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1 Introduction

In this paper we consider theories living on D3-branes sitting at the tip of a Calabi-Yau
three-fold cone and the relation of their twisted compactifications on a sphere to AdS black
hole and black string physics. The holographic description of these twisted compactifica-
tions consists of solutions interpolating between AdSs and AdSs x S? vacua. These can be
interpreted as renormalization group (RG) flows from an ultraviolet (UV) four-dimensional
N =1 conformal field theory (CFT) and an infrared (IR) two-dimensional N' = (0, 2) one.
The right-moving central charge of the two-dimensional CFT has been computed in [1-3],
and successfully compared with the supergravity result for a variety of models. In [4] the
partition function of the boundary theory on T2 x S2, the so-called topologically twisted
index [5-9], was computed in the Cardy limit § = —27it — 0, where 7 is the modular
parameter of the torus, and at finite N. It was found that [4]

71_2

log Z(n,A|B) = @cl(n, A/r), (1.1)



where ¢;(n,A/7) is the left-moving trial central charge of the two-dimensional SCFT
(see (3.1)), n denotes the set of magnetic fluxes of the twisted compactification and A
denotes the set of chemical potentials for the global symmetries of the theory. If we further
compactify the black strings on a circle inside AdS3 adding a momentum, we obtain a
four-dimensional static black hole with a hvLif asymptotic behaviour [10]. As discussed in
details in [4, 10-12], a microscopic counting based on (1.1) correctly reproduces the entropy
of such black holes, which is just given by the Cardy formula in terms of the exact central
charge ¢’F'T(n) of the two-dimensional SCFT.

It is the purpose of this paper to extend the previous picture to the rotating case, by
computing the relevant quantum field theory partition function and by finding rotating
black string solutions that can be embedded in consistent string compactifications.

From the field theory point of view we need to compute the refined topologically twisted
index [7], which is defined as the partition function of an A = 1 theory on T2 x S? with
a topological A-twist and an Q-background label by a complex parameter w on S2. It can
be also written as the trace

Z(n,y,Cla) = Trug, o (D) "¢ [T wi" (1.2)
I

2mit = @21 and ¢ = ¢“/2 are the fugacities associated to the left-moving

Hamiltonian Hy, the flavor charges Q; and the angular momentum J along S2. We will

where g = e

show that, for a generic theory of D3-branes at toric (but not only) conical singularities,
the Cardy limit f = —27iT — 0 (at finite N) of the topologically twisted index reads

2 2
log 20, 8,19) = a(n, /m) - 22

(3¢(n) — 2a(n)), (1.3)

where ¢(n) and a(n) are the trial central charges (see (3.16)) of the four-dimensional SCFT
evaluated as functions of the magnetic fluxes.

From the gravity point of view, we will find a new class of rotating black strings that
can be embedded in AdS5 x S°. In five-dimensional language, these are domain walls that
interpolate between AdSs; and a near horizon region consisting of a warped fibration of
BTZ over a sphere. To find these solutions, it is convenient to dimensionally reduce them
to four dimensions, as also suggested by the Cardy limit we are performing in field theory,
and construct the corresponding rotating asymptotically hvLif black holes. Luckily, a large
class of dyonic rotating black holes in four-dimensional N = 2 gauged supergravity have
been found recently in [13] and we will use these results. Using the 5D /4D relation, we
can first find the solutions in the so-called STU model in four-dimensional N' = 2 gauged
supergravity coupled to vector multiplets, then uplift them to a five-dimensional gauged
supergravity, which is a consistent truncation of type IIB on AdSs x S°, and, finally we
could uplift our solutions to type IIB. We will present the general class of solutions for the
STU model and, more generally, for symmetric models of gauged supergravity with vector
multiplets. Finding solutions in consistent truncations of type IIB compactifications on
more general Sasaki-Einstein manifolds is more complicated and we leave it for future work.



We will then show that, for the twisted compactification of N' = 4 super Yang-Mills
(SYM), the Legendre transform of (1.3) exactly reproduces the entropy of the dyonic
rotating black holes that can be embedded in AdSs x S°. This is another instance of the
T-extremization principle introduced in [14, 15] and that has been successfully used to give
a microscopic explanation of the entropy of BPS black holes in diverse dimensions.

In this context, it is also interesting to rewrite the large N limit of (1.3) as

. IW(AIB)  iw? PW(A|B)
lOgZ(n,A,WLB) _IZnITAI—’_ﬁ n]n]nKm, (14)
I I1,J,K
where
— 16731
W(AIB) = Srza(A/x) (15)

is the on-shell value of the twisted superpotential evaluated on the Bethe vacuum [5, 9,
14] that dominates the index in the large N limit. The first term in (1.4) was already
derived in [4]. It appears in the same form in the expression of the three-dimensional
topologically twisted index at large N [14, 16, 17]. It has been called index theorem and it
is the field theory counterpart of the attractor mechanism of gauged supergravity [18-20].
It also appears, in a similar form, in the five-dimensional topologically twisted index at
large N [21].

The paper is organized as follows. In section 2 we review the definition of the refined
topologically twisted index on T2 x S2. In section 3 we analyse the index in the Cardy limit
and derive (1.3). In section 4 we use the 4D/5D connection to explicitly construct black
string solutions that can be embedded in AdS5 x S° and we compute the entropy of the
corresponding four-dimensional black holes. In section 5 we compare the field theory and
supergravity result finding complete agreement. We conclude in section 6 with discussions
and open problems.

2 The refined topologically twisted index

Consider an N/ = 1 gauge theory with vector and chiral multiplets in a representation
@rR; of the gauge group G, and a non-anomalous U(1)g symmetry in four dimensions.
The topologically twisted index for this class of gauge theories is defined as the (Euclidean)
partition function on 72 x Y4, with a partial topological A-twist along the genus g Riemann
surface X4 [7]. It depends on the complex structure of the torus g = ™7, fugacities y; =
e and magnetic fluxes ny (that are parameterizing the twist) for the global symmetries
of the theory. In the case of g = 0 one can refine the index by the angular momentum on
52 and introduce the fugacity ¢ = €“/2. The index can be computed using supersymmetric
localization and it is given by a matrix integral over the zero mode gauge variables z = ¢
parameterizing the Wilson lines on the two directions of the torus

u:27rjl{ A27TT?§ A, (2.1)
A-cycle B-cycle



which are defined modulo
u; ~ u; + 2T+ 27mr, n,mew. (2.2)

The result is summed over a lattice of gauge magnetic fluxes m (up to gauge transforma-
tions) on X living in the co-root lattice I'y of the gauge group.
The refined topologically twisted index is thus explicitly given by a contour integral of

a meromorphic differential form [7]!

Z(m,z;n,y,(|q) = Z / ( m’?(é])2>(—1)z“>°a(m) I (W)

mEF Cartan el
\Bl\ 1 ()
in(q) stent&r
8 H H H < vr 25 > ’ (23)
I PIEWI \BJI 1 Ql(xply ¢ Jaq)

summed over m € I'y, where By = py(m)—vy(n)+1 and 20| is the order of the Weyl group of
G. Here, a denotes the roots of G, and py, vy are the weights of the chiral multiplets under
the gauge and flavor symmetry group, respectively. Moreover, n(q) is the Dedekind eta
function and 6, (z; ¢) is a Jacobi theta function (see appendix A). Given the vanishing of the
gauge and the gauge-flavor anomalies, the integrand in (2.3) is a well-defined meromorphic
function on the torus.

Finally, the invariance of the superpotential of the theory W = > W, under global
symmetries imposes the constraint

yr=1, or Ar e 22nZ, (2.4)
11 >

IeW, I1eW,

where the product and the sum are restricted to the fields entering in the monomial W,.
We have a similar constraint on flavor magnetic fluxes

> n=2, (2.5)

1eW,

that we call the twisting condition and it corresponds to the cancellation of the spin con-
nection by the background R-symmetry gauge field.

3 The Cardy limit

In this section, we analyze the Cardy limit 7 — i0" of the refined topologically twisted
index of N/ = 1 theories that are associated with D3-branes at conical toric Calabi-Yau
three-fold singularities. When a four-dimensional N' = 1 theory is compactified on S?
with a topological twist, it might flow to a family of N/ = (0,2) SCFTs in the IR that
are labeled by a set of magnetic fluxes n; parameterizing the twist. The holographic dual

!Supersymmetric localization selects a particular contour of integration and the final result can be cast
in terms of the Jeffrey-Kirwan residue [7].



to such a SCFT is a warped background AdSs Xx,, Y7 in type IIB supergravity, where Y7
is topologically a fibration of Y5 over S2, with Y; being the Sasaki-Einstein base of the
Calabi-Yau cone.

The right-moving central charge ¢,(n,r) and the gravitational anomaly k& = ¢, — ¢; of
the /' = (0,2) SCFT read [1, 2]

cr(n,r) =3TrysR3(r) = =3 | dim G+ dim %Ry (ny — 1) (r; — 1)
1 (3.1)
k(n) =Trys = — dimG - »  dim%R;(n; — 1),
I

where R(rr) is the matrix of R-charges for the fermionic fields in the theory and ~3 is
the two-dimensional chirality operator. The massless fermions arise as zero modes of four-
dimensional fields. The difference between the number of fermions of opposite chiralities is
easily computed using the Riemann-Roch theorem and is equal to — dim G for the gaugino
zero modes and — dim 9R;(n; — 1) for the zero modes of four-dimensional matter fields in
a representation My [1, 2].2 The exact R-charges of the SCFT are obtained by extremizing
cr(n,r) with respect to a generic assignment of trial R-charges r; satisfying

d or=2. (3.2)
I1eW,

This principle is known as c-extremization and it has been successfully compared with the
prediction of holography for a large class of twisted compactifications [1-3].% In the large
N limit, for theories with a holographic dual, ¥ = 0 and ¢; = ¢, [29].

In the following we will identify the modulus of the torus with the fictitious* inverse
temperature § and work in the Cardy limit

g—0 with pg=-2rir. (3.3)

The refined topologically twisted index as 8 — 0 can be written as

due— 3 ~1ga(a(w) - 55 a(m)?
Z(myu;n, A w|f) ~ Z /JK< H idue 36) He B 85

mely, Cartan acG
L Byga(pr (u)+vi (A)+ 125 93(r(Br+1)) (34
XHHGE 192(pr\uv)rvy @937r 1 7
I prens
where we used (A.6), (A.7), and
|B|-1
sign(B) 2 , B w?
5 Z g2(p(u) + vi(A) + jw) = EQz(P(U) +vi(A)) + MQ:J)(W(B +1)). (3.5)
. |B|-1
)=

*We use the conventions of [1, 2] that differ by a sign in the definition of 3 compared to [4].

3For further developments see [4, 21-28].

4The elliptic genus is only counting extremal states and thus the temperature represented by Im 7 is
fictitious.



The polynomial functions gs(u), s = 2,3, are defined in (A.8). We assumed that Re(p(u) +
vi(A)+jw) > 0. As we will see, this condition is satisfied on the relevant saddle point and
in the regime of parameters that lead to a regular black hole, which in particular requires
w to be imaginary.

Let us now focus on the terms proportional to w?/3 in (3.4), i.e

w2 “-’72 T
Zo(m,uin, A|B) = [ e 5™ T T exss? (3.6)
aeG I preRy

Remarkably, the dependence on gauge magnetic fluxes m drops out of (3.6) due to the
following anomaly cancellation conditions:

doam)P+> 0 > (i) = Dpr(m)* =0, U(1)r-gauge’,

aeG I preRy

> D pim) =0, gange?

I preR;

Z Z pr(m) =0, gravitational®-gauge , (3.7)
I presis

S2Y plmpu(w)? <o, U(1)h-gauge,

I presis

Z Z pr(m)vr(n) =0, U(1) g-gravitational-gauge ,
I preRr

which are satisfied for all consistent theories of D3-branes at conical singularities.®
We therefore find that

(’LL n, A|ﬁ H H e 4W3ﬁ93(m’1(“)) (3.8)

I preR;

Hence, the refined twisted index (3.4) can be further simplified to

UJ2
Z(m,u;n, A, w|8) ~ Zo(m,u;n, AIB) [T [] o g, (3.9)
I preR;

where Zj is the unrefined twisted index in the Cardy limit [4]

Zo(m,u;n, A|B) ~ Z/ ( idue™ 35) He 592 )H H 653192 (pr(u)+vr(A))

mely Cartan aeG I preRy

(3.10)

Notice that the correction term is independent of u, A and m, so we can easily write the
partition function for generic w if we know the unrefined twisted index.

The unrefined twisted index in the Cardy limit — and at finite N — has been studied in

details in [4]. It can be evaluated by first resumming the geometric series associated with the

gauge magnetic fluxes m. Using the residue theorem, one can reduce the partition function

®Notice that, due to (2.5), the fluxes n, effectively parameterize an R-symmetry.



to a sum over Bethe vacua, the critical points of the twisted superpotential W(u; A|fB)
obtained by dimensionally reducing the theory on T2 [5, 14, 30].% In the Cardy limit, one
particular vacuum dominates the partition function. For a theory of D3-branes at conical
singularities with SU(N) gauge groups the distribution of eigenvalues was found in [4]. It
is the same for all gauge groups and reads

ui—uj:—ﬁ(i—j) i,j=1,...,N. (3.11)
As shown in [34], this is actually a solution to the Bethe equations for arbitrary (. The

unrefined twisted index in the Cardy limit and at finite NV can then be compactly written
as [4]

log Zp(n, A|B) = @cl (n,A/7) as 3 — 0, (3.12)
where ¢;(n, A/7) is the trial left-moving central charge of the N' = (0,2) SCFT in the
IR.” The result is consistent with the expectation that the topologically twisted index is
computing the elliptic genus of the two-dimensional SCFT. (3.12) is indeed nothing else
than the supersymmetric version of Cardy’s formula for the high-temperature behavior of
the partition function of a CFT. The result (3.12) was obtained by using (A.6), (A.7) and
assumes that Re(Ay) € [0,27] and

> Ap=2m, (3.13)
IeW,
for each term W, in the superpotential.® We see that A;/7 effectively parameterize a
choice of R-charges for the fields of the theory. Notice also that our working condition
Re(p(u) +vr(A)+jw) > 0 is satisfied if w is imaginary, since the distribution of eigenvalues
satisfies (3.11).
Plugging back (3.12) into (3.9) we finally arrive at the following expression for the
Cardy limit of the refined twisted index

2 w2
log Z(n, A,w|fB) = 5 an,A/m) — pRer Z dim Ry g3(mny)
I
w2
@cl( AJ7) — m (Tr R®(n) — Tr R(n)) (3.14)
™ A (20 2 0
@cl(n /) — 275 (3¢(n) — 2a(n)) , as f—0.

In order to write (3.14) we introduced the traces over four-dimensional fermionic fields
Tr R (r) = dimG + ) dim%R(r; — 1),
I

(3.15)
TrR(r;) = dimG + ) dim%Ry(r; — 1),
1

5The Bethe vacua approach has been useful in the microscopic counting of states for many black holes
and black strings in diverse dimensions [4, 14, 21, 31-33].

It can be obtained from (3.1) as ¢;(n, A/7) = ¢ -(n, A/7) — k(n).

5The condition Re(Ar) € [0,27] implies that ZIEWa Ay cannot be zero. Among the possible choices
allowed by (2.4), only Zlewa A1 = 27 leads to a physically acceptable solution [4].



where 7 is the R-charge of the I-th chiral multiplet, related by

a(ry) = 3% Tr R3(rp) — 3% Tr R(rp), c(ry) = ?% Tr R3(r;) — 3—52 Tr R(r;), (3.16)
to the trial central charges of the four-dimensional A" =1 theory [35]. Notice that, due to
the twisting condition (2.5), the fluxes n; parameterize an integer choice of R-charges for
the chiral fields of the theory.

In the large N limit, a = ¢ and ¢; = ¢,. We can thus further simplify (3.14) and write

or 0.2

For theories associated with D3-branes at toric Calabi-Yau singularities, we can always

W2
log Z(n, A w|fB) = 6ﬂ< y(n, A7) — 8 ())7 as B —0,N>1. (3.17)

choose a convenient parameterization of the general R-charges of the chiral fields satisfy-
ing (2.5) in terms of a minimal set of d quantities r, with

d
> ra=2, (3.18)
a=1

where d is the number of global symmetries of the theory [36, 37]. In this convenient
parameterization, the central charge is a homogeneous function of degree three [3§]

d

9N?
CL(T‘) = 64 Z CabcTaTbTc 5 (319)
a,b,c=1

where cq. are proportional to the 't Hooft anomaly coefficients. For a toric quiver cup. =
| det(vq, vy, ve)|, where v, € Z3 are the integer vectors defining the toric diagram.? More-
over, as shown in [4, 28], in the large N limit the two-dimensional central charge can be
written as

d
er(n,r) = —% 2 Ng 86(;(:(1 = abz;_ CabeNaTbTe - (3.20)
It is convenient, also for comparison with other microstate counting for black holes and
black strings, to express all quantities in terms of the on-shell value of the effective twisted
superpotential of the theory, W(A| B), which is by definition W(u; A|3) evaluated on the
Bethe vacuum solution (3.11). It is related to the a central charge of the four-dimensional
N =1 theory as [4]
167°i

WAIB) = 575

iN?2
a(A/m) = 125 Z Cabe Do ApAs for N> 1. (3.21)

a,b,c

Combining (3.17) and (3.20) we can finally write the compact expression

d
. (A]ﬁ W(A|B)
log Z(U;A;w’ﬁ) - lzna a a 24 Z nanbncaA aAbaA

a=1 a,b,c=1

(3.22)

The first term in (3.22) was already derived in [4, section 5.3].
We now present two simple examples, N’ = 4 super Yang-Mills and the Klebanov-
Witten theory [39].

9We redefined cl§™ = 2 cthere in comparison with [28, eq. (2.7)].



N = 4 super Yang-Mills. Our first example is the N' = 4 super Yang-Mills (SYM)
theory whose N = 1 quiver is depicted below.

b1.23 (3.23)

Here the circular node is a SU(N) gauge group and the loop around it denotes the adjoint
chiral multiplets ¢4, a = 1,2, 3, interacting through the cubic superpotential

W = Tr (¢3 [¢1, #2]) - (3.24)

We denote the chemical potentials associated to the chiral fields ¢, by A,, and assign the
flux n, to each chiral field. Then, the invariance of (3.24) under the global symmetries of
the theory imposes the constraint

> Ag=2m. (3.25)

A similar constraint exists on the magnetic fluxes n,, see (2.5). The trial central charges,
at finite N, are easily computed from (3.16) and read!”
27(N? -1
a(r) =c(r) = 2N 1) )7“17“27“3, (3.26)
32

with 22:1 ro = 2. The only nonzero anomaly coefficients are cj23 = 1 and permuta-
tions thereof. For N/ = 4 SYM compactified on S? the gravitational anomaly of the
two-dimensional N' = (0, 2) theory is zero, k = 0, and thus ¢; = ¢,. The trial right-moving
central charge ¢, is given by (3.1),

Cr(tl, 7") = —3(N2 — 1)(7“17"2113 + rorsny + 7"17‘3112) . (327)

Extremizing (3.27) with respect to r4, a = 1,2, we obtain

_ 4 -1
V=t Ata(ma =) (3.28)
On=4
where we defined
Opn—g =17 4+ 13 4 n3 — 2(nyng + nyng + nong). (3.29)

Plugging (3.28) back into (3.27) we find the exact central charge of the 2D CFT as
ninong

) = 12(N? - 1) .
On=4

r

(3.30)

Finally, the refined twisted index in the Cardy limit is given by (3.14),

2 R
log Zn—a(n, A|B) = _(NSBU

YFor N =4 SYM we have Tr R(r,) = 0.

(4A1A2n3 + 4A5A3n; + 4A1A3ns + w2n1n2n3) . (331)




The Klebanov-Witten theory. Our second example is the twisted compactification
of the Klebanov-Witten theory [39]. It is an NV = 1 gauge theory with gauge group
SU(N) x SU(N) and two pairs of bi-fundamental chiral fields {A;, B;}, i,j = 1,2, in the
representations (N, N) and (N, N), respectively. The matter content is described by the

A;
@@@ (3.32)

and there is a quartic superpotential

quiver diagram

W = TI‘(AlBlAQBQ - AlBgAgBl) . (333)

We assign chemical potentials A, and fluxes n,, a =1,...,4, to the fields {41, As, By, B2}
in this order. The invariance of the superpotential (3.33) under the global symmetries of
the theory imposes the constraint

4
> Ag=2m. (3.34)
a=1

The twisting condition (2.5) also reads

4
> na=2. (3.35)

a=1
The trial central charges of the four-dimensional theory (at finite N) are given by (3.16),
27N? 3 27N? 1
a(r) =5 D rarre— g, () =g D ranre— (3.36)

a<b<c a<b<c

where again r, parameterize an R-symmetry of the theory and Zizl rq, = 2. For later
convenience we introduce the function

Oran(m) = 50 (3.37)
where we defined
_1 3 . _ 2
¢(n) = 3 4;% — a7%::1 NgMpNe a;b@ NaNphe d(n) = ;) ngnpns . (3.38)

(#<)

The trial central charges of the two-dimensional N = (0,2) theory in the IR read (3.1),

cr(n,r):fBNZZrarbnchG, k=2,
a<b
(#c) (3.39)

am,r)=c(n,r)—k.

~10 -



Extremizing ¢, in (3.39) with respect to rq, a = 1,2, 3, under the constraint Zizl Ty = 2,
yields the critical points

4
2 (.2 _ 1 2
n; <na — 5 na> — ). ngmneny

FKW _ E a=1 a<b<c<d a=1.2.3 (3 40)
a n 4 4 ) b b . .
¢ 43 03— > ngmpne
a=1 a,b,c=1

Substituting this back into (3.39) we obtain

_ 12N7
CFT () = o Z NaMpte + 6. (3.41)

a<b<lc

Finally, the refined twisted index in the Cardy limit is given by (3.14),

N2 o
log Zxw (n, A|B) = ~%5 > AuApne+ 3— - B Z i . (3.42)
Ez;l; a<b<c

4 Rotating black strings in AdSs

In this section we consider rotating black string solutions in five-dimensional gauged su-
pergravity.!! Some of these solutions can be embedded in AdS5 x S° and represent the
holographic dual of the field theory setting discussed in the previous section for N = 4
SYM. It is convenient, both from supergravity and field theory perspective, to perform a
dimensional reduction to a four-dimensional black hole which carries momentum along the
compactification circle. As we will see, it is the entropy of such black holes that can be
directly compared with the field theory microscopic counting performed in section 3.

As shown in [10], asymptotically AdSs black string solutions of five-dimensional gauged
supergravity can be reduced to four-dimensional solutions in a gauged supergravity without
a maximally symmetric vacuum solution. In four dimensions the resulting black hole
solutions can be thought of as having runaway asymptotics of the hvLif type with particular
exponents as described in more detail in [13, section 3.1]. A similar construction was
successfully used to relate the Gutowski-Reall black holes in AdS5 and their generalizations
to four-dimensional black holes [41].

Here we want to generalize the original construction presented in [10] by allowing for
rotation. Since the 5D /4D relation actually provides a one-to-one map, we take the ap-
proach of first writing down the solutions in four dimensions, and then uplifting them to
five dimensions. The four-dimensional black holes preserve supersymmetry with a twist,
and the general solutions of this type that include rotation were recently found in [13]
for arbitrary symmetric models of gauged supergravity with vector multiplets. Here we
will discuss a particular subclass of symmetric models and will explicitly write down the

1T be more precise, we consider black strings with spherical topology and rotation along the sphere.
For rotating hyperbolic black strings with noncompact horizon, see [40].
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relevant solutions of [13]. We will discuss in particular the STU model that can be em-
bedded in AdSs x S°. Unfortunately, more general compactifications AdS5 x SE5 based on
Sasaki-Einstein manifolds are not included in this construction since the known consistent
truncations contain hypermultiplets, see [42—44]. Additionally, these truncations do not yet
include all abelian isometries of the internal spaces to allow for an interesting comparison
with field theory.

4.1 The 5D /4D relation

Consider a five-dimensional N' = 2 gauged supergravity theory coupled to ny vector mul-
tiplets. The bosonic fields are the metric, ny abelian gauge fields A§5) and real scalar
fields L’ (i = 1,...,ny) parameterizing the manifold %cl-jkLiLij = 1. Here ¢, is a
fully symmetric tensor appearing in the Chen-Simons terms and it corresponds to the 't
Hooft anomaly coefficients of the dual /' = 1 four-dimensional CFT [38, 45]. The rules for
reducing the bosonic fields along the circle 2° are the following [46-49]:

2
ds?5) =% dsa) + o4 <dx5 — A(()4)> , dz’® = dy,
Algy = Aly +Rezt (42 - AD) | (4.1)
. . 1 . .
L' =e?Tm 2", — —ciji Im 2* Im 27 Im 2k
6

Here d3%4) denotes the four-dimensional line element, A{ 1) (I = 0,1) are the four-dimensional
abelian gauge fields and z* are the complex scalar fields in four dimensions. The four-
dimensional theory has ny abelian vector multiplets, parameterizing a special Kahler man-
ifold M with metric g;;, in addition to the gravity multiplet (thus a total of ny + 1 gauge
fields and ny complex scalars). The scalar manifold is defined by the prepotential F (X I ),
which is a homogeneous holomorphic function of sections X/,

lciijinXk

2 2 (4.2)

F(xh) =
In NV = 2 gauged supergravity in four dimensions the U(1)z symmetry, rotating the grav-
itini, is gauged by a linear combination of the abelian gauge fields. The coefficients are
called Fayet-Iliopoulos (FI) parameters g; and ny of them can be directly read off from
the five-dimensional theory: g;.'> The last coefficient, gy, measuring how the Kaluza-Klein
gauge potential A(()4) enters the R-symmetry, we choose to be vanishing since a standard
Kaluza-Klein reduction suffices our purposes here (as opposed to a more general Scherk-
Schwarz reduction, see [41]).

4.2 The 4D rotating solutions: asymptotics and near horizon

The definition of the four-dimensional models, as well as the subsequent solution, are most
commonly written in a duality covariant language in terms of symplectic vectors. We also

12Tn consistent models one can always apply an electric-magnetic duality transformation so that the
corresponding gauging becomes purely electric, i.e., g7 = 0.
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extensively use the formalism where quantities are written in terms of the quartic invariant
I, as explained in [13]. In particular, the model we are interested in is specified by the
prepotential (4.2), where the constant tensor c;;;, further satisfies the identity

4 RV
35"(1 Cmpg) = Cijk Cjf (Im Cpq)k' 0% i (4.3)

from the requirement that the scalar manifold is a symmetric space. This guarantees the
existence of a rank 4 symplectic tensor, which upon contraction with a generic charge
vector I' = {p!; q;} defines the quartic form

0 .ijk ilm

. 9 . 9 ,
L(T) = - q + p'a:)* + ngijkp’p]pk - 3p' g0+ i P M g, (4.4)

invariant under symplectic transformations. Subsequently we will use the quartic invariant

form coming from the contraction of the different symplectic objects in order to fully

characterize the solution. In the above formula, indices are raised and lowered with the

Kahler metric on the scalar manifold that depends on the prepotential (4.2), see [50] for the

complete set of conventions we follow. The condition (4.3) ensures that the inverse tensor

¢7* also has constant entries and therefore the quartic form is not scalar dependent.'3
The FI parameters can be encoded in a gauging vector

G={g" =090 =0,9:}, (4.5)
and we can evaluate the quartic invariant and its first derivative on the vector G,

OL(G) 2 ..
4 )=76”’“gigjgk, (4.6)

I4(G) =0, (IZI)O(G) - 890 3

where the first derivative I also transforms covariantly as a vector. The vanishing of I4(G)
means that no AdSy vacuum can exist in this supergravity model, and instead the nonzero
I (G) signifies the hvLif asymptotics already anticipated to uplift to AdSs when using the
rules (4.1).

Now, let us focus our attention to the near horizon geometry of the four-dimensional
black hole we are interested in. We want to generalize the solution discussed in [10] and first
found in [19] (and in [51] for the case with extra electric charges) to include angular momen-
tum J. Therefore, we are interested in a slightly restricted set of electromagnetic charges,

I ={p’=0,p"q0, 4}, (4.7)

which, together with 7 will eventually specify the complete supersymmetric solution. In
terms of the five-dimensional rotating string, the p and ¢; are the magnetic and electric
charges, while ¢y is the momentum added along the compactification direction.!* The

131t is not difficult to see that the anomaly coefficients of a theory of D3-branes at a toric singularity
satisfy (4.3) only in the case of N/ = 4 SYM. This is another reason why the class of solutions discussed in this
section cannot be immediately used for studying black strings in general Sasaki-Einstein compactifications.

1 Comparing with the dual field theory setting of section 3, p’ are associated with the fluxes ng, the
electric charges ¢; are conjugated to the chemical potentials A, and ¢o is conjugated to 8. The precise
dictionary is spelled out in section 5.
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general near horizon geometry with a twist and rotation was written down in [13, section 4].
Here we just repeat the main ingredients and solve the attractor equation that determines
explicitly all quantities. Note that the chosen set of charges in general will lead to a non-
trivial NUT charge in the solution, so below we will restrict one of the electric charges
q; in a specific way in order to ensure regularity and write down the full solution in a
compact form.

The metric can be written in the form

ds? = —e®" (rdt +wp)? +e72v d—rQ +v2 d76?2 + A(6) sin? () dg? (4.8)
1 0 2 A(9) ' ’
where
e = \/IL(Ty), vIo=Ho+jGcos(0), v=I(G, Ho)=gif. (4.9)

In the last equality we already used the definition of symplectic inner product and the
parameterization of the vector H,

HO = {Oaﬁi;ﬁ(]aﬁi}v (410)

parallel to the charge vector I'. All remaining metric functions, as well as the scalars, are
uniquely fixed in terms of the vector Hg. For the choice of gauging and electromagnetic
charges, we find from [13]

AB) =1, wy= —%sinQ(Q)dgb, (4.11)

where we already imposed regularity of the metric, i.e. vanishing NUT charge, which we
check below, and used

L(T,G,G,G) = 14(Hy,G,G,G) =0. (4.12)
The symplectic sections at the horizon, in a suitable gauge, are fixed by

1
XLy =—— — I'"(Ty) + iy, 4.13
{ T} NG 1(Zo) 0 (4.13)

and we can recover the physical scalars z¢ = X?/X?. We need to impose one standard
constraint among the magnetic charges stemming from the twisting condition,

(G,T) =g’ = 1. (4.14)

Finally, the main attractor equation to be solved for Hg in terms of the charges reads

1

r
4

1
I3 (Ho, Ho, G) + 5° 11 (G) (4.15)

together with the equation determining the angular momentum

T =1 (4G, (o)) — 5 Li(Ho, Ho, C.G) (G, Ho) ) (4.16)
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In principle, (4.15) and (4.16) can be solved for Hg and j in terms of the conserved charges
I', 7. This determines the complete solution. However, the system of equations is not
always easy to simplify in full generality. In order to do so here, we impose the following
restriction on the charges,

LIr,r,r,Gg)=0, (4.17)

which also ensures that we have a vanishing NUT charge. The above relation will generally
fix one of the electric charges ¢; in terms of other conserved charges. Using (4.17), together
with I4(G) = 0 and a multitude of special identities of the quartic invariant, spelled out
in [52, appendix A.3|, we can find a general solution to (4.15) and then plug it in (4.16) to
finally arrive at the solution

1 1 (I4(T) + J?) >
Ho = ———= (I’ I\I,.G)+ —~—22T1(G) |,
T V_<G’H>_7® ‘
J - \/ﬁ bl - ) 0/ — \/ﬁ )
where we defined for shorthand the combinations
1 1 1
= —ZL;(F,F,G,G) , II= 3 (I,(T), I(Q)) — ZL;(F,F,G, G). (4.19)

Note that now we can evaluate any physical quantity of the solution in terms of the con-
served charges. The near horizon solution can be uniquely extended to fix the full black
hole flow to the asymptotic region using the formulae given in [13]. Here we are par-
ticularly interested in the entropy, which in terms of the parameters Hy and j has the
simple expression

A T
- T — 32 4.2
4GN GN 4<H0) 5 ( O)

and in terms of the conserved charges, using more I identities from [52],

S

T —I(T) — J?

5= an o

(4.21)

We can also define the chemical potential conjugate to the angular momentum as in [13],

j o J
vwWhHo) -2 VO(-L({[)-J%)

We finish the discussion of the general near horizon solution with the formula determining

w =

(4.22)

the electric gauge fields,

AI 65 Il/l(:z’—o)[

(= ~fEa(g) (rdi +wo) —p' cos(0)do, (4.23)

where we have used the solution for Hy and j to simplify the formula, and for brevity we
defined the quantity

(1]

0) = (—L(I) — T*) + %ﬁ sin’(6) . (4.24)
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4.3 STU model

In the special case when ny = 3 with ¢123 = 1 (and cyclic permutations), and gaugings
gi =1,4i=1,2,3, we have the so-called STU model. Upon uplift to five dimensions, it is
also embeddable in maximal gauged supergravity and follows from reduction of type 11B
supergravity on S°.

In this model the rotating solutions we described above are a generalization of the
black string solutions of [2]. In this case we find that

w

ETUT) =dqop'p*p® = > (') +2) ar'ap’
=1 i<J (4.25)
%Y = (") + () + (*)* — 20"p* + 0P’ + D7),
3TV = (=p' + p? + p*) (' = * + PP (" +p* — p%).,
under the constraint
p P+t =1, (4.26)

in exact accordance with [2] for the case of spherical topology, g = 0. Notice that
@STU _ HSTU — 8p1p2p3 ) (427)

4.3.1 Magnetic case

Let us first for simplicity consider the magnetic case, ¢; = 0. The constraint (4.17) is then
satisfied automatically. The Bekenstein-Hawking entropy in this case reads

GSTU _ GLN \/—4610%2211)5 -7 (4.28)
and the region of positivity (the charge parameter space where regular solutions exist)
was analyzed and shown to be non-empty in [2]. The inclusion of the angular momentum
naturally decreases or increases this region dependeing on the sign of 5TV, Note however
that due to the constraint (4.26) the solution does not allow a limit of vanishing charges.

If we explicitly evaluate the sections on the horizon from (4.13) as functions of the
spherical coordinate #, we obtain

2 1,.2,.3
X00) = e
/@STU =STU (9
. p'J cos(6) (1 + 2p?) (429)
PN . .
X'(0) = TG T e 0 1T 1,2,3,
where in the absense of electric charges ¢; we find
=STU 1,2 3 2y OV 5
=20(0) = (—4qop'p°p” = T°) + pgpp J 7 sin”(0). (4.30)
Moreover, the chemical potential conjugate to the angular momentum is given by
WiV = — J (4.31)

\/@STU(_4q0p1p2p3 _ jQ) ’
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The values of the sections X' at the south pole § = 0 can be written as

2wSTU L 2,3
X =x00)| =P
| | =0 J oL+ 251 (4.32)
Xip = XZ(Q)’QZO — STV titaso . i=12,3,
Their values at the north pole # = 7 can be obtained by sending wSTY — —wSTV and

J — —J. These become important later when we compare the entropy (4.28) with the
refined twisted index of N’ =4 SYM.

Finally, we can explicitly write down the gauge fields that complete the specification
of the supersymmetric background,

2(@STU)2 1,,2,,3

0o _ ppp STU
A = IISTU ZSTU (g) (rdt +wg ),
. 4.33
; (@)STU)ijl COS(@) STU ; ( )
A = w10 =STU(g) (rdt +wp ") — p*cos(0)dg,
with the one-form 7
wy TV = sin?(0) d¢ . (4.34)

©STU

4.3.2 Dyonic case

Adding non-vanishing electric charges ¢; is straightforward given our general results above.
The constraint (4.17) can be solved in this case by fixing one of the electric charges, e.g.
qpt (14 2pY) + g2p? (1 + 2p?)

=— . 4.35

The entropy is given by

g8TU T —;7Y(r) - g2
dyonic — GN @STU ’

(4.36)

in terms of the quantities defined in (4.25). The chemical potential conjugate to the angular
momentum is given by

wgyTolljuc - - J ’ (437)
\/@STU(_IETU(F) — 72

while the sections, using explicitly the relation (4.35), read

2p123

\/@STU =STU () ’

—dyonic

X p'J cos(f) p(1+2p")
dyonlc \/@STU —STU ) @STU (438)

ngonic (0) -

—dyonic

oplp2p’ 3
+ @—Zqi), i=1,2,3.
(1+2pz \/@STU:STU_ (9) i1

—dyonic
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4.4 The 5D uplift

It is also straightforward to uplift to five dimensions the solutions described above, using

the general rules (4.1). In particular we can directly look at the STU model. We focus

only on some noteworthy features of the resulting near horizon solutions for rotating black

strings, which have the standard locally AdSs asymptotics with a spatial boundary S* x S?,

and upon a further uplift on S° become ten-dimensional solutions of type IIB supergravity.

The five-dimensional near horizon solution can be summarized as follows. The scalars

L' are constant (# independent) and coincide with the scalars in the static case as presented
in [2],

(3 (2
L'=- (plizgz ;SQTPU))l/S : (4.39)

The gauge fields in the purely magnetic case are given by

Als) = —p"cos(0) <dgz5 - 2171\]792}?3(1?/) , (4.40)
where y is the fifth coordinate that is topologically a non-contractible circle. In the dyonic
case the gauge fields are supplemented with additional constant Wilson lines o’dy with
the constraint >, a’ = 0 as discussed in [51], where you can find the map between the
charges ¢; and the parameters a’. Notice that the electric charges from a five-dimensional
perspective do not alter the scalars, meaning that the attractor mechanism is qualitatively
different than its four-dimensional analogue and fixes not only the scalars, but also some
components of the gauge fields.

The metric, as already anticipated in the introduction, is a fibration of BTZ and S?
where in the limit J — 0 the fibration becomes trivial. The BTZ part is of course locally
isometric to AdSs3, but the global difference is important in order to keep the relation to
four dimensions well-defined, and, therefore, to ensure that our construction here is correct.
Note that the length scales of the BTZ and the S? do not depend on the angular momentum
J, which only leads to the nontrivial fibration. Thus, the length scale associated with the
two-dimensional right-moving central charge (3.30) remains unchanged,
8p'p*p®

2
Rprz Ry = o5TU

(4.41)

Let us finally note that the static magnetic near horizon limit of the black strings of [2]
was already found in [53] from a classification of supersymmetric geometries. The general-
izations here with electric charges and rotation were not considered in the classification as
it is crucial to allow for a globally BTZ spacetime.

5 Z-extremization principle and microstates counting

We now consider the degeneracy of supersymmetric states of the N/ = 1 gauge theores on
S2 x T? discussed in section 3. The chemical potentials A, are conjugate to the flavor
charges, w to the angular momentum on S2 and 3 to the momentum along one of the
cycles of the torus 72. In a theory specified by the magnetic fluxes n,, the number of
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supersymmetric states dmicro(Na, €q, J]€0) with electric charges e,, a = 1,...,d, angular
momentum J and momentum eq is then given by the Fourier/Laplace transform of the
refined index (3.14) with respect to the independent chemical potentials A,, a =1,...,d,
w, and S,

. d
1 . .
dicro = — 577 ¢ [[dAa [ B [ dwd (27— A.)Z(n, A ~1Xq Raca—iw/tfeo
(27T>d+1 %al /i]R 6/ w ( ™ . > (I‘L, ,W‘B)e

(5.1)
We are considering theories of D3-branes at conical singularities and using the R-symmetry
parameterization introduced in section 3. The delta function in (5.1) imposes the analogous
of constraint (3.18). Due to this constraint, dpicro only depends on the d — 1 combinations
ea—eg,a=1,...,d—1, corresponding to the flavor symmetries of the theory. In the Cardy
limit (5 — 0), dmicro can be evaluated by a saddle point approximation

logdmicro(naveaa‘]‘eO) = logZ(n,A,w\B) _iZAaea —iwJ + Beg| 5 (52)
- Ag, 0,
where A,, @, and /3 are the critical points of the functional
I(n,A,w|f) =log Z(n, A,w|B) =1 Ageq —iw + fBeg, (5.3)
a

under the constraint Zgzl A, = 27, with respect to A,, w, and 3,

(5.4)
OwI(n, A,w|B)]| .

Aa,w,f

=0gZ(n, A,w _=0.

s2( 1) Aq,@,B
This procedure is the so-called Z-extremization principle that has been used to give a
microscopic explanation of the entropy (density) of BPS black holes (strings) [4, 11, 14,
15, 21, 54] in diverse dimensions. It contains two basic pieces of information:

1. extremizing the index unambiguously determines the exact R-symmetry of the SCFT
in the IR;

2. the value of the index at its critical points is the (possibly regularized) number of
ground states.

We now apply this counting to the STU black holes discussed in section 4.3.

5.1 The case with e, =0

Consider for simplicity e, =0, a = 1,...,d. Now let us plug back the value for the refined
topologically twisted index in the Cardy limit (and at finite N) (3.14) into (5.3), obtaining

w2 (2w)?
I(n, A w|B) = —cn,Afm) — 275

63 (3¢c(n) — 2a(n)) —iwJ + Pey, (5.5)
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Extremizing it with respect to A, sets the trial left-moving central charge ¢;(n, A/7) to its
(n) in the IR — in accordance with the c-extremization principle [1, 2].1°

exact value chF T

Then, the extremization of Z(n, A, w|3) with respect to § and w yields.

. \/clcFT(n) (e - 27.72 )‘1

- 6 " 16(3c(n) — 2a(n)) ) (5.6)
271 =

S(Be(m) — 2a(m)

Notice that the extremal value of w is purely imaginary thus justifying the assumptions
made in the derivation of (3.14) in section 3. Substituting (5.6) back into (5.3) we finally

™I

w

obtain
cFT(n) 27.J2 ) (5.7)

log dmicro(n, J]eo) = 2“\/ 6 <60 ~ 16(3c(n) — 2a(n))

In the case of J = 0, this is the familiar Cardy formula for a two-dimensional CFT [55].
In order to compare (5.7) with the entropy of the STU black hole (4.28), we need to

go to large N for which ¢; = ¢, and ¢ = a. Thus,

CCFT(")< 21J7 ) ., N>1. (5.8)

log dmicro (1, =2 - -
og (n, Jleo) 77\/ 5 €o T6a(n)

Plugging back the values for ¢¢FT(n) and a(n) of N’ = 4 SYM, see (3.30) and (3.26),

into (5.8), we find that

_ N2 22
log V=2 (n, J|eg) = 2\/%\/ 60“(1;2”3 S N, (5.9)
N'=4

where ©pr—4 is given in (3.29). Moreover, the values of the critical points (5.6) read

L N?
BN—4 _ \/571_ ninang ’
VOn=1(N2egningng — 2.J2) (5.10)
o gy

N2 ningng

Using the AdS;/CFT, relation between gravitational and SCFT parameters at large N,

T 2
= N?, (5.11)
26
where Gl(\? ) = 2nGy, and upon identifying
ng = —2p%, a=1,2,3,
(5.12)

1 1
= — J=——
€0 GNQO7 QGNJ’

15The gravitational anomaly k is independent of A, and extremizations of ¢; or ¢, are equivalent.
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we find that the entropy of the STU black hole (4.28) matches precisely our microscopic
expression for the number of ground states (5.9):

SSTU = Jog dN=2 (n, Jeo) - (5.13)

micro
We further observe that
oN=t = —2miwSTY (5.14)

and the values of the scalars at the south pole (4.32) (or north pole) are mapped to the
critical points (5.10). Explicitly, we have

1 -
X(S)P,NP = —;5/\[74,
(5.15)

V=4

XélP,NP = 217_‘_<A£/4 + na) ) a = 17273a

where A,, a = 1,2, are given in (3.28), A3 = 27 — A; — Ay and + refers to SP and NP,
respectively. 0

5.2 Dyonic N = 4 super Yang-Mills

In this section we evaluate (5.1) for N' = 4 SYM keeping e,, a = 1,2, 3, nonzero. Explicitly,

we write
i 3
dmicro = *W %J;[ldAa
7l,2
X dﬁ/dwé 2r — A, eﬁcr(“vA/ﬂ)—
f 00 [ aws(er -5

where ¢;(n, A/m) and a(n) are given in (3.27) and (3.26), respectively. Again, in a saddle

(2w)? S 3 .
375 a(m)—id o Aaea—le-I—Beo’ (516)

point approximation we shall extremize

2 (2w)?
@cr(n, AJm) — 273 a

3
() —iY Ageq —iw + Beg, (5.17)

a=1

IZn,Aw|p) =
under the constraint Zi:l A, = 27, with respect to Ay, Ao, w, and 5. The critical points
of the Z-functional (5.17) read

Aq ny(ng —ng —ny) .\/§n1ﬂ2ﬂ3 (2e1ny — ea(ng +ng — nz) — ez(ng — ng +n3))

o OnN=4 @%2:4\/Qn1n2n3 —2J° |
Ao _ ma(—m+np—ng) . V2mnong (2emy — e1(m + 1 — 1) — e(— + np + 1g))
2 On=4 @%14\/9111“2“3 —2J? ’
B 2N2 4+/21
5o ™V2N2nnons , o= — V2ir J, (5.18)
\/@/\/:4(Qn1n2n3 —2J?) \/@N:4(Qn1n2n3 —2J?)

16Recall that r, = A, /7 parameterize an R-symmetry of the theory.

- 21 —



where we defined

2 ((61 — 62) ((61 — 63)‘(11 — (62 — 63)1’12) + (61 — 63)(62 — 63)(13) ‘

=eyN? —
Q=e¢e Orn

(5.19)

Notice again that the extremal value of w is purely imaginary in agreement with the assump-
tions made in section 3. Plugging the critical points (5.18) back into the Z-functional (5.17)
we find

— 2J2
I (Mg, eqs Jleo) = 2\/%\/9“1“2”3 (5.20)
crit. @N:4
" 27Ti€1111(—n1 + ng + n3) + eana(ng — ng + n3) + egnz(ng + ng — ng)
On=4 '

Demanding the reality of the Z-functional at its critical point fixes one of the charges, say
es, in terms of the others. We can then write

o — elnl(nl — Ny — ng) + 62112(—111 +ny — n3) (5 21)
3 (ng + ng — ng)ng ’ '

and, therefore,

Qn1n2n3 — 2J2

ON=4

log dmicro(naa €a, J|€0) = 2\/§W\/ (5.22)

Quite remarkably, the constraint (5.21) is precisely the one that we obtained on the super-
gravity side, see (4.35), where we identify

1
e = —(a, a=1,2,3. (5.23)
2GN

It would be very interesting to give a first principle derivation of this constraint. Finally,
using (5.11), (5.12), and (5.23), we find that the Bekenstein-Hawking entropy of four-
dimensional rotating dyonic black holes (4.36) matches (5.22):

SS;O?HC = log dmicro(Na, €q, J€0) - (5.24)
Notice that the expression for the entropy matches only after imposing the con-
straint (5.21).17 We observe that the relations (5.14) and (5.15) hold also in this case.

It is interesting to rewrite the combination (5.19) in terms of purely field theoretic
data, in particular 't Hooft flavor anomalies. The chemical potentials A, are conjugated
to a basis R,, a = 1,2, 3, of R-symmetries that assign charge 2 to the a-th chiral multiplet
of N'=4 SYM and zero to the others. We can choose two independent flavor symmetries
Q1 = (R1—R3)/2 and Q2 = (R2 — R3)/2. The 't Hooft anomaly matrix is easily computed
from the multiplicity of fermionic zero-modes'® and reads

(5.25)

2y — 1—
AAB—TF’Y3QAQB—N2< fens s )

1—{13 2—112—113

"In particular, Quningnz = —2N*I$TY(I") /22 holds only if the charges satisfy (5.21).
18Recall that the difference between the number of fermionic zero-modes of opposite chiralities is equal
to — dim R (n; — 1) for four-dimensional matter fields in a representation Q.
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We can then write (5.19) as

2
% :eg—i—% > éadypeés, (5.26)
A,B=1

where €4 = ey — e3 are the flavor charges. We see that the entropy depends only on a
particular combination of ey and electric flavor charges. As we will see, this result extends
to more general quivers. The combination (5.26) is familiar from the Rademacher expansion
for asymptotically flat black holes [56, 57], where it is a consequence of the transformation
properties of the elliptic genus of the two-dimensional CFT. Our topologically twisted
index is expected to compute the elliptic genus of the IR CFT and relate to the quantum
entropy of black holes not just in the Cardy limit. The result, at finite IV, is actually a
meromorphic function of A,, and has a complicated structure in terms of modular forms.
We expect that, for large IV, this structure simplifies and gives results similar to those for
asymptotically flat black holes. In the latter case the meromorphicity of the elliptic genus
leads to interesting behavior, related to wall-crossing phenomena (see for example [58]).
It would be interesting to see if the same happens for the black holes discussed here once
quantum corrections are taken into account.

5.3 Microstate counting for a generic quiver

Although there is no gravitational dual at the moment, for completeness we count the
degeneracy of states for a generic theory of D3-branes at toric conical singularities.

We must extremize the analog of (5.17),

2 (2w)?

I(n, A,w|f) = —cr(n, A7) — Wa

d
63 () =1 Ageq —iw] + Beg, (5.27)

a=1

with respect to w, 8 and d chemical potential A, subject to the constraint Zzzl A, =
27, Tt is convenient to introduce a basis of flavor symmetries Q4 = (R4 — Ry)/2, A =
1
A,. Choosing a reference R-symmetry 70, we can parameterize

,...,d—1, where R, is the basis of R-symmetries conjugated to the chemical potentials

A
7“:742+5a, a=1,....d,
d (5.28)
> ra=2, > =0,
a=1 a=1

so that the two-dimensional R-symmetry matrix reads

-1
R(Ag/m)=Ro+ Y 64Qa,  Ro=R(r)), (5.29)
A

and the two-dimensional trial central charge ¢, becomes

d—1 d—1
3TrysR(Ag/m)” =3Try3R3 +3 > 0aAapdp+6 Y kada, (5.30)
A,B=1 A=1
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where
Aap =Tr13Q40B, kg =TrvsRoQA . (5.31)

Notice that A4p is the 't Hooft anomaly matrix and is a function of the fluxes n,. Plug-
ging it back into (5.27), and extremizing with respect to 3, w and the d — 1 independent
parameters d4 we find

. Tt y3R§ — kaAupks T (n)
ﬁ =7 2 1x A—l s~ 27 J2 =7 6 1s A—l ~ 27 J2 ’
(€0 + 26444 3EB — Toamy/?) (0 + 36444568 ~ Team /") (5.32)
) 27i/3 - o (B. .
w:—8a7(n) , 6BZIAAlB<7T€A+1kA>, A,B:].,...,d—].,

where €4 = e4 — ¢4 and, here and below, summation over repeated indices is understood.
In the first line we reconstructed the exact central charge ¢SFT(n) by observing that the

result must reduce to (5.6) for e, = 0. We also find the critical value of the functional (5.27)

Z|  (ng,eq,J|eg) =27 ) e —I—Eé ALLe —iﬂ +mi(6ad, gk —T0eq)
erit. asCas 0)— 6 0 9 A BEB 16@(1‘1) AAd BB a€a) -
(5.33)

By identifying the degeneracy of states with the real part of the Z-functional, we finally find

2
16a(n)

cgFT(n) |
Relog dmicro(Na, €q, J|eg) = 2 5 eo + ieAAAB(n)eB

J2> . (5.34)
We see that the field theory entropy can be completely written in terms of anomalies
and central charges of the four- and two-dimensional theories. It also depends on a very
particular combinations of electric charges and J. It would be interesting to see if, in the
dual black hole, the imaginary part of (5.33) vanishes as a consequence of the gravitational
BPS constraint on electric charges (4.17), as it happens for N' =4 SYM.

6 Discussion and outlook

In this paper we have studied a class of rotating black strings that can be embedded in
AdSs x S°. In five-dimensional language, these are domain walls that interpolate between
AdSs5 and a near horizon region consisting of a warped fibration of BTZ over a sphere,
thus generalizing the solutions of [2] by adding rotation. Upon compactification along the
BTZ circle, we find a rotating black hole with hvLif asymptotics. We have successfully
matched the entropy of such black holes with a field theory computation based on the
refined topologically twisted index of ' =4 SYM on T2 x S2 in the Cardy limit. We have
also computed the index in the Cardy limit at finite N for a generic N' =1 SCFT living
on the world-volume of D3-branes at toric (and not only) conical singularities.

Many interesting questions remain open. It would be very interesting to generalize the
gravity solutions that we have found in this paper to a generic compactification based on
Sasaki-Einstein manifolds and compare the entropy of the resulting four-dimensional black
holes with the field theory prediction of section 5.3. There are various obstacles to do that.
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First of all, consistent truncations to a five-dimensional gauged supergravity contaning only
vector multiplets exist just for AdSs x S°. The available truncations on AdSs x SE5 [42-44],
where SEs5 is a five-dimensional Sasaki-Einstein manifold, involve hypermultiplets as well
and are more difficult to treat. Such truncations typically contain massive vector multiplets
and the hypermultiplets themselves have a vacuum expectation value that Higgses other
vectors. Therefore, the number of vector multiplets in the truncation needs not to be
equal to the number of global symmetries of the dual SCFT, since the latter correspond
to massless vectors in the bulk. It would be tempting to speculate that, as far as the near
horizon region is concerned, we should be able to use an effective supergravity containing
only massless vector multiplets associated with the global symmetries. This happens,
for example, in the matching of the entropy of some magnetically charged AdS4 black
holes [31, 32, 59]. Since a five-dimensional gauged supergravity with only vector multiplets
is completely specified by the tensor c¢;jx, associated with the 't Hooft anomalies of the dual
CFT, the entropy will be also a function of ¢;j;, J and the magnetic and electric charges.
Indeed we found that the field theory prediction for the entropy given in section 5.3 can
be written just in terms of anomalies. However, we cannot immediately compare with our
supergravity results. The solutions found in this paper assume the validity of (4.3), which,
unfortunately, is not satisfied by the anomaly coefficients of a generic N' = 1 SCFT of
D3-branes at singularities. From this perspective, it would be very interesting to remove
the technical assumption (4.3).

It would be also very interesting to see what part of our analysis can be extended to the
refined topologically twisted index on S* x S2, which is much more difficult to analyse from
the field theory point of view. The refined topologically twisted index in three dimensions is
supposed to count the microstates of the magnetically charged and rotating asymptotically
AdS, black holes found in [13]. We hope to report soon on the subject.
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A Asymptotic behavior of elliptic functions near g = 1

The Dedekind eta function is defined by

»"“

n(g) =n(r)=qx [[(1—¢"), Im7 >0, (A1)
n=1
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and it has the following modular properties
in 1 .
nr+1)=eln),  n(-=)=v=irn@). (A2)

Here, ¢ = €*™7. The Jacobi theta function is also defined by

o0
01(x39) = 01 (u;7) = —igsaz [ (1 - q’“) (1 - qu) (1 — flq’“)
k=1 (A.3)
- _jZ(_l)”ei“("%)eﬁh("%)z ,
neZ
where r = e and ¢ is as before. (A.3) has simple zeros in u at u = 27Z + 2777 and no
poles. Its modular properties read

im iu?
Or(u;7+1) =e1 01 (u;7), 01 (%, —1> = —iv—iretr Oy (u; 7). (A.4)

T

Furthermore, (A.3) satisfies the following useful formula

m2
01 (¢"z;q) = (=1)""x "q 2 01(x;9), meZ. (A.5)

The asymptotic behavior of (A.1) and (A.3) near ¢ =1 (7 =i0) can be easily derived
by using their modular properties (A.2) and (A.4), respectively. This was already done
in [4, appendix A] and here we only quote the final result, i.e.

2
10g77(6):—%10g (i)—gg-l-(/)(e_l/ﬁ), (A.6)
2 2
log 6 (u; 8) = —;T—B — ;Lﬁ — % log <%> +%usign [Re(u)]+log (sign [Re(u)])+O (efl/ﬁ) _

Here we identified the complex structure of the torus 7 with the fictitious inverse temper-
ature 8 as 7 = if/(2m). Therefore, for Re(u) > 0,

in(q) ) 1 im
lo ~—=go(u)+—, asfB—0, AT
e () ~ S+ G ws (A7)
where we defined the polynomial functions
2 2 3 2
gplu) =5 —mu+ T, galu) = = — o+ (A8)
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