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triplet of Killing spinors corresponding to the N' = 3 solution are constructed and shown
to obey the massive type ITA Killing spinor equations.
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1 Introduction

Massive type ITA supergravity [1] admits a consistent truncation on the six-sphere to max-
imal supergravity in four dimensions with gauge group ISO(7) = SO(7) x R [2, 3]. The
gauging is dyonic, in the sense of [4, 5] (see also [6]). By virtue of the consistency of the



truncation, all solutions of the four-dimensional theory uplift on S® to solutions of mas-
sive type ITA supergravity. In particular, the critical points (which can only be AdS) of
the four-dimensional scalar potential give rise to supersymmetric and non-supersymmetric
ten-dimensional solutions of the form AdS; x S®. This product is generically warped and
the metric on S% displays an isometry group G C SO(7) related to the residual symmetry
within ISO(7) supergravity of the critical point it uplifts from. Using this technique, new
massive type ITA solutions have been found [2, 7, 8] and previously known ones [1, 9, 10]
have been recovered. Other supersymmetric AdSs solutions of massive type IIA super-
gravity have been recently found using other methods in [11, 12]. Previous constructions
of supersymmetric AdS, solutions in massive type ITA supergravity include [13-18].

In this paper, we investigate the ten-dimensional uplift of the N = 3 SO(4)-invariant
critical point of dyonic ISO(7) supergravity. This D = 4 critical point was found in [19]. A
local form of its massive type ITA uplift has already appeared in [8]. Here, we provide an al-
ternate local form of this A' = 3 AdSy solution of massive ITA supergravity (equation (5.1))
and discuss its geometric features. The internal space of the N' = 3 solution is topologically
56, endowed with a geometry that can be locally regarded as an S? bundle over a half-54.
This is a generalisation of the twistor bundle over a quaternionic-Kéahler manifold of pos-
itive curvature, see e.g. [15, 20] for reviews. The twistor fibration allows one to engineer
nearly-Kihler or half-flat geometries on six-manifolds Mg of topology different than S,
see e.g. [15]. In turn, a well known class of N' =1 (direct) product solutions AdSs x Mg of
massive ITA supergravity entails a nearly-Kéhler [9, 21] or a half-flat structure [13, 15, 16]
on Ms.

It is suggestive that this N' = 3 solution formally corresponds to an elaboration of
these N/ = 1 constructions. This is reminiscent of the situation for a well-known class of
D = 11 direct product solutions involving AdS; and a tri-Sasaki seven-manifold. Recall
that the latter can be regarded as an S® bundle over a quaternionic-Kihler base, equipped
with an Einstein metric on the total space. This class of solutions is N' = 3, see e.g. [22].
On each tri-Sasaki manifold, a second Einstein metric can be obtained by squashing the
S3 fibers by a certain constant amount. The resulting D = 11 AdS, solution is N = 1,
see [22, 23]. The analogy with these N' =3 and N = 1 solutions of D = 11 supergravity
should not be taken too far, though. The internal metric of the massive IIA N = 3 solution
is certainly not Einstein, unlike the A/ = 1 nearly-Kéhler solutions of [9]. In the ITA N/ =3
solution, the S? fibers are squashed, not by a constant, but by a warping function of the
5S4 hemisphere base. The connection does not have definite duality properties, unlike in
the usual twistor fibration. Finally, the A/ = 3 solution involves a warped, rather than
direct, product of AdS, and the internal topological S6. Like in the D = 11 tri-Sasaki
case, though, the SO(3) R-symmetry acts on the fibers of the A/ = 3 massive ITA solution.

The type ITA N = 3 solution displays a local SO(4) symmetry, inherited from that
preserved by the N/ = 3 critical point of the D = 4 supergravity. More generally, we
construct in section 2 the restricted, in the sense of [24], duality hierarchy [25, 26] of
D = 4 ISO(7) supergravity that is invariant under this SO(4). This result is particularly
useful, as it allows us to consistently embed the entire, dynamical SO(4)-invariant sector
of the D = 4 N = 8 supergravity into massive type IIA. The explicit consistent uplift



formulae are presented in section 3. These formulae give the ten-dimensional uplift of
any SO(4)-invariant solution of the ISO(7) supergravity, including solutions with running
scalars. The local and global features of this consistent embedding formulae are discussed
at length, and generalisations are given. Section 4 discusses further truncations. The
truncation to the dynamical Ge-invariant sector of [3] is recovered, and an example that
illustrates the usefulness of the duality hierarchy approach is worked out. In section 5,
we turn our attention to the massive ITA uplift of solutions of the D = 4 supergravity,
focusing on vacuum solutions. In particular, a new local form of the N = 3 AdS, solution
in massive ITA is provided. Finally, in section 6, the solution is demonstrated to indeed be
N = 3 by explicitly building the triplet of Killing spinors that it preserves.

2 A D =4, SO(4)-invariant duality hierarchy

We are interested in the sector of D = 4 A = 8 dyonically-gauged ISO(7) supergravity [24]
that retains the fields that are invariant under the SO(4) subgroup of ISO(7) defined by
the embedding [19]

SO(7) O SO(3) x SO(4)' S SO(3)4 x SO(3)r = SO(4), (2.1)

with SO(4)" = SO(3), x SO(3)r and SO(3)q the diagonal subgroup of SO(3)" x SO(3)y..
Equivalently, this SO(4) is also the maximal subgroup of the Go contained in SO(7),

SO(7) 5 Ga O SO(4). (2.2)

The Lagrangian corresponding to this sector of the N = 8 ISO(7) supergravity was given
in [24], and the vacuum structure was studied in detail there. Here, we complete the
analysis of the SO(4)-invariant sector by determining the restricted, in the sense of [24],
duality hierarchy [25, 26] in this sector.

The SO(4)-invariant sector of N = 8 ISO(7) supergravity corresponds to an N = 1
supergravity coupled to two chiral multiplets that parametrise a Kahler submanifold

SU(L,1)  SU(L, L)

U o) 23)

of E7(7)/SU(8). The SU(1,1)? in the numerator is the commutant of the SO(4) in (2.1)
or (2.2) inside E7(7). According to table 2 of [24], the SO(4)-singlets of the restricted, SL(7)-
covariant tensor hierarchy considered therein give rise to one two-form and two three-form
potentials in this sector. To summarise and fix the notation, the SO(4)-invariant, restricted
duality hierarchy of D = 4 N' = 8 supergravity contains the following real fields:

1 metric:  ds3,
4 scalars: 0, X, &, p,
1 two-form: B,
2 three-forms: ~ C', C?. (2.4)



The embedding of the scalars into the N' = 8 E;(7y/SU(8) manifold was discussed at
length in [24]. In turn, the two- and three-form potentials in (2.4) are embedded into the
SL(7)-covariant two-, B;”7, and three-forms, C!7, defined in [24] via

Bi—2psi, Bi-_3

- : - Bsl, CU=C'67,  CT=CP6Y, (2.5)

and Bij = Bji =Ci =0. Here, we have split the SL(7) indices I,J =1,...,7as I = (i,%),
i=1,2,3,1=0,1,2,3, as in appendix A.

In a conventional formulation, only the metric and the scalars in (2.4) enter the D =4
Lagrangian. This reads [24]

1
L= (R-V)voly +g [dip A xdip + €*? dy A xdx] + 3 [dqﬁ A sd + €2 dp A *dp} . (26)
with the scalar potential given by [24]

1
V= 3 g2 e (1 + e*x?) [—24 PO — 8% 4 2 ( — 3+ (8x* — 3p?) ew)
(2.7)
1
+ 1% 2 (9 + (3p+ 4x)? 62(1))} —gmx2(3p+4yx) % F? 4 5 m? e89te

The constants g and m are the electric and magnetic gauge couplings of the parent N' = 8
ISO(7) supergravity.

When gm # 0, the scalar potential (2.7) contains AdS critical points that sponta-
neously break the A/ = 8 supersymmetry and ISO(7) gauge symmetry of the full D = 4
supergravity to some supersymmetry A and residual symmetry G. See table 1 for a sum-
mary. The N = 3 SO(4)-invariant point manifests itself as non-supersymmetric within the
subtruncation (2.6), (2.7), see [24] for further details. All these critical points are inherent
to the dyonic ISO(7) gauging and disappear in the purely electric g # 0,m = 0, or purely
magnetic, g = 0,m # 0 limits. Accordingly, these four-dimensional solutions naturally
uplift to massive type ITA supergravity on S® and do not have direct counterparts in either
massless ITA on S% or massive ITA on 7.

The three- and four-form field strengths of the SO(4)-invariant two-form, B, and three-
form potentials, C't, C?, are

Hg =dB—29C' +290%,  H!

b=dCc',  H{ =dC?. (2.8)

These expressions follow from the generic expressions given in (2.8), (2.9) of [24] evaluated
on equation (2.5) above. These field strengths are subject to the Bianchi identities

dHy) = —29 H), +2g HY, dH/, =0, dH(,

0. (2.9)

These in turn correspond to the SO(4)-invariant truncation of the generic, N' = 8 SL(7)-
covariant Bianchi identities given in (2.13) of [24].

Not all of the fields in the SO(4)-invariant, restricted tensor hierarchy (2.4) carry
independent degrees of freedom: the field strengths of the form potentials are subject to
duality relations, see [24, 26] for a generic discussion. Particularising the SL(7)-covariant



N G Wy e Wy WBem | gT2BV ref.
N=3 S0M4) | = 32 L a2 -2 9
N=1 G | —gs Z55° —Fs 5 | -EE85 27
N =0 SO(7); 0 7% 0 7 —357/6  [28]
N=0 G | 55 3 @s s | “HE
N =0 $SO(4) 0.412 0.651 0.068 1.147 —23.513  [24]

Table 1. Critical points of the scalar potential (2.7), namely, of ' = 8 ISO(7)-dyonically-gauged
supergravity with invariance equal or larger than the SO(4) subgroup of SO(7) defined in (2.1). For
each point we give the residual supersymmetry A/ and bosonic symmetry G within the full N' = 8
theory, its location, the cosmological constant V' and the reference where it was first found. We
have employed the shorthand ¢ = m/g. All of these data are reproduced from [24].

duality equations (2.17), (2.18) of [24] to the present case, we find the following duality
relations obeyed by the SO(4)-invariant field strengths:

He) = *<d¢ —e*pdp — dp + €*x dx) ,
H(14) = _g €<p(1 + 6290)(2) (4 — 4T3 p\3 + 690—¢(1 _ 36230)(2) (1 + €2¢p2)>

+m e?T6? pxﬂ voly ,

H(24) = _g (1 + e2apx2) <3e<p _ 36¢+4<ppx3 + 6€¢(1 + chpXQ) _ 4e¢(1 + 62@)(2)2)
+m e¢+6“0)<3} voly . (2.10)

The Bianchi identities (2.9), combined with the duality relations (2.10), reproduce the
scalar equations of motion that follow from the Lagrangian (2.6), (2.7).

Even though it does not play a critical role in the ITA uplift, it is nevertheless useful to
consider the SL(7)-singlet four-form field strength whose duality relation was given in (2.25)
of [24]. In the SO(4)-invariant case at hand, this duality relation reads

Hyy = e?t5% {g X2 (3p+4x) — m} voly . (2.11)

Using (2.10), (2.11), the scalar potential (2.7) can be checked to be related to the four-form

field strengths H/,,, HZ, and H,,, through

g (3H!

L FAHL) +mHyy = =2V voly . (2.12)

(4)

This is the SO(4)-invariant counterpart of the full N' = 8 expressions (2.28), (2.29) of [24].
At any of the critical points of the scalar potential (2.7), that were summarised in table 1
above, these four-form field strengths turn out to obey

gBHY o +4H: o) +TmHuylo=0,  Hlo=Hlo, (2.13)

where |y denote evaluation at a critical point.



We conclude by recovering two interesting sectors of D = 4 N' = 8 ISO(7) supergravity
from the SO(4)-invariant sector. Firstly, according to the branching rule (2.1), the SO(3)’ x
SO(4)’-invariant sector is contained in the SO(4) sector. This is recovered by setting the
pseudoscalars to zero,

x=p=0, (2.14)

while retaining all other fields in the duality hierarchy (2.4). The SO(3)" x SO(4)'-invariant
Lagrangian, tensor field strengths, Bianchi identities and duality relations follow by letting
X = p = 0 in the expressions above. Secondly, as discussed in [24], the Go-invariant sector
can be also recovered from the SO(4)-sector. This is apparent from the branching (2.2). The
Go-invariant sector is recovered from the SO(4)-invariant sector through the identifications

p=¢, x=p, B=0, C(C'=C*=C, (2.15)

along with H; = 0 and H (14) =H (24) = H,. These identifications bring the Lagrangian
and duality relations to their Go-invariant counterparts, given in section 4 of [24].

3 Truncation from type ITA supergravity

We are now ready to give the complete, non-linear embedding of the dynamical SO(4)-
invariant sector of D =4 N = 8 ISO(7) supergravity into massive type ITA. As discussed
in [3], the embedding of the full N/ = 8 theory is naturally expressed, at the level of the
ITA metric, dilaton and form potentials, in terms of the restricted, SL(7)-duality hierarchy
introduced in [24]. Accordingly, the complete ITA embedding of the SO(4)-invariant sector
is naturally written in terms of the tensor hierarchy discussed in section 2.

3.1 Consistent embedding formulae

The SO(4)-invariant consistent embedding formulae can be obtained by particularising the
N = 8 formulae given in (3.12), (3.13) of [3] (see also [2]) to the case at hand. It is a matter
of simple algebra to find the embedding of the two- and three-form potentials of the D = 4
tensor hierarchy (2.4) into their D = 10 counterparts, using their N' = 8 embedding (2.5).
In contrast, as is usually the case, the embedding of the D = 4 scalars entails a lengthy
computation. Here, we give the final result, referring to appendix A for further details on
the relevant geometric structures that arise in the calculation.

In order to express the result, it is convenient to introduce constrained coordinates fi’,
i=1,2,3, on the two-sphere 52,

Sij i =1, (3.1)

and right-invariant one-forms! p?, i = 1,2,3, on the three-sphere S3. These are subject to
the Maurer-Cartan equations

. 1. .
dp' = —§ezjk AR (3.2)

'The right-invariant one-forms p* on S* shouldn’t be confused with the D = 4 pseudoscalar p.



It is also convenient to introduce the following combinations of D = 4 scalars [24]
X =1+e*y?, Y =1+ €292, 7 = 62‘Px(e¢p —ex), (3.3)

and the following functions of D = 4 scalars and an angle o on the internal S,

Ay = e?sin®a + e¥ cos® a,

Ay = e’ X sin® a + e2#7%Y cos? o,
Az = XA1Ay — Z?sin a cos®a. (3.4)

Using these definitions, the complete nonlinear embedding of the SO(4)-invariant field
content (2.4) of ISO(7) supergravity into type IIA reads,

di2, = es? XAAVEAL] 42
+972XA1A;  cos® a i DR DY + g 2 ? X tda? + g 2 X 1A T sin® d§2(5’3)] ,
- e%‘pX_1/2A§/4A;1/2,
Ag) = Cleos? a4+ C%sin?a— g7t sinacosa B A da

1 S
+§ g 3y sinacosada A €ijk ' D’ A oF

1 . .

~1 g3 e‘PxXAgl (XA1 + Z cos® a) sin? a cos? a ek Dt N Dii? A Pk
1

+Zg P efxAL! sin? acos® a i Dji; A pt A p?

. o
TE 97 XTIAT (e X Ay + €9xZ cos® a) sin* aeyr pf A p A b

1 .
By = —3 g 2e*y X sinada A fi; pt

1 ) .
—3 g et tont (pXAL — xZ sin? ) cos® avegjr i* D A Di*

1
—1—29 “2eetoN X 1A sin? acos a Djfi; A p*

1 o
+8 g 2e* X~ 2A (e‘pXAl — e?Z sin? a) sin? o cos & €ijk f1'p’ N o,
1

A(l) = —29*1 *QWZA sin? acosa,uzp , (3.5)

where we use the ten-dimensional Einstein frame conventions of appendix A of [3]. Indices
i,j are raised and lowered with d;;, and d5%(S3) is the round metric on the S3 on which the
p' are defined. We have also introduced the following covariant derivative and one-form A?,

. . . . ) 1 .
Dji' =dji' + ¢ Ak, with A" = —§ZX‘1Af1 sina pt. (3.6)

These embedding formulae depend on the (non-vanishing) D = 4 electric gauge coupling
g, but not on the magnetic coupling m. Thus, they simultaneously describe the embedding



of the dynamical SO(4)-invariant sector of the purely electric, m = 0, and dyonic, m # 0,
ISO(7) gauging of D = 4 N = 8 supergravity into massless and massive, respectively, type
ITA supergravity.

The consistent embedding formulae (3.5) are valid in full generality for D = 4 dynam-
ical fields. However, being expressed in terms of the tensor hierarchy (2.4), they contain
redundant degrees of freedom. As discussed in general in [3], these redundancies can be
eliminated by expressing the consistent embedding in terms of the ITA field strengths and
using the D = 4 duality relations. In the case at hand, the only contributions from the
D = 4 form field strengths (2.8) happen to occur in the ITA four-form F<4),

Fuy = H, cos? a + H<24) sin a4+ g 'sinacosada A Hy + - - - (3.7)

where the dots stand for D = 4 scalar and derivative-of-scalar contributions without Hodge
dualisations. Equation (3.7) follows from (3.5) after using the D = 4 definitions (2.8). It
thus provides a ten-dimensional cross-check on the four-dimensional calculation of sec-
tion 2. More importantly, equation (3.7) now expresses the consistent embedding in terms
of the independent metric and scalar degrees of freedom contained in the D = 4 La-
grangian (2.6), (2.7), when the duality relations (2.10) are employed. A simpler example
will be presented in section 4.2.

A long calculation allows us to compute the scalar contributions to the ITA field
strengths. For simplicity, we present the result for constant D = 4 scalars?

Fyy = Uvoly
+% [mg_4 64‘p+¢xX_1A§1 [pXAl—XZ sin? a] cos® a—2¢3
+2¢73 e‘¢Af1A§2 sin? a cos? o
X ((e‘i’X—e“DY) e’ XA+ (e‘b—e“”) e X Ay—e? 72 ( cos? a—sin? oz))
X (e¢Z [,oXAl—XZ sin? a] cos? a+ef Y XAy [XAl +7 cos® a])
—g3 e‘z’ZAl_lAgl sin? a cos? o
X (2 [(e¢—e“0)pX—XZ] cos® a—3 [pXA1—xZ sin? a])
+2¢73 e‘PxXAg1
X ([XAl—Z cos? oz] — [2XA1—SZ sin? oz] cos? a— (e‘b—eW)X sin? o cos? a)]

Xsin acos o daAejy, D[Li/\Dﬂj/\pk

2The complete, dynamical IIA field strengths contain the contributions in (3.7), (3.8), plus omitted
contributions from dy, d¢, dx, dp with no Hodge dualisations.



—é xe¥ Al_lAgl {mg_4 6390+¢X_2A1_1 (X€¢A3 sin? o
+ (e“DXAl—e‘ZSZ sin? a) (pXAl—XZ sin? a) cos® oz)
—2¢g73 (Ag—}— (XAl—}—Z cos? a) (XAH—Z sin? a))}
xsin? a cos® a Dﬁi/\Dﬂj/\pi/\pj
+% XTIAT mg ™t et X sin
+2¢73 e“OZAl_QAgl (e‘PxXAl [XAH—Z cos? oz]
+e°Z [pXAl—xZ sin? oz] cos? oz) sin? o cos? a
—g 3 XAIQ (2 A2 [XA1+Z sin? a} —2e% [e@XAl—e‘bZ sin? a] cos? o
+e¥Aq [2XA1 +7 cos® a] sin? a)}

xsin a cos o daAfi; D,aj/\pi/\pj

1

P X_2Af2 {mg_4 ety ix 1 [e‘pXAl—ed)Z sin? a]

—g 3 Al_l (XA1 [Ze‘z’pXAl—Se‘pr sin? a]
+2e¥ X [e¢pXA1+e‘pr cos? o
—2xZ A4 [3XA1—|—2Z sin? oz] +e?xZ? sin? a)}

xsin®

o cos v o€, pi/\pj/\pk ,
1:1(3) = é g2 eQ“DA?:Q [2 ((ed’X—e‘pY) 6¢XA1+(€¢—6@)6¢XA2
—e? 72 ( cos? a—sin? a)) (pXAl—XZ sin? a) cos? o
—e?As (2 [(ed’—e“’)pX—xZ} cos? o
—3(pX Ay —yZ sin? a))} sin a cos? o daues i fi Djid ADjiF
—% g2 eQ“OX*lAl_QAgl [2e‘p+¢Z(pXA1—XZ sin? a) cos? o
—x Age? (Aﬁ—?e"ﬁ)} sin a cos® avdaADJi \pt
—I—é g2 X_QAI2A§1 [63‘pxXA1A3+62‘p+¢ (2XA1—|—Z sin? a) (XAg
—Z(pXAl—XZ sin? a) cos? a)} sin? o cos a €ijk Dt np? NpF



1
—|—§ g 2e* X 2A [2 e?? X cos® a—2 Ay (XAH—Z sin? a)
— (e“”XAl—e‘z’Z sin? a) sin? a} sin o daAejy, Bl ApE
. 1 . .
Foy=3 mg 2 2T A (xZ sin® a—pX A1) cos® a ey it D AD i

1 ,
+§ [mg_2 e2Ptoyx 1! 6_2¢Z:| Al_l sin? o cos a Djii A\p'
1

3 [mg 22X g te P ZAT (2cos2a—e*5"sin2aA1)} sin a daAfi; pt

1
+§ X_IAI2 [mg_2 eXPy X1 (e‘pXAl—ed’Z sin? a) +2¢7 1 e_QwZ(XAl +Z sin? oz)}

xsin® acos av ey fit P A" (3.8)

together with F,, = m [2]. In agreement with the discussions in [3, 7], the field
strengths (3.8) now do depend on the magnetic gauge coupling m of the D = 4 super-
gravity, unlike the gauge potentials (3.5). By the consistency of the truncation, the metric
and dilaton in (3.5), together with the constant-scalar field strengths (3.8), solve the field
equations of massive type IIA supergravity at any critical point of the D = 4 scalar poten-
tial (2.7). We will make this explicit for the N/ = 3 critical point in section 5.

The Freund-Rubin term U voly in F, follows from the general SL(7)-covariant four-

form expression given in [3]. It can be written in terms of the SO(4)-invariant four-form

field strengths H (14) and H? ( as
Uvoly = ) cos® a + H(4) sin? o (3.9)

or, using the dualisation equations (2.10), as
U= {g e?(1+ e*x?) (4 —4e?T3% x4+ P70 (1 — 3e22x?) (1 + €2 2))
+m e¢+6@pxz} cos? a
+ [g (1+ eQSDXQ) (36‘” — 3P p\3 + Ge‘z’(l + 62“"X2) — 4e¢(1 + 62%(2)2)
+m e¢+6“"xg] sin? a, (3.10)

in terms of the D = 4 scalars. Note that, while the ITA field strengths (3.8) are evaluated
for constant scalars, the Freund-Rubin term (3.10) is valid beyond that assumption: it
takes on the same form also for dynamical scalars. Some calculation reveals that U is
related to the D = 4 scalar potential (2. 7) and its derivatives via

gU = —7V+ (8¢V PO, V) cos® a4 — (8 V=204V —x 0V +2p0, V) sinfa. (3.11)
At the crltlcal points of the potential, recorded in table 1, this expression reduces to
1
gUy = —gvo, (3.12)

in agreement with the general ' = 8 discussion of [3]. See respectively [7] and [29, 30] for
related discussions in the massive ITA on S% and D = 11 on S7 contexts.
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3.2 Local and global structure

For arbitrary values of the D = 4 scalars, the six-dimensional internal local geometry
in (3.5) can be regarded as the warped product of an interval I, on which « takes values,
and a family of five-dimensional spaces parametrised by «. At fixed «, the five-dimensional
space corresponds to an S? bundle over S3, with connection one-forms A’ given in (3.6). All
such bundles are trivial. In the present case, this can be seen by the fact that, at fixed «, the
curvature of the connection A’ is identically zero by the Maurer-Cartan equations (3.2).
This local characterisation is useful to discuss the global extension of the geometry, to
which we now turn. It is not the only possible local description, though. A different local
characterisation will be given below.

Globally, the internal geometry extends smoothly into S®. This is expected from the
fact that the D = 4 theory (2.6), (2.7) arises upon consistent Kaluza-Klein truncation of
massive type ITA on S% via (3.5), and the Kaluza-Klein deformations are not supposed to
change the internal topology. That the topology of the compactification space is indeed
S6 is most easily seen by continuously deforming the geometry into the Gg-invariant lo-
cus (2.15). On this locus, the internal metric in (3.5) reduces to the usual, round Einstein
metric (A.2) on SY. The local line element (A.2) is adapted to the topological construction

of S% as the ‘join’ of S? and S3, provided the S® angle « is restricted to the interval

ael= [o, g} . (3.13)
On the Go-invariant locus and at a = 0, the S? remains finite and the S® collapses; at the
other endpoint, a = 7, the opposite happens.

The expression (3.5) makes it straightforward to continuously deform the internal
geometry to the round metric on S°, since it is given as a function of the D = 4 scalar
manifold (2.3). However, once the scalars are fixed to their specific values at some critical
point of the potential (2.7), as e.g. in the explicit N/ = 3 solution (5.1) below, tracking
down the deformation into the round S® geometry is no longer obvious. In such cases, it
is more useful to directly characterise the internal S® by verifying that it still corresponds
to the join of S? and S3. Namely, that the shrinking patterns of S? and S® at each
endpoint of the interval I remain valid away from the Go-invariant locus. To see this, we
use the definitions (3.4) to compute the behaviour of the relevant metric functions at both
endpoints of I. At the lower end,

e? X2 A1A51 cos® a — ePPXY T — 272X — 2 22 Y 202 + O(a?),
AT sinfa —— o+ O0(a?). (3.14)
a—0
Thus, S? remains finite and S? shrinks to zero size for all values of the D = 4 scalars. At
the upper end,
T

e X2A1A! cos’a —— (ﬂ—a>2+(’)<<—a>4> ;

a—g 2 2
2 4
ePAT sina —— e PP o202 (E — a) +0 ((W - a) ) , (3.15)
a—g 2 2

and the opposite happens: S? shrinks and S remains finite for all D = 4 scalar values.
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An alternate local characterisation of the internal geometry in (3.5) may be given as
follows. The local internal geometry may also be regarded as an S? bundle over the four-
dimensional local geometry My = I x S3, where I is the interval (3.13) parametrised by a.
This local construction is a generalisation of the twistor fibration over a four-dimensional
Riemannian space My. In the usual twistor construction, the metric ds?(My) on My is taken
to be Einstein with (anti)self-dual Weyl tensor. The local metric on the six-dimensional
twistor bundle is

1 ; -
dsg = Z(sijDﬂzDﬂj + §d82(M4), (3.16)

see e.g. [31]. Here, ji’ parametrise an S? as in (3.1), and the covariant derivatives Dji* are
defined as in the left most equation in (3.6), in terms of a My-valued connection A’. Being
four-dimensional and Einstein, M, is automatically quaternionic-Kéhler. The curvature of
the connection,

. 1. )
F'=dA + S jp A A AF (3.17)

is proportional to the quaternionic-Kihler forms J¢ on My. The self-duality or antiself-
duality of the Weyl tensor on My devolves in the antiselfduality or self-duality of 7 with
respect to the metric ds?(My). For example, the twistor bundle on My = 5S4 coincides with
the three-dimensional complex projective space, CP3. Taking ds?(My) to be the usual
round metric on S%,

ds*(S*) = do® + sin? o ds*(S?) (3.18)
(with o here ranging in 0 < a < 7) and

Al = %(1 —cosa) p', (3.19)
where the p’ are the right-invariant Maurer-Carten one-forms on S3, subject to (3.2), the
twistor bundle metric (3.16) becomes the homogeneous nearly-Kihler metric on CP?,

The local internal metric in (3.5) is a generalisation of the twistor construction. In our
case, My = I x S is the upper S* hemisphere, given the range (3.13) of a. The metric
ds?(My) induced on it is not selfdual Einstein for any values of the D = 4 scalars. On
the Go-invariant locus (2.15) the S? fibration trivialises, A° = 0, and the local geometry
becomes locally a warped product of S? and I x S3. Away from the G-invariant locus, the
S? is warped (unlike in (3.16)), and non-trivially fibered through (3.6) over I x S3. The
curvature (3.17) of the connection A° is

. 1 o
Fl=—e?ZX 'AT?sinacosada A p' + gZX*2A1_2(2XA1 + Zsin? a)sin® a € jxp? A pF,

(3.20)
and its Hodge dual with respect to the metric induced on I x S3,
1 _3 ,
*«F' = ie*%“OZX*QAl 2(2X A1 + Zsin® a)sinada A p'
1 £ _IA_% 22 % j k
—2¢ ZX L 2 sin®acosace’jpp? A pt (3.21)
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The non-trivial connection A’ is neither selfdual nor antiself-dual for any values of the
D = 4 scalars, as nowhere on the scalar manifold (2.3) do (3.20), (3.21) obey xF* = +F".

Massive type IIA supergravity admits a class of N' = 1 direct product solutions AdSy x
Mg where Mg is nearly-Kéahler [9, 21] or half-flat [13, 15, 16]. For example, Mg can be taken
to be the round S equipped with its homogeneous nearly-Kéhler structure, see appendix A
for a review in the present context. On topologies different from S%, a natural way to
engineer nearly-Kahler geometries or half-flat geometries of the required type is via the
usual twistor fibration [15]. For example, Mg can be taken to be CP? with metric (3.16).
Our local geometry (3.5) restricted to the Ga-invariant locus (2.15) reduces to the round,
homogeneous nearly-Kihler structure on S%. Away from the Gy locus, as in the N' = 3
solution of section 5, the geometry can be locally described by the generalised twistor
fibration discussed above.

On the Go-invariant locus (2.15), the symmetry of the configuration (3.5) is enhanced
to a homogeneously acting Go. See section 4.1 for further details. Away from the Go
locus, the isometry of the internal geometry is the SO(4) subgroup of SO(7) defined in
either (2.1) or (2.2). The group SO(4) acts by isometries with cohomogeneity one, and is
also preserved by the supergravity forms. The SO(3)q subgroup of SO(4) rotates the S?
fibers, and SO(3)r acts on the S base. The supersymmetry of the A = 3 solution will be
discussed in section 6.

Some generalisations can be envisaged. When the D = 4 scalars are restricted to the
Go-invariant locus (2.15), the type ITA solution (3.5) depends only on the homogeneous
nearly-Kihler structure on S®. In this case, the S® can be replaced with any other nearly-
Kéhler manifold. This situation was discussed in [7]. Away from the Go locus, the solution
can be also generalised. Now, the generalisation entails replacing S3 with the cyclic lens
space S3/7Z,, with the identification acting on the Hopf fiber. While S3/Z,, is a smooth
manifold, the total six-dimensional geometry corresponding to this generalisation displays
orbifold singularities.

4 Further truncations

It is useful to obtain particular cases of the uplifting formulae derived above. Here, we will
discuss the truncations to the sectors of the D = 4 supergravity with G and SO(3)' xSO(4)’
symmetry.

4.1 Truncation to the Gy sector

The sector of D = 4 ISO(7) supergravity that retains singlets under the Go subgroup of
SO(7) was analysed in detail in [24], and its explicit ten-dimensional embedding worked
out in [3]. Its consistent ITA embedding was recovered from that of the SU(3)-invariant
sector in [7]. Here, we will recover the embedding of the Ga-sector from the SO(4)-invariant
consistent truncation formulae of section 3.1.

The D = 4 Go-invariant sector is recovered from the SO(4) sector by imposing the
identifications (2.15). Bringing these relations to the consistent embedding formulae (3.5),
we find that the connection (3.6) trivialises, A° = 0, and that the scalar dependence of
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the internal metric factorises in front of the round Einstein metric ds?(S®) on S° foliated
as in (A.2). The internal S® dependence drops out from the dilaton. Finally, all the
dependence of the ITA potentials on the internal S combines into the homogeneous nearly-
Kihler structure 7, Q on S® through the expressions (A.14). More concretely, (3.5)
reduces to

3 1
ds3, = e%”(l +e*y?)ids] + g_Qe_%¢(1 + e?¥x?) " 1ds*(S9),

3

e — e%“"(l + 6290)(2)72 ,
/1(3> =C+g3ImQ, B(z) =g 2 62“’)((1 + ez‘pXQ)*l J, A(l) =0, (4.1

in agreement with the formulae for the consistent truncation to the Geo-invariant sector
given in (4.3) of [3]. Similarly, the constant-scalar field strengths (3.8) reduce to the
corresponding contributions in (4.4) of [3].

4.2 Dilatons

According to (2.14), the SO(3)" x SO(4)’ -invariant sector of N' = 8 ISO(7) supergravity
retains only the dilatons ¢, ¢, along with the two- and three-forms in the tensor hierar-
chy (2.4). From (3.5), (2.14), it is apparent that the field strengths in this subsector will
not contain terms in dy or d¢, prior to imposing the dualisation (2.10). In other words,
equation (3.7) for F, is exact (the dots can be disregarded) and H s, and F, are zero.
Using the dualisation conditions (2.10), the full non-linear embedding of the D = 4 metric
plus dilaton sector into massive type IIA reads, at the level of the field strengths,

a3y = ex*AYPAY ! dsh
+g72A1 A cos? ads?(S%)+g 2ePda’ g2 AT sin a d§2(S3)} ,

b = TP AN

Fy = [g (4 e‘p+e2‘p_¢) cos? a+ (36“’—1—26‘1’) sin? a} voly +¢~ ! sin a cos a daA (dcb—dgo)
Hg = Fpy =0, (4.2)

with Ay, Agz given by (3.4) with x = p = 0. In this sector, the fibration of S? over I x S3
also trivialises, A’ = 0. Accordingly, the symmetry preserved by the configuration (4.2) is
the SO(3)" xSO(4)" subgroup of SO(7) defined in (2.1), with SO(3)" and SO(4)’ respectively
acting on the S? and the S®. By using the D = 4 duality hierarchy (2.10), the consistent
embedding (4.2) becomes expressed in terms of independent four-dimensional degrees of
freedom only: the dilatons and their derivatives, and the metric, explicitly and through
the Hodge dual.

5 N = 3 SO(4)-invariant AdS, solution of massive type ITA

By the consistency of the embedding, the ten-dimensional metric and dilaton in (3.5), along
with the field strengths that follow from the potentials given in that equation, satisfy the
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equations of motion of massive type IIA supergravity provided the equations of motion
that follow from the D = 4 Lagrangian (2.6), (2.7) are imposed. In particular, (3.5), (3.8)
evaluated on the critical points of the scalar potential (2.7) summarised in table 1 give
rise to AdSy solutions of massive type ITA. The N =1 and N = 0 critical points with Gg
symmetry uplift to the solutions respectively found in [9] and [10]. The non-supersymmetric
SO(7)-invariant critical point gives rise to a solution given in [1]. See [7] for these solutions
in our conventions. In all these solutions with at least Go symmetry, the fibration trivialises,
A" = 0, and the metric becomes the round, SO(7)-symmetric Einstein metric on S%. In
the Go-invariant solutions, the symmetry is reduced by the supergravity forms, which take
values along the homogeneous nearly-Kéhler structure on SS.

Here we are interested in the uplift of the N' = 3 critical point of ISO(7) supergrav-
ity [19]. Bringing the vacuum expectation values of the D = 4 scalars recorded in table 1
to the formulae (3.5), (3.8), and rescaling the external D = 4 metric and the Freund-Rubin
term with the cosmological constant recorded in the table so that AdS4 is unit radius, as
in [7], we find the massive type ITA uplift of the N' = 3 solution. In Einstein frame it reads,

1/4
sty = L*(3+cos2a) 1/8 <3cos4a+?>cos2a+2) ds*(AdS,)

8sin’«
3+cos2a

2 (3+Cos2a) cos?a
3costa+3cosa+2

6ij D' Djid +-2da’*+ ds?(S%) |,

(3+cosQa) 8/4

eé — oo =
(3cos4a+30082a+2) 1

L7310 f, = 3v/2vol(AdSy)

46 (2cos4a+300s2a+3) sinacos®a
(3+c052a) (3cos4a+3<30520z+2)

daie;jx D' AD i Ap*

\/6(5+300820&) sin2acos?a
2(3cos*a+3cos?a+2)

DD Ap'Ap?

e 1O
2\/5(5+3cos2a) sin®acosa

- \/§(3+c052a)3

2\/§(30086a+8cos4a+110082a+2)

(3cos4a+30052a+2) 2

daneijip Ao A,

L_Qe_%%ﬁ(g) = — sinacoszada/\eijkﬂiDﬂj/\Dﬂk

8\/§(COS4CJ4+00826¥+2) sinacos?a
(3+008204) (36084a+3c052a—|—2)

daADji;\p*

2+/3sin’ o e
726104/\62'%#%0]/\0]97

\/3(34-(203204) sinacosa o
DIt k_
2(3costa+3cos?a+2) €k DI N (3+cos2a)
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3, \/5(5—1—30082@)(:053(1 2v/2sinacosar

L7 lei®F, = et DE? ADi*+ DiiApt
@ 4(300s4a+300s2a+2) ikt 2R H 3+cos2a AP
4\/§sin3a o 3sin*acosa e
_72da/\/iipz+—25ijk/ﬂp] /\Pka
(3+cos2a) \/§(3+cos2a)

V3
22

in the ITA conventions of appendix A of [3]. The covariant derivative of i’ and the corre-

L€%¢OF(O) = (51)

sponding connection A° are, from (3.6),

D = dif + g M, with A= ST (5.2)
J 3 + cos 2«

and we have defined L2 = 215 3% gf% miz and e = 275 31 g%m ¢. A set of gauge

potentials for the (internal) field strengths in (5.1) follows from (3.5):3
A 2v/2 . .
L 3e1to Ag = \—f sin o cos avdae A €51, i D A o~

V3

2v/2 sin? avcos? a

eiji Dii' N D7 A p"

_\/§(3COS404+3COS204+2)
4+/2 sin? a cos? a . .
;D A p* A
\/§(3+cos2a) HilZky NP s
2v/2 (2 + cos 2@) sin* o ; . &
- 3\/3(34—008204)2 Cigk P NN
A 2 . (5+30052a) cos® . )
L2 2% B, = —~ sinada A i '+ eip P Dii? A DjiF
(2) \/g Hi p \/§(3COS4O£+SCOSQO[+2) ijk W DM 2
4sin? avcos o A 4 (7+cos2a) sin? o cos « Nipj/\ i
Hi NP €ijk P
\/3(3+cos2a) ‘ \/§(3+COSQQ)2 +
)
-1 %OA _ sin“acosa _ P - 3
“ W V2 3 + cos2a Hip (5.3)

All the comments made in section 3 for the generic solution away from the Go-locus
apply to the specific N' = 3 solution (5.1). The internal metric and supergravity forms
extend smoothly on S®. Locally, the solution can be regarded as a (trivial) S? bundle
over S2 foliated by « or, alternatively, as the warped generalisation of the twistor fibration

3This set of gauge potentials and the metric in (5.1) are related to the expressions given in [8] by
identifying their S® angle épr with our «, épr = a, relating their S® embedding coordinates by, vhr with
7

our u%, u* through l//%:)R = sinozﬁ;, vhr = cosa i, vig = cosa i’, vir = —cosafi', letting %L%R = L21
and rearranging significantly. The explicit expressions (E.11), (E.14) for the S* embedding coordinates i’
and the right-invariant forms p’ are also useful for this comparison. Note, however, that our expressions
for the A/ = 3 solution follow directly from the uplifting formulae (3.5) for the dynamical SO(4)-invariant

sector of N' = 8 ISO(7) supergravity, which were not given in [8].
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discussed in section 3.2. The angle a has range (3.13), i’ parametrise S? via (3.1) and
p! are the right-invariant Maurer-Cartan one-forms on S3, subject to (3.2). The solution
displays a cohomogeneity-one isometry group SO(4) = SO(3)q x SO(3)r, where SO(3)4 and
SO(3)R respectively act on the S? fibers and the S base. The solution can be generalised
by replacing S® with the cyclic Lens space S3/Z,, a generalisation that introduces orbifold
singularities. The N = 3 supersymmetry of the solution is shown in the next section.

6 Supersymmetry of the N' = 3 solution

The gravitini of the D = 4 N' = 8 ISO(7) supergravity lie in the spinor representation of
SO(7). Under (2.1), this branches as*

8 SO(3),XSO(3)LXSO(3)R SO(3)d><SO(3)R
e

(2,2,1)+(2,1,2) (1,1) +(3,1) +(2,2). (6.1)
At the N' =1 Go-invariant AdS critical point, only the (1,1) gravitino remains massless,
while all others pick up masses [24]. The full symmetry of this solution within the D =4
N = 8 supergravity is OSp(4]|1) x Ga. At the N' = 3, SO(4)-invariant critical point, it is the
(3,1) gravitini that remain massless [24]. While the N/ = 3 critical point is invariant under
SO(4) = S0O(3)q xSO(3)R, the massless gravitini are only invariant under the second factor,
and transform as a triplet under the first factor. The symmetry of the NV = 3 solution
within the N' = 8 theory is thus OSp(4]3) x SO(3)gr, with SO(3)q C OSp(4/3) identified as
the R-symmetry group.

These (super)symmetry groups are preserved by the ten-dimensional uplift, so the
above considerations should allow us to identify the G-structures carried by the family of
type IIA configurations (3.5). The R that furnishes the fundamental representation of the
semisimple, SO(7), part of the D = 4 gauge group is to be identified with the ambient space
of the uplifting S®. In other words, this SO(7) can be regarded as the generic structure
group of the ambient R”, with the internal supersymmetry parameters transforming in
the 8. On the Go-invariant locus (2.15), the type IIA configuration (3.5) is N'= 1. The
Goe-invariant supersymmetry parameter corresponds, via (2.2), to the (1, 1) singlet in (6.1).
The structure of R” gets reduced to Ga (holonomy), which in turn descends into S% as a
nearly-Kéhler SU(3)-structure.

Away from the Gg locus, as in the solution (5.1), the ITA configuration (3.5) is N/ = 3.
The supersymmetry parameter transforms under SO(3)q x SO(3)r as the (3,1) in (6.1).
The ambient R” is thus equipped with an SU(2)-structure, with SU(2) = SO(3)gr and R-
symmetry SO(3)q. Recall that an SU(2)-structure in seven dimensions is characterised by
a real one-form and a real two-form, transforming as triplets of the R-symmetry group,
see e.g. [32]. Denoting the R7 coordinates by 2!, I = 1,...,7, and splitting I = (i,%),
i=1,2,3,1=0,1,2,3 as in appendix A, the one- and two-forms of our seven-dimensional
SO(3)g-structure can be identified as dz’ and %(Ji)gj. dat Adzd | with (Ji)gj. defined in (A.5).
These indeed transform as triplets under the SO(3)q R-symmetry. The SU(2)-structure on

“More precisely, here and below we refer to the Spin groups, SU(2)’, SU(2), SU(3)r and SU(2)4.
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R descends on S% as an identity structure. The latter is characterised by an SO(3)q triplet
of scalars, of one-forms, and of two-forms, that can be constructed as spinor bilinears.

Rather than characterising the identity structure, we will directly contruct the SO(3)q
triplet of Killing spinors, focusing on the A/ = 3 solution (5.1) for definiteness. In principle,
one would expect that the consistency of the uplift should determine the relevant Killing
spinors from combinations of those of the round S®. In practice, however, such formulae
have never been worked out (although see e.g. [33] for a discussion). It then turns out to be
more efficient, though still a rather demanding exercise, to construct the Killing spinors by
direct integration of the type ITA Killing spinor equations on the background (5.1). Here
we give the end result and sketch the main steps to derive it. Further details can be found
in appendices D and E.

Let € be the ten-dimensional Majorana supersymmetry parameter, let ¢\, i = 1,2, 3, be
three of the chiral and antichiral Killing spinors of AdSy, and let x* be an SO(3)q triplet of
Dirac spinors on the internal six-dimensional geometry corresponding to the solution (5.1).
We take

=Gy X' + G- © X" (6.2)

with the SO(3)q indices contracted, and raised and lowered with §;;. The superscript ¢
denotes Majorana conjugation. The ten-dimensional spinor é given by (6.2) is manifestly
Majorana, by the second relation in (D.3). We require that (6.2) annihilates the supersym-
metry variations of the type ITA fermions. Using the AdS, Killing spinor equations (D.3)
obeyed by (%, this turns out to be equivalent to the following set of equations for x* and
X, defined on the six-dimensional internal geometry:

e_A ZC I:dA + —e (F(o) + ﬂ-‘(g)'}’ + @(4) - ZG(0)> Xl = O, (633)
[d;é + }Z[(g)’y 41 1€ <5F(O) +3F 4+ Gy + zG(O)> X =0, (6.3b)
1 ) . 1,
[VM + ﬁMV + 86 <F<0> P+ @4) + zG(0)> Y |x =0. (6.3¢c)
Here,
A 1
e = 2902 (3 + cos 20) /2, (6.4)

is the strmg frame, for convenience, warp factor of the solution (5.1), (;AS the dilaton therein,
F<0), F2), H<3 the ITA field strengths, G<4) the internal component of F<4 and G(O) =

3v2 L3e— 190 =44, Also, yar are the six-dimensional gamma matrices, with M =1,...,6
tangent-space indices, ¥ is the six-dimensional chirality matrix, yig 3 = 3,H MNP 7M N P
and }Z[M = %HMNP ANP ote., with yMi-Mn = 4[Mi .. -'yM—"].

As argued above, the spinor x’ must transform in the (3, 1) of the SO(4) = SO(3)q x
SO(3)r symmetry group of the solution (5.1). As shown in appendix D, the most general
such spinor may be written as

a [ fie i fot ; f3+ i Jar i
e () i)
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The factor of % e% is chosen for convenience, fi4, etc., are functions of a, and 7%, ..., 7} are
independent triplets of spinors on S? x S2 built as tensor products of the Killing spinors
of S? and S3. Specifically, let 1), a = 1,2, be a doublet of spinors of S2, constructed from
the 52 Killing spinors, and ) = (Jz)aﬂwﬁc for )*¢ the Majorana conjugate of 1)®. The
index « here labels the doublet of SO(3)" in (2.1) which rotates S%. Let €%, a = 1,2, be
the two Killing spinors of $3 that transform as a doublet under the SO(3)y, in (2.1) and
are singlets under SO(3)gr. Then,

M = (0200)ap ¥ @&, b = (0200)ap i ® 7,
1= fi(02)ap ¥ @7, nt = fi(02)ap ¥ @ €7, (6.6)

where o' are the Pauli matrices and ji; are defined in (3.1). The Pauli matrix oy appears
as the SO(3)q charge conjugation matrix.

Inserting x* given by (6.5), (6.6) and its Majorana conjugate x* into the Killing spinor
equations (6.3a)—(6.3c), an involved calculation produces a(n overdetermined) system of
algebraic relations among the functions fi4, etc., and a differential equation on the inter-
val (3.13) for a combination of them. The details are summarised in appendix D. Significant
further massaging allows us to bring the solution of this set of algebraic and differential
equations into the form

fi+ = —ifa— = cos <§> ¢(7+-39)
for =ifi- =sin (g) i (7-+30)

fa4 =ifs- = _V2cosa_ Cos <B> ci(5+7+—30)
Veos?a + 1 2

) V2cosa . (BN i(z_¢y _1
oo —ithe = g () i) o

up to an arbitrary overall normalisation. We have defined the following functions of a:

2 1
tan © = \/> ,
3cosavecos?a+ 1
\@sina

VeosZa + 1v3costa+ 3cosZa + 2

- j:\/§ 1 V3costa+ 3cos? a + 2sina (6.8)
an ¥ = - — . .
3cosavcos2a +1  V3cosavcos?a+ 1(v2cosa — vcos?a + 1)

The SO(3)q4 triplet of SO(3)g-invariant spinors x* given by (6.5) with (6.7), (6.8) solve
the Killing spinor equations (6.3a)—(6.3c) on the N' = 3 solution (5.1) of massive type ITA

cos 3 =

supergravity. As an additional check, we have also verified that the three independent N =
1 pure spinors that follow from (6.5) with (6.7), (6.8) solve the pure spinor supersymmetry
conditions for AdSy solutions of massive ITA supergravity given in [14].
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Equipped with the N/ = 3 Killing spinors, we can proceed to compute the spinor
bilinear forms and the torsion classes of the corresponding identity structure. Here we will
only give the scalar bilinears. We expect one SO(3)q triplet of scalar bilinears, based on the
fact that the six-dimensional identity structure is inherited from an SO(3)g-structure on
the ambient R”. Let us see how this scalar triplet arises from spinor bilinears. In principle,
two such real or purely imaginary scalar bilinears can be constructed out of x?, namely,
x'Tx? and x'4x’. Both of these sit in principle in the 3 x 3 — 1+ 3+ 5 of SO(3)4. Direct
computation from (6.5), (6.7), (6.8) shows that
t A 2cosa it g Z(Sz‘j ‘ (6.9)

Aj__. o
T a1 M XX T

Thus, for both bilinears, the 5 components vanish identically. The first bilinear is the

Xi

triplet argued above, and the second one is a singlet which, however, is not independent
but is algebraically related to the former.

Equation (6.9) provides a further consistency check on our Killing spinors. It was
shown in [14] that, for N/ = 1 supersymmetric warped product solutions of massive ITA
supergravity containing AdSy, the N =1 internal Killing spinor x must satisfy x4y = 0
and xTy oc e?, where €24 is the string frame warp factor. It is straightforward to see

from (6.9) with i = j that each individual x*, i = 1,2, 3, satisfies these A" = 1 conditions.

7 Outlook

In this paper we have studied an A/ = 3 solution of massive ITA supergravity first considered
in [8, 34]. We have described in detail the sector of ISO(7) supergravity with SO(4)
invariance, which includes this solution as a point in its moduli space. This has allowed us
to better understand its geometry. The solution consists of a fibration over an interval I
of a certain S2-bundle Ms over S3, with the S? shrinking at one endpoint of the interval
and the S at the other, so that the full topology is that of an S% (as expected for vacua
of the ISO(7) supergravity).

Moreover, we have been able to obtain the spinorial parameters x?, i = 1,2,3 under
which it is supersymmetric, thus confirming the expectation that it has A/ = 3 supersym-
metry. This expectation was based on the amount of supersymmetry of the vacuum in
the four-dimensional ISO(7) supergravity; but while uplift formulas are available for all
physical fields, they are not for the supersymmetry parameters, and thus so far a full proof
that the solution is N/ = 3 was lacking.

Our results open the way to several possible developments. First of all, the structure of
the spinorial parameters x* is not completely fixed by the SO(4) invariance. The solution
has cohomogeneity one: the SO(4) orbits are copies of the S2 bundle over S3, and thus
a priori the isometry group leaves several functions of the coordinate o on I that appear
in the x* undetermined. For the present solution these are fixed by the Killing spinor
equations, but it is easy to set up a more general Ansatz where both these functions and
those in the physical fields are allowed to vary, without breaking the SO(4) invariance and
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in particular A/ = 3 supersymmetry (whose R-symmetry is one of the SO(3) factors in
the SO(4)).

Several arguments lead one to suspect the existence of more general N’ = 3 solutions
in massive ITA. On CP?, such solutions are predicted to exist by holography [35] and
found [36] in first approximation in a regime where the Romans mass F, (0y s small. Varying
F@) beyond this regime suggests the existence of a line of solutions. Since CP? can be
written as a foliation of copies of T1!, it is plausible that such solutions might be related
to the ones we are considering here, and that thus there might be a line of deformations
in this case, too. A possible analogy is offered by N = 2 solutions: in that case, a line of
solutions exists [37] that connects the A' = 6 massless solution on CP? to an analogue of
the solution in [2] obtained by replacing CP? with CP! x CP!.
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A Geometric structures on S°

In this appendix we describe the relevant geometric structures on S® that arise in the
consistent truncation discussed in the main text. Let p!, I = 1,...,7, parametrise S® as
the locus 07y’ =11in R7, and let y™, M =1,...,6, be the S® angles. It is convenient
to split the u! according to the SO(3)" x SO(4) defined in (2.1) as u! = (/ﬂ,ug),

i—cosafi’, i=1,2,3, p4=—snaji, i=01,23, (A.1)

where « is one of the y™, and is taken to have range (3.13). In (A.1), ji’, ﬂ%, respectively
parametrise an S? and an S% as §;;i'/i/ = 1 (see equation (3.1)) and similarly for ﬂi. For
convenience, the index i ranges from 0 to 3 as indicated. In terms of these, the round,
homogeneous Einstein metric on S%, (E.2) of [3], is

432 = g2 ( cos® a d52(52) + da? + sin? o d§2(53)) , (A.2)

This metric has of course SO(7) isometry, although only the SO(3)" x SO(4)" that rotates
the S? and the S3 is manifest. The local line element (A.2) is adapted to the topological
description of S% as the join of S? and S3.

For our calculation, we need to write the Killing vectors of S adapted to the split-
ting (A.1). For this purpose, it is useful to split the local index M on S% as M = («, a, @),
where @ = 1,2 and @ = 1,2, 3 are local indices on S? and S®, respectively. With the nor-
malisation conventions of appendix E of [3], the non-vanshing components of the Killing
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vectors of the round metric (A.2) are

K =K, K% = —[ifi;,  K%=tano i, G0,
~ - ~AI; . ~ ~ A
K = —cotafi; g0 f1; , Z = Z , (A.3)

where G and §% are the round inverse metrics on S? and S® and K, KZ their corre-

sponding Killing vectors. The derivatives of the Killing vectors with respect to the 3™
angles on S% are

KY = —4g 2sinacosa ﬂ[iaaﬂﬂ , Kab = 497 cos® o (9aﬂ[iabﬂj] )
Kga = 29_2 C082 « [L; aaﬂi ) Kj)zid = 29_2 Sin2 @ /Ib a&’a% ’

Kffa = 29 ?sinacos a Oy ji’ 851,&% ;

K =49 %sinacos a jilid, i/ K = 4g72sin* a 91l 07 (A.4)
In these expressions, dysu! means derivative of u! = p!(y™) with respect to y™, for
M = (a,a,a).

With these ingredients, we can calculate the consistent embedding of the D = 4 su-
pergravity of section 2 into type IIA supergravity using the uplift formulae of [2, 3]. The
ten-dimensional embedding of the tensor hierarchy forms in (2.4) proceeds uneventfully.
The embedding of the scalars is much more laborious. This is achieved by bringing the
SO(4)-invariant scalar matrix My of the D = 4 supergravity, given in appendix D.3
of [24], to the uplifting formulae (10) of [2]. Manipulating these formulae with the help
of (A.3), (A.4), it turns out that the Killing vectors K & on S3 and their derivatives always

appear projected as (J k)” K @ where (J ’)M are the components of the triplet of constant

4 x 4 matrices®
. 1.
Ji= el — §eljk ek (A.5)
Here, we have written J ¥ in terms of the set of six 4 x4 matrlces P Wlth components
(e”)]%i: 25[delj] so that (J")o; = (5] and (J9)jr = —€¢'ji. Indices i and i are raised and
lowered with the SO(3)" and SO(4)" invariant metrics d;; and &;;, respectively. The Jt are
antisymmetric, (J');z = —(J*)s;, anti-selfdual,
(T35 = =55 ()™ (A.6)
satisfy the quaternion algebra,
(T () = =660 + €y (JFT5, (A7)
and the identity
°Indices i = 1,2,3 and 7 = 0, 1,2, 3 here correspond to indices a = 2,4,6 and A =1,3,5,7 in appendix D.3
of [24]. The J matrices here are the negative of the gamma matrices there: (Ji)i}- “= (v
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Specifically, the combinations (J i)% IN(Z“ select the Killing vectors of S? that are invariant
under the SO(3)R in (2.1), namely, the right-invariant Killing vectors on S3. Lowering the
index with the round S® metric 93> We have

(J)3: K =2 (J');5 ' 0aft? = py, (A.9)

where p’, is the G-th component of the right-invariant one-form p’, i = 1,2,3. These close
into the Maurer-Cartan equations (3.2), which are invariant under SO(3)g and lie in the
adjoint of both SO(3)1, and SO(3)q4 defined in (2.1).

Equations (A.6)—(A.9) need to be used extensively to bring the raw consistent trun-
cation expressions obtained from the formulae in [2, 3] to the final form (3.5) presented in
the main text. Other useful identities for this purpose include

1.3 o
Z ek AN APF = S i fin p" ApI AP = 6vol(S?),

NPT VT LI
€50 P A’ Adp” Nd 3 g

P T S ogei i ~jog- il
eiji i A Ndi® = 2vol(S?), ko dpit = €y ildiF,  F3p' = 1€ % YA

cue B AP Ap A = e AP g
€iji fi' fin A N Ap" = e dfiP N N p"
€irigis B AR NP NEG, jy s 17 P72 NP = 2df N AP AP (A.10)
where vol($?) and vol(S?) are the volume forms corresponding to the metrics d3%(S?) and
d3?(S93) in (A.2), and %o and %3 the corresponding Hodge dual operators. Note that

d32(S?) = 0 diit dii?,  dFP(S) = 6 djit djid = iaij pipt (A.11)

We conclude by retrieving the homogeneous Go-invariant nearly-Kéahler structure on
S6 from this formalism. The nearly-Kihler forms are given in general by

1 1 L~
J =5 Yux pldp Ndpt, 0= (wm — YKL uf) dp’ A dp®™ Adp*, (A12)

in terms of the constrained p! that parametrise S® and the associative and co-associative
forms 1 and 1, on the ambient R7, see e.g. appendix E of [3]. It turns out that the
non-vanishing components of these forms can be written for the case at hand as

Vigk = =€k, U=~y Yugn = eV, Unu=—ens (A3)
Bringing (A.1), (A.13) to (A.12), we find
1 o 1 ,
J = 5 cos® o €k 1 i A di* — 3 sinada A fi; p*

1 o 1 .
+§ sin? acosa e fi'p’ A o + 3 sin? awcos adji; A pt

)

1 _—— 1
ReQ = 3 sin o cos? a dav A €ijk AR N di® + 5 sin o cos® acda A dji; A p

1 4 . 1 o
+§ sin? avcos v e, dji* A p? A pk — gsin?’ozda A € 1 p? A pk
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1 o 1 S
ImQ = 3 sinacos ada A €555, fi' dfi? A oF + ) sin? av cos? a fudfi; A p' A p?

1 . . 1 . )
1 sin? a cos® o €ijk AR N di? N Pk — 18 sin? o €k P NP A oF L (A14)

These forms can indeed be checked to satisfy the nearly-Kéahler relations
Q/\Q:—%j/\J/\J#O, JANQ=0, (A.15)
and
dJ =3ReQ, dImQ =-29NJT. (A.16)

The expressions (A.14) are needed to show that the SO(4)-invariant consistent truncation
formulae of section 3.1 reduce to the Go-invariant formulae of section 4.1.

B Flux quantisation and free energies

The fluxes corresponding to the generic configuration (3.5) can be appropriately quantised.
The quantisation conditions are

k = 2wl Fm) =2nlsm,
1 1

2 . R 1 N R N

with £ and N integers and /s the string length. The fields A, B(g) and QAﬁ have been
given in (3.5), and from >?<13'(4), only the contribution corresponding to the Freund-Rubin
term (3.10) is relevant. The first relation in (B.1) corresponds to the relation between
quantised Romans mass and D = 4 magnetic coupling [2]. The second expression can be
written, integrating in the range (3.13) for the angle «, as a relation between the integer
N and the electric D = 4 coupling constant g,

N =5v(8%) (2rts) P g7, (B.2)

with v(5%) = 12 73 the volume of the unit radius round six-sphere. The expression (B.2)
coincides with that given in [7, 38] from the embedding of the SU(3)-invariant sector.
The fact that the present SO(4)-invariant calculation here and the SU(3)-invariant cal-
culation [7, 38] agree provides a selfconsistency check, as the relations (B.1), (B.2) must
characterise the theory, not merely particular subsectors or solutions.

Equipped with these values of the fluxes, we can proceed to the calculation of the grav-
itational free energy of the configuration (3.5), along the lines of [38]. For this calculation,
we first redefine the external D = 4 metric with the inverse scalar potential V' in (2.7) so
that the Einstein frame warp factor reads

= —6est X VIAYSA YL (B.3)
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The free energy F' is proportional to the inverse of the effective four-dimensional Newton’s
constant [39]. On the geometry (3.5), (B.3), this evaluates to

1673 9673
F= 8 volg = — g Su(SH VL. B.4

(2l )8 /S vl = g 9 vY) (B-4)
This again reproduces the expression given in [38]. In order to write the free energy in terms
of quantised fluxes, we factorise the scalar potential as V = g?(m/ g)*l/ 3V, where V is the
g = m = 1 scalar potential (2.7), and then replace g and m by their values (B.1), (B.2) in
terms of NV and k. We finally obtain

F=—96-5°373y(8%) 23 V-1 NO/BEL3, (B.5)

as in [38].
At the critical points of the scalar potential (2.7), recorded in table 1, the free en-
ergy (B.5) reduces to values that have been previously given in the literature. For the

critical points with at least G symmetry, (B.5) reproduces the corresponding values given
in table 1 of [7]. For the N/ = 3 point, (B.5) gives

F = % 313/6 7w NO/3EL/3 (B.6)

in agreement with [34]. This result also matches the field theory result, equation (8.4)
of [40], after correcting a typo there.

The formula (B.5) holds for geometries with running D = 4 scalars, not only for scalars
frozen at critical points of the D = 4 potential. It was conjectured in [38], based on an
SU(3)-invariant calculation, that the free energy (B.5) should further hold at any point of
the 70-dimensional coset space Er(7)/SU(8) of the full D = 4 N = 8 dyonically-gauged
ISO(7) supergravity, where V given by the full ¢ = m = 1, NV = 8 potential, normalised as
in [24]. The present SO(4)-invariant calculation provides further evidence in favour of this
conjecture.

C SO(4)-invariant AdS, solutions of massive type IIA
The type ITA solutions that we have presented in the main text have the local form

didy = X ds?(AdSy)+e2P@ 6, Dl D 424D da® +e2@) 43 ($%), ¢ = ¢(a),
10 J

Fly = povoly +C1(a) daner, D AD? Ap*4-Co(a) Djii ADjijAp* Ap?

+Cs3(a) danfy; DiijAp* Ap? +Ciy(a) daieijy p' NP ApP (C.1)
H = Bi(a) danegy i Did ADji*+Ba(a) daADjiAp'+Bs () e, Dt Ap? ApF

Bu(c) donesy, fi'p! Ao
Floy = A1(a) e it D ADjiF+ Ay () DfisAp'+As(r) danfi; pi+Ag(ev) i il p A"

SThere is a factor of 1/2 missing in the r.h.s. of (8.4) of [40]. We thank D. Jafferis for confirming this.
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where AdS; and S? are unit radius, ug is a constant, X (c), etc., are functions of the angle
a, the fi’, i = 1,2, 3, are constrained coordinates that define a unit radius S? through (3.1)
and p’ are the right-invariant forms on S, subject to (3.2). The corresponding potentials
are of the form

A<3) = ci(a) da A ey D[ A pF + eo(a) €ijk Dt AD? A pF + e3(a) fi Dy A N
+ea(@) e pt Ap? AP,
By = bi(e) da A fii p + by() eijr i DiF? A D* + by(@) Dfi A p* + ba(a) e fi'p” A p*
Awy = ar(a) i p". (C2)
In this appendix, we will denote the covariant derivative of i’ as
Dii' =dji' + ¢ AV, with A" = Ag(a) p. (C.3)

The function Ap(«), as well as all other functions of a in (C.1), (C.2) can be read off from
the concrete expressions given in the main text.

The configuration (C.1)—(C.3) preserves the SO(4) subgroup of SO(7) defined in (2.1).
We will now work out the differential and algebraic equations that the functions X («), etc.,
must obey for (C.1) to solve the Bianchi identities and equations of motion of massive type
ITA supergravity. Firstly, the functions that specify the potentials (C.2) can be related
to those entering the field strengths (C.1) using the corresponding definitions (see (A.3)
of [3]). We find

A1 = mbs, Ao = a1 +mbs, Az = a\+mby, Ay = —%(1—2A0)a1+mb4, (C4)
and
By = th,
By = by — by — 240by (C.5)

1
Bs = by + 5(1 — 2A0)bg — (1 — Ao)AQbQ ,

1
By = bﬁl — A6b3 + 5(1 — 2A0)b1 ,

and
Cl = C/2 —C1 — albIQ + mblbg s
1
Cy = c3— (1 — 2A0)62 + 2mboby — §mb§, (CG)
Cg = Cé + 262A6 — (1 — 2A0)61 + a1 (bg - bl - 2A6b2) — mblbg s

1

1
Cy = c) + -3
4 C4+363 0+3

1 1 1
(1 — A())A()Cl - gal <b£1 - A6b3 + 5(1 - 2A0)b1> + gmb1b4 .

We have dropped the explicit a dependence and have denoted with a prime the derivative
with respect to it. We used the expressions (C.4)—(C.6) to construct the constant scalar
field strengths (3.8) from the potentials (3.5).
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Moving to the field equations (see (A.3), (A.5) of [3]), some calculation shows that the
type IIA Bianchi identities impose the relations

Cé —C3+4+C1 —2A¢0C1 —2A1By — 2A4B1 + AsBs = 0,

1
B — 5(1=240)B2 — By + (1 — Ag)AoB1 = 0,
Al —mB; =0,
AIQ —A3—2A1A6—m32 = 0,

1
Ai; — A2A6 + 5(1 — 2A0)A3 —mBy =0,
1
Ag+ 5 (1= 240)42 — (1 = Ag) Ao Ar —mB; = 0. (C.7)

Next, a long calculation shows that the F(4) equation of motion gives
(6%¢+4X7A723+001)/+4e%¢+4X+A7237002_8 e3P HAXFA=2B=C 4,
42 HXACO AL 4910 By = 0,

e%¢+4X—A—2B+C’Cl+2 e%¢+4X—A—C(1_2AO)Cg_48e%¢+4X—A+2B—3C(1_AO)AOC4

+2ppBs =0,
1
(e29H4X—A=C )/ 9 o3¢ HX+A=2B-C ) oy €%¢+4X7A+2373004A6+5”OBQ =9
1
(e%¢+4X—A+2B—SCC4)’+7 ,UOBI = Oa

24
(C.8)

the ﬁ<3) equation of motion gives
(e—¢+4X—A—2B+3CBI)/ + 4€—¢+4X—A+CBQA6 + 32€—¢+4X+A—C(1 B AO)A033
AR TAX—AS2BHC p () 390 30HAXHA=2B=C 4 1, _ ) oFOTAXFA2B43C 4
—24p0Cy =0,
(e—¢+4X—A+CB2)/ 1 86—¢+4X—A+2B—CB4A6 _ Re#HAX+A=C(1 _ 940) By
+86%¢+4X+A72870A202 i 46%¢+4X7A70A303 . meg¢+4x+A+CA2
—2p0C3 =0,
e—¢+4X—A+032 o 4e—¢+4X—A+2B—C(1 — 240)By — 26%¢+4X—A—23+CA101

+4€%¢+4X—A—CA2C3 o 96€%¢+4X—A+2B—30A4C4 - %m6%¢+4X—A+23+CA3

—2#002 =0 5
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(e—¢+4X7A+2chB4)/ . 2€f¢>+4x+AchS . 26%¢+4X+A72chA102

193¢ HAX—A+2B=3C 4 0, g OHIXHASB-C y 1#001 ~0, (C.9)
2 ’ '

the 13’(2) equation of motion gives

(e%¢+4X_A+QB+cA3), _9 eg¢+4x+A+cA2 +8 e%¢+4X+A+QB—C(1 —2A40)As  (C.10)
44 e3OTIX—ABC R O R o30+AX—A-Cp 0 | 199 (3¢ HAX—AT2B-3Cp o _ ()

and the dilaton equation of motion gives

<e4X—A+2B+SC¢/)/ _ g50taX (eA—2B+3CA% 4 2eATC A2 | o ATRBHC 42 4 166A+23—CA?1)

+2 e—¢7+4X (e—A—23+3CB% + 2€_A+CB§ 4 32€A_CB§ + 166_A+QB_CBZ>
_ 430X (e*A*QBWC% 4 4eA—2B=C (2 | 9,—A=C2 | 1446*“23*36‘03)

5 5 1o
-2 m2 e3P+HAX+A+2B+3C J¢—4X+A+2B+3C _ ()

1
+ Z,U,g e
(C.11)

As for the Einstein equation, we have only computed the external components, which
produce the following equation for the warp factor:

(64X—A+QB+SCX/)/ _ ieg¢+4x (eA—QB—O—SCA% 4 2eA+C AL 4 o A+ZBHC 42 | 166A+QB—CAZ>

_% o 9+aX (e—A—2B+SCB% + 26—A+CB§ + 326,4—03% + 166—A+2B—ch>

—3ed X (mATBHCCR 4 4eA2BOCF 4 9emACCY 4 144”42 30CE)

b+AX+A42B43C O 36—4X+A+2B43C 4 3 2X+A+2B+3C _ ()

1 5 1
+-—m?e2 p%e?

16 16

(C.12)

We have employed equations (C.7)—(C.12) to verify that the generic expressions (3.5),

(3.8) evaluated on the critical points of ISO(7) supergravity with at least SO(4) invariance,

recorded in table 1 of the main text, are indeed solutions of massive type ITA supergravity.

We have verified on a case-by-case basis that all solutions mentioned in section 5, partic-

ularly the A/ = 3 solution (5.1), do satisfy equations (C.7)—(C.12). Up to a check of the

internal Einstein equations, this shows that all constant-scalar configurations presented in
the main text are indeed solutions of massive type IIA supergravity.

D Derivation of the N/ = 3 Killing spinors

Following, for convenience, the string frame conventions of [41], the supersymmetry trans-
formations of the type ITA fermions read

A ~ 1 ~ 1 . A

R 1 . 1 ;7= A -
VS (VM + 4ﬁMr> €+ §6¢ <F<o) —Fo T+ ﬁ<4>) Lme. (D.1)
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The ITA dilatino, 5\, gravitino, &M, and supersymmetry paramater, €, are Majorana. The
ten-dimensional gamma matrices are va with M =0,1,...,9,and M =0,1,...,9 denot-
ing here ten-dimensional tangent space and local indices, respectively. The slashed forms
are defined, as usual, as ﬁ@ = %ﬁwfm, and ﬁM = %H’wfﬂ, etc., with
[MiMy = PIMy . fMal - The ten-dimensional chirality matrix has been denoted by T,
and T v denotes the contraction of I v with the ten-dimensional vielbein.

Let us show that the N' = 3 solution (5.1) obeys the ITA Killing spinor equations,
S\ = 0, &ZJM = 0, for the supersymmetry parameters given in section 6. We start by
reducing these to the Killing spinor equations (6.3a)—(6.3c) on the internal six-dimensional
geometry. In order to do this, we choose a basis for the ten-dimensional gamma matrices
such that

A A~

P=eMP el Iy=4Yeyw, BWW=1¢B [=3Ye35 (D2

with = 0,1,2,3 local indices on AdSy and M = 1,...,6 now rebranded as a tangent
space index on the internal six-dimensional geometry. Here, €24 is the string frame warp
factor (6.4), ,(fl) and 7y four- and six-dimensional gamma matrices (the former contracted
with the AdS, vielbein), A4 = —i'y(()%g and 4 = 47123456 the respective chirality matrices.
The six and ten-dimensional intertwiners B and 3(10)7 with BB* =1, are such that y¢ =
Bx*, where ¢ denotes Majorana conjugation, vy, = — B~y B, and similarly for B0,

Let ¢’ be (anti)chiral Killing spinors on AdSy,
uCi—§7u C17 CJF—i, (D.3)

and let x?, i = 1,2, 3, three arbitrary Dirac spinors on the internal six-dimensional geome-
try. Writing the ten-dimensional spinor paramater ¢ in terms of ¢i. and x* as in (6.2) and
making use of the decompositions (D.2) and the AdSs Killing spinor equation (D.3), we
obtain the six-dimensional Killing spinor equations (6.3a)—(6.3c) from the expressions (D.1)
equated to zero.

One method to proceed in general (as pursued in [42-44] for N = 2 AdS, solutions) is
to form spinor bilinears from (6.3a)—(6.3c), use them to show that a geometrically realised
SO(3) R-symmetry SO(3)r necessarily emerges and then locally determine the metric,
dilaton and fluxes up to PDEs. However given that the solution of section 5 contains S?
fibred over S2, we find it easier to construct all spinors on S? x S2 that transform as triplets
under SO(3)% and couple them to arbitrary spinors on the interval spanned by «, thereby
effectively reducing the problem from 6 to 1 dimensions.

D.1 Constructing an SO(3)4 triplet in 6d

The first thing that needs addressing is exactly how one constructs a triplet of spinors that
transforms under SO(3)r. Clearly the metric on a round S? and S® preserve SO(3)g2 and
SO(4)g4 isometries respectively but, as explored in the Minkowski classifications of [45—
47], each independent Killing spinor on these spheres can only individually be used to
form SU(2) doublets. We also have to consider the fact that S? is fibred over S% in
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terms of the SU(2) right-invariant 1-forms as (C.3). This means that if one decomposes
SO(4)g1 = SO(3)L, x SO(3)r (with L/R standing for left/right) it is only SO(3)r and the
diagonal SO(3)q formed from SO(3)" = SO(3)g2 and SO(3)r, that are preserved by the full
space: the anti-diagonal is broken. Since SO(3)g only involves S3, the preceding discussion
suggests that we should identify the R-symmetry as SO(3)gr = SO(3)q4, but we will need to
be more explicit to construct its corresponding triplets. As we shall show, the fundamental
building blocks of the triplets are actually the SU(2) doublets on S? and S3, for which we
give further details in appendix E.1.

In what follows, we shall parametrise the two SU(2) doublets on S? as ) and e,
while the single SU(2);, doublet on S3, that is a singlet with respect to SU(2)g, shall be
£ for a = 1,2. The Killing vectors of SO(3)" we denote by K; and of SO(3)r,/g by L'/R'.
The key property of the doublets that we shall need is how they transform under the action
of the spinorial Lie derivative along these Killing vectors, namely

L =500 %07, Lrg =500)%¢",  Lrg” =0 (D4)

with a corresponding expression for the action of K; on Qﬁa. Here o, are the Pauli matrices,
so that a doublet of a given SU(2) realises the corresponding Lie algebra under its action.
To realise the R-symmetry SO(3)q, then we must construct products of these doublets that
transform as

Lygan’ = e, Lpn =0, K=K +1L;. (D.5)

The obvious way one might try to construct a triplet is to contract ¢ and £* with the Pauli
matrices. This is almost correct, but it is actually the matrices o90;, which are symmetric,
that give the correct transformation properties. It is then not hard to show that

ni = (0207)apt® @ €°, ny = (0202')0457[)& ®¢EF, nie = —nb, (D.6)

obey (D.5) using (D.4) and standard Pauli matrix identities, which gives us two triplets.
But this is not the whole story. It is also possible to construct two SO(3)q singlets by con-
tracting the doublets with o9; so, given that the embedding coordinates ji; of S? transform
as a triplet under SO(3)q,

77? = [1i(02)ap?® ® 56 ) 77;1 = /Zi(UQ)aﬂlﬂa ® gﬂ ) 772’;0 = 773’ (D.7)

also obey (D.5), by Leibniz rule.

We can derive (D.6), (D.7) by using ambient space coordinates and group theory. On
S3 our spinors need to be singlets under SO(3)r. The only spinors with this feature are
the £“. This can be seen by going to the left-invariant frame, where the spinorial Lie
derivative reduces to partial directional derivative. The £% transform as a doublet under
SO(3)r; in order to produce a triplet under SO(3)q (the diagonal in SO(3)" x SO(3)1,) we
need to tensor them with S? spinors that transform either as a doublet or as a quadruplet
of SO(3)/, since only (s = 1/2) and (s = 3/2) are such that (s) ® (1/2) contains (1/2).

In order to produce such S? spinors, we can work in the ambient R3. Here it is clear
that our ingredients are constant spinors and the three coordinates; going back to 52, these
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become the ¢® and the fi;. From the ¥ and m copies of the p; one obtains a representation
(m)®(1/2) = (m—1/2)& (m+1/2). This contains (1/2) or (3/2) for m =0, 1,2. Defining
flog = ﬂi(O'QO'i)aﬁ, the doublets one obtains this way can be written as 1<, ﬂagwﬁ; it turns
out that the latter is simply 1&0‘. We can now tensor these two doublets with €% on S% and
extract the triplet using (020;)qs; this gives (D.6). On the other hand, the quadruplets
one can write in this way can be written as fi(o9.), /Z(aﬁ/j,y)(;w‘; = ﬂ(aﬁz/},y). Tensoring
these with the &7 and contracting one index to extract the triplet, after some Pauli matrix
algebra one obtains a linear combination of (D.6) and (D.7).

Thus we have obtained a set of triplets {n}, 72,13, n}}, which is linearly independent
and closed under Majorana conjugation and the action (E.31)—(E.32) of the SO(3)q4 invari-
ant forms (D.12)—(D.13). From the embedding coordinates argument we have just given,
this set is also exhaustive. One can also see this in the following way. Any 5d spinor
can be decomposed in a basis of four linearly independent spinors with complex functional
coefficients defined in 5d. This means any additional triplet can be decomposed in a basis
of our existing triplets as 7' = Zizl(an)i j?ﬂl. Since this new triplet needs to transform
as (D.5), and 7}, already do transform in this fashion, there are only two options. i) We
take (ay)’ ; constant, in which case 7' is not linearly independent of 7}, by definition. ii)
We take (a,)’ ; to be proportional to the S? embedding coordinates fi;, which leads to
= Zizl cneijkﬂkn%. At first sight this does seem to give two additional triplets (not
four, because those involving 7%, n} are proportional to €ijkitifiy = 0). However, one can
show that Eijk/]k:U{ = —inb +n4 and eijkﬂkng = —int +n}; so these triplets depend linearly
on 7t

The most general SO(3)4 triplet of spinors on a fibration of S2 over S times an interval
is then of the form

;1 A , . , .
X' =get K;ﬁ) @i + (;jf) @)+ (jﬁi) @} + (jﬁi) 1}

where f,4 are functions of «, the coordinate on the interval, to be determined by (6.3a)—

(D.8)

(6.3c). Up to this point our supersymmetry discussion has been quite general and will
apply to any AdSy solution with metric, dilaton and fluxes preserving SO(3)q x SO(3)r
with a S? x S2 fibration. We shall now proceed to solve the arbitrary functions of the
interval for the solution of section 5. We shall return to this system in full generality in a
follow up.

D.2 Solving for the Killing spinor

In this subsection, we will explicitly compute the triplet of spinors preserved by the solution
of section 5 by plugging (D.8) into (6.3a)—(6.3c) and solving for the undetermined functions
of the interval. We shall work with the following 6 = 1 + 2 + 3 decomposition of the flat
space gamma matrices

Yo =01Q1I®I, Ya=02Q0,R1, Ya = 02Q03R05, B=o0y®01®02 (D.9)

for a = 1,2 and a = 1,2, 3, so that the six-dimensional chirality matrix is y = o3 @ I ® 1
and only acts on the interval part of the spinor. The string frame vielbein on the internal
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space can be succinctly written as

e = V2eldo, et = 2v/2L2e~AT3% gin apg,
. . (D.10)
e® = /2Le? 2% cosa (dya — 2L e~ A+ %0 gip? akK! pi> ;

y® are coordinates on S%, and K; are the SU(2) Killing vectors on S? given in (E.3). The
AdS warp factor and dilaton are respectively

: 2(cos?a+ 1))
24 = 372 /2(cos2a + 1), e = e (2lecos”a + 1) (D.11)

V3costa+3cos2a+2

In (5.1) all possible 10d fluxes of massive ITA are turned on. However, for SO(3)q to be
preserved, the fluxes should be singlets under its action. To show this is so, and because it
will be helpful in what follows, we introduce a basis of SO(3)q invariant forms on S? x S3:

1 r N 1 -
w1 = 35 pifli, wy = =eijrfiiDjij A Dy, wi = =pi A Djii,
2 2 2
) ) (D.12)
wh = 5 €igkhiPs N Dk, wy = g CidkHip N\ P -
In terms of these, all invariant forms on S? x S% can be expressed [12],
w%zwl/\w%, w%zwl/\wg, wg’zwl/\wg’, wézwl/\wg,
1 1
w4 —w% Aw% = —§w§/\w§ = —iwg/\wg’, ws = w1 Awy.
(D.13)

This exhausts the list of forms. The fluxes appearing in (6.3a)—(6.3c) then take the form
€4Aé(0) = 4\/§S6¢0ﬁ(0)L4,

2sin® cos® a(3cos’ a + 1) 1

— da N wy + w
! V3(3cost o+ 3cos? a + 2) 2

~ 1 ~
Floy = 4se2?0 [ L2
@ © V3(cos? o + 1)2

2 cos asin? V3 cos asin* «
— wg + w%
V3(cos2 a + 1) (cos? o + 1)2

)

cos? asin® a(3cos? a + 1)

(3cos* a + 3cos? a + 2)

cosasin®a

(cos? a + 1)2w3

é(4) = 16€¢0F(0)L4 |: wyq — da N\ (

2cosasin®a(3cos’a+1) , 2cos’asina(2cos* a+3cos?a+3) |
w w
(cos? a4 1)3 37 (cos?a+1)(3costa+3cos2a+2) /)]’

ﬁ(g) _ yseitor? 2\/§cosasin2a(cos2a+l)w§_da/\ V3sin® a ¥
3cost o+ 3cos? a + 2 (cos? a4 1)2

V3cos?asina(3cosb a + 8cost a + 11cos? v +2)
w
(3cost a+ 3cos? a + 2)? 2

2/3 cos? asin a(cos? a + cos® a + 2) 2)]

D.14
(cos? v+ 1)(3cost o + 3 cos? a + 2) “2 ( )
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which is a mild generalisation of (5.1) including a possible world sheet parity inversion
parametrised by

s =+1. (D.15)

One can check explicitly that this still solves all the Bianchi identities and flux equations
of motion with the remaining equations of motion following once

_5 ~
e 2% = 8F, L* (D.16)

is imposed.

In the remainder of this appendix and in appendix E.1 we will sketch the computation
of the functions f,+ appearing in (D.8).

The first supersymmetry condition we shall solve is the dilatino variation (6.3b). The
reason to start here is that this condition contains no derivatives of the spinors, no Majorana
conjugation and the S? x S3 data only appears packaged in the invariant forms. Thus the
computation just consists of writing (6.3b) in the form

> (ﬁ:ﬁ ) o1, 0.17)

n=1

using the action of the invariant forms listed in (E.31)—(E.32). Once this is done, one knows
that all eight X,,+ must individually vanish, because the 4 triplets 7’ are independent, and
likewise the positive and negative chirality components of the expression. This leads to eight
complex algebraic constraints that the f,+ must satisfy. We found it useful to introduce
an auxiliary set of complex functions of the interval:

1 1
fix = 2 (tit +tas), fax = 5(=tix +tox + s +las),
2 2
(D.18)
1 1
for = 5(25& —to4), fax = 5(77511 — tot + l3+ — tax)

and then solve instead for ¢,,+. This is because the dilaton conditions fix several of the ¢,,+
in terms of just one other and known functions of the interval. The simplest four of the
conditions that follow take the form

Xi+ + Xox = Zi(tis, tix), X1+ — Xox = Zx(tog, tog),
Zi (21, 22) o< 211/ Az(2iV65 cos® a + V2A1 (2 + cos® @) £ \/ Aj cos (2 + V/3si + cos® )

+ 29 sina(\/é(ii + cos? a) cos® a & 4siy/ A1 (1 + 2 cos? ). (D.19)
A; are defined in (D.21); we have factored out a common non-vanishing a-dependent factor
in Zy. It is easy to check that (D.19) contains only 2 independent expressions, namely the
middle two of (D.20). The remaining 4 X, + are more complicated and we only quote their
solution. Of the eight complex conditions that follow from (6.3b) only 5 are independent.
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All in all, the solution can be written as

t34 = —isty,
. cosa(\fAl + 25@) + \[\/ ( 3cos? o + sz) ot
_ sin atq_,
H (1 +3cos2a + 2v2VA 1cosa) VA !
; cosa(\/§A1 + 281) \f\/ ( 3cos? o + sz) ot (D.20)
_ sin ato_,
> (1 +3cos2a — 2v2v/Aq cos a) VAs ?
. V3 cos aﬁi’ + 4si cos® QAQ + \/5(2\/3 cos* o + siAQ)Alg
Sin atqy = 4—

(7cos4 o+ 4cos?a+ 1) VA

where

A; =cos’a +1, Ay = (3cos* a4+ 2cos® a + 1), Az = (3cos* a + 3cos® a + 2).
(D.21)
We next turn our attention to the AdSs gravitino (6.3a), which can be dealt with in
much the same fashion as the dilatino. The only additional ingredient one needs is that
X can be expressed in a basis of ¢, using the relations between triplets under Majorana
conjugation in (D.6)—(D.7). Given (D.20), (6.3a) provides one additional complex and one
real constraints on t,:

sinaty_ = z(\/Zl —V2cosa)ti_,
(\fAQ-N—\fS\/jcos ) <\fscosaA2 (1+2c052a)\/573>

2 + cos? aA (9 cost o + 6cos? a + 8)

Im t47 = Re t47 .

(D.22)

As these conditions are the only ones that involve complex conjugation, we shall delay
solving them until we have fixed more of ¢,,+ with the internal gravitino conditions (6.3c).

The gravitino conditions on S? x S3 do require us to take covariant derivatives of
spinor (D.24), and H, = %Habcvbc now appears; both depend on more than simply the
invariant forms. Therefore the action of the forms is insufficient to solve (6.3c) in these
directions.

The first thing we need to know is the form of the covariant derivative entering in (6.3c),
which requires that we compute the spin connection on Mg. The vielbein on a generic Mg
consisting of S? fibred over S% times an interval preserving SO(3)q x SO(3)r may be
expressed as

- 1 a
e =efda, € = ieCde, e = &1 <dy“—)\K? pi>, Dji; = djfi; + Nejjrdfijfi, (D.23)

for y® coordinates on S? and eX, €1, 2, \ functions of the interval. The spin connection

on Mg defined through deM + Q% A e enters into the definition of (6.3c) as Vi =
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ov+ %Q M, BQWBQ. After computing this it is possible to show that the covariant derivatives
along the internal space defined by (D.23) decompose as

1
Va= 8,1—56201 /\’wg’,

a a ]_ a 1 ~ 1 ~
KY'V,o=KY D53+§K§ YyadCy+*IN(A-1) <4dpi—,uiw§)+46201d)\/\(pi—2,uiw1),

a a 3 ]_ a ]. - 1 ~
LY'V,o=LY D5&+§L§/ 7,2dCa—e* ' X2 (A—1) <4dpi—,uiw§)—46201)\d)\/\(,0i—2uiw1)
1 1 s
—16201 Aeijkp,zjwﬂk—iewl e,»jk,zkpgm<2dA+Adcl—Ad02)

—%eQCl)\(A—l)(wl/\Dﬂi—ﬁiwg) (D.24)

where Df; /a 18 the covariant derivative on S2/83; we contract the S? x S directions with
the two Killing vectors that make up SO(3)q. Form expressions should be understood

through the Clifford map dz™* A ... Adx™ — 41" Elsewhere in the text we have set

e = v2e4 , eC1 = \/§Leq;_%¢° cos «,

. (D.25)
e“? = 4v/2L%e A2 % gin a, A =2L% A P gin? o

The other additional object appearing in (6.3c) is Hp, but this is not hard to compute if
we contract the S% x $3 directions of this along the Killing vectors as in (D.24) and make
use of the identities in the last column of (E.4) and (E.4).

We proceed by solving these conditions spinor component by spinor component. By
making use of the rotation” outlined in appendix E.2 it is possible to factorise the S? x S3
data out of each of these components leaving many expression involving only functions of
the interval that must vanish. After a lengthy calculation we find that the S? x S3 gravitino
imposes just two additional complex constraints that may be expressed as

o (14 14v/3s) cos
ty = (1 + \/5\/&—1 ) ta_,

sin a\/zgtgf = ((2+ V3siA;) cosa — \@\/El(l + V/3si cos® ) ) t1— (D.28)

after using (D.20) to tame many expressions. This leaves only one complex function, ¢
say, to be determined.

"Specifically, when we use the coordinates presented at the beginning of section E.1 the rotation (E.23)
maps the components of each triplet to

i 1 oa . - _ ) . . _
A = ge? (ziujtie, ifigtss, figtay, —TUjtar, —iughie, iRits—, Ajta_, —uytz-)" (D.26)

where
u; = 85 +it; = (cos By cos ¢y + isingi, cosfising; —icospy, —sinbi); (D.27)

and f; are the embedding coordinates of S2.
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The last condition we need to deal with is the internal gravitino condition along the
interval. For this expression the covariant derivative (D.24) and H,, are expressed in terms
on the invariant forms. We can thus once more use the action of the forms of the triplets
to massage the interval component of (6.3c) into the form (D.17). Once (D.20) and (D.28)
are used to eliminate the other ¢,+ we are left with a single ODE for ¢;_:

cot « 1 314 2cos?a .
_ — — — S\ - ————F———Ss1na.
A1 \/isin ay/ Al 2 Ag vV Al

Although this may appear a little intimidating a closed form solution does in fact exist,

Oq log(ti—) = (D.29)

and after some effort one finds that

2 , 3 X
to = —cy 1+ \f\cﬁ?sae‘%“@, cot © = \@cos Oz\/Zh (D-30)
Ay

is the general solution to (D.29), where the sign is chosen to simplify (6.7). At this point
we have completely determined the spinor up to a complex constant ¢ and a sign s = +1,
but we still need to check if (D.22) actually holds. After a comparatively brief computation
it is possible to show that consistency can be achieved if either

(s=1,Imc=0) or (s=—-1,Rec=0). (D.31)

However, the fact that ¢ should either be real or purely imaginary is just a consequence of
our choice of intertwiner in (D.9). If we include a constant phase in its definition, ¢ can be
completely arbitrary and it is this phase that is fixed by the choice of s = £1. We use this
fact to allow for an arbitrary constant in the main text.

We have now completely fixed all 8 auxiliary functions t¢,4; inverting (D.18), after
significant massaging one is led to the f,+ in (6.8). This confirms that a Killing spinor
preserving N’ = 3 superconformal symmetry does indeed exist.

E Further details on doublets, invariant forms and triplets

In this appendix we shall first give further explicit details about the SU(2) doublets from
which the triplets are constucted in appendix E.1. Later we discuss the SO(3)q invariant
forms, triplets and how the former acts on the latter in appendix E.2. We will mostly work
with a concrete choice of coordinates, y® = (61, ¢1)® on S? and y® = (A2, ¢2, 12)® on S3.

E.1 SU(2) doublets

In this appendix we construct SU(2) doublets form the Killing spinors on S? and S°.
In principle these calculations were already performed in [45-47]; however, we are using
slightly different conventions here (notably with the choice of frame on S? and sign of the
Killing spinor equation on $2), so we provided some additional details here.
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E.1.1 SU(2) doublets on S?

The one-forms
ki = €ijrdfi;fik (E.1)

are dual to the SO(3)’ Killing vectors K; on S?; under the action of d, they behave as the
right invariant forms on S2, with the same sign. We shall use the specific parametrisation
of the S? embedding coordinates

f; = (sinf cos ¢1, sinf;singy, cosbi);, (E.2)
in terms of which the Killing vectors are

K1 = sin ¢1891 + cot (91 CcOS ¢18¢,1,
Ky = —cos ¢10p, + cot 01 sin ¢10,,, (E.3)
K3 = —6¢1.

It is not hard to show that
Li,fij = ti,dfty = €jifi Lrk;j = €ijrkr, (E.4)

so clearly fi;, dfi;, k; are all charged under SO(3). There exist Killing spinors on S? that
solve the equation

Vot — —%am. (E.5)

If the frame e® = (df;, sin6;d¢y)?, with v, = 04, a = 1,2 one such specific example is

seimons(0) o

Using this, one can construct two SU(2) doublets on S?, namely

o (0 " ra o3t ’
= <—02¢*> ’ v <—0302¢*) ' (E1)

Both indeed transform under the action of the spinorial Lie derivative as

as required.

Al oy 2 piwotn) 33y iid o (92 citea—va)

[+ ia° = cos ) e2\%2T¥2) i° + " = sin - €292 V2 (E.9)
and reabsorb these angles into the right invariant 1-forms everywhere they appear

p1 4 ips = ie "2 (dfy + i sin Oydi)s), p3 = doo + cos Oadis. (E.10)
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E.1.2 SU(2) doublets on S3

There are two independent sets of three Killing vectors on S® that realise each of the SU(2)
factors of SO(4) = SU(2)r, ® SU(2)r. The one forms dual to these R/L vectors are the
L/R invariant 1-forms of SU(2), that are defined in terms of g € SU(2) as

1
\i = —iTr (0;9” 'dg) | dX; = Seijedj A Ak =0,
) (E.11)
pi = —iTr (oidgg™") , dpi+ S€ijkpj N pr = 0.
We shall specifically take our group element to be
g= e%mqﬁze%tfzezeéﬁwz 7 (E.12)
for which a consistent embedding of S3 into R?* is given by
Sy a2 02 L(p2+1)2) =3y -4 (02 L(p2—1)2)
i 4" = cos 5 )e , i’ 4" = sin 5 )e . (E.13)
This leads to the following definition of the Killing vectors
Ry = —sin20g, + csc bz coshg — cot b cos 120y,
Ry = cos 0y, + csc by sinpy — cot Oz sin 0y,
R3 = Oy,,
v (E.14)
Ly = sin ¢20p, + cot O3 cos ¢204, — csc 02 cos p20y,,
Lo = sin ¢20p, — cot O3 sin ¢204, + csc 02 sin ¢20y, ,
L3 = 04,,
with dual one forms
p1 = — COS @2 sin Oadips + sin padfs,
P2 = €08 ¢adlfs + sin ¢o sin Oadi)s,
p3 = dga + cos Oadips,
(E.15)

)\1 = COS ¢2 sin 02d¢2 — sin 1/12d92,
Ao = cos YPodly + sin g sin Badps,
)\3 = d’¢2 + cos (92d(;52.

Using these it is not hard to show that the Killing vectors obey the following relations
when acting of the forms
Lp,pj =0, Lp,\j = €ijkMk LR;Aj = 0ij, (£.16)
Lp,N\j=0, Lr.,pj = €ijkPk Lr;pj = 0ij,

so that (p/X)" are triplets under SO(3)y,/g and singlets under SO(3)g 1.
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Working in the canonical frame of an S3 spanned by p; (rather than the Hopf frame
that [46] uses) and with 75, = 04, @ = 1,2, 3, the spinors on S3 that are charged under
SU(2)y, are solutions to

Vaé = —%aag (E.17)

which one can show is solved by any constant spinor; we choose

¢ = <_OZ> (E.18)

From this we can construct a doublet of SU(2)r,

o [ e\
(%) -

Lr,6=50)%  Lr&* =0 (E.20)

under the action of the spinorial Lie derivative.

which transforms as

E.2 Invariant forms and triplets

In this subsection we will focus on the five-dimensional manifold spanned by the unwarped
fibration of S? over S3; we give some additional details about the SO(3)q invariant forms,
triplets and how the former acts on the latter. Our flat space 5d gamma matrices are

7(25) =0, ® ]L 7(55) = 03 ® T4, B(5) =01 ® g2. (E21)

Five-dimensional Majorana conjugation is defined as
n° = Bsn*. (E.22)

If one views the invariant forms as spinor bilinears, one can factor out all their dependence
on the S? angles using the matrix

A=1@Ige:7Me z020101 (E.23)

Using this, it is not hard to show that (D.12) becomes

W) = A1, wh® = A1) wy @ = A4,
w3 = AT (O 1O, wy® = A7 (D) + 44, e

under the 5 dimensional Clifford map on the unwarped S? x S3. Likewise the 4 dimensional
components of the SO(3)q triplets in (D.6), (D.7) undergo a simplification when acted on
by A. One can show that they can be expressed as
Ant = sinb — itmd® + g, A} = =’ (E.25)
A} = —(simp© — itimg + firg©) Anf = jung
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in terms of two orthogonal constant spinors

—1 0
0 7
1 2
_ , = , E.26
Ul 0 o 1 ( )
1 0

and their Majorana conjugates. We have introduced
s; = (cos By cos ¢y, cos by sin ¢y , —sinby); , t; = (sin ¢y, — cos o1, 0);. (E.27)

Together, (E.24) and (E.25) can be used to greatly simplify the 8 dimensional spinorial
components one needs to solve when plugging (6.5) into (6.3a)—(6.3c). This was extremely
useful for deriving the system of sufficient supersymmetry conditions in (D.20), (D.22),
(D.28). Using these conditions, it is also not hard to establish that the triplets satisfy the
following relations under Majorana conjugation:

me=—ny, Y = (E.28)
and under inner product
il =nyng =260, il = ey,
nyi, = ity = ming = mmg = 2y, (E.29)

nym = mmg =y = 0.
(E.29) is useful to derive (6.9).
Finally, let us work out how the invariant forms act on the 4 triplets. It is quite easy to

show that the various gamma matrix combinations appearing in (E.24) act on the constant
spinors of (E.26) in the following fashion:

G | 5 ) G | 6 | 6 | 6
T3 712 75 M| Yas | Tia | T2
mo | mo | =it | —ingS | ang | —ing | —meC | mo (E.30)
ng | —ng | —inge | imge | —ing | —ing | —mg¢ | —mg

Using this table, and the rotated form of the triplets in (E.25), it is relatively simple
to establish the action of the invariant forms. For the one-form and two-forms one can
compute

WP O | 20 | e [ e

7

nio|mi—2ni | ang | 2y | 20k | inh — 2ink

mh | mh—2mk | int | —2ink | —2ni | in} — 2in} (E.31)
my |-k | ind | =2k | 20k | —in}
ng| o i | 2in | 2nh —inl
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For the three- and four-forms one finds

1) [ 20 [ 20| 46| o

ny | any — 2iny | —2iny | —2n% | iny | —ni + 204

s | il — 2} | 2k | 2n) | il | —nd + 20} (E.32)
ng | —ind 2ing | 2n | in} s
mg | —iny | —2in | —2n% | ing 14

The 5-form just flips the sign of every triplet, but does not appear in the lower form RR
sector in ITA and so does not concern us.

The actions (E.31)—(E.32) are appropriate for the forms on the five-dimensional S2-
fibration over S3. A little extra care needs to be taken when applying them to the main
text and (D.24). This is because the six-dimensional gamma matrices (D.9) contain a
factor that acts on the interval; moreover, the S? and S® are multiplied in the main text

Ccy Co

by functions e*!, e In terms of bilinears, the relation between the full forms in six

dimensions and their five-dimensional counterpart is

5 1,(5 2,(5
€2, = o ®w§ )’ 201l = ]I®w2’( )’ eC1102,2 — ]I®w2’( )

I

(E.33)
ecl—I—Czwg -1 ® w;7(5) 7 6202&}% —1 ® wgy(f)) .
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