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1 Introduction

The derivation of the entropy of BPS electrically charged rotating black holes in AdSs x
S® [1-5] in terms of states of the dual N’ = 4 SU(N) super Yang-Mills (SYM) theory is still
an open problem. Various attempts have been made in this direction [6-8] but none was
really successful. One could consider the superconformal index [6, 9] since it counts states
preserving the same supersymmetries of the black holes and it depends on a number of
fugacities equal to the number of conserved charges of the black holes. However, due to a
large cancellation between bosonic and fermionic states, the index is a quantity of order one
for generic values of the fugacities while the entropy scales like N2 [6]. We also know that
the supersymmetric partition function on S3 x S' is equal to the superconformal index only
up to a multiplicative factor e #Fsusy  where the supersymmetric Casimir energy Fsygy is
of order N2 [10-16]. However, it is not clear what the average energy of the vacuum should
have to do with the entropy, which is the degeneracy of ground states. The analogous
problem for static, asymptotically AdS, dyonic black holes was recently solved in [17, 18].
It was shown in [17, 18] that the topologically twisted index for three-dimensional gauge



theories [19]' has no large cancellation between bosons and fermions at large N, it scales
like N3/2 [17, 24, 25] (see also [26]) and correctly reproduces the entropy of a class of
BPS black holes in AdS, x S7. More precisely, the topologically twisted index Ziyisted 1S &
function of magnetic charges p; and fugacities A; for the global symmetries of the theory.
The entropy of the black holes with electric charges ¢; is then obtained as a Legendre
transform of log Ziyisted:

S(gi,pi) =108 Zwistea (pir Ai) — 1 Y _ gl (1.1)

Ay’
where A; is the extremum of Z(A;) = log Ziwisted (Pi, Ai) — iq; ;. This procedure has been
called Z—extremization in [17, 18] and shown to correspond to the attractor mechanism in
gauged supergravity [27-33].

It is natural to ask what would be the analogous of this construction in five dimensions.
In this paper, we humbly look attentively at the gravity side of the story and try to
understand what kind of extremization can reproduce the entropy of the supersymmetric
rotating black holes. Unfortunately, the details of the attractor mechanism for rotating
black holes in five-dimensional gauged supergravity are not known but we can nevertheless
find an extremization principle for the entropy. The final result is quite surprising and
intriguing.

We consider the class of supersymmetric rotating black holes found and studied in [1-5].
They are asymptotic to AdSs; x S° and depend on three electric charges Q; (I = 1,2,3),
associated with rotations in S, and two angular momenta Jy, Jy, in AdSs. Supersymmetry
actually requires a constraint among the charges and only four of them are independent.
We show that the Bekenstein-Hawking entropy of the black holes can be obtained as the
Legendre transform of the quantity?

A1 AsA3

wiw2

E = —inN? (1.2)
where Ay are chemical potentials conjugated to the electric charges ()7 and w; 2 chemical
potentials conjugated to the angular momenta Jy,Jy,. The constraint among charges is
reflected in the following constraint among chemical potentials,

A1 +Ao+A3+w; +wy=1. (13)

To further motivate the result (1.2) we shall consider the case of equal angular momenta
Jy = Jy. In this limit, the black hole has an enhanced SU(2) x U(1) isometry and it can
be reduced along the U(1) to a static dyonic black hole in four dimensions. We show that,
upon dimensional reduction, the extremization problem based on (1.2) coincides with the
attractor mechanism in four dimensions, which is well understood for static BPS black
holes [27-33].

'For further developments see [20-23].

2Notice that one can write the very same entropy as the result of a different extremization in the context
of the Sen’s entropy functional [34, 35]. The two extremizations are over different quantities and use different
charges.



It is curious to observe that the expression (1.2) is formally identical to the super-
symmetric Casimir energy for N' = 4 SYM, as derived, for example, in [13] and reviewed
in appendix C. It appears in the relation Zy—4 = e I between the partition function
Zn—4 on S x S and the superconformal index I. Both the partition function and the
superconformal index are functions of a set of chemical potentials Ay (I =1,2,3) and w;
(i = 1,2) associated with the R-symmetry generators U(1)? € SO(6) and the two angular
momenta U(1)? € SO(4), respectively. Since the symmetries that appear in the game must
commute with the preserved supercharge, the index and the partition function are actually
functions of only four independent chemical potentials, precisely as our quantity F. The
constraint among chemical potentials is usually imposed as Z?:l Ar+ Z?Zl w; = 0. Since
chemical potentials in our notations are periodic of period 1, our constraint (1.3) reflects a
different choice for the angular ambiguities. We comment about the interpretation of this
result in the discussion section, leaving the proper understanding to future work.

The paper is organized as follows. In section 2 we review the basic features of the
BPS rotating black holes of interest. In section 3, we show that the Bekenstein-Hawking
entropy of the black hole can be obtained as the Legendre transform of the quantity (1.2).
In section 4, we perform the dimensional reduction of the black holes with equal angular
momenta down to four dimensions and we prove that the extremization of (1.2) is equiv-
alent to the attractor mechanism for four-dimensional static BPS black holes in gauged
supergravity. We conclude in section 5 with discussions and future directions. The appen-
dices contain the relevant information and conventions about gauged supergravity in five

and four dimensions and the supersymmetric Casimir energy.

2 Supersymmetric AdSs black holes in U(1)3 gauged supergravity

In this section we will briefly review a class of supersymmetric, asymptotically AdS, black
holes of D = 5 U(1)? gauged supergravity [1-5]. They can be embedded in type IIB
supergravity as an asymptotically AdSs x S° solution which is exactly the decoupling limit
of the rotating D3-brane [36]. Further details about the supergravity model can be found
in [36] and appendix A. When lifted to type IIB supergravity they preserve only two real
supercharges [37]. They are characterized by their mass, three electric charges and two
angular momenta with a constraint, and are holographically dual to 1/16 BPS states of
N =4 SU(N) SYM theory on S3 x R at large N.

We shall primarily be interested in the so-called N' = 2 gauged STU model, that arises
upon compactification of type IIB supergravity on S°. In the notations of appendix A, the
only nonvanishing triple intersection numbers are C23 = 1 (and cyclic permutations). The
bosonic sector of the theory comprises three gauge fields which correspond to the Cartan
subalgebra of the SO(6) isometry of S°, the metric, and three real scalar fields subject to
the constraint

L'LPL3=1. (2.1)

They take vacuum values L' = 1. The five-dimensional black hole metric can be writ-



ten as [5]
ds® = —(HyHyHz) ™2/ (dt + wpdip + wedd)? + (Hy HyHz)? hyppdz™da™ (2.2)

where

V== (1 +g ,uj) =, cos20 — = sin? 6

m dr?  do%  cos?O _
hyndz™d Q{Ar +E+T§[:b+cos29(/?292+2(1+b9) (a+1b)g)] dv?
sin?6 _ . 9 2 9 2
=5 |Za +sin0 (p°9° +2(1 + ag) (a +b) g)] do
9 4in? 2
2sin” 6 cos™0 [0%0% +2(a+b) g+ (a+ 1) ¢’ dwdqﬁ} , (2.4)
B0
A, =12 [92r2+(1+a9+bg)2} ; Ag = Zqcos” 0 + Epsin® 0, (2.5)
S, =1-0a%¢%, T =1-—0b%¢? p2:r2+a200529+b2sin29,
_ g cos® § 4 o2 1 p2) 2 1 2p2 2 (2 _ 2
wp === gz [P+ @ £ 0 07 5 (B =0TV 4 g7 (0" - 07))
2.6
gsin®0 [ , 2 2y 2, 1 212 22 2 20
Wo == gz [P H G+ ad) p 4 5 (B W =g (7 - 8)
and
rm =9 '(a+b)+ab
2
- 2ES, (1-VES, 3 (1-vE.5,
Ba = Z4Zp (1 p2+pa pr3+paps) — - (92 : )(M1+M2+M3)+ =)
(2.7)

The gauge coupling constant g is fixed in terms of the AdSs radius of curvature, g = 1/¢.
The coordinates are (¢,r,0, ¢, 1) where r > 0 corresponds to the exterior of the black hole,
0<60<7/2and 0 < ¢,9 < 27. The scalars read

HyH,H3)'/?
LI = (Hy Ho Hy) 77 2.
i, : (2.8)
while the gauge potentials are given by

Al = H (dt + wydip + wgde) + Ujdip + Ufdg (2.9)

where
2
cos” 6 —= _ p—
Uw = 79 {p + 27’ + 02— \/EeSppur + g2 <1 — :a:b>
= (2.10)

2
sin” 6
UI g [p —|—27“ +a? —VZeZptr + 9 2( — EaEbﬂ.




The black hole is labeled by five parameters: p;23,a,b where g ' > a, b> 0. Only four
parameters are independent due to the constraint

1 —
b pe s = e [27" 1 3g™ (1 . \/:a:b)] . (2.11)
=2

Furthermore, regularity of the scalars for r > 0 entails that

Pur> /=t —1>0, (2.12)

—a

when a > b. If a < b then the same expression remains valid with a and b interchanged.

2.1 The asymptotic AdS; vacuum

This solution is expressed in the co-rotating frame. The change of coordinates t = t,
¢ =¢—gt,p =1 — gt, and y?> = r? + 2r2 /3 transforms the metric to a static frame at
infinity. In order to bring the metric into a manifestly asymptotically AdSs spacetime (in
the global sense) as y — oo we make the following change of coordinates [5]

E.Y?%sin’© = (y2 + a2) sin? 6, ZY2cos’ @ = (y2 + 62) cos? . (2.13)

One gets the line element

ay?
ds® ~ —g?Y? di® +

Y2 +Y? (d@2 + sin? © dp? + cos? © dp ) (2.14)

The black hole has the Einstein universe R x S? as its conformal boundary. In the asymp-
totically static coordinates, the supersymmetric Killing vector field reads

0 0 0
V=t gt 2.15
995 955 (2.15)

which is timelike everywhere outside the black hole and is null on the conformal boundary.

2.2 Properties of the solution

It is convenient to define the following polynomials,

1= p A+ p2 + ps, Yo = pipe + pips + pops V3 = H1H2H3 - (2.16)

The black hole carries three U(1)? C SO(6) electric charges in S° which are given by

m 2 2
Qr=—"r [Mﬁg (72_73” , for I=1,23, (2.17)
4Gy 2 Hr

and two U(1)? € SO(4) angular momenta in AdSs5 that read

T Ea
Jy = —= 7972+973+g =17/,
4G(5) =p
(2.18)
™ 972 -3 Sy
J, -+ 9 Y3+g ——1]J|.
Q) o




Here, Gﬁ ) is the five-dimensional Newton constant and we defined

3
J = H + ¢° [r) - (2.19)

The mass of the black holes is determined by the BPS condition

M = glJs| + glJy| + Q1] + Q2| + |Q3] , (2.20)
which yields
3g° VZa— V=
M:% 4 222 73+( HH)J . (2.21)
4Gy 2 9*VEaE

The solution has a regular event horizon at r, = 0 only for nonzero angular momenta
in AdS5. The angular velocities of the horizon, measured with respect to the azimuthal
coordinates 1 and ¢ of the asymptotically static frame at infinity, are

Qp=0Q5=g. (2.22)

The near-horizon geometry is a fibration of AdSy over a non-homogeneously squashed
S3 [38] with area

2~2 /= /=
Area = 2%2\/73 (14 ¢%n) — 9% _ ( 6“ ) (2.23)
4 g ‘—‘a_‘b
Positivity of the expression within the square root ensures the absence of closed causal
curves near r = (. The Bekenstein-Hawking entropy of the black hole is proportional to

its horizon area and can be compactly written in terms of the physical charges as [39]

Area
SpH = o \/QlQQ + Q203 + Q1Q3 — o )g (Jo + Jy) - (2.24)

N N

Finally, let
Xr= (1+ g*ur) VESp — Ag. (2.25)
The values of the scalar fields at the horizon read

(X, Xy )13

X] (2.26)

Lf(ry) =

In the next section we will obtain the Bekenstein-Hawking entropy (2.24) of the BPS
black hole from an extremization principle.

3 An extremization principle for the entropy

We shall now extremize the quantity (1.2), and show that the extremum precisely repro-
duces the entropy of the multi-charge BPS black hole discussed in the previous section.



Let us first introduce some notation that facilitates the comparison with supergravity:
XT=Ay, X0 =w; +ws, (3.1)
where I = 1,2,3. We shall also use J* = Jy £ Ty,

= —\2
i VEi — V5
e 972+29373+—( 3a — ) J|

+ pr—
N 9 Vv Za=h

—_ —_
T Zp— 2

4G§\?) 93\/ a=b

Thus, we can rewrite the quantity (1.2) as

o 2r%i  X'X?X3
Tl () - () o

where we used the standard relation between gravitational and QFT parameters in the

large N limit,
4 2

2g3G1(\? )
In the following we set the unit of the AdSs curvature g = 1. The entropy of the BPS

=N*. (3.4)

black hole, at leading order, can be obtained by extremizing the quantity?
3
S=-E(XL, X" +2mi> QX" —mi (JTX + 7 XY) (3.5)
I=1

with respect to X7, X and subject to the constraint (1.3),

3
X0+ X' =1. (3.6)
I=1

At this stage, we find it more convenient to work in the basis z%* (o = 0,1,2,3) which is
related to (X_E)E,XI) by

0
z 1
X0 = X) =
T 142t 4224237 T4l 4224230
123 (3.7)
123 _ ? '
142t + 22 + 23
Hence, in terms of the variables z% the extremization equations can be written as
o 212228
(%) — 1] {[(20)2 —1] '+ == } —2:12%23 =0, for i=1,2,3,
z (3.8)

& [(20)2 - 1}2 — 22921223 =0,

3This is not the only possible choice of signs. There are various sign ambiguities in the superconformal
index literature as well as in the black hole one that should be fixed in a proper comparison between gravity
and field theory.



where we defined the constants

= — = . 1 =t =
o= TS T ame) (39)
8V ZaZp 4 \1+p 22,5

With an explicit computation one can check that the value of S (z%) at the critical point
precisely reproduces the entropy of the black hole,

S| .. (J5,Q1) = Sgu (JF, Q) . (3.10)

crit

It is remarkable that the solution to the extremization equations (3.8) is complex; however,
at the saddle-point it becomes a real function of the black hole charges. We conclude that
the extremization of the quantity (1.2) yields exactly the Bekenstein-Hawking entropy of
the 1/16 BPS black holes in AdS; x S°.

So far the discussion was completely general. In the next section, we will analyze the
case Jy = Jy, for which the solution to the extremization equations takes a remarkably
simple form.

4 Dimensional reduction in the limiting case: J, = Jy

We gain some important insight by considering the dimensional reduction of the five-
dimensional BPS black holes when the two angular momenta are equal. The black hole
metric on the squashed sphere then has an enhanced isometry SU(2) x U(1) € SO(4). If we
choose the appropriate Hopf coordinates we can dimensionally reduce the solution along
the U(1) down to four-dimensional gauged supergravity. As discussed in [40], it turns out
that such a dimensional reduction makes sense not only for asymptotically flat solutions
where first discovered in [41-44] but also for the asymptotically AdS solutions in the gauged
supergravity considered here. A crucial difference is that the lower-dimensional vacuum
will no longer be maximally symmetric but will instead be of the hyperscaling-violating
Lifshitz (hvLif) type [40].

The reason for looking at the limit J, = Jy is simple: due to the SU(2) symmetry
the lower-dimensional solution is guaranteed to be static and the horizon metric is a direct
product AdSs x S? geometry, as will be shown in due course. Since the attractor mecha-
nism for static BPS black holes in four-dimensional N' = 2 gauged supergravity has been
completely understood [28-30] we can fit the reduced solution in this framework.

4.1 The near-horizon geometry

We begin by taking the near-horizon limit, » — 0, of the BPS black hole solution presented
in section 2. We set a = b, corresponding to the equal angular momenta (Jy, = Jy), and
adopt the notation =, = = = =.

Let us first introduce the following coordinates,

?/)E%(X‘HO% ¢ =

N | =

(X_Qo)v 0

DO | =



where 19, p, y are the Euler angles of $2 with 0 < 9 < 7, 0 < ¢ < 27, 0 < x < 47w. The

near-horizon geometry then reads

2 _ p2 2 1/3 ;.2
ds” = Rjqg,dSaas, T 73 dsi, »

7' 7' Y2
Lh=253— Al =3 RAdszfdtﬂLg(%—m—) dv,
fr f1 211
where we defined
di? 71/3
dshgs, = —T°dP® + —,  Rigs, = ————5—
SAdS + =5 AdS2 = 41 4 g2y
5 r? - 2
"TAR b= 1/3 b
AdS, E\/ (1 + g*mn)

I,2/}/1/3 - ag(4 + 5ag)
3 =

—

ds?w3 = dS%;g — ] dv? + 2Rpgs, [Fdtdy,

r— g (3a4 +4a*r2, + ﬁz)
- —o 2/3
2:2’}’3/

)

and

3
1 1
d5§3:Z(d192+dg02—l—dx2+200519d<pdx)ZZ E Oy dy=—.
i=1

Here, o; (i = 1,2,3) are the right-invariant SU(2) one-forms,
01 = —sinx dy + cos xsind dy,
o9 = cos x dv + sin x sin ¥ dy,
03 =dx + cosVdp.
Notice that
dsgg =02 4 02 = dv? +sin® ¥ dyp? .

Due to the constraint (2.11) we can simplify

a(4 + bag 972
a4+ 5ag) = )Zg%, I'=—%.
= 2,)/3

Upon a further rescaling of the time coordinate

- 1 24,2
oy AT R
2 73(1 4 g%71)

(4.2)

(4.4)

(4.9)

the near-horizon metric with squashed AdSy x,, S geometry and the gauge fields can be

brought to the form:

R2
dsé) = RidSQ d32Ad82 + == {dsgz +v (o3 — aFdT)Q] ,

4
1/3
Lf = LZI , A{s) =elidr— flos.

(4.10)



Here, we defined the constants

o — 972 R2, :71/3
2(1+g%m) VAsv’ s 1)
I Y3V 1_ 9 973 ’
€ =——F, = —m)+ 5,
2pr(1 + g271) g =m) 4
and 5
v=1+g% - L2, (4.12)
43

Note that we added the subscript (5) in order to emphasize that these are five-dimensional
quantities which will next be related to a solution in four dimensions via dimensional
reduction along the x direction.

4.2 Dimensional reduction on the Hopf fibres of squashed S°

In five-dimensional supergravity theories, including ny abelian gauge fields A{s) and real

scalar fields L' (I =1,..., ny) coupled to gravity, the rules for reducing the bosonic fields
are the following [43, 45-48]:

2
ds%g‘) =% d8(24) + e 40 (d:n5 — A?4)) , da® = dy,
A([5) = Af4) + Re 2! (dx5 - A(()4)> , (4.13)
1
L' =e**Im 2!, e 0% = ECUK Im 2! Im 27 Tm 2%,

where ds%4) denotes the four-dimensional line element, the A&) (A = 0,1) are the four-
dimensional abelian gauge fields and z! are the complex scalar fields in four dimensions.
Our conventions for N' = 2 gauged supergravity in four dimensions are presented in ap-
pendix B. The four-dimensional theory has ny abelian vector multiplets, parameterizing
a special Kahler manifold M with metric g;5, in addition to the gravity multiplet (thus a
total of ny + 1 gauge fields and ny complex scalars). The scalar manifold is defined by the
prepotential F (X A), which is a homogeneous holomorphic function of sections X,

10k XIXTXE  X1X2X3

(4.14)
6 X0 X0

F(xY) =
In the second equality we employed the five-dimensional supergravity data for the STU
model from section 2. In /' = 2 gauged supergravity in four dimensions the U(1)g symme-
try, rotating the gravitini, is gauged by a linear combination of the (now four) abelian gauge
fields. The coefficients are called Fayet-Iliopoulos (FI) parameters gy and three of them
can be directly read off the five-dimensional theory: g1 = g2 = g3 = 1.* The last coefficient,
go, measuring how the Kaluza-Klein gauge potential A?4) enters the R-symmetry, can be
left arbitrary for the moment. This can be achieved by a Scherk-Schwarz reduction when
allowing a particular reduction ansatz for the gravitino as explained in [45, 48-51]. The

“In consistent models one can always apply an electric-magnetic duality transformation so that the
corresponding gauging becomes purely electric, i.e., g" = 0.

,10,



prepotential and the FI parameters uniquely specify the four-dimensional AV = 2 gauged
supergravity Lagrangian and BPS variations.

Now, we can proceed with the explicit reduction of the line element (4.10) on the Hopf
fibres of S? viewed as a U(1) bundle over S? = CP!. We thus identify 2° with x. The
four-dimensional solution takes the form®

ds%4) = eV 472 4 e W p? 4 2V-U) (d192 + sin? 19d902) ,

- - B ~ (4.15)
A(()4) = q&) (r)d7 —cosddyp, A{4) = q(I4) (r)dr,
where
2 R
e’ = \[1/2 U eV =
Raas, RS2 vl/4 2Raas,
; ; (4.16)
o) = o r. i) =
“) R3 45, Rs2v'/2 @ R3 s, Rg2v!/?
The complex scalars are given by
I 1l 1271 I iUl/27§/2
z = —f + §R32’U / L = —f + 5 (417)
122

Employing eq. (B.20) we can compute the conserved electric charges. After some work

they read
g ) (5)
qo = §(72+29 v3) = -y,
T
) 5) (4.18)

1 g 273 GN
qr=—7 |+ (n-—|=-——-0Qr

4 2 1135 T

This is in agreement with [52]. The magnetic charges of the four-dimensional solution can
be directly read off the spherical components of the gauge fields A&) (4.15),

=1, pl=0. (4.19)

The entropy of the four-dimensional black hole precisely equals the entropy of the rotating
black hole in five dimensions,

n Area®  ge2(V-U)  x2R3,y1/2

S( = = = = 5(5) , 4.20
BH 4 Gl(\?) Gl(\?) 5 Gl(\?) BH ( )
upon using the standard relation
1 47 A
T 5 21
ad = g® (4.21)

®We have rescaled the time coordinate, ¥ = —Rg2 Raas,/v 7/2, in order to put the AdSs part of the
metric in the canonical coordinates.

— 11 —



4.3 Attractor mechanism in four dimensions

Let us define the central charge of the black hole Z and the superpotential L,
Z = l? (qAXA — pAfA) , L=el? (gAXA — gA]:A) . (4.22)

The BPS equations for the near-horizon solution (B.13) with constant scalar fields z* imply
that [29]:6

Z42ie2V-Ur =0, D; (Z + 2i62(V_U)£) ~0, (4.23)
which can be rewritten as
zZ Z 2AV-U
97 =0, 12226( ), (4.24)

Here, D; = 0; + %8le with IC being the Kahler potential [see eq. (B.4)]. Therefore, the
complex scalar fields 2% are fixed at the horizon such that the quantity z% has a critical
point on M and then its value is proportional to the Bekenstein-Hawking entropy of the
BPS black hole.

We can extremize the quantity z% under the following gauge fixing constraint, which
precisely corresponds to (1.3),

3
X’ +) X'=1, (4.25)
I=1

where we plugged in the explicit values for the FI parameters, i.e., g1 = go = g3 = 1. The
real sections X* are constrained in the range 0 < X < 1. We find that

3 2v1v2y3

Xlx2x

or |3 Xf<q1—q°>+q°— %0 S| =0, for I=1,23, (426)
— o) 9 (1-X!-X2_ X3

where 97 = 9/0X'. The sections at the horizon are obtained from

1 1,2,3

X0 — 123 _ .
go (1+ 21+ 22 +23)" 1421 422423

z

(4.27)

We are now in a position to determine the value of the FI parameter gg. Partial topo-
logical A-twist along S?, embedding the spacetime holonomy group into the R-symmetry,
ensures that A/ = 2 supersymmetry is preserved in four dimensions [53]. The twisting
amounts to an identification of the spin connection with the R-symmetry so that one of
the SUSY parameters becomes a scalar. This leads to the following Dirac-like quantization
condition [28-30]:

gap™ =1= gop”, (4.28)

which fixes the value of g9 = 1. It is straightforward to check that, substituting the
values for the physical scalars at the horizon (4.17), the charges (4.18), and setting go = 1,

®From comparing (4.23) with equations (3.5) and (3.8) in [29], we see that they differ by a factor of 2.
This is due to our different convention for the action (see footnote 10).
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eq. (4.26) is fulfilled. The scalars z'(r,) at the horizon are determined in terms of the black
hole charges ¢; by virtue of the attractor equations:

1
qr —qo = <2 + —1> 717233, (4.29)
z
The value of z% at the critical point yields,

Z
Zi

B 2G(4)
- (qn) = 22V-0) = TNSI(B‘% (qn) - (4.30)

crit

The holding of the four-dimensional BPS attractor mechanism for the dimensionally re-
duced near-horizon geometry (4.15) proves that the dimensional reduction preserves the
full amount of supersymmetries originally present in five dimensions.

Due to the very suggestive form of the attractor equations (4.26) it is now not hard to
compare them with the five-dimensional extremization.

4.4 Comparison with five-dimensional extremization

Consider the quantity £ in (3.3) rewritten in terms of the chemical potentials for J* and
Q1,2,3. Recall that we are focusing on the case with equal angular momenta, i.e., Jy = Jy
(so J~ = 0). Extremizing (3.5) with respect to X° fixes the value of X = 0. Thus, the
black hole entropy is obtained by extremizing the quantity

on2i X1 X2X3 < P
S‘J=0:G,(5)()(0)2+27MZQIX —miJ T X], (4.31)
N + -1

subject to the constraint (3.6). Identifying X° in (4.26) with X9 in (4.31), and using
go = 1 together with (4.18), we find that the extremization of S corresponds to the four-
dimensional attractor mechanism on the gravity side and they lead to the same entropy.

5 Discussion and future directions

We have shown that the entropy of a supersymmetric rotating black hole in AdSs; with
electric charges @ (I = 1,2,3) and angular momenta Jy = Ji, Jy = Ja can be obtained
as the Legendre transform of the quantity (—F) in (1.2),

7 (5.1)

Ag,w;

3 2
S(Qr,Ji) = —E(Ar,w;) + 27”’(2 QA=) J,wi>
I=1 i=1

where A7 and @; are the extrema of the functional on the right hand side.

The result is quite intriguing and deserves a better explanation and understanding.
We leave a more careful analysis for the future. For the moment, let us just make few
preliminary observations.

The quantity £ can be interpreted as a combination of 't Hooft anomaly polynomials
that arise studying the partition function Zy—4(A7,w;) on S% x S' or the superconformal
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index I(Ay,w;) for N =4 SYM [13, 16]. Some explicit expressions are given in appendix C.
In particular, F is formally equal to the supersymmetric Casimir energy of N' =4 SYM as a
function of the chemical potentials (see for example equation (4.50) in [13] and appendix C).
However, this analogy is only formal since we are imposing the constraint (1.3). Chemical
potentials are only defined modulo 1, so the constraint to be imposed on them also suffers
from angular ambiguities. Consistency of the index and partition function just requires
Z§:1 Ar+ Z?Zl w; € Z. To recover the known expressions for the supersymmetric Casimir
energy and for consistency with gauge anomaly cancellations [12, 13], one needs to impose
S A+ Y07 w; =0, and this contrasts with (1.3).

It would be tempting to interpret the Legendre transform (5.1) as a result of the
saddle-point approximation of a Laplace integral of Zx—4 in the limit of large charges
(large N).T Ignoring angular ambiguities, £ is the leading contribution at order N? of
the logarithm of the partition function Zy—4 on S% x S'. Indeed, log Zn—y = —E +
log I [10-16] and the index is a quantity independent of IV for generic values for the chemical
potentials [6]. In these terms, the result would be completely analogous to the connection
between asymptotically AdS, x S” black hole entropy and the topologically twisted index
of ABJM [17, 18].

The appearance of the supersymmetric Casimir energy can be surprising since the
entropy counts the degeneracy of ground states of the system. However, the dimensional
reduction to four dimensions performed in section 4 offers a different perspective on this
point. The dimensionally reduced black hole is static but not asymptotically AdS. Let us
assume that we can still use holography. In the dimensional reduction, a magnetic flux
p° is turned on for the graviphoton. This means that supersymmetry is preserved with a
topological twist. The same should be true for the boundary theory. It is then tempting to
speculate that, upon dimensional reduction, the partition function Zx—4 becomes the topo-
logically twisted index of the boundary three-dimensional theory [19]. The supersymmetric
Casimir energy, which is the leading contribution of log Zx/—4 at large N then becomes the
leading contribution of the three-dimensional topologically twisted index and the latter is
known to correctly account for the microstates of four-dimensional black holes [17, 18].

The above discussion ignores completely the angular ambiguities and the role of the
constraint (1.3), which should be further investigated. For sure, the result of the extrem-
ization of E is complex and lies in the region where the chemical potentials satisfy (1.3).
Unfortunately, we are not aware of a general discussion of the possible regularizations of
Zn—4 that takes into account the angular ambiguities. Moreover, there is some recent
claim [54, 55] of the presence of an anomaly in the supersymmetry transformations leading
to a modification of the BPS condition in gravity that would be interesting to investigate
further in this context.

Both the constraint (1.3) and the analogous of the more traditional one Z?:l Ar+
2?21 w; = 0 have been used in the literature to explore different features of Zy—4 or the
index. The traditional constraint has been used in the analysis of the high temperature limit
of the index [56, 57] (see also [58, 59]) and in the study of factorization properties [60]. On

"We are ignoring here potential sign ambiguities in the definition of charges.
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the other hand, the importance of (1.3) has been stressed in [16] where the constraint has
been used to extract the supersymmetric Casimir energy directly from the superconformal
index.® See appendix C for more details. In the low temperature limit, which can be
obtained by rescaling A; — A, w; — Bw; and taking large [, the angular ambiguity in
the constraint disappears.

Finally, it is worth mentioning that angular ambiguities also played a prominent role in
the evaluation of the saddle-point for the topologically twisted index of the ABJM theory
and the comparison with the entropy of AdSs black holes [17].

All this is quite speculative and we hope to come back with more precise statements
in the future. There are also other directions to investigate. Let us mention some of them.

Attractor mechanism in five dimensions: it is known that in five-dimensional N' = 2

ungauged supergravity the near-horizon geometry of an extremal BPS black hole is governed

by the attractor mechanism [27, 62-64]. That is, the values of the scalar fields at the horizon

are fixed by black hole charges, and the area of the black hole horizon is given in terms of

the extremal value of the central charge Z in moduli space and the angular momentum .J,
2

Area® = %\/ Z3— J2. (5.2)

It would be interesting to find analogous results in five-dimensional gauged supergravity”
and see if we can recover the extremization principle (5.1).

Rotating attractors in four dimensions: as explained in section 4 we only understand
well the static attractor equations in four dimensions. It is natural to extend this analysis
to rotating cases, which will correspond to the refinement by angular momentum in the
dual field theory. We would have already had an example of a rotating attractor if we were
to consider the dimensional reduction of the generic BPS black hole with Jy, # Jy.

Dimensional reduction of black strings in five dimensions: similarly to the re-
duction of BPS black holes from five to four dimensions, one could perform a reduction
between five-dimensional BPS black strings and four-dimensional BPS black holes, as it
was already done in [40]. Given the recent results [68] on the topologically twisted index
for AV = 1 supersymmetric theories on S? x T2, this could imply a relation between the
c-extremization of the two-dimensional SCFTs [69, 70] and the Z-extremization principle
of [17, 18].
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A Five-dimensional N' = 2 gauged supergravity

The theory we shall be considering, following the conventions of [48], is the five-dimensional
N = 2 Fayet-Iliopoulos (FI) gauged supergravity coupled to ny vector multiplets. It is
based on a homogeneous real cubic polynomial

V(L) = éCUKLILJLK, (A1)

where I, J, K = 1,...,ny and Cy k is a fully symmetric third-rank tensor appearing in
the Chern-Simons term. Here, L’ (") are real scalars satisfying the constraint V = 1. The

action for the bosonic sector reads

1 1 1
g5 — / [R(5) x5 1 — ~GrydL' AxsdL? — =G FT A x5 F7
R4 |2 2 2
) (A.2)
—EC[JKFIAFJ/\AK+X2V*51 )

where R®) is the Ricci scalar, FI = dA! is the Maxwell field strength, and Gy can be

written in terms of V,

1
G]J = *5818‘] logV’Vzl . (A.3)
We also set STI'GI(\? )= 1. Furthermore, it is convenient to define
1
L[ = 6C]JKLJLK . (A4)
Therefore, we find that
Gy = §L1LJ - §CIJKL ; L'L;=1, (A.5)
and ) 5
Ly = 3Gl Lf=2G"Ly, (A.6)

where G GE/ = (5§. The inverse of Gy is given by
Gl =27 — 60T K Ly, (A.7)
where C'/K = Cr 5. We then have
L = gC”KL gLk . (A.8)
The metric on the scalar manifold is defined by
gij = L' ;L7 Gryl,_, (A.9)

and the scalar potential reads

V(L) =V;Vy <6L1LJ — Zgij&LlajLJ> : (A.10)
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Here, V7 are FI constants which are related to the vacuum value L of the scalars Ly,
Ly=¢"vy, (A.11)

where ¢ = %C”KVIVJVK and the AdSs radius of curvature is given by ¢~ = (§X)_1. A
useful relation of very special geometry is,

. 2
g0, L', = G — gLILJ. (A.12)

V(L) = 9V;V; (LILJ — ;G”> : (A.13)

B Four-dimensional N’ = 2 gauged supergravity

We consider the four-dimensional N' = 2 FI-gauged supergravity with a holomorphic pre-
potential

10 XX/ XK
6 X0 ’

where X represent the symplectic sections and A = 0,1,2,3. The physical scalars z

]—"(XA) _ (B.1)

1

(I =1,2,3) belonging to the vector multiplets are given by

I XI

=5 (B.2)

z
and parameterize a special Kéhler manifold M of complex dimension ny with metric
9i; = 0i9;K(2, 2) . (B.3)
Here, KC(z, Z) is the Kédhler potential and it reads
e M=) = (XAFy — XM FY) (B.4)
where Fp = OpF. Plugging (B.1) into (B.4) we find that

_ 44
eilc(z’z) = ngIJK Hm ZI ]Im ZJ I[m ZK = 8676¢ 5 (B5)

where due to the symmetries of the theory we can set X? = 1. In the last equality we used
eq. (4.13). Substituting (B.5) into (B.3) and using

o0 _1( 0 @ o0 1 0 0 56)
921 2\ ORez! Olmz! )’ 0z 2 \ORez! Olmz! )’ '
we can write the Kahler metric as
1 0 0

4
qgrj = log (;C[JK]Isz]Imz‘]]ImzK>

C40Imz! 9Im 2/

o ae (B.7)
= 1w O T e )
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Here, we introduced the following notation
Cry = Cryr Im ¥, Cr = CryxImz/ Im 2% . (B.8)

The action of the bosonic part of the supergravity reads [71, 72]'°

1 1 1
SW = / [21?,(4) Kl Tm Ny FA A % B+ 1 Re Ny FA A FZ
R3.1

) (B.9)
— g;;D%" NxyDZ — V (2,2) x4 1]

where A, ¥ =0,1,...,nv and i,j = 1,...,nyv. Note that we already set 87TG1(\?) = 1. Here,
V' is the scalar potential of the theory,

V(z,2) = 29 (UM - 3eM XA X ) pés, (B.10)
where &) are the constant quaternionic moment maps known as FI parameters and
UAE = —% (Im N) ~HAS — LA XS (B.11)
The matrix Nyy, of the gauge kinetic term is a function of the vector multiplet scalars and
is given by

Im Fan Im Fre X2 X©
Im Fro XA XO

Nas = Faxs + 2i (B.12)

In this paper we focus on black holes with the near-horizon geometry AdSs x S2. The
ansatz for the metric and gauge fields is

d82 _ _€2U d7'2 + 672U dT2 + 62(V7U) (d’l92 + Sil’l219d902) ,

B.13
AN = @A) dr — pP(r) cos D dy . ( )
The black hole magnetic and electric charges are then given by [29, 73]
1
1” 52 (B.14)
aw=— | Gr=eA""VImNyx§® +ReNpsp™,
47 S2
where we defined the symplectic-dual gauge field strength,
GAEQ(SF—A:]ImNAE x4 F¥ 4+ Re Npas F'™ | (B.15)

1We follow the conventions of [48], which is different from [71] by factors of two in the gauge kinetic
terms and the scalar potential V' (z,Z). One can swap between the conventions by rescaling the four-
dimensional metric g, — égw and then multiplying the action by 2. This will modify the definition of
the symplectic-dual gauge field strength G by a factor of 2, see eq. (B.15).
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such that (F Aa A) transforms as a (2, ny + 2) symplectic vector under electric-magnetic
duality transformations. Employing eq. (B.12) we find that

ImN7; = Gry, ReN7j = —Crjix Rez",
1
Im Ny = —GryRez”, ReNjo = +5C1K Re Z'Rez, (B.16)
1
ImNyy = — (676¢ —GrsRe I Re ZJ) , Re Ngo = —§C[JK Re z! Re 27/ Re 25 ,
where we defined o C
_ 10
91 =Cr1 — =55 - (B.17)
Therefore, the electric charges read
(j/[
q = —62(V7U)(_7/0 [eﬁd) + GryRez! (glo — Re zl>]
0 I )
—i-p—C’UKRezJIR{ezK P ZRes! , (B.18)
2 0 3

~1J J 1
qr = eQ(V_U)Q'OQU (C{,O —Re z‘]> —pOO[JK Re 2% <p0 — —Re zJ> .
q p’ 2

In the gauged STU model (ny = 3) the only nonvanishing intersection numbers are
Ci23 = 1 (and cyclic permutations). Hence,

_ Im2'Tm22Tm 23 it I =J

Gry = (Im 27)° : (B.19)
0 otherwise
and
3 ~
Re ZI 11
_ 2(V—U)~/0H Il = (q_R I>
q0 € g 1m ~ ez
IZ; (Im 27)* \ ¢
—2p"Re Il + Re 2! Re 27p |
> o
(#K)
ine ImIT /! Re Il p’
__2v=Uu)yz;0_ - [ 4 1 0
q = —¢ q 2<~,0 Rez" | + 7\ P Z 7>
I
(Im 21)* \¢q Re 2 JZh Re z
where we employed the following notation
ImII = Im 2! Im 2% Tm 23, Rell = Rez! Re 22 Re 2. (B.21)

C Generalities about the supersymmetric Casimir energy

The partition function of an N' = 1 supersymmetric gauge theory with a non-anomalous
U(1) g symmetry on a Hopf surface H, 4 ~ 53 x 51 with a complex structure characterized
by two parameters p, g, can be written as

Z [Mpq) = e 55UV I(p,q). (C.1)

,19,



Here, I(p,q) is the superconformal index [6, 9]
I(p,q) = Te(=1)F phrr/2gh=+r/2, (C2)

where h1 and hg are the generators of rotation in orthogonal planes and r is the supercon-
formal R-symmetry. Egysy is the supersymmetric Casimir energy [10-12],

_Am (|ba] + [ba])?

Esusy (b1, b2) = 2 il

(8c—2a) = = (Iba| + [bof) (¢ —a) . (C3)
—27|ba] —2m|by|

where p = ¢ ,q=c¢ , and a, ¢ are the central charges of the four-dimensional
N =1 theory. We can extrapolate this result to include flavor symmetries by considering

a and c as trial central charges, depending on a set of chemical potentials A I

A 9 A 3 A A 9 A 5
a(Ap) = 5 TR(A)D? — ZTR(AL), o(Ar) = S TeR(A)” - o

where R is a choice of U(1)g symmetry and the trace is over all fermions in the theory.

TrR(A;), (C4)

The supersymmetric Casimir energy can be also interpreted as the vacuum expectation
value (Hgysy) of the Hamiltonian which generates time translations [12]. It can also be
obtained by integrating anomaly polynomials in six dimensions [13]. In particular, the
supersymmetric Casimir energy for A/ = 4 super Yang-Mills (SYM) theory with SU(NV)
gauge group, where a = ¢, reads!!

(1ba] + 1b2)° 5 4

T ~
E. = —(N?2-1 A ASA C.5
SUSY ( ) b [[bo] 18243, (C.5)

8
where A17273 are the chemical potentials for the Cartan generators of the R-symmetry,

fulfilling the constraint
A1+A2+A3:2. (06)

We can rewrite eq. (C.5) in the notation used in the main text as

A1 A A
2 1)123’

Esysy = —im(N* — (C.7)

wiwsz

where we defined A; =i (|by| + |b2]) A;/2 and w; = —i|b;|. They satisfy the constraint
A1+A2+A3+W1+Q)2=0. (CS)

When extended to the complex plane A; and w; are defined modulo 1.

The constraints (C.8) and (1.3) are closely related to the absence of pure and mixed
gauge anomalies. Let us briefly see why. Consider again a generic N' = 1 supersymmetric
gauge theory. The constraint (C.8) is modified to

2

DA+ wi=0, (C.9)

IeW, i=1

"'"The R-symmetry 't Hooft anomalies for N = 4 SYM are given by Tr R(A7) = (N? —1)[35_ (Ar—1)+
1] =0and Tr R(A;)® = (N? — 1)[Z§=1(A1 —1)%41] =3(N?—1)A;A3A3. The A; are the R-symmetries
of the three adjoint chiral multiplets of N'=4 SYM and satisfy (C.6).
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where Ay is the chemical potential for the I-th field and the sum is restricted to the fields
entering the superpotential term W,. There is one constraint for each monomial W, in the
superpotential of the theory. The path integral on S2 x S! localizes to a matrix model where
one-loop determinants must be regularized. Equgy arises from the following regularization
factors [12, 13]

2 3 2 2
W) = ir = ) g L)) (C.10)
24w wo (Zizl wi)Q
where 4 = —2u/ Z?:l w; and u is a chemical potential for gauge or flavor symmetries.

More precisely, denoting with z the gauge variables, Fgusy gets an additive contribution
U(z + Ay) from each chiral multiplet and —W¥(z) for each vector multiplet. One can
pull out regularization factors from the matrix model only if they are independent of the
gauge variables. The constraint (C.9) implies that >y A = 2, where again A; =
—2A7/ Z?Zl w;. Hence A; parameterizes a trial R-symmetry of the theory. One can see
that, if all (pure and mixed) gauge anomalies cancel, Egygy is indeed independent of
z if the chemical potential satisfy (C.9) [13]. The final result for Esygsy is then easily

computed to be,

(Z?:l w;)®

2 2
A\ D i1 Wi A
Y TrR(Ar)° — —=——=-TrR(Ay)

(2, w)? (10

Esusy = im

Using (C.4) and w; = —i|b;| we recover (C.3).
A similar quantity constructed from

T (u) = mi@?zl i)’ [(a —1)% - 50 )2 DT (@ — 1)] : (C.12)

24(,4.)1(,4.)2(,03 Z?:l wi)Q

appears in the modular transformation of the integrand of the matrix model [16].'2 Here
the angular momentum fugacities are written as p = e~ 2™w1/ws ¢ — ¢=2miw2/ws  the gauge
fugacity as 2™/ and @ = —2u/ E?zl w;. In a theory with no gauge anomalies, the sum
of W(z+Aj) from each chiral multiplet and —W(z) for each vector multiplet is independent
of the gauge variables z and can be pulled out of the integral if the constraint

3
dA+) wi=0, (C.13)
IEW, i=1
is fulfilled [16, 74]. The sum then becomes
3 w3 . 3 w2 -
o= ir 2= )" Iy p A s %Tﬂ;ﬁ(m) . (C.14)
Zunions (CL i)

This observation has been used in [16] to write the index as

I(p,q, Ap) = eI w;, Ap) (C.15)

12This can be expressed in terms of Bernoulli polynomials as ¥(u) = T B3 3(u;w;) [16].
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where 1™ is a modified matrix model depending on modified elliptic gamma functions.

As noticed in [16], the supersymmetric Casimir energy can be extracted from ¢ in the low
temperature limit. Indeed, in the limit w3 = 1/8 — 0, ¢ becomes exactly SEsyusy. It is
interesting to notice that, for N =4 SYM, by setting one of the w; equal to —1, ¢ reduces
to our quantity (1.2) and (C.13) to the constraint (1.3). This is an observation to explore
further. In particular, it would be interesting to understand the physical meaning of I™°4

and the decomposition (C.15).
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