctures in the glued tube, and involves gauging the symmetries of the
punctures. Additionally, we need to also introduce a bifundamental in the gauge SU(2) and
SU(Nf ) global symmetry, φ, and couple it to the fields Q or Q̃ of the punctures through
the superpotential: φ(Q1 − Q2), with the sub-index indicating the tube the field is asso-
ciated with. These rules stem from the fact that when we glue we essentially eliminate
the boundary and so must reintroduce the fields that were eliminated by the boundary
conditions. Specifically, here these are the SU(2) gauge field and the other chiral in the Nf

doublet hypermultiplets. Additionally the fields Qi, associated with the other component
of the doublet hypers, must be identified which is achieved by the superpotential.

When gluing we are also faced with several options that do not exist in 4d. Specifically,
besides the Yang-Mills term, we can also introduce a Chern-Simons term for the gauge
fields. Additionally, we can introduce superpotentials involving monopole operators. As we
shall see when we explicitly study the model, it appears that we need to introduce Chern-
Simons terms with value of 6−Nf

2 and alternating signs, and introduce superpotentials
corresponding to monopole operators with unit charges in all two adjacent SU(2) gauge
groups. This will be motivated in the next section when we explicitly study the 3d theories
associated with the compactified theory. We shall return to the question of the exact gluing
rules later on.

We can also consider gluing more tubes to generate torus compactifications correspond-
ing to higher values of flux preserving the same symmetry. Next, we will be interested in
using the basic tube to generating tubes associated with other values of flux. This follows
the strategy used in [31–33] to generate more general tubes by a special gluing of the basic
tube. As done so far, we shall adopt the strategy of assuming this model works similarly
to the models studied previously to derive potential tube theories, and then test them for
consistency.

In the study of 6d compactifications, particularly that of the rank 1 E-string SCFT
in [31], it was noted that given the basic tube one can construct more general tubes as
follows. First, we can glue two tubes together to generate a new tube with twice the
value of flux of the original tube. As previously covered, to do this we need to gauge
the puncture symmetry and reintroduce the fields eliminated by the Dirichlet boundary
conditions, which we have collectively denoted as φ.

This leads to the theory shown in figure 2(a). This theory can be associated to the
configuration involving two domain walls, of the type we covered previously, with two
maximal punctures, one at each end of the tube. The SU(2) gauge symmetry comes from
the dynamical gauge field living in the interval between the two domain walls, which receives
Neumann boundary conditions at the two domain walls. Similarly, the Nf bifundamentals
between this gauge SU(2) and the global SU(Nf ) come from the chiral fields in the SU(2)+
NfF gauge theory living on the interval between the two domain walls, which receives
Neumann boundary conditions at the two domain walls.
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Figure 2. The conjectured 3d theory associated with the compactification of the rank 1 5d ENf +1
SCFT on a tube with two maximal punctures for various values of flux. Here we use the same
conventions for denoting quiver theories, with the addition of using circles to denote gauge groups,
again as customary. The case in (a) comes from gluing the basic tube in figure 1 to itself, while
the case in (b) comes from gluing it to an equivalent one made by acting on it with a specific Weyl
group element. Like in the previous case, W denotes the superpotentials, with the last terms being
the flipping ones.

As we pointed out we can get equivalent tubes by acting with the Weyl symmetry,
but these differ by the choice of boundary conditions and by the flux representation in our
chosen basis. This allows us to generate more general tubes by gluing together two tubes
with slightly different boundary conditions. For this, consider the case where we again
have two domain walls on the interval, one of the type we considered previously but the
other related to it by a Weyl action of −1 on x fields.3

We can next derive the 3d theory expected from this configuration from our conjecture
about the domain wall. The resulting theory is shown in figure 2(b). Like the previous case,
the SU(2) gauge group and the two SU(2) global symmetry groups come from the gauge
field in the bulk. Specifically, as the gauge field is given Neumann boundary conditions on
the domain walls, the gauge field between them survives in 3d. However, at the boundaries
the gauge field receives Dirichlet boundary conditions leading to it becoming non-dynamical
at the segments connecting to them. This in turn leads to the 4d SU(2) gauge symmetries
living on these segments becoming non-dynamical, and so global symmetries, in 3d.

We also have the contribution of the SU(2) × SU(Nf ) bifundamental hypers. As we
mentioned, half of these receive Dirichlet boundary conditions while half receive Neumann
boundary conditions. For the Nf − x hypers, associated with the elements on which we

3Here x is even as the Weyl action of D type groups does not contain the action with an odd number of
minus signs.
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did not act with the Weyl group, the fields receiving which boundary condition are the
same across the two domain walls. As such these reduce as in the previous case. However,
for the x hypers, associated with the elements on which we did act with the Weyl group,
the boundary conditions differ between the two domain walls so that they don’t survive in
the 3d limit. Despite this, in the segments ending on the boundaries, these fields receive
the same boundary conditions on the edges and on the domain walls leading to these fields
contributing in 3d, although the surviving fields being charged in opposite representations
of the SU(x) symmetry rotating them as they come from opposite components in the
bifundamental. Additionally, we expect to get SU(2) × SU(2) bifundamentals, together
with their flipping fields, coming from the domain walls. Summing everything up, we end
up with the quiver in figure 2(b).

The fields also interact through various superpotentials. Specifically, we expect cubic
superpotentials associated with the two upper triangles, and coupling the two flipping fields
to their respective quadratic SU(2)×SU(2) bifundamental invariant. Finally, from analogy
with the cases of 6d compactifications, we expect a quartic superpotential associated with
the lower triangles. There can also be 3d specific additions, like Chern-Simons terms and
monopole superpotentials. Specifically, we shall later see when we explicitely study the
model that we need to introduce a Chern-Simons term of value 6−Nf

2 for the SU(2) gauge
group. We do not appear to need to introduce superpotentials to the tubes, though as
previously mentioned, these are needed once the tubes are glued together.

Finally, we need to consider the flux associated with these tubes. We expect it to be
given by summing up the fluxes associated with the two domain wall theories. We recall

that for the first domain wall we associated the flux
(√

8−Nf

4 ; 1
4 ,

1
4 , . . . ,

1
4︸ ︷︷ ︸

Nf

)
, while for the sec-

ond one we have associated the flux
(√

8−Nf

4 ; 1
4 ,

1
4 , . . . ,

1
4︸ ︷︷ ︸

Nf−x

,−1
4 ,−

1
4 , . . . ,−

1
4︸ ︷︷ ︸

x

)
. As such, we ex-

pect the flux associated with the tubes in figure 2(b) to be
(√

8−Nf

2 ; 1
2 ,

1
2 , . . . ,

1
2︸ ︷︷ ︸

Nf−x

, 0, 0, . . . , 0︸ ︷︷ ︸
x

)
.

This completes are conjectural derivation of the various building blocks that we shall
use to build our 3d models. Next, we shall study the behavior of these models and compare
them against our 5d expectations, but before that we need to discuss what type of tests
we can perform on these models.

2.3 Tests

We have so far motivated a derivation of the 3d theories expected to be the result of
the compactification of the 5d ENf +1 SCFTs on tubes with specific fluxes in their global
symmetries. However, the derivation has some conjectural aspects, as well as several aspects
that were left undetermined. To fully determine the theories, and have confidence in the
claims, we need to perform some consistency checks, and we shall next discuss the tests
that can be performed.
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As previously mentioned, the derivation of the theories was motivated by similar meth-
ods used in the study of the compactification of 6d SCFTs. Similarly, the tests we shall
perform are also motivated by similar tests used in that context. However, not all the tests
used as consistency checks for the study of the compactification of 6d SCFTs generalize also
to the case of 5d SCFTs. We shall next review the tests used in the study of the compact-
ification of 6d SCFTs, and discuss their utility and implications for the case studied here.

2.3.1 Anomalies

One commonly used test in the study of the compactification of 6d SCFTs is to compare
’t Hooft anomalies. Specifically, the 6d SCFT has ’t Hooft anomalies that can be encoded
in an anomaly polynomial 8-form. Similarly, 4d theories have ’t Hooft anomalies that
can be encoded in an anomaly polynomial 6-form. If the 4d and 6d theories are related
via compactification, then we have that the 4d anomaly polynomial 6-form is given by
integrating the 6d anomaly polynomial 8-form on the Riemann surface [27]. This allows us
to compute the anomalies of the resulting 4d theories from those of the 6d SCFT, at least
for those anomalies involving the symmetries visible in 6d.

This is an extremely useful consistency check as it allows us to make quantitative
checks on the proposed theories. However, in theories of odd dimensions, there are no ’t
Hooft anomalies for continuous symmetries, so we cannot use this test. Instead, we shall
mostly need to rely on other consistency checks. There is, however, an interesting exception
that we shall next elaborate on although we shall not make use of it here.

The point is that while there are no ’t Hooft anomalies for continuous symmetries,
there can be ’t Hooft anomalies involving discrete symmetries, including both standard
0-form symmetries and higher form symmetries. It is then possible for these to be related
across dimensions. This in principle is true also for the case of compactifications of 6d
theories, though it has not been studied. This of course requires a study of the discrete
0-form symmetries, higher form symmetries and their anomalies for 5d SCFTs, a subject
that deserves further study.4

The ’t Hooft anomalies in continuous symmetries in even dimensional theories are re-
lated to central charges of the theories, which are numbers appearing in various n-point
correlation functions involving the currents. These are also related to various terms appear-
ing in the sphere partition function. While ’t Hooft anomalies for continuous symmetries
don’t exist in odd dimensional theories, the central charges, defined either using correlation
functions of the currents or the sphere partition function, do exist. The previous discussion
implies that the central charges in even dimensional theories are related in theories con-
nected via compactification. One can then speculate that this might be true also for odd
dimensional theories. If so, then it can be used instead of anomaly matching, assuming an
efficient way to compute the relation between the two can be found.

Still, the computation of the central charges will be of use to us to check for symme-
try enhancement. Specifically, the 5d picture leads to various expectations for symmetry

4Nevertheless, there are some known results on these subjects. See for instance [43] for discrete 0-form
symmetries of 5d SCFTs, [44–46] for higher form symmetries of 5d SCFTs, and [47] for anomalies involving
these symmetries.
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enhancement in the 3d theory. If two symmetries are to form a larger symmetry, then
the central charges need to be compatible with this merging. We can then use this as an
additional test. For examples of this type of consistency checks in other odd dimensional
theories, see for instance [48, 49].

2.3.2 Symmetries and general behavior

Another set of consistency checks is given by comparing other physical properties against
those expected from the higher dimensional picture. Specifically, we mentioned that differ-
ent, but equivalent ways of constructing the same surface should give equivalent theories.
We also mentioned that the theory is expected to manifest a global symmetry given by the
commutant of the flux in the global symmetry of the higher dimensional theory. There-
fore, an important consistency check is to see that this is indeed obeyed. Additionally, the
higher dimensional origin leads to interesting predictions on the conformal manifold and
the presence of special operators that can also be checked.

These tests have been extensively used in the study of compactifications of 6d SCFTs,
and we expect this to still hold also for the case of compactifications of 5d SCFTs. As
such, these will be the main tests that we employ as consistency checks to verify that the
proposed 3d models have the necessary properties, and to fill in some of the open details in
the derivation. Specifically, as we are dealing with tubes, we don’t have that much freedom
in terms of pair of pants decompositions. However, we can build theories corresponding to
torus compactifications with many different values of fluxes, and for each of these cases the
IR theory is expected to manifest the global symmetry preserved by the flux. Additionally,
it is possible to build theories corresponding to fluxes related by a Weyl transformation.
These are then expected to give the same IR theory although the 3d UV descriptions can be
different. An important consistency check is to verify that the resulting theories can indeed
be dual. This is a novel way to generate dualities via higher dimensional compactifications
that is different from a pair of pants decomposition.

These expectations of symmetry enhancements and dualities can then be checked by
calculating various RG invariant quantities. Here we shall mainly use the superconformal
index, which is a weighted counting of the BPS operators of the theory. Symmetry enhance-
ment can then be checked as it implies that the index forms characters of the enhanced
symmetry. Similarly, dualities can be checked as they imply that the indices of the dual
theories are equal. Finally, other types of consistency checks that we shall mention here,
involving the presence of specific types of operators, can also be performed as these usually
contribute to the index. Besides the index, we shall also use the S3 partition function,
notably the central charges that can be computed from it, to test such expectations. For
a review of the superconformal index, S3 partition function and central charges, we refer
the reader to appendix B.

Another important consistency check is to study the structure of the conformal man-
ifold. Specifically, the higher dimensional construction implies the existence of marginal
operators, and thus leads to a prediction for the dimension of the conformal manifold.
While these were originally derived for the case of 6d compactifications on Riemann sur-
faces, the arguments also hold for the case of 5d compactifications on Riemann surfaces.
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We next briefly review these expectations, referring the interested reader to the literature
for more details [25, 27].

For simplicity, we shall concentrate on the case of a torus with no punctures, which will
be the main case that we shall use to test our proposal. For these cases marginal operators
come generically from two sources. One is the complex structure moduli of the torus, which
descend to marginal deformations in some cases, notably, the case of the compactification
of the 6d (2, 0) theory to the 4d maximally supersymmetric Yang-Mills theory. The second
source are flat connections, notably holonomies around the two cycles of the torus. We
shall next discuss each one in turn.

The complex structure moduli is expected to give a one dimensional conformal manifold
preserving supersymmetry. While its appearance as a marginal operator is familiar in the
case of the compactification of the 6d (2, 0) theory to the 4d maximally supersymmetric
Yang-Mills theory, it is in fact not a generic property. For instance, if we compactify the
E-string 6d SCFT on a torus to 4d then we expect to get the Minahan-Nemeshansky E8
SCFT [50], which do not have an N = 2 preserving conformal manifold. As such in some
cases the complex structure moduli of the torus does not contribute a marginal operator.
This appears to also extend for flux compactifications of the E-string SCFT on a torus [31]
and to similar compactifications of related theories [32, 33, 35]. Similarly, we shall see that
we do not observe a marginal operator coming from the complex structure moduli of the
torus when we study the models we propose. This is not inconsistent with the behavior
of related models in the study of compactification of 6d SCFTs to 4d N = 1 theories. In
fact having the complex structure moduli contributing a marginal operator in 3d might
be problematic. This follows as the resulting marginal deformation should preserve all
supersymmetry, and as such in the case without flux, where all eight supercharges are
preserved, would lead to an N = 4 preserving marginal deformation. However, such
deformations are known to be in conflict with superconformal representation theory, and
so cannot exist [51].

This brings us to consider holonomies, which first were considered in this context in [27].
We can turn on holonomies around the two cycles of the torus. These are not independent,
but must obey the homotopy group relation of the surface, which for the torus means they
must commute. As such they can be simultaneously diagonalized, leading to 2rank(G)
real numbers, where rank(G) is the rank of the global symmetry group of the higher
dimensional SCFT that commutes with the flux, here denoted as G. These preserve only
four supercharges, and are observed to lead to marginal operators preserving only N = 1
SUSY in the study of compactifications of 6d SCFTs on Riemann surfaces to 4d. This leads
to a conformal manifold of dimension rank(G), where only four supercharges are preserved,
and the global symmetry on generic points is broken down to its Cartan subalgebra.

There is an alternative viewpoint of this that is useful. Specifically, we can associate
with the two real holonomies a single complex marginal operator in the 4d N = 1 theory.
Since it originates in an holonomy, there are actually dim(G) such operators, for dim(G)
the dimension of G, and these in fact transform in the adjoint representation of G. However,
while these operators are marginal, they are not necessarily exactly marginal. Specifically,
in theories with four supercharges, for a marginal operator to be exactly marginal, they
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must form a non-trivial Kahler quotient with respect to the global symmetry of the the-
ory [52], here expected to be G. The dimension of the quotient gives the dimension of the
resulting conformal manifold, with the remaining marginal operators becoming marginally
irrelevant by recombining with the conserved currents of the global symmetries broken by
the marginal deformation. For the case at hand, the Kahler quotient of the adjoint of a
symmetry G is indeed of order rank(G), and leads to the previously determined structure.

So far the discussion has been geared toward the much more well studied case of flux
compactifications of the 6d SCFTs to 4d N = 1 theories. However, everything said here
should also apply for the case of flux compactifications of the 5d SCFTs to 3d N = 2 theo-
ries, and indeed we shall employ this as a test for the 3d models we previously determined.

There are two important loopholes in the arguments so far that we ought to men-
tion. First, there might be additional marginal operators besides the ones coming from the
sources listed above. The special features of the marginal operators we mentioned is that
they are generic, and are not dependent on the intricacies of the higher dimensional theory.
A second issue that may occur is that the global symmetry manifested in lower dimensions
can be larger than G, that is there is an accidental enhancement of symmetry. If the
marginal operators are charged under these symmetries, then some of them may become
marginally irrelevant. As such the higher dimensional expectations on the conformal man-
ifold may fail, as the actual conformal manifold may end up larger, if there are additional
marginal operators, or smaller, if there are accidental symmetries. The importance of these
expectations is not that they always hold, but rather that they hold generically, that is
for generic Riemann surfaces and values of flux. Deviations from these are encountered in
cases of small flux, but these usually vanish and the expectation is again observed at larger
values of fluxes. We shall see examples of this when we study the various 3d models.

Finally, when we discussed the holonomies we considered them only in the global
symmetry that commutes with the flux. However, we could also consider holonomies in
the global symmetries broken by the flux. These have the interesting property of also
appearing in the lower dimensional theory but as special cases of relevant and irrelevant
operators. Next we review the expectations for how these operators should look like in the
lower dimensional theory, particularly through the superconformal index. For a detailed
derivation we refer the reader to [53, 54].

The general idea is as follows. Consider a higher dimensional theory, which could
be a 6d or a 5d SCFT, with a global symmetry G′. These SCFTs generically contain
two types of multiplets. One is the energy-momentum tensor multiplet that any SCFT
possesses. The second, are the conserved current multiplets of the group G′. These are
both BPS multiplets in their respective dimensions. Consider the compactification of the
SCFT on a Riemann surface. We can ask what BPS operators do these operators give in
the lower dimensional theories. This is interesting as these operators are quite generic, and
so understanding their reduction provides us with general predictions of the presence of
certain operators in the lower dimensional theory.

The main point of [53, 54] is that instead of looking at the general number of such
operators, we should look at the contribution of these operators to the superconformal
index. While the individual numbers may be difficult to compute, the contribution to
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the superconformal index, which only counts operators modulo merging, can be related to
topological properties of the compactification surface via the Atiyah-Singer index theorem.
We refer the readers to [53, 54] for more details. The operators that we mentioned coming
from holonomies can be understood in this frame as coming from the higher-dimensional
conserved current multiplets, while those associated with complex structure moduli can
be understood in this frame as coming from the higher-dimensional energy-momentum
tensor multiplet.

We next describe the results. Say we compactify said theory on a Riemann surface of
genus g with flux F in a U(1) subgroup ofG′,5 which we shall denote as U(1)α. Additionally,
we shall assume that there are no punctures on the surface. The presence of the flux breaks
G′ to U(1)α × G̃. We can then break the adjoint character of G′ as follows:

χadj(G′) =
∑
i

αqiχRi(G̃), (2.1)

where qi is the U(1)α charge of the G̃ representation Ri appearing in the decomposition
of the adjoint representation of G′. Here we have used α as the fugacity of U(1)α. While
the representations Ri depend on the choice of U(1)α, they always contain the adjoint of
G̃ and a singlet corresponding to the adjoint of U(1)α.

The statement that is of use to us here is that for a generic punctureless Riemann
surface and flux F the index of the lower dimensional theories has a special form when
written using the U(1)R symmetry that is the Cartan of the SU(2)R symmetry, which is
the R-symmetry for both 6d (1, 0) and 5d SCFTs. For the case of 3d N = 2 theories, this
form is:

I = 1+

 ∑
i|qi>0

αqiχRi(G̃)(g−1+qiF )

x2 +
(
3g−3+(1+χadj(G̃))(g−1)

)
x2 (2.2)

+

 ∑
i|qi<0

αqiχRi(G̃)(g−1+qiF )

x2 + . . .

Here the first and last terms are associated with holonomies in the symmetries broken
by the flux, while the middle term gives the contributions of the holonomies in the symmetry
that commutes with the flux, as well as the complex structure moduli. More correctly, the
first and last terms are associated with the contribution of BPS operators originating from
the components of the 5d conserved current multiplet that are charged under U(1)α. The
second term in the middle term gives the contribution of BPS operators originating from
the components of the 5d conserved current multiplet that are uncharged under U(1)α,
while the first term in the middle term gives the contribution of BPS operators originating
from the 5d energy-momentum tensor multiplet. Note in particular that 3g − 3 coincides
with the complex structure moduli if g > 1. For the case of g = 1, which is the case of
interest to us here, we have that there are no marginal operators, in accordance with the
many observations we mentioned previously.

5For simplicity we assume that there is flux only in one U(1). The generalization to the case of flux in
multiple U(1) groups is straightforward.
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All of them contribute as marginal operators under the R-symmetry inherited from
the higher dimensional theory. However, this symmetry is not the actual superconformal
R-symmetry, which involves mixing with U(1)α. This causes these operators to behave
differently under it. Specifically, the first group of operators in (2.2), that is the ones with
positive U(1)α charge, are expected to have R-charge less than 2, and so give relevant
operators. As such, the last group of operators in (2.2), that is the ones with negative
U(1)α charge, are expected to have R-charge greater than 2, and so give irrelevant opera-
tors. Finally, the middle group of operators in (2.2), which are the ones uncharged under
U(1)α, are expected to have R-charge 2, and so give the marginal operators under the
superconformal R-symmetry.

We can connect the discussion here to our previous discussion on the conformal mani-
fold by noting several properties of the 3d N = 2 index noted in [55], with similar observa-
tions for the case of the 4d N = 1 index [56]. Specifically, for a 3d SCFT with no free fields,
superconformal representation theory forbids the appearance of negative terms of the form
xs for s < 2. Negative terms, however, are allowed for s ≥ 2, where for s = 2 they can only
come from global symmetry currents. As such the x2 term in the index counts the num-
ber of marginal operators minus conserved currents. Indeed, at that order we see in (2.2)
the 3g − 3 marginal operators coming from the complex structure moduli of the torus,
the (1 + χadj(G̃))g marginal operators coming from holonomies and the −(1 + χadj(G̃))
coming from the conserved currents of the global symmetry. This also implies that there
is a stark difference between the first and last terms in (2.2). As we mentioned the first
terms should have R-charge smaller than 2, and so negative terms cannot appear. This also
forbids cancellations, implying that these index contributions faithfully count the number
of such operators. This is not true for the last term, where the index, and as such also our
higher dimensional expectations, only gives information on the difference between families
of operators.

3 Studying basic models

In the previous sections we have motivated several 3d models as the results of the compact-
ification of the 5d ENf +1 SCFTs on a sphere with two punctures in the presence of flux
in its global symmetry. We have also summarized the various expectations for the lower
dimensional theory due to its higher dimensional origin. In the next few sections, we shall
put these expectations to the test by explicitly studying the resulting 3d models.

This will serve two purposes. First, it will provide evidence for our claim that these
models have a higher dimensional origin. Second, there are several parts in the derivation
that were determined through such tests. These include the flux of the basic tube, the
Chern-Simons level of the gauge groups and the presence of monopole superpotentials. As
such, we shall show that the proposed 3d models indeed give results consistent with the
proposed higher dimensional origin, justifying our previous claims.

As previously noted, for our tests we shall need to consider theories associated with
torus compactifications. To do this we shall take some combination of the tubes we pre-
viously discussed and glue them together to form a theory that we associate with a torus.
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As we know the flux associated with each tube, by summing it up we shall get the flux as-
sociated with the full surface. We can then check the global symmetry, conformal manifold
and the existence of the operators expected from the 5d broken currents in these theories.

Finally, we want to comment on the issue of fractional flux. In general the flux needs to
be quantized so as to be an integer. However, in many cases it is possible to have fractional
fluxes if these are accompanied by a non-trivial background for some of the preserved non-
abelian symmetries. This background has the effect of breaking part of this symmetry.
This is manifested in the gluing process by the fact that the gluing will break part of the
5d originated global symmetry. For a detailed discussion of this, we refer the reader to
appendix C of [31]. We shall initially avoid this, and concentrate only on cases where the
full 5d global symmetry that commutes with the flux is preserved.

3.1 Gluing basic tubes together

The first test we can consider is related to the theories that we can build by gluing
several copies of the basic tube, the one in figure 1. This should lead to the 3d the-
ory associated with the compactification of the 5d ENf +1 SCFTs on a torus with flux

n(
√

8−Nf

4 ; 1
4 ,

1
4 , . . . ,

1
4), where n is the number of tubes used. This flux corresponds to n

2
units of flux in a U(1) Cartan of an SU(2) subgroup of the ENf +1 global symmetry. As such
the preserved symmetry, in addition to the U(1) Cartan of the SU(2), is the commutant
of SU(2) in ENf +1. These are: E7 for Nf = 7, SO(12) for Nf = 6, SU(6) for Nf = 5,
SU(2)×SU(4) for Nf = 4, U(1)×SU(3) for Nf = 3, U(1)×SU(2) for Nf = 2 and U(1) for
Nf = 1. We refer the reader to appendix A for an explanation on how the global symmetry
can be read from the flux.

For n odd, the flux is fractional and the global symmetry is further reduced. This can
be seen in the tube as in that case the two SU(2)×SU(Nf ) bifundamentals at the two edges
that are glued together are in conjugate representations under SU(Nf ) so performing the
gluing will break this symmetry to a real subgroup. As such, for now we shall concentrate
on the case of n even, the simplest case being n = 2, which is case we consider in this section.

We then proceed by taking two of the tubes in figure 1 and gluing them together
following the previously outlined procedure. Specifically, we glue the tubes together by
gauging the puncture SU(2) of each of them with an SU(2) vector multiplet and Nf chiral
fields, which are connected by a linear superpotential to the SU(2)×SU(Nf ) bifundamentals
connected to the gauged puncture SU(2) groups. The first gluing leads to the theory
shown in figure 2(a). The second one is done by gluing the two SU(2) groups at the
edges of the quiver. The resulting quiver gauge theory for arbitrary Nf is depicted in
figure in figure 3(a). There are also cubic superpotential terms that the theory inherits
from the tubes, notably, one connecting the fundamental and bifundamental chiral fields,
and one connecting the two singlet chiral fields to quadratic invariants made solely from
the bifundamentals. Besides these there may also be superpotentials involving monopole
operators, on which we shall for the moment remain agnostic about.

Finally, we need to consider the possibility of Chern-Simons terms. As we shall soon
see, for the case of Nf = 6, it appears that the Chern-Simons term should be zero for both
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Figure 3. The 3d quiver theory associated with the compactification of the 5d ENf +1 SCFTs
on a torus with flux 1

2 (
√

8−Nf ; 1, 1, . . . , 1). The theory in (a) shows the case of generic Nf ,
with k = 6−Nf

2 , while (b) is specialized to the Nf = 6 case. The theory also contains various
superpotential interactions. Notably, there are cubic superpotentials running along the triangle as
well as the flipping superpotentials.

groups. For Nf smaller than that we expect to have the Chern-Simons term 6−Nf

2 for one
group and Nf−6

2 for the other.6 The case of Nf = 7 presents some issue, on which we will
comment later on.

An interesting aspect of 5d SCFTs compared to 6d SCFTs is that the former can be
connected via mass deformations. Specifically, we can flow from SCFTs with one value of Nf

to those with a smaller value of Nf using supersymmetry preserving mass deformations.
These mass deformations are specified by giving a vev to a real scalar in a background
vector multiplet coupled to the flavor symmetry. It is natural to relate this to 3d mass
deformations. In that context, the relation between theories with different values of Nf

seems natural: when we integrate out some of the flavors with a mass term with the
same sign we produce some Chern-Simons level. In principle, it should be possible to
also integrate out the flavors using mass deformations with different signs, and it is an
interesting question what happens in that case, which we shall nevertheless reserve for
future study.

Next we shall explore the behavior of these models, for various values of Nf .

3.1.1 Nf = 6

The first case we consider is the Nf = 6 one. The model is given in figure 3(b). There are
two U(1) global symmetries, which we denote as U(1)a and U(1)b, as well as an SU(6) global
symmetry. The charges for the fields are chosen such that the 6 chiral fields transforming
under the left SU(2) carry charge 1 under U(1)b, while those transforming under the right
SU(2) carry charge −1, with the rest uncharged. Under U(1)a, the fundamental chiral fields
carry charge 1, the bifundamentals charge −2 and the singlet fields charge 4. Additionally,

6In order for the Chern-Simons term to be gauge invariant we need to have an integrally quantized
Chern-Simons renormalized level. This is obtained by summing to the bare one the 1-loop contribution of
the fermions. For 3d N = 2 theories, when the number of chirals in the fundamental of SU(2) is even the
bare Chern-Simons level has to be integer in order for this to happen, while when the number of fundamental
chirals is odd the Chern-Simons level has to be half-integer [57, 58]. In our cases this condition is always
satisfied since we take the bare Chern-Simons levels to be ±Nf−6

2 .
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there is a U(1)R R-symmetry group, that we will take to be that under which all fields carry
R-charge 2

3 . The actual superconformal R symmetry, denoted by U (1)R̂, is obtained using
F-maximization (see appendix B) and is given by a mixing of U(1)R and U(1)a. Under
this symmetry, the singlet fields turn out to violate the unitarity bound (having R charge
smaller than 0.5), and the value of U (1)R̂ in the theory obtained after removing them is
as follows,

R̂ = R− 0.085qa . (3.1)

Let us compute the index of the model with the singlet fields using the reference
R-symmetry U(1)R. We find:

I = 1 + 2 a4x
2
3 +

( 2
a4 + a2

(
b6 + 1

b6 + b215 + 1
b2 15

)
+ 3a8

)
x

4
3 +

+
(

4a12 + 2a6
(
b6 + 1

b6 + b215 + 1
b2 15

))
x2 +

(
− 1
a2

(
b6 + 1

b6 + b215 + 1
b2 15

)
+

+ 4
a8 + 5a16 + 3a10

(
b6 + 1

b6 + b215 + 1
b2 15

)
+ a4

(
b12 + 1

b12 + b4105 + 1
b4 105+

+ b815 + 1
b8 15 + 189− 35

))
x

8
3 + · · · . (3.2)

Here the terms at order x
2
3 come from the singlet fields. The terms at order x

4
3 with

charges 1
a4 come from the unflipped quadratic invariant made from the bifundamentals and

the (1, 1) monopole.7 The terms with charge a2 come from the quadratic invariant made
from the fundamentals and the (1, 0) and (0, 1) monopoles.

Recall our claim, that this theory is the result of the compactification of the 5d rank 1
E7 SCFT on a torus with flux. Specifically, the flux is in a U(1) whose commutant in E7 is
SO(12), and its value is 1 in a normalization such that the minimal charge is 1. There are
several pieces of evidence supporting this. First we note that the index forms characters
of SO(12), where the embedding is such that:

12→ 1
b2 6⊕ b26 . (3.3)

In terms of characters of SO(12), the index reads:

I = 1 + 2a4x
2
3 +

( 2
a4 + a232 + 3a8

)
x

4
3 +

(
4a12 + 2a632

)
x2+

+
( 4
a8 −

1
a2 32 + a4(462− 66) + 3a1032 + 5a16

)
x

8
3 + · · · . (3.4)

Moreover, the terms in the index follow the pattern expected from compactification of
higher dimensional theories. Specifically, as previously noted, we expect to get marginal
operators, under the R-symmetry given by the Cartan of the 5d SU(2) R-symmetry, coming
from the 5d stress-energy tensor and conserved current. The 5d stress-energy tensor should

7Remember that the lattice of magnetic fluxes for SU(2) is Z+. Here and for the rest of the paper,
by “(1, 1) monopole” we mean the monopole operators corresponding to a unit of magnetic flux for two
adjacent SU(2) gauge nodes in the quiver and zero flux for the others.
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give 3g − 3 such operators, which in our case is zero. The conserved current should con-
tribute g− 1 + qF , where F is the value of the flux, and q is the charge of the specific state
under the symmetry with the flux. Here we adopt the normalization convention where the
minimal charge is 1.

The states coming from the conserved current in the adjoint representation of E7 split
into representations of the SO(12)×U(1) subgroup according to the branching rule

133→ 10 ⊕ 660 ⊕ 1±2 ⊕ 32±1 . (3.5)

In our case, the 5d R-symmetry should be such that the bifundamental have R-charge
0 and the fundamentals have R-charge 1. This is expected from analogy with the case
of 6d compactifications, where this can be checked explicitly using ’t Hooft anomalies,
see [31]. This can also be argued as follows. Recall that the fundamentals come from bulk
4d hypermultiplets receiving Neumann boundary conditions at the boundaries. As such,
these should have R-charge of ±1, if we use the normalization where the minimal charge
is 1. Here, we will choose to normalize this R-symmetry so that the charges of these fields
are all 1. The charges of the bifundamental and the flip fields is then dictated by the
superpotentials.

This 5d originated R-symmetry can be related to the R-symmetry we used in our
computation with the shift a→ a x

1
3 in the index. Moreover, the U(1) for which we turned

on a unit of flux is related to the U(1)a of our model by a normalization of 1
2 . With

this dictionary, we can immediately identify in the index (3.4) the states 12 and 32±1 in
the decomposition (3.5): they are the contributions 2 a4x

2
3 , a232x

4
3 and −a−232x

8
3 . The

state 1−2 contributes −2 a−4x
10
3 to the 3d index so it appears above the highest order we

reported in (3.4), but we checked for its presence.
Another evidence for the proposed enhancement of the SU (6)×U (1)b part of the sym-

metry to SO(12) comes from examining the central charges of these symmetries. Following
the discussion in appendix B (see in particular eq. (B.12)), we compute numerically the
real part of the free energy of the model as a function of the mixing coefficients of certain
U(1) symmetries with the R symmetry. Then, calculating the second derivatives at the
superconformal point (that is, where the mixing coefficients take the values corresponding
to the IR R symmetry) yields the central charges of these U(1) symmetries. Applying this
procedure for U(1)b and for the Cartan diag (1, 0, 0, 0, 0,−1) of SU(6), which we denote by
C, we find the following values for the central charges,

Cb = 28.4407 , CC = 2.36998 . (3.6)

The value of the ratio of these charges is

Cb
CC

= 12.0004, (3.7)

which exactly matches our expectations from the proposed symmetry enhancement and
the embedding (3.3). To understand why this is the case, let us consider more generally
the embedding of a group H into a group G under which the representation RG of G
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decomposes into representations of H in the following way:

RG →
∑
i

R
(i)
H . (3.8)

Then, the central charges of G and H are related as follows,

CH = IH→GCG , (3.9)

where IH→G is known as the embedding index and is given by

IH→G =

∑
i TR

(i)
H

TRG

(3.10)

where TR is the Dynkin index of the representation R. In the case where the group H

is a U(1), T
R

(i)
H

in (3.10) is replaced by q2
i where qi are the charges of the states in the

representation RG under that U(1).
Applying this to the embedding SU (6)×U (1)b → SO (12) under which (3.3) is satisfied,

we find the embedding indices

ISU(6)→SO(12) = 1 , IU(1)b→SO(12) = 48 , IU(1)C→SU(6) = 4 , (3.11)

implying the following relations between the various central charges,

CSU(6) = CSO(12) , Cb = 48CSO(12) , CC = 4CSU(6) . (3.12)

This, in turn, results in the ratio
Cb
CC

= 12 (3.13)

which agrees with our numerical result (3.7).
Finally, we want to consider the conformal manifold. While we have seen that the index

is consistent with our 5d expectations, it is illuminating to actually consider the marginal
operators and study the structure of the conformal manifold expected from them. As
we noted the number of marginal operators minus conserved currents can be read from
the terms at order x2 in the index. Looking at (3.2), we see that the x2 term under
the superconformal R-symmetry vanishes. This follows as all terms appearing there are
charged under U(1)a, which mixes with the R-symmetry.

As we should have the U(1)a × U(1)b × SU(6) conserved currents, there should be
37 marginal operators transforming in the adjoint of the U(1)a × U(1)b × SU(6) global
symmetry that cancel them in the index. This should lead to a 7 dimensional conformal
manifold along which the global symmetry is broken to its Cartan subalgebra. This would
fit our expectations from 5d, and we would further speculate that the symmetry enhances
to U(1)× SO(12) on a 1d subspace on the conformal manifold, as expected from 5d, which
is consistent with the index and central charges.

However, there is a problem with this picture, that we shall now address. To see it we
need to consider the origin of the various marginal operators, which are two singlets and an
SU(6) adjoint. The latter comes from the cubic superpotential along the triangle, when the

– 23 –



J
H
E
P
0
9
(
2
0
2
1
)
1
4
9

indices are contracted so as to be in the adjoint of the global symmetry.8 The former comes
from the operator made from the product of the (1, 1) monopole operator and one of the two
flip fields. However, we have noted that the flip fields go below unitarity, and so are expected
to decouple in the IR. This leads to an enhanced symmetry acting on them, and as the two
marginal operators we mentioned contain these, they are also charged under this enhanced
symmetry. As such, these operators are actually marginally irrelevant in the IR theory.

Looking at the conformal manifold of the interacting theory then, we see that we only
have one marginal operator in the adjoint of the SU(6). This leads to a 5 dimensional con-
formal manifold, on a generic point of which only U(1)a, U(1)b and the Cartan subalgebra
of the SU(6) is preserved. The change in the dimension of the conformal manifold also im-
plies that the theory cannot have an enhanced SO(12) at some point on it. The argument
is as follows. Say such a point exist, then at that point there must be SO(12) conserved
currents, leading to a contribution in the index. However, as the index is invariant, and
we do not see the contribution of the currents in the index, then these must be canceled
by a marginal operator in the adjoint of the SO(12). However, the latter would imply that
there is at least a six dimensional conformal manifold, which contradicts the structure we
observed from the Lagrangian description.9 Nevertheless, subgroups of SO(12) with rank 5
or less, preserving all the Cartan symmetries are consistent. Therefore, there can be points
with SO(10), SU(2)× SO(8), SU(4)× SU(3) and SU(4)× SU(2)2 global symmetries.

This provides an example of the loophole we previously mentioned, in which the exis-
tence of accidental symmetries in the IR leads to part of the conformal manifold expected
from the higher dimensional construction becoming unacceptable. Unfortunately, we do
not have any good understanding as to why this occurs for this particular case, though we
shall soon see that this is a special feature of the Nf = 6 case with minimal flux preserving
U(1) × SO(12), with more generic cases behaving as expected. It would be interesting if
this exceptional behavior can be better understood, but we would not pursue this here.

Finally, we note that despite this, the index and central charges are all compatible with
the existence of the enhanced symmetry. This is quite remarkable and consistent with the
higher dimensional construction. Specifically, we would expect the operator spectrum to be
in characters of this symmetry as it originates from operators of a higher dimensional theory
possessing this symmetry. It is somewhat stranger for the central charges. However, in
analogous situations in 4d, like the example in [31], the compatibility of the central charges
is understood as these are related to the anomalies of the 4d theory, that are in turn
determined by the anomalies of the 6d SCFTs. It is tempting to think that similar though
more complicated relations might exist between the central charges of the 3d theory and
the parent 5d theory.

8There are two of these differing by the SU(2)×SU(2) bifundamental used, but one of them can recombine
with the broken SU(6), acting on the two pairs of six fundamentals in the same representation, to form a
long multiplet.

9This is under the assumption that there are no additional accidental symmetries in the IR limit of
the theory in figure 3(b). The enhancement to SO(12) might be consistent, however, if one relaxes this
assumption. Specifically, if we assume the existence of an accidental U(1) symmetry, then similar arguments
would force an additional marginal operator, raising the expected dimension of the conformal manifold to
six, which would be consistent with a point with enhanced SO(12) global symmetry.
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There is another interesting interpretation of this. While we mentioned that the en-
hancement to SO(12) seems incompatible, enhancements to rank 5 subgroups of it, which
can also be expected from the 5d construction, seem consistent. If points with these en-
hanced symmetries indeed exist, then the compatibility with SO(12) can be understood as
stemming from the need of the index and central charges to be simultaneously compatible
with all these different symmetries.

3.1.2 Nf = 5

We next turn to consider the case of Nf = 5. The symmetries here are the same as in
the previous case (except the SU(6) part which is now SU(5)), and the superconformal
R-charge is given by

R̂ = R− 0.04068qa (3.14)

where U(1)R is the reference R-symmetry under which all the fields carry R-charge 2
3 , as

before. Notice that in contrast to the previous case of Nf = 6, here the singlet fields do not
violate the unitarity bound. Moreover, we also take the Chern-Simons levels to be (1

2 ,−
1
2).

Let us now compute the index of the model using the reference R-symmetry U(1)R.
We find:

I = 1+2a4x
2
3 +
( 3
a4 +a2

(
b210+ 1

b2 10
)

+3a8
)
x

4
3 +
(

4a12+2a6
(
b210+ 1

b2 10
))

x2

+
(
−a4

(
1+b45+ 1

b4 5+24
)
− 1
a2

(
b210+ 1

b2 10
)

+ 6
a8 +5a16+3a10

(
b210+ 1

b2 10
)

+

+ a4
(
b450+ 1

b4 50+75
))

x
8
3 +· · · . (3.15)

We claim that this theory is the result of the compactification of the 5d rank 1 E6 SCFT
on a torus with flux. Specifically, the flux is in a U(1) whose commutant in E6 is SU(6),
and its value is 1 in a normalization such that the minimal charge is 1. There are several
pieces of evidence supporting this. First we note that the index forms characters of SU(6),
where the embedding is such that:

6→ 1
b

2
3

5⊕ b
10
3 . (3.16)

In terms of characters of SU(6), the index reads:

I = 1 + 2a4x
2
3 +

( 3
a4 + a220 + 3a8

)
x

4
3 +

(
4a12 + 2a620

)
x2+

+
( 6
a8 −

1
a2 20 + a4(175− 35) + 3a1020 + 5a16

)
x

8
3 + · · · . (3.17)

Here we note that despite the fact that all of the terms in characters in the index come
from the perturbative states, the monopole operators are essential to get the character
structure. Specifically, the (1, 0) and (0, 1) monopoles contribute terms at order x

8
3 in the

5 and 5, which cancel similar terms coming from the perturbative states. Without this
cancellation the index would not form SU(6) characters. Here also the Chern-Simons terms
are important.
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Like in the previous case, the structure of the index follows the expectations from
5d compactifications. The states coming from the conserved current in the adjoint repre-
sentation of E6 split into representations of the SU(6) × U(1) subgroup according to the
branching rule

78→ 10 ⊕ 350 ⊕ 1±2 ⊕ 20±1 . (3.18)

Using again the dictionary we worked out in the previous section between 5d and 3d
symmetries, we can immediately identify in the index (3.17) the states 12 and 20±1 in
the decomposition (3.18): they are the contributions 2 a4x

2
3 , a220x

4
3 and −a−220x

8
3 . The

state 1−2 contributes −2 a−4x
10
3 to the 3d index so it appears above the highest order we

reported in (3.17), but we checked its presence.
Another evidence for the proposed enhancement of the SU(5) × U(1)b part of the

symmetry to SU(6) comes from examining the central charges of these symmetries, as
before. Following the discussion in appendix B, we compute numerically the real part of
the free energy of this model, and use it to find the following values for the central charges
of U(1)b and of the Cartan diag (1, 0, 0, 0,−1) of SU(5), which we denote again by C,

Cb = 11.3734 , CC = 1.70603 . (3.19)

The value of the ratio of these charges is

Cb
CC

= 6.66663, (3.20)

which again matches our expectations from the proposed symmetry enhancement and the
embedding (3.16). Indeed, the corresponding embedding indices are

ISU(5)→SU(6) = 1 , IU(1)b→SU(6) = 80
3 , IU(1)C→SU(5) = 4 , (3.21)

implying the following relations between the various central charges,

CSU(5) = CSU(6) , Cb = 80
3 CSU(6) , CC = 4CSU(5) . (3.22)

This, in turn, results in the ratio
Cb
CC

= 20
3 (3.23)

which agrees with our numerical result (3.20).
Finally, we can again consider the conformal manifold. The analysis closely follows

the one done for Nf = 6. From the superconformal index we again see that we have one
marginal operator in the adjoint of SU(5), and two which are singlets. Their origin in the
quiver theory is similar to the ones in the previous section, with one difference, with the
ones associated with the two singlets. These come from the product of the (1, 1) monopole
and each of the two flip fields, but as in this case we have a Chern-Simons term the (1, 1)
monopole is gauge charged so the operator that actually appears in this product is the gauge
invariant made of the (1, 1) monopole and a state in the SU(2)× SU(2) bifundamental.

These marginal operators should lead to a 6 dimensional conformal manifold along
which the global symmetry is broken to its Cartan subalgebra. This fits our expectations

– 26 –



J
H
E
P
0
9
(
2
0
2
1
)
1
4
9

from 5d, and we would further speculate that the symmetry enhances to U(1)× SU(6) on
a 1d subspace on the conformal manifold, as expected from 5d, which is consistent with
the index and central charges. Note that in this case the flip fields are above the unitarity
bound so we do not expect accidental symmetries in the IR.

3.1.3 Nf = 4

We next consider the case of Nf < 5. Here the situation is more subtle, since we start
having monopole operators with non-positive R-charges. Specifically, for Nf = 4 the (1, 1)
monopoles carry charge 0 under all symmetries, including the R-symmetry for whatever
R-charge we assign to the chirals. For smaller Nf we can’t find an R-symmetry such that
both the (1, 1) monopole and the chirals have positive R-charge. One may think that this
would cause some problems in the computation of the index, but it turns out that, because
of the Chern-Simons interaction, all of the gauge invariant monopoles have positive R-
charge if we assign R-charge 2

3 to all the chirals as we did so far. For example, turning on
Chern-Simons terms with levels

(6−Nf

2 ,
Nf−6

2

)
for the two SU(2) gauge nodes, the (1, 1)

monopole can be made gauge invariant by dressing it with 6−Nf bifundamentals.
ForNf = 4 we take the Chern-Simons levels to be (1,−1). Using the same parametriza-

tion of the global symmetries of the previous cases, we find the following index:

I = 1 + 2a4x
2
3 +

( 4
a4 + 3a8 + a2

(
b2 + 1

b2

)
6
)
x

4
3 +

+
(

4a12 + 2a6
(
b2 + 1

b2

)
6
)
x2 +

(
− 1
a2

(
b2 + 1

b2

)
6 + 8

a8 + 5a16+

+ a4
((

1 + b4 + 1
b4

)
(20− 1)− 15

)
+ 3a10

(
b2 + 1

b2

)
6
)
x

8
3 + · · · . (3.24)

We claim that this theory is the result of the compactification of the 5d rank 1 E5 = SO(10)
SCFT on a torus with flux. Specifically, the flux is in a U(1) whose commutant in SO(10)
is SU(4) × SU(2), and its value is 1 in a normalization such that the minimal charge is 1.
There are several pieces of evidence supporting this. First we note that the index forms
characters of SU(4)× SU(2)×U(1), where the embedding for the SU(2) is such that:

2→ b2 ⊕ b−2 . (3.25)

Moreover, like in the previous cases, the structure of the index follows the expectations
from 5d compactifications. The states coming from the conserved current in the adjoint
representation of SO(10) split into representations of the SU(4)× SU(2)× U(1) subgroup
according to the branching rule

45→ (1,1)0 ⊕ (15,1)0 ⊕ (1,3)0 ⊕ (1,1)±2 ⊕ (6,2)±1 . (3.26)

We can then identify in the index (3.24) the states (1,1)2 and (6,2)±1 in the decompo-
sition (3.26): they are the contributions 2 a4x

2
3 , a2(b2 + b−2)6x

4
3 and −a−2(b2 + b−2)6x

8
3 .

The state (1,1)−2 contributes −2 a−4x
10
3 to the 3d index so it appears above the highest

order we reported in (3.24), but we checked its presence.
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Finally, we can again consider the conformal manifold. The analysis is similar to the
one done in the previous case. From the superconformal index we again see that we have
one marginal operator in the adjoint of SU(4), and two which are singlets. These should
lead to a 5 dimensional conformal manifold along which the global symmetry is broken to
its Cartan subalgebra. This fits our expectations from 5d, and we would further speculate
that the symmetry enhances to U(1)× SU(2)× SU(4) on a 1d subspace on the conformal
manifold, as expected from 5d, which is consistent with the index. Again this is up to the
potential loophole of accidental symmetries in the IR, like ones that would arise if the flip
fields decouple in the IR.

3.1.4 Nf = 3

For Nf = 3 we take the Chern-Simons terms to be (3
2 ,−

3
2). Using the same parametrization

of the global symmetries of the previous cases, we find the following index:

I = 1 + 2a4x
2
3 +

( 5
a4 + 3a8 + a2

(
b23 + 1

b2 3
))

x
4
3 +

+
(

4a12 + 2a6
(
b23 + 1

b2 3
))

x2 +
(
− 1
a2

(
b23 + 1

b2 3
)

+ 10
a8 + 5a16+

+ a4
(
b46 + 1

b4 6− (1 + 8)
)

+ 3a10
(
b23 + 1

b2 3
))

x
8
3 + · · · . (3.27)

We claim that this theory is the result of the compactification of the 5d rank 1 E4 = SU(5)
SCFT on a torus with flux. Specifically, the flux is in a U(1) whose commutant in SU(5)
is SU(3) × U(1), and its value is 1 in a normalization such that the minimal charge is
1. There are several pieces of evidence supporting this. First we note that the global
symmetry preserved by the flux is manifest in our Lagrangian description of the model.
Moreover, like in the previous cases, the structure of the index follows the expectations
from 5d compactifications. The states coming from the conserved current in the adjoint
representation of SU(5) split into representations of the SU(3)×U(1)2 subgroup according
to the branching rule

24→ 2× 1(0,0) ⊕ 8(0,0) ⊕ 1(±2,0) ⊕ 3(±1,−1) ⊕ 3(±1,1)
, (3.28)

where, up to some normalization, the first entry of the exponent is related to the U(1)a
symmetry, while the second entry is related to the U(1)b symmetry. We can then identify
in the index (3.27) the states 1(2,0), 3(±1,−1) and 3(±1,1) in the decomposition (3.28): they
are the contributions 2 a4x

2
3 , a2(b23 + b−23)x

4
3 and −a−2(b23 + b−23)x

8
3 . The state 1(−2,0)

contributes −2 a−4x
10
3 to the 3d index so it appears above the highest order we reported

in (3.27), but we checked its presence.
The structure of the conformal manifold also fits our expectations. Similarly to the

previous cases, the superconformal index suggests that we have one marginal operator in
the adjoint of SU(3), and two which are singlets. These should lead to a 4 dimensional
conformal manifold along which the global symmetry is broken to its Cartan subalgebra.
This fits our expectations from 5d. Again this is up to the potential loophole of accidental
symmetries in the IR, like ones that would arise if the flip fields decouple in the IR.
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3.1.5 Nf = 2

For Nf = 2 we take the Chern-Simons terms to be (2,−2). Using the same parametrization
of the global symmetries of the previous cases, we find the following index:

I = 1+2a4x
2
3 +
( 6
a4 +3a8+a2

(
b2+ 1

b2

))
x

4
3 +
(

4a12+2a6
(
b2+ 1

b2

))
x2+

+
(
− 1
a2

(
b2+ 1

b2

)
+ 12
a8 +5a16+a4

(
b4+ 1

b4−(1+2×3)
)

+3a10
(
b2+ 1

b2

))
x

8
3 +· · · .

(3.29)

We claim that this theory is the result of the compactification of the 5d rank 1 E3 =
SU(3) × SU(2) SCFT on a torus with flux. Specifically, considering the SU(2) × U(1)
subgroup of the SU(3) factor in the 5d global symmetry, the flux is for the U(1) inside the
SU(2), and its value is 1 in a normalization such that the minimal charge is 1. There are
several pieces of evidence supporting this. First we note that the SU(2) × U(1)2 global
symmetry preserved by the flux is manifest in our Lagrangian description of the model.
Moreover, like in the previous cases, the structure of the index follows the expectations
from 5d compactifications. The states coming from the conserved current in the adjoint
representation of SU(3) × SU(2) split into representations of the SU(2) × U(1)2 subgroup
according to the branching rule

(8,1)→ 2× 1(0,0) ⊕ 1(±2,0) ⊕ 1(±1,1) ⊕ 1(±1,−1)

(1,3)→ 3(0,0) , (3.30)

where, up to some normalization, the first entry of the exponent is related to the U(1)a
symmetry, while the second entry is related to the U(1)b symmetry. We can then identify
in the index (3.29) the states 1(2,0), 1(±1,1) and 1(±1,−1) in the decomposition (3.30): they
are the contributions 2 a4x

2
3 , a2(b2 + b−2)x

4
3 and −a−2(b2 + b−2)x

8
3 . The state 1(−2,0)

contributes −2 a−4x
10
3 to the 3d index so it appears above the highest order we reported

in (3.29), but we checked its presence.
The structure of the conformal manifold also fits our expectations. Similarly to the

previous cases, the superconformal index suggests that we have one marginal operator in
the adjoint of SU(2), and two which are singlets. These should lead to a 3 dimensional
conformal manifold along which the global symmetry is broken to its Cartan subalgebra.
This fits our expectations from 5d. Again this is up to the potential loophole of accidental
symmetries in the IR, like ones that would arise if the flip fields decouple in the IR.

3.1.6 Nf = 1

For Nf = 1 we take the Chern-Simons terms to be (5
2 ,−

5
2). Using the same parametrization

of the global symmetries of the previous cases, we find the following index:

I = 1 + 2a4x
2
3 +

( 7
a4 + 3a8

)
x

4
3 + 4a12x2 +

(
−2a4 + 14

a8 + 5a16
)
x

8
3 +

+
(
− 2
a4 − a

2
(
b2 + 1

b2

)
− 4a8 + 6a20

)
x

10
3 + · · · . (3.31)
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We claim that this theory is the result of the compactification of the 5d rank 1 E2 =
SU(2) × U(1) SCFT on a torus with flux. Specifically, the flux is for the U(1) inside the
SU(2) factor of the 5d global symmetry, and its value is 1 in a normalization such that
the minimal charge is 1. There are several pieces of evidence supporting this. First we
note that the U(1)2 global symmetry preserved by the flux is manifest in our Lagrangian
description of the model. Moreover, like in the previous cases, the structure of the index
follows the expectations from 5d compactifications. The states coming from the conserved
current in the adjoint representation of SU(2)×U(1) split into representations of the U(1)2

subgroup according to the branching rule

30 → (0, 0)⊕ (±2, 0)
10 → (0, 0) , (3.32)

where, up to some normalization, the first entry of the terms on the r.h.s. is related to the
U(1)a symmetry, while the second entry is related to the U(1)b symmetry. We can then
identify in the index (3.31) the states (±2, 0) in the decomposition (3.32): they are the
contributions 2 a4x

2
3 and −2 a−4x

10
3 .

The structure of the conformal manifold also fits our expectations. Similarly to the
previous cases, the superconformal index suggests the presence of two marginal operators,
which are singlets of the global symmetry. These should lead to a 2 dimensional conformal
manifold along which the global symmetry is preserved. This fits our expectations from
5d. Again this is up to the potential loophole of accidental symmetries in the IR, like ones
that would arise if the flip fields decouple in the IR.

3.1.7 Nf = 7

Finally, we return to the case of Nf = 7. We take the Chern-Simons terms to be (−1
2 ,

1
2). As

in the case ofNf = 6, the singlet fields turn out to violate the unitarity bound, and the value
of the superconformal R-charge in the theory obtained after removing them is as follows,

R̂ = R− 0.11qa , (3.33)

where U(1)R is the usual reference R symmetry under which all the fields carry R charge
2
3 . Using this symmetry, the index of the model with the singlet fields contain only per-
turbative contributions up to order x2. These are:

I = 1+2a4x
2
3 +x

4
3

( 1
a4 +a2

(
b221+ 1

b2 21
)

+3a8
)

+x2
(

4a12+2a6
(
b221+ 1

b2 21
)
−2
)

+. . . .
(3.34)

However, this does not follow the previous pattern. Specifically, we would expect this
theory to correspond to the compactification of the rank 1 E8 5d SCFT on a torus with
flux preserving its U(1) × E7 subgroup. However, the index does not form characters of
E7, contradicting this.

It appears that in this case, our assumptions regarding the domain wall are not accu-
rate, and the matter fields living on them are different. Nevertheless, it is still possible for
the theory we presented in this case to have an higher dimensional interpretation, albeit
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not as a direct compactification, but rather as a compactification followed by a deforma-
tion. This has been observed to occur in some cases in the compactification of 6d SCFTs
to 4d, see for instance [31, 35]. In those cases, these claims could be tested by comparing
anomalies. Unfortunately, it is not clear how to test such a possibility with our currently
available tools.

4 Studying more general models

In this section we consider some more general cases, which involve four domain walls. The
resulting models consequently possess more gauge nodes and a slightly more complicated
structure, but they all pass our tests for being correct compactifications of the 5d rank
1 ENf +1 SCFTs. In these more general cases we will also encounter the new feature of
monopole superpotentials. For definiteness, we will focus on cases with Nf = 5, 6.

4.1 Nf = 6

4.1.1 U(1)× SO(12) case

The first model we consider is obtained by gluing four copies of the tube in figure 1, and so
it is expected to be associated with flux two. The quiver of the resulting theory is shown
in figure 4. The superpotential consists of cubic interactions for each triangle of the quiver
and the standard flipping terms. This preserves four U(1) global symmetries. Additionally,
there are the SU(6) global symmetry associated with the four collections of six flavors, and
the U(1)R R-symmetry, which we choose to be the same as the one we previously used. The
singlet fields turn out to violate the unitarity bound, and the value of the superconformal
R-charge in the theory obtained after removing them is given by

R̂ = R− 0.083qa . (4.1)

We can evaluate the index of this theory finding (using the usual R-symmetry and
including the singlet fields):

I = 1+a4
(
z2+ 1

z2

)(
c2+ 1

c2

)
x

2
3 +
(
a2
(
b6
(
z2+ 1

z2

)
+ 1
b6

(
c2+ 1

c2

)
+b2

(
c2+ 1

c2

)
15

+ 1
b2

(
z2+ 1

z2

)
15
)

+a8
(

1+
(
z4+1+ 1

z4

)(
c4+1+ 1

c4

)))
x

4
3

+
((

z2+ 1
z2

)(
c2+ 1

c2

)(
1+
(
z4+ 1

z4

)(
c4+ 1

c4

))
a12

+ a6
(
z2+ 1

z2

)(
c2+ 1

c2

)(
b6
(
z2+ 1

z2

)
+ 1
b6

(
c2+ 1

c2

)
+b2

(
c2+ 1

c2

)
15

+ 1
b2

(
z2+ 1

z2

)
15
)
−4+

(
z4+ 1

z4

)(
c4+ 1

c4

))
x2+· · · . (4.2)

The last four terms come from the (1,1,0,0), (0,1,1,0), (0,0,1,1) and (1,0,0,1) monopoles,
where each entry in these vectors denotes the magnetic flux under each of the four SU(2)
gauge nodes. The additional abelian symmetries here seem to prevent the enhancement.
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Figure 4. The 3d quiver theory associated with the compactification of the 5d E7 SCFT on a
torus with flux (

√
8−Nf ; 1, 1, . . . , 1). The theory also contains various superpotential interactions.

Notably, there are cubic superpotentials running along the triangles as well as the flipping super-
potentials.

However, we can break them by introducing superpotentials associated with the four
monopole operators we mentioned.10 These force c= z= 1. With this, the index forms
characters of SO(12), which is enhanced from SU(6)×U(1)b where the embedding is the
same (3.3) we had in the case of subsection 3.1.1. Specifically, the index can be rewritten as

I = 1 + 4a4x
2
3 +

(
2a232 + 10a8

)
x

4
3 +

(
20a12 + 8a632

)
x2 + · · · . (4.3)

This result conforms to our expectations. Indeed, we can see not only the symmetry pre-
served by the flux of the 5d compactification, but also the spectrum of operators expected
from 5d. This is the same as in the discussion around equation (3.5), but this time the
multiplicities of all the operators are doubled since the flux is two. We then see that in
the quiver theories, in addition to the triangle superpotentials, monopole superpotentials
associated with adjacent gauge groups should also be introduced.

Another evidence for the proposed enhancement of the SU(6) × U(1)b part of the
symmetry to SO(12) comes from examining the central charges of these symmetries, as
before. Following the discussion in appendix B, we compute numerically the real part of
the free energy of this model, and use it to find the following values for the central charges
of U(1)b and of the Cartan diag (1, 0, 0, 0, 0,−1) of SU(6), which we denote again by C,

Cb = 56.7 , CC = 4.7 . (4.4)

The value of the ratio of these charges is

Cb
CC

= 12.04, (4.5)

10These operators have the R-charge of marginal operators under the superconformal R-symmetry. Fur-
thermore, they have a non-trivial Kahler quotient under the global symmetry, and so contain two exactly
marginal directions, which are the ones we are turning on.
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which matches our expectations from the proposed symmetry enhancement and the em-
bedding (3.3). Indeed, exactly as in eq. (3.13), this ratio is expected to be equal to 12,
which agrees with our numerical result (4.5) within the accuracy of the calculation.

Finally, we can consider the structure of the conformal manifold. Similarly to the
case with minimal flux, we can read them from the superconformal index, and see that we
need to have one again in the adjoint of SU(6) and two singlets. Unlike the previous case,
though, here the singlets come directly from (1, 1) monopole operators of adjacent SU(2)
groups11 without involving the flip fields. As such these remain exactly marginal even
should the flip fields decouple, which has we showed, is expected to happen in this case.
Like the previous case, the structure of the marginal operators leads to a 7 dimensional
conformal manifold on a generic point of which the SU(6) is broken down to its Cartan
subalgebra, in agreement with our 5d expectations. These then also lead us to expect that
there is a 1d subspace along which the global symmetry is enhanced to U(1)×SO(12). The
index and central charges are both consistent with this. Unlike the case of minimal flux,
the decoupling of the flip fields does not lead to an inconsistency. Therefore, it appears
that indeed the deviation in the behavior of the minimal flux case is an exceptional feature,
which is not shared in more generic cases.

Next we consider similar quivers, but with the flavors allocated differently.

4.1.2 U(1)× SU(2)× SU(6) case

We next consider the model shown in figure 5. This is generated by gluing two of the
tubes of figure 2(b) for Nf = 6 and x = 2. As such we expect the resulting theory to be
associated with the flux (

√
2; 1, 1, 1, 1, 0, 0). This corresponds to the minimal value of flux

preserving the U(1) × SU(2) × SU(6) subgroup of E7, that is flux of value 1 in the U(1)
group, where we use a normalization where the minimal charge is 1.

The charges under the three U(1) groups, the SU(2) × SU(4) non-abelian symmetry
groups, and the R-symmetry that we shall use are shown in the figure. For latter conve-
nience, we have slightly changed the charges under various symmetries compared to the
previous sections so U(1)a, U(1)b and the R-symmetry are not the same as the ones we
used previously. We note that here the model includes superpotentials involving all four
triangles, the two loops involving the bifundamentals charged under the global SU(2) with
the upper and lower semi-circles, and, following the discussion in the previous section, also
all four (1, 1) monopoles for adjacent groups. The latter is responsible for breaking a possi-
ble U(1) symmetry. The superconformal R-symmetry is given by the following expression
in terms of the symmetries appearing in the figure:

R̂ = R− 0.009qa . (4.6)

11More correctly, these are the two exactly marginal deformations formed from the four (1, 1) monopole
operators of adjacent SU(2) groups. The remaining two combine with the two U(1) global symmetries that
the monopole superpotentials break to form long multiplets.
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Figure 5. The 3d quiver theory associated with the compactification of the 5d E7 SCFT on a torus
with flux (

√
2; 1, 1, 1, 1, 0, 0). In the figure we have used fugacities to represent the charges of the

fields under the global symmetries, specifically, the fugacities a, b and y for the three U(1) global
symmetries and x for the R-symmetry. The theory also contains various superpotential interactions,
which corresponds to all operators build from the fields that carry R-charge 2 and are global
symmetry singlets. For completeness, we note that these include the four cubic superpotentials
running along the triangles, the flipping superpotentials and two quadratic superpotentials running
along the two bifundamentals connected to the global SU(2) in the upper square and the upper and
lower semi-circles. Finally, there are four monopole superpotential of the type (1, 1) for all adjacent
SU(2) groups.

We can compute the index of this model (using the R-symmetry in the figure) finding:

I = 1 + 3a6
(
b4 + 1

b4

)
x

2
3 + 2a4

(
y26SU(4) + 1

y
4SU(4)2SU(2) + 1

y4

)
x

10
9

+ 3a12
(

2b8 + 3 + 2
b8

)
x

4
3 + a2

(
b4 + 1

b4

)( 1
y2 6SU(4) + y4SU(4)2SU(2) + y4

)
x

14
9

+ 6a10
(
b4 + 1

b4

)(
y26SU(4) + 1

y
4SU(4)2SU(2) + 1

y4

)
x

16
9 +

+ 2a18
(

5b12 + 9b4 + 9
b4 + 5

b12

)
x2 + · · · . (4.7)

We note that the index forms characters of SU(2) × SU(6), where the embedding is such
that

2SU(2) = b4 ⊕ 1
b4 , 6SU(6) = y4SU(4) ⊕

1
y2 2SU(2) . (4.8)

In terms of characters of these groups the index reads:

I = 1 + 3a62SU(2)x
2
3 + 2a415SU(6)x

10
9 + 3a12(1 + 2× 3SU(2))x

4
3 + a22SU(2)15SU(6)x

14
9 +

+ 6a102SU(2)15SU(6)x
16
9 + 2a18(5× 4SU(2) + 4× 2SU(2))x2 + · · · . (4.9)

We again see that the spectrum of states is consistent with the 5d expectations, namely
it organizes into representations of the U(1) × SU(2) × SU(6) symmetry preserved by the
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flux and we can also see in the index the contributions of relevant and irrelevant operators
coming from the broken currents of the 5d global symmetry. In this case, the current in
the adjoint representation of E7 splits under the U(1)×SU(2)×SU(6) subgroup according
to the branching rule

133→ (1,1)0 ⊕ (3,1)0 ⊕ (1,35)0 ⊕ (2,1)±3 ⊕ (1,15)2 ⊕ (1,15)−2 ⊕ (2,15)1 ⊕ (2,15)−1 .

(4.10)
In this case the 5d R-symmetry is related to the 3d R-symmetry that we used for our
computation by a mixing with U(1)a that can be implemented in the index by the shift a→
ax

2
9 . Moreover, the U(1)a symmetry is related to the U(1) symmetry inside the 5d global

symmetry for which we turned on a flux by a normalization of 1
2 . With this dictionary, we

can immediately identify the states (2,1)3, (1,15)2, (2,15)1 in the index (4.9): they are
represented by the contributions 3a62SU(2)x

2
3 , 2a415SU(6)x

10
9 , a22SU(2)15SU(6)x

14
9 . Notice

that, as expected, their multiplicities are given by their U(1) charges times the U(1) flux,
which in this case is one. The other states appear at higher orders, but we checked their
presence up to order x3.

Another evidence for the proposed enhancement of the SU(4)× SU(2)×U(1)y part of
the symmetry to SU(6) comes from examining the central charges of these symmetries, as
before. We compute numerically the real part of the free energy of this model, and use it to
find the following values for the central charges of U(1)y and of the Cartans diag (1, 0, 0,−1)
and diag (1,−1) of SU(4) and SU(2), which we denote by C4 and C2,

Cy = 23.2 , CC4 = CC2 = 3.9. (4.11)

The values of the ratios of these charges are

CC4

CC2
= 1 , Cy

CC2
= 5.95, (4.12)

which again match our expectations from the proposed symmetry enhancement and the
embedding (4.8). Indeed, the corresponding embedding indices are

ISU(4)→SU(6) = ISU(2)→SU(6) = 1, IU(1)C4→SU(4) = IU(1)C2→SU(2) = 4,

IU(1)y→SU(6) = 24,
(4.13)

implying the following ratios of central charges,

CC4

CC2
= 1 , Cy

CC2
= 6 (4.14)

which agree with our numerical results (4.12) within the accuracy of the calculation.
Finally, we can consider the structure of the conformal manifold. Similarly to the

previous cases, the superconformal index suggests the presence of several marginal oper-
ators, now in the adjoint of the SU(4), SU(2) and three singlets. These come from the
cubic superpotentials along the triangles, the quartic superpotential involving the global
SU(2) bifundamentals and the upper and lower semi-circles and the (1, 1) monopole su-
perpotentials for adjacent groups. More specifically, they are the combination of these
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Figure 6. The 3d quiver theory associated with the compactification of the 5d E7 SCFT on a torus
with flux (

√
2; 1, 1, 0, 0, 0, 0). In the figure we have used fugacities to represent the charges of the

fields under the global symmetries, specifically, the fugacities a, b and y for the three U(1) global
symmetries and x for the R-symmetry. The theory also contains various superpotential interac-
tions, which correspond to all operators build from the fields that carry R-charge 2 and are global
symmetry singlets. For completeness, we note that these include the four cubic superpotentials
running along the triangles, the flipping superpotentials and two quadratic superpotentials running
along the two bifundamentals connected to the global SU(4) in the upper square and the upper and
lower semi-circles. Finally, there are four monopole superpotential of the type (1, 1) for all adjacent
SU(2) groups.

that don’t recombine with global symmetries broken by the presence of these and similar
superpotentials.

These should lead to a 7 dimensional conformal manifold along which the global sym-
metry is broken to its Cartan subalgebra. This fits our expectations from 5d. Like in the
previous cases, the 5d expectations lead us to expect that the symmetry be enhanced to
U(1)× SU(2)× SU(6) at some 1d subspace on the conformal manifold. Our results for the
superconformal index and central charges are consistent with this. Again this is up to the
potential loophole of accidental symmetries in the IR, like ones that would arise if the flip
fields decouple in the IR.

4.1.3 U(1)× SU(2)× SO(10) case

We next consider the model shown in figure 6. This is generated by gluing two of the
tubes of figure 2(b) for Nf = 6 and x = 4. As such we expect the resulting theory to be
associated with the flux (

√
2; 1, 1, 0, 0, 0, 0). This corresponds to the minimal value of flux

preserving the U(1)× SU(2)× SO(10) subgroup of E7.
The charges under the three U(1) groups, the SU(2) × SU(4) non-abelian symmetry

groups, and the R-symmetry that we shall use are shown in the figure. For latter conve-
nience, we have slightly changed the charges under various symmetries compared to the
previous sections. We note that here the model includes superpotentials involving all four
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triangles, the two loops involving the bifundamentals charged under the global SU(4) with
the upper and lower semi-circles, and, following the discussion in the previous sections, also
all four (1, 1) monopoles for adjacent groups. The latter is responsible for breaking a possi-
ble U(1) symmetry. The superconformal R-symmetry is given by the following expression
in terms of the symmetries appearing in the figure:

R̂ = R− 0.126qa . (4.15)

We can compute the index of this model (using the R-symmetry in the figure) finding:

I = 1+2
( 1
a8 +a4

(
b2+ 1

b2 +y2+ 1
y2 +6SU(4)

))
x

4
3 +a22SU(2)

((
b

y
+ y

b

)
4SU(4)+

+
(
by+ 1

by

)
4SU(4)

)
x

5
3− 1

a2 2SU(2)

((
b

y
+ y

b

)
4SU(4)+

(
by+ 1

by

)
4SU(4)

)
x

7
3 +

+
(
− 2
a4

(
b2+ 1

b2 +y2+ 1
y2 +6SU(4)

)
+ 4
a16 +a8

(
3
(
b4+ 1

b4 +y4+ 1
y4

)
+

+ 4
(
b2+ 1

b2 +y2+ 1
y2

)
6SU(4)+4

(
b2+ 1

b2

)(
y2+ 1

y2

)
+3×20SU(4)+15+7

))
x

8
3 · · · .

(4.16)

We note that the index forms characters of SU(2)× SO(10), where the embedding is such
that

10SO(10) = b2 ⊕ 1
b2 ⊕ y

2 ⊕ 1
y2 ⊕ 6SU(4) . (4.17)

In terms of characters of these groups the index reads:

I = 1 + 2
( 1
a8 + a410SO(10)

)
x

4
3 + a22SU(2)16SO(10)x

5
3 − 1

a2 2SU(2)16SO(10)x
7
3 +

+
(
− 2
a4 10SO(10) + 4

a16 + a8(3× 54 + 45− 1)
)
x

8
3 + · · · . (4.18)

We again see that the spectrum of states is consistent with the 5d expectations, namely
it organizes into representations of the U(1)× SU(2)× SO(10) symmetry preserved by the
flux and we can also see in the index the contributions of relevant and irrelevant operators
coming from the broken currents of the 5d global symmetry. In this case, the current in the
adjoint representation of E7 splits under the U(1) × SU(2) × SO(10) subgroup according
to the branching rule

133→ (1,1)0 ⊕ (3,1)0 ⊕ (1,45)0 ⊕ (1,10)±2 ⊕ (2,16)1 ⊕ (2,16)−1 . (4.19)

In this case the 5d R-symmetry is related to the 3d R-symmetry that we used for our
computation by a mixing with U(1)a that can be implemented in the index by the shift
a → ax

1
6 . Moreover, the U(1)a symmetry is related to the U(1) symmetry inside the

5d global symmetry for which we turned on a flux by a normalization of 1
2 . With this

dictionary, we can immediately identify the states (1,10)±2, (2,16)1 and (2,16)−1 in the
index (4.19): they are represented by the contributions 2a410SO(10)x

4
3 , a22SU(2)16SO(10)x

5
3 ,
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−a−22SU(2)16SO(10)x
7
3 and −2a−410SO(10)x

8
3 . Notice that, as expected, their multiplicities

are given by their U(1) charges times the U(1) flux, which in this case is one.
Another evidence for the proposed enhancement of the SU(4)×U(1)b ×U(1)y part of

the symmetry to SO(10) comes from examining the central charges of these symmetries,
as before. We compute numerically the real part of the free energy of this model, and use
it to find the following values for the central charges of U(1)b, U(1)y and of the Cartan
diag (1, 0, 0,−1) of SU(4), which we denote by C,

Cb = 8.5 , Cy = 8.8 , CC = 4.2. (4.20)

The values of the ratios of these charges are

Cy
Cb

= 1.04 , Cb
CC

= 2.02, (4.21)

which again match our expectations from the proposed symmetry enhancement and the
embedding (4.17). Indeed, the corresponding embedding indices are

IU(1)b→SO(10) = IU(1)y→SO(10) = 8,
ISU(4)→SO(10) = 1 , IU(1)C→SU(4) = 4,

(4.22)

implying the following ratios of central charges,

Cy
Cb

= 1 , Cb
CC

= 2 (4.23)

which agree with our numerical results (4.21) within the accuracy of the calculation.
Finally, we can consider the structure of the conformal manifold. This can be analyzed

as done in the previous cases, and we find a 7 dimensional conformal manifold along which
the global symmetry is broken to its Cartan subalgebra. This fits our expectations from
5d. Like in the previous cases, the 5d expectations leads us to expect that the symmetry is
enhanced to U(1)× SU(2)× SO(10) at some 1d subspace on the conformal manifold, and
our results for the superconformal index and central charges are consistent with this.

4.1.4 U(1)× SO(12) case and duality

We consider the last possible case corresponding to four domain walls, which is generated
by gluing two of the tubes of figure 2(b) for Nf = x = 6. As such we expect the resulting
theory to be associated with the flux (

√
2; 0, 0, 0, 0, 0, 0). The resulting model is represented

in figure 7. The superpotential consists of a quartic interaction between the bifundamen-
tals and the SU(6) fundamentals for each triangle in the quiver, as well as the standard
flipping terms. Moreover, in analogy with the previous cases, all the (1, 1) monopoles asso-
ciated with adjacent SU(2) groups are turned on in the superpotential. This preserves two
U(1) symmetries which, together with the R-symmetry, we shall parameterize as written
in figure 7.

The flux vector for this case preserves SO(12)×U(1), which is expected to get enhanced
from the manifest SU(6)×U(1)b of the quiver, and turns out to be related by an element of
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2

2

6

× ×

××

x
2
3 a
b x

2
3 ab

x
1
3 b

3

a
x

1
3 1
ab3

x
1
3 b

3

a
x

1
3 1
ab3

Figure 7. The 3d quiver theory associated with the compactification of the 5d E7 SCFTs on a
torus with flux (

√
2; 0, 0, 0, 0, 0, 0). In the figure we have used fugacities to represent the charges of

the fields under the global symmetries, specifically, the fugacities a and b for the two U(1) global
symmetries and x for the R-symmetry. The theory also contains various superpotential interactions,
which corresponds to all operators build from the fields that carry R-charge 2 and are global
symmetry singlets. For completeness, we note that these include the two quartic superpotentials
running along the upper and lower triangles, the flipping superpotentials and the four monopole
superpotential of the type (1, 1) for all adjacent SU(2) groups.

the Weyl group of E7 to the flux 1
2(
√

2; 1, 1, 1, 1, 1, 1) that we considered in subsection 3.1.2
(see table 2 in appendix A). We thus expect the compactifications associated to these two
fluxes to lead to the same 3d N = 2 SCFT. From the three-dimensional perspective, this
means that the theories in figures 4 and 7 are dual in the IR. We indeed checked that the
indices of the two theories agree up to order x3. In the following, we are going to argue
that this duality that we can predict from the 5d point of view is nothing but an instance
of Aharony duality in 3d [59].

Let us denote by Pi and Fi with i = 1, · · · , 4 the bifundamentals and the flipping
fields respectively, and by Q, Q̃ the fundamentals. Moreover, we will label the monopole
operators with a set of fluxes ordered such that the first entry corresponds to the left gauge
node and the subsequent entries to the nodes obtained from it and moving clockwise in
the quiver, with the notation that a • corresponds to a unit of flux under the associated
node and a zero corresponds to no flux. The superpotential of the theory in figure 7 then
explicitly reads

W = M•,•,0,0 + M0,•,•,0 + M0,0,•,• + M•,0,0,• +
4∑
i=1

FiP
2
i +QQ̃(P1P2 + P3P4) . (4.24)

We can dualize the upper SU(2) node using Aharony duality, which confines since it only
sees 4 chirals. In appendix C we give more details on the effect of the confining Aharony
duality in a quiver with SU(2) gauge nodes and on how the gauge invariant operators are
mapped across such duality, see in particular (C.9) for the map of the monopole operators.
Here we shall just state the main results that we need for our current purposes. Specifically,
the effect of the duality is to remove the upper SU(2) node, leaving behind an SU(2)×SU(2)
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bifundamental B1 for the left and right nodes and three gauge singlets S1, α and β with the
cubic interaction S1(B2

1 + αβ). Moreover, we need to know how the operators appearing
in the superpotential (4.24) are mapped across the duality

M•,•,0,0 ↔M•,0,0, M0,•,•,0 ↔M0,•,0, M0,0,•,• ↔ αM0,•,•,

M•,0,0,• ↔ βM•,0,•, P 2
1 ↔ α, P 2

2 ↔ β, P1P2 ↔ B1 (4.25)

Using these results, we find that the dual frame is described by the quiver

2

2

2

6

×

× ×
P4 P3

Q Q̃

F3 F4

S1B1 (4.26)

with the superpotential

W = M•,0,0 + M0,•,0 + αM0,•,• + βM•,0,•+

+ αF1 + β F2 + S1(B2
1 + αβ) +

4∑
i=3

FiP
2
i +QQ̃(B1 + P3P4) . (4.27)

In the drawing we are not representing the two original flipping fields F1 and F2 and the
two singlets α and β produced by the duality, while we are representing the singlet S1 with
a cross over the bifundamental B1. From the superpotential we can see that all of the 4
singlets F1, F2, α and β are massive and can be integrated out. Once we do that, all the
remaining matter content is the one depicted in (4.26) and the superpotential is

W = M•,0,0 + M0,•,0 + S1B
2
1 +

4∑
i=3

FiP
2
i +QQ̃(B1 + P3P4) . (4.28)

Now we can also dualize the lower SU(2) node, which again confines. We apply the
same strategy of using the operator map (C.9) worked out in the appendix to understand
what are the new quiver and superpotential. The quiver is

2 2

6

×

×

Q Q̃

S1B1

S2
B2

(4.29)
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and the superpotential is

W = αM0,• + βM•,0 + αF3 + β F4 + S2αβ +
2∑
i=1

SiB
2
i +QQ̃(B1 +B2) . (4.30)

Again we are not representing the flipping fields F3, F4, α, β which turn out to be massive.
Integrating them out we obtain the theory whose matter content is completely represented
in (4.29) and whose superpotential is

W =
2∑
i=1

SiB
2
i +QQ̃(B1 +B2) . (4.31)

This is precisely the torus model with flux 1
2(
√

2; 1, 1, 1, 1, 1, 1) that we analyzed in sub-
section 3.1.1.

4.2 Nf = 5

4.2.1 U(1)× SU(6) case

Here we concentrate on the Nf = 5 case. The first model we consider is obtained by
gluing four copies of the tube in figure 1, and so it is expected to be associated with the
flux (

√
3; 1, 1, 1, 1, 1), which is equivalent to flux two in a U(1) whose commutant in E6

is SU(6). The quiver associated with this theory is shown in figure 8. There are cubic
superpotentials associated with each triangle, and we have also turned on superpotentials
associated with the (1, 1) monopoles for adjacent groups. Since we also have Chern-Simons
terms at level

(
1
2 ,−

1
2 ,

1
2 ,−

1
2

)
, these monopole operators should be dressed with one power

of the corresponding bifundamentals to make them gauge invariant. There are two U(1)
global symmetry groups consistent with the superpotentials. Additionally, there are the
SU(5) global symmetry associated with the four collections of five flavors, and the U(1)R
R-symmetry, which we choose such that all the chirals have R-charge 2

3 . In terms of this
symmetry, the superconformal value of the R-symmetry is given by

R̂ = R− 0.03846qa . (4.32)

We can evaluate the index of this theory (using U(1)R) finding:

I = 1+4a4x
2
3 +2

(
a2
(
b210+ 1

b2 10
)

+5a8
)
x

4
3 +4

(
5a12+2a6(b210+ 1

b2 10)
)
x2+

+
(
− 2
a2

(
b210+ 1

b2 10
)

+a4
(
3(b450+b−450)+b445+b−445+4×75−(b45+b−45)

)
+

+ 3
a8 +35a16+20a10

(
b210+ 1

b2 10
))

x
8
3 +· · · . (4.33)

The index forms characters of SU(6), which is enhanced from SU(5) × U(1)b where the
embedding is the same one, (3.16), that we used in subsection 3.1.2. Specifically, the index
can be rewritten in characters of SU(6) as

I = 1+4a4x
2
3 +2(a220+5a8)x

4
3 +4(5a12+2a620)x2+

+
(
− 2
a2 20+a4(3×175+189+1−35)+ 3

a8 +35a16+20a1020
)
x

8
3 +· · · . (4.34)
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Figure 8. The 3d quiver theory associated with the compactification of the 5d E6 SCFT on a torus
with flux (

√
3; 1, 1, 1, 1, 1). There are Chern-Simons terms of levels ( 1

2 ,−
1
2 ,

1
2 ,−

1
2 ). The theory also

contains eight cubic superpotential interactions, four of which running along the triangles, and the
other four being the flipping superpotentials. Additionally, there are four monopole superpotential
of the type (1, 1) for all adjacent SU(2) groups, properly dressed by SU(2)× SU(2) bifundamentals
to form a gauge invariant.

This result is consistent with our expectations. Indeed, we can see not only the symmetry
preserved by the flux of the 5d compactification, but also the spectrum of operators ex-
pected from 5d. This is the same as discussed around equation (3.18), but this time the
multiplicities of all the operators are doubled since the flux is two.

Similarly, the structure of the conformal manifold is the same as the one for the theory
with minimal flux. There is one difference though, and that is that the marginal operators
coming from the monopole superpotentials now are associated directly with the dressed
(1, 1) monopole operators for adjacent groups without involving the flip fields. This, how-
ever, does not seem to have any effect on this discussion. Like in the previous case, we
expect a 1d subspace where the symmetry enhances to U(1)×SU(6), and the superconfor-
mal index appears consistent with this.

Finally, another evidence for the proposed enhancement of the SU(5) × U(1)b part of
the symmetry to SU(6) comes from examining the central charges of these symmetries,
as before. We compute numerically the real part of the free energy of this model, and
use it to find the following values for the central charges of U(1)b and of the Cartan
diag (1, 0, 0, 0,−1) of SU(5), which we denote by C,

Cb = 20 , CC = 3 . (4.35)

The value of the ratio of these charges is
Cb
CC

= 20
3 , (4.36)

which matches our expectations from the proposed symmetry enhancement and the em-
bedding (3.16). Indeed, exactly as in eq. (3.23), this ratio is expected to be equal to 20/3,
which agrees with our numerical result (4.36).

Next we consider similar quivers, but with the flavors allocated differently.

– 42 –



J
H
E
P
0
9
(
2
0
2
1
)
1
4
9

4.2.2 U(1)× SU(2)× SU(3)2 case

We next consider the model shown in figure 9. This is generated by gluing two of the
tubes of figure 2(b) for Nf = 5 and x = 2. As such we expect the resulting theory to be
associated with the flux (

√
3; 1, 1, 1, 0, 0). This corresponds to the minimal value of flux

preserving the U(1)× SU(2)× SU(3)2 subgroup of E6.
The charges under the three U(1) groups, the SU(2) × SU(3) non-abelian symmetry

groups, and the R-symmetry that we shall use are shown in the figure. For latter conve-
nience, we have slightly changed the charges under various symmetries compared to the
previous sections. We note that here the model includes superpotentials involving all four
triangles, and the two loops involving the bifundamentals charged under the global SU(2)
with the upper and lower semi-circles. Furthermore, following the discussion in the pre-
vious sections, also all four (1, 1) monopoles for adjacent groups, which should be dressed
with the bifundamentals because of the Chern-Simons levels

(
1
2 ,−

1
2 ,

1
2 ,−

1
2

)
. The latter

is responsible for breaking a possible U(1) symmetry. The superconformal R-symmetry is
given by the following expression in terms of the symmetries appearing in the figure:

R̂ = R− 0.0009qa . (4.37)

We can compute the index for this model (using U(1)R) finding:

I = 1 + 3a6
(
b2 + 1

b2

)
x

2
3 + 2a4

(
y2 + 1

y
2SU(2)

)
3SU(3)x

10
9 + (4.38)

+ 3a12
(

2b4 + 3 + 2
b4

)
x

4
3 + a2

(
b2 + 1

b2

)( 1
y2 + y2SU(2)

)
3SU(3)x

14
9 +

+ 6a10
(
b2 + 1

b2

)(
y2 + 1

y
2SU(2)

)
3SU(3)x

16
9 + 2a18

(
5b6 + 9b2 + 9

b2 + 5
b6

)
x2 + · · · .

We note that the index forms characters of SU(2)× SU(3)2, where the embedding is such
that

2SU(2) = b2 ⊕ 1
b2 , 3SU(3)2 = y2 ⊕ 1

y
2SU(2) . (4.39)

In terms of characters of these groups the index reads:

I = 1 + 3a62SU(2)x
2
3 + 2a43SU(3)13SU(3)2x

10
9 + 3a12(1 + 2× 3SU(2))x

4
3 +

+ a22SU(2)3SU(3)13SU(3)2x
14
9 + 6a102SU(2)3SU(3)13SU(3)2x

16
9 +

+ 2a18(5× 4SU(2) + 4× 2SU(2))x2 + . . . (4.40)

We again see that the spectrum of states is consistent with the 5d expectations, namely
it organizes into representations of the U(1)× SU(2)× SU(3)2 symmetry preserved by the
flux and we can also see in the index the contributions of relevant and irrelevant operators
coming from the broken currents of the 5d global symmetry. In this case, the current in the
adjoint representation of E6 splits under the U(1)×SU(2)×SU(3)2 subgroup according to
the branching rule

78→ (1,1,1)0 ⊕ (3,1,1)0 ⊕ (1,8,1)0 ⊕ (1,1,8)0 ⊕ (2,1,1)±3⊕
⊕ (1,3,3)2 ⊕ (1,3,3)−2 ⊕ (2,3,3)1 ⊕ (2,3,3)−1 . (4.41)
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Figure 9. The 3d quiver theory associated with the compactification of the 5d E6 SCFT on a
torus with flux (

√
3; 1, 1, 1, 0, 0). There are Chern-Simons terms of levels ( 1

2 ,−
1
2 ,

1
2 ,−

1
2 ). The theory

also contains cubic superpotential interactions associated with the four triangles, and the flipping
superpotentials. Additionally, there are two quartic superpotential involving the bifundamentals
charged under the global SU(2) group with the upper and lower semi-circles, and four monopole
superpotential of the type (1, 1) for all adjacent SU(2) groups, properly dressed by SU(2)× SU(2)
bifundamentals to form a gauge invariant.

The 5d R-symmetry is related to the 3d R-symmetry that we used for our computation by
a mixing with U(1)a that can be implemented in the index by the shift a→ ax

2
9 . Moreover,

the U(1)a symmetry is related to the U(1) symmetry inside the 5d global symmetry for
which we turned on a flux by a normalization of 1

2 . With this dictionary, we can immediately
identify the states (2,1,1)3, (1,3,3)2, (2,3,3)1 in the index (4.40): they are represented
by the contributions 3a62SU(2)x

2
3 , 2a43SU(3)13SU(3)2x

10
9 , a22SU(2)3SU(3)13SU(3)2x

14
9 . Notice

that, as expected, their multiplicities are given by their U(1) charges times the U(1) flux,
which in this case is one. The other states appear at higher orders, but we checked their
presence up to order x3.

Another evidence for the proposed enhancement of the SU(2) × U(1)y part of the
symmetry to SU(3)2 comes from examining the central charges of these symmetries, as
before. We compute numerically the real part of the free energy of this model, and use it
to find the following ratio between the central charges of U(1)y and the Cartan diag (1,−1)
of SU(2), which we denote by C,

Cy
CC

= 3.3. (4.42)

This matches our expectations from the proposed symmetry enhancement and the embed-
ding (4.39). Indeed, the corresponding embedding indices are

ISU(2)→SU(3)2 = 1 , IU(1)C→SU(2) = 4 , IU(1)y→SU(3)2 = 12 , (4.43)
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Figure 10. The 3d quiver theory associated with the compactification of the 5d E6 SCFT on a
torus with flux (

√
3; 1, 0, 0, 0, 0). There are Chern-Simons terms of levels ( 1

2 ,−
1
2 ,

1
2 ,−

1
2 ). The theory

also contains cubic superpotential interactions associated with the four triangles, and the flipping
superpotentials. Additionally, there are two quartic superpotential involving the bifundamentals
charged under the global SU(4) group with the upper and lower semi-circles, and four monopole
superpotential of the type (1, 1) for all adjacent SU(2) groups, properly dressed by SU(2)× SU(2)
bifundamentals to form a gauge invariant.

implying the following ratio of central charges,

Cy
CC

= 3 (4.44)

which agrees with our numerical result (4.42) within the accuracy of the calculation.

4.2.3 U(1)2 × SO(8) case

We next consider the model in figure 10. This is generated by gluing two of the tubes of
figure 2(b) for Nf = 5 and x = 4. As such we expect the resulting theory to be associated
with the flux (

√
3; 1, 0, 0, 0, 0). This corresponds to the minimal value of flux preserving

U(1)2×SO(8). Specifically, we have one unit of flux for a U(1) inside the SO(10) contained
in the subgroup U(1)× SO(10) of E6, which breaks it to U(1)× SO(8).

The charges under the three U(1) groups, the SU(4) non-abelian symmetry, and the R-
symmetry that we shall use are shown in the figure. For latter convenience, we have slightly
changed the charges under the various symmetries compared to the previous sections. We
note that here the model includes superpotentials involving all four triangles, the two
loops involving the bifundamentals charged under the global SU(4) and the upper and
lower semi-circles, and, following the discussion in the previous sections, also all four (1, 1)
monopoles for adjacent groups, which should be dressed with the bifundamentals because
of the Chern-Simons levels (1

2 ,−
1
2 ,

1
2 ,−

1
2). The latter is responsible for breaking a possible

U(1) symmetry. The superconformal R-symmetry is given by the following expression in
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terms of the symmetries appearing in the figure:

R̂ = R− 0.1026qa . (4.45)

We can compute the index of this theory (using U(1)R) finding:

I = 1 +
( 3
a8 + 2a4

(
b2 + 1

b2 + 6
))

x
4
3 +

(
a3

y

(
b4 + 1

b
4
)

+ ay

(
b4 + 1

b
4
))

x
5
3 +

−
(
y

a3

(
b4 + 1

b
4
)

+ 1
ay

(
b4 + 1

b
4
))

x
7
3 +

(
− 2
a4

(
b2 + 1

b2 + 6
)

+ 6
a16 +

+ a8
(

3
(
b4 + 1

b4

)
+ 4

(
b2 + 1

b2

)
6 + 3× 20 + 15 + 3

))
x

8
3 + · · · . (4.46)

We note that the index forms characters of SO(8), where the embedding can be chosen up
to an element of the triality automorphism group of SO(8) to be such that

8v → b2 ⊕ 1
b2 ⊕ 6 . (4.47)

In terms of characters of this group, the index reads:

I = 1 +
( 3
a8 + 2a48v

)
x

4
3 +

(
a3

y
8c + ay8s

)
x

5
3 −

(
y

a3 8c + 1
ay

8s

)
x

7
3 +

+
(
− 2
a4 8v + 6

a16 + a8(3× 35v + 28− 1)
)
x

8
3 + · · · . (4.48)

We again see that the spectrum of states is consistent with the 5d expectations, namely it
organizes into representations of the U(1)2 × SO(8) symmetry preserved by the flux and
we can also see in the index the contributions of relevant and irrelevant operators coming
from the broken currents of the 5d global symmetry. In this case, the current in the adjoint
representation of E6 splits under the U(1)1 × U(1)2 × SO(8) subgroup according to the
branching rule

78→ 2× 1(0,0) ⊕ 28(0,0) ⊕ 8v
(0,±2) ⊕ 8c

(−3,1) ⊕ 8c
(3,−1) ⊕ 8s

(3,1) ⊕ 8s
(−3,−1) . (4.49)

In our notation, the U(1) for which we are turning on a unit of flux is U(1)2, whose charges
correspond to the second entry in the upper index of each state. Since in this case we have
two abelian symmetries, the dictionary between 5d and 3d symmetries needed to identify
such states in our index computation is slightly more involved. More precisely, the 5d R-
symmetry is related to the 3d R-symmetry that we used for our computation by a mixing
with U(1)a and U(1)y that can be implemented in the index by the simultaneous shifts
a → ax

1
6 and y → yx

1
6 . Moreover, the U(1)a and U(1)y symmetries are related to the

U(1)1 and U(1)2 symmetries by

U(1)a = −1
3U(1)1 + 2U(1)2, U(1)y = 1

3U(1)1 . (4.50)

With this dictionary, we can immediately identify in the index (4.48) all the states appear-
ing in the branching rule (4.49) with the correct multiplicity given by their U(1)2 charge
times the flux, which in this case is one. Specifically, we can see the contributions 2a48vx

4
3 ,

a3y−18cx
5
3 , ay8sx

5
3 , a−3y8cx

7
3 , a−1y−18sx

7
3 and −2a−48vx

8
3 .
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5 Additional cases

Finally, we want to consider several additional cases of interest. This includes cases in-
volving more than four domain walls as well as cases where the gluing breaks part of the
global symmetry originating from 5d.

5.1 A dual of the U(1)× SU(2)× SU(6) case

We have previously noted that the tube in figure 2(b) for x = Nf = 6 is naively dual to
the one in figure 1. This has been interpreted has stemming from the fact that the flux
associated with both of these tubes is related via an E7 Weyl transformation. However,
the flux vector associated with each of these, in our chosen basis, is different. This means
that while the theories we get while gluing the tubes to themselves should be equivalent,
when glued to other tubes the theories will be different. Specifically, if we glue the two
types of tubes together then the resulting theory does not preserve the SO(12) subgroup
of E7, even-though each tube individually preserves it but they are embedded differently
inside E7. However, the resulting theory is naively equivalent to just gluing one tube to
itself, which should have this symmetry. In this section we shall explain how this works,
and in the process also encounter an interesting duality.

The basic loophole that allows us to get different theories from gluing the two tubes
is the way the monopole operators are mapped. We noted previously that when gluing
tubes we also need to introduce monopole superpotentials associated with two adjacent
SU(2) groups. However, as illustrated in appendix C, monopole operators are mapped
non-trivially between the two theories. As such, while the resulting theories have the same
matter, they may differ by the monopole superpotential. Next we shall illustrate this with
an example.

If we want to avoid breaking symmetries, then the simplest case we can take involves
gluing three of the tubes in figure 2(b), two with x = 6 and one with x = 0, which is given
by connecting two basic tubes. The resulting theory is shown in figure 11(a). For the time
being, we shall ignore the monopole superpotentials, which we shall introduce later on. In
the figure we have also denoted the charges of all the fields under the global symmetries
of the theory via fugacities. Additionally, we have denoted the charges under a specific
R-symmetry using the fugacity x.

The flux associated with this theory should be given by summing up the fluxes of
the constituent tubes: 2

(√
2

2 ; 0, 0, 0, 0, 0, 0
)

+
(√

2
2 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2

)
=
(

3
√

2
2 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2

)
.

This flux in turn is the minimal one preserving U(1)× SU(2)× SU(6), and so the resulting
theory should be equivalent to the one in figure 5.

We can perform Aharony duality on the two nodes seeing four doublets to get the theory
in figure 11(b). As expected this theory is equivalent to the one in figure 4. However, the
resulting theory is not the same as the one considered in section 4.1.1. Recall that in that
theory we also included monopole superpotentials under each two adjacent SU(2) groups.
We would expect similar superpotentials to be needed also in the theory in figure 11(a),
although we have refrained from turning them on for now. However, these are not mapped
to one another under the duality. Specifically, looking at the charges of the four monopole
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Figure 11. (a) The 3d quiver theory we get by gluing three of the tubes in figure 2(b), two
with x = 6 and one with x = 0. There are cubic and quartic superpotentials running along the
perimeters of the internal faces. (b) The theory we get from (a) after performing Aharony duality
on the bottom left and right SU(2) groups. Again, there are cubic superpotentials running along
the perimeters of the internal faces.

operators we had in the theory in section 4.1.1, we see that they originate from the monopole
operators with charges: (0, 1, 1, 1, 1, 0), (0, 0, 1, 1, 1, 1), (1, 0, 0, 0, 1, 1) and (1, 1, 1, 0, 0, 0),
where we start from the top SU(2) group in figure 11(a), and continue clockwise. These
operators differ from the monopole superpotentials that we expect are needed in figure 11(a)
from our experience so far.

Now let us consider the six monopole operators under each adjacent SU(2) groups in
figure 11(a). Their charges are (in the theory without the monopole superpotential):

cz

a2b8r2x
8
3 ,

b2

a2y2c4z4x
8
3 ,
r2b2z5

c
x2,

y2b4z4

c2 x2,
a2b2c2

z4 x
4
3 ,
a2c4

b2z2x
4
3 , (5.1)

where the terms are ordered as: (1,0,0,0,0,1), (1,1,0,0,0,0), (0,0,1,1,0,0), (0,0,0,1,1,0),
(0,1,1,0,0,0), (0,0,0,0,1,1). We note that the first four terms are charged under U(1)y
and U(1)r and have U(1)R charges bigger or equal to 2. This is not a coincidence. First we
note that U(1)y and U(1)r are not present in the dual model in figure 11(b). As such, BPS
operators charged under them are expected to come in combinations that can form a long
multiplet. Indeed the index appears to be independent of these two U(1) groups, implying
there are additional operators carrying the same charges, but contributing negatively to
the index. There is a result proved in [55] from superconformal representation theory that
BPS operators contributing at orders below x2, that is relevant operators, must contribute
with a positive sign. As such the last two operators in (5.1), that are relevant with respect
to the superconformal R-symmetry determined in section 4.1.1, must be uncharged under
these symmetries.

We can now consider introducing the six monopole superpotentials to the theory in
figure 11(b). From the previous discussion we see that the first four of these are can-
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Figure 12. The model in figure (b) after the introduction of monopole superpotentials associated
with the basic monopole operators of the left and right SU(2) groups. Additionally, there are cubic
superpotentials running along the perimeters of the internal faces.

celed in the index, implying they can merge with other short representations to form long
multiplets. This suggests that these are irrelevant as their dimension can increase above
two. This leaves us with the last two. In the model in figure 11(b) these correspond to
the basic monopole operators of the left and right SU(2) groups. From our analysis in
section 4.1.1, we see that these are expected to be relevant with respect to the supercon-
formal R-symmetry, and as such turning them on will initiate a flow to a new fixed point.
Introducing these operators is expected to set b =

√
cz, a = z

3
2

c
3
2
x

1
3 . This leads to the theory

in figure 12, where we have redefined the two U(1) symmetries as: z = b̃
√
ã, c = b̃√

ã
. Ad-

ditionally, we have defined a new R-symmetry as: U(1)R − 2
9U(1)ã, to avoid having fields

with zero R-charges.
The claim we expect from the 5d picture is that the models in figure 12 and figure 5

are dual. Indeed, we can compute the index of the model in figure 12 and find it equal to
the one in 5, if we identify ã and b̃ with a and b, to the order the index was evaluated. In
addition, the S3 partition functions of the two models are equal. Therefore, we see that in
this case the 5d picture leads to a non-trivial duality between two seemingly different 3d
quiver gauge theories.

5.2 U(1)× SU(2)× SU(3)× SU(4) case

We consider now an example of torus compactification of the rank 1 E7 SCFT with a flux
preserving a U(1) × SU(2) × SU(3) × SU(4) subgroup of the 5d global symmetry. Such
a symmetry can be achieved with a flux vector of the form (2

√
2; 1, 1, 1, 1, 0, 0), which in

turn can be constructed by gluing several copies of the basic tube of figure 2(b) for x = 4,
as we are now going to describe. The resulting model will be associated to eight domain
walls and as such its structure will be more complicated than the previous examples, in
particular the number of SU(2) gauge nodes will be eight. Nevertheless, we will see that it
still behaves as expected from its 5d origin.
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Figure 13. The 3d quiver representations of the tubes with flux (
√

2; 1, 1, 0, 0, 0, 0), on the left,
and (

√
2; 0, 0, 1, 1, 0, 0), on the right. In each tube model, the four chirals forming the fundamental

representation of the manifest SU(4) symmetry has been split in two plus two, as needed to perform
the gluing. We also depict with the same color the flavor SU(2) that get identified in the two tubes
after the gluing.

In order to construct the model, we first observe that the desired flux vector can be
obtained as follows:

(2
√

2; 1, 1, 1, 1, 0, 0) = (
√

2; 1, 1, 0, 0, 0, 0) + (
√

2; 0, 0, 1, 1, 0, 0) . (5.2)

The first flux vector on the r.h.s. can be simply obtained by gluing two copies of the tube
model of figure 2(b) for x = 4. The second flux vector is simply obtained from the first
one by acting with an element of the Weyl group of SO(12). From our general discussion
we have understood that this amounts to permuting the fields receiving different boundary
conditions. Each of the two tubes preserves by itself a manifest SU(4) × SU(2) global
symmetry, but because of this relative action of the SO(12) Weyl when we perform the
gluing the 4 chirals forming the fundamental of SU(4) in each block should be broken
into 2 plus 2, so that the manifest non-abelian symmetry of the resulting tube with flux
(2
√

2; 1, 1, 1, 1, 0, 0) is only SU(2)3. This procedure is schematically represented in figure 13.
In the picture, we draw with the same color the SU(2) flavor symmetries that get identified
between the two tubes after performing the gluing.

Once we have the tube with flux (2
√

2; 1, 1, 1, 1, 0, 0), we can glue its two extremities
together so to get a torus with the same value of flux, as desired. The final result is
depicted in figure 14. As mentioned before, the model has eight SU(2) gauge nodes. The
superpotential of the theory is analogous to the ones of the previous examples and it
consists of various terms. First, we have the usual flips of the quadratic gauge invariants
constructed from the SU(2)× SU(2) bifundamentals of each pair of adjacent gauge nodes.
Then we have cubic and quartic superpotentials constrcuted from the bifundamentals and
the fundamentals charged under the SU(2) flavor symmetries. These correspond to all the
smallest possible closed loops that we can have involving two fundamentals charged under
the same flavor SU(2) and under subsequent gauge SU(2). Finally, following the discussion
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Figure 14. The 3d quiver representation of the torus with flux (2
√

2; 1, 1, 1, 1, 0, 0). In order to
avoid cluttering the drawing with too many intersecting lines, we depicted the quiver with the con-
vention that SU(2) flavor nodes of the same color should be identified. We also explicitly label each
chiral field with a name: Bi for the SU(2)× SU(2) gauge bifundamentals, Sj for the fundamentals
of SU(2)1 (in red), Tj for the fundamentals of SU(2)2 (in blue) and Ta for the fundamentals of
SU(2)3 (in brown).

of the previous models, all the (1, 1) monopoles for adjacent gauge groups are turned on
in the superpotentials. Explicitly, using the notation summarized in figure 14 and calling
Fi for i = 1, · · · , 8 the flipping fields, the full superpotential is

W =
7∑
i=0

M(i,i+1)+
8∑
i=1

FiB
2
i +B1S1S2+B2S2S3+B3S3S4+B4S4S5+B5S5S6B6+

+B7S6S1B8+B1Q1Q2B2+B3Q2Q3B4+B5Q3Q4+B6Q4Q5+B7Q5Q6+B8Q6Q1+
+B1T1T2B2+B3T2T3B4+B5T3T4B6+B7T4T1B8 , (5.3)

where M(i,i+1) is the monopole corresponding to a unit of flux for the i-th and the (i+1)-th
gauge groups only, with the cyclic identification M(0,1) = M(8,1).

On top of the SU(2)3 non-abelian symmetry, the superpotential also preserves four
abelian symmetries. The parametrization for these symmetries, together with the one for
the R-symmetry, that we choose to use is summarized in figure 15. We conjecture that this
theory corresponds to the compactification of the rank 1 E7 SCFT on a torus with flux 1,
as usual in a normalization where the minimal flux is 1, for a U(1) whose commutant in
E7 is SU(2)× SU(3)× SU(4). In order to validate this claim we can for example compute
the superconformal index with the reference R-symmetry of the figure. The computation
is rather involved because of the complexity of the quiver and because of the high value
of the large number of gauge groups, which means that there are many integrations and
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Figure 15. The 3d quiver representation of the torus with flux (2
√

2; 1, 1, 1, 1, 0, 0) with a specific
choice for the parametrization of the abelian symmetries and the R-symmetry.

summations to perform. The first few orders give

I = 1 + 4a4
(

1
b4 + b2d2 + b2

d2

)
x

4
3 + 3a3

(
c2SU(2)1 + c−12SU(2)2

)
2SU(2)3x

3
2 +

+ 2a2
(
b4 + d2

b2 + 1
b2d2

)(
c2 + 1

c2 + 2SU(2)12SU(2)2

)
x

5
3 + · · · , (5.4)

where in our notation SU(2)1 stands for the flavor SU(2) in red in figure 14, SU(2)2 stands
for the one in blue and SU(2)3 stands for the one in brown. We can observe that this
result conforms to our expectations from 5d. First of all we can see that the index forms
characters of the U(1) × U(2) × SU(3) × SU(4) global symmetry preserved by the flux,
where the embedding is

4SU(4) →
1
c

2SU(2)1 ⊕ c2SU(2)2 , 3SU(3) →
1
b4 ⊕ b

2d2 ⊕ b2

d2 . (5.5)

In terms of characters of this global symmetry, the index indeed reads

I = 1 + 4a43SU(3)x
4
3 + 3a32SU(2)4SU(4)x

3
2 + 2a23SU(3)6SU(4)x

5
3 + · · · . (5.6)

Moreover, once again we see that the spectrum of states is consistent with the 5d
expectations. In this case, the current in the adjoint representation of E7 splits under the
U(1)×U(2)× SU(3)× SU(4) subgroup according to the branching rule

133→ (1,1,1)0 ⊕ (3,1,1)0 ⊕ (1,8,1)0 ⊕ (1,1,15)0 ⊕ (2,3,4)1 ⊕ (2,3,4)−1

⊕ (1,3,6)2 ⊕ (1,3,6)−2 ⊕ (2,1,4)3 ⊕ (2,1,4)−3 ⊕ (1,3,1)4 ⊕ (1,3,1)−4 . (5.7)
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In this case, as we can see from figure 15, the 5d R-symmetry is related to the 3d R-
symmetry that we used for our computation by a mixing with U(1)a that can be imple-
mented in the index by the shift a → ax

1
6 . Moreover, the U(1)a symmetry is directly

identified with the abelian symmetry for which we turned on a unit of flux. With this dic-
tionary, we can immediately identify all of the representations appearing in the index (5.6)
with some of the states in the branching rule (5.7) with the correct multiplicity given by
their U(1)a charge times the flux, which in this case is one. Specifically, we can see the
contributions 4a43SU(3)x

4
3 , 3a32SU(2)4SU(4)x

3
2 and 2a23SU(3)6SU(4)x

5
3 which correspond to

the states (1,3,1)4, (2,1,4)3 and (1,3,6)2.
Unfortunately, due to the complexity of the model, we didn’t manage to compute the

index up to order x2 and also a numerical calculation of the S3 partition function, which
would allow us to find the superconformal R-symmetry and check if the flipping fields are
below the bound or not, is out of reach. Because of these reasons, we are not able to
analyze in detail the structure of the conformal manifold of the theory and compare it
with the 5d expectations, but we expect this to follow the same discussion we did for the
previous examples.

5.3 Gluing the basic tube to itself

In this section we consider the models obtained by self-gluing a single tube. These can be
associated to compactifications on tori with flux 1

2 , in the normalization we used so far, for
a U(1) inside the 5d global symmetry. Remember that our normalization for the flux is
such that the minimal flux allowed is 1. Fractional fluxes are also allowed, provided that
these are accompanied by a flux in the center of the non-abelian symmetry that is the
commutant of the U(1) inside the full 5d global symmetry. The effect of this flux for the
center group is to further break the non-abelian global symmetry to some subgroup. Such a
flux for the center group can be generated by turning on two holonomies, one for each cycle
of the torus, that are almost commuting, that is they commute up to an element of the
center group.12 The symmetry preserved by the flux corresponds then to the one preserved
by the holonomies. For a more in depth analysis we refer the reader to appendix C of [31].

For a given group, there may be more than one such choices of holonomies, which
preserve a different subgroup and which can be continuously connected one to the other.
The field theory interpretation of this is that the theories obtained from the compactifica-
tion, which in our case are three-dimensional, will possess a conformal manifold and their
marginal deformations are related to the aforementioned holonomies. If we are on a point
of the conformal manifold where the global symmetry is the one preserved by one choice of
holonomies, we can move on a generic point where the symmetry is broken to its maximal
torus U(1)r, with r the rank of the preserved global symmetry group, and then to a special
point where these U(1) symmetries reassemble into a different symmetry group associated
to a different choice of holonomies.

The theories obtained by compactifying the 5d rank 1 ENf +1 SCFT on a torus with
half-integer flux are obtained by gluing an odd number of the tube model of figure 1. We

12This is sometimes also refereed to as a non-trivial second Stiefel-Witteney class. See [60] and references
therein, for some discussion of this aimed at physicists.
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2k SO(Nf )×

Figure 16. The theory we get when gluing the tube in figure 1 to itself. Here we shall take
k = 6−Nf

2 . Besides the flipping superpotential, there is also a cubic one involving the adjoint and
two fundamentals. This breaks the symmetry in the square to SO(Nf ).

will focus on the theories associated with flux 1
2 , so we take only one copy of the tube model.

Specifically, we gauge a diagonal combination of the two SU(2) symmetries. We also add
an SU(2) × SU(Nf ) bifundamental that couples quadratically to both of the two sets of
fundamentals in the tube model. The net effect is that one of these sets of chirals and the
fields that we added become massive, so that we are left with one copy of Nf fundamentals
of the SU(2) gauge group. What used to be the SU(2)× SU(2) bifundamental in the tube
model now becomes an adjoint plus a singlet that couples with the quadratic operator
constructed from the fundamentals. We also have the flipping field, which couples both with
the adjoint and with the singlet squared. The resulting theory is summarized in figure 16.

Notice that in this construction the global symmetry of the original tube model has
been broken from SU(Nf ) down to SO(Nf ), as expected because of the half-integer flux.
Nevertheless, we will now see that this is not always the symmetry preserved by the almost
commuting holonomies. We shall return to this point later, but first we should elaborate
on the results. Here we shall concentrate on the case of Nf = 6.

For Nf = 6 the Chern-Simons level is zero. Our theory corresponds then to the N = 4
SU(2) gauge theory with 6 fundamental half-hypers deformed by the addition of two gauge
singlets. The SO(12) global symmetry that we had in the case of flux 1 is broken to a
subgroup in this case of flux 1

2 . There is a choice of almost commuting holonomies for
which the preserved symmetry is SU(4), which is also the manifest global symmetry in the
theory of figure 16 for Nf = 6. On top of this, we have the usual U(1)a, which corresponds
to the U(1) for which we turned on the flux. As in the previous examples, we parameterize
it such that the fundamentals have charge 1, the adjoint and the singlet have charge −2
and the flipping field has charge 4. Also the R-symmetry can be taken again such that all
the chirals have R-charge 2

3 . With these conventions, the index of the theory reads

I = 1 +
( 2
a2 + a4

)
x

2
3 +

( 4
a4 + a8 + a2(15 + 1)

)
x

4
3 +

( 6
a6 + a12 + a6(15 + 1)

)
x2+

+
(
− 1
a2 (15 + 1) + 8

a8 + a16 + a4(84 + 1− 15) + a10(15 + 1)
)
x

8
3 + · · · , (5.8)

where we can see indeed characters of the representations of SU(4).
For SO(12) there exists also a different choice of holonomies, which instead preserves

a USp(6) subgroup. The theory with USp(6) symmetry can be reached as follows. Our
theory with SU(4) symmetry possesses marginal operators in the adjoint representation of
SU(4) and, consequently, a non-trivial conformal manifold.13 We can move on a generic

13These marginal operators don’t appear explicitly in the index (5.8) since they are canceled by the
conserved currents, which contribute with a negative sign to the order x2 of the index.
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point of this conformal manifold where the symmetry is broken to the Cartan U(1)3 and
then, from here, to the specific point where these U(1) symmetries reassemble into USp(6).
For this to be possible, we should be able to rewrite the index (5.8) in terms of characters
of USp(6) representations by just redefining properly the SU(4) fugacities. This is indeed
the case, as we can understand by noticing that the only SU(4) representations appearing
in (5.8), when decomposed under its SU(3) × U(1) subgroup, precisely reconstruct also
USp(6) representations decomposed under the same SU(3)×U(1) subgroup

15SU(4) → 14USp(6) + 1USp(6)

84SU(4) − 15SU(4) → 90USp(6) − 21USp(4) . (5.9)

Equivalently, if we parametrize the SU(4) fugacities such that the character of the funda-
mental representation is f1 + f2

f1
+ f3
f2

+ 1
f3

and the USp(6) fugacities such that the character
of the fundamental representation is y1 + 1

y1
+y2 + 1

y2
+y3 + 1

y3
, then upon the identification

f1 =
√
y2y3
y1

, f2 = 1
y1
, f3 =

√
y2
y1y3

, (5.10)

the index (5.8) can be rewritten as

I = 1 +
( 2
a2 + a4

)
x

2
3 +

( 4
a4 + a8 + a2(14 + 2)

)
x

4
3 +

( 6
a6 + a12 + a6(14 + 2)

)
x2+

+
(
− 1
a2 (14 + 2) + 8

a8 + a16 + a4(90 + 1− 21) + a10(14 + 2)
)
x

8
3 + · · · , (5.11)

where now the characters are of USp(6) representations.
So we indeed see that for the Nf = 6 case, self-gluing of the tubes is consistent with our

expectations. However, the story becomes more complicated when we consider the cases
with Nf < 6. The issue can be partly understood by looking at the tubes, specifically, at
the way the symmetry changes along the two punctures. Consider the SU(2) × SU(Nf )
bifundamentals on the two sides of the basic tubes. We have that their U(1)a charges are
the same, but their U(1)b×SU(Nf ) charges are related by charge conjugation. This is what
causes these symmetries to break to the invariant subgroup when we glue the tube to itself.
For Nf = 6 we have that U(1)b×SU(Nf ) are part of the SO(12) group preserved by the flux.
Note that SO(12) is a real group, and so the charge conjugation action on U(1)b×SU(Nf ),
that is an outer automorphism, becomes an inner automorphism in SO(12). This is a
common characteristic of center fluxes, as we mentioned that these involve two holonomies
along the two cycles of the torus, which suggests that the symmetries on the two sides of
the tube should be related by an inner automorphism.

However, when Nf < 6, the U(1)b × SU(Nf ) is part of a complex 5d symmetry group
so the action of charge conjugation on it is not mapped to an inner automorphism of the
5d symmetry group preserved by the flux, but rather an outer automorphism. This fits
more with an holonomy in a discrete symmetry. However, it is not clear what is this
discrete symmetry. Specifically, while ENf +1 is a complex group for 0 < Nf < 6, the local
operator spectrum for most cases appears to only be sensitive to the group ENf +1/ZENf +1 ,
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where ZENf +1 is the center of ENf +1. This can be seen for instance by looking at the
superconformal index of these theories, evaluated in [61], where only representations of
ENf +1/ZENf +1 appear for Nf > 1. The group ENf +1/ZENf +1 is invariant under charge
conjugation implying that a symmetry with this action acts trivially on it.

This may also be related to the issue that for Nf ≤ 5, we needed to turn on Chern-
Simons terms with levels of alternating signs. This was sensible when the number of groups
are even, but raises the question of the proper generalizations when the number of groups
is odd. Due to the presence of these complications, we shall delay dealing with these cases
to future work. We shall return to the issue of the Chern-Simons terms in the next section.

6 Gluing rules

Having studied the various models, we wish to return to the question of gluing rules. These
dictate how two punctures are to be glued. Here we adopted the viewpoint of the punctures
as boundary conditions on the 4d theory we get when reducing the 5d theory on a circle
potentially with an holonomy in its flavor symmetry. The data of the boundary conditions
on the resulting 4d theory affects the properties of the punctures in various ways. Here
we looked at the case of the so-called maximal punctures, where the 3d N = 2 vector
component on the boundary of the 4d N = 2 bulk vector multiplet receives Dirichlet
boundary conditions. This leads to the punctures having an associated global symmetry
given by the bulk 4d gauge symmetry, which in this case is SU(2).

Additionally, there are bulk 4d hypermultiplets, and when approaching the boundary
these are also given boundary conditions. Specifically, we decompose the 4d hypermultiplet
close to the boundary to two 3d N = 2 chiral fields in opposite representation and give
Dirichlet boundary conditions to one group and Neumann boundary conditions to the
other. The chiral fields receiving the Neumann boundary conditions are expected to survive
and contribute to the 3d theory, and give a special class of operators associated with the
punctures. These are usually denoted as M , and refereed to as the moment map operators
associated with the punctures, for historical reasons having to do with their manifestations
in the study of the compactifications of the 6d (2, 0) theory. In our case, these are an
SU(2)×SU(Nf ) bifundamental, with the SU(2) being the one associated with the puncture
and the SU(Nf ) being a subgroup of the 5d global symmetry.

We note that when we give the boundary conditions we have the freedom to decide to
which of the two 3d N = 2 chiral fields to give Neumann or Dirichlet boundary conditions.
This is true for all the Nf doublet hypermultiplets. This gives a discrete label associated
with the punctures that is refereed to as sign and color, depending on the convention.
Punctures with different signs, that is whose boundary conditions differ by giving Neumann
boundary conditions to different components of the hypermultiplets, are equivalent and can
usually be transformed to one another by a global symmetry transformation. However, if we
have two punctures of different signs on the same surface, then this difference is physical, as
a global symmetry transformation will affect both punctures simultaneously. We note that
the charges carried by the moment map operators under the 5d global symmetry depend
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on the sign of the puncture, and as such punctures having different signs and colors are
glued in different ways.

The gluing rules involve the puncture global symmetry and its associated moment map
operators, M . We previously noted that when gluing two punctures we need to gauge the
global symmetry associated with the punctures by an N = 2 vector multiplet. Additionally,
the moment map operators associated with the two punctures, Mi, are coupled to one
another using a superpotential. The form of the coupling, however, differs depending on
whether they have the same sign or opposite signs. For the most part, we dealt with the
case where the punctures have the same sign, in which case, when we glue we also add Nf

SU(2) doublets denoted as φ. These then couple to the moment map operators using the
superpotential φ(M1−M2). Note that here it is important that M1 andM2 carry the same
charges under the 5d global symmetry, as they have the same sign, so the superpotential
does not need to break these symmetries. This is usually refereed to as φ gluing.

We can also consider gluing punctures with opposite signs, that is the components
of the bulk 4d Nf SU(2) hypermultiplets receiving Neumann boundary conditions for the
first puncture receive Dirichlet boundary conditions for the second one. In this case, when
gluing we do not introduce the fields φ, but rather couple M1 and M2 directly via the
superpotential M1M2. Note that here it is important that M1 and M2 carry opposite
charges under the 5d global symmetry, as they have the opposite signs, so the superpotential
does not need to break these symmetries. This is usually refereed to as S gluing.

The gluing rules stated so far have been observed in many cases of compactifications
of 6d SCFTs, see for instance [25, 27, 31]. While this is the first case, to our knowledge,
of their appearance in the study of compactifications of 5d SCFTs, they are still quite well
established. However, there are several aspects that we have encountered in this paper that
do not appear in compactifications to 4d. We shall next wish to discuss our expectations
for the gluing rules of these more novel elements, based on our experience with the 3d
theories studied thus far.

The first of these is the presence of Chern-Simons terms. As we have seen, when we
glue punctures we need to turn on Chern-Simons terms of level 6−Nf

2 of alternating signs.
We can then ask how can this be incorporated in the gluing rules. The simplest option
is to introduce an additional label to the puncture called k-sign, and then declare that
when glued, punctures with positive k-sign are glued with a Chern-Simons term of positive
level while punctures with negative k-sign are glued with a Chern-Simons term of negative
level. We would then say that the two punctures in the basic tube of figure 1 have opposite
k-signs, while those in figure 2 have the same k-sign, which should be opposite to the sign
of the Chern-Simons term of the gauge group in the tube.

However, this raises the question of what happens when we glue a puncture with
positive k-sign to one that has a negative k-sign. For instance, in the basic tube of figure 1,
we would say that the two punctures have opposite k-sign so gluing them together provides
an examples of such gluing. We looked at this in the previous subsection, and noted that
for Nf = 6, where there is no Chern-Simons term, the results conform to our higher
dimensional expectations. However, cases with the Chern-Simons term seem to behave in
a somewhat different manner.
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It is possible that one simply cannot glue punctures with opposite k-sign. However, we
can perform this procedure in field theory, and so it is tempting to think that this should
have some geometric interpretation. Either way, it does appear that gluing punctures of
opposite k-sign has some less desirable effects, like breaking of part of the global symmetry.
It would be interesting to better understand the origin of the Chern-Simons term, which
hopefully will also shed light on these issues.

The second issue we encountered is the presence of monopole superpotentials. Specifi-
cally, we noted that when we glue theories, in addition to the superpotentials coupling the
moment map operators of the punctures, we also need to turn on monopole superpotentials
carrying the minimal possible charge under adjacent SU(2) groups. This presents several
issues when trying to pose gluing rules.

The first issue is how to describe it abstractly. Specifically, in all cases studied so far the
gluing rules appear to depend only on the type of punctures and not on what happens on
the rest of the surface. However, the description as a monopole superpotential with charges
under adjacent SU(2) groups assumes a specific description. Furthermore, the monopole
superpotential cannot be represented as a product of operators associated with each of the
punctures individually. We can try to get around this by defining them as operators that
can be associated with the punctures in the presence of background magnetic flux to their
flavor symmetry. However, the charges of monopole operators depend on all the flavors
seen by the gauge group. As such, when we glue the two punctures together, the SU(2)
that does the gluing sees more matter than the flavor SU(2) before the gluing. Thus, the
monopole superpotential we turn on carries different charges than the ones that exist for
the punctures in the presence of background magnetic flux.14

It seems then that the monopole superpotential we turn on cannot be associated with
any of the punctures. Rather, we need to stipulate that after the two punctures are glued,
one must turn on monopole superpotentials having the property that they carry minimal
magnetic charge under the gluing SU(2). These do not exist in the theories we glued
before the gluing, but only emerge after the gluing is done. As to how to properly identify
these, the construction suggests that these must be such that they preserve the 5d global
symmetry and R-symmetry. The examples done so far suggest that this should be enough
to determine them. We also note that in almost all cases these were just the monopole
operators with charges under adjacent SU(2) groups. However, there are exceptions. For
instance in the theories in figure 3, the monopole superpotential was actually the product
of this with the flip fields. This suggests that their exact interpretation in a given 3d field
theory may differ, but they should still exist.

This, however, does not solve all the issues. One issue that remains is how to under-
stand the gluing of two basic tubes, the ones in figure 1 to form the one in figure 2(a). The
problem here is that when we glue the two tubes we do not turn on a monopole superpo-
tential. One interpretation is that in this case the set of monopole superpotentials with the
required properties, that is that they preserve the 5d global symmetry and R-symmetry, is
empty. However, this would appear to suggest that the gluing rules depend not only on the

14We are grateful to Shlomo Razamat for the discussion on this point.
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punctures glued but also on the surfaces, which differs from the behavior in all the other
cases studied so far. Furthermore, we note that in most of the other cases when we glued
we needed to turn on precisely two monopole superpotentials, regardless of other details.
An alternative interpretation is that this specific tube is not actually a tube and rather
the tube in figure 2(a) should be interpreted as the basic tube. This might be sensible as
most of the other models can be generated by gluing it rather then the tube in figure 1.
Particularly, we can get the theories in figure 3 but gluing this tube to itself. However,
we noted that for Nf = 6 we can glue the tube to itself and the results are consistent
with a higher dimensional interpretation, and this theory requires the basic tube to be
constructed.

7 Conclusions

Inspired by the more investigated compactifications of 6d SCFTs on Riemann surfaces to
four dimensions, in this paper we initiated the study of the compactifications of 5d SCFTs
to 3d N = 2 theories. More precisely, we concentrated on the 5d N = 1 theories known as
the Seiberg rank 1 ENf +1 SCFTs. We first conjectured some 3d Lagrangians that flow in
the IR to the same SCFTs obtained by compactifying the 5d theories on a sphere with two
punctures, or a tube, with some value of flux for the 5d global symmetry. This was done by
studying the domain walls that interpolate between two copies of the 4d reduction on a circle
of the 5d theories with an holonomy and with some specific boundary conditions, where this
latter data imply a specific choice for the type of the puncture. From these fundamental
building blocks, we then constructed 3d theories that we conjecture correspond to the torus
compactifications of the 5d rank 1 ENf +1 SCFTs with some value of flux.

This conjecture has been then tested in various ways, some of which are inherited
from the study of 6d to 4d compactifications. Most importantly, the flux breaks the 5d
global symmetry to a subgroup, which might not be fully manifest in the 3d Lagrangians.
The preserved symmetry should then appear as an enhanced symmetry from the three-
dimensional perspective. This enhancement can be tested by using the superconformal
index and the central charges of the SCFT, where the latter can be extracted from the
S3 partition function. Moreover, from their 5d origin we expect the 3d theories to possess
some gauge invariant operators that descend from the 5d stress-energy tensor and conserved
current multiplets. Another test that we performed was to check the presence of these states
by means of the superconformal index. Finally, it is possible that different choices of flux,
to which we associated different looking 3d Lagrangians, are actually equivalent up to an
element of the Weyl group of the 5d ENf +1 global symmetry, and are thus expected to lead
to the same SCFT. This implies that the two 3d UV Lagrangians flow to the same fixed
point at low energies, that is they are dual in the IR. We encountered some examples of
this phenomenon which we checked, again, using supersymmetric partition functions. In
one example we have also been able to understand the duality that we can geometrically
predict from the 5d construction as an instance of Aharony duality in three-dimensions.

The construction of torus models starting from the tubes requires some rules for how to
implement the gluing at the level of the 3d field theory. After analyzing various examples,

– 59 –



J
H
E
P
0
9
(
2
0
2
1
)
1
4
9

we tried to draw some general prescription for this. This was partly motivated by how the
gluing is performed in the more understood context of 6d to 4d compactifications, but we
also encountered some new features that are peculiar to three-dimensional physics. Specif-
ically, in 3d we can have Chern-Simons interactions and a very special type of operators
that cannot be written in terms of elementary fields, the monopole operators, which may
be turned on in the superpotential. By looking at the examples that we studied, we tried
to find some general pattern for these new elements that appear in the compactifications
of 5d SCFTs on Riemann surfaces to 3d for the case of the rank 1 ENf +1 theories that has
been the focus of this paper.

There are some questions that are left open and that would be worth to further in-
vestigate in the future. The first one is to better understand these new intrinsically 3d
ingredients, the Chern-Simons terms and the monopole superpotentials. In particular, it
would be interesting to understand their occurrence from a geometric perspective, since we
concentrated on working them out from a purely 3d field theory analysis of the models at
hand. Another open question is related to the torus models with half-integer fluxes, which
can be constructed by self-gluing a tube corresponding to an odd number of domain walls.
The half-integer flux can be accommodated provided that it is supplemented by a flux for
the center of the residual non-abelian global symmetry, but at the price of breaking this
further to some smaller subgroup. In field theory, this is due to the fact that the two punc-
tures of the tube that we are trying to glue are of different types if the flux is half-integer,
implying a breaking of the global symmetry of the model. Understanding precisely what
should be the preserved global symmetry from the perspective of the 5d compactification
is in general a difficult question. We presented an example for Nf = 6 where it is possible
to do so, but it would be interesting to also better understand the cases of lower Nf .

There are also various directions that one can follow starting from the results of our
paper. For example, we focused on compactifications on tubes and tori, but one may also
consider more generic Riemann surfaces. Given such a surface, one can always find at
least one pair of pants decomposition for it. Hence, the additional element that we need to
construct a generic surface is the sphere with three punctures, or trinion. Finding the theory
corresponding to compactifications on a three-punctured sphere is a more complicated task,
even in the more understood set-up of 6d to 4d compactifications. This problem has been
tackled for example in [37, 39–41] in the context of compactifications of 6d SCFTs, by
studying the interrelation of the flow triggered by the compactification and some flows
that one can trigger by giving vacuum expectation values to some operators of the 6d
theory and which also have a counterpart in 4d. One possibility would then be to try to
apply the same strategy to the case of compactifications of 5d SCFTs. Alternatively, we can
try to use the knowledge of the trinion theories in 6d to 4d compactifications. We indeed
observe that the tube models that we found in the present paper can also be obtained by
considering the 4d compactification of the rank 1 E-string theory on a tube, which has
been studied in [31], by compactifying it on a circle to 3d and turning on a suitable real
mass deformation. This deformation has the effect of lifting the monopole superpotential
that is dynamically generated in the S1 compactification [62, 63] without producing any
Chern-Simons interaction. This is compatible with the fact that reducing the 6d E-string
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theory on a circle with a suitable holonomy we obtain a 5d SU(2) gauge theory with 8
hypers, which can be mass deformed to an SU(2) gauge theory with Nf ≤ 7 flavors. By
the same token, we can try to find the theories obtained by compactifying 5d SCFTs on
three-punctured spheres by considering the 4d trinion theories, reducing them on a circle
and preforming a suitable real mass deformation.

It is also possible to study compactifications on spheres without punctures. As it
was recently discussed in [64] in the context of 6d to 4d compactifications, a novel feature
here is that the resulting low dimensional theories should possess an additional SU(2)ISO
flavor symmetry that descends from the isometry of the two-sphere. One way to obtain
sphere compactifications is to start from theories resulting from compactifications on a
tube and close the two punctures. These is expected to be done by giving some vacuum
expectation values to some operators charged under the symmetries of the punctures, with
the effect of completely breaking these symmetries. On top of this, one typically also
needs to introduce additional singlet fields flipping some of the gauge invariant operators
to reproduce the theory that correctly corresponds to the 6d compactification, which can
be worked out by matching the anomalies with the 6d predictions. The main difficulty
in extending this procedure to 5d compactifications is that we do not have a tool like the
anomalies to guide us in understanding the pattern of these singlet fields.

Another possible line of future investigation is to change the starting 5d SCFT rather
than the surface of the compactification. The methods developed in this paper can be
in principle applied to find the tube and torus compactifications of any 5d SCFT that
admits a mass deformation to a gauge theory. In the recent years there has been a lot
of progress in constructing 5d SCFTs using various approaches, mainly based on (p, q)-
web diagrams in Type IIB [6–11] and on M-theory compactifications on singular Calabi-
Yau threefolds [12–23], and in understanding various of their properties, including gauge
theory phases. One immediate generalization of the cases studied in the present paper
is to consider their higher rank version. For example, we can consider USp(2N) gauge
theories with one antisymmetric and Nf ≤ 7 fundamental hypermultiplets. These theories
have a manifest SO(2Nf ) × SU(2) × U(1) global symmetry, where the additional SU(2)
factor that appears for rank greater than 1 is acting on the two half-hypers contained
in the antisymmetric hyper. These gauge theories have a UV completion to SCFTs with
ENf +1×SU(2) global symmetry, where the enhancement pattern is the same as in the rank
1 case, with the SU(2) being a spectator. We can then consider compactifications of these
SCFTs on tubes and tori with fluxes for the ENf +1 part of the global symmetry, in analogy
with the compactifications of the higher rank 6d E-string theory to 4d studied in [38] where
the flux is turned on only for the E8 part of its E8×SU(2) global symmetry. In [38] it was
understood that in the higher rank case the contribution of the domain wall to the tube
theory is more intricate than just a bifundamental and a singlet field. Rather, it is given
by a more complicated 4d N = 1 theory that was called E[USp(2N)] theory (see also [64–
66]). One might thus expect that also in the compactification of the aforementioned higher
rank 5d ENf +1 SCFTs the tube theory could be more complicated and may involve the
dimensional reduction to 3d of the E[USp(2N)] theory.
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Alternatively, one can consider SCFTs that admit mass deformations to USp(2N) or
SU(N) gauge theories with fundamental hypermultiplets only and no antisymmetric, with
the possibility of having a Chern-Simons level for the SU(N) case already in 5d. An inter-
esting feature that some of these theories possess is that, for some values of the number of
flavors and the Chern-Simons levels, different gauge theories, even with a different gauge
group, may be UV completed by the same SCFT. In such cases, these “UV dualities” can
possibly lead to a greater wealth of tube models in 3d which would be interesting to ana-
lyze. Indeed, one can try to find tube models corresponding to domain walls interpolating
between either two copies of the same gauge theory or a copy of one gauge theory and a
copy of a dual gauge theory.

Another natural generalization of the compactifications considered in this paper can
be obtained by considering 5d SCFTs which are the UV completions of models obtained
by gauging a subgroup of the global symmetry of the ENf +1 SCFT while also adding
hypermultiplets in the fundamental representation. This is analogous to the analysis per-
formed in [67, 68] in the context of the compactification of the 6d E-string theory to 4d,
which resulted in very interesting symmetry enhancement patterns and self-dualities (see
also [69]), and it would be interesting to explore whether something of this nature also
takes place in 5d compactifications to 3d. Note also that such an analysis can be per-
formed in the other direction, by first identifying 3d patterns of IR symmetry enhancement
and then conjecturing the corresponding 5d SCFTs yielding the observed symmetries under
compactification.

Moreover, we comment on the possibility of using the study of the compactifications of
5d SCFTs of higher rank to find interesting applications via the AdS/CFT correspondence,
where one usually considers a large N limit. In particular, it would be interesting to
understand the RG flow from five to three dimensions triggered by the compactification
on a Riemann surface from a holographic perspective, in relation to possible dual AdS6
solutions possessing an asymptotic limit to a geometry of the form AdS4 × Σ, where Σ is
the Riemann surface (see [70–72] for some examples of these types of solutions).

Another interesting direction would be to consider the computation of the partition
functions of 5d SCFTs on a surface times three manifold, based on the techniques of [73, 74].
This might then be compared against the partition functions of the proposed 3d theories.
Alternatively, it might be used to formulate conjectures for the 3d theories expected to
result from the compactification of these theories on the surface, as done in [75].

Finally, we mentioned that there are no anomalies in 5d and 3d, but more precisely
this is true for continuous symmetries. The theories may indeed also possess discrete global
symmetries, which can be both 0-form or higher form symmetries [76], and these can have
non-trivial mixed anomalies with continuous symmetries such as the topological symmetry,
both in 5d and in 3d. These have been studied for example in [44–47] in five dimensions
and in [77] in three dimensions. A very interesting question would be if it is possible to use
the anomalies for these discrete symmetries in 5d to make a prediction for the anomalies
in 3d.
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A Some properties of the groups ENf +1

Here we collect various properties of the groups ENf +1, and particularly of the groups E6
and E7, that would be of most use to us here. We first begin by introducing the root
lattice. For convenience we shall use a basis manifesting the U(1)× SO(2Nf ) subgroup of
ENf +1, for instance, U(1) × SO(10) for E6 and SU(2) × SO(12) for E7. We first consider
the roots, where we shall use the following basis for E7:

(0;±1,±1,0,0,0,0)+permutations,(
√

2;0,0,0,0,0,0),
(
±
√

2
2 ;±1

2 ,±
1
2 ,±

1
2 ,±

1
2 ,±

1
2 ,±

1
2

)
,

(A.1)
with an even number of minus signs for the six terms in the last entry. The first gives the
roots of SO(12),the second those of SU(2) and the third gives the states in the (2,32),
that enhances SU(2) × SO(12) to E7. Here we have chosen the normalization of the U(1)
Cartan of SU(2) to be with the square root so that all roots have equal length with a trivial
metric. This simplifies some of the expressions later on.

For E6 we use the roots:

(0;±1,±1, 0, 0, 0) + permutations,
(
±
√

3
2 ;±1

2 ,±
1
2 ,±

1
2 ,±

1
2 ,±

1
2

)
, (A.2)

with an even number of minus signs for the six terms in the last entry. The first gives the
roots of SO(10) and the second the states in the 161⊕16−1, that enhances U(1)× SO(10)
to E6. Here we have chosen the normalization of the U(1) to be with the square root so that
all roots have equal length with a trivial metric. This simplifies some of the expressions
later on.

Similarly, for generic Nf < 6 we take the roots to be:

(0;±1,±1, 0, . . . , 0︸ ︷︷ ︸
Nf

) + permutations,
(
±
√

8−Nf

2 ;±1
2 ,±

1
2 , . . . ,±

1
2︸ ︷︷ ︸

Nf

)
, (A.3)

again with an even number of minus signs in the last expression. The first gives the roots
of SO(2Nf ) and the second the states that enhances U(1)× SO(2Nf ) to ENf +1. We have
again chosen the normalization of the U(1) to be with the square root so that all roots
have equal length with a trivial metric.
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We next want to list the possible fluxes. These are defined as a vector of numbers,
F , obeying that R · F ∈ Z, for any root R. This in turn identify these as elements of
the weight lattice, and as such are identified with representations of the groups. Here the
precise choice of group is important, where if the group is E7 or E6 then the fluxes are
associated with the weight lattice of E7

Z2
or E6

Z3
respectively, and similarly for other ENf +1

groups. Alternatively, if the group is E7
Z2

or E6
Z3

then the fluxes are associated with the
weight lattice of E7 or E6 respectively. Here we take the groups to be E7

Z2
and E6

Z3
.

Note, that it may be possible to support fluxes for which R·F is not integer if one allows
coupling of non-abelian symmetries, commuting with the fluxes, to non-trivial bundles,
see [31].

Fluxes generically break the symmetry to a collections of U(1) groups, in which the
flux resides, and the non-abelian part that commutes with them. Given a flux vector, we
can uncovered the preserved symmetry in the following manner. First, we can associate
a flux with a representation, where that flux corresponds to its highest weight. That
representation can be written by its Dynkin labels [i1, i2, . . .], where to each Dynkin label
is associated a node in the Dynkin diagram. The preserved non-abelian symmetry is then
given by the group whose Dynkin diagram is built from the nodes whose Dynkin label is
zero. This can be used to find the flux preserving a specific symmetry.

Alternatively, the roots of the preserved non-abelian symmetry are given by the subset
of roots that are orthogonal to the flux. This is useful to find the symmetry preserved by a
specific flux. For instance consider the flux vector

(√
2

2 ; 1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2

)
of E7. We note that it

is orthogonal to the roots: (0;1,−1,0,0,0,0)+ permutations,
(√

2
2 ; 1

2 ,
1
2 ,−

1
2 ,−

1
2 ,−

1
2 ,−

1
2

)
+

permutations and
(
−
√

2
2 ;−1

2 ,−
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2

)
+ permutations. Here the orthogonality is done

with respect to the trivial metric, which is a result of our specific choice of normalization
of the first U(1). We note that the first term are the roots of SU(6), and the second
and third terms form the SU(6) representations of 15 and 15. Together, these give the
roots of SO(12). Thus, the flux vector

(√
2

2 ; 1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2

)
preserves the U(1)×SO(12)

subgroup of E7.
Finally, we note that different values of flux are associated with different theories, unless

the flux vectors differ by the action of the Weyl group. We next give some additional details
on the cases of E7 and E6.

E7. Here we introduce the fluxes for Nf = 6 case. These are given by the possible weights.
The smallest possible flux is given by the smallest representation which is the 56. This is
only possible if the group is E7

Z2
, as we shall take the group to be. In the case of E7, the

smallest possible flux is the one associated with the representation 133. In tables 1 and 2
we present a list illustrating examples of various fluxes and the symmetries they preserve.

E6. Here we introduce the fluxes for Nf = 5 case. These are given by the possible weights.
The smallest possible flux is given by the smallest representation which is the 27. This is
only possible if the group is E6

Z3
, as we shall take the group to be. In the case of E6, the

smallest possible flux is the one associated with the representation 78. In tables 3 and 4
we present a list illustrating examples of various fluxes and the symmetries they preserve.
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Node Associated Dynkin Commutant in
Number representation index E7

1 133 [1, 0, 0, 0, 0, 0, 0] U(1)× SO(12)
2 912 [0, 1, 0, 0, 0, 0, 0] U(1)× SU(7)
3 8645 [0, 0, 1, 0, 0, 0, 0] U(1)× SU(2)× SU(6)
4 365750 [0, 0, 0, 1, 0, 0, 0] U(1)× SU(2)× SU(3)× SU(4)
5 365750 [0, 0, 0, 0, 1, 0, 0] U(1)× SU(3)× SU(5)
6 27664 [0, 0, 0, 0, 0, 1, 0] U(1)× SU(2)× SO(10)
7 56 [0, 0, 0, 0, 0, 0, 1] U(1)× E6

Table 1. Representations associated with each node of the E7 Dynkin diagram and the subgroup
that they preserve.

A.1 Weyl group

Here we discuss the Weyl groups of E6 and E7. The Weyl group is the isometry group of
the root system. Recall that the Weyl group can be generated by reflections in hyperplanes
orthogonal to each of the simple roots. Additionally, each simple root is associated with a
node in the Dynkin diagram. As such given the Dynkin diagram of a Lie group, we can
associate with each node a generator of the Weyl group. Denoting these as si, these obey:

1. s2
i = 1 for all i.

2. sisjsisj . . .︸ ︷︷ ︸
p

= sjsisjsi . . .︸ ︷︷ ︸
p

, for i 6= j, where p = 2 for unconnected nodes, p = 3 for

nodes connected by a single edge and p = 2n for nodes connected by an edge of
multiplicity n > 1.

The first condition is a consequence of these being reflections. The second is a result
of the fact that the edges between nodes reflect the angle between the roots. For instance,
unconnected nodes obey that the respected roots are orthogonal to one another, and so
the reflections commute. These conditions then can be used to define the Weyl group as
an abstract group.

We next discuss the Weyl group for the cases of E6 and E7, that will be of interest to
us here.

E7. First we consider the Weyl group of E7. Its Coxeter diagram is:

All the generators are of order 2. The seven generators obey the following braiding
relations: sisi+1si = si+1sisi+1, ts3t = s3ts3, for i = 1, 2, 3, 4, 5 with all other elements
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Node Associated Commutant in Associated
Number Representation E7 flux vectors

(0; 1, 1, 0, 0, 0, 0),

1 133 U(1)× SO(12) (
√

2
2 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2),

(
√

2; 0, 0, 0, 0, 0, 0)

(
√

2
2 ; 1, 1, 1, 0, 0, 0),

2 912 U(1)× SU(7) (
√

2; 1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,−

1
2),

(0; 3
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2)

(3
√

2
2 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2),

3 8645 U(1)× SU(2)× SU(6) (
√

2; 1, 1, 1, 1, 0, 0),

(
√

2
2 ; 3

2 ,
3
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2),

(0;2,1,1,0,0,0)

(2
√

2; 1, 1, 1, 1, 0, 0),

4 365750 U(1)× SU(2) (3
√

2
2 ; 3

2 ,
3
2 ,

3
2 ,

1
2 ,

1
2 ,−

1
2),

×SU(3)× SU(4) (
√

2; 2, 2, 1, 1, 0, 0),

(
√

2
2 ; 5

2 ,
3
2 ,

3
2 ,

1
2 ,

1
2 ,

1
2)

(3
√

2
2 ; 1, 1, 1, 0, 0, 0),

5 27664 U(1)× SU(3)× SU(5) (
√

2; 3
2 ,

3
2 ,

1
2 ,

1
2 ,

1
2 ,−

1
2),

(
√

2
2 ; 2, 1, 1, 1, 0, 0),

(0; 5
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,−

1
2)

(
√

2; 1, 1, 0, 0, 0, 0),
6 1539 U(1)× SU(2)× SO(10) (0; 1, 1, 1, 1, 0, 0),

(
√

2
2 ; 3

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,−

1
2)

7 56 U(1)× E6 (
√

2
2 ; 1, 0, 0, 0, 0, 0),

(0; 1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,−

1
2)

Table 2. Flux vectors associated with various representations of E7 and their preserved symmetry.

Node Associated Dynkin Commutant in
Number representation index E6

1, 6 27, 27 [1, 0, 0, 0, 0, 0], [0, 0, 0, 0, 0, 1] U(1)× SO(10)
2 78 [0, 1, 0, 0, 0, 0, 0] U(1)× SU(6)

3, 5 351, 351 [0, 0, 1, 0, 0, 0], [0, 0, 0, 0, 1, 0] U(1)× SU(2)× SU(5)
4 2925 [0, 0, 0, 1, 0, 0] U(1)× SU(2)× SU(3)2

Table 3. Representations associated with each node of the E6 Dynkin diagram and the subgroup
that they preserve.
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Node Associated Commutant in Associated
Number Representation E6 flux vectors

(2
√

3
3 ; 0, 0, 0, 0, 0),

1, 6 27, 27 U(1)× SO(10) (
√

3
6 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,−

1
2),

(
√

3
3 ; 1, 0, 0, 0, 0)

2 78 U(1)× SU(6) (0; 1, 1, 0, 0, 0), (
√

3
2 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2)

(5
√

3
6 ; 1

2 ,
1
2 ,

1
2 ,

1
2 ,−

1
2),

3, 5 351, 351 U(1)× SU(2)× SU(5) (2
√

3
3 ; 1, 1, 0, 0, 0),

(
√

3
3 ; 1, 1, 1, 0, 0), (

√
3

6 ; 3
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2)

4 2925 U(1)× SU(2)× SU(3)2 (
√

3; 1, 1, 1, 0, 0), (
√

3
2 ; 3

2 ,
3
2 ,

1
2 ,

1
2 ,

1
2),

(0; 2, 1, 1, 0, 0)

Table 4. Flux vectors associated with various representations of E6 and their preserved symmetry.

commuting. Spanning the space C7 with the coordinates zi, this structure can be repre-
sented by the transformations of the zi coordinates, represented in terms of the matrices:

s6 =



1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


, s5 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


, s4 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


,

s3 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1


, t =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0


, s2 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 −1
0 0 0 0 0 −1 0


,

s1 = 1
4



2
√

2
√

2
√

2
√

2
√

2
√

2√
2 3 −1 −1 −1 −1 −1√
2 −1 3 −1 −1 −1 −1√
2 −1 −1 3 −1 −1 −1√
2 −1 −1 −1 3 −1 −1√
2 −1 −1 −1 −1 3 −1√
2 −1 −1 −1 −1 −1 3


.

– 67 –



J
H
E
P
0
9
(
2
0
2
1
)
1
4
9

As we are interested in a description manifesting the SO(12) subgroup, we have used
a presentation of the Weyl group manifesting the SO(12) Weyl group, here generated by
s2, s3, s4, s5, s6 and t.

E6. For the case of the Weyl group of E6, the Coxeter diagram is:

All the generators are of order 2. The six generators obey the following braiding
relations: sisi+1si = si+1sisi+1, ts3t = s3ts3, for i = 1, 2, 3, 4 with all other elements
commuting. These can be represented in terms of the matrices:

s1 =



1 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, s2 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, s3 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 1


,

t =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
0 0 0 0 1 0


, s4 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 −1
0 0 0 0 −1 0


,

s5 = 1
4



1 −
√

3 −
√

3 −
√

3 −
√

3 −
√

3
−
√

3 3 −1 −1 −1 −1
−
√

3 −1 3 −1 −1 −1
−
√

3 −1 −1 3 −1 −1
−
√

3 −1 −1 −1 3 −1
−
√

3 −1 −1 −1 −1 3


.

As we are interested in a description manifesting the SO(10) subgroup, we have used
a presentation of the Weyl group manifesting the SO(10) Weyl group, here generated by
s1, s2, s3, s4 and t.

B 3d partition functions and central charges

In this appendix we review the definition and computation of the three dimensional par-
tition functions used throughout this paper, and the way global symmetries and central
charges are encoded in them. We begin with a discussion of the 3d superconformal index
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which is used extensively in the sections above, followed by a discussion of the S3 partition
function and the way the superconformal R-charge and global symmetry central charges
can be extracted from it.

Superconformal index. The first quantity we consider is the superconformal index of
a three dimensional theory with N = 2 supersymmetry, given by the following weighted
trace over the states of the theory quantized on S2 × R [78–83],

I (q;ua) = TrS2

[
(−1)2J3e−βδx2J3+R∏

a

uea
a

]
. (B.1)

Here x is the superconformal fugacity, J3 is the Cartan generator of the Lorenz SO(3)
isometry group of S2, R is the U(1)R charge and ua and ea are the fugacities and charges
of the global symmetries, respectively. Moreover, δ is defined as an anti-commutator of a
Poincare supercharge as follows,

δ ≡
{
Q,Q†

}
= E − J3 −R , (B.2)

where E is the conformal dimension. Note that even though the chemical potential β
appears in the definition (B.1), the index is in fact independent of it since the states with
δ > 0 come in boson/fermion pairs and therefore cancel. Only the states with δ = 0,
corresponding to short multiplets of the superconformal algebra, contribute.

Note also that the signs in (B.1) are determined using the operator 2J3 instead of the
fermion number F (as in the definition of the 4d index) since in the presence of monopole
operators there is a magnetic field that shifts the spins of states according to their electric
charges (see the discussion in [62] for more details).

The most salient feature of the index, which also applies to other partition functions, is
its invariance under the RG flow [84, 85]. That is, by calculating the index of an asymptot-
ically free theory at the UV fixed point (using however the IR R-charge), one automatically
obtains the index of the theory in the IR where the interactions are strong. This, in turn,
allows us to study certain properties of the IR SCFT using a simple calculation in the
UV. An example for this is given by the expansion of the index in powers of x, where
only relevant operators contribute at orders x#<2, while at order x2 marginal operators
contribute with a positive sign and conserved currents with a negative one [55]. As a re-
sult, by investigating the expansion of the index in powers of x one can extract nontrivial
information about the operator spectrum and symmetries of the IR theory.

In addition to the trace formula given in (B.1), the superconformal index is also simply
related to the supersymmetric partition function of the theory on the space S2×S1. Then,
using localization one can compute the contributions of the different ingredients to the
index and find the following results. First, the contribution of a chiral field with R-charge
R, coupled with a unit charge to a U(1) gauge field with flux m, is given by15

Iχ(z;m;R) =
(
x1−Rz−1

) |m|
2
∞∏
l=0

1− (−1)mz−1x|m|+2−R+2l

1− (−1)mzx|m|+R+2l (B.3)

15We follow the notations of [63].
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where z is the U(1) fugacity. For general (e.g. nonabelian) gauge groups, one should simply
introduce the corresponding fugacities zi and fluxes mi (for each generator in the Cartan
subalgebra) and multiply several copies of Iχ according to the representation of the chiral
field under the group. For such general gauge groups, the contribution of a vector multiplet
(including the Haar measure) is

IV =
∏
α∈R

x−|α(m)|/2
(
1− (−1)α(m) zαx|α(m)|

)
(B.4)

where R denotes the set of roots of the gauge group. Furthermore, in addition to the
standard terms in the Lagrangian involving vector and chiral multiplets, we can also include
Chern-Simons interactions in three dimensional theories. For a level k term corresponding
to a U(1) gauge multiplet with fugacity z and flux m, the contribution to the index is given
by zkm and the generalization to more general groups is straightforward.

Finally, after all the different contributions are added, the index is obtained by inte-
grating over the gauge fugacities and summing over the gauge fluxes.

S3 partition function. We next turn to discuss the supersymmetric partition function
defined on the round sphere S3. It depends only on the real masses for the symmetries
and as in the previous case of the S2 × S1 index, the different contributions are calculated
using localization [86]. A chiral field with a unit charge under a U(1) group with real mass
u contributes to this function a factor of

exp [l (1−R+ iu)] , (B.5)

where R is its R charge and the function l (z) is given by

l (z) = −z log
(
1− e2πiz

)
+ i

2

[
πz2 + 1

π
Li2

(
e2πiz

)]
− iπ

12 . (B.6)

In the case of a general group, the contribution is obtained in a straightforward way by
multiplying factors of the form (B.5) according to the appropriate representation of the
chiral field under the group. A vector multiplet corresponding to a general gauge group
with real masses σi, on the other hand, contributes a factor of

1
|W |

∏
α∈R
|2 sinh (πα(σ))| , (B.7)

where |W | is the order of the Weyl group and R denotes as before the set of roots. As for
Chern-Simons terms, a pure U(1)k term with real mass u contributes a factor of exp(πiku2)
while a mixed term a factor of exp(2πiku1u2), and the generalization to more general groups
is straightforward.

Once all the different contributions are included, we are only left with integrating over
the real masses of the gauge group.
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Superconformal R-charge and central charges. The S3 partition function discussed
above is very useful for finding the superconformal R-symmetry of an IR SCFT with a
weakly-coupled UV description, as well as the central charges associated with its global
symmetry currents. These latter quantities appear in the correlation functions of such
currents, and serve as nontrivial CFT data of the theory.

More concretely, let us consider the flat space two-point function (at separated points)
of a U(1) global symmetry current Jµ. Conformal invariance then restricts it to take the
following form,

〈Jµ (x) Jν (0)〉 = C

16π2

(
δµν∂2 − ∂µ∂ν

) 1
x2 , (B.8)

and the number C, which is positive in a unitary theory, is defined as the corresponding
central charge.

To see how we can use the S3 partition function in order to find the IR R symmetry
and the central charges, let us consider the space of R-symmetries parameterized by the
mixing coefficients with all Abelian flavor symmetries U(1)I . That is, we consider the trial
R-symmetry

R (t) = R0 +
∑
I

tIQI , (B.9)

where R0 is some reference R-symmetry and tI and QI are the mixing coefficients and
charges of U(1)I , respectively. The S3 partition function, denoted by Z, is then a function
of t when evaluated with respect to the R-symmetry R(t). As shown in [86, 87], the value
of t that minimizes |Z(t)| is the one corresponding to the R-symmetry which appears in
the N = 2 superconformal algebra. As a result, using this Z-minimization principle one is
able to find the IR R symmetry if the partition function Z(t) is known.

This principle can also be formulated in terms of the real part of the free energy,

ReF (t) = −Re logZ . (B.10)

In this case, the superconformal R symmetry locally maximizes Re F (t) over the space of
trial R symmetries R(t). Denoting the corresponding value of t by tSC , we therefore have

∂

∂tI
ReF

∣∣∣∣
t=tSC

= 0 . (B.11)

The second derivative of ReF (t) at tSC also turns out to have an interesting meaning, and
in fact encodes the central charge C defined in (B.8). More explicitly, it is given by [87]
(see also [88]) (

∂

∂tI

)2
ReF

∣∣∣∣∣
t=tSC

= −π
2

2 CI , (B.12)

where CI is the central charge of U(1)I . We see that in addition to the superconformal
R symmetry, the S3 partition function can also be used to compute the global symmetry
central charges of the IR SCFT.
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C Confining Aharony duality for SU(2) quivers

In this appendix we revisit the problem of mapping monopole operators when applying
Aharony duality [59] locally on a node of a quiver gauge theory. This issue was first
investigated in [89, 90] in the case of unitary gauge groups and later in [91, 92] in the
case of SU , USp and SO groups (see also appendix A of [93]). Nevertheless, in all of
these papers the case in which the dualized gauge node is confined wasn’t considered, and
this is exactly the case we are interested in. In particular, we will focus on quivers with
SU(2) groups only in which one of the nodes confines after the application of Aharony
duality. The results of this appendix are used to derive the duality between quivers that
we discussed in subsection 4.1.3.16

Let us consider a 3d N = 2 quiver where we have three adjacent SU(2) gauge nodes

· · · 2 2 2 · · ·
r1 r2 r3

P1 P2

r4
(C.1)

In the drawing we are also representing the R-charges of the various fields that are relevant
for our discussion and we are denoting by P1 and P2 the two chiral fields attached to the
middle node.

The right and left SU(2) nodes can then be attached to any kind of matter. For
definiteness, let us assume that the left node has NL additional fundamental chirals, while
the right node has NR additional fundamental chirals, since this is the kind of situation we
always have in the quivers in the main text. The crucial thing is that the central SU(2)
node is only attached to the left and right SU(2) nodes so that it effectively sees 4 chirals
only. In this way we can dualize this middle node using Aharony duality. This is a duality
between SU(2) with 4 chirals and a WZ model of 6 + 1 chiral fields that we call Mij and
S respectively, with i < j = 1, · · · , 4. The singlets M are mapped to the mesons in the
antisymmetric representation of SU(4) on the original side, while the singlet S is mapped
to the fundamental monopole of SU(2) on the original side. The superpotential of the dual
theory is

W = S Pf M . (C.2)

When we apply such a duality to the middle node of the quiver (C.1), the chirals are
separated into 2+2 and so the dual singlets are naturally decomposed into an SU(2)×SU(2)
bifundamental field B and two singlets α, β. The resulting theory is thus

· · · 2 2 · · ·
r1

r2 + r3

B

r4
× (C.3)

with the superpotential
W = S

(
B2 + αβ

)
. (C.4)

16The technique of deriving dualities between quiver gauge theories by applying more fundamental dual-
ities locally on a node has recently been exploited a lot, see [65, 89, 90, 92–96] for some examples in three
dimensions where one can apply either Aharony duality [59] or variants with monopole superpotentials [97].
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In the drawing we are representing the singlet field S with a cross, but we are not repre-
senting the singlets α and β.

We are interested in how the monopole operators in the original quiver are mapped
across the duality. Since we acted locally on the central node, the only monopole operators
that map non-trivially are those that have non-vanishing magnetic flux w.r.t. the only
three nodes we are drawing in (C.1). The basic monopole operators, that is those that
can’t be written as the composition of more fundamental monopole operators, are those
that have magnetic flux only under adjacent nodes. In the following we list them as well
as the corresponding R-charges, with the notation that a • corresponds to a unit of flux
under the associated node and a zero corresponds to no flux:

R[M0,•,0] = 2− 2r2 − 2r3

R[M•,•,0] = NL −NLr1 − 2r2 − 2r3

R[M0,•,•] = NR − 2r2 − 2r3 −NRr4

R[M•,0,0] = NL −NLr1 − 2r2

R[M0,0,•] = NR − 2r3 −NRr4

R[M•,•,•] = −2 +NL +NR −NLr1 − 2r2 − 2r3 −NRr4 (C.5)

In the dual theory (C.3) we only have 3 basic monopole operators, whose R-charges are

R[M•,•] = −2 +NL +NR −NLr1 − 2r2 − 2r3 −NRr4

R[M•,0] = NL −NLr1 − 2r2 − 2r3

R[M0,•] = NR − 2r2 − 2r3 −NRr4 (C.6)

Moreover, in the dual frame we also have the singlets

R[S] = 2− 2r2 − 2r3

R[α] = 2r2

R[β] = 2r3 (C.7)

With this information, we can try to understand how the monopoles map. We already
know that

M0,•,0 ↔ S (C.8)

But what about the other monopole operators? We propose that they are mapped as
follows:

M•,•,0 ↔M•,0, M0,•,• ↔M0,•, M•,0,0 ↔ βM•,0, M0,0,• ↔ αM0,•, M•,•,• ↔M•,•

(C.9)
This mapping is indeed compatible with the assignment of R-charges written above.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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