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1 Introduction

In the study of supersymmetry, one often finds that more transparent interpretations are
obtained by encoding the fermionic degrees of freedom in non-spinorial objects. For ex-
ample, the problem of finding BPS solutions is usually simplified by mapping the spinorial
transformation parameters to a set of equivalent tensors, such as forms.

In supergravity, various techniques have been deployed for this purpose: G-structures
(starting from [1, 2]), generalized (complex) geometry [3-6] and spinorial geometry (see [7]
for a recent review). This has worked rather well: not only are the equations obtained in
this fashion easier to solve than the original spinorial ones, but in some cases they also
have an elegant physical interpretation.

For example, the problem of finding AdS; or Minkowskiy compactifications of type
IT supergravity reduces with generalized complex geometry to a set of “pure spinor equa-
tions” [6]. In this formulation the metric only appears indirectly: the usual notions of Rie-
mannian geometry are replaced by natural operations involving forms, namely wedge prod-
ucts and exterior differentials, which makes the equations much easier to solve. Moreover,
the pure spinor equations can be interpreted in terms of calibration conditions,martucci-
smyth,koerber-martucci-ads. In differential geometry, a calibration is a closed form that
measures if a submanifold minimizes its volume [10]. In supergravity we have a similar
concept [11, 12], sometimes called generalized calibration, dealing with the various branes
of the theory: in this case a calibrated brane minimizes its energy and the calibration
condition is equivalent to imposing that the brane preserves part of the background super-
symmetry (though generalizations to non-supersymmetric settings are also possible [13]).

These successes have fueled speculations that a reformulation of the supersymmet-
ric equations in terms of calibration conditions might exist in supergravity even without
assuming a factorization into an external spacetime and an internal manifold. This is
sometimes called “supersymmetry-calibrations correspondence”. For compactifications to
six dimensions, there is evidence [14] that such a correspondence still holds. However,
for two dimensions [15, 16] found equations that are rather elegant, but that so far don’t
appear to have a straightforward calibration interpretation. Thus, a general answer to this
question has been elusive so far.

In [17], the general problem of BPS solutions in type II was considered without assum-
ing any factorization. Building on [9, 18, 19], a system of equations in terms of forms was
found; it is equivalent to supersymmetry, and it reproduces the pure spinor equations when
specialized to four-dimensional compactifications. As in previous less general settings, part
of the BPS system of [17] can be interpreted in terms of calibrations [20]. However, two of
the equations in [17] are rather clumsy and have no clear physical interpretation.

In this paper, we point out a new, alternative reformulation of the ten-dimensional
BPS equations in type II supergravity. The equations are all written using just forms
and exterior algebra. The two main ones have a clear physical interpretation in terms
of calibrations for D-branes and for NS5-branes. Another equation seems to be related
to a similar concept for Kaluza-Klein (KK) monopoles. Moreover, we have found a way
to supplement them with two reasonably elegant equations that make the full system



equivalent to the BPS system for timelike solutions, which means that the Killing vector
K naturally associated to the spinorial parameters is timelike. We recall that K2 < 0, so
in the space of all solutions the subset K? < 0 is actually the generic case, while K? = 0
has measure zero. Let us stress that fluxes are not expected to be completely determined
in terms of BPS conditions and indeed we will discuss which equations of motion we must
impose in order to get a proper supergravity solution. (This is similar to what happens for
example in [2, 21], where some components of the flux are shown to be undetermined by
supersymmetry.)

While we do not consider our system the final say in the matter, it certainly points in
the right direction. The new NS5 equation is rather natural: it implies rather straightfor-
wardly the equation of motion for the NS three-form in the Killing direction, and we show
that it behaves well under dualities. Moreover, we show in both IIA and IIB that it can be
interpreted as the existence of a generalized calibration, very similarly to the interpretation
given in [8] to the pure spinor equations in terms of D-branes. NS5-branes do not have an
effective world-volume description from open strings, but we manage to demonstrate the
interpretation using dualities: in ITA by using a reduction from the M5 calibration, in II1B
by using S-duality with the D5 one.

The KK equation is probably to be improved in the future, but it points to the possi-
bility that the sought-after calibration reformulation of supergravity might so far not have
worked because of the failure to consider various gravitational defects.

Even if the timelike requirement can be seen as a limitation of our results, it is actually
met in a lot of situations in which a complete classification is still missing. For example,
one can use the BPS system to study some vacuum compactifications with extended super-
symmetry but also stationary black-hole backgrounds. In particular, we take a first step in
this direction by facing the problem of finding AdSs near-horizon solutions. We explicitly
show how to specialize our system to that type of geometry.

In a slightly separate development, while studying how our various calibrations be-
have under dualities, we also managed to complete the supersymmetry system for IIB
supergravity in such a way as to be manifestly covariant under SL(2,Z) transformations.
Moreover, we extend this result also to the case of N’ = 1 vacua, which were excluded from
our system since they do not meet the timelike requirement; in particular, we focused on
the four-dimensional ones.

We begin in section 2 by presenting our system, its derivation, and its interplay with
the equations of motion. We discuss in section 3 its duality transformations, and use them
to write a manifestly SL(2,Z)-invariant version in type IIB. In 4 we interpret one of the
equations in our system as the calibration condition for an NS5-brane; using calibrations
we manage in section 5 to define central charges in purely gravitational terms, this re-
formulation can be generalized to KK-monopole charge and we then argue that another
equation can be interpreted in terms of KK5-monopoles calibration. We then discuss some
applications. In section 6 we show how to apply our system to AdSy x Mg solutions, which
is relevant for black hole horizons. In section 7 we show how to apply the manifestly
SL(2, Z)-invariant system to four-dimensional vacua (see also [22, 23]).



2 System

After some definitions and mathematical preliminaries in sections 2.1 and 2.2, we will
give our system in section 2.3. We will show that it is necessary for supersymmetry in
section 2.4.

2.1 Some spinorial geometry

We start by reviewing quickly some aspects of the forms associated to the supersymmetry
parameters of type II theories. More details can be found in [17] and appendix A.

In ten-dimensional space-time the irreducible spinorial representation is given by
sixteen-dimensional Majorana-Weyl spinors. One can choose the gamma matrices v
to be all real and we underline the indices that must be interpreted as flat when it is not
evident from the context. In this basis, 42 is the only antisymmetric matrix, while the
other ones are all symmetric. This can be summarized by

Y =Yo7 Yo - (2.1)

In order to extract from a spinor € its geometrical content more transparently, it is
often convenient to use its associated bispinor e ® € = € ® € Yo- Since the antisymmetric
products of k& gamma matrices vM1Mk are a basis for the space of bispinors, € ® € can be
expanded on it using the Fierz identity:
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_ L
€= o E g ) 7 (22)
k=0

This bispinor can in turn be understood as a sum of forms of different degrees using the
Clifford map

1 1
HCML..M,g ’}/Ml“'Mk — O = Ech,..Mkd:CMl Ao A daMe , (2.3)

which is an isomorphism between the space of bispinors and the space of differential forms.

Cr =

In what follows, we will make no distinction between a differential form and a bispinor.
If € is chiral, only forms of even degrees survive. If € is also Majorana we see that

€V, € = (€Var, 0y ) =— Et(VMk...Ml)t’YQE

— (—)k( k=12 (2.4)
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which sets to zero the degrees k = 0,3,4,7,8 in (2.2), so that in fact only & = 1,5,9
are present. Moreover, the chiral operator v = v%::2 can be translated in terms of form
operations:

v C = *A(Cy), (2.5)

where * indicates the Hodge dual and A acts on a k-form by A(Cy) = (—1)F¢=D/2¢;.
Depending on the e chirality we have ye ® € = 4+ € ®€; thus the nine-form is dual or anti-
dual to the one-form, while the five-form is self-dual or anti-self-dual. So in the end, if € is
Majorana-Weyl of chirality +, its bilinear can be written in terms of forms as

eRe=K+Q+xK, (2.6)



where K and ) are a one- and five-form with components

1 1

Ky = 3—2€7M6 and Qnry v = 372E'7M1...M5 €. (2.7)

Notice that %2 = £ for € of chirality =+.
These forms have notable algebraic properties. For starters, using

T Ciy™ = (=)"(10 = 2k)C (28)
and (2.5), we have
M Low 1 1
Ke=Kyy'e=—v"€eceyye=—1+v)Ke=—=-Ke, (2.9)
32 4 2
from which
Ke=0. (2.10)

From equation (2.10) we can obtain that K™ is a null vector:

KMKy = (3;)2671‘4667]\46: —2.132EK6:0. (2.11)
Moreover, remembering (A.1),
Kee=eeK=0 = KANee=1gee=0. (2.12)
From (2.6) we then have
KAQ=13Q=0. (2.13)
Therefore we can rewrite the 5-form as
Q=KAT (2.14)

for some four-form W, which can be chosen to satisfy tx ¥ =0. As we review in appendix B.1,
it is a Spin(7) form. Notice that, in particular, K is determined by €.
2.2 Type II spinorial geometry

In type II theories, we have two spinorial parameters, ¢; and €2, both Majorana-Weyl; in
our conventions, they have both chirality + in IIB, and chiralities + and — respectively in
ITA. Their bilinears are obtained by applying (2.6) twice:

€€ = K1+ Q1 +xK;

(2.15)
€9 ®€y = Ko + Qy F xKo for Hg,
but this time we can also define the mixed bispinor
€=, (2.16)



a collection of forms with the property that «\(®) = ®. If ¢; and €3 have the same chirality
then ® will contain only forms with odd degree, otherwise it will contain only forms with
even degree:

o ¢‘0—|—¢’2—|—‘I’4—|—‘I)6—|—‘1)8—|—(I)10 for ITA (2 17)
) @+ D3+ Dy + Dy + Py for 1IB '
The bispinor €2 ® €1 is not indepedent: it can be obtained from ® as
€2€1 = —(—)deg(p/\(@). (2.18)
From (2.10), we see that
Ki®=dKy=0. (2.19)
If we define
_1 M ~_ 1 M
= §(K1 + KQ) owm K= i(Kl — Kg)de R (2.20)
we can rewrite (2.19) using (A.1):
(tg + KA)® =0. (2.21)
In the same spirit we define
1 ~ 1 1A
0= 5(91 +Q), Q= 5(91 F Q) for 1B . (2.22)

Notice that *Q =  in ITA while *Q = Q, «Q) = Q in 1IB.
The vector K will play a key role in our discussion and in particular it can be seen that

K?<0. (2.23)

The case where K2 = 0 is called the light-like case; the case where K2 < 0 is called the
timelike case, and will be the focus of this paper.

We have used the metric and the spinors e, e to construct the forms ®,Q;, Q.1
Viceversa, in the spirit of [17], we have to wonder if the geometric data encoded in @, Qq, Q9
contain the complete information on metric and spinors, at least in the timelike case.
We can use G-structures to address this question. As often happens dealing with G-
structures, it is useful to enlarge the structure group of the tangent bundle T to the
one on the generalized tangent bundle 7' ® T™, which is O(10,10) [4]. Furthermore, the
generalized tangent bundle can be B-twisted in order to accomodate for a non-trivial H-
field. In this framework the common stabilizer of the metric and the B-field, i.e. the
subgroup of O(10,10) that does not transform ¢ and B, is known and it is given by
0(9,1) x O(9,1). In generalized complex geometry differential forms are spinors with
respect to the generalized tangent bundle metric, and the gamma matrices are given by
contraction and wedge operators. We can then compute the infinitesimal action that leaves
the appropriately B-twisted “generalized spinors” @, ()¢, {)o invariant. In appendix B.1 we
prove that

Stab(®,Q1,Q2) C O(9,1) x O(9,1), (2.24)

1'We recall that we don’t have to consider also K and K> since they are completely determined by €1, Qs.



so that we have enough geometric data to define metric, B-field and spinors of our back-
grounds. In the following we will in fact use the ‘untwisted’ picture, in which the B-field
is treated as an external ingredient and ®, 21,29 determine only metric and spinors.

2.3 Necessary and sufficient system

We will now present a system of differential form equations which is equivalent to the
supersymmetry conditions in the timelike case K2 < 0.
For both ITA and IIB, the system is

dp(e™® ®) = —(ux + KA)F, (2.25a)
2 d(e™2? Q) = —ix * H +e?(®, F)g, (2.25b)
(e Q)= -« (K ANH) — %(—)\‘Pl e (@, FM), (2.25¢)
Lrxd=0, d*f(:—é(—)'@l e? (@, FAM). (2.25d)

As usual, d is the de Rham differential, diy = d — HA and F is the polyform obtained by
summing all RR field strength, which is dg-closed away from localized sources, and |®| is
a short-hand for the form degree of ®. We have introduced the Chevalley-Mukai pairing
between two forms A and B:

(A,B) = (ANXDB))qg » (2.26)

where the subscript 19 denotes keeping the coefficient of the ten-form part only; and a
similar novel six-form-valued pairing

(A, B)s = (AANNB)); - (2.27)

The first equation (2.25a) of the system was derived in [17], building upon results in [9]
for a 149 splitting of spacetime. It was shown in [17] that it is enough to reproduce the
pure spinor equations for Mink, or AdSy solutions [6, 24]. The second equation can again
be found in [9] in the case of 149 splitting or in [25] in the case of 446 splitting. The
result Lx¢ = 0 was also derived in [17], and it is part of the more general result that K
is a symmetry of the solution (in other words, Lx = 0 for all fields, not just the dilaton);
in particular, K is a Killing vector [9, 18, 19]. This follows from (2.25), rather than being
part of the system as in [17]. The complete system (2.25) implies also the equation

dK = 1 H (2.28)

which appears in the system of [17].

In later sections, we will interpret most of this system in terms of calibrations. (2.25a)
and (2.28) already have a known interpretation in terms of D-branes and F1-string calibra-
tions, which we will review. (2.25b) has a similar interpretation in terms of NS5 calibrations
while (2.25c) seems to be related to the T-dual of an NS5, namely a KK5-monopole, al-
though a calibration interpretation is more subtle, for reasons we will see below.

In the next subsection, we will sketch how to derive the system (2.25) from the super-
symmetry equations; in other words, we will show that those equations are necessary for
supersymmetry. The proof of sufficiency is more technical, and we give it in appendix B.



2.4 Derivation

As we mentioned, (2.25a) was derived in [17]. So we will start with the second and the third
equations of each system, which we will derive together. While this is in principle a straight-
forward application of gamma matrix identities and the supersymmetry equations, in prac-
tice it is simplified by some tricks; for this reason, we describe the computation below.
We start by deriving an equation for the contraction with a three form, using (A.1):

1

Ly = — MNP (7MNP — S unp (=) + 37 S Np — 37NP<7M(—)deg)

83 (2.29)
— g (ﬁ . ﬁ(_)deg + 7M§M o ﬁMﬁM(_)deg> .
This is the “dual” of the three-form wedge obtained in [24, (A.10)].
Now let us compute
2e2¢d(e_2¢ €1 El)—I-ZLH €1€1 = [’}/M, DM(El El) —20p P €r El] (2.30)

1
+Z (H61€1+61€1H+7M61€1HM+HM €1 €1 ’VM) =
1 1
= (D—4H—6¢> €1€1+’}/M €1 <DM61—|—461HM>

1 _ M oM _

— DM_ZHM er€1y” —er | Dyery +161H—613¢
1 _ _ 1

— <6¢—2H) €1€1+€1€q <8¢+2H> .

If we now replace the supersymmetry equations (B.1), (B.2) (and their transpose) and we
use (2.18) we get

e¢ e¢
e2¢d(‘372¢6131):—LH6151+(—)|F|§’YM‘I”YM)\(F)—(—)mﬁF’YM)\(‘D)’YM ( )
2.31
e¢ e¢
— (I M Py M@)+ (=) o5 @y A(F) 7

The same procedure can be applied for eo:

1 1
262¢d(e_2¢ 62@2)—2LH €9 €y = <D+4H—8¢> EQEZ""YM €9 (DM€2—4€2HM>

1 1
— (DM+4HM> €9 €9 ’}/M — €9 <DM€2 ’}/M —462H—628¢)

1 1
_ <8¢+2H) €2€2+€0€n (6¢—2H> , (2.32)
from which we obtain

_ e? e?
e d(e™ er8) =ty err — (—)|F|§ YMN@) v F + (—)‘F‘ﬁA(F) YM By, (2.3
2.33

e? e?
+ (G AF) s @ = () oM@ 7Y Foypy



From the difference between (2.31) and (2.33) we have

@
_ _ _ _ _ e
e%d(e 2¢(€1 €1—€2€2)) = —tH(€1€1+€2€2) — (—)|F| 39 ([’YMF’YMa )\((I’)}

HFEAMAN@) var+ M MEF) v, @14+ AEF) AM @,]) -

(2.34)

Now, the calculation will be different depending on the theory. If we are in IIB

we obtain
e2¢ d(e_2¢(61 €1 — €2 EQ)) = —LH(El €1 + €2 Eg) — e¢{2[F1, (I)l] (2 35)
+ [F5, ©1] + [F1, @5] — [F3, 3]},
from which, taking the six-form part:
¢
20 (e 20 Q) = —uy (Y K) — — (F5 A®y + Fy A D5 — F3 A D
e“?d(e ) v (v K) 2(5/\ 1+ F1 AN @5 — F3 A\ ®@3) (2.36)
=gk xH+e? (D,F),,
which is (2.25b). If we are in ITA, we have
é
26 1(0=20( = _ =) — _ = =+ &
€ d(e (61 €1 €9 62)) LH(61 €1 + €2 62) + 9 {3[F2, (I)Q] (237)
+ [Fy, @] + [Fo, Po] — [Fi, Pa]}
where, using the relation
[Fa, @a)e = =204 A Funr,  [Fo, @] = =203 A Fyuy (2.38)
we get (2.25¢).
We now turn to the sum of (2.31) and (2.33):
¢
26 J(e=2(e1 &1 40 s)) = — E1— o) — (NFIS (M
€ d(e (61 61+62 62)) LH(61 €1 —€2 62) ( ) 32 ({")/ F'yM,)\(CI))} (239)
HEAMAN@) ary = (M AE) var: @3 —{MEF) A yy}) -
Again, we distinguish the IIB from the ITA case. In IIB we have
é
_ _ _ _ _ e
2 d(e™®(e18 +e26)) = —tp(e1 6 —e€) + ?(3{F1, D3} — {Fy, D3} (2.40)
— 3{Fs, @1} — {F7, &1} — {F3,®5} + {F5, P3}).
Substituting in this equation the equalities
{Fy, P3}6 = 210, (Y F1) = —2F @Y, {F3, ®5}6 = 2F30 A O3, (2.41)
{Fr, @1}6 = 210, (7 Fy) = 201 P {Fs, ®s}e = 2®50 A F2T
we get (2.25¢).
On the other hand, for IIA we have
62¢ d(ef2¢(61 €1 + €2 EQ)) = —LH(El €1 — €2 Eg) — ed’ (2{F2, (I)()} — Q{F(), (I)Q} (2 42)

+ {Fy, @4} + {Fs, ®o} — {Fy, P2} — {Fp, P6})

from which, taking the six-form part, (2.25b) follows.



We finally turn to the last line of (2.25). The first equation, Lx¢ = 0, is obtained by
multiplying from the left (B.2a) by €, (B.2b) by €2, and subtracting the result. To derive
the second, take the difference of

3 e?
DyKM = — a@H —)IFl € vy MF) M
mKi 1 o at(=) e AlF) v a
aH P (2.43)
IR T g M INe '
4e¢’7
=35 1M FyMe
with o
4e
Dy KM = 397 €1 Y FyM ey (2.44)
then we get
Dy EM © M (=) e’ Tr(A(®) ™ F ) (2.45)
= - € €g = (—)"'——=1Ir .
M 3.39 1Y Y €2 3.39 Y Ynm) o

where we used (2.18). The left-hand-side is *d * K. For the right-hand-side, from (2.5) we
write *® = —(—)I®I\(®); using (A.7) we obtain the second equation in (2.25d).
2.5 Supersymmetry and integrability

We proved that the system (2.25) is necessary and sufficient for supersymmetry for a
configuration with timelike Killing vector K. However, in general (2.25) guarantees only
part of the equations of motion [13, 15, 26-28].

First of all, we impose the Bianchi identity for the B-field and the RR fluxes:

dH=0, dyF=0. (2.46)

(These equations must be appropriately corrected in presence of localized sources.) By
using the results of [13] as in appendix C of [28], one can then prove that the supersymmetry
implies the dilaton’s equation of motion and the spinorial equations

1 1
<5MN - 27‘[MN> ’YN€1 =0, <5MN + 27‘[}\41\[) ’yNEQ =0, (2.47)

where Exyy = 0 gives the string-frame trace-reversed Einstein equations, while the vanish-
ing Hasn corresponds to the B-field equations of motion:

H =

N | =

1
Hayrnda™ A da = €29 « [d<62¢ « H) — i(F’ F)g} =0. (2.48)

As discussed in appendix B, we may choose a vielbein e* = (e, e, e%) such that e and
e~ are proportional to the one-forms K7 and K5 respectively. Remember that vy e; =
v~ €2 = 0, while (77 €1,7%1) and (v e, 7%€2) give two sets of linearly independent spinors.
Hence (2.47) implies the following components of the equations of motion:

Eip =& = Enta=Hata =0, (2.49)



together with
1
5+7 - §H+, . (250)

Hence, once we have imposed (2.25) and (2.46), in order to solve the complete set of
equations of motion, it remains to impose either £, = 0 or H4_ = 0. The latter condition

may be written as

KAKA [d(e—2¢ x H) — %(F, F)g} =0, (2.51)

where the index of K has been implicitly lowered by using the metric, while one can check
that £, = 0 is implied by

1
Oe 20 — e 29H% — i > kFp =0, (2.52)
k

which is a combination of the trace of the Einstein equation with the dilaton equation
of motion.

3 Dualities

In this section we will discuss the action of T-duality and the type IIB SL(2,Z) duality on
the geometric objects entering (2.25); moreover, we will also discuss the duality between M-
theory and type ITA. The system (2.25) is not manifestly invariant under the most general
duality transformation. One can overcome this problem by combining (2.25) with other
(non-independent) equations which follow from it. In particular, we will see how (2.25) for
IIB backgrounds can be replaced by a system which is manifestly SL(2,7Z) duality invariant.

3.1 SL(2,Z) duality

We start by focusing on the 1IB theory. As is well known, it enjoys an SL(2,Z) symmetry.
The general element

(a ?) €SL(2,Z) (a6 — By =1) (3.1)
Y
acts on the axion-dilaton as
aT + .
7'/:77_+§, r=Cy+ie?. (3.2)

The RR self-dual 5-forms Fy is invariant under (3.1), while the 2-form potentials (C2, B2)
transform as a doublet. It is convenient to combine the corresponding field-strengths in
the complex three-form

G = e2°Gy = e29(Fy —ie °H) . (3.3)

One can then check that Gs transforms by a phase under SL(2,Z):

Gy =e9G;, 0 = arg(yT +9). (3.4)
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fields U(1) p-charge
g, K, @3, QE, F5 0
©1, O5 1
g3 -1
e®dr -2

Table 1. U(1)p charges of relevant fields.

We may think of G3 as having charge —1 under the U(1)p transformation defined by the
phase €l more generally, we will say that a field has charge ¢ under U(1)p if it transforms

by a phase €17, As another example, the one-form e?dr has U(1)p-charge ¢ = —2, that is
e?dr’ = e729(edr) . (3.5)

Notice that the U(1)p transformations are typically point-dependent, since 7 is in
general non-constant, and then they do not commute with ordinary derivatives. One can
however construct a composite compatible connection

Q= %&Fl (3.6)

and an associated covariant derivative dp; —igQps. In particular, we will need the covariant
exterior derivative

dog=d—igQA . (3.7)

It is convenient to use the Einsten-frame metric
1
ge =¢ 2% (3-8)

which is invariant under SL(2,Z) dualities. Finally, the spinors €1, €3 transform in such a
way that the complex combination e_%‘z’(el + ies) has U(1) p-charge ¢ = 3 [29].

By using the transformation rules of metric and spinors, we can compute the transfor-
mation properties of the fields K, K, ®,Q, Q appearing in (2.25). It is easy to check that the
Killing vector K, the three-form e~ ?®3; = ©3 and the five-form e"290) = QE are invariant
under SL(2,7Z) duality, while the other forms get mixed. It is then useful to express them
in terms of the complex combinations

0, = 8_%(17([? + 1(1)1) , 05 = 6_%¢(Q + 1(1)5) , (39)

and their Hodge-duals, which transform with definite U(1)p charge ¢ = 1. We have then
reorganized all the relevant fields in combinations transforming with definite U(1) p-charges,
summarized in table 1.

Notice that the Einstein frame Hodge-operator g commutes with the duality transfor-
mation so that, for instance, g G3 has U(1)p-charge —1. These transformation rules will
acquire a clear physical interpretation when we will identify the above differential forms in

terms of calibrations for various extended objects that transform in a precise way under
SL(2,Z) duality.
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By manipulating (2.25) with the help of the (redundant) algebraic equations of
appendix D and (2.28), we get the system of equations

LxT =0, e®dr A xg©; + %gg A x5O3 =0, (3.10a)
dg©; — %e‘z’d?/\@l +itgGs =0, (3.10Db)
dO3 + g F5 + Re(©1 A Gs) =0, (3.10c)
dgOs + %e¢d?A@5 +O3AG3 —itg(*£G3) +iO1 A F5 =0, (3.10d)
d *g @3+%Re(g3A®5—*Eg3/\@1) =0, (3.10e)
dg *g ©1 — %e%ﬂ xg01 =0, (3.10f)
A% + %g{%ﬂv (05 11 A Gy ) — 20300 A Fs ] — 355 (1 AGs) = 0. (3.108)

According to the general definition (3.7) and the U(1)p-charges of table 1, dg =d —iQ =
d— %e‘z’Fl/\. From table 1 it is also easy to see that the system is manifestly SL(2,Z)
invariant.

The system (3.10) contains more equations than (2.25). However, having used addi-
tional (redundant) equations, the equivalence with supersymmetry may not be guaranteed
anymore. Therefore, to be sure that none of the supersymmetry data is lost, one should
check that the following algebraic constraints are satisfied:

gé/[N(EgM A @5]\[) — *E(gg A @1) — 2e?d7T A ﬁE + 21 *g (e‘bd?/\ @3) =0,

_ _ ) (3.11)
Gz N Oy — O1 A xpGs + 26¢LK xp dT + 216¢d?/\ xpO3 =0,

which are complex combinations of (D.12), (D.15¢) and (D.15b). Again, by using the
U(1) p-charges of table 1 one can easily check that (3.11) are manifestly invariant under
SL(2,7Z) dualities.

While the system (3.10)—(3.11) we just presented might look alarmingly large, it lists
separately each form degree, unlike for example (2.25).

3.2 T-duality

Type II theories with d commuting isometries are characterized by an O(d,d;Z) group of
T-dualities. Any element of the O(d,d;Z) T-duality can be decomposed into a product
of ‘simple’ T-dualities along a given isometry, discrete diffeomorphisms and shifts of the
B-field. We can then focus on the action of a simple T-duality along a certain Killing
direction, parametrized by a coordinate y.

Let us then split the coordinates as z™

= (z™,y), with m = 0,...,8, and assume
that all the geometric quantities do not depend on y. In order to describe the action of

T-duality on bosonic fields it is convenient to define

Evn =gun — Bun

3.12
Fiw = e B A F; ( )

- 12 —



the latter satisfies dFiy, = 0 away from localized sources. Locally we can set Fi, = dCly,
with Ciw = e™B A C. T-duality along y gives [30, 31]

/_1 /_Bmy B,_gmy
gyy_g ) gmy__g ) my__g )
vy . vy vy (313)
El . = Emnn — —EymEny , 20 — Gyy e 2%
vy

on the type NS-NS bosonic sector, while the RR forms transform as, see e.g. [32]:
éw:E'CtW’ Ft/W:,EI'FtW' (314)
We have introduced the operator

Ty = (dyA—0) ()5, T2=1. (3.15)

T-duality admits a natural formulation in terms of generalized complex geometry (see for
instance [24, 33]). In particular, we can regard Ciy, and Fi, as spinors associated with
the B-twisted generalized tangent bundle. 7, may be considered as a generalized vector
of the (B-twisted) generalized tangent bundle whose action (3.14) on Ciy, and Fiy, defines
the spinorial O(10, 10) representation. This observation can be immediately extended to a
more general O(d, d,Z) T-duality group [32], regarded as a subgroup of O(10,10).

The action on K, K, ®,Q,Q can be computed by using the spinorial T-duality rules
derived by Hassan in [34].2 In particular, the T-duality along y transforms the spinors to

N
Vyy Ty-
transformation rules for the vielbein [34], we obtain the simple T-duality rule?

€] = €1 and €y, = Tyeo, with T, = By using these formulas and the appropriate

eV =T, e Py, Dy =e PAD. (3.16)

We then see that e~®®y,,, which can also be regarded as a spinor of the generalized tangent
bundle, transforms exactly like Fiy under a simple T-duality. This correspondence clearly
holds for discrete diffeomorphisms and shifts of B too. Hence, a more general O(d,d,7Z)
T-duality group acts on e~ ?®¢,, in the O(10, 10) spinorial representation.

The T-duality action on K and K can also be naturally described by using the language
of generalized geometry. First of all, we may organize them in the generalized vector

K=K+w, w=K-+uxB. (3.17)

By using Hassan’s rules, one can check that K transforms as an O(10, 10) vector under a
simple T-duality:
K'=K+2Z(K,T,)T, (3.18)

2The relation with Hassan’s conventions in [34] is €1 = €2, e = i}, F = A(F™),C = (—)%*s\(CY), H =
—H". Furthermore in [34] the T-duality transformation is defined up to an arbitrary choice of sign, which
corresponds to the choice of orientation of the T-duality direction y = z°. We fix this ambiguity by choosing
a(a—B) = —a(p—a) = —1 in Hassan’s formulas.

BIn components: (eitb,@(;w)ml.”mp = _(67¢q)tw)ym1mmp, (67¢,q)gw)ym1...mp = (€7¢q)tw)m1.“mp-
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where Z denotes the canonical (10,10) metric on the generalized tangent bundle, such
that Z(v + n,v + n) = 2n(v). In components, (3.18) reads (K™)" = K™, (KY) = wy,
Wy, = Wm, Wy, = KY. One can check that (3.18) indeed defines an O(10, 10) transformation,
in the sense that Z(K',K') = Z(K, K) since K' = T,KT,. As above, we can consider more
general O(d, d, Z) T-duality groups under which K transforms in the fundamental O(10, 10)
representation.

Unfortunately 2 and Q transform in a less nice form. The action of a simple T-duality
in the y-direction can be written as:

672(;5/9;1 =e 2Q,, e 2% (dy A ), = e ?(nA Q- LyBAQ)y,

- N , ~ N (3.19)
e 2 Q, = e 2Q,, e (dynQ), = e PMAQ—1,BAQ),,
where ( ), = tp,, and we have introduced the one-form
n = (8y)da™ = g,prda™ . (3.20)

We observe that the supersymmetry condition (2.25a) can be rewritten in the twisted
form

d(e ?Pyy) = —K - Fy (3.21)

which is manifestly invariant by using the above T-duality rules and the fact that the Lie
derivative along y on all fields gives zero. The transformation of the remaining equations
of (2.25) is less obvious and is discussed in appendix C.2. The last line (2.25d) and the
y-longitudinal parts of (2.25b) and (2.25c) remain invariant. On the other hand, the y-
transversal parts of (2.25b) and (2.25¢) transform in a more complicated way, as one might
guess from (3.19). We will come back to this point when we will discuss the interpretation
of (2.25) in terms of calibrations.

3.3 Type ITA/M-theory duality and forms

In this section we spell out the relations between the forms entering our system (2.25)
in the type ITA case and the forms that can be naturally be constructed from bispinors
in M-theory. These relations connect our results to those of [2] and will be useful in the
following.

We adopt the same M-theory conventions of [2] besides the use of a hat that will be
useful to distinguish the eleven-dimensional objects from the ten-dimensional ones. One
can use the Majorana supersymmetry generator ¢ to construct the vector

K= %EFM Y (3.22)

and the two- and five- forms
Q= ﬁ e Ty 0, eda™ A daM2 (3.23a)
S = ﬁéfMl_,,Msédle Ao AdaMs (3.23b)



By imposing that € is a Killing spinor, one can show that Kisa Killing vector and that
Q and ¥ satisfy a set of differential conditions [2]. In particular, in the following we will
need the equations:

dQ=1pF, (3.24a)
d¥ =1k F - QAF, (3.24b)
where ' = dA is the M-theory four-form field-strength.

As usual, in order to connect M-theory to type IIA, we now perform a dimensional
reduction following [35] and [36, Chap. 8], which are consistent with our conventions except
for €12 — €21, C1 — —Cy and H — —H. In particular, the metric and the supersymmetry
parameter split as follows

ds? = e 3%ds? + e3%(dz'0 — C4)?, (3.25a)
1
€= 7€_é¢(61 + 62) , FmEl = —€1, (3.25b)

V2
while for A and the associated field-strength we have:

:Cg—B/\dxlo,

3.26
:F4—H/\(dx10—01). ( )

) IS

By using (3.25), one can then identify the relations between M-theory and ITA geo-
metrical structures

K=K —e%dy0, (3.27a)
Q=—e%0,— KA (dz'— ), (3.27b)
S =20 0Py A (dz' — ). (3.27¢)

We clearly see the compatibility of (3.27a) with the fact that K describes a Killing vector
in ITA. Furthermore, one can use (3.27) into (3.24) to derive part of the supersymmetry
conditions appearing in (2.25). Notice also that the ITA forms which do not appear on the
r.h.s. of (3.27) can be obtained by dimensionally reducing the Hodge-duals of & and Y in
M-theory along the same lines. For example, in the following we will need

58 = —e QA (d2'0 — ) — e Py (3.28)

4 Brane calibrations

It is known that (2.25a) has an interpretation in terms of D-brane calibrations [20]. Let us
give here a lightning review of this. In what follows, we will partially interpret the other
equations in (2.25) in terms of calibrations.

In the original definition in Riemannian geometry [10], a calibration w on a manifold
M is a p-form such that i) w|y < voly for any p-dimensional subspace N of the tangent
space T, M at any point x, and ii) dw = 0. The idea of the definition is that if a calibrated
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submanifold ¥ exists, namely a ¥ such that the tangent space T, C T, M at any point
obeys w|y, = voly, then ¥ has minimal volume in its homology class. Indeed, given a
“deformed” ¥’ in the same homology class of X, call I" a p+ 1 submanifold whose boundary
OI' = ¥ — Y/; we can then write

Vol(E)—Vol(E’):/Evol—//volg/2w—//w:/rdw:0. (4.1)

Calibrations show up naturally in string theory in various contexts, in particular deal-
ing with solitonic objects that appear in the supergravity algebra; they are usually obtained
as spinor bilinears, and calibrated submanifolds are wrapped by branes which obey BPS
conditions. These are sometimes called “generaralized” calibrations [12], perhaps confus-
ingly in the present context; a better name might be almost-calibrations since condition
i1) above is not met. In such a case, the failure of w to be closed is related to the presence
of a flux F'. Schematically,

dw = —1gF (4.2)

where F' = dC with C' a (p + 1)-form potential and K is the time-like Killing associated
to the supersymmetric configuration, as in (2.20). (Recall that in this paper we consider
it to be timelike, even though the discussion applies also for general K, as argued in [20].)
For instance, (2.28) has exactly the form (4.2). The analogue of condition i) above leads
to minimizing the brane energy —K P, (where Py, is the brane momentum) rather than
its volume, and (4.1) is translated to the BPS bound:

—/KMPMVOIZ/(w—LKC)]g. (4.3)
b b

Choosing the gauge LxC = 0, we can write (4.2) as
dp=0 with ¢=w-—1gC; (4.4)

therefore the right-hand side of (4.3) is a topological quantity, which we interpret as the
brane central charge. We refer to section 5.1 and to [20] for further details about this brief
discussion. Notice that, generically, ¢ is not a globally defined differential form since the
potential C' may be only locally defined. However this subtlety will not play a role in our
discussion and in the following we will loosely call calibration forms objects like ¢ in (4.4).

In [8] it was shown that all the pure spinor equations for Mink, or AdS,; compactifi-
cations [6, 24], which are equivalent to the background supersymmetry, can be interpreted
in terms of calibrations or generalized calibrations for D-branes extended along different
numbers of spacetime dimensions. Since, as we mentioned, the pure spinor equations follow
from (2.25a), the latter also have a direct interpretation in terms of D-branes [20]. Indeed,
with the help of (2.28), one can check that (2.25a) is equivalent to the closure of the forms

Ypp = e Py, — (Lx + w/\)th} , (4.5)
p

where we recall that @1y = e BAD, Coy = e BAC and w = K+ L B, as in section 3.2,
and we are assuming a gauge in which all form potentials like C' and B are vanishing under
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L. The forms (4.5) are the D-brane counterpart of ¢ in (4.4).* For D-branes, the role of
calibrations and the generalized calibration inequality (4.3) can be argued rather directly
using the D-brane action and kappa-symmetry as shown in [20]. NS-branes are a little
more subtle, since they do not have a direct definition in terms of open strings, but only as
solitonic supergravity solutions. In this section, we will overcome this by using dualities.
This issue will present itself again in the next section for KK5-monopoles; we will attack
it there with a more general discussion of calibrations in a purely gravitational context.

Most of the present section will be now dedicated to provide an interpretation
for (2.25b) in terms of calibrations for NS5-branes. Moreover, we will also briefly discuss
the calibration condition for the more exotic NS9-brane.

4.1 Closure condition for NS5 calibration

The purpose of this subsection is to rewrite (2.25b) as
denss =0 (4.6)

for a certain form pngs, which we will then interpret as NS5 calibration, in analogy
with (4.4). In the next two subsections we use the duality transformations discussed in
section 3 to test this interpretation.
Let us first find a potential for the NS5 brane. Consider the equation of motion for
the NSNS three-form H:
d(e™??« H) — %(F, F)s=0, (4.7)

where recall (A4, B)y = (AAXB))g. Using also the property (A4, B)y = (—)¥4=D/2(B, A),,
we can rewrite ( F)g = —d(F,C)7 and therefore (4.7) reads

dle®«H+ = (F C)y (4.8)

This means that we can locally define the NS5 potential B such that:
dB=e¢2xH + = 5 (F C)r. (4.9)
Let us use (4.9) in (2.25b):
~ 1

d (e—2m) = —e 2« H+ (e %P, F)g = —1xdB + UK (F.C)7 + (e7?®, F)g. (4.10)

By recalling (2.25a), we can manipulate (e~?®, F)g a little bit so as to get

—2¢ —¢ ~ 1 1

d[e Q+ (6 (I),C)5 - LKB] = _i(LKF’ C)G - i(LKC, F)G — (LKF, 0)6

X R (4.11)
= 5d((x + KNG, C)s.

4The analogy between (4.5) and (4.4) is more explicit in terms of generalized complex geometry, i.e.
considering tx + wA as a generalized Killing vector (instead of tx alone) as in [20].
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In the first line we have chosen the gauge EKE = 0, while in order to go to the second line
we have used the identity {dp,tx + I~(/\} = Lg and chosen the gauge LxC = 0 for the
RR potentials.
Thus as promised (with the help of (2.25a)) we have rewritten (2.25b) in the form (4.6),
with
onss = € Q4 (6799, C)5 — 1x B — %R’ A(C,C)y — %(LKC, O)s. (4.12)

Given the appearance of the NS six-form potential E, it is natural to interpret (4.12) as
calibration for a NSh-brane. This interpretation will be confirmed by exploiting the duality
relations with other calibrations.

4.2 NS5 calibration in IIB from S-duality

It is well known that type IIB S-duality relates NS5-branes to D5-branes, which have
well defined effective actions and calibrations. We can then use S-duality to check our
interpretation of (4.12) as calibration for IIB NS5-branes. S-duality is a subgroup of the
SL(2, Z)-duality group (3.1) generated by the element

0-1
(). .

This S-duality transformation should then transform the D5-brane calibration to the
NS5 one.

We recall that the complete calibration for D-branes is actually given by the sum
of forms (4.5) of various (even/odd) degrees, which allow to describe the energetics of D-
branes supporting non-trivial fluxes [8, 9, 20, 37] and/or forming networks [38]. By duality,
we expect the same to be true for NS5-branes as well but, for simplicity, in the following
we will consider just isolated NS5-branes and D5-branes on which the world-volume flux
can be consistently set to zero. In such a case, we can restrict our attention on the highest-
rank contribution to the complete D5-brane calibration, which is given by ¢ps as defined
in (4.5). By expanding ®i, = e ? A ® and Cy, = e~B A C and straightforwardly applying
the transformation rules of section 3.1 and appendix C.1 to the SL(2,Z) duality (4.13), one
can explicitly check that ¢ps is mapped to pngs as defined in (4.12). Details are provided
in appendix C.1. This is a non-trivial consistency check for the interpretation of (4.12) as
NS5 calibration, at least in the IIB case.

It would be interesting to derive (4.12) directly from the SL(2,7Z) covariant actions
of [39, 40], but we will not try to do it in the present paper. In particular, by S-duality, we
expect (4.12) to combine with the lower-rank calibrations for D3, D1 branes and F1-strings,
as it happens for the complete calibration [20] for D5-branes, whose (electric and/or mag-
netic) world-volume field-strength can induce lower-dimensional D3, D1 and F1 charges.

4.3 NS5 and D4 calibrations from M-theory

In order to check our interpretation of (4.12) as NS5 calibration in type IIA too, we use the
fact that it should uplift to a calibration for M5-branes in M-theory. In turn, by reducing

~ 18 —



back to ITA along a direction longitudinal to the M5-brane, the M5 calibration should give
the calibration for D4-branes.

The interpretation of the M-theory supersymmetry conditions (3.24) in terms of cal-
ibration conditions has been already considered in [41]. It is easy to rewrite (3.24a) as
dome = 0 with

Pz =0+ ipA, (4.14)
being the M2-brane calibration. Similarly, from (3.24b) one can identify the following M5
calibration

~ PO Pt -~

Here C is the ‘magnetic’ potential associated with F. Tt can be defined starting from the
eleven-dimensional equations of motion of F

S - P
d%F+2FAF:d<>T<F+2A/\F>:0, (4.16)
so that
~ ~ 1~ =~
dC:>T<F+§A/\F. (4.17)

We can now reduce (4.15) to ITA by applying the dimensional-reduction dictionary
identified in section 3.3. The only necessary additional relation is

§F = —e 2% H — FsANCy + Fg Ada'?, (4.18)
which, combined with (4.17) and (4.9), gives also
O— —E—%05/\01+C5/\dx10—%B/\Cg/\dxw. (4.19)
After a straightforward computation, @5 splits as follows

PMs = oNs5 — wpa A dz'? (4.20)

where ngs is the (type IIA) NS5-calibration introduced in (4.12) and ¢p4 is the D4
calibration, as defined in (4.5).

The equation (4.20) is indeed expected from the usual relation between M5-branes in
M-theory and NS5- and D4-branes in ITA. Hence, it provides a non-trivial check of the mu-
tual consistency between the corresponding calibrations. It would be interesting to motivate
the M-theory and ITA NS5 calibrations from the world-volume effective actions [42-44].

As an additional consistency check, we prove in appendix C.2 that also the longitudinal
part of the NS5 calibration in ITA and IIB are T-dual to each other.
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4.4 NS9-branes

An analysis of the central charges of type II theories reveals the existence of a nine-brane
called NS9 [45, section 6]. In type IIB we can also think of it as the S-dual of a D9; in fact
in type IIB we should then have a (p, q) 9-branes.® Just like a D9, the NS9 does not source
any field strength, but it carries a ten-dimensional potential.

A nine-brane is extended along all of spacetime; so a calibration would not tell us where
it should sit. Nevertheless, in IIB we can extend formally the calibrations for Dp-branes
to p = 9, and use S-duality to infer a similar nine-form for an NS9. From (3.10f) we can
see that the S-dual of the D9 calibration condition is the first equation of (D.3)

d(e™?? « K) =0, (4.21)

which we get in both ITA and IIB theories looking at the ten-form part of equations (2.35)
and (2.42). Therefore e=2% x K may be interpreted as the NS9 calibration for type I1B.

To check if this conclusion is valid also for IIA, we perform a T-duality. Imposing a
U(1) isometry and using the decomposition of (C.18) we get

Ade 2« K) = e Cd(e 240 w k) A BY 4+ ¢ 297C sy AdA; — d(e” %Pko) Axol.  (4.22)

We can notice that the last two terms are zero because they are ten-forms on a nine-
dimensional subspace, so we have just

d(e2tC k) =0, (4.23)

which is invariant under T-duality as one can check from (C.19). So d(e 2¢ % K) = 0 in
IIB transforms in the same equation in ITA and vice-versa. Therefore e 2% x K can indeed
be interpreted as NS9 calibration for both ITA and IIB.

5 KK5-monopoles

We will now turn to the third equation in the system (2.25¢). We will argue that the form
on the left-hand side can be interpreted as a kind of calibration form for the KK5-monopole.

A KK5-monopole is a supersymmetric solitonic solution of type II theories [46], ob-
tained as R®x a four-dimensional Gibbons-Hawking space. It appears for example by
T-dualizing a stack of N NS5-branes along the Hopf isometry of its transverse S3, or by
lifting a stack of N D6-branes to M-theory and reducing along another direction. Just
like for NS5-branes, these solutions do not involve RR-fields and cannot be interpreted in
terms of open strings; thus there is no simple way to derive a world-volume effective action.
This issue is made even sharper for the KK5 by the fact that the N = 1 case (a single
monopole) is actually even completely smooth, and it is not even clear on which submani-
fold the putative world-volume action should be based. However, since the KK5-monopole
charge appears in the superalgebra and in the BPS bound of every theory d > 5 [45], we
expect that a concept of calibration should exists also for this object.

5[39] actually claims the existence of a SL(2,R) quadruplet of nine-branes, leading to (p,q,r,s) bound
states.
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To address this, we will start by considering in section 5.1 a toy model in which central
charges are defined using calibrations in purely gravitational terms. In section 5.2, we
will see that the speculations on our toy model are actually valid in M-theory and can
be generalized also to the central charges given by KK5-monopoles. In this case it is less
obvious which calibration condition corresponds to the conservation of the central charges.
However, the M-theory/ITA dictionary of section 3.3 will allow us to guess at least the
bispinorial part of the KK5 calibration.

5.1 Gravitational calibrations

At the beginning of section 4 we introduced the concept of generalized calibration. In
this section we will add some details to that discussion which aim at generalizing, at least
schematically, the argument for the string calibration given in [20, section 3] to the case
of a general p-brane in a d-dimensional spacetime. Let us suppose that the action of
the brane wrapping a (p + 1)-dimensional surface S is the sum of a Nambu-Goto and a

Sp:—Mp/sdpﬂgx/—detgb—i—,up/sc, (5.1)

where €% = (1,0%) are the coordinates on S; and that the supersymmetry of the background

Wess-Zumino term

imposes the differential condition (4.2). Now consider a space-like (d — 1)-surface M and
the space-like p-surface ¥ = S N M. Following [20] the BPS bound can be algebraically
derived from the k-symmetry operator and it reads

— KMPydPo > wly, (5.2)

where we have introduced the world-volume (or gauge-invariant) momentum conjugated
to oM

PM = _\/—hhT*9, XM h=g|s. (5.3)

Now one can notice that the quantity

—/KMPMd”a—/wZO (5.4)
P %

doesn’t look like the BPS bound (4.3), even if it can be shown to be a conserved charge
related to the K isometry [20, section 3.2]. This is due to the fact that Pjs is not the
canonical momentum, since it is obtained from the Legendre transformation of the Nambu-
Goto part of the action only. Considering also the Wess-Zumino term, along the line
of [20, section 3.4], we get that the canonical momentum is given by Py = Py + 1y Cly
and therefore (5.4) becomes exactly (4.3). This allows us to interpret the right-hand side
of (4.3) as a central charge:

Z:/E(w—LKC') :/M(w—LKC')/\(SS, (5.5)

where ds is a delta-like d — (p + 1) form localized on S.
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Up to now the p-brane was regarded as a probe, meaning that we were considering a
regime where the back-reaction can be neglected. Now, let us take ds as a source for the
flux F', that we suppose to satisfy the usual equation of motion

d% F = (—)Pds. (5.6)

Then, by using the bulk equation (4.2), we can write the r.h.s. of (5.5) as:

/ (w—1xgC)Nd*x F = (—)p/(w—LKC')/\*F (5.7)
M B

where B = OM. Therefore we are left with the following identification of the brane central
charge

7z - (_)P/BW*F (5.8)

with ¢ as defined in (4.4). Notice that the integral is evaluated not on the brane world-
volume but on the space boundary. This has been possible by the promotion of the brane
from probe to back-reacting. Assuming that SNB = 0, the integrated quantity is invariant
under deformations of the boundary B. More generally, we may assume fixed boundary
conditions such that this continues to hold.

The idea is to take (5.8) as definition of central charge, carried by the flux F, that
is associated with the brane charge. We can then consider more general backgrounds
with somehow fixed boundary conditions so that (5.8) makes sense more generally, even in
absence of branes, and does not change under deformations preserving the boundary condi-
tions. The above argument starts from a back-reacting brane. In the following subsections,
we will re-derive our conclusions from purely gravitational arguments in M-theory.

5.2 Gravitational BPS bound in M-theory and central charges

Let us focus on a family of backgrounds in M-theory with certain boundary conditions
fixed as in [45] admitting a spinor € and defining an asymptotic Killing vector KM = el'Me,
We are using the conventions of section 3.3, but for simplicity we omit all hats, since in
the present section we just consider M-theory quantities and no confusion should arise.
Furthermore, one should select some asymptotic configuration ¢(®, A© such that

DYels = 0 (5.9)

we refer to [45] for all the details concerning how this asymptotic configuration must be cho-
sen and we restrict ourselves to a more formal discussion. For more general configurations,
we have

'DMG‘B: (DM_DE\SI))dB ETMdB, (51())

where Thy = Dy — D](\(/)[) is some linear combination of tensors contracted with gamma
matrices.
By following [45, 47], the supercharge associated with a Killing spinor € takes the form

Q[E]:/deM/\EF(g)IbM (5.11)
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and, up to normalization, we can write

{Q(e),Q(e)} :/ da:M/\EF(g)DMez / dxM/\EF(g)TMGZ / dxM/\(TM'EE)g. (5.12)
B B B
The quantum mechanical realization of the Lh.s. of (5.12) implies, as usual, the positivity
condition {Q(€), Q(e)} > 0. The idea is now to manipulate (5.12) and try to deduce from
{Q(€e),Q(e)} > 0 a BPS bound of the form

PIK] =) Z.>0 (5.13)

where Z, are central charges as defined in the previous section, with corresponding cali-
brations ¢, and “fluxes” F,, obtained by expanding T}y.

Let’s check this. By using the eleven-dimensional gamma-matrices properties, we can
write the bulk supersymmetry condition in the form

1
Vare = sptar (+F +2F) e = 0. (5.14)

Therefore the Ty defined in (5.10) reads

1 1
Ty = ZAwM R (Ax F+2AF) , (5.15)

where AF = F — FO_ and Awy = (Wi — wj\‘f (0))%4 p (a difference of connections, and

hence a tensor at the boundary). Notice that A = F' in (5.15) is not a closed form: indeed
it satisfies

dA*F+FANAF =0, (5.16)

where we considered just the leading order at the boundary (in other words, the first order
in AF'). We could instead introduce a closed (gauge-dependent) field-strength

AG=AxF+ANAF (5.17)

whose flux along the boundary measures the M2 Page charge.
Plugging (5.15) into (5.12) and using (A.1) repeatedly together with (5.17), we obtain

{Q(G),Q(G)}:1/*(d$AB/\K)/\AwAB+1/ [QANAG — (Z+QAA)ANAF — xS A Aw].
B 4./

4

(5.18)
Y and Q were defined in (3.23) (recall that in this section we are omitting hats), and we
have introduced the three-form Aw = %Aw wagdzM NEANEB S Here, all the Hodge-duals

are meant with respect to the eleven-dimensional metric.
The first term is exactly the ADM momentum P[K] as defined in [45, (3.2)], which we
interpret as the equivalent of our gauge-invariant momentum (as one can see from the ab-
sence of form potentials). The BPS bound obtained by imposing {Q(¢€), Q(e)} > 01in (5.18)

5This is a three-form; it does depend on the choice of vielbein, but ultimately when we go back to (5.18),
where only differences appear, this does not matter.
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is then similar to (5.4). This bound can also be partially rewritten in the form (5.13): we
can clearly isolate the contribution of the M2 and M5 central charges,

Mo = / M2 A AG, ZM5 = —/ M5 A AF, (5.19)
B B

defined in analogy with (5.8), where @y and @y are the (closed) M2 and M5 calibrations
introduced in (4.14) and (4.15) (with the addition of the hats).

The last term on the r.h.s. should be associated with KK6-monopoles. Indeed, follow-
ing [45], we can interpret Aw as ‘geometric’ flux sourced by the KK6-monopoles, since its
integral corresponds to the NUT charge in the case of a Taub-NUT solution. We are then
led to identify *¥ with (part of) the calibration for KK6-monopoles in M-theory. How-
ever, we have not been able to write down a clean corresponding topological central charge
of the form (5.19). This is due to the purely gravitational nature of the KK6-monopole,
which appears to be mixed with the ADM momentum in the BPS bound (5.18). So, taking
into account these subtleties, we will refer to *¥ as a KK6 calibrating form, in order to
distinguish it from the more standard calibrations. In the following subsection we will see
that this interpretation is consistent with the reduction to ITA, which relates M-theory
KK6-monopoles to ITA KK5-monopoles and D6-branes. This will allow us to identify the
analogous ITA KKB5 calibrating forms.

5.3 Type II KK calibrating forms from dualities

We now revisit the above conclusions from the ITA point of view, by using the general
relations discussed in section 3.3. Let us reintroduce the hat to distinguish M-theory
quantities, as in that section. Then, the M-theory KK6 calibrating form 3 decomposes
as in (3.28), while the associated geometric flux A® reduces to

1
AW = e*%¢Awl0 — §G%¢AFQ A (dxlo — Cl) (520)

By identifying 2 ~ 21 + 1, we conclude that the last term in (5.18) reads
S ~ 26 I
/\*E A AW = / (6 200 A Awio + 56 ¢(I)6 VAN AFQ) , (5.21)
B B

where we have integrated of the S* of the M-theory nine-dimensional boundary B~ S'xB.
Both terms on the right-hand side of (5.21) are expected. In the last term in (5.21), e~ ®g
is gauge-invariant contribution to the D6 calibration ¢pg, see (4.5). This can be completed
to give an associated topological central charge Zpg as we did in the previous section. On
the other hand, in analogy with the M-theory case, we are led to identify e~29Q) with the
type IIA KK5 calibrating form.

The analogous KK5 calibrating form for IIB can be obtained from T-duality. A trans-
verse T-duality maps a KK5-monopole into a NS5-brane and vice-versa, while under a
longitudinal one both KK5 and NS5 remain invariant. Using (3.19), we see that the lon-
gitudinal part of e~2#§) becomes proportional to e29Q) after a T-duality transformation.
Since we saw that e~2?€) is part of the NS5-calibration, it is natural to identify e29Q) with
the KK5 calibration in IIB as well.
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6 Ansatz for AdS, horizons

Supersymmetric solutions with a timelike Killing vector are suitable to describe static
space-times, and in particular can be used to study black holes. We present here an
application of our system to this problem. Instead of looking at a full black-hole solution,
we restrict ourselves to the near horizon geometry which can be viewed as an AdSs x Mg
vacuum solution where Mg is typically a fibration of a compact manifold Mg over S2.
Classifications of black hole horizons in a similar spirit were given in [48, 49].

6.1 Spinor Ansatz

In general, a solution describing an AdSs vacuum is not the near-horizon of a black hole,
so we have to be particularly careful about finding a proper Ansatz for the supersymmetry
parameters. Moreover, not every Ansatz leads to the timelike case; for example, if we start
from spinors like the ones in [16] we will get a solution which is light-like and to which
therefore we can not apply our system.

For these reasons we will derive our Ansatz starting from the black-hole background
in [50], which is an uplift of the Cacciatori-Klemm solution [51] to M-theory with a regular
Sasakian internal manifold S;. In the near-horizon limit we have an AdSs with coor-
dinates ¢, r and a compact space My, which can be seen as a U(1) fibration over an
eight-dimensional Kéhler manifold Kg which contains both the horizon S? and the Kihler
K¢ C S7 (even if this distinction is not important in our discussion). The vertical vector
Oy is called Reeb vector. The eleven-dimensional supersymmetry parameter ¢ defines, via
its bilinears, an SU(5) structure on every constant-time surface [2], which is determined by
the differential forms

K=0, A[EANEY+Jg,), A3(E +iB%)AQk,, (6.1)

already decomposed according to [50]. (3.23a) and (3.23b) are respectively the two-form
and the real part of the five-form in (6.1). E¥ and E" are the vielbein one-forms associated
to the coordinate 1, r respectively; A is a warping function; Jg, and (g, are the real
two-form and holomorphic four-form of the Kg. Since K points in the time direction, when
we perform the dimensional reduction to recover type IIA the Killing vector K will be
timelike, and then our system will apply.

Now let us see which eleven-dimensional spinor defines the bilinears (6.1) via Clif-
ford map. This spinor has a particularly simple form with the following choice of eleven-

dimensional gamma matrices

[=T=031L3ll®l;, Py=Ty=0201@01®1® 1 (6.2)
F§20'3®0'1®]12®12®]12, ce FQ:F22103®03®O’3®O’3®0’3. '
In this basis, we reproduce (6.1) by taking
é:i(|+++++>+|—————>). (6.3)
V2
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The black hole solution we are considering has a U(1) R-symmetry which is gener-
ated by the Reeb vector; it produces a fibration of the internal manifold over the horizon
S2. Since the spinors that live on S? are twisted with respect to this connection, the R-
symmetry action on one spinor produces another one and thus the solution has a multiple
of two supercharges. However, since the R-symmetry does not involve the time and the
radial direction, from the perspective of an AdS, vacuum we just have N = 1.

When we perform the dimensional reduction to ITA we have to be careful to preserve
the Reeb direction in order not to break supersymmetry. We decide to reduce along the
coordinate x'% which parametrizes a (generic) direction of Kg. In ten dimensions, it is
convenient to choose a representation of gamma matrices such that the chiral operator is
given by

I'=03®R03Q03R03®03. (64)

We then see that we cannot identify I' with I'1o appearing in (6.2), as usual in dimensional
reduction. Rather, we have I' = —il's.” Thus we have to change spin representation by
finding an operator O which defines a new set of gamma matrices I'}f" = OF‘j\lde_l such
that the new I'yg coincides with I" in (6.4). A useful choice is - -

1 . .
0= 5(]132 —iQ2)(132 —iQ1) (6.5)
where
Q1=01R®03R03R03R 03, Q=101,®1,01,®0, (6.6)
so that
FBGW — il—gld, Fgew — l-wl)i)d ’ EW — _irald 7 F;ew — Fgld i 7& 07 2’ 10. (67)

Notice that with such a choice the new I'g and I'y act only on the first spin-1 factor of the
usual tensorial decomposition of the ten-dimensional spinors. Splitting the rotated spinor
O¢ in two chiralities we get the supersymmetry parameters for 1TA:

1
e1 = (| +++++) =i = = = —+)) + Maj. conj.,
(6.8)

€9 =

N = N

(—il+4+++-)+]————-)) + Maj. conj.

This decomposition suggest the following, more general, spinor Ansatz for near-horizon
geometries
=0y @mita-®@m-=PFP(a®mn) (6.9)
€2 =0y @mz+a_ Qnpr=Prla®mn)
where o = a4 + «a— is a real Killing spinor on AdSy, Py are the chiral projectors and
ni = Mi+ + n; _ are Majorana spinors on Mg, that we can take to be real.® Notice that the
presence of just one Killing spinor ensures the correct amount of supersymmetry.

"This choice was important in [50] because the SU(5) structure defined by J and Q in (6.1) lives in the
space directions.

8In the particular case we were considering in (6.8) we have n14 = (| +4+ +4) —i| — — — =), m—- =
S = =) = b =) s = = = = =) =il ) and e = i+ =) = - = = 4,
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6.2 Bispinors on AdS, X Mg

Having determined the spinor Ansatz, in this subsection we will compute the ten-
dimensional bilinears to plug in (2.25).
To preserve the isometry of AdSs, we will split the metric as usual as

ds?y = eQAdsidS2 + dsiy, - (6.10)
This suggests the gamma-matrix decomposition

I, =c ®1 =0,1,
g wolle K (6.11)
I =03®vm m=2,...,9,

where 0y = io9 and A is a function of Msg.
All possible choices of the AdSs Killing spinor « are equivalent, since our solution must
be invariant under SO(2,1). For definiteness we will take

a=e2(4)+]-),  dsiqs, = dt? +dr?. (6.12)
Its bilinears read
a@a=—edt+e¥dtAdr, oza®@a=—e +e'dr. (6.13)

Thus « by itself already defines a vielbein (i.e. an identity structure) on AdSs.
On the other hand, the spinors on Mg are not enough to define an identity structure
so we will simply rename their bilinears as:

wi =mnt Wy = Manh w= (w1 +we)/2 w= (w1 —we)/2
wl =ymn;  wy =ymny wy = (W] +wd)/2 Dy = (W] —w3)/2 (6.14)
¥ = mnb by =y mn

where  is the chiral operator on Mg. In particular, to keep the analogy with the ten-
dimensional notation, we will give special names to the zero and one-form part:

a=(w)o a=(w)o ay = (wy)o ay = (Wy)o

T (6.15)
k1 = (wi)1 ky = (w2)1 k= (w)h k= (0)

where the subscript 0 and 1 indicates to take the zero and one-form part only.

Now we are ready to explicitly write the ten-dimensional bilinears of section 2.1 in
terms of two and eight-dimensional ones. We will report here the calculation for K; in all
the details, while for the other bilinears one can proceed by analogy:

32K, =

(a@m)'PiToT v Py (a@m)EM = (a@m)'Tol m Py (a @ m)EM

(@ ®@nm)Tolm(e@m)EY + (a@m) Tl uT(a @ m)EY (6.16)
A

e

1
Y (77{771 aoya et +np ym ao,o3a 6“) + 5&03(1(16k1) ,
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where e is the vielbein on AdS,. Using (6.13) we get:

32K, = —e" A (nine® —nt ynrel) — e (16k1) . (6.17)
We can perform the same steps for Ko

32K; = —e" A (nhnae® 4+ nh ymael) — " (16k) (6.18)

and from these expressions we can calculate K (considered as a one form) and K:

er+A 67‘ . 67"+A 67‘~
K= 5 (ae® —Gyel) — 51@ K=— 5 (@e® — aet) — gk. (6.19)
Following a similar logic for 2 and Q we get:
e’ ~ ~
0= D) (w)s + e A (w)s — eer A (@y)s — 24’ Aed A (@y)3)
N o (6.20)
O = D) (@)s + etV A (@)1 —eel A (w V)4 — e24e? Ael A (wy)3)

and, finally, ® reads:

@ =Pila®n@enP; = |Pia@nasmn)
p (6.21)
=5 (W) =€ A () +etel A(y)- — e nel A(y)4]

where the subscripts + and — indicate to take the even or the odd forms degree respectively.

6.3 Supersymmetry conditions

In the previous subsection we showed how bilinears decompose under our Ansatz of sec-
tion 6.1. The fluxes must also be decomposed and if we want to preserve AdSo they have
to be singlet under the action of its isometry group:

H:H3+62A0/\€ AN Hy, *H:*8H1+€2A0/\6 N xgHs

F=f+ee Ael AsgA(f). (6.22)

Now we can derive the supersymmetry conditions just by plugging the expressions for
the fluxes (6.22) and the ones for the bispinors in section 6.2 in (2.25). The first three
equations in (2.25) will split in four equations each, one for every independent form on
AdSs. This abundance is in part due to the fact that our system contains some redundancy,
unlike the system in [17]. However we expect that specializing the Ansatz on Mg a little
more, some equations turn out to be dependent.

We will now show the AdSy x Mg supersymmetry conditions. From (2.25a) we get:

Hy (€ %0y) 4 = —(k+w)f, (6.23a)
st( A0y = eAaf +ay xs A(f)) s (6.23b)
iz, (e7%9) - = —e*(ay f —axg M(f)) — (e %), (6.23¢)
Ay (347 %)+ 24k + 1) #s A(f) +2(e* %) — Hy A (€247 %,) ., (6.23d)
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from (2.25Db)

e*d(e w5 = —up g Hi + (ed’@by, e, (6.24a)

207 Ad(e 20 0) g = —ay x5 Hz — (4, f)5 (6.24b)
2P AA(e72H G, )y = —axg Hz — e®(¢), f)5 + e M w)s, (6.24¢)
207244720248 )3 = up xs Hy + €2[(1, f)a + (b, %sA(f))a] — 2¢ A (w)s,  (6.24d)

and in the end from (2.25¢)

¢
e*?d(e )5 = —iprg H1— %(1/177”7 fm)s (6.25a)
¢
e Ad(e D) = —ay *8H3—%[('¢§”= fm)s— (b, %8 A(f))s], (6.25b)
¢
207 Ad(e 291w, )y = —axg Ha — %[(wm, Fm)5+ (W, 58 A (f))5]+e~A(D)s, (6.25¢)

¢
2072 (e7 202 )y = vpxs Hy— %[(Wna fm)a+ (@5 %8 A(f)m)4] —2¢74@)s. (6.254)

Now we are left to deal with the last line of (2.25). In this case we have a scalar and a
ten-form equation, so we will get just one equation on Mg for each of them

Lid=0, e 2Ad(e*xg %) = 267‘4&7\/018 — (f (¥, (3 —deg) *g A(f)) — (¢, (5 — deg) f)] .

(6.26)
As usual, these equations are equivalent to setting the supersymmetric variations of the
fields to zero. Recall that for a solution one also has to impose the Bianchi identities (2.46)
and one equation between (2.51) and (2.52).

7 4d type 1IB vacua and SL(2,Z)-duality

In section 3.1 we have derived a system of necessary and sufficient conditions for super-
symmetry in the timelike case which is invariant under the SL(2,7Z) symmetry of type IIB
supergravity. We can easily extend this result to the light-like case for AdSy x Miyg_q or
Minkg x Mjg_q solutions, for d =4, 5, 6 or 7.

Indeed in [17] it is shown that, in these cases, equation (2.25a) together with the
string calibration condition dK = txH and the Killing spinor equation Lxg = 0 are
enough to impose the supersymmetry of the solution. One can then just look at the
SL(2, R)-covariantization of (2.25a) alone. In the language of section 3.1, this is composed
of the equations

Lxge =0, (7.1a)
dg©; — %ed’dﬂ 0; +itgG3 =0, (7.1b)
dOs + tx F5 + Re(01 A G3) =0, (7.1c)
dg©s + %ed)dF/\ O5+ O3 NGz — itk (¥*5G3) +iO1 A F5 =0, (7.1d)
d *g @3+%Re(gg/\95—*Egg/\@1) =0 (7.1e)
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which must be supplemented with the algebraic constraint:
?3 AN By —0O1 A *EGg + 2€¢LK xp dT + 2ie®dT A *g©3 = 0. (7.2)

7.1 Application to four dimensions

Now we will provide an application of (7.1) to four-dimensional N' =1 vacuum solutions,
where as usual the metric is decomposed as d s, = €24 d s3+d 3%46, the RR flux decomposes
as F = f + e*voly A %6 \(f) with f an internal form, and H is a three-form on Mg only.
The spinor Ansatz for this case is

6 =Con +( @, (=¢, nh=n"r. (7.3)

Using standard notation of [17, section 4.1.1], we have the four-dimensional bispinors

C+®Z+:v+i*4v, C+®Z+:fu/\w (7.4)
where v is a real null vector while w = w; + twy is complex, and the six-dimensional
bispinors:

ning = ¢y, nint = ¢, 75)
ninf = (1 — %6 \)(w) +iwt), nj_ni_T = wh 4% wl

where ¢ are complex self-dual forms while w,i are real k-forms. We again give names to
the sum and the difference of the forms generated by the same spinor:
R R

W 5 Wi == (7.6)

Given the four and the six-dimensional bilinears, we can calculate, following [17], how

the ten-dimensional ones decompose:
® = 2Re ((ev + i3 x4 v) Ay + v AwAG_)
K = 2e 4wod,, K =2¢%%v, (7.7)
Q = 2Re (—eAv A xgiy — €A kg v A Do + 2 Aw A wg) .
As we have seen in section 3.1, to make more explicit the SL(2, R)-invariant structure

of the supersymmetry conditions it is convenient to express all the bilinears in terms of the
Einstein metric

_ 248

_¢ _¢
9B gi+ger, gr=c 2g=-c 2 (> g+ g5) , (7.8)

and to organize the components of the six-dimensional bilinears in terms of their U(1)p
charges. In particular we have five real neutral forms

ap = 6_i¢1m(¢+)0, ag = 6_2¢Re(¢+)2, ko = e_id’wo, ap = e_%(z’qb,, (7.9)
and three complex forms

Oy = e 3%(@o + iRe(p1)o), 02 = e 1@y +ilm(dy)a), 03 =e (ws+iRe(d_)s),
(7.10)
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fields U(1) p-charge
o, a1, ag, ko, f5 0
to, 02, 03 1

Table 2. U(1)p charges of relevant fields on the internal manifold.

whose of U(1)p charge equal to +1. The ten-dimensional multiplets in terms of the six-

dimensional ones read:
0, = 26y,
O3 =2 (eAEv A ag — 3wy vag + 2B A wy A Reag — €280 A wy A Imal) . (7.11)
O =2 (—eAEv A *gly — e3AE x4 0N Oy + 2By A wy A O3 — 248y A wa A *E93)

where *g is a shorthand for ¢ g. We apply the same logic also to redefine fluxes:

G=f3—ie %H, T=Co+ie ?, Fs = f5 4 ¢*®Voly A g f5 . (7.12)

The U(1)p charges for the new forms are given in table 2.

Now it is enough to substitute (7.11) in (7.1) to get the SL(2,R) invariant conditions
for four-dimensional vacua. Since the four-dimensional spinor must be a Killing spinor in
order to preserve the isometry of the vacuum, its behavior under the action of the external
derivative can be computed (see for example [52, (2.13)]):

dv=2pvAw, dv Aw) = =3ipp*g v, dxgv=0, (7.13)

where i is related to the cosmological constant by A = —3|u/|?.
Now we can show the supersymmetry conditions, which are the generalization of [23]
to the case 0y # 0 is allowed.” For an AdS, x Mg solution (i # 0) they read

0y =0, ko = cped® (7.14a)
d(e**®Rea;) + 2ueFas =0, (7.14b)
d(e342ap) — koe®® g f5 + 3ue* EImag =0, (7.14c)
dg(e® *g 02) + %eW‘EdF A gy + eBag NG =0, (7.14d)
dg(e*263) + %e¢+2AEd? A B3+ e245Rea; A G — 2ue® x5 0y =0, (7.14e)
dg(e*E g 03) + %e¢+2AEd? A x503 + 2 Ima; AG =0, (7.14f)

dQ(eBAEHQ) + %e‘HgAEd? A Oy — B anG +ie* P kg x5 G + 3pe?® xp 03 = 0, (7.14g)

24p
d(e?® s ITmay ) + 5 Re(fg A G) + 2ue’® xg ag =0, (7.14h)
eQAE
d(e?4® xg Rea;) — 5 Re(xgfs ANG) =0, (7.141)
34g
A(e34® xp ap) — 5 Re(t21G) — 3ue?® xg Reag =0, (7.143)

9Since Refy is the difference of the norms of the two spinors, 8 # 0 corresponds to allowing spinors
with not-equal norm.
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while for Minky x Mg solutions (u = 0)

dg(e®8y) — %e‘b‘LAEgod? =0, ko = cpe® (7.15a)

d(e’Fag) — e®Re(G) =0, d(e®*® o) =0, (7.15D)

d(CBAEOzo) — koegAE *g f5 = 0, (7.15C)

dQ(eAE g 02) + %e‘HAEd? A xg0s + e®ag A G + ieAE00f5 =0, (7.15d)

dg(e?E63) + %e¢+2AEd? ABs + e BRea; AG =0, (7.15¢)

dQ(eZAE g 03) + %6¢+2AEd? A xg0s + e ®Ima; AG =0, (7.15f)

dg(e3E6) + %&*“Ed? A By — e34BaG + 1348 kg 45 G = 0, (7.15g)
245

d(e*® xg Imay) + 5 Re(@g AG) =0, (7.15h)
2AR

d(e*4® x5 Reay) — 5 Re(sml3 N G) =0, (7.151)

3Ag
d(e34 sg ag) — Re(62 AG) =0. (7.15j)

2

As said before, this equations must be supplemented with the algebraic constraint (7.2)
which, in terms of the internal-space forms, reads:

03 A G + 2ie?dT A #glma; =0,
sg03 A G — 2ie®d7 A xgRea; = 0, (7.16)
O NG — 2ie?dT A *pOg — 26¢k0 xpd7T =0.

At first sight the systems (7.14) and (7.15) seem to contain a huge amount of equations
compared to pure spinor equations of [6], which are just three. However this is due to the
fact that to write the system in SL(2,Z)-invariant form we had to write all form degrees
separately. In fact the total number of equations is actually the same as in [6].
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A Some properties of spinors

In this section we will review some properties of ten-dimensional spinors.
The Clifford multiplication of a single gamma matrix v* with C},, defined as in (2.3),
can be rewritten in terms of some familiar operations on the corresponding forms:

FMCy, =AM Oy = (daM A+ M)Cy,, FMC, = CpyM = (-)F(daM A=) (AD)

where ¢y indicates contraction along direction M.
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We can also combine these operators with the action of 7 in (2.5):
FNF = AT, T =T (A2
It follows that
de" AN = —7M, MY = —FdaM . (A.3)

From the definition of A just below (2.5) we also get

MdzMACE) = (=)FdaMANCE), AMCR) = —(=)FMNCR), MM Cy) =M Cr) M.

A4
The generalization of (2.2) to any bispinor C reads: .
10
C = Z 32k,tT(C’YMk ary ) Y M (A.5)
In particular, for C' = € ®7, by cyclicity of the trace one gets
0
€ERN = 2 321 TV, € VM (A.6)

and, by imposing 7 = €, we get back to (2.2).
The Chevalley-Mukai pairing between two forms A and B defined in (2.26) is also
related to a bispinor trace by

(_ 1)deg(A)

(A7B):_ 25

tr(xAB) . (A7)

B Sufficiency of the main system

In this appendix we will describe the proof of the sufficiency of (2.25) for supersymmetry.
We will work only with IIB theory; the discussion for ITA is analogous.
In the notation of [17], the supersymmetry conditions read

1 ¢ 1
Fe” 1

<DM + 1HM> e +(-)

1 AMF)vye1=0, <D—|—4H—8¢> e2=0, (B.1b)

16
where the sign (—)I¥| = (=)de8(F) is the only difference between ITA and IIB. Acting with
7M on the two equations on the left and subtracting the ones on the right side we also
obtain the original dilatino equations:

¢
<a¢ — ;H> €1 +‘1i6 M F e =0 (B.2a)

1 ‘F‘ ed) M
(a¢ - 2H> e+ (=) e 7 AF) e = 0. (B.2b)

During calculations we will also need the transposed version of these equations.
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B.1 Structure groups and intrinsic torsion

We first review some spinorial geometry in ten dimensions, following [17] (especially sec-
tion 2 and appendix B there), to which we refer for details.

A spinor leads to a reduction of the structure group of the tangent bundle to its
stabilizer. Let us determine the structure group defined by a spinor € of chirality +. For
convenience, we choose a frame in which K = e_ is part of the vielbein:

1
et e =g, er-ex =0, er-ea=0, en-ena=1, (B.3)
with o« = 1,...,8. This choice of indices suggests to decompose the Clifford algebra as
C1(1,9) ~ CI(1,1) ® C1(0, 8), so that we can rewrite

e=|1T)®n, (B.4)

in terms of a two-dimensional | 1) and of an eight-dimensional Majorana-Weyl spinor 7.
We can now look at the infinitesimal action of a Lorentz transformation on € to compute
its stabilizer:

de=wunyMVe, wirny Y € spin(1,9) . (B.5)

Since Ke = y_e¢ = y"e¢ = 0, we have that y** annihilates e. Moreover the eight-
dimensional spinor 7 is annihilated by 21 out of 28 of the eight-dimensional gamma matrices
P, so we can write:

stab(e) = Span{wglﬁ A8 Aty (B.6)

The elements wilﬁ 4P are in the adjoint representation of Spin(7). Moreover because
Nag: 7 ™) = 2(5{; ’y;} we have that

Stab(e) = Spin(7) x R® = ISpin(7), (B.7)

where ISpin is the inhomogeneous spin group, in analogy with ISO(n) for inhomogeneous
SO(n) groups.

We expect that the same structure group can be deduced also by using the forms
generated by €. Let’s start from the stabilizer of K; since K is null

Stab(K) = ISO(8) = SO(8) x R¥. (B.8)

(2.13)—(2.14) tell us that the four-form ¥ contains only components which are orthogonal
to K different from K itself; i.e., in the basis (B.3), only o components. If we restrict
our original spinor € to this eight-dimensional subspace we obtain the eight-dimensional
Majorana-Weyl spinor 1 defined in (B.4), which is known to give rise to a Spin(7) structure.
In fact ¥ is nothing but the four-form that describes this Spin(7) structure which we can
find in the eight-dimensional bispinor n®n*. The local Lorentz transformations that leaves
VU invariant reduce SO(8) to Spin(7) and then we have again

Stab(K, Q) = ISpin(7). (B.9)

~ 34—



The stabilizer (B.6) of the infinitesimal action of a Lorentz transformation on € is 29
dimensional. The orbit of the Lorentz group action, which is given by all spinors that can
be written as Y% ¢, has the dimension of Spin(9, 1) minus the dimension of the isotropy
group, which is 45 — 29 = 16. Since the space of Majorana-Weyl spinors with the same
chirality is 16-dimensional,

(MY ¢} (B.10)

is a basis for the space of spinors with the same chirality as e. For Majorana-Weyl spinors
with opposite chirality, we can find a basis by picking a particular spinor with negative
chirality and acting on it with ¥~ . A natural choice for this spinor is 4 €, and hence
our basis for spinors with chirality opposite to € is

{7 yp e} (B.11)

Type II theories actually contain two fermionic parameters €;2. Each one of them
defines an ISpin(7) structure. To evaluate the stabilizer of €2 in SO(1,9) we have to
look at the intersection of the two copies of ISpin(7). Various possibilities exist for this
intersection and for the G-structure on Mjg; for details see [17, section 2.2]. In fact the
common stabilizer of €; 2 may change from a point to another even for a single solution.

However, in the spirit of generalized complex geometry, we can try to define the com-
mon stabilizer on the generalized tangent bundle T' Mo @ T* M;y. Considering the bilinears
defined by €12 as spinors on this generalized tangent bundle, we are able to define a struc-
ture group as a subgroup of O(10,10). The action of CI(10,10) can be decomposed as
two copies of ordinary Cl(9,1) gamma matrices acting from the left and from the right
of a bispinor as in (A.1). For example, the presence of a metric and a B field on Mjg
restricts the structure group to 0(9,1) x 0(9,1) = Span{WMN, VMN}. If moreover we add
as geometric data also the two spinors €; and ez we have a basis of the type (B.10)—(B.11)
associated to both, we will the use a subscript 1 or 2 to distinguish index relative to €;
from the index relative to e5. The common stabilizer therefore reads:

stab(g, B, €1,€2) = span{w21’817a151,7_1a1,w21’82<7a252, —yas ) = ispin(7) x ispin(7) .

(B.12)
Now let’s evaluate the stabilizer of our bilinears, it is easy to see that:
- - -
_ 041,31 70&1,31 ) 7—1041 ) ngﬁz Y o225 8 —202) 7—14-1 + Y —2+2
stab(®) = span il — ;
7— ’}’a277— 7+2770¢1W—277+17—277—17—2 (B.13)

041,3176%52’ 7—“)&1 9 wzlzﬁl 7 alﬁﬂ W—iaia 7—1'4'1' + <7—i+i } .

Stﬂb(%’zsp‘“‘“{ T s T T s TS o T T o T
i (7R i 79 (67 —4) I3 i i i

In the timelike case, since K? = %K 1 - Ko # 0, we are allowed to choose e, ~ K3 and
€4, ~ K and therefore the common stabilizer reads:

stab(®, 1, Q) C span{w$?' F 15, w5225 0,5, } = spin(7) X spin(7) (B.14)

where we considered €2; instead of ¢;€; since in the timelike case ® alone is enough to
determine K7 and K5. So we discovered that in the timelike case the differential forms we
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have in (2.25) contain enough information to define the metric, the B field and two spinors.
However, to prove the sufficiency we must find a way to count the independent components
of the supersymmetry equations. Along the lines of [24, section A.4] we can define:

<DM — iHM> e1=Qinpr" e, <D - %H - 3¢> e1=Tynv"V vy, e,
1 1 (B.15)

<DM + 4HM) e2=Qynpy" ez, <D + ZH - 3¢> e2=Tyn YN v e .
There is no assumption so far: the left hand sides are spinors that can be expanded on
our basis and the @’s and T’s are coefficients of this expansion. They can be viewed as
intrinsic torsion coefficients. Notice that some elements of the expansion are trivially zero
because belong to the stabilizers of €; and €2, so we can put to zero the corresponding

intrinsic torsion components:
Qirante =0, w7 ™Qfraus, =0, Td_, =0, wii™T8, a=12. (B.16)

For the same reason, we can assume that the ()’s are antisymmetric in their last two indices
while the T’s are totally antisymmetric. Now, tensoring two copies of (B.10)—(B.11), we
can produce a basis for the space of bispinors from the spinors one:

YTMNE€1€E2YPQ> YMN Y4+, €12V, YPQs TMN Y+, €1€27pQs YMN€1€2V4, YPQ -
(B.17)
In IIB, the first two sets of generators are a formal sum of odd forms while the second two
are a sum of even ones. F'is sum of odd forms and furthermore it is self dual: v F = F.
This tells us that it will be a linear combination of the first set of generators:

F = Rynpo MY e 62779, (B.18)
and moreover we also have that
AF) = Runpo 9 exer yMN (B.19)
Replacing (B.18) and (B.19) in (B.1) and, comparing them with (B.15), we get:

Qunp =4e® Rypy—, Ty =0, (B.20)
Qinp =4¢’ R_ unp, Ty =0.

These are the supersymmetry equations rewritten in terms of intrinsic torsion components.

For what follows, it is also useful to rewrite (B.2): combining equations (B.15) we get

1
<a<f> — 2H> e1=Qunp Y YV e —Tin YN v, e, (B.21a)

1
<8¢—|—2H> e2= Q3 np Y AN € —TI\Q/[NVMNyﬂ € . (B.21b)
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B.2 Intrinsic torsion for form equations

We will now rewrite all the equations derived in the previous subsection in the language
of the intrinsic torsion components ) and 1. The intrinsic torsion components for equa-
tion (2.25a) were derived in [17]:

Qhine, =4€° Byain—, (M #+2), T =0, (B.22a)

Q3Ney =4€° R niNa, (M #+1),  T25 =0, (B.22b)
Qo+ Togts = 4€” Riyjans s T2, =-2Q" . ., (B.22)
aatrs T Loy, =4 Rjayhas, T =-2Q% .. (B.22d)

In order to prove sufficiency of (2.25) for supersymmetry, we have to show that the last
three equations of the system contain the intrinsic torsion equations that appear in (B.20)
and do not appear in (B.22).

Let’s start from the six-form equations first, (2.25b), (2.25¢) (recall that we are looking
at IIB). Since the intrinsic torsion components inside the equations for d€2 and dQ is the
same as the one we will find evaluating d€2; and df)y separately, we can directly start from
the latter. Replacing (B.15) and (B.21) inside (2.30) we get:

22 d(e_2¢ €1 El) + 2t e1 €l

= 2Ty (V"N vy, aa +aayy, M) (B.23)
M NP NP M

— Q}\/[NP (7M61€1’YNP+7NP61517M+’Y Yl eaeateaeay "y ) .
Notice that the terms in the first bracket are independent, because they are tensor products
of spinors with different chirality.
The situation is a little more complicated for the second bracket in (B.23). First of all,
since 1 annihilates €; and commutes with all the ¥*1, the components of Q}w Np With

1
Q+10¢151 (B.24)

are absent from it. Moreover, the bracket contains tensor products of spinors with the
same chirality which can therefore add up to zero: indeed

YA e = e e
NP (B.25)
Y €1 = C€1
has solution for vV = 4*171 and ¢ = 2. So in fact also the components
1
QMJrl*l (B26)

are absent.

(B.23) gives independent equations for the remaining components of @}, p and for
T]bN. In other words, no choice of indices in Q}WNP and in T]bN multiply the same
bispinor. If we focus on tensor products of spinors with —+ chirality, we need to compare
the first T,y term (vYM¥~, e1€7) with the first and third Q) p terms (v eeryME and
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AMANP e &), If we want to sum the first Ti;n term with the first and third Q}, 5 p terms

we have to choose NP to be such that 7NP €1 = €1, which has solution for NP = +1—1;
but in this case the first and third Q}w N p terms actually cancel. We can have that the first
T]b n term can sum with the second Q}W yp term, but in this case the first Q}w Np term
multiplies a different bispinor and implies a separate equation.

If we now replace (B.18) and (B.19) in (2.31) and use & 77? vge3 = 64K£P5§2] we have

2 e2? d(e_Q“5 €1€1) + 2t el = 4¢? RMN_QQ(VQ erer YN 4 AMN ¢ & ’yQ

Q .. MN MN )

A (B.27)
+ 77y €1€1 + €1€17Y

Comparing (B.23) and (B.27) we can extract the content of (2.31) in terms of intrinsic
torsion:

Qlnp=4¢® Rypyr—, with MNP # 410181, M +1 —;

B.28
Tl n=0. (B.28)

A similar procedure can be applied to (2.33) and leads to
Q?\/INP: 4e¢R—1MNP with MNP # 490082, M +9 —2 (B 29)

Tin=0.

Notice that (B.28)—(B.29) are not yet the intrinsic torsion component for the equations
for d€2; 2 because we still have to project (2.31) and (2.33) on the six-form part (they include
also a two-form and a ten-form part). It may happen that projecting on the six-form part
makes one lose some intrinsic torsion equations in (B.28)—-(B.29). In other words, at this
point some of those equations might be actually due to the two-form and ten-form, rather
than to the six-form part we'’re interested in.

Moreover, (2.25b)—(2.25¢) does not help us find anyway all the missing component
of (B.22). First of all some components are missing from both systems; for example we
never get Q1 _ . More troubling still, in the new intrinsic equations (B.28)—(B.29) the
missing Q}W N p components are written with the first index being of 1 type, whereas in all
the equations in (B.22) the missing components of lew Np are written with the first index
being of 2 type. In the most general case, we cannot even compare the two types of indices.
In the light-like case, for example, 41 is equal to +9; in the timelike case, this is no longer
true, and +1 might even be taken to be —s.

All this suggests that we simplify the problem by restricting ourselves to one case; for
reasons that will become clear, we have found it easier to work with the timelike case,
which as we explained in the introduction is actually generic.

B.3 Intrinsic torsion in the timelike case

In this case, K7 and Ky are two different null vectors: we can choose them to define the
+ and — indices respectively, and we can define the remaining eight indices a to be the
directions orthogonal to them. In other words:

er, =e_,, €, =€iy, €ay = €ay = €q - (B.30)
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We stress that K7 and Ky are not equal but just proportional to the vielbein vectors since
in general K - Ko # % However, since all the computations in this section are algebraic,
this difference doesn’t really matter and we are free to ignore this normalization.

We can now go back to the problem of taking the six-form part of (B.28)—(B.29).
Starting from

2¢e2¢ d(e*Q‘i5 M)+ 2ux, xH = 2T]%4N (’yMN Vi41€1€1+€1€17Y4 ’yMN)6
= Qunp (M Y aat s
we will try to see if it contains equations for the components of () and T that appear

in (B.20) and not in (B.22).
We will start from the 1" components for which we would like to have an equation,

(B.31)

namely 71, and T}rl_ .- The first, T} +,» appears in (B.31) multiplying

1

a+1

(7 Vi, €161+ €1€1 Yy, ’7a+1)6 =2(eada —ear)g

) ) (B.32)
=4dz* AN =4dz* AV A K.

VU, is the Spin(7) four-form associated to the spinor €; via (2.14); it is not annihilated by
the wedge product with any one-form. So the components Tal_~_1 do appear in (B.31). As

for T} it appears in (B.31) multiplied by

1—1?

—1 _ _ —1H1) — (1 = Py
My aateaéay, v 1)6—(7 16161+61’Y+161)

=2Ky AN #0,

b 6 (B.33)

so also T _ does appear in (B.31).
Now let us consider the ) terms. This time we are interested in the components Ql_l B’
Ql,l,la. For the first, Ql_laﬁ, we see that it appears in (B.31) with

{7_17 {’Yaﬁyel E1}} = 2K, {’Yaﬁﬁlél} =2y [Kz A {Vaﬁaﬂgl} }
6 7 3 (B.34)

=2y |:K2 AN K1 A {7“’8,77117{}2] )

where 7, is the eight-dimensional part of €1 (as in (B.4)). Now, the bispinor {’yaﬁ ﬂ?ﬂﬁ}
only has a two-form and a six-form part. (This can be seen for example by writing it as
mnt — mnt.) Moreover, it is invariant under left multiplication by the eight-dimensional
chiral matrix, so it is self-dual; thus the six-form part is the eight-dimensional Hodge dual
of the two-form part. We thus conclude that (B.34) is zero if and only if {’yaﬁ , mnf} = 0.

This could only happen if

B

Y m = cm (B.35)

for some real c. Contracting this from the left by n! however gives ¢ = 0. Another way of
seeing this is that, as seen above (B.6), v 7 is non-zero only for seven linear combinations;

and those are independent from 7, since they form with it a basis for eight-dimensional
spinors. Since those seven combinations are the only ones that matter in Qsqs, see (B.16),
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we conclude that the components Ql_l ap are all present in (B.31). For Ql,l,la we can

proceed similarly: it multiplies
{’7_1, {’)/_1(1, €1 El}}ﬁ = 2y [KQ A {,7—1017 61€1}3] = 4(K1 . KQ) y (La\I’1 VAN KQ) , (B36>

where in the last step we have used that {y™¥ .} = 2(dz™ Adz™ +MN) on even forms
(which follows from (A.1)). (B.36) is always nonzero because the Spin(7) four-form ¥ is
never annihilated by any single contraction.

We have shown that Tc{h, T}rl,l, Ql_laﬁ, erla are present in (B.31); they occur
multiplying (B.32)-(B.36). Now we also observe that those forms are all independent; to
see this, it is enough to look at the way the K; appear. Thus, (B.31) gives equations for
all of these components. Moreover, once we assume (B.22a), in fact T, . T}rl_ " Ql1 0B
QL |, are the only intrinsic torsions appearing in (B.31). So there is also no danger of
them mixing with anything else.!® In other words, after assuming (B.22a), the left-hand

side of (B.31) consists of the four terms (B.32)—(B.36), multiplied by T, , T}, _, Q1—1a57

1

L _,a Tespectively. Since (B.31) follows from supersymmetry, we conclude that it gives

us the equations (B.20) for these components.

Going back to (B.22c), we now also obtain (B.20) for Q¢ _,, QL , _ .

The same steps can be used also for @2, T2. We then conclude that the five-form equa-
tions (2.25b), (2.25¢) have all the missing components of (B.22) except Q},, _, = QL ,
and Q?i-1+2—2 = Q%‘l—l"rl'

These however can be found in (2.25d). Multiplying (B.21a) on the left by €
and (B.21b) by € we get from the sum:

674(61(% e +eddpe) =QM,_ —T  +@Q*M, —T% . =0. (B.37)
The left-hand side is nothing but Lx¢. Since we have proven that all the T' component
are zero, we have

Q My, = -Q*M,. (B.38)

Let us now see the intrinsic torsion of the second in (2.25d). From (B.15) we get

~ 1
Dy KM= 61 (Q}WPQEI [’YPQKYM] €1 _Q?\/[PQEQ [’YPQKYM] €2) = —2QlMM—1 +2 QMM_QQ

(B.39)
on the other hand, using (B.18),
~ 4e? 4e?
M _ - M., _ - RS . - . PQ . M
DyK™ = ~ 392 1M F~y™ e = —@RRSPQ vy aey 99 e) (B.40)
= —16e¢ }2_1]\/[]\[_2 .
Therefore, (2.25d) overall gives the two conditions
Q' My, =-Q* M, =4e’R_M,,_ . (B.41)

1%Tndeed we also observed that the equations in (B.22a) which mixed Q and T always contains a term
like Q’Mﬂ,” for which we proved that it cannot appear in the 6-form equations. Therefore we will never
have the same mixed component, which means that the Q and T intrinsic torsion is always decoupled.
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Since in fact we have obtained equations for all the ) components except Ql+2 fog =
Ql,ﬁl,l and Q%ﬂﬂ,rz = Q2+1,1+1, only these two components survive in the sum, and
then we get the desired missing equations.

This completes the proof that (2.25) is sufficient for supersymmetry.

C Dualities
In this appendix we collect some details about S- and T-duality.

C.1 S-duality
First of all let us summarize the SL(2,R) formalism of type IIB supergravity. Given a

general element

A= (O‘ 5) € SL(2,R), (C.1)
v 9

the following transformation is a symmetry of the action:

, ar+pf , , C, a B\ (O
T ’YT—F(S’ 5 55 g ‘7T+6’ga (B/ v 5 B ) (C )

where 7 = Cy + ie”®. From these rules we can derive how potentials transform. From

F! = F5 we get
dCy=dCy;—dBACy+dB A (©3)
=dCy+BIBAAB+ By(BAACy +dBACy) + ayCy AdCy '
and thus 1
Cy=Cy+ ByBACs+ 5(a’yC’2 A Cy + 5By A Bs). (C.4)
Moreover, performing an S-duality on the equation F; = — x F3 we get:
d(C§) = —+"dCy,+C)« H + H NCY. (C.5)

Under conformal transformation ¢ — a?¢ the Hodge dual of a k-form €2 transforms as
*Qp — P72k % Q.. Using this, we can explicitly evaluate (C.5):

d(Cf) =ve 2« H+(Cyy+0) d06—wCOC4AdB+*yC4/\ng—|—%(66232/\(13
+ By B2Ad Coy+ B0 BACoAd B4 72 BACy Ad Co+ay6C5 Ad B+ary?*Cand Cy)
~ 1
:’ydB+5dC6+§('Y(C()dCﬁ+d00/\06+04/\d02+d04/\02)+B(52B2AdB

+87v6 B2 Ad Cy+ 10 BACoAd B+ 12 BAC2 Ad Co+ 12 C3Ad B+ar*C3AA Cy)
(C.6)

From the last line one can check that the correct transformation rule for Cg is

~ 1
Cy =~B +6Cs + g (CoCs+ CaNCo+ BBACL A (OB +7Cs)) + 5 (B6*B* + ay*C3) .
(C.7)
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Another important ingredient we need is how the bilinears transform under SL(2,R).
The spinors transform under a U(1)p subgroup of the original SL(2,R) symmetry, indeed
the transformation rule reads

/ .
€] 1 [ cos(0/2) —sin(6/2)\ (e
= ) C.8
<e'2> by + a3 (sm(em) cos(8/2) ) \ e (C-8)
where 0 = arg(y7 + ¢). Therefore we have that K, @3, Q are singlets:
K'=|y7+4|K, L= +0P0s, Q=T +6PQ. (C.9)

The other bilinears are components of a doublet:

(K +1®01) = |y7 4 0| (K +1®1) = (v7 + 6) (K + i®1),

Y o , | (C.10)
(Q+iP5)" = |47 4+ 67 (Q+ iP5) = |[y7 + 6|7 (7 + ) (2 +1P5) .
For completeness, we also give the transformation rule for the other fluxes:
[ |y 4+ 812d Cy — 2v%e ?(e=?d Cy — (Co + /) de™?)
! [y + o[ ’
§)F3 —vye 20H
= WG F OFs —nemPH H' = (Coy+ 6)H ++F3, (C.11)

|y + 0|2

_ 6_2¢(7C0 +9)« H—~vF;

Fl=(Co+0)Fr+~e 2*«H, (e «H
7 (’70 V7 4 ( ) ‘774_5‘2

As an application of what we have just seen, we can check that the D5 calibration (4.5)
gives the NS5 one (4.12) after a simple S-duality (4.13). In this particular case the trans-

formation rule reads:

C() 4 6_¢

=29 o =

N
Ch=—B, B =Cy, C,=Cy—BACy, (C.12)

qg=§+%(0006+04A02—chczAB).
The D5 calibration is more explicitly given by
©D5 = (efB A(e D — (L + I?/\)C’))5 . (C.13)
We expand e~ ? and transform the resulting terms one by one. We begin with the B? term:

’
(;BQ A (€7¢‘I)1 — g Cy — I?Co)) = %C% A (f? + [,KB) . (C.14)

Notice that e ?®; — 1 Cy — f(C’o is the D1 calibration, while K + g B is the calibration
for a fundamental string, in agreement with the S-duality. Next we transform the term
linear in B:
~ / ~
(= BA(T9®s =1 Ci—KNC) ) = =Con (e By =1 (Cy— BAC)+(CoK —e™*1) AB),
(C.15)
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and finally
~ / ~ ~
<€_¢(I)5 —1gCe— K N 04) — 7290 + €_¢CO(I)5 — g B

— %LK(COCG +Cy NCy — 022 A B) — (C[)k — 67¢‘I>1) ANCy+ (Cof? — 67(15(1)1) ANCy N B.
(C.16)

Summing up we find

~ / ~
(e*B A(e D — (L + K/\)C’))5 = e Q4+ e C)P5 — e PCy A B3 + e 901 ACy

~ 1 ~ ~ 1
— CoK NCy + 502 NCoNK —1gB — §(COLK06 + CiNgCy — g Cy A CQ) = QDII\}]S?% ,
(C.17)

which is exactly what we were looking for.

C.2 Flat-index T-duality

In this section, following [53], we will revisit the T-duality formalism of section 3.2 using
flat-index notation. The benefits of this formulation are that the transformation rules of
fields and bilinears assume a simpler form, especially for the five-form (3.19). This makes
particularly easy to check that the longitudinal part of (2.25b) and (2.25¢) is invariant;
however, we will partially lose the explicit O(d, d) interpretation we had in section 3.2.

We again assume that we can define a compact and isometric direction d,. We decom-
pose the fields as:

dsip=dsja+e™“(dy+A41)’, B=Ba+Bindy, F=F +FAE,
D=3, + P AEY, K =k +kE", K =k +koEY, (C.18)

O =ws+ws AEY, Q=5+ ANEY, EY=e(dy+A).

Using section 3.2, one can perform a T-duality from IIB to ITA, which in this case transforms
the components of fields and bilinears as:

dsjp=dss 4, o8 =t -, B =-04,
BE =B + A ANBft, AP =_B{, BB = A,
FP =R, FP=c"Ff,  of=of, of =af, (C.19)
ke =k, kS =k =k, K=k
wy =G, wi = wi, Oy =wi,  Gf =03,

where superscripts A, B denote in which theory the field is sitting. For what it follows, it

is convenient to rewrite H as
H=dBy—dB AA +eYdB AEY, (C.20)

where we can notice that d By — d By A A; is a T-duality invariant.
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Let us now decompose (2.25b) and (2.25¢) according to (C.18). The longitudinal
parts read:

d(e 2T Cuy) = e 2970, %9 (A By —d By A Ar) + e T (@), FL)g — (D1, F)s) ,
—¢+C

_ ~ _ € m m
d(e 2¢+Cw4) =e 2¢+CL%1 *g (d By —dB; A Al) — (((I)H 7Flm)6 — ((I)i,Fhm)G) ,

(C.21)

where m runs from 0 to 8. Using (C.19) it is immediate to see that these equations are
invariant, which is what we should expect from the calibration conditions of the NS5-brane
and the KK5-monopole, since the corresponding objects are invariant when they lie along
the T-duality direction. However, it is also easy to see that the transverse part of the KK5-
monopole equation (2.25¢) does not transform in the transverse part of the NS5-brane
equation (2.25b), as it is required from the duality properties of these objects. This leads
us to think that, to make the T-duality working, the KK5-monopole equation requires
some improvement or a better interpretation in the future.

D More differential-form equations

In this appendix we will derive some form equations that do not appear in (2.25). We
will see that in most cases we will manage to arrange all the components in compact
expressions. For this purpose, we define the following bracket which is an analogous to the
Chevalley-Mukai pairing

{A,B}q = (AAN(d — 2deg)B]), (D.1)

with opposite symmetry: {A, B}y = —(—)“4=1/2{B A},;. For example, we can see that
the 2-form part of (2.34) and (2.39) for both ITA and IIB reads:

]
e2?d(e 2 K) = « <H AQ+ %{@, F}8> :

s (D.2)
?d(e 2 K) = « <H AQ+ %{@ a, FM }8> :
while from the 10-form part we have:
d(e%*f():o d(€2¢*K):O. (D.3)

Some new equations can be obtained by using the two supersymmetry conditions on

the left of (B.1):

d(élgl) = % [ M’DM(qu)] :% |:7M7411[HM,6161]+(—)

¢
(&
|F|E(F7M>\(‘I))+(I)7M>\(F))
¢
|F| %(’YMF’YM)\((I)) M By NF) = Fypr M@)YM — Dy A(F)M)

(D.4)

:HM/\LM61€1+(—)
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and

]
e
d(62 gg) =—Hy Nipesés + (_)\F\372( — ’}/M)\(F)’yM(I)

(D.5)
— YMN@) M F + MNE) v @y + N @)y FyM)
Taking the sum and the difference of these last two equations we get:
€1 €1 L es€Ey €1 €1 F €26 |F| e? M
d( 22 ) = Hyg no (P22 ) 4 (P (P M A @)
2 2 64 (D.6)
+ @M AL = [Fra (@M = [0, 7 (F)y )
where [ , ] indicates the usual commutator while [ , ]; is the anticommutator. Analogously

to what we have seen in section 2.4, the result is different depending on whether we are
considering ITA or IIB. From the sum in IIB we get

B _ = = ¢
d <6161+6262>  Hur Ay <61616262> S ({1, B} + {®, 1)

2 2 (D.7)
—{®3, F5} — {®5, F3} + {7, F1} + {®1, Fr})
and from the difference
€1 €1 — €2 €9 €1 €1 + €€ e?
d| ————— | =Hy ANy | ——— +f<4[¢)1,F1]+2[(I)1,F5]
2 2 4 (D.8)
— 2[5, ] + 2@, Fi] — 2[@3, Fy] + [@7, Fy] — [@3, F])
while for ITA:
& e T ¢
d (‘“126262) = Hy A (616126262> + 5 ({02 Fo}+{ @, Fi}4+3{02, s}
—3{@6, Fo} —{®s, Fi} +{®1, Fo} ~5{D1o, Fo} ~3{@0, Fo} —{®0, F2})
Z — € 2 tenE 6
d (616126262> = Hy A (6161;6262> +5 ([0, Fo] - (@2, Fy)). (D.9)
Splitting the various degrees and massaging a little bit the expressions we get the 2-form
conditions:
~ ®
dK = 1 H, dK:Lf(H—%*((I),F)g, (D.10)

where the first one is nothing but the F1 calibration condition. From the 6-form part we get
O mo e M v € 1 MN
dQ = Hy AQ —Z{cI)M,F boo A= Hu AQ —4<{<I>,F}+4{<I>MN,F }) .

6
(D.11)
We need not write the ten-form part, since it was derived in section 2.4.
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Notice that these equations can be used as a different definition for the exterior deriva-
tive of the bilinears, or they can be combined with the old definitions to get algebraic con-
straints. For example combining the first of (D.2) with the second of (D.10), and (D.11)
with the equation for the KK5-monopole in IIB (2.25¢), we get the following relations that
turn out to be useful in section 3.1:

QF NP7 — FsAPs5—e PHAQ+e K AxH+ P AFr+2ucxde =0,

e P Hy ANOM + Py AOM — 19 Frte P s H4+2de P AQ—2F) @3 =0. (b-12)
We can provide some others algebraic equations that can be obtained from (B.2). Since we
will mainly use this result in section 3.1, we will perform all the computations for type I1IB.
However pure algebraic equations impose strict constraints, so we hope these equations to
be useful also for the classification of complicated cases (e.g. vacuum solutions with high
supersymmetry).

We first take the tensor product of (B.2a) with € and of the transpose of (B.2b)
with €q:

1 @
<8¢— 2H> (I>+%(2F1 + F3)eaéa =0,

(D.13)
1 e
P agf)*ﬁH *56161(2F1+F3):0.
Taking the difference of these two expressions:
0:—2<I>/\de_¢—|—e_¢H/\<I>—e_¢'y(HM/\<I>M)+2Lp1w—2ﬂ/\@
€1€2—€2€ €1 €2+€2€ €1€2—€2€ €1€2+€2€
o 22 2 2+F3M/\LM 1€2+€2 2—|—’Y<Fé\/l/\LM 1€62—€2 2) 'Ry 1 22 262
(D.14)

(We recover the sum by taking ~ times the difference.) The most interesting equations
come from the ten-, eight-, four- and zero-form components. They read:

2de ® NPy +e PHAD; —2K AFy =0, (D.15a)
2de P AD; + e PHAD; — e ?D AxH — 2 Fy— Fs ANQ—KAF; =0,  (D.15b)
240 9P7+e i, x Hte PHy NOY + 20 AQ+ iz Fr — FY' AQy =0,  (D.15¢)
Lk F1 = 0. (D.15d)

where we have taken the Hodge dual of the four-form part.
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