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1 Introduction

In recent years the connection between 3d N = 2 gauge theories and free field correlators or

Dotsenko-Fateev (DF) blocks in Toda CFT has been considered from various perspectives.

In [1, 2] a dictionary to map 3d quiver theories to q-deformed DF blocks was proposed.

This map was further explored on various compact spaces in [3] and from a different

perspective in [4].

On the other hand, it has been recently observed that a correspondence between 2d

quiver theories and DF blocks can be obtained from the reduction of 3d dualities of spectral

or mirror type [5].

The reduction of 3d dualities to 2d is quite delicate, as discussed extensively in [6]. To

avoid subtleties with non compact directions we can focus on the case where all the mass

deformations are turned on, so that the theories have isolated vacua. When the theory is

put on a space with a compactified dimension, such as D2 × S1 or S2 × S1, we have to

specify how the parameters, namely real masses and FI parameters, scale with the radius

of the S1 as it goes to zero.
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One possibility consists of the Higgs limit, where the matter fields remain light while

the Coulomb branch is lifted. Alternatively, one can consider the opposite limit, called

Coulomb limit. At the level of the partition function, the two limits are implemented by

the following properties of the q-Pochhammer symbol, in terms of which the contribution

of a 3d chiral field is written,

lim
q→1

(qx; q)∞
(qy; q)∞

=
Γ(y)

Γ(x)
(1− q)y−x

lim
q→1

(zqx; q)∞
(zqy; q)∞

= (1− z)y−x . (1.1)

The first identity is used when considering the Higgs limit, while the second is used for the

Coulomb limit. Hence, the Higgs limit typically results in the partition function on D2 or

S2 of a GLSM, where the contribution of a 2d chiral is written in terms of gamma functions.

Instead, the result of the Coulomb limit with some manipulations can be mapped to the

partition function of a Landau-Ginzburg model with logarithmic twisted superpotential.

If we have a mirror or spectral dual pair, since Coulomb and Higgs branches are

swapped, if we take the Higgs limit on the electric side we are forced to take the Coulomb

limit on the magnetic dual side. This is how 3d Mirror Symmetry reduces in 2d to the

Hori-Vafa duality [7].

However, as a matter of fact the integrals that one gets in the Coulomb limit are directly

mappable to DF integrals. In particular, in [5] it was suggested that taking the q → 1 limit

of a spectral dual pair [8] yields a relation between a 2d gauge theory and DF conformal

block. For example, in the case of the FT [SU(N)] theory one gets the integral block for

two arbitrary and N degenerate primaries in AN−1 Toda theory. This is basically the 2d

version of the map by [1, 2] between a correlator with degenerate operators (represented

as a screening integral) and the vortex partition function of 2d surface operator.

Another possibility is to consider the 2d limit of 3d Seiberg-like dualities, such as the

Aharony duality [9] and some variants with monopole superpotential discussed in [10]. In

these cases, Higgs and Coulomb branch are not exchanged by the duality. Hence, we can

take the Higgs limit on both sides of the duality, obtaining a duality between GLSM’s

which is a sort of 2d version of the Seiberg-like duality we started with. Conversely, we

can consider the Coulomb limit of the dual theories, which will result in some identities

between DF integrals.

Indeed we show that by carefully taking the Coulomb limit of the superconformal

index, that is the partition function on S2 × S1, for the monopole dualities [10], we land

on the duality relations between DF conformal correlators that can be found for instance

in [11, 12].

One can then try to reverse the process: is it possible to uplift some known dualities

between DF integrals in 2d CFT to genuine (IR, not mass deformed) dualities between 3d

gauge theories? This is the philosophy of this paper and its companion [13]. More precisely,

what we are doing is not reversing the RG flow, but guessing what is the 3d gauge theory

ancestor of the 2d relation between DF correlators.
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The first example where we are able to perform such an uplift is what revolves around

the evaluation of the 3-point function in 2d Liouville CFT. It was observed in [14] that by

integrating over the Liouville zero modes, correlators of k primary operators develop poles

when the momenta satisfy the screening quantization condition

α ≡ α1 + · · ·+ αk = Q−Nb, N ∈ N , (1.2)

where Q = b+b−1 and b is the coupling constant appearing in the central charge c = 1+6Q2.

The residue in turn takes the form of a free-field Dotsenko-Fateev (DF) correlator with N

screening charges.

In the case of the 3-point correlator yielding the structure constant C(α1, α2, α3),

we have

res
α=Q−Nb

C(α1, α2, α3) = (−πµ)NIN (α1, α2, α3) , (1.3)

with

IN (α1, α2, α3) =

∫ N∏
j=1

|tj |−4bα1 |tj − 1|−4bα2

N∏
i<j

|ti − tj |−4b2 d2~tN (1.4)

and

d2~tn =
1

πnn!

n∏
k=1

d2tk . (1.5)

The integral (1.4) was calculated exactly in [15] and then used to guess the form of the

3-point function via analytic continuation, as we will review. However, in [11] a different

derivation of the evaluation formula of (1.4) was provided, based on the duality relation

for the DF integrals [12]:∫ Nc∏
i<j

|yi − yj |2
Nc∏
i=1

Nf∏
a=1

|yi − τa|2pad2~yNc =

∏Nf
a=1 γ(1 + pa)

γ(1 +Nc +
∑

a pa)

Nf∏
a<b

|τa − τb|2(1+pa+pb)

×
∫ Nf−Nc−1∏

i<j

|ui − uj |2
Nf−Nc−1∏

i=1

Nf∏
a=1

|ui − τa|−2(1+pa)d2uNf−Nc−1 ,

(1.6)

which corresponds to the 2d Coulomb limit of the duality with one monopole in the super-

potential proposed in [10]. Repeated application of the duality yields the following relation

between the original integral and the same integral with dimension decreased by one unit

IN (α1, α2, α3) =

(
γ(−Nb2)

γ(−b2)

)
1

γ(2bα1)γ(2bα2)γ(2bα3 + (N − 1)b2)

× IN−1(α1 + b/2, α2 + b/2, α3) , (1.7)

with γ(x) = Γ(x)/Γ(1 − x). Iterating this procedure N times, we obtain the evaluation

formula

IN (α1, α2, α3) =
N∏
k=1

(
γ(−kb2)

γ(−b2)

)N−1∏
j=0

1

γ(2bα1 + jb2)γ(2bα2 + jb2)γ(2bα3 + jb2)
. (1.8)
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Monopole Duality Aharony Duality
N−1 1

+ 3 singlets

N 1N−1
M−

WZ model with 3N singlets 
n=Niterate N−n 1

+ 3n singlets
N−2 1

+ 6 singlets

N−1 1N−2
M−

Figure 1. Diagrammatic representation of the manipulations we perform in the derivation of

the duality.

At this point one would like to find an expression which depends parametrically on

N , so that we can analytically continue it to non-integer values lifting the screening con-

dition (1.2) and reconstructing the structure constant C(α1, α2, α3) for generic values of

momenta. This was done by [16, 17] (see also [18])

C(α1, α2, α3) =
[
πµγ(b2)b2−2b2

] (Q−α)
b Υ′(0)

∏3
k=1 Υ(2αk)

Υ(α−Q)
∏3
k=1 Υ(α− 2αk)

, (1.9)

where Υ(x) satisfies the periodicity relations

Υ(x+ b) = γ(bx)b1−2bxΥ(x)

Υ(x+ b−1) = γ(b−1x)b2b
−1x−1Υ(x) .

(1.10)

In particular, this is the unique function having the correct set of zero points

x =

{
−mb− nb−1,

Q+mb+ nb−1,
m, n = 0, 1, 2, . . . , (1.11)

which means that the analytic continuation (1.9) of (1.8) truly is the full 3-point function.

We will show that this story has a 3d counterpart. The evaluation formula of the IN
integral (1.8) is actually uplifted to a genuine 3d duality relating a U(N) theory with one

adjoint chiral and one fundamental flavor and a Wess-Zumino (WZ) model with 3N chiral

fields, which has been recently proposed in [19].

Here we provide an alternative and very insightful derivation of this duality which

retraces the steps that are done in CFT. Basically we derive it by iterating two fundamental

dualities, the one with one monopole in the superpotential [10] and the Aharony duality [9].

We start considering an auxiliary quiver theory with U(N − 1) × U(N) gauge group

and with single linear monopole superpotential turned on at the U(N −1) node. From this

theory, we can move in two directions as shown in figure 1. If we apply first the duality

with one monopole superpotential on the U(N −1) node this confines and we return to the

original theory. Instead if we apply Aharony duality on the U(N) node, this is confined and

we reach a dual frame where we basically have the same theory but with a lower rank and

three extra singlets. If we iterate N times this sequential combination of the one-monopole

and the Aharony duality, we end up with a WZ model with 3N gauge singlets, which is

the claimed dual theory.
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Q2 Q3

Q1 N D 3

Figure 2. Schematic representation of the geometric transition from the 5d T2 theory to the 3d

U(N) theory. At the first step we un-resolve the singularity of the quantized P1. At the second

step, we move apart the two sets of intersecting five-branes, between which can then stretch N D3

branes. On this D3 branes lives the U(N) theory.

Interestingly, we are also able to make sense of the analytic continuation in the rank N

from the gauge theory point of view. Indeed, we can perform an analytic continuation of

the 3d partition function (for example on S3 or S2 × S1) of our WZ theory in terms of 5d

hypermulipelts (on S5 or S4 × S1) and show that it can be regarded as the residue of the

5d partition function of the T2 theory when one of the Kähler parameters is quantized. For

this quantized value the theory undergoes geometric transition and we can then interpret

the U(N) theory as the defect theory on the N stretched D3 branes, as shown in figure 2.

This interpretation was first put forward in [1, 2] in the context of the Gauge-Liouville

triality and here we can see a very neat realization of this idea.

One can profitably follow the philosophy explained in this paper to derive new non-

trivial 3d dualities from known duality relations for DF integrals. For example in a com-

panion paper [13] we will uplift the integral identities found in [11] for the correlators of 3

arbitrary and k degenerate primaries in Liouville theory. This will lead to a 3d duality for

a U(N) gauge theory with one adjoint chiral and k + 1 flavors, which generalizes the one

discussed in this paper.

2 The 3d duality

2.1 Statement of the duality and map of the chiral ring generators

As we mentioned in the Introduction, the evaluation formula of the IN integral (1.8) can

be uplifted to the genuine 3d duality recently proposed in [19], which can be considered as

a non-abelian generalization of the duality between SQED with one flavor and the XYZ

model [20]. In this section we review this duality and present an alternative derivation.

The duality relates:

Theory A: U(N) gauge theory with one adjoint chiral Φ, one fundamental flavor P , P̃ ,

N chiral singlets βj and superpotential

W =

N∑
j=1

βjTrΦj . (2.1)
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Theory B: WZ model with 3N chiral singlets αj , T
±
j and cubic superpotential

Ŵ =
N∑

i,j,l=1

αiT
+
j T
−
N−l+1δi+j+l,2N+1 . (2.2)

A key role is played by the β-fields, whose equations of motion have the effect of setting

to zero all the Casimir operators TrΦj in the chiral ring. Indeed, such Casimir operators

are expected to violate the unitarity bound, which means that they become a decoupled

free sector of the theory in the IR. In [21] it was shown that the correct way to deal with

such operators is to flip them by introducing some additional gauge singlet chiral fields

that couple to them in the superpotential. The β-fields have the interesting property of

vanishing in the chiral ring because of some quantum effects. One argument for this was

already used in [22], following [23]. If any of these gauge singlets, say βk, acquires a non-

vanishing VEV, then a superpotential of the form W = TrΦk is generated, but the theory

with such a superpotential has no stable supersymmetric vacua because of the very low

number of flavors.

The global symmetry group of Theory A consists of two abelian flavor symmetries,

one rotating the adjoint chiral and the second rotating the fundamental flavor, and the

topological symmetry

U(1)τ ×U(1)µ ×U(1)ζ . (2.3)

For each of the U(1) flavor symmetries we can turn on a real mass, which we denote

respectively with Re(τ) and Re(µ), while for the topological symmetry we turn on an FI

parameter ζ. The two abelian flavor symmetries can mix with the R-symmetry in the IR,

so to each of them we also associate a mixing coefficient. We parametrize the mixing with

U(1)τ by 1−R and the one with U(1)µ by r.

The one in (2.3) is also the global symmetry group of Theory B because of the cubic

superpotential. In table 1 we summarize the charges of all the chiral fields of the two

theories under the global symmetries and we also specify our parametrization of the R-

charges in terms of r and R.

As a first check of the duality, we can map the chiral ring generators of the two theories.

This is basically a non-abelian generalization of the map for the SQED/XYZ duality, where

the two monopole operators and the meson of the electric theory are mapped into the three

gauge singlets of the magnetic theory. In our case, we can dress these fundamental operators

with powers of the adjoint chiral Φ [24]. In total, we get 3N independent operators that

generate the chiral ring of Theory A

M±Φs , Tr
(
P̃ΦsP

)
, s = 0, · · · , N − 1 . (2.4)

Their charges under the global symmetries are listed in table 1. These operators directly

map under the duality into the 3N singlets of the WZ theory

M+
Φs ↔ T+

s+1

M−Φs ↔ T−N−s

Tr
(
P̃ΦsP

)
↔ αs+1, s = 0, · · · , N − 1 . (2.5)
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U(1)τ U(1)µ U(1)ζ U(1)R

P 0 1 0 r

P̃ 0 1 0 r

Φ 2 0 0 2(1−R)

βj −2j 0 0 2− 2j(1−R)

M±Φs −2(N − s− 1) −1 ±1 1− r − 2(N − s− 1)(1−R)

Tr
(
P̃ΦsP

)
2s 2 0 2r + 2s(1−R)

αi 2(i− 1) 2 0 2r + 2(i− 1)(1−R)

T+
j −2(N − j) −1 1 1− r − 2(N − j)(1−R)

T−N−l+1 −2(N − l) −1 −1 1− r − 2(N − l)(1−R)

Table 1. Charges under the global symmetries and R-charges of all the chiral fields and all the

chiral ring generators of the dual theories.

We can also look at the localized partition functions on the squashed three-sphere

S3
b [25–27], which we write following the convention of the last two references. The localized

partition function reduces to a matrix integral over the zero mode of the real scalar in the

Cartan of the gauge group. A chiral field of R-charge RQ and real mass z for a U(1)z

symmetry contributes by sb

(
iQ2 (1−RQ)− z

)
, where the double sine function is defined

in appendix A.1. Finally mixed Chern-Simons couplings contribute as exponentials of

quadratic forms of real masses for the flavor or R-symmetries and real scalars.

At the level of three-sphere partition functions the duality is encoded in the following

integral identity:

ZTA =
N∏
j=1

sb

(
−iQ

2
+ 2jτ

)∫
dxN e2πiζ

∑
α xα

∏N
α,β=1 sb

(
iQ2 + (xα − xβ)− 2τ

)
∏N
α<β sb

(
iQ2 ± (xα − xβ)

)
×

N∏
α=1

sb

(
i
Q

2
± xα − µ

)

=

N∏
j=1

sb

(
i
Q

2
− 2µ− 2(j − 1)τ

)
sb (−ζ + µ+ 2(N − j)τ) sb (ζ + µ+ 2(j − 1)τ)

= ZTB . (2.6)

The integration measure is defined including the Weyl symmetry factor of the gauge group

dxN =
1

N !

N∏
i=1

dxi . (2.7)

The mixing coefficients with the R-symmetry and the real masses for the U(1)τ and U(1)µ
symmetries appear in the localized partition function through the holomorphic combina-

tions [25]

τ = Re(τ) + i
Q

2
(1−R) , µ = Re(µ) + i

Q

2
r . (2.8)
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Notice that by looking at the argument of the double-sine functions we can read out the

R-charges of the various fields in (2.6) and see that they are consistent with our parametriza-

tion in table 1.

This integral identity already appeared in the mathematical literature in [28] and

connected to this 3d duality in [29].

2.2 Derivation through stabilization

Following the logic we sketched in the Introduction, we will now propose a derivation of

the duality that retraces the steps performed in [11] to evaluate the DF integral associated

to the 3-point function in Liouville theory. This derivation iterates some basic dualities,

namely the Aharony duality [9] and some variants with monopole superpotential proposed

in [10] that we are now going to quickly review. In particular, we stress the effect of the

contact terms predicted by these dualities, which play a fundamental role in our derivation.

2.2.1 Basic dualities

Two-monopole duality. The most fundamental of the dualities we are going to need

was first proposed in [10]:

Theory 1: U(Nc) with Nf fundamental flavors and superpotential

W = M+ + M− . (2.9)

Theory 2: U(Nf − Nc − 2) with Nf fundamental flavors, N2
f singlets (collected in a

matrix Mij) and superpotential

Ŵ =

Nf∑
i,j=1

Mij q̃iqj + M̂+ + M̂− . (2.10)

The monopole superpotential completely breaks both the axial and the topological sym-

metry, so that the global symmetry group of the two theories is SU(Nf ) × SU(Nf ). At

the level of three-sphere partition functions, this duality is represented by the following

integral identity

ZT1 =
1

Nc!

∫ Nc∏
i=1

dxi

∏Nc
i=1

∏Nf
a=1 sb

(
iQ2 ± (xi +Ma)− µa

)
∏Nc
i<j sb

(
iQ2 ± (xi − xj)

)
=

1

(Nf −Nc − 2)!

Nf∏
a,b=1

sb

(
i
Q

2
− (µa + µb −Ma +Mb)

)

×
∫ Nf−Nc−2∏

i=1

dxi

∏Nf−Nc−2
i=1

∏Nf
a=1 sb (±(xi −Ma) + µa)∏Nf−Nc−2

i<j sb

(
iQ2 ± (xi − xj)

) = ZT2 , (2.11)

where Ma, µa are real masses corresponding to the Cartan subalgebra of the diagonal and

the anti-diagonal combinations of the two SU(Nf ) flavor symmetries. The vector masses
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sum to zero
∑
Ma = 0, while the axial masses have to satisfy the constraint

2

Nf∑
a=1

µa = iQ(Nf −Nc − 1) , (2.12)

which is often referred to in the mathematical literature as “balancing condition”. This

constraint implies that the two fundamental monopoles are exactly marginal and is con-

sistent with the fact that the axial symmetry is broken. Notice also that we have no FI

contribution to the partition function, which is instead consistent with the fact that the

topological symmetry is broken. In section 3.1 we will show how this duality, when formu-

lated on S2 × S1, reduces in the 2d Coulomb limit to the basic duality between complex

DF integrals used in [11].

As shown in [10], from the two-monopole duality we can derive various other dualities

by performing suitable real mass deformations.

One-monopole duality. If we start with Nf + 1 flavors and integrate one of them out,

we restore a combination of the axial and the topological symmetry, obtaining a duality

for theories with only one of the two monopoles turned on in the superpotential:

Theory 1: U(Nc) with Nf fundamental flavors and superpotential

W = M− . (2.13)

Theory 2: U(Nf − Nc − 1) with Nf fundamental flavors, N2
f singlets (collected in a

matrix Mij), an extra singlet S+ and superpotential

Ŵ =

Nf∑
i,j=1

Mij q̃iqj + M̂+ + S+M̂− . (2.14)

Implementing the real mass deformation on the partition functions, we get the following

identity

ZT1 =
1

Nc!

∫ Nc∏
i=1

dxi eiπ(
∑Nc
i=1 xi)(η−iQ)

∏Nc
i=1

∏Nf
a=1 sb

(
iQ2 ± (xi +Ma)− µa

)
∏Nc
i<j sb

(
iQ2 ± (xj − xi)

)
=

1

(Nf −Nc − 1)!
e
−iπ

(
2
∑Nf
a=1Maµa+(η−iQ)

∑Nf
a=1Ma

)
sb

(
i
Q

2
− η
)

×
Nf∏
a,b=1

sb

(
i
Q

2
− (µa + µb −Ma +Mb)

)

×
∫ Nf−Nc−1∏

i=1

dxi eiπη
∑Nc
i=1 xi

∏Nf−Nc−1
i=1

∏Nf
a=1 sb (±(xi −Ma) + µa)∏Nf−Nc−1

i<j sb

(
iQ2 ± (xj − xi)

) = ZT2 . (2.15)

Notice that an FI contribution has been generated, which is consistent with the fact that a

combination of the axial and the topological symmetry has been restored. Indeed, we now
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have one additional parameter η and the balancing condition has become

η + 2

Nf∑
a=1

µa = iQ(Nf −Nc) . (2.16)

Aharony duality. Starting from the two-monopole duality with Nf + 2 flavors and

integrating two of them out we completely restore both the axial and the topological

symmetry and we get Aharony duality [9]:

Theory 1: U(Nc) with Nf flavors and superpotential W = 0.

Theory 2: U(Nf − Nc) with Nf flavors, N2
f singlets (collected in a matrix Mij), two

extra singlets S± and superpotential Ŵ =
∑Nf

i,j=1Mij q̃iqj + S−M̂+ + S+M̂−.

At the level of partition functions, the result of the real mass deformation is

ZT1 =
1

Nc!

∫ Nc∏
i=1

dxi eiπξ(
∑Nc
i=1 xi)

∏Nc
i=1

∏Nf
a=1 sb

(
iQ2 ± (xi +Ma)− µa

)
∏Nc
i<j sb

(
iQ2 ± (xj − xi)

)
= e−iπξ

∑Nf
a=1Masb

(
i
Q

2
−
iQ(Nf −Nc + 1)− 2

∑Nf
a=1 µa ± ξ

2

)

×
Nf∏
a,b=1

sb

(
i
Q

2
− (µa + µb −Ma +Mb)

)
(2.17)

× 1

(Nf −Nc)!

∫ Nf−Nc∏
i=1

dxi eiπξ
∑Nc
i=1 xi

∏Nf−Nc
i=1

∏Nf
a=1 sb (±(xi −Ma) + µa)∏Nf−Nc

i<j sb

(
iQ2 ± (xj − xi)

) = ZT2 .

An important remark is in order. Notice that the real mass deformation has produced

some mixed Chern-Simons couplings between background vector multiplets for the global

symmetries, both in the one-monopole duality and in Aharony duality. These are related

to contact terms in the two-point functions of the corresponding conserved currents as

shown in [30, 31], where it was also discussed their role in dualities, in particular their

importance in order for the matching of partition functions on S3 or S2 × S1 to work.

In the case of the one-monopole duality, we can see that they represent an interaction

between the combination of the axial and the topological symmetry that has been restored

and the flavor symmetry. Instead, in the case of Aharony duality we have an interaction

between the topological and the flavor symmetry. These mixed background Chern-Simons

couplings are encoded in the phases that appear as prefactors in the partition functions

of the magnetic duals in (2.15) and (2.17). Some of these phases would simply be equal

to one when imposing that the vector masses in the Cartan of the non-abelian symmetry

SU(Nf ) sum to zero
∑

aMa = 0. However, when the symmetry is gauged to become a

U(Nf ) gauge node, as for example if we apply the duality inside a quiver gauge theory,

then these contributions become non-trivial BF couplings.

As we will discuss in more details in section 2.3.2, these BF couplings play a funda-

mental role, since they modify the charges of the monopoles under the global symmetries.
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In some cases, they might become uncharged under some of the global symmetries and

also exactly marginal because of a BF coupling between the R-symmetry and the gauge

symmetry that makes the monopoles have R-charge 2. When this happens, a monopole

superpotential may be generated, which breaks the abelian symmetries under which the

monopole is still charged. In other cases, the opposite might happen, that is a monopole

superpotential term disappears after applying one of the two dualities on an adjacent node

since the monopole quantum numbers have changed because of the BF couplings.

The bottom line is that if we consider applying the duality with one monopole or

Aharony duality on a node inside a quiver, it will also affect the adjacent gauge nodes by

modifying the charges of the corresponding monopole operators. This remark is funda-

mental to understand the derivation of the duality we are going to present.

2.2.2 Derivation of the duality

As we sketched in figure 1, the idea is to combine the one-monopole and the Aharony

duality to find a dual frame for Theory A with lower rank and some extra singlets.

1) The first step consists in viewing Theory A as the result of the application of the

one-monopole duality to an auxiliary U(N − 1) × U(N) quiver theory. The quiver

has a flavor attached to the U(N) node and N − 1 singlets βk flipping the traces of

the (k− 1)-th powers of the meson constructed with the bifundamental chirals Q, Q̃

connecting the two gauge nodes

TrNMk−1 k = 1, · · · , N , (2.18)

where TrN denotes the trace over the U(N) color indices and

M = TrN−1Q̃Q (2.19)

transforms in the adjoint representation of U(N). In the auxiliary quiver theory there

is also the negative fundamental monopole of the U(N − 1) node turned on in the

superpotential and a BF coupling between the axial symmetry U(1)τ and the gauge

symmetry of the U(N) node.1 This BF coupling compensates a similar BF coupling

which is generated when we apply the one-monopole duality to the U(N − 1) node,

which confines since the number of flavors connected to it is N , yielding a U(N)

theory with one flavor. Moreover, the matrix of gauge singlets M appearing in the

magnetic dual of the one-monopole duality reconstructs exactly the adjoint chiral for

the U(N) node, while the singlet S+ is identified with the βN singlet field. So we

recovered Theory A.

2) The second step consists in starting from the auxiliary quiver theory and applying

the Aharony duality to the U(N) node, which confines since the number of flavors

connected to it is N . Hence, we obtain a U(N−1) theory with one flavor. The matrix

1Because of this BF coupling, the fundamental monopoles at the U(N) node with opposite magnetic

charge have different charge under U(1)τ , which implies that charge conjugation is broken in the auxiliary

theory (see section 2.3.2).
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of gauge singlets M in the magnetic dual of the Aharony duality then reconstructs

the adjoint chiral for the U(N − 1) node, the fundamental flavor and a singlet, while

two more singlets come from S±. Moreover, as we reviewed in the previous section,

the Aharony duality produces some contact terms that become BF couplings for

the U(N − 1) node. These BF couplings have the effect of changing the quantum

numbers of the monopole operator, which is removed from the superpotential (see

section 2.3.2). So we obtain a dual frame for Theory A which is actually the same

theory but with rank decreased by one unit and three extra singlets. These three

singlets map to the highest dressed monopoles and mesons of the theory with U(N)

gauge group. Indeed, in the U(N − 1) frame we can only construct 3(N − 1) dressed

monopoles and mesons, which map to the same operators in the original U(N) theory.

We thus see that the sequential application of the one-monopole and the Aharony

duality only decreases the rank of theory A (besides producing extra singlets). For this

reason, we say that Theory A is stable under the sequential application of these two basic

dualities. If we iterate this procedure N times, we completely confine the original gauge

node and end up with a WZ model with 3N gauge singlets, which is the claimed dual theory.

We can repeat the steps we just described in field theory but at the level of partition

functions, thus providing a new analytical proof of the identity (2.6). This is useful to

better understand the role of the contact terms dictated by the basic dualities. We start

considering the partition function of Theory A

ZN (τ, ζ, µ) ≡ ZTA =

N∏
j=1

sb

(
−iQ

2
+ 2jτ

)
1

N !

∫ N∏
α=1

dxα e2πiζ
∑
α xα

×

∏N
α,β=1 sb

(
iQ2 + (xα − xβ)− 2τ

)
∏N
α<β sb

(
iQ2 ± (xα − xβ)

) N∏
α=1

sb

(
i
Q

2
± xα − µ

)
. (2.20)

The first step of the derivation consists of replacing the contribution of the adjoint chiral

with an auxiliary U(N − 1) integral using (2.15), where we identify Φ with the matrix M .

In this way, we get the partition function of the auxiliary theory

ZN (τ, ζ, µ) =

N−1∏
j=1

sb

(
−iQ

2
+ 2jτ

)
1

(N − 1)!

∫ N−1∏
α′=1

dyα′
e−2πiNτ

∑
α′ yα′∏N−1

α′<β′ sb

(
iQ2 ± (yα′ − yβ′)

)
× 1

N !

∫ N∏
α=1

dxα
e2πi(ζ−(N−1)τ)

∑
α xα∏N

α<β sb

(
iQ2 ± (xα − xβ)

) N∏
α=1

sb

(
i
Q

2
± xα − µ

)

×
N−1∏
α′=1

sb

(
i
Q

2
± (xα + y′α)− τ

)
. (2.21)

Notice the shift in the FI parameter of the U(N) node by an amount proportional to the

axial mass τ , which represents the BF coupling between the U(1)τ symmetry and the gauge

symmetry we mentioned above.
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Now we can remove the original integral by means of Aharony duality (2.17), which in

the case Nf = Nc = N becomes an evaluation formula

ZN (τ, ζ, µ) =

N−1∏
j=1

sb

(
−iQ

2
+ 2jτ

)
sb

(
i
Q

2
− 2µ

)
sb (ζ + µ)

× sb (−ζ + µ+ 2(N − 1)τ)
1

(N − 1)!

∫ N−1∏
α=1

dyα e−2πi(ζ+τ)
∑
α yα

×

∏N−1
α,β=1 sb

(
iQ2 ± (yα − yβ)− 2τ

)
∏N−1
α<β sb

(
iQ2 ± (yα − yβ)

) N−1∏
α=1

sb

(
i
Q

2
± yα − µ− τ

)
. (2.22)

At this point, we notice that we have reconstructed the same structure of the original

partition function (up to the change of variables yi → −yi), but with a lower dimensional

integral, a shift of the parameters and three singlets:

ZN (τ, ζ, µ) = sb

(
i
Q

2
− 2µ

)
sb (ζ + µ) sb (−ζ + µ+ 2(N − 1)τ)ZN−1(τ, ζ + τ, µ+ τ) .

(2.23)

We refer to this property of the original partition function saying that it is stabilized with

respect to the two moves we performed.

Notice that when we applied the Aharony duality to arrive at (2.22), the contact

term from (2.17) given by e−2πi(ζ−(N−1)τ)
∑
α yα becomes a BF coupling for the remaining

U(N − 1) node. More precisely, this contains a mixed CS term between the gauge and

the topological symmetry U(1)ζ . Thus, we conclude that the topological symmetry U(1)ζ
is not broken and hence the monopole can’t be turned on in the superpotential anymore.

We also see that ζ is shifted by τ and, as we will explain later in section 2.3.2, we can

interpret this as the fact that the monopoles with positive and negative magnetic charge

have different charge under the axial symmetry U(1)τ , which means that at this stage

charge conjugation is broken.

Finally we can use the stabilization property to highly simplify our expression by

reducing the dimension of the integral, which from the field theory perspective is the rank

of the gauge group. Indeed, iterating n times the two steps that we performed, we get

ZN (τ, ζ, µ) =
n∏
j=1

sb

(
i
Q

2
− 2µ− 2(j − 1)τ

)
sb (−ζ + µ+ 2(N − j)τ)

× sb (ζ + µ+ 2(j − 1)τ)ZN−n(τ, ζ + nτ, µ+ nτ) . (2.24)

If we set n = N , we completely confine the original gauge node and obtain the partition

function of the WZ dual theory

ZTA = ZN (τ, ζ, µ) =
N∏
j=1

sb

(
i
Q

2
− 2µ− 2(j − 1)τ

)
× sb (−ζ + µ+ 2(N − j)τ) sb (ζ + µ+ 2(j − 1)τ) = ZTB . (2.25)
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2.3 Superconformal index

We mentioned several times that, when we apply a duality to a given node inside a quiver,

contact terms become BF couplings which modify the charges of the monopole operators.

The best way to understand this is by looking at the superconformal index, as we show in

this section.

Since our discussion focuses on BF couplings, it is enough to consider the unrefined

version of the index where we don’t turn on magnetic fluxes for the global symmetries,

however by doing so we will not be able to see the contribution of the contact terms.

2.3.1 Definition and computation

The unrefined version of the superconformal index is defined as

I(x, t) = Tr

[
(−1)F e−β

′(E−R−j)xE+j
∏
i

tFii

]
, (2.26)

where E, j and R are quantum numbers corresponding to the bosonic part of the super-

conformal group SO(2, 3) × SO(2) for three-dimensional N = 2 theories compactified on

S2, namely the energy, the R-charge and the third component of the angular momentum,

while ti and Fi are fugacities and charges for global symmetries. Only BPS states which

saturate the bound {
Q,Q†

}
= E −R− j ≥ 0 , (2.27)

where Q is one of the four supercharges, contribute to the index, so that this is actually in-

dependent from β′. The superconformal index has been computed as the partition function

on S2 × S1 using supersymmetric localization in [32]

I(x, t) =
1

|W|
∑
m

∫
du

2πi u
ZclZvecZchir , (2.28)

where (u,m) are the fugacity and the flux for the gauge symmetry and |W| is the dimension

of the Weyl group.

The classical contribution consists of Chern-Simons terms. A pure CS interaction takes

the form

Zcl =

Nc∏
i=1

(−ui)−kmi , (2.29)

where Nc is the rank of the gauge group and k is the level of the CS interaction. A mixed

CS coupling between the gauge vector multiplet and the background vector multiplet for

the topological symmetry (FI coupling) for which we turn on the fugacity ω contributes as

Zcl =

Nc∏
i=1

ωmi . (2.30)

The contribution of the vector multiplet instead is

Zvec =
∏
α∈g

x−|α(m)|/2
(

1− uαx|α(m)|
)
, (2.31)

where α are the roots of the lie algebra g of the gauge group.
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Finally, we have contributions from chiral multiplets which transform in the represen-

tation R of the gauge group and RG of the global symmetry group

Zchi =
∏
ρ∈R

∏
σ∈RG

(
(−u)ρtσxRQ−1

)−|ρ(m)|/2
(
u−ρt−σx2−RQ+|ρ(m)|;x2

)
∞(

uρtσxRQ+|ρ(m)|;x2
)
∞

, (2.32)

where ρ and σ are the weights of the representations R and RG, t denotes the fugacity for

the global symmetry and x the fugacity for the R-symmetry and we allowed the possibility

of an anomalous R-charge RQ.

It is worth pointing out an interesting feature of the superconformal index. Once we

collect all the contributions and focus on the total prefactor multiplying the q-factorial,

we can see that each fugacity z for an abelian symmetry U(1)z appears raised to a power

zεz(~m) and εz(~m) gives the charge of the monopole of magnetic charge ~m under U(1)z.

As an example, let us consider a U(Nc) gauge theory with Nf fundamental flavors and

W = 0. The global symmetry group is

SU(Nf )× SU(Nf )×U(1)J ×U(1)A . (2.33)

We turn on fugacities ta and sa for the diagonal and anti-diagonal combinations of the non-

abelian symmetries respectively, ω for the topological symmetry, s for the axial symmetry

and x for the R-symmetry. These fugacities are subjected to the constraint

Nf∏
a=1

ta = 1,

Nf∏
a=1

sa = s . (2.34)

As in the case of the S3 partition functions, we turn on also a mixing coefficient which

forms the holomorphic combinations sax
r, since in this case the axial symmetry U(1)A is

the only abelian symmetry that can mix with the R-symmetry and r represents the mixing

parameter. Then, the superconformal index reads

I =
∑
~m∈ZNc

∏Nc
i=1 ω

mi

Nc!

∮ Nc∏
i=1

dui
2πi ui

Nc∏
i<j

x−|mi−mj |
(

1− ui
uj
x|mi−mj |

)(
1− uj

ui
x|mi−mj |

)

×
Nc∏
i=1

Nf∏
a=1

(
sa x

r−1
)−|mi| (u∓1

i t∓1
a s−1

a x2−r+|mi|;x2
)
∞(

u±1
i t±1

a sa xr+|mi|;x2
)
∞

. (2.35)

If we collect all the powers of x, we find an overall factor with exponent

εx(~m) = −
Nc∑
i<j

|mi −mj |+Nf (1− r)
Nc∑
i=1

|mi| , (2.36)

which reproduces the R-charge of the monopoles. Instead, the exponent of s gives the

charge under the axial symmetry U(1)A

εs(~m) = −
Nc∑
i=1

|mi| . (2.37)
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In order to test dualities, we will compute the index as a power series in the R-symmetry

fugacity. When we expand the integrand of (2.28) in powers of x, the coefficients of the

expansion are monomial in the gauge fugacities u. Thus, we can easily evaluate the integral,

whose measure du
2πiu simply selects the constant part in u of these coefficients. In principle,

we still have to perform the infinite sum over the magnetic fluxes. Nevertheless, if we are

interested in computing the index up to some finite order h in x, only those configurations

of the magnetic fluxes such that ε(~m) ≤ h will contribute and these will be finite in number

provided that

εx(~m) > 0 ∀~m ∈ ZNc . (2.38)

Since εx(~m) computes the R-charge of the monopoles, it is sufficient to check that this

condition is true for the fundamental monopole operators, namely those configurations

where one of the magnetic fluxes is ±1 and all the others are zero. In the case of N = 4

supersymmetry, this condition is satisfied by good theories [33].

For N = 2 supersymmetry, the R-charges of the fields depend on various mixing

parameters and in computing the index we should fix them to values consistent with the

condition (2.38). Moreover, in order for the x-expansion of the integrand to be well-defined

we also need to impose that the R-charge of all the chiral fields is contained between 0 and

2. In conclusion, for computing the superconformal index as a power series in x, we have

to choose the R-symmetry mixing parameters such that

• the R-charge of the fundamental monopoles is positive;

• the R-charge RQ of any chiral field in the theory is 0 < RQ < 2.

2.3.2 Monopole quantum numbers and BF couplings

We can use the superconformal index to explicitly see how turning on a BF coupling be-

tween a background vector field for a global symmetry and the gauge field modifies the

charge of the monopoles under such a symmetry. A BF term contributes to the supercon-

formal index as
Nc∏
i=1

zαmi , (2.39)

where z denotes the fugacity for the global abelian symmetry and α is the coupling of

the BF interaction. Since the overall power of z computes the charge of the monopoles

under the U(1)z symmetry, we see that the effect of introducing such a BF coupling is to

shift the charge by the amount α
∑

imi. Moreover, since the shift depends on mi rather

than on |mi|, monopole operators with opposite magnetic fluxes, such as (±1, 0, · · · , 0),

will acquire different charge. This means that by turning on the BF coupling we also break

charge conjugation symmetry.

As an example, consider again the U(Nc) theory with Nf flavors and W = 0 and

imagine to turn on a BF interaction between the diagonal combination of the non-abelian

symmetries and the gauge symmetry with coupling α

Nc∏
i=1

Nf∏
a=1

sαmia =

Nc∏
i=1

sαmi . (2.40)
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Consequently, the charge of the monopoles under the axial symmetry has changed to

εs(~m) = −
Nc∑
i=1

|mi|+ α

Nc∑
i=1

mi . (2.41)

We can also turn on a similar BF coupling with the R-symmetry

Nc∏
i=1

Nf∏
a=1

xrαmi =

Nc∏
i=1

xNf rαmi , (2.42)

which instead has the effect of modifying the R-charge of the monopoles

εx(~m) = −
Nc∑
i<j

|mi −mj |+Nf (1− r)
Nc∑
i=1

|mi|+Nfrα

Nc∑
i=1

mi . (2.43)

Notice also that in this way we are able to preserve the holomorphicity in s xNf r, since the

total BF term we added is

Nc∏
i=1

Nf∏
a=1

sax
r

αmi

=

Nc∏
i=1

(
s xNf r

)αmi
. (2.44)

Once we have understood how BF couplings affect the monopole quantum numbers, we

can write the superconformal index of a theory with monopole superpotential. Indeed, we

can make a monopole operator exactly marginal, namely having R-charge 2, and uncharged

under some of the abelian global symmetries by adding suitable BF couplings. Then a

monopole superpotential may be generated, which also breaks the symmetries under which

the marginal monopole is still charged.

For example, let’s see how we can turn on a single monopole operator starting from

the U(Nc) theory with Nf flavors and no superpotential. The total BF factor in (2.35) is

ω
∑Nc
i=1mis−

∑Nc
i=1 |mi|x−

∑Nc
i<j |mi−mj |+Nf (1−r)

∑Nc
i=1 |mi| . (2.45)

We can rewrite it in terms of fugacities zD and zA for the diagonal and anti-diagonal

combinations of the axial and the topological symmetry respectively as

z
∑Nc
i=1(mi−|mi|)

D z
−
∑Nc
i=1(mi+|mi|)

A x−
∑Nc
i<j |mi−mj |+Nf (1−r)

∑Nc
i=1 |mi| , (2.46)

with

zD = (s ω)1/2, zA = (s ω−1)1/2 . (2.47)

We can see that the positive monopole M+ is charged under the anti-diagonal combination

of the axial and the topological symmetry, while the negative monopole M− is charged

under the diagonal one.

Now suppose we add a BF coupling that makes the negatively charged monopole

exactly marginal, that is we add

x(Nf (1−r)−(Nc+1))
∑Nc
i=1mi , (2.48)
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so that the prefactor becomes

z
∑Nc
i=1(mi−|mi|)

D z
−
∑Nc
i=1(mi+|mi|)

A x−
∑Nc
i<j |mi−mj |+Nf (1−r)

∑Nc
i=1(|mi|+mi)−(Nc+1)

∑Nc
i=1mi , (2.49)

We see that the negative monopole is now marginal and can enter the superpotential.

This has also the effect of breaking the diagonal combination of U(1)A and U(1)J , so we

correspondingly set zD = 1. The constraint on the axial masses sa (2.34) then reads

Nf∏
a=1

sa = zA . (2.50)

The overall prefactor has become

(zAx
Nf r)−

∑Nc
i=1(mi+|mi|)x−

∑Nc
i<j |mi−mj |+Nf

∑Nc
i=1(|mi|+mi)−(Nc+1)

∑Nc
i=1mi , (2.51)

where we can notice the holomorphic dependence zAx
Nf r, since now the remaining abelian

symmetry corresponding to the anti-diagonal combination of U(1)A and U(1)J can mix

with the R-symmetry.

As a consistency check of our prescription for writing the superconformal index of a

theory with monopole superpotential, we can compute it for the two theories involved in

the one-monople duality discussed in section 2.2.1 and check that they actually match. For

simplicity, we choose to solve the constraint (2.50) with the particular choice

ta = 1, sa = z
1/Nf
A , a = 1, · · · , Nf . (2.52)

The superconformal index of the electric theory is obtained as explained above by adding

suitable BF couplings which make the negatively charged monopole exactly marginal

IT1 =
1

Nc!

∑
~m∈ZNc

z
−
∑Nc
i=1(mi+|mi|)

A x−
∑Nc
i<j |mi−mj |+Nf (1−r)

∑Nc
i=1(mi+|mi|)−(Nc+1)

∑Nc
i=1mi

×
∮ Nc∏

i=1

dui
2πi ui

Nc∏
i<j

(
1−

(
ui
uj

)±1

x|mi−mj |

)
Nc∏
i=1

Nf∏
a=1

(
u∓1
i z
−1/Nf
A x2−r+|mi|;x2

)
∞(

u±1
i z

1/Nf
A xr+|mi|;x2

)
∞

.

(2.53)

In the magnetic theory, we need to turn on a different BF coupling in order for the positive

fundamental monopole to be exactly marginal

IT2 =
1

(Nf −Nc − 1)!

(
z2
Ax

2Nf r−2(Nf−Nc−1);x2
)
∞(

z−2
A x2(Nf−Nc)−2Nf r;x2

)
∞

Nf∏
a,b=1

(
z
−2/Nf
A x2(1−r);x2

)
∞(

z
2/Nf
A x2r;x2

)
∞

×
∑

~m∈ZNf−Nc−1

z
∑Nf−Nc−1

i=1 (−mi+|mi|)
A xNf r

∑Nf−Nc−1

i=1 (−mi+|mi|)−(Nc−Nf )
∑Nf−Nc−1

i=1 mi

× x−
∑Nf−Nc−1

i<j |mi−mj |
∮ Nf−Nc−1∏

i=1

dui
2πi ui

Nf−Nc−1∏
i<j

(
1−

(
ui
uj

)±1

x|mi−mj |

)

×
Nf−Nc−1∏

i=1

(
u∓1
i z

1/Nf
A x1+r+|mi|;x2

)
∞(

u±1
i z
−1/Nf
A x1−r+|mi|;x2

)
∞

. (2.54)
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Nc Nf r h I

1 3 1
2 20 1 + 9z

2/3
A x+ 1

z2A
x+ 36z

4/3
A x2 + 1

z4A
x2 − 17x2 + · · ·

1 4 2
3 12 1 + 1

z2A
x2/3 + 1

z4A
x4/3 + 16

√
zAx

4/3 + 1
z6A
x2 − 31x2 + · · ·

2 4 1
3 14 1 + 16

√
zAx

2/3 + 1
z2A
x4/3 + 136zAx

4/3 + 800z
3/2
A x2 + 16

z
3/2
A

x2 − 31x2 + · · ·

2 5 1
2 14 1 + 25z

2/5
A x+ 1

z2A
x+ 325z

4/5
A x2 + 25

z
8/5
A

x2 + 1
z4A
x2 − 49x2 + · · ·

3 5 3
10 10 1 + 25z

2/5
A x3/5 + 1

z2A
x+ 325z

4/5
A x6/5 + 25

z
8/5
A

x8/5 + 2925z
6/5
A x9/5 + · · ·

3 6 5
12 12 1 + 36 3

√
zAx

5/6 + 1
z2A
x+ 666z

2/3
A x5/3 + 36

z
5/3
A

x11/6 + 1
z4A
x2 − 71x2 + · · ·

4 6 1
4 6 1 + 36 3

√
zAx

1/2 + 666z
2/3
A x+ 1

z2A
x+ 36

z
5/3
A

x3/2 + 8436zAx
3/2 + · · ·

Table 2. Computation of the superconformal index for different values of Nc and Nf up to order

O
(
xh
)
. In the last column we report the first terms of the expansion.

From the exponent of the overall factor of x, we see indeed that the R-charge of the

monopoles is

εx(~m) = −
Nf−Nc−1∑

i<j

|mi−mj |+Nfr

Nf−Nc−1∑
i=1

(−mi + |mi|)− (Nc−Nf )

Nf−Nc−1∑
i=1

mi (2.55)

and a configuration of magnetic fluxes of the form (+1, 0, · · · , 0) corresponds to a monopole

with R-charge 2. Similarly, we can easily verify that the positive monopole is uncharged

under the U(1)A −U(1)J symmetry.

As we explained in the previous section, for computing the index of the two theories

as a power series in x we need to choose r such that the monopoles have positive R-charge

and that all the chiral fields have R-charge between 0 and 2. This gives the constraint

Nf −Nc − 1

Nf
< r <

Nf −Nc

Nf
. (2.56)

We computed the indices of the dual theories for different values of Nc and Nf (see table 2)

and found a perfect match between the coefficients of the two expansions.

We can also turn on both the negatively and positively charged fundamental monopoles

in the superpotential. Looking at the overall BF coupling (2.45) of the theory withW = 0,

we see that in order to make both the monopoles exactly marginal we can simply set the

R-charge of the chirals to the value r =
Nf−Nc−1

Nf
. In this case both the topological and

the axial symmetries are broken, so we have to set ω = s = 1.

2.3.3 Test of the duality between the U(N) theory and the WZ model

We can also use the superconformal index to test the duality between the U(N) theory

and the WZ model by computing it perturbatively in the R-symmetry fugacity x for the

two theories and checking that the expansions match order by order. For this purpose, we
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N R r h I

1 1
2

1
2 20 1 + ω

px
1/2 + 1

pωx
1/2 + ω2

p2
x+ 1

p2ω2x+ p2x+ ω3

p3
x3/2 + 1

p3ω3x
3/2 + · · ·

2 3
4

1
4 8 1 + ω

ps2
x1/4 + 1

ps2ω
x1/4 + ω2

p2s4
x1/2 + 1

p2s4ω2x
1/2 + 1

p2s4
x1/2 + p2x1/2 + · · ·

3 5
6

1
6 4 1 + ω

ps4
x1/6 + 1

ps4ω
x1/6 + ω2

p2s8
x1/3 + 1

p2s8ω2x
1/3 + 1

p2s8
x1/3 + p2x1/3 + · · ·

4 7
8

1
8 2 1 + ω

ps6
x1/8 + 1

ps6ω
x1/8 + ω2

p2s12
x1/4 + 1

p2s12ω2x
1/4 + 1

p2s12
x1/4 + p2x1/4 + · · ·

Table 3. Computation of the superconformal index for different values of N up to order O
(
xh
)
.

In the last column we report the first terms of the expansion.

turn on fugacities ω for the topological symmetry U(1)ζ and s, p for the U(1)τ × U(1)µ
axial symmetries. The mixing of these symmetries with the R-symmetry is parametrized

by 1−R and r respectively. The superconformal index of Theory A then takes the form

ITA =

N∏
j=1

(
s2jx2j(1−R);x2

)
∞(

s−2jx2−2j(1−R);x2
)
∞

∑
~m∈ZN

∏N
i=1 ω

mi

N !

∮ N∏
i=1

dui
2πi ui

s−2
∑N
i<j |mi−mj |

× p−
∑N
i=1 |mi|x2(R−1)

∑N
i<j |mi−mj |−(r−1)

∑N
i=1 |mi|

N∏
i<j

(
1−

(
ui
uj

)±1

x|mi−mj |

)

×
N∏

i,j=1

(
ui
uj
s−2x2R+|mi−mj |;x2

)
∞(

uj
ui
s2x2(1−R)+|mi−mj |;x2

)
∞

N∏
i=1

u±1
i p−1x2−r+|mi|

u∓1
i pxr+|mi|

, (2.57)

while the index of Theory B is

ITB =
N∏
j=1

(
s−2(j−1)p−2x2−2(j−1)(1−R)−2r;x2

)
∞(

s2(j−1)p2x2(j−1)(1−R)+2r;x2
)
∞

(
s2(N−j)pω−1x1+2(N−j)(1−R)+r;x2

)
∞(

s−2(N−j)p−1ω x1−2(N−j)(1−R)−r;x2
)
∞

×
(
s2(j−1)pω x1+2(j−1)(1−R)+r;x2

)
∞(

s−2(j−1)p−1ω−1x1−2(j−1)(1−R−r);x2
)
∞
. (2.58)

In order for the two indices to both have a well-defined expansion in x, we need to choose

the R-symmetry parameters such that

2N − 3

2(N − 1)
< R < 1, 0 < r < 2(N − 1)R+ 3− 2N . (2.59)

We verified the matching of the superconformal indices for N = 1, 2, 3, 4. In table 3 we

summarize the results of our computations.

3 2d Coulomb limit of the superconformal index

In this section, we explain how to perform the dimensional reduction of the superconformal

index that leads to the complex DF integrals. For this purpose, we use the identity [34]

(−x)
|m|−m

2 ζ−
|m|−m

2

(
ζ−1x2+r+|m|;x2

)
∞(

ζ xr+|m|;x2
)
∞

=

(
ζ−1x2+r+m;x2

)
∞

(ζ xr+m;x2)∞
, (3.1)
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to rewrite the index of our theory2 in a form which does not contain absolute values of the

magnetic fluxes. For example, the contribution to the index of a chiral field becomes

Zchi =
∏
ρ∈R

∏
σ∈RG

(
(−z)ρtσxr−1

)− ρ(m)+σ(n)
2

(
z−ρt−σx2−r+ρ(m)+σ(n);x2

)
∞(

zρtσxr+ρ(m)+σ(n);x2
)
∞

, (3.2)

where we also turned on magnetic fluxes n for the global symmetry corresponding to the

fugacity t [35]. We then define the complex variables

za = uax
−ma z̄a = u−1

a x−ma . (3.3)

In this way, the sum over the magnetic fluxes and the contour integral over the gauge

fugacities transform into an integral over the entire complex plane. To be precise, with this

change of variables we are interpreting u = eiθ as the phase and r = e−
β
2
m as the radius

of the complex coordinate (recall that x2 = e−β , where β is the radius of the S1), with m

taking discrete values. Hence, for finite values of β we are only integrating over a discrete

set of concentric circles, but we will recover the integral over the whole complex plane after

taking the limit β → 0. The new integration measure will be∑
m∈Z

∮
du

2πi u
=

∑
r∈e−

β
2 Z

∫ 2π

0

dθ

2π
−→
β→0

∫
C

d2z

πβ|z|2
, (3.4)

where z = reiθ and, after the 2d limit, we are using the same conventions of [11], namely

d2z = dx dy with z = x+ iy. Intuitively, since the integrand depends on the combination

βm with m ∈ Z, in the limit β → 0 this becomes a continuous variable and the concentric

circles fill the entire complex plane.

Schematically, the limit of the index that we are considering is of the form

I = lim
β→0

∑
m∈Z

f(βm) = lim
β→0

lim
M→∞

+M∑
m=−M

f(βm) . (3.5)

We can use the Euler-Maclaurin formula to approximate a finite sum with an integral

n∑
j=m

f(j) =

∫ n

m
f(x) dx +

f(n) + f(m)

2
+R

(
f (k)

)
, (3.6)

where R is the error that we are doing in the approximation and depends polynomially on

the derivatives of the function f . Since our integrand is actually a function of j = βm, we

have that these corrections are of order O(β) and can thus be neglected in the β → 0 limit.

Hence, we can write

I = lim
β→0

lim
M→∞

(∫ M

−M
f(βx) dx +

f(M) + f(−M)

2

)
= lim

β→0
lim
M→∞

(∫ βM

−βM
f(y)

dy

β
+
f(M) + f(−M)

2

)
= lim

β→0

∫ ∞
−∞

f(y)
dy

β
. (3.7)

2Notice that we are not changing the definition of the index, which is still defined as in eq. (2.26).
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Moreover, after the change of variables (3.3) the integrand can be factorized into a

holomorphic and an anti-holomorphic part. This can be achieved by further manipulating

the contributions of the chiral fields by means of the identity

(−ζ)−m
(
ζ−1x2+m;x2

)
∞

(ζ xm;x2)∞
= x−m

(
ζ−1x2−m;x2

)
∞

(ζ x−m;x2)∞
. (3.8)

The holomorphic and the anti-holomorphic parts will then combine in the 2d limit.

The Coulomb limit is eventually implemented using the following limits

lim
x→1

(
x2a;x2

)
∞

(x2b;x2)∞
=

Γ(b)

Γ(a)
(1− x2)b−a ,

lim
x→1

(
zx2a;x2

)
∞

(zx2b;x2)∞
= (1− z)b−a . (3.9)

3.1 Limit of the monopole duality

As we claimed in the Introduction, the identity of the superconformal indices associated to

the two-monople duality reduces in the 2d Coulomb limit to the most fundamental duality

for complex DF integrals [11]

∫
d2~zNc

Nc∏
i<j

|zi − zj |2
Nc∏
i=1

Nf∏
a=1

|zi − τa|2pa =

Nf∏
a=1

γ(1 + pa)

Nf∏
a<b

|τa − τb|2(1+pa+pb) (3.10)

×
∫

d2~zNf−Nc−2

Nf−Nc−2∏
i<j

|zi − zj |2
Nf−Nc−2∏

i=1

Nf∏
a=1

|zi − τa|−2(1+pa) ,

where the momenta have to satisfy the on-shell condition

Nf∑
a=1

pa = −Nc − 1 (3.11)

and the integration measure is

d2~zn =
1

π n!

n∏
i=1

d2zi . (3.12)

There exist also other identities for DF integrals [11, 12] that correspond instead to

the Coulomb limit of the one-monopole and the Aharony duality. For example, the iden-

tity (1.6) that we mentioned in the Introduction is the 2d version of the duality with one

monopole. Recall that these 3d dualities can be obtained from the one with two monopoles

in the superpotential by performing suitable real mass deformations. The analogue proce-

dure in 2d that allows us to recover these other identities for DF integrals from (3.10) is

simply setting one or two of the insertion points τa to zero.

The superconformal index for the two-monopole duality can be obtained following the

prescription given in section 2.3.2, that is we start from (2.35) and we set the R-charge of
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the chiral fields to r =
Nf−Nc−1

Nf
, as well as the fugacities for the broken U(1) symmetries

to ω = s = 1. We also use the identity (3.1) to remove absolute values as explained above.

To perform the 2d limit, we can actually get rid of the dependence from the R-charge

by performing the rescaling of the axial fugacities

sa → sa x
−
Nf−Nc−1

Nf . (3.13)

The flavor fugacities then have to satisfy the balancing condition

Nf∏
a=1

ta = 1,

Nf∏
a=1

sa = xNf−Nc−1 . (3.14)

We also turn on magnetic fluxes na for the diagonal combination of the non-abelian

symmetries SU(Nf ) × SU(Nf ) [35]. This is needed in order to get in the 2d limit the

identity (3.10) with the insertion points taking value on the entire complex plane rather

than just on the unit circle, since these will be identified with τa = tax
−na . From the

point of view of the complex DF integrals, this is fundamental since in the derivations

presented in [11] the identity (3.10) is applied with the insertion points actually being

integration variables. From the 3d gauge theory perspective, in the derivation discussed in

section 2.2 the basic dualities are applied inside a quiver and the diagonal combination of

the non-abelian symmetries SU(Nf ) × SU(Nf ) is gauged. To consistently implement the

gauging at the level of the superconformal index, we have to consider its refined version with

background magnetic fluxes turned on at least for the global symmetry we want to gauge.

The superconformal indices of the dual theories then read

IT1 =
1

Nc!

∑
~m∈ZNc

∮ Nc∏
i=1

dui
2πi ui

Nc∏
i<j

x−(mi−mj)

(
1−

(
ui
uj

)±1

xmi−mj

)

×
Nc∏
i=1

Nf∏
a=1

((−ui)ta)−(mi+na)

(
u∓1
i t∓1

a s−1
a x2±(mi+na);x2

)
∞(

u±1
i t±1

a sax±(mi+na);x2
)
∞

IT2 =
1

(Nf −Nc − 2)!

Nf∏
a,b=1

(
ta
tb
sasbx

−1

)−na−nb
2

(
tb
ta
s−1
a s−1

b x2+(na−nb);x2
)
∞(

ta
tb
sasbxna−nb ;x2

)
∞

×
∑

~m∈ZNf−Nc−2

∮ Nf−Nc−2∏
i=1

dui
2πi ui

Nf−Nc−2∏
i<j

x−(mi−mj)

(
1−

(
ui
uj

)±1

xmi−mj

)

×
Nf−Nc−2∏

i=1

Nf∏
a=1

(
(−ui)t−1

a

)−(mi−na)

(
u∓1
i t±1

a sax
1±(mi−na);x2

)
∞(

u±1
i t∓1

a s−1
a x1±(mi−na);x2

)
∞
. (3.15)

We then introduce the complex variables

zi = uix
−mi z̄i = u−1

i x−mi , τa = tax
−na , τ̄a = t−1

a x−na . (3.16)

At this point, we have to decide how the parameters of the theory scale with the radius β

of the S1 as it goes to zero. In this choice is encoded the physics of the 2d limit [6]. One
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possibility is to rescale both the vector masses and axial masses with the radius. In this

way, all the matter fields remain light and the Higgs branch is preserved. For this reason,

we call it Higgs limit. Moreover, we also need to rescale the integration variables za, which

means that we are looking at the theory close to the origin of the moduli space. This limit

yields an integral identity corresponding to a (massive) duality between 2d GLSM’s.

Instead, we are interested in the opposite limit, namely we want to keep the vector

masses τa finite and rescale the axial masses

sa = xpa+1 . (3.17)

Moreover, we don’t rescale the integration variables za, which means that we are following

the theory in a non-trivial vacuum. In this way, all the matter fields become heavy and

the Higgs branch is lifted. For this reason, we refer to this as Coulomb limit. Notice also

that after the rescaling (3.17), the balancing condition (3.14) precisely becomes the on-shell

condition (3.11).

Before considering the β → 0 limit, we want to rewrite the integrand as the product of

a holomorphic and an anti-holomorphic part. For the contribution of the vector multiplet,

this is immediately done. For example, for Theory 1 we have

ZT1vec =

Nc∏
i<j

x−(mi−mj)

(
1−

(
ui
uj

)±1

xmi−mj

)

=

Nc∏
i<j

∣∣∣∣ zizj
∣∣∣∣ ∣∣∣∣1− zj

zi

∣∣∣∣2 =

Nc∏
i=1

|zi|−Nc+1
Nc∏
i<j

|zi − zj |2 (3.18)

and similarly for the contribution of the vector multiplet in Theory 2. Instead, for the

contribution of chiral fields we need to use identity (3.8). For example, for the chirals

charged under the gauge symmetry of Theory 1 we rewrite

ZT1chir =

Nc∏
i=1

Nf∏
a=1

((−ui)ta)−(mi+na)

(
u∓1
i t∓1

a s−1
a x2±(mi+na);x2

)
∞(

u±1
i t±1

a sax±(mi+na);x2
)
∞

=

Nc∏
i=1

Nf∏
a=1

(
x

sa

)−(mi+na)
(
u∓1
i t∓1

a s−1
a x2−(mi+na);x2

)
∞(

u±1
i t±1

a sax−(mi+na);x2
)
∞

=

Nc∏
i=1

Nf∏
a=1

|ziτa|−pa
(
ziτax

1−pa ;x2
)
∞
(
z̄iτ̄ax

1−pa ;x2
)
∞

(ziτax1+pa ;x2)∞ (z̄iτ̄ax1+pa ;x2)∞
(3.19)

and similarly for those of Theory 2. With analogous manipulations, we can also rewrite

the contribution of the gauge singlets of the dual theory as

ZT2sing =

Nf∏
a,b=1

(
ta
tb
sasbx

−1

)−na−nb
2

(
tb
ta
s−1
a s−1

b x2+(na−nb);x2
)
∞(

ta
tb
sasbxna−nb ;x2

)
∞

(3.20)

=

Nf∏
a=1

(
x−2pa ;x2

)
∞(

x2(1+pa);x2
)
∞

Nf∏
a<b

∣∣∣∣ τbτa
∣∣∣∣1+pa+pb

(
τa
τb
x−pa−pb ;x2

)
∞

(
τ̄a
τ̄b
x−pa−pb ;x2

)
∞(

τa
τb
x2+pa+pb ;x2

)
∞

(
τ̄a
τ̄b
x2+pa+pb ;x2

)
∞

.
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Summing up, the two superconformal indices take now the form

IT1 =
1

Nc!

∫ Nc∏
i=1

d2zi
πβ|zi|2

Nc∏
i=1

|zi|−Nc+1
Nc∏
i<j

|zi − zj |2

×
Nc∏
i=1

Nf∏
a=1

|ziτa|−pa
(
ziτax

1−pa ;x2
)
∞
(
z̄iτ̄ax

1−pa ;x2
)
∞

(ziτax1+pa ;x2)∞ (z̄iτ̄ax1+pa ;x2)∞

IT2 =

Nf∏
a=1

(
x−2pa ;x2

)
∞(

x2(1+pa);x2
)
∞

Nf∏
a<b

∣∣∣∣ τbτa
∣∣∣∣1+pa+pb

(
τa
τb
x−pa−pb ;x2

)
∞

(
τ̄a
τ̄b
x−pa−pb ;x2

)
∞(

τa
τb
x2+pa+pb ;x2

)
∞

(
τ̄a
τ̄b
x2+pa+pb ;x2

)
∞

× 1

(Nf −Nc − 2)!

∫ Nf−Nc−2∏
i=1

d2zi
πβ|zi|2

Nf−Nc−2∏
i=1

|zi|−Nf+Nc+3

Nf−Nc−2∏
i<j

|zi − zj |2

×
Nf−Nc−2∏

i=1

Nf∏
a=1

∣∣∣∣ ziτa
∣∣∣∣pa+1

(
zi
τa
x2+pa ;x2

)
∞

(
z̄i
τ̄a
x2+pa ;x2

)
∞(

zi
τa
x−pa ;x2

)
∞

(
z̄i
τ̄a
x−pa ;x2

)
∞

. (3.21)

We can finally take the 2d limit using (3.9). For Theory 1 we have

lim
β→0
IT1 =

∏Nf
a=1 |τa|−Ncpa

βNc

∫
d2~zNc

Nc∏
i=1

|zi|−Nc−1−
∑
a pa

Nc∏
i<j

|zi − zj |2
Nc∏
i=1

Nf∏
a=1

|1− ziτa|2pa .

(3.22)

Using the on-shell condition (3.11) we can see that the power of |zi| is actually equal to

zero. If we now perform the change of variables zi → z−1
i , we get

lim
β→0
IT1 =

∏Nf
a=1 |τa|−Ncpa

βNc

∫
d2~zNc

Nc∏
i<j

|zi − zj |2
Nc∏
i=1

Nf∏
a=1

|zi − τa|2pa , (3.23)

where again we used the constraint (3.11) to remove a factor of |zi|. Instead, for Theory 2

we have

lim
β→0
IT2 =

1

βNf−Nc−2

Nf∏
a=1

(1− x2)1+2paγ(1 + pa)

Nf∏
a<b

∣∣∣∣ τbτa
∣∣∣∣1+pa+pb

∣∣∣∣1− τb
τa

∣∣∣∣2(1+pa+pb)

×
∫

d2~zNf−Nc−2

Nf−Nc−2∏
i<j

|zi − zj |2
Nf−Nc−2∏

i=1

Nf∏
a=1

∣∣∣∣1− zi
τa

∣∣∣∣−2(1+pa)

, (3.24)

which can be rewritten as

lim
β→0
IT2 =

(1− x2)Nf−2Nc−2

βNf−Nc−2

Nf∏
a=1

|τa|−Ncpa
Nf∏
a=1

γ(1 + pa)

Nf∏
a<b

|τa − τb|2(1+pa+pb)

×
∫

d2~zNf−Nc−2

Nf−Nc−2∏
i<j

|zi − zj |2
Nf−Nc−2∏

i=1

Nf∏
a=1

|zi − τa|−2(1+pa) , (3.25)
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Notice that in both of the expressions for the 2d limit of the two indices we have a divergent

prefactor. Using that for small β we can expand 1 − x2 ≈ β, these prefactors precisely

cancel when we equate them. Also the overall power of |τa| matches and we finally recover

the duality between complex DF integrals (3.10).

3.2 Limit of the duality for the U(N) theory to Liouville 3-point function

We can similarly show that the equality for the superconformal indices of the 3d duality of

section 2 reduces in the 2d Coulomb limit to the evaluation formula (1.8) for the complex

DF integral that represents the 3-point function in Liouville theory. Again, it is convenient

to consider the version of the indices (2.57), (2.58) where we remove the moduli and rescale

the axial fugacities s and p so to absorb the R-symmetry parameters r and R

s→ s xR−1, p→ p x−r . (3.26)

The indices of the dual theories are thus

ITA =
N∏
j=1

(
s−2x2;x2

)
∞

(s2;x2)∞

(
s2j ;x2

)
∞

(s−2jx2;x2)∞

∑
~m∈ZN

∏N
a=1 ω

ma

N !

∮ N∏
a=1

dua
2πiua

×
N∏
a<b

( s
x

)2(ma−mb)
(

1−
(
ua
ub

)±1

xma−mb

) ((ua
ub

)∓1
s−2x2−(ma−mb);x2

)
∞((

ua
ub

)±1
s2x−(ma−mb);x2

)
∞

×
N∏
a=1

(p
x

)ma (u∓1
a p−1x2−ma ;x2

)
∞(

u±1
a p x−ma ;x2

)
∞

ITB =
N∏
j=1

(
s−2(j−1)p−2x2;x2

)
∞(

s2(j−1)p2;x2
)
∞

(
s2(N−j)pω−1x;x2

)
∞(

s−2(N−j)p−1ω x;x2
)
∞

(
s2(j−1)pω x;x2

)
∞(

s−2(j−1)p−1ω−1x;x2
)
∞
, (3.27)

where we already used (3.8) to manipulate the contributions of the chiral fields.

We want to consider the 2d Coulomb limit in which the axial masses and the FI

parameter remain small

s = x2φ1 , p = x2φ2 , ω = x2φ3 , (3.28)

while we keep the integration variables finite in order to follow the theory in a non-trivial

vacuum

za = uax
−ma z̄a = u−1

a x−ma . (3.29)

In this way, the Higgs branch is lifted while the Coulomb branch is preserved.
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Taking this into account, we can rewrite the two indices as

ITA =

N∏
j=1

(
x2(1−2φ1);x2

)
∞

(x4φ1 ;x2)∞

(
x4jφ1 ;x2

)
∞(

x2(1−2jφ1);x2
)
∞

1

N !

∫ N∏
a=1

d2za
πβ

×
N∏
a=1

|za|−2φ3−2φ2−1

(
zax

2−2φ2 ;x2
)
∞
(
z̄ax

2−2φ2 ;x2
)
∞

(zax2φ2 ;x2)∞ (z̄ax2φ2 ;x2)∞

×
N∏
a<b

∣∣∣∣ zbza
∣∣∣∣4φ1 ∣∣∣∣1− zazb

∣∣∣∣2
(
za
zb
x2−4φ1 ;x2

)
∞

(
z̄a
z̄b
x2−4φ1 ;x2

)
∞(

za
zb
x4φ1 ;x2

)
∞

(
z̄a
z̄b
x4φ1 ;x2

)
∞

, (3.30)

ITB =
N∏
j=1

(
x2(1−2(j−1)φ1−2φ2);x2

)
∞(

x4((j−1)φ1+φ2);x2
)
∞

(
x1+4(N−j)φ1+2φ2−2φ3 ;x2

)
∞(

x1−4(N−j)φ1−2φ2+2φ3 ;x2
)
∞

(
x1+4(j−1)φ1+2φ2+2φ3 ;x2

)
∞(

x1−4(j−1)φ1−2φ2−2φ3 ;x2
)
∞
.

At this point, we can take the 2d limit by sending β → 0 and using the identities (3.9).

Implementing this limit on the side of Theory A, we get

lim
β→0
ITA =

N∏
j=1

(1− x2)4φ1(1−j) γ(2φ1)

γ(2jφ1)

× 1

N !

∫ N∏
a=1

d2za
πβ
|za|−2φ3−2φ2−1|1− za|2(2φ2−1)

N∏
a<b

∣∣∣∣ zbza
∣∣∣∣4φ1 ∣∣∣∣1− za

zb

∣∣∣∣8φ1 , (3.31)

Notice that also in this case the result seems to be divergent. Actually, also in the reduction

of the index of Theory B we get a similar prefactor, so that considering the 2d limit of (3.27)

the result is eventually finite

lim
β→0
ITB =

N∏
j=1

(1− x2)−4(N−j)φ1−1γ(2(j − 1)φ1 + 2φ2)γ

(
1

2
− 2(N − j)φ1 − φ2 + φ3

)

× γ
(

1

2
− 2(j − 1)φ1 − φ2 − φ3

)
. (3.32)

Equating the limit of the two indices and using that 1 − x2 ≈ β for β small, we find

that (3.27) reduces to∫ N∏
a=1

d2~zN |za|−2φ3−2φ2−4(N−1)φ1−1|1− za|2(2φ2−1)
N∏
a<b

|za − zb|8φ1

=
N∏
j=1

γ(2jφ1)

γ(2φ1)
γ(2(j − 1)φ1 + 2φ2)γ

(
1

2
− 2(N − j)φ1 − φ2 + φ3

)

× γ
(

1

2
− 2(j − 1)φ1 − φ2 − φ3

)
. (3.33)

Thus, we precisely recover (1.8), where the parameters are identified as
bα1 = 1

4 + (N − 1)φ1 + φ2
2 + φ3

2

bα2 = 1
2 − φ2

bα3 = 1
4 + (N − 1)φ1 + φ2

2 −
φ3
2

b2 = −2φ1

. (3.34)
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They indeed satisfy the on-shell condition

b(α1 + α2 + α3) = 1− (N − 1)b2 . (3.35)

4 Analytic continuation and geometric transition

We have seen in the previous section that the evaluation formula (1.8) for the screening

integral IN can be uplifted to a genuine 3d duality. To complete our discussion we would

also like to interpret the analytic continuation to the DOZZ formula (1.9) from the field

theory perspective.

At a purely mathematical level, we can take the localized partition function of our

WZ model on the three-sphere or the superconformal index and try to re-express the

contribution of the 3d chiral fields in a form which depends only parametrically on N ,

using the periodicity property of some special function.

For example, if we work on the three-sphere with squashing parameters ω1 = b and

ω2 = b−1, the partition function of the WZ model reads (we move to this side the contri-

bution of the β-fields):

ZS
3
b

WZ =

N∏
j=1

S2 (Q+ 2ijτ)S2 (Q+ 2iµ+ 2i(j − 1)τ)

× S2

(
Q

2
+ iζ − iµ− 2i(N − j)τ

)
S2

(
Q

2
− iζ − iµ− 2i(j − 1)τ

)
, (4.1)

where sb (x) = S2

(
Q
2 − ix|b, b

−1
)
≡ S2

(
Q
2 − ix

)
. Using the periodicity property

S3(z + ω3|ω1, ω2, ω3) =
S3(z|ω1, ω2, ω3)

S2(z|ω1, ω2)
, (4.2)

we can rewrite (4.1) in terms of the triple-sine function with ω1 = b, ω2 = b−1, ω3 = 2iτ as:

ZS
3
b

WZ = Res
N∈N

S′3 (0)S3 (−2iµ+ 2iτ)S3

(
Q
2 ± iζ − iµ− 2i(N − 1)τ

)
S3 (−2iNτ)S3 (−2iµ− 2i(N − 1)τ)S3

(
Q
2 ± iζ − iµ+ 2iτ

) = Res
N∈N
ZS5

T2 ,

(4.3)

where again for brevity we defined a compact version of the triple-sine function S3 (z) ≡
S3

(
z|b, b−1, 2iτ

)
in which the dependence on the (specialized) ω1,2,3 parameters is under-

stood. The definition of the S2(z) and S3(z) functions as well as some of their properties

are collected in the appendix A.1 (more details can be found in [36]).

Therefore, in (4.3) we succeeded in trading our dependence on the number of fields N in

the 3d WZ model for a parametric dependence on N inside the triple-sine functions, which

is suitable for analytic continuation. But what is the physical interpretation of our result?

The triple-sine function appears in the localized partition function of N = 1 theories on

the five-sphere with squashing parameters ω1, ω2, ω3, [37–39]. We claim that the expression
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Sector e1 e2 e3

1 ω3 ω2 ω1

2 ω1 ω3 ω2

3 ω1 ω2 ω3

Table 4. Squashing parameters and equivariant parameters in each sector.

we found (4.3) is the five-sphere partition function of the 5d version of the T2 theory [40],

with one of its parameters taking a quantized value, as we will shortly explain.

We already noticed that 2iτ is identified with one of the squashing parameter of the

five-sphere. The parameters µ, ζ and 2Nτ correspond instead to the fugacities for the

Cartan subalgebra of the global SU(2)3 symmetry of the T2 theory. Analytical continuation

in N lifts the quantization condition on the fugacity 2iNτ rendering it a free parameter.

The 5d TN theory can be realized on a (p, q)-web of intersecting five-branes, the N -

junction, consisting of N (0, 1)-branes, N (1, 0)-branes and N (1, 1)-branes [41]. Equiv-

alently, we can geometrically engineer this theory by M-theory compactified on the toric

Calabi-Yau three-fold C3

ZN×ZN , whose toric diagram coincides with the (p, q)-web. One can

then use the refined topological vertex to calculate the partition function of the TN theory,

see for example [42].

The toric diagram for the case of T2 is depicted in figure 2. Each of the three internal

lines correspond to a resolved conifold geometry with Kähler parameter Qi. The partition

function of T2 on the background C2×S1 can then be computed using the refined vertex [43]

as the topological string partition function associated to the diagram in figure 2. The details

can be found in [44] and [42]:

Ztop[T2] =

(
Q1Q2Q3q

1/2t1/2; q, t
)∏3

i=1

(
Qiq

1/2t1/2; q, t
)

(Q1Q2t; q, t) (Q1Q3q; q, t) (Q2Q3t; q, t)
. (4.4)

Finally, the five-sphere partition function of the T2 theory can be obtained by gluing

the contribution of three copies of the C2 × S1 partition function which we calculate

with Ztop[T2] [38] (see also [45]). Indeed, by using the factorization property of the

triple-sine function

S3 (x|ω1, ω2, ω3) = e−i
π
3!
B33(x)

(
e

2πi
e3
x
; q−1, t

)
1

(
e

2πi
e3
x
; q−1, t

)
2

(
e

2πi
e3
x
; q−1, t

)
3

≡ e−i
π
3!
B33(x)

∣∣∣∣ (e
2πi
e3
x
; q−1, t

) ∣∣∣∣3
S
, (4.5)

where q = e
−2πi

e1
e3 and t = e

2πi
e2
e3 and the parameters ei are chosen in each sectors as in

table 4, we see that our expression (4.3) contains three copies of (4.4):3

ZS5

T2 ∼
∣∣∣∣Ztop[T2]

∣∣∣∣3
S
. (4.6)

For example, in the first sector we have the following identification of the WZ parameters

with the Kähler parameters:

Q1 = eiπq−1/2e
2π
b

(µ−ζ) Q2 = qNq1/2t−1/2, Q3 = eiπq−1/2e
2π
b

(µ+ζ) (4.7)

3We are omitting some classical contributions which are not captured by Ztop.
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and

q = e
4πτ
b , t = e2πib−2

. (4.8)

In particular we observe that the Kähler parameter Q2 is quantized.4

The quantization condition of the Kähler parameter Q2 = qNq1/2t−1/2 signals that the

theory can undergo geometric transition, as sketched in figure 2. We shrink the volume of

the P1 corresponding to this leg of the toric diagram returning to the singular conifold point

and then we deform the singularity. In terms of the (p, q)-web, we arrive at a configuration

of N D3 branes stretched between two 1-junctions of five-branes. The theory living on the

N D3 branes is our 3d U(N) theory with one adjoint and one flavor.

In the second sector we find the same map of parameters, but q ↔ t−1 and b ↔ b−1.

Again Q2 is quantized and the theory undergoes geometric transition. Instead, in the third

sector we find:

Q1 = e
iπ
τ

(µ−ζ) Q2 = q1/2t−1/2, Q3 = e
iπ
τ

(µ+ζ) . (4.9)

Hence, the third sector actually gives a trivial contribution

(Q1Q3q; q, t)(Q1q
1/2t1/2; q, t)(q; q, t)(Q3q

1/2t1/2; q, t)

(Q1q1/2t1/2; q, t)(Q1Q3q; q, t)(Q3q1/2t1/2; q, t)
= (q; q, t) .

So for N ∈ N we have only two sectors surviving which are precisely glued to reconstruct

the S3 partition function which can be interpreted as the codimension-two defect theory

inside S5.

Therefore, we managed to interpret the 3d duality relating the WZ model to the U(N)

theory with one adjoint and one flavor as two descriptions of the same defect theory: as the

5d theory with specialized parameters or, after the geometric transition, as the 3d U(N)

theory on the stretched D3 branes.5

In particular, the geometric transition is the counterpart of the analytic continuation

in the number of screening charges on the CFT side. This interpretation was first put

forward in [1, 2] in the context of the Gauge-Liouville triality and here we can see a very

neat realization of this idea.

We also notice that the S5 partition function of the T2 theory, after analytic continu-

ation, can be identified with the 3-point function for the q-deformed Liouville theory with

S-pairing [48]

ZS5

T2 =

∏3
i=1 S3(2αi)

S3(
∑3

i=1 αi − (ω1 + ω2 + ω3))
∏3
j=1 S3(

∑3
i=1 αi − 2αj)

= CS(α1, α2, α3) . (4.10)

4A closely related result has been obtained in [46] where the authors show that Ztop[T2], with the

quantization condition (4.7), can be expressed as a q-deformed matrix integral which in the q → 1 limit

reduces to the holomorphic free field 3-point correlators. We thank the authors of [46] for sharing their

result with us before submitting their draft.
5A related 5d interpretation of this 3d duality has been recently proposed in [47].

– 30 –



J
H
E
P
1
1
(
2
0
1
9
)
0
8
1

In order to see this, we simply need to manipulate the T2 partition function (4.3) using the

property (A.6) of the triple-sine function and use the following dictionary:
α1 = Q

2 + iµ

α2 = Q
4 + i ζ2 − i

µ
2 − i(N − 1)τ

α3 = Q
4 − i

ζ
2 − i

µ
2 − i(N − 1)τ .

(4.11)

We can repeat the discussion above by working with the superconforal index, that is

the S2 × S1 partition function. In this case, we can use the periodicity property of the Υβ

function (see appendix A.2)

Υβ(x+ ε1|ε1, ε2) =

(
1− eβ

1− eβε

)1−ε−1
2 x

γβε2(xε−1
2 )Υβ(x|ε1, ε2) , (4.12)

where

γβ(x) = (1− eβ)1−2x

(
e1−βx; eβ

)
∞

(eβx; eβ)∞
, (4.13)

to re-express the contribution of the 3d chiral fields to the S2 × S1 partition function

in terms of 5d hypers on S4 × S1 [49, 50], which can indeed be written using the Υβ

function, with β being the S1 radius. Hence, in this case we regard the S2 × S1 theory as

a codimension-two defect theory inside S4 × S1, with the 3d partition function of the WZ

model coinciding with the residue of the T2 theory on S4 × S1.

The S4×S1 partition function can in turn be obtained by gluing two copies of Ztop[T2]:

ZS4×S1

T2
∼
∣∣∣∣Ztop[T2]

∣∣∣∣2
id

(4.14)

as it can be seen from the factorization property of the Υβ function

Υβ(x|ε1, ε2) = (1− eβ)
− 1
ε1ε2

(
x− ε1+ε2

2

)2 ∣∣∣∣∣∣
∣∣∣∣∣∣
(
e−βx; q, t

)(√
t
q ; q, t

)
∣∣∣∣∣∣
∣∣∣∣∣∣
2

id

, (4.15)

where the id-norm is defined as

||(z; q, t)||2id ≡ (z; q, t)
(
z−1; q−1, t−1

)
, (4.16)

and

q = e−βε1 , t = eβε2 . (4.17)

Also in this case working out the dictionary between the WZ parameters and Kähler

parameters we discover that Q2 is quantized and correspondingly the theory undergoes

geometric transition.

Finally, with the dictionary (4.11) we can also map ZS4×S1

T2
to the 3-point function for

q-deformed Liouville theory with id-pairing [48, 51]

ZS4×S1

T2
=

Υ′β(0)
∏3
i=1 Υβ(2αi)

Υβ(
∑3

i=1 αi − (ε1 + ε2))
∏3
j=1 Υβ(

∑3
i=1 αi − 2αj)

= Cid(α1, α2, α3) . (4.18)
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The 3-point function Cid(α1, α2, α3) is the q-deformed version of the DOZZ formula (1.9)

for the 3-point function in Liouville field theory [15, 17], to which it reduces in the limit

β → 0 thanks to the relation

Υβ(x|ε1, ε2) −→
β→0

Υ(x|ε1, ε2) . (4.19)

From the field theory point of view, the β → 0 limit corresponds to shrinking the S1 radius,

going from S4×S1 to S4. This reproduces the familiar AGT map [52] between the partition

function of the T2 theory on S4 and the 3-point function in Liouville field theory.
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A Special functions

A.1 Multiple-sine functions

In order to introduce the multiple-sine function Sr (for more details on these and other

special functions see [36]), we first need to define the multiple-gamma function Γr

Γr(z|~ω) = exp

(
∂

∂s
ζr(z, s|~ω)|s=0

)
, (A.1)

where ζr is the multiple-zeta function

ζr(z, s|~ω) =

∞∑
n1,··· ,nr=0

1

(n1ω1 + · · ·nrωr + z)s
(A.2)

Then, the multiple-sine function is defined as

Sr(z|~ω) = Γr(z|~ω)−1Γr(|~ω| − z|~ω)(−1)r , (A.3)

where |~ω| = ω1 + · · ·+ ωr.

The multiple-gamma function has poles at z ∈ Z≤0. This implies that the multiple-sine

function has zeroes at these points. Depending on r being even or odd, the function Sr
may have poles or additional zeroes at z = |~ω| − Z≤0.

In section 4 we used several useful properties of these special functions. One of them

is the periodicity property

Sr(z + ωj |~ω) =
Sr(z|~ω)

Sr−1(z|~ω/ωj)
, (A.4)
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where ~ω/ωj = (ω1, · · · , ωj+1, ωj+1, · · · , ωr). Another important property is the reflec-

tion property

Sr(z|~ω)Sr(|~ω| − z|~ω)(−1)r = 1 . (A.5)

In particular, we needed this in the cases r = 2, 3, since the partition functions on S3 and

S5 are written in terms of S2 and S3 functions respectively

S3 (z|ω1, ω2, ω3) = S3 (|~ω| − z|ω1, ω2, ω3) , S2 (z) = S2 (|~ω| − z|ω1, ω2)−1 . (A.6)

In section 2, we actually wrote the partition function on the squashed three-sphere S3
b in

terms of a related function

sb (x) = S2

(
Q

2
− ix|b, b−1

)
(A.7)

For this special function, the reflection property (A.6) reads

sb (x) sb (−x) = 1 , (A.8)

which encodes at the level of partition functions the fact that two chiral fields χ1, χ2 become

massive and are integrated out anytime a superpotential term of the form W = χ1χ2 is

turned on.

The multiple-sine function Sr also possesses an interesting factorization property that

the reader can find for generic r in [36]. For our purposes, we only needed it in the case

r = 3, where it reads

S3 (x|ω1, ω2, ω3) = e−i
π
3!
B33(x)

(
e

2πi
e3
x
; q−1, t

)
1

(
e

2πi
e3
x
; q−1, t

)
2

(
e

2πi
e3
x
; q−1, t

)
3

≡ e−i
π
3!
B33(x)

∣∣∣∣ (e
2πi
e3
x
; q−1, t

) ∣∣∣∣3
S
, (A.9)

where

q = e
−2πi

e1
e3 , t = e

2πi
e2
e3 (A.10)

and the parameters ei are chosen differently in each of the three sectors according to 4. In

the above expression, the double q-Pochhammer symbol is defined as

(x; q, t) =

∞∏
m,n=0

(1− xqmtn) . (A.11)

This possesses the analytic continuation property

(Aqmtn; q, t) =
1

(Aqm−1tn; q−1, t)
. (A.12)

A.2 Υβ function

The contribution of a 5d N = 1 hypermultiplet to the partition function on S4 × S1 is

written in terms of the Υβ , which can be defined as (for more details we refer the reader
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to [51])

Υβ(x|ε1, ε2) = (1− eβ)
− 1
ε1ε2

(
x− ε1+ε2

2

)2

×
∞∏

n1,n2=0

(
1− eβ(x+n1ε1+n2ε2)

)
(1− eβ(ε1+ε2−x+n1ε1+n2ε2))(

1− e
β
(
ε1+ε2

2
+n1ε1+n2ε2

))2 . (A.13)

This is a q-deformed version of the function Υ in terms of which the three-point function

of Liouville theory (1.9) is written and to which it reduces in the β → 0 limit

Υβ(x|ε1, ε2) −→
β→0

Υ(x|ε1, ε2) . (A.14)

From the gauge theory point of view, this limit corresponds to the dimensional reduction

from S4 × S1 to S4.

The Υβ function possesses some interesting periodicity and factorization property that

allow us to analytically continue the partition function of the WZ model on S2 × S1 to

the partition function of T2 on S4 × S1 and to factorize it in two copies of Ztop (4.4). The

periodicity property reads

Υβ(x+ ε1|ε1, ε2) =

(
1− eβ

1− eβε

)1−ε−1
2 x

γβε2(xε−1
2 )Υβ(x|ε1, ε2) , (A.15)

where

γβ(x) = (1− eβ)1−2x

(
e1−βx; eβ

)
∞

(eβx; eβ)∞
(A.16)

we recall being the contribution of a chiral field to the partition function of a theory on

S2 × S1. Instead, the factorization property is

Υβ(x|ε1, ε2) = (1− eβ)
− 1
ε1ε2

(
x− ε1+ε2

2

)2 ∣∣∣∣∣∣
∣∣∣∣∣∣
(
e−βx; q, t

)(√
t
q ; q, t

)
∣∣∣∣∣∣
∣∣∣∣∣∣
2

id

, (A.17)

where the id-norm is defined as

||(z; q, t)||2id ≡ (z; q, t)
(
z−1; q−1, t−1

)
≡ (z; q, t)

(
z̃; q̃, t̃

)
, (A.18)

and we defined the parameters

q = e−βε1 , t = eβε2 . (A.19)
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