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solutions. The larger system of five ODEs also admits more general numerical solutions,
again with localized branes; regularity is achieved via an attractor mechanism.
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1 Introduction

In many string theoretic constructions, the presence of extended sources such as D-branes
or O-planes is a crucial ingredient. In compactifications, for examples, O-planes are thought
to be important to overcome no-go arguments that forbid de Sitter (or even Minkowski
with non-trivial flux) compactifications [1-3]. However, in most cases these sources back-
react on the metric in a way which destroys whatever symmetries were previously present,
and makes it prohibitively hard to find a full solution to the equations of motion.

To overcome this problem, sources are often “smeared” over the internal space: namely,
they are assumed to occur in a continuous distribution with varying positions, much like
the individual electrons on a charged piece of conductor. While this is fine for D-branes, it
is incompatible with the definition of an O-plane, which must in fact lie at the fixed locus
of an involution. When the smearing trick is performed on O-planes, it is usually done
with the hope that it might be a good indicator of whether a non-smeared solution exists.
It is hence interesting to find solutions with localized (i.e. non smeared) sources, even ones
where the cosmological constant is negative. Although there already exists one family of
supersymmetric AdS, solutions with localized sources, in type IIB supergravity [4], such
examples remain rare.

In this paper, we are going to present a class of infinitely many new supersymmet-
ric AdS, solutions with localized sources, in type IIA supergravity with Romans mass
parameter Fj. As an example:
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with § € [-2,1], 33 a compact hyperbolic three-manifold, and Ds?.32 the round S? metric
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fibred over X3 in a certain way.! This has a stack of ny D6-branes at § = —2, and it
is regular at § = 1, so that the topology of the space M3 described by § and the S?
is that of an S2. We will also present analytic solutions with two D6 stacks, with O6
singularities, and with D8-branes. Moreover, we will present numerical solutions where
Y3 can be replaced with an S3, and also where sources can even be absent; in particular
we will have a family of completely regular solutions with topology AdSs x S x S3, but
different from the one in [5].

Let us now explain how these solutions came about. Recently, a class of supersym-
metric AdS7 solutions was found [6] where several types of localized sources were present.
In that paper and in the follow-up [7], more attention was given to solutions with only
D8-branes (actually, D8/D6 bound-states), with an eye to the study of their holographic

'The word “fibred” has different meanings in different contexts. In this paper, we will use the topological
meaning of the word. Namely, there is a fibre bundle E5 whose fibre is S? and whose base is L3; the
connection terms in Ds%s (see (2.7), (2.9) below) signal that the bundle is topologically non trivial. The
interval I parameterized by y is not topologically fibred, but it can formally be included in a bigger fibre
bundle with fibre M3 and base ¥3. Sometimes one wants to refine the definition of fibration by including
the metric data; even for a space M; x Mz that is topologically a product, one sometimes says that M;
is fibred over M if the metric on M; depends on the coordinates on M. In this second sense, we should
rather say that the whole fibre bundle Fs is itself fibred over the interval I.



duals. However, solutions with localized D6’s also exist; in [6, section 5.2] one example
was given, where one stack of D6’s was possible. As was hinted there and we will see more
explicitly here, it is also possible to have two stacks (with unequal numbers of D6’s), or
also to have O6’s. Perhaps most striking was the fact that such localized sources were not
hard to find: the system of ODEs got attracted to either D6 or O6 type of singularities,
and it was in fact their absence that required fine-tuning. (Imposing that the number of
D6’s is integer did however require fine-tuning.)

In view of the issues explained above with localized branes, it was then interesting to
ask whether those findings could be somehow transported to four dimensions. (Indeed, in
a series of interesting papers [8-11], an AdS7 x M3 setup similar to [6] was examined to
understand the differences between localized and smeared branes.) For this, we needed to
somehow replace AdS7 with AdSy x X3, where X3 is some new compact three-manifold.

From a holographic point of view, this sounds like compactifying the CFTg to a CF T3,
on a three-manifold ¥3. This is more commonly done from a CFTg to a CFTy, thus
replacing AdS; with AdSs x ¥3. A famous example is the Maldacena-Nunez solution [3],
which is dual to a “twisted” compactification of the (2,0) theory on a Riemann surface.
But it is indeed also possible to compactify on a three-manifold: the solution dual to this
is in fact even older, going back to [12] (later being lifted to eleven dimensions in [13, 14]).

Inspired by [12, 14], we formulated an Ansatz which would be holographically dual
to compactifying the (1,0) CFTg on a compact quotient of a maximally symmetric Xs.
We then used this Ansatz in the generalized complex geometry formalism of [15], where
AdSy x Mg solutions of type II supergravity were reformulated in terms of certain “pure
spinor equations”. With the Ansatz we formulated, these equations reduce to five ODEs,
for five functions (the dilaton and warping, and three coefficients of the metric) depending
basically on the coordinate ¢ in (1.1).

We found two classes of solutions to the five ODEs, which we call respectively “natural”
and “attractor” solutions. The “natural” class comes about when we notice that a certain
three-dimensional subspace of the parameter space is left invariant by the flow defined
by the ODEs. In other words, with a certain constraint the ODEs reduce to three; this
requires assuming that X3 be hyperbolic,? but it simplifies the problem quite a bit. In fact,
at this point we recognize that the three ODEs were quite similar to the ones given in [6,
eq. (4.16)] for AdS7 solutions. This allows us to find a one-to-one correspondence between
our natural class of AdS, compactifications and the AdS7 solutions of [6, 7]. At the level
of the metric, the map reads

€2Adsids7+d7“2 + €2A’U2d8%2 —
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2Compactifying the (1,0) theories of [16, 17] on a torus T° should also be possible, but presumably

this leads to a solution that looks singular in ITA, and whose more appropriate description is in type
IIB; it should correspond to the solutions in [4], which are dual to CFT3’s obtained from Hanany-Witten
configurations [18].



where A, v are functions of r, and ds%2 is the round metric on the S?, which after the
map gets fibred over X3 in a certain way. There are infinitely many AdS7 solutions, with
arbitrary numbers of D8’s, whose numbers and charges can be labeled by two Young
diagrams [7, section 4]. So an immediate consequence of (1.2) is that we have an infinite
number of AdS4 solutions as well. As we mentioned already, there are also AdS7 solutions
with D6’s and O6’s, which were only quickly mentioned in [6]; under the map (1.2), these
become AdS, solutions which also have those sources.

Moreover, a parallel paper [19] studies compactifications where the AdS7 in [6] is
replaced by AdSs x Y5, with Yo a Riemann surface — more similarly to the original
Maldacena-Nufiez solution [3]. A version of (1.2) also holds for that case; see [19, eq. (1.3)].
Crucially, in that paper the AdSs solutions were found analytically. This allows also to find
an analytic expression to the AdSy solutions of [6, 7], and then using (1.2) to find analytic
expressions for our AdSy case. This is how we found (1.1).

The holographic duals of the AdS; solutions in [6, 7] were argued in [7] to be CFTg’s
arising from NS5-D6-D8 brane configurations studied long ago [16, 17]. By construction,
our AdS, solutions will then be dual to the compactifications of those CFTg’s on hyperbolic
three-manifolds 3. It would be interesting to understand what these CFT3’s are; this
might eventually lead to a generalization of the 3d-3d correspondence of [20]. (Notice
however that supersymmetry is lower, namely N = 1.)

We mentioned that a certain constraint reduces the number of ODEs from five to
three; this is what led us to the class of “natural compactifications” we talked about so
far, the ones to which the map (1.2) applies. We are actually also able to make some
numerical progress on the original system of five ODEs, obtaining another class which
we call “attractor solutions”. In this case, life is much harder: the system does not get
attracted automatically to the physically sensible D6 and O6 singularities. Rather, if one
evolves from the equator of M3 = S3 towards the poles, in general one ends up with
singularities which appear not to have any physical interpretation. However, with some
inspiration from the natural case, we were able to identify boundary conditions which
correspond to the presence of D6’s and O6’s: these consist in a certain perturbative solution
in terms of fractional powers of the radial coordinate. These boundary conditions leave
some free parameters, and it turns out that for an open set in the space of these parameters
the solution gets attracted in the other pole to a regular point. This works especially well
for ¥3 = S2, in a somewhat opposite fashion to the natural compactifications class.

The paper is organized as follows. We start in section 2 with a review about compact-
ifications of CFTg and holography; this is background material in order to motivate our
Ansatz in section 3. In that section we also review briefly the pure spinor techniques that
we will use for supersymmetry. We will then analyze the solutions that we called natural
in section 4, and finally (in less detail) the ones we called attractor solution in section 5.

2 CFTg compactifications in supergravity

As discussed in the introduction, in this paper we are interested in compactifying the (1, 0)
CFTg of [16, 17], whose AdS7 duals were found in [6]. In order to formulate the correct



Ansatz to achieve this, we will first review the compactifications of the (2,0) theory and
of its dual solution AdS; x S*. This is a widely explored subject that has led to great
improvements in our understanding of the physics of M5 branes.

If one puts a supersymmetric theory on a curved space without modifying its La-
grangian, supersymmetry will usually be broken by the curvature terms. Thus one needs
to be careful about how one defines the theory on a curved space. An old strategy consists
in a partial “twist” of the theory. Roughly speaking, fields with an R-symmetry index are
considered to be sections of a certain R-symmetry bundle F, which is then chosen such that
E ® S (with S the spinor bundle) admits a global section. This global section (which can
then taken to be constant, up to a gauge transformation) is then a preserved supercharge.
For brane theories, often the procedure also has a geometrical interpretation: E can be
interpreted as the normal bundle to the brane [21]. Thus the twisting corresponds roughly
to how one wraps the brane.

Compactifications of the M5 theory on Riemann surfaces Yo were studied in [3] and
more recently for example in [22, 23], both on the gravity and on the field theory side. There
exist two possible ways of wrapping the Mbs (i.e. two different normal bundle geometries),
which preserve eight or sixteeen supercharges.

Compactifications on hyperbolic three-manifolds Y3 were studied in [14], lifting an
earlier solution in [12], preserving either four or eight supercharges.®> We will review these
compactifications in section 2.1, and then rewrite them in terms of ITA supergravity in

section 2.2, with an eye to their generalization in presence of Romans mass.

2.1 Compactifications from eleven-dimensional supergravity

In this section we will review (2,0) compactifications in 11d supergravity, introducing
notation that will be useful later when we will discuss the similar compactifications for
the (1,0) case. We will discuss the solutions only at the level of the metric. The spinorial
supersymmetry parameters will be discussed in section 3.1.

The (2,0) theory on the M5 worldvolume is dual to the AdS7 x S* background:

1

Two types of compactifications on three-manifolds of this fully BPS background have been
considered in the literature, preserving N'=1 and N = 2 supersymmetry in four dimen-
sions. The N = 1 solution corresponds to breaking of the SO(5) isometry group of the S4
to SO(4), while in the N' = 2 case the subgroup preserved is SO(3)xSO(2). These will be
the isometry groups of the fiber metric; the fact that the S* is fibred over X3 will break
the isometry group further, down to a flavor SU(2) in the /' =1 case and down to SO(2)
(which is then the R-symmetry group) in the N = 2 case.*

3Punctures along 3 can also be introduced; they were studied in the probe approximation in [24].

4If E is the total space of an F-fibration over a base space B, the isometries of B are promoted to
isometries of E, but often the isometries of F are not. To see this, write the metric on E as ds% =
gf;Da:lij + gp, where z° and gf; are the coordinates and metric on F, and Dz’ = dz* + A% A is a
connection on B, which takes values in the space of isometries of F'. Now it can be shown that an isometry



Geometrically, the N’ = 1 solution can be thought of as arising when one wraps an
M5 stack on a submanifold R? x ¥3 ¢ R*x a G5 manifold; supersymmetry demands 3
to be an “associative” submanifold. In this case, four of the five scalars transverse to the
M5 span directions in the G manifold, corresponding to the SO(4); these scalars will be
“twisted”, meaning that they are really sections of the normal bundle. The remaining scalar
represents the transverse direction inside the R?*, and is not fibred. The N = 2 solution,
on the other hand, arises when wrapping an M5 stack on a submanifold R? x 35 € R®x
Calabi-Yaug; supersymmetry demands X3 to be a “special Lagrangian” submanifold. In
this case, three scalars are inside the CYy, and two trivial ones are in the flat directions;
this corresponds to the SO(2)xSO(3).

Accordingly, there are two different coordinate systems on S% that are appropriate to
describe these two cases.

For the A" = 1 compactification, it is convenient to write the S% as:

dsgs = da® + sin® ads%s . (2.2)

The metric on the S3 can be written in terms of the Maurer-Cartan forms as dsfq3 = iaiai,
with do® = %eijkajk. Alternatively we can choose Hopf coordinates which are appropriate
to study the reduction to ten dimensions:

1
dsfs = JdsSe + (dB + A)?, (2.3)

where dA = —%VOISZ. The transformation rules between these two sets of coordinates is
given in detail in appendix A.

After wrapping the M5 on X3, which corresponds to replacing AdS; with AdSs x X3,
the metric of the S* will be deformed in such a way that the original SO(5) isometry will
be broken to the subgroups mentioned above. Part of the residual symmetry gets mixed
with the local Lorentz group of the three manifold where the M5 is wrapped, meaning that
a subspace of §* which is left untouched by the supersymmetric deformation gets fibered
over 3.

In the N = 1 case, the S* metric (2.2) gets deformed in such a way as to preserve the
shape of the S3:

sin? o 5+ 3 cos? a
ds? (Sj‘vzl) =da® + ——Ds%s, w=——":. (2.4)
w 8
Notice that the supersymmetric deformations are encoded into a single “distortion” func-
tion w. The upper case on Ds%?, means that the S3 is now fibred over ¥3. In terms of the
Maurer-Cartan forms: 1

Dsgs = 1’ (2.5)

€ of F preserves the total metric ¢” if and only if d¢ + [¢, A] = 0, where the bracket is the Lie bracket of
vectors on F; in other words, if £ is a covariantly constant section of the bundle ad(E), the adjoint bundle

associated to E. If F = S*, the Lie bracket vanishes and one can take & to be constant over B. With more
complicated F’s, ad(F) is often non-trivial and does not have a non-trivial global section; thus £ cannot be

promoted to an isometry of E.



where ;' = 0% — w', and the w' are related to the spin connection on the base space X3:

1
w' = ge”koﬂk . (2.6)

Alternatively, we can switch to Hopf coordinates and write Ds3 = D% + %DSQSQ, where
Ds?gg = Dy'Dy’, (2.7)

and
y' = (sin @ cos @, sin fsin @, cos 0) (2.8)
are the ¢ = 1 spherical harmonics on S?, which can be thought of as “constrained coordi-

nates”: y'y’ = 1. Their covariant derivatives are defined as
4 S 1
Dyt = dy’ + ékyinh D=ds+A— §ykwk , (2.9)

as explained in appendix A. The complete metric describing the N = 1 twist can finally
be rewritten in a very compact form in terms of the function w introduced in (2.4):

4 2
m2ds?) noy = w'/? |dsdag, + gd5223 + gd52 (Sh=1)] (2.10)

where the three manifold X3 is constrained by supersymmetry to be a (compact quotient
of) a maximally symmetric space of negative curvature, with Ricci scalar R normalized to
—6. (The constant m will be fixed in the next subsection.)
The N = 2 compactifications can be studied using “topological joint” coordinates on
the S*:
ds?g4 = da? + sin? o df? + cos? a dS%Q , (2.11)

Morally, 3 is the angular coordinate inside the two transverse directions inside the R?, while
the S? are the angular directions inside the three transverse directions inside the CYg. In
this case the twisting amounts to fibering the S? over ¥3 and the resulting supersymmetric
deformation of the S* metric takes the form:

1+ sin’ a

Ds%o,  wy= — (2.12)

2 2
SN~ « COS™ ¥
dg? +

ds® (Sir—y) = da’ + ~ pm

The S? is fibered over Y3 according to (2.7), (2.9). The complete eleven-dimensional
metric can again be expressed nicely in terms of the warping function wo that measures
the deformation of the S* metric in this coordinate system. We get®

1
des%L N2 = w;/?’ ds2AdS4 + d3223 + §d32 (Sf\/ZQ) . (2.13)

Again, a supersymmetric solution exist only for X3 of negative curvature.

®Notice that we adopted a slightly different normalization with respect to [14], which amounts to choosing
the Ricci scalar to be R = —6 and the integration constant 8 = 1/2. Our normalization allows to get the
same radius for AdSs and X3, which is indeed the case for the original solution found in 7d maximal gauged
supergravity [12].



This solution is less interesting for our purposes, since it cannot be reduced to ten
dimensions without breaking supersymmetry. Indeed, given that 0, is not an isometry and
that we also want to preserve the twisted S? factor in (2.12) as it is, the only possibility
would be reducing along the 8 coordinate. However in this case the U(1) transformation
B — B+048 coincides with the R-symmetry of the solution, meaning that all the components
of the Killing spinor n will depend on this coordinate. Hence imposing the condition
0gn = 0 would break all supersymmetry.

On the other hand, the A/ = 1 solution (2.10) has no R-symmetry so we can reduce it
to ten dimensions along the 5 direction without breaking any further supersymmetry.

2.2 Compactification from ITA supergravity

The metric for a warped AdS7 solution in ten dimensions reads
ds?y = (32’4dsids7 + ds?wg. (2.14)

Supersymmetry requires the presence of SU(2) R-symmetry; this implies that Ms must
contain an S2. It was shown in [6] that indeed M3 is an S2-fibration over an interval:

1— 2
dsiy, = dr* + (Hf)emdsgz : (2.15)

Here, x and A are functions of the coordinate r; at the extrema of the interval we have
x — =£1, so that topologically M3z = S3. Notice that r is different from the coordinate «
we used in eleven dimensions; of course the two are related by a radial diffeomorphism.

The simplest solution within this class is the massless one, which of course corresponds
to the reduction to ten dimensions of the AdS; x S$* background (2.1) and can be given
analytically as:

T =cosa, e = ];3 sin o, e = 123 sin® o . (2.16)

A careful analysis of the ten-dimensional geometry reveals that we are in presence of a
D6 (anti-D6) singularity at the two poles. This analysis was done in [6], where it is also
shown how to reduce from eleven to ten dimensions along the Hopf fiber parametrized by
B in (2.2). Supersymmetry is partially preserved imposing the condition dgn = 0 on the
S4 Killing spinor, which amounts to projecting out half of its components.

It is now crucial to notice that the same coordinate system is also appropriate to
describe the reduction of the N/ = 1 AdS, background (2.10), which ends up being an
N = 1 solution in ten dimensions as well. The resulting ten-dimensional metric can be

written in the following form:

2 5 i 2A 2 4 2 2
dSIO = g e dSAdS4 + gd323 + dS]\/[3 s (217)

where the internal space metric can be expressed as in (2.4) in terms of a deformation
function w and reads:

2 2 2A 2
d3M3 ( ) <d w e 852) 5 w 5 ( 18)




where the radial coordinate r and the two functions A, x entering the last two formulas were
defined in AdS7 by (2.16). The choice to express the AdSs metric (2.17), (2.18) in terms of
the quantities entering the AdS7 metric (2.14), (2.15) is in order to highlight the similarity
between the two formulas, and turned out to be the key ingredient in the formulation of
the universal map described in section (4.3). In writing (2.18), we have also expressed the
constant m we had in (2.10) in terms of the AdS; radius as m3R? = (%)2; this will be
convenient for flux quantization, to be discussed later in section (4.4).

(2.17) provides a first example of N’ =1 AdSy solution in type ITA supergravity that
can be interpreted as compactification of an AdS; solution — namely of the massless
reduction to ITA of AdS7 x S*, which was worked out in [6, section 5.1].

The goal of this paper is finding more general solutions adding a massive perturbation
Fy to this background, solutions which would in turn correspond to compactifications of
the massive AdS; solutions (2.14). Our Ansatz for the metric will consist in keeping the
same terms as in (2.17) and (2.18), but with different functions f = f(r), g = g(r):

dsiy = eQ‘L‘ds%dS4 + g*ds3, + dr? + f?Ds%e. (2.19)

In other words we assume the metric to be invariant under a simultaneous SO(3) local
Lorentz transformation on Y3, and an identical SO(3) rotation acting on the S2. This
“diagonal” SO(3) acts on the vielbein e’ of X3 and on the 3 in (2.8)

el — 0%l Yt — Oyl (SO(3)p) (2.20)

This “twisted symmetry” will play a crucial role in formulating our Ansatz for supersym-
metry in the next section.

3 Technology for AdS; to AdS, compactifications

As anticipated in the introduction, we will deal with supersymmetry using generalized
complex geometry techniques. These allow to reformulate all the data of a given vacuum
into a pair of polyforms on the internal space Mg, the so-called pure spinors ®4. In
other words, generalized complex geometry provides a way of getting rid of the spinors
and rewriting the supersymmetry conditions only in terms of forms, which are simpler
to handle.

Nevertheless we still have to formulate a good Ansatz for the pure spinors ®,. This
will have to reflect that for us Mg will be a fibration of M3 over X3:

M3 C—>]\46 (31)

|

Sy

To warm up, we will analyze the supersymmetric spinors for the solutions reviewed in
the previous section.



3.1 Twisted spinors

Let us start by looking at the supercharges in AdS; for the maximally supersymmetric
eleven-dimensional background (2.1). They can be written as:

4
el = Z C*@n* +cc., (3.2)
a=1

where ¢ is the Killing spinor on AdS; and 7 the one on S?, the corresponding gamma

representation being: F,(ZH) = 7,87) ®7, ngé) =1®™.

Let us first focus on 7, which in our coordinate system (2.2) reads [6, appendix B]

Mg+ = €Xp |:§7’71] exp [Z’Vu + f 1 7r734} exp [ﬁ I S0’713 + 2 1 gp’m 7o - (3.3)
6 and ¢ are the coordinates on S?, and B parametrizes the Hopf fiber in (2.2); 1o is a
constant spinor. In order to reduce this spinor to ten dimensions along the § direction,
we have to impose the condition dgn = 0, which is easily achieved imposing the projec-
tion (713 + Y24)m0 = 0, which is equivalent to vyn9 = —mng. This projection keeps only
half of the components, those with negative chirality, so that the solution is half BPS in
ten dimensions.

We now choose the following decomposition for the 4d gamma matrices: v = ' ®
o,y = 1 ® 03, where ¢ = {03,0',0?} and o' are the Pauli matrices. The condition
Mo = —no is easily solved by 19 = (xo0, —ixo). With some more effort, the full $* Killing
spinor (3.3) turns out to admit a natural decomposition in terms of an S? Killing spinor:

_ 1,3
e 27 xg2

Nga = isy 3 (34)

e 2 Xs2

The S? Killing spinor can be written explicitly as yg2 = exp [%01] exp [%012] Xo, for a

new constant spinor which is related to the old one by a simple unitary transformation:
Yo = 3(1—iot)(1+i03)xo. After the reduction to ten dimensions, the spinor dependence on
the coordinate o gets factorized in an overall unitary transformation, which is parametrized
by two angles that are related to a by: 41 = a+ 5,02 = 61 + 7.

The gamma matrix representation we have chosen is already appropriate for the re-
duction from eleven to ten dimensions. Indeed, chirality in ten dimensions is given by the
eigenvalues of 4*, which in our basis is 7* = 1@ —1. The spinor i decomposes as (x*, x?),
or equivalently as n = x' ® vy + x? ® v_, where vy are o2 eigenvectors and the two spinors

on Ms are given by

5, idy

X =e T, P=ie T xe . (3.5)
We end up with the following two supercharges with opposite chirality in type ITA super-
gravity:
1 _ 1 2 _ .2
e, =Cx vy +ece., e =( x“v- +cc. . (3.6)
The corresponding gamma matrices representation is given by: F,(]Jrg) = ’y,(j) ®1® a2

I —1gs 0o, I =110 0%
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Eq. (3.6) is also the spinor decomposition given in [6] for the AdS; x M? solutions in
massive type ITA supergravity. The SU(2) isometry of the S? is preserved by the massive
deformations, and it is in fact the R-symmetry of the solution. This is implemented by
having ( CCC) transform as a doublet, and at the same time the internal spinors:

1 2
la — [ X 20 _ X

This is indeed also the case for the massless case (3.6) we just discussed. This was initially
not assumed in [6], but it is indeed a consequence of supersymmetry, as can be checked
from the bispinors given there.® In other words, massive deformations do not alter the
transformation properties of x! and x? under SU(2). One can actually even check from [6,
eq. (4.23)] that the spinors x* and x? of the massive AdS7 solutions are given again by (3.5),
replacing however « with @ = arccosz, an angle whose role will become clear later in
this section.

We now want to further decompose the AdS7 spinor in a way which is appropriate to
describe an AdS, compactification. This is easily accomplished with (aqs, — Cads, ® X,
where Y is a complex spinor on the three manifold Y3 and the Killing spinor on AdSy is
a real non chiral spinor that we can write as: (aqs, = ¢ + ¢*. The corresponding gamma
matrices decomposition is: ’yff) = &4) ®1 7%'(1)3 =¥ ®4%, with charge conjugation matrix
B =1®i0?.

If we now plug this decomposition into the ten dimensional gamma matrices we im-
mediately realize that a change of basis is needed in order to get a proper 10 = 4 + 6
representation. We thus rotate the ten-dimensional spinors accordingly to € — Oe¢, where

the change of basis is parametrized by a matrix of the form: O = %(1 +ip), where p? =1
in such a way that O~! = O* = %(1 —ip). The corresponding transformation law for

the gamma matrices is I' — OI'O~!, which amounts to: I' — I' if T and p commute,
and to: I' — ipl" if I' and p anticommute. The charge conjugation matrix transforms as
B — OB(O*)~ L.

A proper choice is p = ¥ ® 1 ® 1 ® 02, which leads to our final 4 + 3 4+ 3 gamma
matrices representation:

FL4+3+3) — 27(4)7184) R1I®1I®1 )

F§i§3+3) _ 7(4) 2501002, (3.8)
i - W o106 @0,

where the index i = {1, 2, 3} runs over both the manifold X35 where the branes are wrapped
and on Ms. In this basis chirality and charge conjugation are represented as: I' = v @
1®1®(—0!), B=1®ic’®ic?® o3

The resulting transformed supercharges are:

~c. lc ~c. 2c

e =Gt + XYy Fee, € =G0 )w-Fee,  (3.9)

where w4 are eigenvectors of —o, namely w4 = %(’U—F Fouo).

5The spinors for the AdS7 solutions in [6] were obtained by I. Bakhmatov in unpublished work. We
thank him for sharing his work with us.
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As we anticipated in the previous section, it is very convenient to rewrite our spinor
Ansatz in such a way as to make the twisted symmetry manifest. We already know
from (3.7) the transformation properties for x! and x?, and we also know that the AdSs
spinor ¢ has to be invariant. Therefore it looks natural to assume that the spinor Y living
on X3 transforms under local Lorentz transformation on 3 in such a way as to compensate
the variation of x* under S? isometry. This is the analogue in our case of the discussion
about wrapped M5-branes at the beginning of section 2, except that of course our solutions
will not originate from wrapped Mbs, but morally from wrapping the NS5-D6-D8 systems
of [16, 17].

We can thus introduce a new SU(2) doublet x* = (%;) transforming in the 2.7 At this
point it is crucial to notice that both y and its conjugate carry a spacetime spinor index
a, or in other words assuming that they also transform as a doublet amounts to imposing
a condition on them, the twisting condition

U*abiba — ~aBUﬁa7 (310)
where we have introduced a spinor index o = {1,2} on ¥3. This constraint is solved by
choosing the twisted spinor to be equal to the epsilon tensor:®

01
¢ =€ = . 3.12
e 10 (3.12)

This is indeed the explicit form for the twisted spinor which is given in the AdS; x X3
solutions of seven-dimensional gauged supergravity in [12].

To summarize this long discussion about spinors, we achieved the goal of rewriting
the two six dimensional internal spinors in a form which is manifestly invariant under the
twisted SU(2) symmetry:

o= XMy, ot = X (3.13)

This is also consistent with the four dimensional spinor ¢ being a singlet. We finally have
a good SU(2)p invariant spinor Ansatz and we can proceed in our analysis of the internal
space structure.

7Of course the SU(2) representations 2 and its conjugate 2 are equivalent. What we want to highlight
here is that if x* transform as x* — U%x® then ¥* has to transform as Y% — U*ab)gb in such a way to
make the product x*x* invariant.

8We can be a bit more explicit by choosing a representation for the gamma matrices on the tangent
space to X3 to be: 5° = —(0%)*. We then define the spinor rotation matrix with respect to the euclidean

rotation matrix in the following way:
0%¢l =U''U, 09 =U"6'U". (3.11)

This identity implies that the spinor ¥, which is defined with respect to the generators in the &° repre-
sentation, transforms under local Lorentz transformation as ¥* — (UT)*?%”. We also want ¥ and its
conjugate to transform as a doublet under the same symmetry: ¥ — U*?*%®. Then the full spinor along
Y3 is represented by a 2 X 2 matrix x*“, which gets constrained by setting the two transformation laws to

be equivalent; this leads to (3.10).
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3.2 Twisted forms

We now discuss the fibration of M3 over Y3 from the point of view of forms. We will
focus our attention on those that are invariant under the diagonal SO(3)p in (2.20). As
we mentioned there, this action is a symmetry of the metric (2.19), whose internal part we
repeat here:
ds?w6 = ge'e’ +dr® + f*Ds%s (3.14)
where Ds?%, is the fibred S? metric defined in (2.7), (2.9), and we have written the metric
on Y3 in terms of its vielbein {e'}; their Cartan structure equation reads, in terms of (2.6),
de’ = e€7kei Wk, We also demand R
RY = Ee’ Nel, (3.15)

where RV = %RU wdx?”; this appears in the derivative of the spin connection dw' =
$€7k (wik+ RIF). Eq. (3.15) is valid on a compact quotient of a maximally symmetric space.

We can construct only two SO(3)p invariant one-forms: {dr,y’e’}. A third possible
candidate is vanishing: y?Dy’ = 0. It is easy to see that d(y’e’) = Dy'e’, which suggests
that the subspace of invariant forms is closed under derivation, which will indeed turn out
to be true.

Moving on to two-forms the structure becomes richer as there are five SO(3)p invariant
combinations living on Mg that are given by:”

wy = §el]kysz3k, we =e€'Dy’, wg =dry'e",
3.16)
. Ui (
Wy = Eﬂkezy]Dyk, ws = §€z]kyz€]k

(Notice that in this section we will omit wedge products to make the expressions more
readable.) Their exterior derivatives read:

dwi = —Eyiei(.u4, dwy =0, dws = drws ,
o R o (3.17)
dwy = 2y'€’ <w1 - 6w5> , dws = y'e'wy .
In the space spanned by these invariant two-forms w;, there is only one closed two-form
which is not exact:

R

This will be relevant in a later discussion regarding the flux quantization.
We now consider four-forms. It is natural to define

WAB = wA Nwpg . (3.19)
Only five of these are non-vanishing, corresponding to the Hodge duals of the two-forms w;:

*w1 = f2giwis, *wy = —2f2g3 w3, *ws = f2gPwis, (3.20)
*wy = —2f2g w3, *ws = f2gPwss

9We chose the notation w;, as is relatively standard for a basis of two-forms. These should not be
confused with the spin connection.
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where the Hodge star on Mg is computed with respect to the volume form volg = f2g3w; A
w3 A ws, which is of course the only non vanishing six form.
Finally it is worth noticing that:

W29 = W44 = —20)15 5 (3.21)

this implies that we have a triplet of two-forms {w2, w4, w; — w5} that square to the
same four-form and that are orthogonal to each other. This is exactly the set of algebraic
constraints that define a so called SU(2) structure on M. This will be useful in defining
the pure spinors in the section 3.4.

3.3 Pure spinors and supersymmetry

We will now give a quick review of the essentials of the pure spinor formalism, which will
allow us to formulate supersymmetry in a very compact fashion. For more details see for
example [25].

A warped AdS4 compactification is a spacetime of the form

ds?y = eQAdsid& + ds?, (3.22)

where dsg is the metric on the internal space Mg, and A is a function of Mg called warping.
The BPS equations for a string vacuum with this geometry can be rewritten [15] using
the language of generalized geometry in terms of the so called pure spinors, a pair of
polyforms on the internal space. If we take the standard 10 = 6 + 4 decomposition for the
supersymmetry parameters:

e =l + e, e =0 +ec, (3.23)
we can define the pure spinors ®4 in terms of the internal parameters as:
_ T _ t
e_=nte@) . er=nie @), (3.24)

where + denotes even/odd forms. In the generic case the pure spinors can be written in
terms of a so called SU(2) structure on Mg, given by a complex one-form z, a complex
two-form w and a real two-form 7, such that

wAo=j%, W=0. (3.25)
The parametrization is:
e td = p e e PD_ = ptant) z A ey, (3.26)

where 1) is the angle between the two spinors 72, and p is a real number that determines
the norm of the pure spinors. We have also defined the forms:

1 ' 1
= Jj+ %z AZ, Wy = (Rew + Imw) , b=tanyImw, (3.27)

g, = 1
v cos sin v cos
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where the real two-form b is called the intrinsic b-field associated to the pair ®4. One
can always obtain a pure spinor pair with vanishing intrinsic b by the action of a so called
b-transform:

Dy — Y =Dy, (3.28)

which turns out to be a symmetry of the pure spinor equations provided that also the
physical NS three-form flux H and the internal'® RR flux F = > i For, are transformed to
the corresponding auxiliary fluxes given by:

H°=H—db, F°=¢"F (3.29)
We can now write the pure spinor equations [15, 26]:

dp®y = —2¢ 4 Re®_,  Jp-dy (e md_) = —5¢ *Re®y + F, dyF =9,

(3.30)
where dg = d — HA and J; is an algebraic operator associated in a certain way to ®..
This operator is reviewed for example [26], and more concretely in [27, section 5]. More
specifically, in [27, section 5.2], (3.30) were analyzed and reduced to the action of a more
concrete operator JJ !, that consists in contracting with the bivector Jq; 1 whose inverse is
Jy in (3.27). This operator is analyzed in detail in appendix C. It is now easy to see that
we can equivalently solve the pure spinor equations (3.30) for the set of auxiliary fields
(@Y%, F°, H) and then perform an inverse b-transform (3.28) to get the physical fluxes,
as we anticipated.

3.4 Pure spinors on Y3 and M3

We will now focus on the particular case of our interest, namely a 6 = 3 + 3 splitting of
the internal space. This requires some extra ingredients of generalized geometry in d = 3.

We will give an Ansatz for the bispinors living on the three manifolds >3 and M3 using
the three-dimensional generalized geometry techniques presented in [6]. We will later be
able to express the full six-dimensional pure spinors in terms of the three-dimensional ones.
We already know form the spinor Ansatz (3.9) that there is a crucial difference between
the two three-dimensional factors: namely, we have one single spinor ¥ on X3, while we
have two spinors x!, x? on Ms.

We start by defining three-dimensional bispinors in a similar way as (3.24) in six
dimensions. Namely, on M:

U1 =X1® X5, o= X1 ® X5 ; (3.31)

similarly, on Xs:

hr=x0x", o=y ®xT. (3.32)

10We mean by this the flux with no legs along AdSy; this determines via Hodge duality the external flux,
namely the one with legs along AdS4.
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It is much more convenient to organize the bispinors in the following 2 x 2 matrices:

i (Xl) ® (xa —XC)T _ ( V1 o >
i D\ (e ()t — () () )

@E<X>®(i )ZC)T:< U s >
e ’ —(=)deB ()" (—)deE ()" )

where (—)9°8 acts as + on even (odd) forms. The advantage of this choice is that now we

(3.33)

can expand these 2 x 2 hermitean matrices on the two basis o = (1,0%) and 6* = (1,5"),
where o and 6° = —(0*)* are the SU(2) generators in the 2 and 2 representations.

In the case of ¥3 we have one single spinor y, so we can use the expressions [6, eq. (3.14)]
with ¢ =0, 6; =0, 65 = 0; the result is:

Ug=1, U, = —é'g' . (3.34)

The subscript indicates the degree of the forms; we introduced a tetrad & = ge’, with
elel = ds%g. The remaining components of U are determined via Hodge duality as Uy =
—ix3 Wy, W3 = —ix3 Uy. Notice that the expressions (3.34) are automatically covariant
under the SO(3) of local Lorentz transformations even before solving the supersymmetry
equations; with some abuse of language, we will say that they are covariant “off-shell”.
Indeed if we perform a local Lorentz transformation e! — O%el, it is clear that this can
be traded with & — (O7)%&I = U*6'U”, namely the matrix ¥ transforms covariantly as
¥ — U wyT.

Things are a bit more complicated on M3 where we have two spinors xi, x2. What
happens is that the expression for ¥ is not automatically covariant under the SU(2) that
rotates the S?; in [6], it became covariant only “on shell”, meaning after solving the su-
persymmetry equations. This in effect means that the analysis there started with random
spinors on the S?, and that imposing supersymmetry also required them to be Killing
spinors when restricted to the S?. In this paper, we have no need of proving that our
solutions are the most general in any sense; so we will just assume the SU(2) covariance
from the start. We will simply take the expression for the bispinors [6, eq. (4.23)] and co-
variantize it by replacing dy* with Dy’ = dy+ €7%y7w*, also substituting the AdS; warping
ieA 1 — 22 with the AdS, one f. We get:

Vg =iz 1+V1-a22y'o’, Uy =+/1-22dr 1+i(zy'dr+ fDy")o". (3.35)

Again the remaining components are determined by covariantizing the Hodge duals ¥y =
—ix3 Uy, U3 = —ix3 Uy

The matrix U now transforms covariantly under the diagonal symmetry in (2.20),
which we can trade for

ot = (01)igl = Us'UT . (3.36)

This implies ¥ — UVUT.
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3.5 Assembling the pure spinors on ¥3 and M3

We will now assemble the pure spinors (3.35) and (3.34) that we have found on Y3 and
M3, and find expression for the six-dimensional pure spinors (3.24).
We start from the odd form ®_, that we rewrite as:

6
1
2
o= 771+ ® n_T - Z 8](5'77 il YMy... My 77+d$M1 M

k=0
e (3.37)
éZZﬁn M. M1’>/M;C M,y 77+de1 Mkdle Ma :

q=0 k=0

We now plug into this formula the spinor Ansatz (3.13), together with the explicit gamma
matrix representation given in (3.8), and get:'!

o = ;[(x ® Xa+> (Xg® X§T>_+i(x 2 XaT) <x1® XQT) ] _ (3.38)

Comparing this expression with the 3d bispinor matrices we defined in (3.33), we realize
that we can write more compactly
1 ~ iy
o= tr (\111\11_ + z\ﬂ\h) . (3.39)

An analoguous expression can be obtained for the even pure spinor ®:
by =int @ n) = 2tr (qff\y, — xlfqu) , (3.40)

where the ¢ factor in the definition is chosen in order to get a real zero form part ®o. Notice
that the pure spinors ® are invariant under the twisted symmetry (2.20), as they should
be. This can be seen by assembling the transformation rules we found for U and ¥ in the
previous section:

U - UV, O - U WUT — &, invariant . (3.41)

The next step is plugging into ®. the explicit expressions for the matrices ¥ and
W% we gave in (3.35) and (3.34). As expected, the pure spinors turn out to be naturally
expressed in terms of the twisted forms that we introduced in section 3.2. In particular
they can be written in the dielectric form (3.26), where

z=dr+gye, j=—-fgws, w=—fgw+i(fiw —g*ws); (3.42)

from (3.21) we see that this is an SU(2) structure, (3.25).'2 We also get for free the
identification
x = cos, (3.43)

Heg. (3.38) is obtained after some manipulations that involve computing the quantity w,U§U§w+ , which
is equal to 0 if ¢ + k is even, to 1 if k is even and ¢ is odd, and to i if k is ood and g even.

12There are other linear combinations of the w; in (3.16) that satisfy (3.25). One can see that the coefficient
of j and w along w3 has to vanish; the remaining coefficients describe a set of quadratic equations, which
can be interpreted as describing a frame {Rew, Imw, j} in a four-dimensional space of signature (3,1). This
might lead to a more general class of solutions, which however would not be interpreted as compactifications
of the AdS~ solutions of [6].
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where 1) is the angle in (3.35). This provides a natural interpretation of the variable z in
terms of the angle between the two six dimensional spinors n', n?. Finally, we also get
a vanishing phase § = 0, which means that we are in the special case considered in [27,
section 5.2]. The pure spinor equations were analyzed in detail there; (5.16)—(5.18) in that
paper give the constraints on the geometry and the fluxes in terms of the SU(2) structure
(z,7,w). Recall that before using the equations in that form we have to transform ® to
the corresponding pair ®} with vanishing intrinsic b-field, as in (3.28). We also have to
rescale the pure spinors as @1 — €34~?®_, which amounts to fixing their norm in (3.26)
to p = 347 cos) as in [27, eq. 2.2]. Using the results of section 3.2 and appendix C, after
some work the supersymmetry equations reduce to a coupled system of ODE’s which we
now proceed to give.

3.6 The system of ODEs

The result of the analysis of this section is a system of five coupled ODE’s in five variables:
the three functions in the metric (f, g, A), the dilaton ¢, and the angle between the two
six dimensional spinors x = cos. All of these functions depend on the radial coordinate
r only. The system reads
fg? e A ! B Rf2 + 642
cos 6 elcosZy’
(g e*A)/ _ eA(Rf? + 6g%sin® ) — 12f g% sin )
6fg €24 cos 1) ’
" 12fg?(e?siny —
(Fe) == Jo'leTsing —J) g (3.44)
eA(Rf? — 6g2sin® )
v gethcosy  12g32AHO(f — efsiny)

3A
(9¢¥) = f " (Rf? — 6g2sin? ) Fo,
<g363A>’ B Ege:sA costp 9g3e2A+0 (6£g%(cos® v — 3) + eAsin(Rf? + 1262)) i
) T2 FA(Rf? = 6g2sin® ¢) v

Notice that in the massless limit the first, fourth and fifth equation of this system reproduce
the analogous equations in 11d supergravity given by [14, eq. (9.71)—(9.73)]. The third
fixes the function f in terms of the dilaton and the second is solved imposing the on shell
constraints (4.1).

It so happens that the Bianchi identities for the fluxes are automatically satisfied.
So (3.44) is the complete system we need to satisfy in order to find an AdS4 solution.

Moreover, given a solution of (3.44), one can always find another rescaled solution for
which the curvature and string coupling are both small, so that the supergravity approxima-
tion we are using in this paper is justified. This can be done by using the transformations |7,
eq. (4.2)—(4.3)]; the first is Fy — nFy, ¢ — ¢ — logn, which is a symmetry of (3.44); the
second has to be supplemented with transformation law for f and g:

(A7 f7 g7 ¢7 x? r) % (A + AA? eAAf’ eAAg? ¢ - AA) x’ eAAT) ° (3'45)

In the next section we will see that a certain three-dimensional submanifold of the space
of parameters is invariant under (3.44); on that submanifold the system is then reduced
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to a much more manageable system, whose solutions are the main focus of this paper. In
section 5 we will then go back to the general system (3.44), and find more solutions to it,
albeit only numerically.

4 Natural compactifications

In this section we will obtain solutions which generalize to the massive case the N = 1
compactifications reviewed in section 2.

4.1 Reducing the ODE system

In section 3.6 we obtained the system (3.44) of ODEs, which is necessary and sufficient to
find an AdS, solution within our Ansatz. We are now going to impose a certain constraint
on (3.44), which will simplify it quite a bit.

Originally we found this simplification by noticing empirically that many solutions had
a constant ratio between the functions g and e in (2.19), which are the “radii” of ¥3 and
of AdSy respectively. A posteriori this assumption is quite natural, and indeed it was later
found very useful for the AdS5 solutions of [19] as well (where it is called a “compactification
Ansatz”). A rough justification is as follows. The holographic dual of putting a CFT¢ on
R3 x X3 would consist in replacing dSQAdS7 = dp—f + deS%@ with C;L; + p2(ds]§3 + dSQES). In
the IR, if this leads to a CFT3, one would expect that the p? in front of cls223 somehow
disappears; our Ansatz is somehow that it does not also get multiplied by a further function
of Y3, or worse.

A

So in practice we assume that ge™* is constant. As usual for a dynamical system, if

one imposes a constraint one needs to worry about possible “secondary constraints”; in

our case, we need to check what happens when we use (3.44) in (ge=4)’ = 0. We do get
fe
V1—x2
we could get now a third constraint as well, but imposing compatibility with (3.44) of this

a secondary constraint: it turns out that needs to be constant as well. In principle

second constraint we simply end up fixing both constants. This procedure actually only
works when X3 has Ricci scalar R < 0; without loss of generality we then fix R = —6. The

2 2
f= geA\/ 1—22, g= %eA : (4.1)

In other words, within the five-dimensional space spanned by the parameters (f, g, A, x, ¢),

result is then

we have found a three-dimensional subspace that is left invariant by the flow.

The system (3.44) now simplifies quite a bit; after eliminating f and g using (4.1),
it only involves the warping factor A, the dilaton ¢ and the angle between the two six
dimensional spinors x = cosv. Moreover, two equations become redundant. The system
then becomes

1 et 3 2 A+¢
1
v = eI (3x2 ~ 8+ 2:1:F06A+¢) , (4.2)
/ ]. €_A
=L (riaeton)
81 — a2 0
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where the derivative with respect to the radial coordinate r is denoted by 9.( ) = ().
Notice that this system of ode’s looks very similar to the corresponding BPS equations in
AdS7 given in [6, eq. (4.17)]. As we will see in section 4.3, this similarity can be made

more explicit.

4.2 Metric and fluxes
With the constraints (4.1), the full ten-dimensional metric (2.19) becomes

4(1 — 2?)
25

4
5

Notice the similarity with the AdS; metric (2.14).
Let us also give the form of the fluxes here. Their general expression will be given in

ds?, = e*4 (dsidséJL + dsQE3> + dr? + €2AD3§2 . (4.3)

section 5 below, but for the choice (4.1) they are quite simple:

2F
= fefd’(wg, —wp) — —50xfeA w1,
2 _
F, = —gfeA ¢(w23 +axf w15) , (4'4)
2 - 3(z% -3
H = —geA(der) +af y'e'wy) — ((562)6_14 + mFO@¢> volpz -

Here, the forms w4 were defined in (3.16). We left f in these expressions, even though it
should be thought of as given by (4.1). These expressions are again very similar to the
fluxes for the AdS7 solutions of [6]: there, F5 only had a component along the volume of
the S2, which roughly corresponds to our wi; H only had a component along the volume
of the internal manifold M3, which for us is voly, = f2drw;. In studying flux quantization
for these fluxes, a crucial role will be played by the combination

q= fe ? = radius(5?) e ? ; (4.5)
using (4.1) we see that it is very similar to the quantity of the same name in [6, eq. (4.41)].

4.3 Supersymmetric maps

We have noticed already a few similarities with the AdS; solutions of [6]. In particular,
the ODE system (4.17) in that paper looks very similar to our (4.2). Remarkably, the two
systems are mapped into each other by:!3

3/4 1/4 ¢
et — > et e? — > s ,
8 8 Vw

1/4
x%%, r—><8> T, Fy— —Fy,

13The map might be more readable to some as

5 3/4 5\ /4 o7 . 5\ /4
Ay _ (2 A7 ba _ 2 - L7 =2 4.6
c=) e =) w e () o @

2
with w = %. In this paper we prefer to drop the indices 4, 7 that label the dimension of the AdS factor,

just to make the expressions more readable.
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where we defined a warping function

_ 5+ 322
w = .

- (4.8)

Actually the requirement that (4.7) should map (4.2) in [6, eq. (4.17)] leaves one parameter
free, which we fixed by requiring that ¢ in (4.5), which reads ¢4 = %6‘4*‘1’\/ 1 — 22 transforms
into the ¢ of [6, eq. (4.41)], g7 = %eA*‘b\/l — 22, As we anticipated, this will play a crucial
role in the study of the flux quantization of section 4.4.

The map (4.7) acts on the full ten dimensional metric as

1— 22
62Ad82AdS7 +d7"2 + TGQAdS%Q

515 94 2 4 9 2 1—a® o4
— \/;|:8€ (dSAdS4+5d523 —f—dT‘ +m€ DSSQ 5

One can indeed see that the massless metric (2.17) is of this form; however, (4.9) is now

(4.9)

valid also for massive solutions.
The map (4.7) also inspired a similar map for the AdS7 to AdS5 compactifications on
Riemann surfaces [19, section 5.2]. Combining the two maps we get:!

3/4 1/4 4
e ()
v (4.11)

x 5 1/4
S S (2 Fo— —F
€ \/@7 r <6) r, 0 0>

where we introduced a new warping function

5 2
o=t (4.12)
6
Again, the transformation law for the full metric is
24 (7.2 2 o 1=a% 54 o
e (dsigs, + dss,) +dr® + —5 ¢ dsgs —
(4.13)

515 94 2 4.9 2 2(1 - 2?) 2412
\/g |:66 <d8AdS4 + gd823 + dT’ + me DSSQ y
Once again the map has one free parameter which is fixed by requiring that ¢4 =

%eA_¢\/1 — 22 transforms into ¢5 = %eA_¢\/1 —x2. With this choice ¢ is a universal
quantity for the AdSy solutions and all of their compactifications:

G4 =G5 =qr - (4.14)

14 Again an alternative way of presenting the map is:

5 3/4 A 5 1/4 €¢5 T 5 1/4
Ay 5 b4 5

5 — — ry = — 4.10
¢ <6> ¢ ’ ¢ (6) \/'LT)7 o \/'LT)7 ! <6> o ( )

14522
6

with w = , where the indices 4,5 label the dimension of the AdS factor.
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In summary, the result of this section is that there is a one-to-one correspondence be-
tween solutions of the reduced BPS system (4.2) and solutions of the BPS system for AdS;
solutions in [6, eq. (4.17)]. Moreover, [19, section 5.2] establishes that there is a one-to-one
correspondence of AdS7 solutions with AdSs x X5 solutions, with 39 a Riemann surface:

AdS4 X X3 AdS7 4 AdS5 X 2o . (4.15)

The correspondence to AdSs will be important for us, because in [19] the BPS system was
solved analytically, as we will review in section 4.6.

However, before we are able to claim that (4.15) is also a correspondence between
solutions, we should also check that flux quantization is respected by it. We will do so
now, and we will then look at concrete analytic solutions.

4.4 Flux quantization

Flux quantization is formally very similar to the discussion in [6, section 4.8] and in [19,
section 5.4]; here we will summarize the results of that discussion, and refer to those papers
for details.

For massive solutions, as usual the Bianchi identity (away from sources) dFy = HFy
implies that H can be rewritten as H = % As a consequence the B field takes the form:
Fy

B=—=+b, 4.16

i (4.16)

where b is a closed two-form to be determined by imposing flux quantization. We can limit
ourselves to considering b of the form

b= bo(w1 — (,4.)5) N (4.17)

which is indeed closed, as shown in section 3.2 (recall that we have normalized the Ricci
scalar to R = —6). We can thus rewrite the B field as
B= <_q + b0> (w1 —ws) — gqaceA'Hﬁwl . (4.18)
Fy 5
One should also recall that B is not a two-form; it can transform on intersections of open
sets by “large gauge transformations”, namely closed two-forms whose periods are integer
multiples of 472.
As for the RR fluxes, the Romans mass satisfies Fy = 52, ng € Z; also, the
“twisted” fluxes

~ ~ 1
Fy =F, — BFy, F4EF4—B/\F2—|—§B/\BFO (419)

should have integer periods. The two-form is

FQ = —bFo = _bOFO(Wl - LO5) ; (4.20)
flux quantization now implies
n2
bp=——= . 4.21
o= 5 (4.21)
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The four-form Fj can be written as

- 1 n 1 L.
Fy=— (QQ — 42> wis — §dy y'e'ws, (4.22)

or also as Fy = dCs, where!'®

- 1 2 o
C3=— <q2 - n2> ye'ws . (4.23)

Z

We made use of the derivation rule d(y'e'ws) = 2wi5 which descends from equation (3.17),

7

and we also inserted the relation (y) = —%Fo, which can be verified using the BPS
equations (4.2) together with the radial change of coordinates dr = 18q%dy; we will later
find it again in (4.31). Near a regular point, regularity of B and F5 implies that ns should
be zero, and that ¢ — 0. Moreover, one can see from (4.2) that ¢ starts linearly in the radial
coordinate, so that in the end C3 ~ r2yie’e? Dyl = z'e’e/ Da?, where now the z = ry’ are
coordinates on R3; so Cs is a regular form, and Fy has no periods in this case. In presence
of sources, the discussion changes a bit. Flux quantization now requires the flux integrals
to be integer for cycles that do not intersect the sources. We can take such cycles to be
at fixed y; then the only relevant term in (4.22) is wis = %volszeijkyiejk, whose integral
vanishes because | g2 y' =0.

We can now start introducing D8-branes, which we will allow to also have D6-charge;

so, across such a brane both fluxes (ng, n2) will jump to new values (ny, n5). The “slope”

W ﬁgi = Z%’_ZE is an integer. Imposing that (4.18) be continuous we find the condition

/ /

s = "yt = 52 4 ) = (s + o) (124)
which is formally identical to [6, eq. (4.45)]. We now understand why we chose to have the
map keep ¢ invariant across dimensions, (4.14).

We finally have to understand what happens to flux quantization of H. This is com-
plicated by the fact that in presence of D8’s one might have a region of space where
Fy = 0, where (4.18) does not apply; one then has to use a separate expression for B in
the massless solution. A lengthy discussion [19] (actually obtained by the present authors
in collaboration with the authors of [19]) establishes that

1
N=- 2/H (lpn] + lma]) + A=0 (|2, | + |zng1]) (4.25)

refining an earlier analysis in [7]. Here the indices ,, and ,,41 refer to the D8 brane right
before and right after the region where Fy = 0. If that region does not exist, then N =
(|pn] + |pn+1]), as already remarked in [7].

151t is interesting at this point to compare our ﬂuxes to their AdSs counterpart in [19]. For example, (4.23)
is formally the same as in [19] the form y'e‘ws = y'e’e? Dy, if one now declares i to be only 1,2, becomes

e2(y' Dy? — y?*Dy') = sin?(0) Dypvols,, which reproduces the expression in [19, section 5.3]. As another

example in the expression for F in (4.4), w1 is simply the covariantized volgz, and ws = 1 €7k y1eI* becomes

y3ele? = cos(f)vols,, which reproduces the F, in [19, section 5.1].
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It can now be checked with some patience that the condition in (4.25) is reproduced
also in AdS4, once one uses the map (4.7). In [19] this is also checked for AdSs solutions.

In summary, we can conclude that the one-to-one correspondence (4.15) respects flux
quantization. Thus it is a correspondence between string theory solutions, and not just
supergravity solutions.

In the following sections we will start studying concrete analytic solutions, reaping the
rewards of the analysis performed so far.

4.5 Massless solutions

As a warm-up, we will first discuss the massless solution. This can be obtained directly as a
solution of (4.2), or applying the map (4.7) to the AdS7 massless solution 2.16. Either way,
one reproduces the ten-dimensional reduction (2.17) of the eleven-dimensional background
found in [14], which in turn lifts the seven-dimensional gauged supegravity solution found
in [12]. The metric reads

4  sin?a

3
5\2 R3 4 2
2 : 2 2 2 2
dsl() = <8) 7 S1n &« |:dSAdS4 + gdSZB + ngé + 5mD852 . (426)
The same logic as in [6, section 5.1] reveals that at the two poles x — +1 we have a
D6 and a D6 stack. Indeed near the north pole & = 0 the metric behaves as als?w3 ~
a(da® + iaQDs%Q) , which can be mapped into the usual metric describing a D6 in flat

space als?w3 ~ p_%(d/o2 + ,02Ds§2) via the coordinate transformation p = 9=5a2. The

1
5\ R3sin®a
W_(Z) ——— . 4.27
° <8) 5+ 3cos? « (427)

dilaton is given by

For completeness we also give the expressions for the fluxes, which can be obtained applying
the map (4.7) to the solution (2.16) and substituting the result into (4.4):

R? cos asin?

———— . 4.28
8(5 + 3 cos? a)w15 (4.28)

1 R3si o
B=gws—w),  Fi= —%da y'e'ws —

It is also possible to derive a simple expression for the B field:

R3cosa R3 cos a(9 — cos? )

B = _
16 “° " 16(5 + 3cos?a)

wi . (4.29)

We actually used this expression in checking that (4.25) is also the correct flux quantization
condition for AdSy.

4.6 Massive solutions

We will now turn our attention to massive solutions. Thanks to the maps in section 4.3
and to results obtained for AdSs solutions in [19], we will be able to provide many analytic
solutions. In this section we focus our attention on massive solutions with D6 and O6
sources; solutions with D8-branes will be shown in section 4.7.
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In [19] the BPS system of ODEs was actually solved analytically. We can then use the
map (4.11) to provide a solution to our BPS system (4.2) as well. The solution is

A:W(—WfM R T B (5>1/4 (=0,5/y)"
6 2y ’ 56 — 299,08’ 2)  12/55 — 2y9,8

(4.30)
where y is defined by g—; = (2)2 %, and ( is a solution of the equation
Fo yVB
0y(¢*) = = =2, 4.31
y(q ) 79 ’ q ay,B ) ( )

the expression of ¢ is obtained from its definition (4.5) and (4.30). This equation can be
easily solved by ﬁ = e,
Y Y

Before showing some examples, let us comment on the regularity of these solutions.

For compactness, we need the S? in (4.3) to shrink in two points, that we think of as a
“north pole” and a “south pole”. The way this can be done was analyzed in [6] for the
AdSs solutions; the results can be applied directly to our AdSy case as well. This can be
read off from the map (4.13); basically, the function gg%ﬁ;;, multiplying the factor of ds%2
after applying the map, goes to the same factor 1/9 as the factor % before applying
the map. So the leading behavior does not change, and we can copy the results in [19,
section 5.3].

The results can be summarized as follows. The local behavior around a pole is associ-

ated to features of the function /5 in (4.30):
e A single zero of 5 corresponds to a regular point.
e A double zero of 8 corresponds to presence of a stack of D6-branes.

e A square root behavior S ~ Sy + 81/24/y — yo + ... corresponds to presence of an
O6-plane.

The O6 case perhaps requires a few more comments. First of all, in that case it is
understood that one needs to mod out the solution by worldsheet parity Qs times a Zso
involution which acts on the S? as the antipodal map o; the O6 will sit at what we called
the pole, which is where the S? shrinks and o has a fixed point. To be more precise about
what we mean by the presence of the O6-plane, it is perhaps instructive to look at the O6
in flat space, whose metric reads H‘1/2d3]%6 + HY? (dr? + r2d3%2), where H =1— 2. One
might be tempted to say that the O6 is located at » = 0, but this would not make sense:
the metric is in fact purely imaginary in the “hole” < ro. The locus where the S? shrinks
is in fact r = rg. The square root behavior we described above is the same as around this
r = rg point in flat space.

It is also worth pointing out that this is really the same behavior as for an O6 in flat
space, and not the one found in [27]. In that paper, the singularity of an O6 in presence
of Romans mass was replaced by a wormhole-like behavior. There is no contradiction: the
geometry of that case was very different, with the parallel directions fibred in a certain
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way over the transverse S2. It was inspired by the solution in [28], for which it meant to
provide a local (but non-smeared) version.

Just like O6’s, also D6-branes can only occur at the north or south pole. For AdS~
solutions, this could simply be explained by the SO(3) symmetry. In our case, one can
explain this through calibrations. Just as in [6], the calibration for a D6 is the variable x.
A D6 can only sit where z = 1 (and an anti-D6 where z = —1). Imagine starting from a
solution with a regular point; in that case it can be seen from (4.1) that

z— +1 (4.32)

at the poles. So a probe D6 will want to sit there. It can actually be checked with some
more work that even for solutions where D6’s and/or O6’s are already present z — +1 at
the poles.

After these preliminary remarks, let us see some examples of analytic solutions.

4.6.1 Solution with one D6 stack

The first solution we will analyze has a regular south pole, and a stack of D6’s at the north
pole. This corresponds to a 8 with a double zero and a single zero.

This solution is obtained by applying the map (4.11) to the AdSs solution in [19,
section 5.5]. We can also obtain it by applying (4.30) and (4.3) to

B = Fé(y —50)(y + 2y0)*, (4.33)
0

which is the simplest analytic solution of (4.31). Given our general analysis, we expect a
regular point at yg, and a D6 stack at —2yj.
The metric reads
5 P 1 dy?
“dsigs, + 2dsy, + -
[6 AdSE 3T T 4 (5o — 9) (y + 200)

2 — 2
(yO y)(y+ y0>DS§2 , (434)

5(y + 2y0)

ds3y =
S10 3F,

3 y2 — Byoy + 1092

which is valid for Fy > 0 if the new radial coordinate has range y € [—2yo, yo]. The dilaton

is determined to be 5
oo — 15 (y + 2y0) .
ES (y? — 5yyo + 10y3)?

As a cross-check, let us analyze the local behavior of the metric around the poles, which

(4.35)

are defined as the two end points of the interval where the S? shrinks: {y = yo,y = —2yo}.

e Around yo the metric is proportional to ds?w3 ~ + (yo — y)Ds%27 which can

dy?
4(yo—y)
be mapped into the flat space metric dp? + p2D8§2 with a simple coordinate trans-
formation p = \/yo — y. In other words the solution is regular around this pole.

e The D6 singularity is still present at the second pole y = —2yp, where the local

behavior of the metric is ds%\/l3 ~ \/% +(y+ 2y0)%Ds?q2. Indeed if we define a new

radial coordinate p = y + 2yg we recover the metric describing the neighborhood of
a D6 in flat space: ds3;, ~ ;f%(clp2 + p*Ds%y).
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For completeness it is also worth giving the full expressions for the fluxes:

2qy(y + 2yo)
y? — Syyo + 1043
2qy(y +2y0)
Fo(y® — 5yyo + 10y3) '
H— —gidy% T zqy(y +2y0) 5 yichu, — q(y + 2yo)§19y2 + 65yYo ;2903;(2])
q Fo(y? — Syyo + 10y3) 2Fy(y? — 5yyo + 10y;)

Fy = q(ws —w1) +

)

1 .
F4 = —§dy y’LeZWQ + 5, (436)

dyws ,

which are expressed in terms of the function ¢ = % 2Fy(yo — y)-
Flux quantization can be analyzed by direct inspection of (4.36), or by applying our
general results in section 4.4. The result is that the parameter yq is fixed to be

3n3
=-—= 4.37
W=gE (4.37)
ng is the number of D6 in our stack at the north pole y = —2yg. Replacing this expression
in (4.34) and defining
- Y
g== 4.38
" (4.38)

one recovers the metric (1.1). However, (4.34) also appears as a piece of metrics with D8’s,
and in that case yg is fixed to a different value, as we shall see.

Meanwhile, from (4.37), (4.34), (4.35), we can also check explicitly that by taking ns to
be large we can make both the curvature and the string coupling small. This is in agreement
with the general observation made around (3.45); notice that that transformation preserves
the constraint (4.1).

4.6.2 General massive solution

We will now show a more general solution; without D8-branes, this is in fact the most
general one. It can be obtained by applying the map (4.11) to the AdSs solution in [19,
section 5.6], or by applying (4.30) and (4.3) to

3 2 2
W - X - B
5= (\/§ 6) (y + 6/ + 6bs 72) , (4.39)
where
§ = 2by (y - 1) +36 . (4.40)
Yo

The parameter by has the interpretation of by = % B, where (3 is half the second derivative
of #in yg. An alternative expression for (4.39) is

VB = \/7\/?/ y0y+2yo—36,/b3 (by — 12), (4.41)

where gy = (1 — },—i) yo- Notice the similarity with (4.33).
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The resulting solution is

2
PFSys (4(ba — 18)2 + 30(by — 12)v/F + (b — 18)§ + §2)*
1
7R3 -~ T
5 vo i %\/%(%B 7F0y>4D5?§2
ds?, =1/ [ =2} dg® + Y0
3 6 4(by — 18)2

2803 F5 38 +30(ba — 12)/J + (bo — 18)7 + 52
(4.42D)

(4.42a)

The meaning of this solution depends on the parameter bo. Summarizing the analysis in [6,
section 5.6]:

e If by < 12, 5 has two double zeros, so the solution corresponds to two D6 stacks, one

at g = \/—3—1—\/81—6()2, one at y = 36.

e If by > 12, the solution corresponds to a D6 stack at one pole §j = 0 and an O6
singularity at § = 36.

o If by = 12, 8 simplifies to %y(g) — 36)2, which is (4.33) up to coordinate change;
so this case corresponds to a single D6 stack at § = 36.

All this agrees with the qualitative analysis performed in [6] for the AdS7 solutions.

4.7 Massive solutions with D8’s

One can also obtain metrics with arbitrary numbers of D8-branes. These solutions are a
bit more subtle: the Romans mass Fy will jump across the D8-branes are located, and as
a result the expression of the metric will change. Despite the jump in the Romans mass,
the full metric can be made continuous by tuning the parameters properly. In other words
we have to piece together solutions we have already studied. The position of the D8’s is
then fixed by (4.24).

In [19, section 5.7], the procedure was illustrated with two examples, with one and
with two D8-branes. It is now easy to apply the map (4.11) to those solutions.

The solution with one D8 consists of two copies of (4.34), glued exactly as in [19,
eq. (4.42), (4.45)]. We will not repeat it here.

Here is instead a solution with two D8’s, which is the AdS, compactification of the
AdS7 solution obtained numerically in [6, figure 5]; the analytic expression for the AdSy;
solution is also given in [19, section 5.7]. The configuration is symmetric, in the sense
that the flux integers before the first D8 stack are (—ng < 0,0), between the two stacks
(0,n2 = —k < 0), and after the second stack (ng,0). We will assume yo < 0; the positions
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of the two D8 stacks will be ypg < 0 and ypsr = —ypg > 0. We get:

5(y + 2y0) < dy? 8(y0—9)(2y0 +9) [, 2 )
48F  \(wo—y)2yw+y) 3> —5yyo+ 103 ")’
Yo <Y < Yps ;
V/10(92R6 — 322y2) 322dy? 2(92R% — 32%y%)
ds?VIS = 32 <92R6 — 322y 5(92RS) 4 3(322y2) SS2> ’
Yps <Y < —YDS;
5(y + 2y0) < dy? 8 (Yo —9)(2y% +Y) .0 )
—48Fy \(wo—v)@uo+vy) 3% Syyo + 1042 52}
{ —yps <Y < —Yo ;
(4.43)
the metric in the middle region is the known massless metric in 4.26 after the change of
coordinate cos o = %y. The parameter R, yo, yps are also given in [19, section 5.7

RS = 6—4k27r2(3N2 —4p?),
3 0 (4.44)
yo=—gkn(N—p),  yps =~ kn(N —2p),

where p = n%
As we mentioned, it is possible to generalize this solution to include an arbitrary
number of D8-branes. It is also possible to include D6’s or an O6 at the north and south

pole, thus mixing the features of this section and of section 4.6.2.

4.8 Summary and field theory interpretation

Let us summarize the solutions in this section, and make a few comments about their field
theory interpretation.

We have found an infinite class of AdSy x Mg solutions, where Mg is a fibration of
M3 over X3; Mj is topologically 22 S3, while X3 is a compact quotient of hyperbolic space.
These solutions are in one-to-one correspondence (4.7) with the AdS7 solutions of [6]. In
particular, the metric on our M3 is related to the internal manifolds in those AdS7 solutions
in the simple way (4.9). It is a fibration of a round S? over an interval, and as such it has
SO(3) isometry group.

Our main aim in this paper was to find AdS,4 solutions dual to twisted compactifications
of the (1,0) CFTg dual to the AdS7 solutions. Because of the fibration structure of our
solutions (which was part of our Ansatz), and of the one-to-one correspondence (which
came out as a result), the solutions we found seem to be exactly what we were looking for.

We can contrast once again our solutions with the known massless ones [14], this time
from a field theory perspective. For the N' = 2 solution (2.12), the internal space has
SO(2)xSO(3) symmetry; twisting mixes the SO(3) factor with the SU(2) of local Lorentz
transformations on Y3, and we are left with only the SO(2) factor, which is in fact the
R-symmetry of the resulting N’ = 2 theory. For the N' = 1 massless solution (2.4), the
internal space has SO(4)= SU(2)r, x SU(2)r symmetry, and twisting mixes the SU(2),
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factor with the SU(2) of X3, leaving an SU(2) which is a flavor symmetry. There is no
R-symmetry because the CFT3 is only N/ = 1 supersymmetric.

For our solutions (and indeed for the ten-dimensional reduction of the massless solution,
studied in section 2.2), the isometry of the internal space is already just SU(2); twisting
mixes it with the SU(2) of X3, so that in the end we have no flavor or R-symmetry. (Again
this is in no contradiction with the fact that the CFTj is only N'=1.) From the point of
view of the gravity solution, the metric (4.3) has an S? factor, but the fact that it is non-
trivially fibred means that the total space does not have SO(3) isometries: the presence
of the connection breaks it. Even looking at the fluxes (4.4), we see that they contain
the forms (3.16), which break the SO(3) of the S?. We did find the (3.16) by defining the
“twisted symmetry” (2.20), but that cannot be considered an isometry: it is a mix of a local
Lorentz transformation (which happens point by point on ¥3) and of an internal rotation.

Let us also point out however one point about the number of degrees of freedom of the
CFTs3, which parallels a similar observation in [19]. One can count the number of degrees
of freedom of a CFT, via the coefficient Fq 4 in the free energy Fy = ngdeVol, where T'
is the temperature. Holographically this evaluates to the integral of e>4~2? over Ms for
the CFTg, and over Mg for the CFT3. Using the map (4.7), one finds easily that

)

4
Fos = <2> Fo.sVol(3) . (4.45)

In other words, the ratio of degrees of freedom is universal. Since the AdS7 solutions are
now analytic, one can evaluate Fy ¢ explicitly; this is indeed done in [19] for an example.
This might help find the CFTs.

However, the CFT3’s are only N’ = 1 supersymmetric, and have no flavor symmetry.
For this reason, perhaps our solutions are more interesting as gravity solutions with lo-
calized sources; this was indeed our initial motivation. With this in mind, we will now
return to our original system (3.44), and see if we can find more interesting solutions,
irrespectively of their field theory interpretation.

5 Attractor solutions

In the last section we obtained a very large set of analytic solutions, in one-to-one corre-
spondence with the AdS7 solutions of [6] and the AdSs solutions of [19]; for this reason we
called them “natural compactifications”. The symmetric space X3 needs to hyperbolic.

In this section we will present another set of solutions, which depend on a larger
number of parameters; we call them “attractor solutions”, for reasons that will become
clear. They are only known numerically. They exist for all values (positive, null, negative)
of the curvature of X3, although a positive sign appears to be preferred. As stated in the
introduction, this solution does not appear to be the same as the AdS, x S? x S3 solution
of [5]. (One might also speculate of some duality to the IIB AdS, x S® x 3 solution of [29],
but we could not find any immediate relationship.)

The first sign that this class will be larger is that we will not impose the constraints (4.1)
any longer. So we will have to revert to the system of five ODEs given in (3.44). It will
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also not be possible any more to simplify the form of the metric like we did in (4.3), and
we will have to keep the original form

ds3y = e2AdsidS4 + g2d8%3 +dr® + f>Dy' Dy’ (5.1)

5.1 Fluxes

The fluxes will also not be given by (4.4) any more. The general expression is instead

Fy = (—q+ pFy) w1 + (s + 5Fy) ws,

. (5.2)
Fy=u w3+ (v+9F) wis,

There are no new components in the fluxes with respect to the case (4.4), but two terms
acquire an additive contribution proportional to Fy. These extra contributions are propor-
tional to each other:

o= (f%cot)s, (5.3)

and of course they vanish once we impose the constraint (4.1) (and fix R = —6). The other
coefficients are as follows:

f2(—12fg2e 4 —sin(Rf? + 6g2(1 + cos?1))))
B cos (R f2 — 6¢2sin’ 1)) ’
u = fe_‘zsg2 (Slr}dj — 36_A> )
B fe?(12fg%e= 4 — siny)(Rf? + 6¢?))
v 6 cos 1) ’
_f292(—12fg e Asiny + Rf? + 6g%sin? 1))
(Rf? — 6g%sin® 1)) '

Finally, ¢ = fe~® and s = —%q, as in (4.5) and (4.4).
Even though the fluxes are more complicated, flux quantization works similarly as in

=

(5.4)

section 4.4. Tt is still true that F» = —bF, where now b = —Q"TQO(wl + %w5).
The four-form flux quantization is also similar to section 4.4. We have F4 = uwao3z +

fiswis, where fis = v + 0Fy + (—q + pFo)(s + §Fy) + %. Closure implies f‘{5 = 2u, so

that we can still write Fy = dé’g, where now C’g = % f15yieiw2. The coefficient f15 reduces
to the Fio (q2 - %3) of (4.23) when one imposes the constraint (4.1) and fixes R = —6, but
in general it is much more complicated. Nevertheless, upon substituting the local solution
for a regular point in the next section, it still turns out that it starts quadratically in r,
and that Cs is regular around it. The rest of the flux quantization argument in section 4.4
also runs in a similar way.

Finally, we are not going to consider solutions with a massless region (where Fj = 0),
so we will not need to work out the analogue of (4.25) for [ H; we can simply use the
formula B = % + b. For cases without D8’s, we can simply compute B at the north and
south pole and use Stokes’ theorem. For solutions with D8’s, one can use a logic similar to
the solution with one D8 in [6, section 5.3], or [7, section 4.2].
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5.2 Local Solutions: D6, O6, regular

We will now assume that the internal space M3 must have the topology of a S2, namely
the S? must shrink at the two extrema of the interval [ry,rg], corresponding to the north
and south pole. The shrinking of the S? implies that the function f should vanish.

In the case of natural compactifications of section 4, we discussed around (4.32) that
x takes the values +1 at the south and north pole. We will assume this to remain true for
the present more general case as well. Since x = cos), this means that ¢ goes to 0 and 7
at the poles.

To complete the boundary conditions we have to specify how the function f should
go to zero at the pole, and this is what distinguish between the three different types of
solution we are interested in.

1. For a regular point, f ~ r + O(r)2.

2. Near D6, the metric ds?w3 ~ p~2(dp? + p2ds§2); taking r = %p3/4 gives ds?w3 ~
dr? + (%T)Q dség. So f~ %r.

3. Near an 06, a similar computation gives f ~ /5 4+ O(r)/5.

We will now study more precisely these three cases.

Regular point. We want to study the system around the boundary conditions at the
north pole corresponding to a regular point: [¢p = 0,f = r]. Thanks to translational
invariance in r we can assume ry = 0 without any loss of generality and expand the
functions entering the system (3.44) in power series. We determined the local solution up
to order r3. The precise expression was crucial as a boundary condition for the numerical
analysis, but it is not very enlightening; we just summarize it as

et =t 1 0(r?), ¢? ="+ 00%),  g=go+0(?),

f=r+00%), costh = 1+ 002 . (5.5)

Notice that this expansion only involves odd and even functions in r. The parameter ¢ is
fixed in terms of the other two parameters gg and Ag:

290 — V/6+/84g2 — 5Re240
gon — 290 = V6/8lg5 — SR (5.6)

10goe Iy

So this is consistent if and only if Fy < 0. In total, we have two free parameters in this
boundary condition. One can check that ¢ and p both — 0.

D6 singularity. We now switch to the boundary condition which is appropriate to de-
scribe a D6 singularity: ¢» — 0, f ~ 3/4r. The leading behavior for the other fields can be
inferred from the flat space D6, but it was not entirely clear how to continue the expansion;
we determined it by trial and error, by imposing that the ODEs (3.44) should be satisfied.
We ended up with an expression where the leading behavior of each field is multiplied by an
analytic function of r%/3; for example, f = %r Dok fxr**/3. We went up to k = 3, obtaining

~32 -



again explicit expressions that would not tell the reader much. So as a summary let us just
write

et = pl/3eM0 4 O(r5/3) , e? = re® + O(r7/3) . g=1"gy+ O(r5/3) ,
(5.7)
f= Zr—l—O(’r?/g), cosw:1+0(r4/3) )

So there are three free parameters in this boundary condition. For flux quantization, it is
useful to compute that ¢ — %e‘¢0, p — 0.

06 singularity. We finally consider an O6 singularity: ) — 0, f ~ /5. Again by trial
and error, we found this time a power series in r%/; for example, f = DI fer®® /5. We
went up to k = 2. As a summary:

e = r oM L O(r3/5), e =735 L O(r1P) g =r"1gy + OGP,
f=rYf+0(0), costh =1+ O(r*/®) (5.8)

where the parameter ¢g is fixed to be

690 + /36935 — 6Re240 (5.9)

bo — _
e?0 = (2f0) 1590€A0F0

This is again consistent if and only if Fy < 0. In total, we have three parameters in this
boundary condition too. For flux quantization purposes, it is useful to compute that ¢ — 0,
4

2
p— g%e*%.

5.3 Complete solutions

We studied numerically the system (3.44) with all three boundary conditions we discussed in
the previous section, allowing the manifold X3 to have positive, null and negative curvature.
In what follows we present the possible solutions corresponding to Y3 = S2, but the
behavior is essentially the same for 7% and Hz. We expected to have to perform some fine-
tuning in order to obtain a physical solution, arriving at one of the same three boundary
conditions at the other pole. Indeed one often ends up at the other pole with a singularity

that we cannot interpret physically, where numerically one sees f ~ /3 1/3,

et~ 13,

y g o~

Even more often, however, one in fact ends up more or less automatically at the other
pole with a regular point. This happens for a large open set in the space of the free
parameters allowed by the boundary conditions of the previous section (two for the regular
boundary condition, three for the D6 and O6). In most other cases, one has instead to
perform a number of fine tunings. In the present case, the regular point appears to be
an attractor. We show some examples of numerical solutions in figures 1 and 2(a). In all
these cases, we started from the left with the relevant perturbative solution (schematically
expressed in (5.5), (5.7) and (5.8)), and continued numerically. The solution then ends by
itself in a point where f = 0 and the other functions go to constant values, which one can
check to be consistent with (5.5), (5.6) — with a minimal modification due to = being —1
rather than 1. Some solutions appear to display one or more mild kinks on the way to the
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Figure 1. Massive attractor solutions. In (a) we see a solution with two regular poles, and
ng = —10 (as usual, Fy = 52). We plot f (orange), e (green), e? (black), g (purple), x = cosv
(dashed). In (b) a solution with a stack of ng = 10 D6-branes at the north pole (left), and a regular
point at the south pole (right); again ng = —10, and N = —ﬁ J H = —1. In both cases, R = 6,

so X3 = S5.

10+

20

———

Figure 2. Massive attractor solutions. In (a) we see a solution with an O6 at the north pole (left),
and a regular point at the south pole (right). In (b) a solution with two regular poles with a D8
stack in the middle (which is the sharp kink towards r ~ 1, most visible in the black and purple
lines). In both cases, R = 6, so 33 = S°.

attractor; one might worry about their effect on the curvature, but recall how (3.45) can
be used to make the curvature as small as one wishes.

It also appears to be equally easy to obtain solutions with D8-branes. Their position
is again fixed by (4.24), and the attractor mechanism appears again at the south pole. An
example is given in 2(b).

The O6 case in particular would appear promising to obtain examples with “separation
of scales”. In AdS, compactifications, the Kaluza-Klein scale mkyg is usually of the same
order of the cosmological constant A, which is obviously unphysical. One might object that
the negative sign of A is even more unphysical. However, sometimes one manages to modify
the AdS vacuum by adding some extra ingredient, which turns the cosmological constant
positive [30]; the lack of separation of scales might then be inherited by the resulting de
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Sitter as well.'® The presence of this phenomenon would also be interesting from the point
of view of the CFT dual, since it would imply the presence of a large gap in operator
dimensions. A few examples have been put forward where the is separation of scales (see
for example [28, 31, 32]), but they usually rely on the smeared O6 we mentioned in the
introduction (although see [33] and the strategy in [34]). With the simplest solution of
figure 2(a), which only has a single O6, we have not been able to achieve separation of
scales, but by combining it with the other ingredients (D8-branes, and perhaps D6-branes
at the other end) it might be possible. It would be interesting to explore this further.
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A S3 to S? left-invariant forms projection

In this appendix we introduce a formalism which will be useful to reduce the eleven-
dimensional massless solution described in [14, section 9.4]. In particular, we want to
rewrite the S% metric in Hopf coordinates and reduce it to S2. Our starting point is the
metric: ds3 = %/ﬂ',ui, describing an S® fibered over a three manifold ¥3. The triplet one-
forms p! are defined as: u' = o' —w', with o’ being the left invariant forms on S® satisfying
do' = %eij kgik and w' is the connection of the fiber bundle S3 — X3, related to the spin
connection of the base space by w’ = %eijkwj k.

Our goal is to compute the components of the one-forms p’ along the S2?. This is
achieved by introducing a parallel and orthogonal projectors:

Pl =57 -y, PP =y, (A1)

which satisfy P + P, = 1, where y' are the spherical harmonics that parametrize the
5?2 (2.8). The corresponding decomposition for the one-forms ¢ is the following:

it = €9kyi DYk 4 24D (A.2)

3 is the coordinate on the Hopf fiber; we introduced covariant derivatives Dy’ = dy® +
€Tkyiwk and DB =dB + A — %ykwk. A is the Hopf connection satisfying: dA = —%VOlsz.
Using the decomposition given in (A.2) we are finally able to rewrite the metric in Hopf
coordinates as: )

ds3 = DB* + ZDyiDyi . (A.3)

16We thank T. Van Riet for interesting discussions on this point.
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We see that both the S! parametrized by 3 and the S? parametrized by the y* are non-
trivially fibered over 3. For later convenience we also write the decomposition of the
following two- and three-forms:

1 ... . : 1 ..
iezjk,ujk = yzwl + 2DleBa 661]klu’wk = 2D/B w1, (A4)

where the wedge products are implicit. As defined in (3.16), the two-form w; = %eij kyi Dyd*
is the covariantized volume form of the S2.

Finally notice that, when we reduce to ten dimensions along the Hopf fiber, the ex-
pression we got for D determines the one-form gauge field to be: C; = A — %ykwk. The
resulting RR two-form flux Fy, = dC; is then: Fy = %((,ug, — w1), which is precisely the

expression given in (4.28).

B From SU(3) to SU(3) x SU(3)

In this section we show how to decompose an SU(3) structure on the internal space M7 to
an SU(3) x SU(3) structure on Mg, where M7 has the topology of an S! fibration over Mg
with the circle parametrized by the Hopf coordinate §. This mapping is needed in order to
give a complete proof that our 10d solution described in section 4 coincides in the massless
limit with the reduction of the 11d solution described in [14, section 9.4].

An SU(3) structure on My is described by a real two-form J and a complex three-form
€, that are given explicitly in reference [14, eq. (9.64)-(9.66)]. In our notation!” these
forms can be rewritten as:

J=e 2P fgulel

ReQ = éfgeijkuijk - %gZeijkuiejk, (B.2)

1
ImQ) = Efge”kelujk - e_(bg]?’volg3 .

f and g here are the functions entering the 10d metric (2.19), and the reduction from eleven
to ten dimensions is performed as usual: ds?; = e~ 2%/3ds?, + ¢2%/3 (df + C1)%.

We explained in appendix A how to decompose the forms ' defined on S in terms
of forms living on S? and on the Hopf fiber parametrized by 3. In particular, we can use
the relations (A.2), (A.4) and decompose the SU(3) structure in terms of the twisted forms
defined in section 3.2 as:

Q=e?(2fDB+igy'e’) (fPwr — g’ws +ifguws) , J=e2Bfg(2DB y'e' +wy) .
(B.3)

'"The eleven-dimensional metric corresponding to (2.19) can be written in ten dimensional language as
ds3, = e 39 (emalsidsé1 + deSQZB + h2da? + fQDyiDyi) + e%‘75Dﬂ2 , (B.1)

where the explicit expressions for the functions entering the metric can be computed comparing this formula
with (2.10).
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Comparing this formula with (3.42), it is clear that the SU(3) structure living on M7 has
been rewritten in terms of the SU(2) structure on Mg as:

Q=e? (2fDB +ig yiei) (Imw — ij) , J = e 29/3 (2f9DpB ylel — Rew) . (B.4)

This formula also allows to reduce the eleven-dimensional four-form flux G4 given
in [14, eq. (7.5)]. As usual, G4 = Fy + H A Df3: the resulting RR four-form flux Fy and NS
three-form flux H = dB coincide with the expressions we gave in (4.28).

C JJI L operator

In [27, section 5.2], the pure spinor equations (3.30) were massaged for the particular case
needed in this paper. All we need now is to compute the action of the J; L' operator on
the two- and four-forms defined in section 3.2. Jy Lis a bi-vector defined as the inverse of

the two-form Jy, entering the dielectric expression (3.26), which for our class of solutions
__Jg

: i ' cos 9
It is natural to choose f* = jo Dy — jsy'dr as basis of one-forms on M3 and the vielbein

can be expanded as: Jy = jaws + j3ws, with coefficients js = and j3 = g.

e’ as basis on X3, so that we can write Jy as:

Jp=eNfl. (C.1)
Equivalently, the inverse operator can be expanded on the dual basis of vectors as:
Jlf L= F' E', (C.2)
where the basis of forms and dual vectors satisfy:
FiLfl =69, Filed =0, Ei' fl =0, Eilel =69 . (C.3)
We now compute the dual vectors to be:
1 1. ‘ ‘ o .
F'= —v'— —y'dr, E' = E} — dMyiyk(EiLu!) | (C4)
J2 J3
Eé are the dual vectors to e’ on the base space satisfying Eél_ej = 6. The vectors v' are
given by
vt :cosecosapag—w&p, v? = cos@singpﬁg—i—w&p, v® = —sinhdy : (C.5)
S

in 6
they satisfy v'L Dy’ = 6" —yiy?. (They also happen to be conformal Killing vectors on S2:

Lyigs = —2y'gse.)
It is now straightforward to compute the action of ‘]1; ! on the set of twisted two-forms:

sin 6

2 1
JJl Lw; =0, qul ,_(@:j—, Jzzl ng:?’ (C.6)
2 3 .
Jytws =0, Tyt tws =0,

We finally compute the action of Jy ! on some the four-forms, which are also needed in the
pure spinor equations:

1 1 1
qul LWi3 = Ewl, JJl LWis = £w27 JJl LW35 = ‘7'73(*)5 . (C.7)
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