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1 Introduction

MS5-branes are one of the most mysterious elements of M-theory. They are described by a
six-dimensional superconformal field theory (6D SCFT) [1-3] with N/ = (2,0) supersym-
metry, chiral tensor gauge fields, and a number of degrees of freedom growing as N3 rather
than N2. A related class of N'= (1,0) 6D SCFTs is obtained by taking the M5-branes to
probe a R x R* /T singularity, where I'g is an ADE discrete subgroup of SU(2) and G is its
McKay-dual Lie group. These orbifold theories are characterized by a number of degrees of
freedom that grows like |T'¢|?N? and a G x G flavor symmetry. Anomaly cancellation and



positivity of the Dirac pairing on the string charge lattice tightly constrain these theories
and allow more generally for a systematic classification of 6D SCFTs [4-6].

It is sometimes helpful to consider this configuration from dual points of view. For
the G = SU(k) case, one can study a IIA reduction, which consists of a NS5-D6 brane
intersection. The resulting theory is a chain of SU(k) gauge groups. For G = SO(2k),
one adds O6-planes: the NS5-branes subsequently fractionate, yielding alternating SO(2k)
and Sp(k — 4) gauge groups connected by bifundamental hypermultiplets [7]. On the
other hand, for G = Fj, a weakly-coupled ITA realization does not exist. Nonetheless,
these theories can be constructed using F-theory [8], resulting in a linear chain of G gauge
groups connected by generalizations of bifundamentals known as “conformal matter” [8].
This conformal matter can be interpreted as M5-brane fractionation, which generalizes the
NS5 fractionation mentioned above and was confirmed using string dualities in [9, 10].

The story becomes much richer once one starts exploring the Higgs moduli spaces
for these orbifold M5-brane theories. Giving a vev along certain directions of the moduli
spaces breaks the flavor symmetry G x G and triggers an RG flow to a different CFT;
different vevs give rise to different endpoints for this flow. The string theory realization
for the theories leads to an expectation that this process should be related to the theory
of nilpotent orbits. For example, in the ITA realization, one can adapt [11] a logic used
for D3-NS5-brane systems in [12]. The BPS equations for the scalars transverse to the
D6-branes are the Nahm equations, whose boundary conditions are related to partitions
and hence to the nilpotent orbits of G = SU(k). (We review this in section 2.2.) In the
F-theory picture, a similar conclusion is suggested [8] by the Hitchin equations living on
the 7-branes. This logic can be applied independently to the two factors G of the flavor
symmetry. Thus we end up with a set of CFTs labeled by two nilpotent orbits Or,, Or of G.

Some nilpotent orbits are properly contained in others. This induces a partial ordering
that is isomorphic to the ordering under RG flows [13]. Mathematically, for the classical
groups, this is also known as the Kraft-Procesi transition [14] (see also [15] for the discus-
sion from the brane perspective). In the G = SU(k) case, the partially Higgsed theories
described above can be constructed in ITA by adding D8-branes [7, 11] (see also [16-18]
for the AdS7 duals of these theories and also [15, 19] for the brane realization of the Kraft-
Procesi transition in the context of 3d gauge theories). In the G = SO(2k) case, one may
attempt a similar ITA construction with O6-planes and D8-branes, but this breaks down
near the bottom of the RG hierarchy, where spinor representations appear [13]. In this case,
as well as the G = E}, case, one must turn to F-theory to construct the Higgsed theories.

The relation of these theories to the nilpotent orbits suggests that there should also
be a relation between the dimensions do,, do, of the two nilpotent orbits Oy, Or, and
the corresponding Higgs moduli space dimension dg(Or,, Or). In this paper we argue that
this is indeed the case: given a theory labeled by nilpotent orbits (O, Og) of group G,
we have

di(0) — dp (O, Or) = do,, + doy, , (1.1)

where dp(0) is the Higgs moduli space of the worldvolume of multiple M5-branes on
C2/T, with T the discrete group that is in the McKay correspondence to G. As we will



see in several examples (see section 3.1 below), the correspondence (1.1) works in often
quite nontrivial ways, connecting orbit dimensions to the dimensions of various Lie groups
and their representations. This is additional strong evidence in favor of a T-brane [20]
interpretation of these theories in terms of Hitchin poles, after the correspondence of Hasse
diagrams already found in [13].

We will also show that the nilpotent orbit data is related to the anomaly polynomial
of the corresponding 6D SCFT,

I = acy(R)* + Bea(R)p1(T) + yp1(T)? + Spo(T) (1.2)

where c(R) represents the second Chern class of the background SU(2) R-symmetry, p1(7T)
and po(T) represent the Pontryagin classes of the tangent bundle of a formal eight-manifold,
and «, 5, v, and § are numerical coefficients. We express the coefficients v and § for T-
brane theories simply in terms of the dimension of the corresponding nilpotent orbit. For
the theories of type G = SU(k) and G = SO(2k), we write a and § in terms of nilpotent
orbit data. For theories of type G = E}, for which the total number of T-brane theories is
finite, we derive formulae for o and 3 for each such theory. Using these formulae, we prove
the a-theorem among this class of RG flows.

In the case G = SO(2k), we note that the anomaly polynomial for theories with spinor
representations, which do not admit a construction in perturbative Type ITA string theory,
can nonetheless be obtained via analytic continuation from the anomaly polynomials of
“formal” ITA diagrams involving negative numbers of branes. A systematic analysis reveals
that negative branes can only appear in a small, finite set of formal ITA diagrams. By
comparing the moduli space dimensions and anomaly polynomials, we construct a list of
how each formal ITA diagram is cured of its negative branes in the correct F-theory picture
and thus construct explicitly the T-brane theories of type G = SO(2k) for all k, generalizing
the work of [13].

The paper is organized as follows: in section 2, we review 6D SCF'Ts and the T-brane
theories in question. In section 3, we present formulae that relate the anomaly coefficients
B, v, and § to nilpotent orbit data universally for all T-brane theories. In 4, we show how
formal ITA diagrams with negative numbers of branes can be used to classify the T-brane
theories of type G = SO(2k) and express each of the anomaly coefficients in terms of
these formal ITA diagrams. In section 5, we use these results to prove the a-theorem for
Higgs branch flows between T-brane theories. In 6, we conclude and present directions for
future research. In appendix A, we collect the formulae we have derived for all anomaly
coefficients.

2 Six-dimensional SCFTs and T-branes

In this section we review some aspects of the class of six-dimensional theories of interest.
We begin with a general overview in section 2.1. In section 2.2 we focus on the theories
for G = SU(k), for which the relation of the moduli space dimension to the nilpotent orbit
dimension, (1.1), can be computed directly. In section 2.3 we briefly introduce the anomaly
polynomial, which we will use in section 3 to show (1.1) in general.



2.1 Overview

Six-dimensional SCFTs are generated by compactifying F-theory on a singular elliptically-
fibered Calabi-Yau threefold X — B with base B [4, 5|. To reach the SCFT point, we
simultaneously contract all of the 2-cycles of B to zero size. Upon blowing up these curves
to finite size, thereby moving onto the “tensor branch” of the 6D theory, we get a smooth
base with a collection of 2-cycles intersecting according to some intersection matrix €2. The
elliptic fiber may degenerate over some of these 2-cycles, leading to gauge symmetries in the
corresponding 6D theory. The allowed degeneration types were classified by Kodaira [21]
and the dictionary between degeneration types and gauge algebras can be found in e.g. [22].
A 6D SCFT is thus characterized by a configuration of 2-cycles with intersection matrix €2
and a Kodaira type for each 2-cycle.

Conveniently, the intersection matrix of 6D SCFT is tightly constrained by the require-
ment that all 2-cycles must be simultaneously contractible, and the allowed gauge algebras
and matter are tightly constrained by anomaly cancellation. In particular, no “loops” are
allowed in the configuration of intersecting curves — all 6D SCFTs take the form of a
tree-like quiver — and all irreducible curves must have a negative self-intersection number.
We often depict such a quiver by displaying the negative of the self-intersection numbers
of each of the curves along with the associated gauge algebras. For instance, the quiver

316 (2.1)

represents a configuration in which a curve of self-intersection —1 intersects curves of self-
intersection —3 and —6 at one point each. The gauge algebra ¢g is associated with the —6
curve, and the gauge algebra su(3) is associated with the —3 curve.

In this paper, we consider a special class of 6D SCFTs that can be realized as defor-
mations of the worldvolume theory of M5-branes probing an orbifold C?/T'g. In F-theory,
we write the partial tensor branch for the undeformed theory of type G as

G2 ... 2[q) (2.2)

Here, the brackets on the left and right indicate the global symmetry group, G x G. In the
case of G = SO(2k) or Ej, the F-theory geometry is singular at the points of intersection
of these curves and must be blown up via the introduction of curves of self-intersection —1,
corresponding to the introduction of “conformal matter.” Thus, for G = SO(2k), the full
tensor branch is

usp(2k—8) so(2k) 50(2k) usp(2k—8)

[SO(2k)] 1 4 ... 1 1 [SO(2Kk)]. (2.3)
Whereas for G = Eg, F7, and Ey, it is respectively
su(3) g su(3)
[Eg]1 3 16 ...1 3 1][Fg], (2.4)
su(2) s0(7) su(2) ey su(2)
[E7] 1 2 3 2 18 ... 21 [E7], (2.5)
su(2) g2 fa g2 su(2) es su(2)

[Bs]12 2 31513 2 2112 ... 2 21 [FEs. (2.6)



Beginning with these M5-brane theories, we arrive at our “T-brane theories” of interest
by deforming the quivers at the far left and the far right. The allowed deformations on
each side of the quiver of type G have been constructed explicitly and are in one-to-one
correspondence with nilpotent orbits of I' [13]. For G = SU(k), these nilpotent orbits
are in turn in one-to-one correspondence with partitions of k. For G = SO(2k), they are
in one-to-one correspondence with partitions of 2k subject to the constraint that any even
number appears an even number of times in the partition.

As a first example, we consider the case of G = SU(3), I'¢ = Z3. The nilpotent orbits
of Z3 are labeled simply by partitions of 3. The trivial partition 3 = 14 14 1 corresponds
to the unHiggsed theory

su(3) su(3) su(3) su(3)
[SUB) 2 2 2 ... 2 [SU@B). (2.7)

This theory may be successively Higgsed to the following theories:

su(2) su(3) su(3) su(3)
- 2 2 2 ... 2 [SU@3),

su(1) su(2) su(3) su(3) 29
— 2 2 2 ... 2 [SU(?))].

These correspond to the partitions 3 = 2 4 1 and 3 = 3, respectively.

Moreover, the RG hierarchy between these Higgsed theories precisely matches the
hierarchy between the corresponding nilpotent orbits, which in the case of G = SU(k) or
SO(2k) is given by the partial ordering of partitions [13]. In the present example, the
ordering of partitions is given by 1+1+4+1 > 2+ 1 > 3 and thus matches the RG hierarchy.

More generally, these T-brane theories are characterized by the property that upon
blowdown of all —1 curves, they consist of a linear chain of —2 curves as in (2.2). In fact,
they comprise the complete set of theories with this property within the class of known 6D
SCFTs, aside from “outlying” theories with small numbers of tensor multiplets such as!

su(3)
1 3.

There is more than one way to parametrize the length of our 6D SCF'T quivers, and
the most convenient way varies depending on the application. One measure of the length
of a quiver is the number of —2 curves upon blowing down all —1 curves in the F-theory
base. As in (2.2), we henceforth denote this quantity as n. For the undeformed theories
of () M5-branes probing I'g, n is given simply by @@ — 1. Under flows parametrized by
nilpotent deformations, n remains constant. In F-theory terms, this corresponds to the
fact that a nilpotent deformation affects the residue of a Higgs field for a Hitchin system
on a noncompact “flavor curve” [13], but it does not change the number of compact curves
in the base (2.2).

A second measure of the length of a quiver is the total number of tensor multiplets nr,
or equivalently the number of curves in the base of the fully-resolved F-theory geometry,

LAn “outlying” theory is more precisely defined as one that doesn’t belong to an infinite family of 6D
SCFTs. These infinite families were classified in appendix B of [5].



as in (2.3)—(2.6). For the type G = SU(k) theories, n = np, but for the G = SO(2k) or
G = FEj theories this relation no longer holds.

Finally, in the case of G = SU(k), we will often use N — 1 = ny = n to denote the
length of the quiver. For G = SO(2k), we will use N —1 = 2n + 1, which is the same
as the number of tensor multiplets ny for the undeformed theory of M5-branes probing a
singularity of type I'p, .

2.2 The G = SU(k) theories

We will now review some aspects of the theories with G = SU(k), focusing on their moduli
spaces. For more details on the theories themselves and on their holographic duals, see for
example [18].

We have seen already examples of theories with G = SU(3) in (2.8). In general, the
theories with G = SU(k) are all finite chains of gauge groups SU(r;), i = 1,...,N — 1,
such that the maximum of the r; is k. The gauge groups are connected by bifundamental
hypermultiplets and are paired with tensor multiplets. The i-th gauge group SU(r;) is also
coupled to f; fundamental hypermultiplets; anomaly cancellation requires

Ji=2ri —rig1 — 11 (2.9)

(Since this should be a positive number, the function i — r; is convex.) Although F-
theory diagrams such as (2.8) capture already all the relevant information about the the-
ory, using (2.9), it is sometimes also convenient to summarize the theory in a different

quiver notation:

Hy Wy Wy,
O (2.10)
71 T2 TN-1

Here the blue node labelled r; denotes SU(r;) gauge group and the red node labelled f;
denotes SU(f;) flavor symmetry.

We can already see at this stage that the combinatorics of these quivers are related to
two Young diagrams. Namely, if we consider the numbers

ﬁi =T; —Ti—1, (211)

we get a non-increasing sequence; dividing it into positive and negative regions, we naturally
obtain the rows of two Young diagrams. For example, to the quiver

,1 Tz Tl Tl Tl
e — 0 - 90— 90— 90— 90— 90— 90— 00— 06— 0 —-0—0—0—0—0 (2.12)
4 7 8 9 10 10 10 10 10 10 10 9 8 6 4 2

one associates the Young diagrams

o

pr = PR =T (2.13)




Figure 1. Two equivalent brane diagrams engineering the theory in (2.12). The nodes represent
NS5-branes (spanning directions 0-5), the horizontal lines D6-branes (spanning 0-6), the vertical
lines D8-branes (transverse to direction 6).

One usually associates to these two partitions by reading the columns: in this case, p" =
5,22 1] and p® = [6, 4] respectively.

In order to understand the Higgs moduli space of these theories, it is helpful to also keep
in mind the ITA brane realization [7, 23] of these theories. This was also summarized in [18,
Section 2|. For example, (2.12) is realized by the brane diagrams in figure 1. The Young
diagrams (2.13) encode how many D8s intersect the various D6 segments in figure 1(a),
and how many D6s end on the various D8s in figure 1(b).

The Higgs moduli space dimension dy can now be computed as follows:

N-1 N-1 N-1
dH:Zrifi—i_zriri-i'l_Z(r?_l)? with rg =ry =0
i=1 i=1 i=1
1 /Nl L V-1
=5 <Z fm) +N -1+ B Z ri(=2r; +ric1 + i1 + fi)
i=1 i=1
L V-1
= (N—1)+§ me', (2.14)
i=1

where we have used (2.9).

NS5 movement. Let us understand the two terms in (2.14) separately. Consider first
the term N — 1. This appears because the gauge groups are SU(r;) rather than U(r;);
when quiver diagrams such as (2.10) are considered in lower dimensions, this is not so,
and this summand does not appear. Its meaning is transparent in the ITA realization: it
corresponds to the possibility of moving each of the N — 1 NS5-branes in the directions
transverse to the D6-branes. This possibility exists only in six dimensions, because we
include in the theory the degrees of freedom of the NS5s (the tensor multiplets), which for
analogous constructions in lower dimensions (such as D3-D5-NS5 diagrams [24]) would be
too heavy.

We can see this more precisely at the level of equations. Let us decompose the scalars
in the bifundamental hypermultiplet between the i-th and (i + 1) — th gauge groups into
two complex scalars R;, L;;1, and the fundamental hypers by U;, D; (the letter describing
the direction of the arrow, the index the gauge group which the arrow is leaving). Let us
parametrize then the moduli space by the “mesons” L; 1 R;, R;iL;t1.



Let us first see what happens in the original unHiggsed orbifold theory, which describes
N M5s on a R*/7Z;, x R singularity, or N NS5s intersecting k D6-branes. Here the gauge
groups are all equal to SU(k). The F-term equations constrain the traceless part of L; 1 R;—
R;_1L;; thus they can be written as

Lit1R; = Ri1L; + vy, (2.15)

for some v;. The last term would not be present had the gauge groups been U(k). If one of
the v; # 0, we see that there is no solution where the gauge group is completely unbroken:
the product of the i-th and (i 4+ 1)-th copy of SU(k) is broken to its diagonal.

Let us also consider an example where the gauge groups are linearly increasing, such
as the case r; = ing: so the gauge group is SU(ng) x SU(2ng) x .... This is realized in
ITA by NS5-branes in a region with Romans mass Fy = Q’T‘r—fl’s; the Bianchi identity for F5
requires that ng D6s end on each NS5. We again have no U;, D; and the F-term equations
read as in (2.15). A useful fact is that, if we have an n x m matrix A and an m X n matrix
B, with n > m, the characteristic polynomial Py(BA) is equal to Px(AB)A"~™. Thus the
eigenvalues of BA are the same of those of AB, plus 0 repeated n — m times.

Let us consider what happens when
v; =0. (2.16)

In this case, the first F-term equation reads LoR; = 0. Then it follows that R;Lo has
zero eigenvalues; in other words, it is nilpotent. (We start seeing here the role of nilpotent
matrices, which we will soon explore more.) The next F-term equation reads Ry Lo = L3Rs.
It follows that RoLjs also has zero eigenvalues, and so on. So all the mesons have zero
eigenvalues: they are nilpotent.

Let us now suppose v # 0, while v = v3 = ... = 0. Now Lo R; = v11,,. It follows this
time that R; Lo has eigenvalues v and 0, both repeated ng times. Continuing as before, we
see that all subsequent mesons R; ;.1 have v eigenvalue repeated ng times, while the rest
of the eigenvalues are 0. This block of eigenvalues equal to v indicates that if we move an
NS5 in the directions transverse to the D6s, it must carry with it ng D6s, again because of
the Bianchi identity. Thus in this case not only does the gauge group get broken, but the
breaking “propagates” down the chain.

Thus we see that the N — 1 complex numbers v; represent transverse motions of the
NS5s. We have analyzed the F-terms; a similar analysis would apply to D-terms, where
N — 1 real numbers \; would appear, with a similar role. Together, the v; and A; are
the motions of the NS5s in the three dimensions transverse to them. They are also to be
considered as the hyper-momentum map of N — 1 hypermultiplets.?

In the case where all the v; = 0, the mesons are nilpotent. The second term in (2.14)
parameterizes these nilpotent mesons: we now turn to it.

2In the case without Romans mass, when a lift to M-theory is possible, the NS5s lift to M5s, which have
four transverse directions which can be more directly identified with the hypermultiplets. In projecting to
ITA, one loses an S! and ends up with only three transverse directions.



The nilpotent part. Having discussed a bit the meaning of the summand N—1 in (2.14),
we now come to the main part, the summand % >, firi. This term is the dimension of the
Higgs moduli space for the three-dimensional theory associated to a linear quiver such
as (2.10).

Such three-dimensional theories have been studied extensively, and some of the results
carry over to the present situation. The brane engineering is very similar to that in figure 1,
except that we have D3- and D5-branes instead of D6- and D8-branes. In [12] the Higgs
moduli space was interpreted in terms of the Nahm equations describing the transverse
excitations of the D3s. In order to arrive at this interpretation, one needs to pull all the
D5-branes on one side of the diagram, and all the NS5-branes on the other side.

We can do the same for our NS5-D6-D8 diagram, pulling all the NS5 on one side. The
number of D6-branes ending on each D8 can now be summarized in a partition o, just
as how the D6-branes ending on the D8s in figure 1 for the theory (2.12) is captured by
Young diagrams in (2.13). Similarly, the information of how many D6s end on each NS5
can be summarized in a partition p. These partitions can be easily related to the ones in
figure 1. Let us give names to the transverse partitions pt = [p},...,p¥] and similarly
Pk = [P,
lengths of the rows of the Young diagrams (2.13), rather than of the columns. Then we have

..,,5%]; in other words, let us consider the partitions obtained by reading the

~L ~ ~ ~R—
Ut:[pl +ﬁ11{7p2 +ﬁ11%7”-7pL+b\$7ﬁ\l§)~.,aﬁ\l§7_ﬁ\%+ﬁ\l§7_pR 1+ﬁ11{7”'7_ﬁ2R+ﬁ11{}7
N——
N—-L—-R
~R\N
p =@ (2.17)

(Notice that p is a rectangular Young diagram because of the stringent anomaly cancellation
conditions for six-dimensional theories; this would not be so for three-dimensional theories.)
While pr, and pr have k boxes, the number of boxes of p and o is the larger number
K = Npt. Recall that the number of gauge groups is N — 1, while N is the number of
NS5-branes engineering the theory (see figure 1). The formula (2.17), and the procedure
to obtain it, is shown graphically in [8, Figure 7]. As an example, for the two partitions
in (2.13), relative to the quiver in (2.12), we get the partitions ¢! = [6, 5, 33,26, 12]; p = [2!7].

The original result in [12] was a description of the Higgs moduli space in terms as an

intersection
Opt NSy (2.18)

between the nilpotent orbit O, associated to p and a space S, called “Slodowy slice,”
which intersects the orbit O, transversely in a single point. The nilpotent orbit O, is
simply defined as the space of all elements in SU(K) which are conjugate to a nilpotent
matrix N,, defined as a block-diagonal matrix whose blocks are the Jordan matrices

010 - 0

01 0 ---0
(2.19)

01




whose dimensions are p;, the lengths of the columns of p. The quaternionic dimension of
the corresponding orbit O, in SU(K) is given by

1 s
do, = 3 <K2 -y p$> , (2.20)

where the p; are the lengths of the rows of p, or in other words p! = [p1,p2,...] as in
our earlier notation in (2.17). One can also associate to O, a subalgebra su(2) C su(K),
namely three matrices ¢; in the Lie algebra of su(K) such that [¢;,¢;] = €€y such that
N, = ¢' 4902, The Slodowy slice S, is defined as the space of elements which are conjugate
to N, + 2%vq, where v, are such that [¢; — ily,v,] = 0. The intersection of S, with O, is
simply given by the point {x® = 0}; the condition on the v, is such that the intersection
is transversal.
One can check (2.18) at the level of the dimension; using (2.20) one can show

1
3 Z firi = do, — do, - (2.21)

(This is also true for the more general three-dimensional quivers, for which p may not be
rectangular as in (2.17).)

All this already shows that nilpotent orbits play an important role for the moduli
spaces of the quivers 2.10. However, p and o are not associated to orbits of our G = SU(k);
they are partitions of the larger number K = Npy. It is natural to wonder if one can get
a description directly in terms of the partitions pr,, pr of k. For this:

1 A
do , —do, = 52(/%2—012)
7
1
S [T +20 + (g + 507+ + (D) + -+ (=55 +71)?

(2.22)

In the first step we have used (2.20). In the second, we have used (2.17), with the p?
on one line and the ; (the lengths of rows of o) on the next. In the third step we have
simplified each square with the square below it. In the fourth step we have used the fact
that Y, pr = >, p(= k). Finally, in the fifth step we have used (2.20) again, this time
for the orbits O . = O and O,r = Or of SU(k).

Our result in (2.22) strongly suggests that this part of the moduli space, of dimension
3>, firi, can also be viewed as an intersection of two Slodowy slices for orbits in SU(k),
transverse to the nilpotent orbits Or, and Og.

We can examine a couple of easy examples. Let us first take pr, = pr = [1*], so that
OL = Og are both the zero orbit. This corresponds to the quiver whose gauge groups are

~10 -



all SU(k): the unHiggsed theory of M5-branes at a R*/Z;, x R singularity. In this case (2.22)
gives k2. Indeed the Slodowy slices in this case are all SU(k). If we look explicitly at the
F-term equations, the first reads U1 D1 = LoRy; U; and Dp are k x k matrices, so there
are no restrictions on the eigenvalues and rank of the first meson Lo R;. The subsequent
F-term equations only say that this is equal to RiLo = L3R» and so on, so they also put
no restriction on the mesons.

For another example, p1, = [k], pr = [1¥]; now Og is again the zero orbit, but O, is
the largest nilpotent orbit, with complex dimension k? — k. Now (2.22) gives k. In this
case, r; =1 for i < k, r; = k for i > k; we have fir = 1 and all the other f; = 0. The first
k — 1 F-term equations impose the first mesons L;11 R;, ¢ < k — 1 to be nilpotent, because
of the argument discussed around (2.16). The k-th F-term equation reads Ly 1Ry =
Ry_1Lg + UpDy. Since fr = 1, UpDy, is a rank 1 matrix; so Lii1 Ry is the sum of a rank
1 matrix and of a nilpotent one. By a gauge transformation one can put such a matrix in
the form of a Slodowy slice, or in the perhaps more familiar form

0 1 0 - 0
0 1 0 -0
(2.23)
0 1
a’k ak*l... PEEEY al

This shows again the relation to Slodowy slices.

Let us now summarize this subsection. The Higgs moduli space for linear chains of
SU(r;) gauge groups such as (2.10) has dimension (2.14). The term N — 1 is peculiar to
our six-dimensional theories, and in the string-theoretic engineering it represents motion
of the NS5s away from the D6s. The term % >, firi can be rewritten in terms of nilpotent
orbits as in (2.22). Putting all together, we arrive at

di(OL,0r) = N =1+ k* —do, — doy, , (2.24)

which agrees with (1.1) for G = SU(k).
In the rest of the paper, we will see that (1.1) is true for other G’s.

2.3 Anomalies

There has recently been great progress in the understanding of anomalies and their behavior
under RG flows between 6D SCFTs [25-34]. The algorithm of [27] enabled the computation
of the anomaly polynomial

I = acy(R)? + Bea(R)p1 (T) + yp1(T)? + dpa(T) (2.25)

for any 6D SCFT. Subsequently, [30] showed that the coefficients «, 3, and § are related
to the coefficient a of the Euler density in the trace anomaly via
16

6
a= 7((1—5—&-7) + ?5. (2.26)
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([31] gave similar relations for the coefficients ¢;.) [30] also proved that a decreases along
supersymmetric RG flows triggered by giving vevs to scalar fields in tensor multiplets
(thereby moving out on the “tensor branch” of these theories). Using these results, [33]
performed a vast sweep of flows triggered by giving vevs to fundamental hypermultiplets
(thereby moving out on the “Higgs branch” of these theories), yielding strong evidence
that a decreases along these flows as well. Nonetheless, a rigorous proof that a decreases
along Higgs branch flows is still lacking. In the following sections, we will derive explicit
formulae for the anomaly coefficients of the T-brane theories and demonstrate that the
a-theorem is satisfied for the flows.

The coefficients a and 8 change between the UV and IR theories of Higgs branch flow,
and this change is absorbed by Nambu-Goldstone (NG) bosons [30]. Poincaré symmetry
is preserved under Higgs branch flows, and as a result one can apply the 't Hooft anomaly
matching condition to argue that Ad and A~ vanish along the flows. v and § do not match
for the interacting part of the SCFTs in the UV and IR, but free hypermultiplets appear
in the IR of such a flow to compensate for the difference in these anomaly coefficients.
These hypermultiplets are simply the ones that have not been eaten and thus parametrize
the Higgs moduli space. In a flow between two theories without vector multiplets, this
means that & should be related to the quaternionic dimension of the moduli space dg
by 6 = —fmdg. In our case, where not all the gauge groups are Higgsed, we can still

conclude
1

24-60
Note that ¢ always increases along an RG flow, and correspondingly dp decreases.

Ad =

Ady . (2.27)

3 Universal formulae for anomaly coefficients

In this section, we present universal formulae for computing the anomaly coefficients v and
0 that are valid for all T-brane theories and discuss the relation to the Higgs moduli space
dimension of the theories, thereby deriving (1.1). We also present a formula that captures
the universal behavior of the coefficient 3, though it also contains non-universal terms that
depend on the specific T-brane theory in question.

3.1 The coefficient §

The anomaly coefficient ¢ is given by

1
5:_24'60 (29nT—|—nH—nv) , (31)

where np is the number of tensor multiplets in the F-theory quiver, ng denotes the total
degrees of freedom of the hypermultiplets counting in the quaternionic unit, and ny is the
number of the vector multiplets which is equal to the total dimension of the gauge groups.

The relation with the dimension of the orbit. The coefficient § can also be com-
puted recursively. Let T, o, and T@/D@;% be theories associated with pairs of nilpotent
orbits (Or, Og) and (O}, O%), whose quaternionic dimensions are do, , do,, and doy , doy,
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respectively. Suppose the anomaly coefficients § of the two theories are dp, o, and 502,(9;%,
respectively. We find an interesting relation between

Ab =00, 05 — 5@2703% and Ad = (do, +do,,) — (dO/L + d%)’ (3.2)

as follows:

1 1
_24-60Ad _24-60(

where Anp, Ang and Any are differences between the numbers of tensor multiplets,

Aé

29Any + Ang — Anv) , (33)

hypermultiplets and vector multiplets in theory Tp, 0, and theory TO/DO;%. Suppose Oy,
is below O} with respect to the arrow in the Hasse diagram (i.e. the theory corresponding
to O] flows to the one corresponding to Op). It follows that do, > d@/L and so 0o, 0 >
(502,@;%. Thus, ¢ increases along the flow in the nilpotent hierarchy, as expected. We
demonstrate (3.3) in examples below.

Importantly, § can also be used as a proxy for the Higgs moduli space dimension. We
can now derive (1.1). In (3.3), let us set O} = O = 0 to be the trivial orbit of group G.
The corresponding theory Tp ¢ is simply the worldvolume theory on multiple M5-branes on
C2/T, where I is the discrete group related to G' by McKay correspondence. Using (3.3)
and (2.27) we obtain (1.1):

dp (O, 0r) —du(0) =do, +doy, - (3.4)

Notice that using (2.27) and (3.3), we see that the combination 29Any + Ang — Any in
the right hand side of (3.3) is equal to the difference Ady between the Higgs moduli space
dimension of theory To, o, and that of theory To, o,

The second equality of (3.3) suggests the existence of a conserved quantity along the
flow from one orbit to another. For a pair of orbits Op, Og of the group G, we find that
the following relations hold:

do, + do, + 2907 + ng — ny = 30n + dim(G) + 1 . (3.5)

where np, nyg and ny are the numbers of tensor multiplets, hypermultiplets and vector
multiplets in the quiver associated with the orbits Oz, Og; dim(G) is the dimension of the
group G; and n is the number of —2 curves in the F-theory quiver after blowing down all
—1 curves [4]. We discuss how to compute n in examples below.

The right hand side of (3.5) can be derived by inspecting various nilpotent orbits. The
n-independent part of (3.5) can be obtained by considering the conformal matter theory
of group G (see table 1) where n = 0 and dpo = 0. The coefficient of n can be fixed
by considering a long chain of F-theory quiver, such as the theories on N Mb5-branes on
C2/Tq. In this specific case, n = N — 1 is equal to the number of times that gauge group
G, in the McKay correspondence to I'g, appears in the quiver (see Example 1 below). The
quantity on the right hand side of (3.5), and hence n, is constant along the flow from one
orbit to another.?

3Tt is always possible to write down the F-theory quivers that are sufficiently long so that n is constant
along the flow in the nilpotent hierarchy.
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Group Conformal matter quiver ny nyg ny
usp(2k—8)
SO(2k) [SO(2k)] 1 [SO(2k)] 1 2k(2k —8) | (k—4)(2k—T)
su
Es [Eg] 1 3 1 [Ee) 3 0 8
su, S0 su,
Er [E7]1 2 3 2 1][E] 5 16 27
Su, g2 4 g2 Ssu,
Es [Bs]12 2 31513 2 21[Es] | 11 16 86

Table 1. Various parameters for conformal matter theories.

G nyg ny nr
SO(2k) | 2k(2k —8)Q | (k—4)(2k — 7)Q 2Q — 1
+k(2k —1)(Q — 1)
Fs 0 8N 4+ 78(Q — 1) 4Q —1
E; 16Q 27Q +133(Q —1) | 6Q —1
Eg 16Q 86Q + 248(Q — 1) 12Q — 1

Table 2. Information about the worldvolume theories of N M5-branes on C?/Tg, including the
anomaly coefficient ¢.

From (3.1) and (3.5), we obtain another formula for the anomaly coefficient § as follows:

§=—

51 gg [30n +dim(G) + 1~ do, —do,] - (3.6)

Along an RG flow between successive theories, the first three terms in brackets remain
constant; the only variation among ¢ between theories in an RG hierarchy comes from the
variation in dop, + do,. Using (2.27) and (3.3), this in turn gives us an expression for the
change in the quaternionic dimension of the Higgs moduli space dy under a flow between
theories labeled by nilpotent orbits:

dy¥ — dift = (d§} +d§t) — (dBY +dBY) . (3.7)
Subsequently we apply the above formulae to several non-trivial examples.

Example 1. For the G = SU(k) theories, reviewed in section 2.2, formula (3.1) reduces to

6=— 24 5 me+3o -1, (3.8)

Here, N —1 = n is the number of tensor multiplets in the quiver (2.10). This is in agreement
with (3.9) of [18].

Example 2. Let us compute § for the worldvolume theories of ) M5-branes on C?/T'g
where G = SO(2n), Eg, E7, Eg. The necessary information is given in table 2
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Using (3.1), we find that

1 .
6 = — 5o [30(Q = 1)+ (dim @) + 1], (3.9)

where dim G is the dimension of group G in McKay correspondence with I'. This is in
agreement with [27].

Comparing this result to (3.6), with do = 0, we see that n = @ — 1; this is the number

es
of times that the curve 12 appears in the F-theory quiver.

Example 3. For the remainder of this subsection, we specialize to the case in which
Or = O} is taken to be the trivial nilpotent orbit, and we label a theory To,—0,0,=0
simply by T, with dp = 6o, —0,0,=0-

Let us take O to be the minimal orbit. For concreteness, we focus on the orbit A; of
FEgs, whose F-theory quiver is given by

su, 82 4 g2 su» eg su, 92 T4 g2 su,
[E7;]1 2 3151322112122 31513 221 ...][Eg] (3.10)

As usual, let n be the number of —2 curves after blowing down all —1 curves. Using (3.1)
with np =104 12n, ny = 16(n+ 1) and ny = 86(n + 1) + 248(n), we obtain

30n + 220] = 30n + 248 — (29 — 1)] , (3.11)

1 1
24 - 60 24-60

It can also be checked that this is consistent with (3.3). Let us take Op, =0, O} = A; and
Or = O = 0. We find that

29
2460
Ad=0-29=-29,

Ad =

29Ans + Ang — Any =29 x 1 =29 . (3.12)

Thus the fact that the minimal orbit of Fg has dimension 29 is reinterpreted as the con-
tribution to J of a single tensor multiplet.

General formula. Using (3.6), we obtain the following general formula for the T-brane
theory associated with the minimal nilpotent orbit of G, whose dimension is d4, = h% —1,

o : _pV
Omin 5160 [30n + dim(G) — h§ + 2], (3.13)

where hé is the dual Coxeter number of G.

Example 4. Another instructive example consists of taking Or = 0 and taking O, = O
to be the subregular and the principal orbits.
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The group Eg. For concreteness, we first consider Fg(a1) and Eg of the group Eg:

su, g2 fa Su3 eg  Su3

E6<a1): 2315 1316131... [EG] (3.14)
su, 82 fq U3

FEg : 2 2 315131...[E6]. (3.15)

The above two lines are written to show that the empty curve 2 in the theory corresponding

fa
to the orbit Fg descends from the curve 5 in the theory corresponding to the orbit Fg(aq),
and so on.

The anomaly coefficients § for both theories can be computed using (3.1),

—14408 g, 4y () = 29[7 + 4(n — 3)] + 8 — [77 + 86(n — 3)] = 30(n — 4) + 164,

(3.16)
—14406p,(n) = 29[8 +4(n — 4)] + 8 — [77 4 86(n — 4)] = 30(n — 4) + 163,

It can also be checked that this is consistent with (3.3). Let us take O, = Eg(a1), O} = Eg
and Or = O% = 0. We find that

1
24-60
Ad=35-36=—1,

A =

29AnT + Ang — Any = (29x 3) —8—T78 =1 . (3.17)

Note that in these cases, n is NOT equal to the number of times npyax that %3 appears in
the quiver. In fact, they are related by n = npax + 3 for the orbit Eg(a;) and n = npax +4
for the orbit Fg. Let us now demonstrate how to obtain n = 4 in the case of Eg orbit
when npyax = 0. For the sake of brevity, we only write down the curves that appear in the
F-theory. Starting from (3.15) and blowing-down the (—1)-curves step-by-step, we obtain

22315131 — 22231 — 2222, (3.18)

where in each step we subtract 1 from each of the numbers on the left and right of each
(—1)-curve, namely ...M 1 N... = (M — 1)(N — 1). Since at the end there are four
(—2)-curves, we obtain n = 4 as expected.

The group Eg. We compare Fg(ai) and Eg orbits of the group Eg:

su, 92 f4 G2 SUu, eg su, 92 Ja 02 Su, es su, 92 a4 02 su,

Eg(al)t 23151322111122 3151322112122 31513 221 ...[Es],
su, 92 f4 g2 su, es su, 82 fa 02 su,

FEg: 2231513 22111122 31513 221 ...[Eg.

Using (3.1), we obtain

30(n — 5) + 280
24-60

30(n — 5) + 279
24 - 60

Opg(a) (@) = — Ops(Q) = — (3.19)
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It can also be checked that this is consistent with (3.3). Let us take Or, = Eg(a1), O} = Eg
and Or = O = 0. We find that

b
2460
Ad=—1, (3.20)

Ad =

29Any + Ang —Any = (29x11) +8+8-3-14-52-14 -3 -248=1.

Once again, note that n is not equal to the number of times np,x that 1282 appears in the
quiver. Indeed, we have n = nyax+4 for the orbit Fg(aj) and n = nyax +5 for the orbit Eg.
Let us demonstrate how to obtain n = 5 in the case of Eg orbit when ny,x = 0. Starting
from the F-theory quiver of the Eg orbit and blowing-down the (—1)-curves step-by-step,
we obtain

222322191223221 — 222321712321 — 222315131 — 222231 — 22222, (3.21)

where, as before, in each step we perform the following action: ...M 1 N... — (M —
1)(N —1). Since at the end there are five (—2)-curves, we obtain n = 5 as expected.
General formula. Using (3.6), we obtain the following general formula for the T-brane
theory associated with the subregular and the principal orbit orbits of GG, whose dimensions
are respectively

dsubreg = %[dim(G) —rank(G))] — 1,

1
dprine = i[dim(G) —rank(G)] . (3.22)
and hence
0, = - 30n + 1dim(G) + 1r nk(G) + 2 (3.23)
subres = 94760 2 2™ ’ '
Oprinc = ! 30n+1d' (G)+1 k(G)+1 (3.24)
princ — 24 - 60 9 1un 21“&11 . .

Example 5. We now demonstrate (3.3) using various orbits Fg whose F-theory quivers
exhibit certain interesting features. We set Op = O = 0 and consider the following pairs
of (Or,0}).

e (0r,0}) = (2424 A1,245+ 2A,). The corresponding F-theory quivers are

fa g2 SU, es
245 + A : [Go] 1 4 13 221121 ...[Eg] (3.25)
[USp(2)]
fa 92 su, eg
245 +2A7 : [USp(4)] 313 2 21121 ...[FEg] (3.26)

The §, gauge group has respectively one and two fundamental 26 flavor represen-
tations for he upper and lower theory (on which an USp(2) and USp(4) are acting,
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respectively). Thus in the flow we lose a tensor, but we gain 26 hypers. This matches
the orbit difference:

Ad=81—84=-3, (3.27)
29Ans + Ang — Any =29+ (26 —2 x 26) —0 =3 .

e (0r,0}) = (As + A, As). This example illustrates a case where a ramified quiver
appears after the flow. The corresponding F-theory quivers are

SuUo Sl SuUo Suq €g
Ag+Ay: [SO4)] 2 2 W2, 21z . [Es] (3.28)
=

SuUug eg
As: [Ga] 221 12 1..[Ey]. (3.29)

2

[SU(2)]
We find that

Ad=97—98 = —1, (3.30)

29Ans + Ang —Any =0+ (4+4+4+24+2-8-1)—(3+3) =1,

where the single hypermultiplet, denoted by 1 in the second bracket in the last line,
comes from the curves 2 [SU(2)] in (3.29).

e (0Or,0}) = (E¢(as), Ds). The corresponding F-theory quivers are

Sug (2] suU; g2 fa
Eﬁ(a3) : [GQ] 2211012 2 3151... [Eg] (3.31)
su, € su, g2 Ja
D5 : [80(7)] 21812 3151 [Eg} . (3.32)

This example illustrates a phenomenon which appears in several other flows: an
eg gets broken to ¢, while at the same time 4 tensors are lost. Indeed Any = 4
receives two contributions, namely 2 from the difference between the numbers of
tensors multiplets appearing in quivers (3.31) and (3.32), and 2 from the fact that

eg €8
the maximal 12 curve of Eg group becomes 10 in (3.31). Amusingly, all the large
contributions from the gauge group dimensions and the tensor multiplets cancel out
almost completely, giving:

Ad =99 —100 = —1, (3.33)
29Ang + Ang — Any = (4 x 29) — (248 —133) =1 .

e (Or,0}) = (Dr(a2), A7). The corresponding F-theory quivers are

¢¢  Su, 92 Ja
Dr(az): 612 3151 ...[FEg] (3.34)
fa 153 fa g2 su, €g
A7 51 3 1513 221121...[E8] (3.35)
[Sp(1)]
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In this final case, again large group dimensions are involved, which cancel out almost
completely:

Ad =108 —109 = —1, (3.36)
29ATZT+ATLH—AHV:(1 X29)+(8—7)—(78+3—52) =1.

3.2 The coefficient ~

The anomaly coefficient « of the theory associated with the theory T, o, of gauge group
G is given by

Y= 7 agg B0+ 7(dim(G) + 1 do, —do,,)] - (3.37)

From (3.5), this can be rewritten as

1
24 - 240

v = [7(29n7 + ng — ny) — 180n] . (3.38)

Let us discuss the application of formula (3.37) in various examples below.

The T-brane theories with G = SU(k). For quivers (2.10) consisting only of special
unitary groups, formula (3.38) simply reduces to

N-1

i firi +30(N — 1) | | (3.39)

i=1

1 7
C24-240 |2

5 [7dy + 23(N — 1)]

= 24.240

where we have used the fact that n = np = N —1 (i.e. the number of gauge groups in the
quiver) and that the dimension of the Higgs moduli space dg = ng —ny is given by (2.14).
This is in agreement with (3.9) of [18].

The theories on @ Mb5-branes on C?/T. For these theories, n = Q — 1 and dp = 0.
It follows from (3.37) that

¥ [30(Q — 1) + 7 (dim(G) + 1)] , (3.40)

~ 5760

where dim(G) is the dimension of group G that is in McKay correspondence to T'.

The minimal nilpotent orbit. As before, we set O = O and Or = 0 for the following
examples. The coefficient v with O taken to be the minimal nilpotent orbit (i.e. that with
the Bala-Carter label A; with dimension h, — 1) of group G is given by

— 1 : \
Yanin = pen [30n 4+ 7 (dim(G) — k¢ +2)] (3.41)

where h/ is the dual Coxeter number of group G and in this case n is the number of times
that the gauge group G appears in the quiver.
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The subregular and the principal orbits. We take Orp = 0 and Or, = O to be the
subregular and principal orbits, respectively. For G = Eg, E7, Eg, these orbits are denoted
by the Bala-Carter labels G(a;) and G respectively, whose dimensions are given by (3.22).
From (3.37), the anomaly coefficients « for these theories are given by

1 1 . 1
“subreg = m {3011 +7 <2 dlm(G) + 2rank(G)>} s (3.42)
L on+7( 2 aim(@) + trank(@) +1 (3.43)
Yreg = 51240 n 2 im 2l"an . .

3.3 The coefficient 3

The anomaly coefficient [ of the theory associated with nilpotent orbit Op = O,0Or =0
of group G is

1 1 1
B = ﬂ [_bG(Ngauge + 1) + §Ngauge - 5”\/ + BG(O):| ) (3‘44)

where Ngayge is the number of gauge groups in the quiver; ny is the total dimension of the
gauge groups in the quiver; bg is a rational number that depends only on the group G, not
on the orbit and not on Ngauge; Ba(O) depends on the orbit O for a given group G' and
not on Ngauge- The values of b for various groups are as follows:

0 for G = SU(k)
3(k—3) for G = SO(2k)
b =1 4 for G = Eg (3.45)
% for G = E7
% for G = FEjg

The parameter B () has the following properties:
e For G = SU(k), Bsy(x)(O) = 0 for all orbits O.
e For any group G, Bg(0) = 0 for the trivial orbit O = 0.

e For exceptional groups G = Eg, E7, Eg, we have Bg(A;) = hY, — 1 for the minimal
orbit Al.

e For the subregular and the principal orbits of G = Eg, E7, Eg, we have

By (Es(a1)) =56 Buy(Eg) = 122
B, (Er(a1)) = 17;9 B, (Er) =90 (3.46)
Bry(Bs(a)) =266 Bry(By) = o
In general, we observe that
Bg (principal) — Bg(subregular) = % . (3.47)
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We do not have a rule to compute Bg(O) for a general orbit O. Nevertheless, in the
subsequent section, we discuss a method that allows one to compute 8 for all orbits O of
G = SO(2k) and, furthermore, we provide the tables that contain g for all orbits of Eg, E7
and Fg in section 5.

Let us discuss the application of (3.44) in various examples.

The T-brane theories of type G = SU(k). For quivers (2.10) consisting only of special
unitary groups, formula (3.44) simply reduces to

l y4
5:2714 ;(N—l)—;z:(r?—l)]:214[(]\7—1)—527“?] . (3.48)

i=1 i=1

This is in agreement with [18, Eq. (3.9)]. Recall that the r; are given in terms of the
partition as explained in (2.11). With this understanding, [18, Eq. (3.9)] can be used to
express « and § simply in terms of the partition A labelling the nilpotent orbit.

The theories on (Q M5-branes on C?/T'. These theories correspond to the trivial orbit
O =0, hence B;(O) = 0 for all G. Using information in table 2, we obtain (see also (3.23)
of [27])

4883 = [2 — [Tg|(rank(G) + 1)] Q + (dim(G) — 1), (3.49)

where |I'| is the order of the discrete group I', which is in the McKay correspondence to
G; rank(G) is the rank of the group G; and dim(G) is the dimension of G. Note that

‘FSU(k)| =k, ’FDk’ =4k -8, ‘FEG‘ =24,

ITg,| = 48, g, | = 120 . (3.50)
Explicitly, these are
(—4k* 4+ 4k +10) Q + [k(2k — 1) — 1], G = SO(2k)
—166Q + 77 G=F
4883 = @+ 6 (3.51)
—382Q + 132 G = F;
—1078Q + 247 G=Fg.

The minimal nilpotent orbit. The coefficient § for the minimal nilpotent orbit
(i.e. that with the Bala-Carter label A;) of group G is given by

488 = [2 — |T¢|(rank(G) + 1)] (n + 1) + [dim(G) + 2(h& — 1)], (3.52)
where R}, is the dual Coxeter number of group G.

The subregular and the principal orbits. For G = Eg, E7, Fg, these orbits are
denoted by the Bala-Carter labels G(a1) and G respectively. The anomaly coefficients g for
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these theories can be computed using the F-theory quivers given in [13] along with (3.44).
The results are as follows.

166n — 332, G =FEs
—48BG(a;) = { 382n — 900, G = E; (3.53)
1078n — 2930, G = Fx
and
166n — 449 , G = FEj
—48fc = < 382n — 1283, G = E; (3.54)
1078n — 4009, G = Fg

These results are also summarized in tables 3, 4 and 5. Note that for these theories, n and
502 ¢g €7
the number of times npax that the ‘maximal curves’ of a given gauge group G ( 4 , 6, 8

eg
or 12) appears in the F-theory quiver are related as follows:

3 for Eg(ay)
4 for Eg(al)

and
4 for Eg
N =Nmax + 44 for E7 (356)
5 for FEg .

The formula in terms of the dimension of the orbit. From these examples, we
make the following empirical observation:

B= % [ 2 — |Tg|(rank(G) + 1)] (n + 1) + dim(G) + 2do — 1 + AG(O)} , (3.57)

where Ag(O) is an integer that depends only on the orbit O of a given group G. (Note
that this function is different from Bg(O) in the above formulae). It has the following
properties:

e Ag(0) = 0 for the trivial orbit O = 0.
o Ag(A;) =1 for the minimal nilpotent orbit O = A;.
e Ag(principal) — Ag(subregular) = |I'g|(rank(G) +1) — 3 .

For O the principal orbit, the values of Ag(principal) for G = Eg, Er, Eg are

516 G = Eg,
A¢(principal) = { 1407 G=Er, (3.58)
4600 G=FEs.
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4 T-brane theories of type G = SO(2k)

4.1 Anomaly coefficients of orthosymplectic linear quivers

Let us consider the following quiver diagram:

Tfl TQI ,fi Tgi sz ,gé
o — e — --—0— 0@ —---—0 — @ (4.1)
p1 q1 Pi qi Pe qe

where each gray node with a label p; denotes an SO(p;) group and each black node with
a label ¢; denotes a USp(q;) group. Here p; € Z~g, q; € 2Z~ for i = 1,...,¢ and we also
allow the possibility that p; = f; = 0.

Let us denote by N — 1 the number of independent tensor multiplets, or equivalently
the total number of gauge groups in quiver (4.1),

N—-1=2¢ or 2(-1, (4.2)

where the latter corresponds to the case in which p; = f; = 0.
The contribution IV*¢ of the vector multiplets to the anomaly polynomial Iy is

14
Ve = — i [(pZ —8)tr Fl-4 + 3(tr FZ-2)2 +6(p; — 2)c2(R) tr Fl-2 + %pi(pi — 1)02(R)2
i=1
+5m{= 0w F 4+ g = Deal®) }+ omis — DT (07~ am(r

¢
1 ~ ~ ~ 1
-y |:(Qi +8) tr !+ 3(tr F7)? + 6(gi + 2)ca(R) tr F + 54i(di + 1)ea(R)

1

om0+ 2) 0 B 4 Sailas + Deal(R) |+ 1

5 ai(ai + 1){7p1(T)2—4p2(T)}} :

(4.3)
where tr denotes the trace in the fundamental representation of the corresponding group;
F; and F; are the field strengths of the SO(p;) and USp(¢;) gauge groups, respectively.

The contribution I of the bifundamental hypermultiplets to Ig is
1 ¢ . 1 .
2P — 2 Z [pi tr Fi + gitr B 4+ 6tr F2 tr B2 + 5P (T) <pi tr F? + g; tr Ff)
i=1
Pigi

+ 240

¢
1 ~ ~
{7p1(T)* - 4p2(T)}] + 51 > [qz‘ tr Fihq + pig1 tr B 4 6t F7 tr B
=1

qiPi+1
240

1 ~
+ -p1(T) (%‘ tr FiQJ,-l + piy1tr Ff) +

2 {Tp1(T)* — 4p2(T)}] . (4.4)

The contribution I of the fundamental hypermultiplets to Ig is
)4

1 1 fipi
ofund _ St FA = fop (T) tr F2 4+ 22 T)? — 4py(T
2 ;:1 <fztr ol e 2fzp1( ytr B + 940 {Tp1(T) p2(T)}

14

1 4 1 2, 9i4i 2
) : Z o - —4 4.
+ 51 i:E 1 <gz tr F;' + 2g,pl(T) tr F° + 240{7p1(T) po(T)} (4.5)
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Itens

The contribution of the tensor multiplets to Ig is

Jtens _ i(N ~1) |:CQ(R)2 + %CQ(R)pl (T) +

24 24()

The sum of all of the above contributions is then

24[1-100p — 24(Ivec + Ibif+ Ifund + IteHS)

L rosp 1y 116p2<T>}] |

(4.6)

= Z |:(8 pi+ 1 (Q1+QZ 1+fz)> tI‘F4 < 8—q; + 1 (pz+pz+1+gz)> tI‘F4:|

=1

6(2 —pi)ca(R) + pl(T){meLQ

1
6(—2 — gi)eaf )+2p1(T){—2—qz'+

1(Qi +qi-1+ fi)}] tr

1
—(pi + pit1 + gz)}] tr F?

2
=1
3 1
—5 Crtrts + (N —1+4ny)ca(R)* + 5 (N =14ny)ca(R)pi(T)
I,J=1
1
50 [7 (nir — nv) + 23(N — 1)) p1 (T)?
1
— == [ — ) + 29(N = 1)] po(T) (47)
where ny is the total dimension of gauge groups
I
ny = z; [2191( pi—1)+ Qz((_h +1) (4.8)
1=
ny is the number of hypermultiplets
1 l
nH =g Zl (Pigi + Gipiv1 + fipi + 9:q:) (4.9)
1=
and C7y are elements of the Cartan matrix of the Ay_; algebra (with I, J =1,...,N —1)
and
trF?, I=2i
=14 : (4.10)
tr B2, I=2i—1
Gauge anomaly cancellation requires that
1
8_pi+§(%’+%’—1+fi):0u (4.11)
1
8 =i+ 5 (Pi+piv1+gi) =0. (4.12)
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Hence, the above expression can be simplified to

0
2477100 = N7 [6(2 — py)ea(R) — 3py (T)] tr F? + Z ~2 — g;)ea(R) + 3p1(T)] tr F?

=1
N—
g ; Crotity + (N =1+ ny) ca(R)2 + % (N =1+ ny) ea(R)py(T)
+ g0 [7 (g — ) + 93(N = 1)] pr (7)?
— o [l — nv) + 29N — D] (), (413)

The first three terms on the right-hand side contain tr F?, tr ﬁ’f and tr Ffﬁf. The gauge
anomaly in these terms can also be cancelled by the Green-Schwarz-West mechanism. In
order to do so, we rewrite these terms as

3
—5 E Crytrt; +6 E artr
I,J I

3 _
- _EZCU(tz —2bs)(ty — 2by) +6201}a1cu (4.14)
T3 7,7
where
2(R) — Lp (T I=2i
(R) 21?11( ) b (4.15)
Je2(R) + 5p1(T) [=2i-1
N-1
_ Z Lag . (4.16)
K=1

The first term of (4.14) is an inner product with the bilinear form C7;. This suggests that
the appropriate Green-Schwarz term is

3
24768 = 5 > " Craltr = 2b5)(ty — 2b) . (4.17)
I1,J

Thus, the required anomaly polynomial is

24It0t 24[1 loop + 24IGS

1
= GZ C[—Jla]llj + (N —1—ny)c(R)* + 3 (N —1—ny)c(R)p1(T)
1,J
1

+ 555 [7 (i = ny) +23(N = 1)) pa(7)?

— o5 [0 — ) + 29N = ] po(T) (1.18)

If the number of gauge groups is odd (i.e. N — 1 is odd), this expression can be
rewritten as

I'" = acy(R)* + Bea(R)p1 (T) + p1(T)? + dpa(T) (4.19)
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where

[ N-1
1
a:ﬂ 6 Z CI}R[RJ—I-N—l—nvl (4.20)
L 1,0=1
1 r N/2 1 1
=5 —3LZ_132L—1+2(N—1)—2”V] (4.21)
3 1
=155 §N+%{7(nH—nv)+23(N—l)} (4.22)
1
5= ~51 60 [ng —ny +29(N —1)] . (4.23)

with

p;— 2 if I = 2i, labelling the SO(p;) gauge group,
R; = (4.24)
g +2 if I = 2i — 1, labelling the USp(g;) gauge group .

and I,J=1,...,N — 1.

Note that the numbers Ry for a group G, where G is either SO(p) or USp(q), have a
group theoretic interpretation as the ratio between the trace of F? in the adjoint represen-
tation and that in the fundamental representation. This ratio for the group G is written
as hli/sc in [27]. Note also that it is easy to relate p; and ¢; for the quiver to the partition
that labels the corresponding nilpotent orbit using (4.34), so that (4.20)—(4.23) express the
anomal polynomial coefficients in terms of nilpotent orbit data.

As an example, let us apply formula (4.19) to compute the anomaly polynomial for the
theory on @ M5-branes probing C2?/ ﬁk singularity. The quiver for this theory is given by

T% T%
e — 09— 6 —---—0— @ (4.25)
2k—8 2k 2k—8 2k 2k—8

where there are @@ — 1 SO(2k) gauge groups and @ USp(2k — 8) gauge groups. In this
example,

2k —6 I odd
N-1=2Q -1, Ry = . (4.26)
2k — 2 I even

The total dimension of the gauge groups is given by
ny =(Q—1)k(2k - 1)+ Q(k —4)(2k — 7) = k[4(k — 4)Q — 2k + 1] 4+ 28Q) . (4.27)

From (4.20)—(4.23), we obtain the anomaly polynomial coefficients

0 = 5100, 7@ = 5QUTn, (k+ 1) = 1] + o [dim(SO2k) ~ 1], (428)
§= 12— Tnyl(h +1)] + 1o [dim(SO(2k) 1], (4.29)
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7= 52 [30(@ — 1) + 7 {dim(SO(26)) + 1}] (4.30)
5— —ﬁ 30(Q — 1) + dim(SO(2k)) + 1] . (4.31)

where |I'p,| = 4k — 8 is the order of the dihedral group Dy, which is in the McKay
correspondence with the group SO(2k) and the dimension of SO(2k) is dim(SO(2k)) =
k(2k—1). These formulae agree with (3.23)—(3.24) of [27] after subtracting the contribution
from the center-of-mass tensor multiplet, and for () = 1 they reproduce the anomaly
coefficients of the (D, Dy) conformal matter theory [8] given in (3.19) of [27]. Note that
B, v and § are also in agreement with the results in the preceding section.

4.2 The formal Type ITA construction

In this subsection we present the Type IIA brane construction, along the lines of [7, 23],
for the theories corresponding to the nilpotent orbits of SO(2k). As pointed out in [13],
for some orbits there is a peculiarity in such a brane set-up, namely the presence of a
non-positive number of branes in a suspended brane configuration. Below we discuss the
condition in which this peculiarity comes up and demonstrate that, despite this oddity,
one can use such a ‘formal’ brane set-up to compute anomaly coefficients of the T-brane
theory in question.

Recall that nilpotent orbits of G = SO(2k) are labeled by “even partitions of 2k,”
which are partitions of 2k subject to the constraint that every even number must appear

an even number of times. Let A be an even partition of 2k and let AT = [}\\1,3\\2, ceos Al
with Ay > Ao > --- > A, > 0, be the transpose of A. We define
0i=N—Aiv1,  i=1,....n, (4.32)

with p, = Xn The quiver corresponding to the partition \ is given by*
Ny, Wy, Ny, Wy,
J S N N (4.33)
T1 T2 T3 T4
where each black node with the label r; = go;_1 represents usp(go;—1) gauge algebra and
each gray node with the label r; = po; represents an so(pe;) gauge algebra. The numbers

r; are fixed by

—8+37 N ifjisodd
T'j = { . Zl_l ' ] 5o (434)

] N . ..
AR if j is even

The Type IIA brane construction of quiver (4.33) is [7, 23] similar to the one in figure 1:

..--Ti-..--f%-._-_fi- __T”.-

(4.35)

“See also (6.4) of [35] and (2.7) of [36].
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The black solid circle indicates the NS5-branes; the vertical line with the label p; indicates
pi D8-branes; the red/blue dashed line indicates the 06+~ plane and the horizontal black
solid line with the label r; indicates r; D6-branes and their image.

Note that quiver (4.33) satisfies the anomaly cancellation condition which requires that
USp(Ne) and SO(N,) gauge theories with Ny flavors must fulfil the relations Ny = N, +8
and Ny = N, — 8 respectively [7], i.e.

1
roj—1 = 5(7“23'—2 +roj + poj—1) +8,

1
roj = 5(7‘23'—1 +r2j41 + p2j) — 8. (4.36)

From (4.34), we see that ry;_1 is negative or zero if and only if
2j—1
> X<s. (4.37)
i=1

Since A\; > Ag > -+ > Xk > 0, quiver (4.33) contains a gauge group with non-positive rank
if and only if A\; < 8. In other words, we reach the following conclusion:

Given a nilpotent orbit of SO(2k) in terms of a D-partition of 2k, the IIA
construction has a non-positive number of branes in a suspended brane config-
uration if and only if the largest part of the transpose of such a partition is less

than or equal to 8.

We shall henceforth refer to such a brane configuration as the “formal” IIA brane construc-
tion and the corresponding quiver diagram as the “formal” quiver. It should be emphasized
that the quiver obtained from the ITA construction coincides with the F-theory quiver only
if the ranks of all gauge groups in the quiver are non-negative.” On the other hand, the
formal quiver containing gauge groups with negative ranks are different from the F-theory
quiver, as all gauge groups in the latter are positive. Note that the F-theory quiver in the
latter situation contains matter in a spinor representation, which does not appear in the
formal quiver obtained from the ITA construction [13].

Although a formal quiver does not provide a good physical description of the theory,
it is a very useful tool for computing anomaly coefficients of the theory corresponding
to a given nilpotent orbit. Indeed, we have explicitly checked for all nilpotent orbits of
SO(10) and SO(12) that the anomaly coefficients «, 8, v and ¢ computed for a formal
quiver using (4.20) and (4.23) agree with the results of [27] applied to the corresponding
F-theory quiver. Moreover, v and § agree with those obtained by applying the universal
formulae (3.1) and (3.37) to the F-theory quiver. This is important because it allows
us to describe the anomaly polynomial coefficients in terms of the partition labelling the
nilpotent orbit via (4.34), even when the F-theory quiver contains spinor representations.
We demonstrate this in the example below.

°In this case, the gauge group USp(0) in the ITA construction corresponds to the (—1)-curve in the
F-theory quiver.
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Example. Let us consider the principal orbit [2k — 1,1] of SO(2k). The formal and
F-theory quivers for this theory are respectively

L J1 L J1 Mo
L—o—o—o—o—o—o—o—o—-n— o — L — o — L (4.38)
—6 3 -4 5 —2 7 0 9 2 2k—1 2k—8 2k 2k—8
sU; g2 509 usp, 5001 USPop_g s09 WSPok_g
2 2 31 4 1 ... 4 1 4 1 [SO(2k)] (4.39)
[Ny=3]

In the following, we compare the anomaly coefficients of the formal quiver (4.38) and
those of the F-theory quiver (4.39) in the case of k = 5:

m o Mo
l—o—o—o—o—o—o—o—l—o—l, (4.40)
—6 3 —4 5 —2 7 0 9 2 10 2
su, @2 509 uspy  s019 USPo
2 2 3 1 4 1 4 1 [SO(lO)] . (4.41)
[Ny=3]

For ¢, we apply (4.23) to (4.40) and obtain

1 11
§=— 1434+ (29 x 11)] = —— . 4.42
51 go 143+ (29 x11)] =~ (4.42)

On the other hand, applying (3.1) to (4.41) yields

11
90 °

29 x 8 4 48 — 104] = — (4.43)

_24-60[

Thus, the two approaches give the same results.
For =, applying (4.22) to (4.40) and applying (3.38) to (4.41) yield, respectively

Y= i [(: X 12) + ﬁ (—143 4 (23 x 11)]| = %, (4.44)
Y = 5youg [7(29 X 8448 — 104) — 180 x 5] = %?10 . (4.45)

For o and f3, applying (4.20) and (4.21) to (4.40), we obtain
o= i [11 — 143 + (6 x 1420)] = % : (4.46)
Bzi[(ixn)—?—m}:—f. (4.47)

These agree with the results for the quiver (4.38) computed via the usual prescription
of [27], and 3 agrees with (3.44) upon setting Bgo(10)(9,1) = 13:

1 1 1 13
= — |6XT7T4+=-Xx6—=-x104+13| =——. 4.48
B 24[ X745 x 5 X 104+ ] 1 (4.48)
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4.2.1 The classification

In this subsection, we classify all quivers that admit a formal Type ITA construction. As
discussed before, these formal quivers can be obtained by applying (4.34) to the D-partitions
of 2k whose largest part of the transpose is less than or equal to 8. The anomaly coefficient
0 can be computed using (4.23). This can then be used to systematically construct the F-
theory quiver that has the same anomaly coefficient. Indeed, as we see below the structure
of such F-theory quivers is consistent with those presented in [13].

There are nine cases to be considered. In the following, we present only the part of the
quiver tail that is relevant to the given partition. Explicit examples from [13] are provided
for the consistency check.

1. Xl =[8,m,n,...] and m > n. The formal quiver is

Nz—-m Bm—n
\

l— e — o — ... (4.49)
0 8+m  m+n

The F-theory quiver is
50(8+m)  usp(m-+n)
[SO(8—m)]| 1 4 1 e (4.50)
[USp(m—n)]
Ezample: m = 3,n = 1;\ = (3,22,1°).

s0(11) usp(4) so(12) usp(4)

[SO(5)] 1 4 1 4 1 ...[SO(12)] (4.51)

[Sp(1)]
2. Xt =[6,m,n,...] with 1 <n <m <6 and m — n even. The formal quiver is
No—m Hn—n
O (4.52)
-2 64+m  m4n—2
The F-theory quiver is
s0(6+m) usp(m+4n—2)
[USp(m —n)] 3 1 ceey (4.53)

s0(6+m
where the matter between [USp(m —n)] and 3  transforms under the representa-
1

tion 5(m — n,s) of USp(m—n)xSO(6+m), where s denotes the spinor representation
of SO(6 + m).
Ezample: m = 3,n = 3;\ = (33,13).

s50(9) usp(4) so(12) usp(4)

[Sp(1)] 3 [801(3)] 4 1 ...[SO(12)] (4.54)
3. Xt =[6,1,1,...]. The formal quiver is
Ts
LI I (4:55)

— 30 —



The F-theory quiver is

s0(7)  so(9)
USp(4)] 3 1 4 ..., (4.56)

50(7)
where the matter between [USp(4)] and 3 transform under the representation

3(4,8) of USp(4) x SO(7).
Ezample: X\ = (7,1°).
s50(7)  50(9) usp(2) so(11) usp(4)
Sp(2)] 3 1 4 1 4 1 ...[SO(12)] (4.57)

A =[4,m,n,...] withm +n >4, m >n and m — n even. There are actually three
possibilities, namely (m,n) = (4,4), (4,2) or (3,3). The formal quiver is

1.4——n1 |r7nr—n
20T afm omamea (4.58)
The F-theory quiver is
g usp(m+n—4)
[USp(m —n)] 3 1 ce (4.59)
where g is so7 if m =4 and g9 if m = 3.
Ezample 1: m =n = 4; A = (3%).
50(7) usp(4) so(12) usp(4)
37 1 4 1 ..[S0(12)] (4.60)
[SO4)]
Ezample 2: X' = [4%,22]; \ = [42,27].
S 50(7) usp(2) s0(12) usp(4) 0
U(2 3 1 4 1 ... 12 4.61
SU() o 50(12) (161)
Ezample 3: X\t = [4,3% 2]; A\ = [42,3,1].
g2 usp(2) so(12) usp(4)
3 1 4 1 ..[SO12)] (4.62)
[SU(2)]
At =1[4,m,n,...] with2 < m+n <4, m >n and m — n even. There are actually

two possibilities for A to be a D-partition, namely (m,n) = (3,1), (2,2). The formal
quiver is
Bi—m Em—n

I (4.63)
—4 44+m 0

The F-theory quiver is

[USp(m—n)] 3 1 ..., (4.64)

where g is s0(7) if m =4 and su(3) if m = 2.
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Ezample 1: X\t = [4,3,1%]; X\ =[7,22,1].
g2 50(9) usp(2) so(11) usp(4)
Sp(1)] 31 4 1 4 1 ..[SO(12)]
Ezample 2: X' = [4,22,1%]; A =[7,3,1?].
su(3)  50(9) usp(2) so(11) usp(4)
3 1 4 1 4 1 ...[SO(12)]

. At=1[4,1,1,...]. The formal quiver is

L K]

‘o —o— 0 —0—0—0—0— -

—4 5 -2 7 0 9 2
The F-theory quiver is

su(2) so(7) 50(9) usp(2)

Ezample: X\t = [4,18]; A =[9,13].
su(2) so(7) 50(9) usp(2) so(11) usp(4)

2° 3 14 1 4 1 ..[80(12)]
[SU(2)]

. AL =125 m,...], with m = 1,2. The formal quiver is
W25, -

e —o— 90 —0o—0— l S

-6 4 -2 8 2 10+m 4
The F-theory quiver is

su(2) s0(7) usp(2) s0(10+m) usp(4)
2 3 1 4 1 ...[S0(12)]
[USp(25m72)}

Ezample 1: X\t = [25]; X\ = [6%].

su(2) s0(7) usp(2) s0(12) usp(4)
2 3 1 4

. ...[SO(12)]
Ezample 2: X\t = [2°,1%]; A =[7,5].
su(2) s0(7) usp(2) so(11) usp(4)
93 1 4 1 ...[SO0(12)]
. At =123,1,1,...]. The formal quiver is
e —0o— 0 —0—0—0—0—---

-6 4 -2 7 0 9 2
The F-theory quiver is

su(2) g,  s0(9) usp(2)
2 31 4 1

Ezample: M\t = [231%]; A = [9, 3].

su(2) g, 50(9) usp(2) so(11) usp(4)
2 31 4 1 4 1 ..[SO(12)]

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

AP =12,1,1,...]. We then have A\ = [2k —1, 1] for SO(2k). This in fact corresponds to
the principal orbit. The formal and F-theory quivers are given by (4.38) and (4.39).
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5 The a-theorem

51 G =SU(k)

The purpose of this section is to establish the a-theorem for flows between 6D SCFTs
constructed from systems of D6-NS5-D8 branes, as discussed in [7, 23] and recently in [11,
18]. Such theories take the form of linear quivers:
su(ry) su(r2)  su(ry—2) su(ry-—1)
[Np=rg] 2, 2 ... 2 , 2 [Ny=rg] (5.1)

N-1

where N — 1 is the number of tensor multiplets and is also equal to the number of gauge
groups.

For the purpose of calculating the anomaly polynomial, a —2 curve without a gauge
algebra can be treated as an su(1l) gauge algebra, which means that we can take r; > 1
for all i. The result Aa > 0 was explicitly established in [33] for theories with up to 25
tensor multiplets, and extrapolating numerically to a larger number of tensor multiplets
establishes the a-theorem for these theories beyond a reasonable doubt. However, we now
can prove the result analytically in full generality using formulae for Aa.

To do this, we first note that a necessary condition for a Higgs branch flow between two
(UV) < (IR)
>r

theories with IV —1 tensor nodes is r, , foralli=1,...,N —1. We can formally
decompose any given flow into a finite sequence of flows, each of which involves decreasing
only a single r; by 1. Sometimes, the SCF'T quivers in the intermediate stages of this process
will violate the convexity condition 2r; > r;_1+1r;+1. These correspond to “bogus theories”
in the language of [33], which feature negative numbers of hypermultiplets charged under
gauge groups. Nonetheless, an anomaly polynomial may be formally assigned to these
bogus theories. As long as Aa decreases at each step, including steps involving bogus
theories, it is guaranteed to decrease along the full flow.

The anomaly coefficients «, 3, 7, and ¢ are given by (A.2) [18]. We adopt the nor-
malization of anomaly coefficients as in the preceding sections. Any Higgs branch flow
preserves Lorentz invariance, which as noted earlier implies Ay = Ad = 0 under any such
flow [30]. It is important to emphasise that these conditions are satisfied only after ac-
counting for free hypermultiplets, which generically show up at the endpoint of such a flow;
hence they do not contradict formula (3.3). These free hypermultiplets contribute only to
~v and &, so the values of Aa and Ap are calculated simply from the interacting quiver
theories in the UV and the IR.

From [30], we have

a:E(a—B+’y)+§(5. (5.2)
7 7
In order to establish Aa > 0, since Ay = Ad = 0, it suffices to show Aa > 0, A8 < 0 for
any flow under which r; — r; — 1 for some j = 1,..., N — 1. For such flows, from (A.2)
we have
24AB:—17“2»—|—1(7“-—1)2 :—r~+1. (5.3)
27 247 )

Since r; > 1, A is manifestly negative, establishing the result we wanted.
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Aq is slightly more complicated to compute. Nevertheless, one can use the fact that
(see (3.13) and (3.14) of [18])

1 |J¢(N—-3), 1<y
N G(N =) P>
N-1 | (Nl
-1 . . . .
Z Gy rirj = | - i(N —i)r? +2 | Z (N — j)rir; (5.5)
i,7=1 =1 1<i<j<N—-1
to find the following simple form:
N—-1
24Aa = ap,; + Z Q4 577, (5.6)
i=1
with
Nagj =j— (12§ — 1)(N — j), (5.7)
and
24i(N — j7) Jj>1
Naj ;= ¢ 2[5+ (12§ — 1)(N — j)] ji=1i. (5.8)
245(N —1) Jj<i
Since r; > 1 and a;; > 0 for all 1 <4,5 < N — 1, we have
N-1
24NAa > Nag; + »  Nai
i=1
=12j(N-1)(N—35)—N>0 forall1<j < N-—-1. (5.9)

From this, we conclude that any RG flow has Aa > 0, A < 0, Ay = Ad = 0, thereby
establishing the a-theorem for such flows.
5.2 G = SO(2k)

In this section, we repeat the analysis for quivers consisting of SO(2k) gauge groups using
the results of section 4. The quivers take the form

uﬁp(m) 50(7"2) 50(7‘]\[,2) U.SP(T’Nfl)

INj=rg) 1, 4 ... 4 | 1 '[Ny=rg (5.10)
N-1

where the number of gauge groups is N — 1. Note that here, N — 1 must be odd, as
we remarked above (4.19). We define r9; = p; and 79,1 = ¢, so that the gauge groups
alternate between so(p;) and usp(q;). Here and subsequently, we take I, JJ K =1,...N—1
and i,5,k =1,...,N/2, with pny2 = 0. Note that, subsequently, we shall consider also the
case in which some ¢; are non-positive and some p; are less than 8, i.e. quivers from the
formal ITA construction discussed in section 4.2.
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The anomaly polynomials for such a theory are given by A.4. Once again, Ay and Ad
vanish for Higgs branch flows, so Aa depends solely on Aa and AS.

As before, it suffices for us to consider flows with just r; — r; — 1 for some J. Note
that although usp(r;) for odd r; does not make sense group-theoretically, we can regard
a theory containing such a group as a “bogus theory” and still apply formulae (A.4) to
compute its anomaly coefficients; any physical flow involving r; — r; — 2 can be thought
of as a sequence of two flows with r; — r; — 1.

In such a case, we may write A« as

N-1
24Aa =ag s+ Y orgrr. (5.11)
I=1
where upon using (5.5), we obtain
Nagjg=6J*+ N(12 —6J — 1167 mod 2), (5.12)

with 07 moq 2 is 1 if J is even and 0 if J is odd, and

12I1(N —J) J>1
Najy=1] —12J% + (12J —1)N J=1 (5.13)
12J(N —1I) J<1I

We consider first the case where neither the UV nor the IR theory has spinor representa-
tions. In such a case, the smallest gauge groups we can have for the IR theory are s0(8)
and usp(0). For I odd, this implies r; > 0 when I # J and r; > 1 when I = J. For I even,
it implies r; > 8 when I # J and r; > 9 when I = J. From these bounds on r; as well
as (5.13), we see clearly that oy jr; is non-negative for all I # J. It is not hard to show
that ag s 4+ oy s77 is constrained to be positive, so A« is positive along all such flows.

It is also possible to prove Aa > 0 for the flows involving spinor representations. The
anomaly polynomials for these theories may be calculated either via the usual techniques
of [27] or by analytically continuing the formulae of (A.4) to negative rank r;, utilizing the
formal Type ITA brane construction of section 4.2. This complicates matters because the
positivity of az y in (5.13) is no longer sufficient to demonstrate Aa > 0 when some r; are
negative. However, the situation is improved by the fact that there are only a small number
of configurations involving spinor representations. This allows one to establish A« > 0 by
brute force.

Once again, the proof proceeds by considering flows with r; — r;—1, possibly involving
bogus theories, with the understanding that some r; on the far left or far right of the quiver
might be negative. The proof above in the case without spinor representations shows that
ag g7y is positive whenever r; > 0 for I odd, r; > 8 for I even. This means that we only
need to worry about the ay ; with r7 < 0 (£ odd) or 1 < 8 ( odd). For a given flow, we
thus consider the quantity

a_ = Qo j+ Z Qg gri, (5.14)
IeT_
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where Z_ is the set of indices with r; < 0 ({ odd) or r; < 8 (I odd). We have checked by
brute force that this quantity is positive for all of the flows involving spinor representations.
For instance, let us consider a flow between the theories
50(10) usp(2) 50(9) usp(2)
3 1 ...=- 3 1 ... (5.15)
The anomaly polynomials of these theories may be computed via an analytic continuation
of (A.4) with ry = —2, rp = 10 — 9. This flow has a— = a2 —201 2+ 10022 = 195N —408,
where N — 1 is the number of tensor multiplets in the original quiver of (5.10) (i.e. before
the blowdown). «_ is postive whenever N —1 > 2. Any quiver with spinor representations
necessarily has N — 1 > 2, since for N — 1 = 1 we have no so(r;) gauge algebras in the
quiver at all. This shows that a— > 0 for such a flow, establishing the result.

As one flows further down the RG hierarchy, the number of tensor multiplets in the
quiver N required to demonstrate a— > 0 increases, but so does the number of tensor
multiplets required to realize the flow. For instance, the final flow in the hierarchy is

su(2) g2 50(9) su(2) g2 50(9)
2 31 4 ... =2 2 31 4 .... (5.16)
The anomaly polynomial of the UV theory is given by (A.4) with (rq,r9,73,74,75,76) =
(—6,4,—2,7,0,9), while the IR theory has (r1,r2,73,74,75,76) = (—6,3,—4,5,—2,7);
see (4.38). Proving a— > 0 for each step r; — r;— 1 flow requires us to assume N —1 > 6.
This constraint is necessarily satisfied, as the presence of rg requires N — 1 > 6.
Ap takes a much simpler form:

-3 —=ry J odd
(5.17)

5—57’] J even .

For J odd, AB < 0 provided rjy > —6. For J even, A < 0 provided ry > 1. In theories of
the form (5.10), we always have r; > 1 for J odd, rjy > 9 for J even for any rj — rj — 1
flow, so A5 is always negative. In theories with —3 curves, we can always use the formal
quiver to compute the anomaly polynomials. However, even in the case of such a formal
quiver, we always have r; > —5 for J odd and r; > 3 for J even, so AS < 0 for any
such flow.

5.3 G =E;

We have also verified Aa > 0, AS < 0 for all of the flows in the Fg, F7, and Fg nilpotent
hierarchies, for all deformations of both the left and right sides of the quiver, using the
formulae shown in appendix A.3. As in the type D case, flows further down the RG
hierarchy require more tensor multiplets to establish A« > 0, but the deformations of the
quiver reach further into the interior of the quiver, so the theories involve more nodes.
In appendix A.3, we have written down explicit formulae for o and S for each of the
corresponding theories assuming no breaking on the right. Here, n is the number of —2
curves in the F-theory quiver after blowing down all —1 curves. As noted after (3.5), n is
constant along the flow from one orbit to another.
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6 Conclusions

The recent work [13] showed how nilpotent orbits can be used to characterize T-brane
6D SCFTs, their RG flows, and their global symmetries. In this work, we have seen that
these nilpotent orbits are also related to the anomalies and Higgs moduli spaces of the
corresponding SCFTs.

It is worth noting that the class of T-brane theories we have considered here is not
the only set of 6D SCFTs with connections to group theory. As conjectured in [8] and
verified in [5], deformations of the worldvolume theory of M5-branes simultaneously prob-
ing a C2/I'g orbifold singularity and an Eg wall are in one-to-one correspondence with
Hom(I'g, Eg). 6D SCFTs with (2,0) supersymmetry are in one-to-one correspondence
with semisimple Lie algebras (i.e. they admit an ADE classification) [28, 37], and their
anomalies can be expressed in terms of the dimension, rank, and dual Coxeter number of
the associated Lie algebra [27]. Given the connection between these 6D SCFTs and ellip-
tically fibered Calabi-Yau threefolds that are used to produce them via F-theory, we are
led to a surprising correspondence between group theory and Calabi-Yau geometry, which
would be interesting to study from a purely mathematical perspective. Given the success
of the above examples, it is also tempting to conjecture that the full set of 6D SCFTs
and the RG flows between them should be related in some precise way to structures in
group theory.

Our analysis in this paper was limited to SCFTs with quivers that were suitably long
so that the nilpotent deformation on the left of the quiver did not overlap with the nilpotent
deformations on the right of the quiver. It would be interesting to try to understand how
this story extends to short quivers. There is reason to think that this task might succeed:
although [4] noted that some SCFTs with short quivers seem to be outliers, [38] later
showed that these “outliers” can in fact be viewed as limiting cases of 6D SCF'Ts with long
quivers. A slightly modified approach to the classification of 6D SCFTs might shed light
on this issue and allow one to generalize our results to short quivers.

The results of this paper add even more evidence to the already strong case that the a-
theorem is true for RG flows between 6D SCF'Ts. However, a rigorous proof is still lacking,

and would be nice to have.
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A Explicit formulae for anomaly coefficients

In this appendix, we collect the formulae for the coefficients «, 3, 7y, and ¢ for each of the
cases G = SU(k), SO(2k), and E}.

A1l G =SU(k)

The theories with G = SU(k) take the form

5u(r1) 511(7‘2) 5u(rN,2) 511(7‘]\],1)

[Np=rg) 2, 2 ... 2, 2 '[Ny=rp (A1)
N—1

where N — 1 is the number of tensor multiplets and is also equal to the number of gauge
groups. « and [ for these theories are given by

N-1 N-1
o= 123 Ctriry + 2N - 1) = Y o2
by=1 i=1
1Nfl
245:]\7-1-527}2
=1
1 (7=
7= 240 (2 ;”fﬁ?’o( ))
1 N-1
246 = ——— f; +60(N —1) | . A2
120 (;T’fﬁ ( >> (A2)

Here, Cj; is the (N — 1) x (N — 1) Cartan matrix for Ayx_;.

A.2 G =S8S0(2k)
The theories with G = SO(2k) take the form

usp(ry) so(rz) so(ry—2) usp(ry—_1)

[Nf:T’L] 1 s 4 ... 4 s 1 [Nf:TR] (A?))
N-1

where the number of gauge groups is N — 1. Let us define ro; = p; and r9;,_1 = ¢;, so that
the gauge groups alternate between so(p;) and usp(g;). We take I, J/ K =1,...N — 1 and
i,j,k = 1,...,N/2, with py/, = 0. Note that the formal ITA construction discussed in
section 4.2 allows some ¢; to be negative and some p; to be less than 8. « and § are given
for these theories by

N-1
240=6 » Cplrirs+12> ¢+ TN —1—ny
I,J=1 i
o 1 1
p= —32(24‘%‘) + §(N— 1) — 5
(2
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24y = io [7 (-nv + ;;(pi% + qit1pi + fipi + giQi>> +23(N —=1)| + SN
26 = —— —ny + ! > (pigi + giv1pi + fipi + 9iqi) + 29(N — 1)] . (A.4)
60 2 -
Here,
fi=2pi =16 — ¢; — gita
9i = 2q; +16 — p; — pit1 (A.5)
= 3 gt - 0+ qata 1) (A

i
and C7y is the Cartan matrix of rank N — 1.
A3 G =E,
0 and v are given by (3.1), (3.6) and (3.37), (3.38) for the theories with G = Ej:

1
246 = ~%0 (2907 + ng —ny)
1

i [B0n + dim(G) + 1 — do, — doR]
; (A7)
24y = 210 [7(29n7 + ng — ny) — 180n]
1
= 210 [30n + 7(dim(G) + 1 — do, — d@R)]

where nr, ng, and ny are the number of tensor multiplets, hypermultiplets, and vector
multiplets in the quiver description, dp, and dop, are the quaternionic dimension of the
orbits on the left and right side of the quiver, and n is the number of —2 curves in the
F-theory quiver after blowing down all —1 curves.

The formulae for « and g for the theories with O = O, Or = 0 are given in the
following table. Here, n is the number of —2 curves in the F-theory quiver after blowing
down all —1 curves. In particular, for the undeformed theories (see e.g. Examples 1 and 2
in section 3.1), n is simply the number of ¢g, ¢7, or eg gauge algebras, respectively.
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B-C Label

(0}

B

0 24n3 4 7202 4 09Tn 4 319 15(—166n — 89)
A n(n(288n(n+142)(t_1i_411)7)+658)+99 i(_ 83n — 33)
24, 24n® + 72n% + 4000 — 2o 4 IO | L (—166n — 49)
34, n(n(288n(n+142)(t_1i_112)9)+350)+31 2 (—83n —17)
As n(3n+2)(321115?211?)+115)+13 i(—83n —11)
Ay + Ay n(2n(288n(n;rf()nj_8{4)l)+267)+13 é(—166n —11)
Ay + 24, n(n(288n(1:;$)$)697)+49) _82374:1
24, n(2n(288n(n;rf()ni410)9)—103)+39 % . %
94y + A, n(n(zssn(nt;l)(:iff)7100)+13 27 (13 — 83n)
As n(zn(288n(n;f(>n++112)1)7253)+33 12(33 — 166n)
As + A, n(n(zssn(nir;()nfl?,))—140)+21 %_ %
Da(ar) n(n(zssn(ntg)(;ﬁ;)—142)+25 2 (25 — 83n)
Ay n(2n(288n(n+244)(;}r311)9)+579)+145 L(97 — 166n)
A+ A n(n(288n(n+142)(;}r416)3)+371)+52 L (52 — 83n)
Dy n(2n(288n(n+§zlzn2ig)+2515)—223 %8(137 — 166n)
Ds(ar) n(n(288n(n+41)2—(31519))+1599)—178 i(m — 83n)
As n(n(288n(n+41)2—(ijlr719))+2611)—396 I8
Fo(as) n(n(288n(n+41)2—(ii213))+2800)—489 i@? — 83n)
Ds n(2n(288n(n+4)22(7n(i?;+19535)—7779 87 _ 8n
Es(ar) n(n(288n(n+4)—112%51151))—}—19919)—11018 —%(n —2)

Table 3. « and 8 for the Fg nilpotent hierarchy.
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B-C Label Q I}
0 96n3 + 288n? + 30030 4 835 2 (—191n — 125)
A, u(2r1(1152n(n+42131—(&-n6_$411)1)+6927)+1345 Ils( 382n — 215)
24; 96n® + 288n? 4 2910 — 2. 4 288 | L (—191n — 94)
(3A1)’ n(2n(1152n(n+2412a—1i616)5)+5393)+867 4%(_38211 — 165)
(34,)" n(2n(1152n(n+244)(t_5i_616)5)+5413)+887 Tls(_382“ ~169)
Ay 96n3 + 288n? + 1210 — 8. 4 295 | L (—382n — 147)
4A, (3n+1)(n(128n1(é‘321n4;111))+1323)+347) 2714(_191“ —73)
Ay + A, n(2n(1152n(n+244)(4;iols)9)+4109)+543 Tlag(_382“_ 129)
Ay +2A; | 9603 +288n? + 1320 — I8 4 283 L (3820 — 111)
Ay + 34, n(n(l152n(n+411)2?n4+555)+1507)+156 . 13};1 _9
24, 96n> + 288n2  Ton — 52 4 85 -8 -1
24y + Ay n(?n(l152n(n+241£(-i-1§-91?37)+2105)+171 4%(_38211 — 69)
As n(n(115211(11—;121)(:—4?3?;19)—%859)—%66 12}1:1 %
(A5 + Ay n(2n(1152n(n;i)(:ﬁ§al)+1337)+75 Ils(_382”_ 45)
(A3 + A1) n(2n(1152n(n+2412;i31t3)1)+1381)+119 4%(—38211— 49)
As + 24, n(n (1152n(n+4)(:_"?_>(1))73)+512)+31 2714(_191“ —17)
Da(ar) (2n(1152n(n+4)(:+3(1))73)+1001)+39 leg(_382“ —33)
Da(ar) + A n(n (1152n(n4§)(ﬁ?)35)+356)+13 2714(7191“7 11)
As + Ay n(2n(1152n(n;r£1()nf£4)97)+447)+13 4%(_38211_ 11)
As+ Ay + Ay n(n(l152n(112—iii)++1§209)+103) _ 13};1
Ay n(n(l152n(nir24();;716)9)—253)+34 2714(22 ~191n)
A+ Ay n(2n(1152n(n;1?31411?1)7603)+55 T18(55 — 382n)
A+ Ay n(zn(l152n(n224(11)1;:i,§)33)—685)+81 4%(81 — 382n)
Ds n(n(l152n(n+142)(;i513)5)—164)+123 2714(51 ~191n)
Dy + Ay n(2n(1152n(n+4)(ni513?3) 233)+233 %(113 — 382n)
Ds(ay) (2n(1152n(n+2j11)(nf31) 115)4219 5(123 — 382n)

Table 4. (Part 1 of 2) « and S for the E7 nilpotent hierarchy.
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(0}

B

Ds(ar) + Ay n(n(1152n(n+1§%;ﬁ»§)9)+13)+102 i(% —191n)
AL n(2n(1152n(n+244)(:j—515)1)+1149)+463 Tlaa(151 — 382n)
AL n(6n—1)(64nzgfé1n1215))—917>+231 1 (159 — 382n)

As + Ay n(n(1152n(n+142)(;:°>i_813)9)+670)+189 21 (81 — 191n)
Ee(as3) n<2n(1152n(n+;4)(;ig13)9)+1153)“91 4*18(167 — 382n)
De(as) n(n(l152n(n+142)(;:l_411)5)+918)+125 %1 (89 — 191n)
Fr(as) n(n(l152n(n+142)(;i710)3)+1060)+93 2%1 (93 — 191n)
De(ar) n(2n(1152n(n+42)4—(2§>r919))+10223)—1299 4*18(285 382n)
Ds n(n(l152n(n+41)2—(ig]r715)1)+6440)—953 2714(151 —191n)
Ds + A, n(2n(1152n(n+4)22(1nl£§1’*?)+13523)*2139 4%(309 382n)
Ag n(2n(1152n(n+4)22(1nlf?)7)+14331)_2231 4%(313 382n)
Fr(as) u(n(l15211(11—‘,-4)15(1“14(_51?)4-7499)—1244 % _ 13}1“
Fo(a) n(2n(1152u(n+4)22(1n7ff15i)3)+33277)_9157 1 (419 — 382n)
D n(n(1152n(n+4)122(5n1+53+32109)—11884 %5 _ 1341;1
Fr(as) n(n(1152n(n+4)122(5]14—13_;?g+32730)712301 i4 (263 — 191n)
iy n(n(1152n(n+4)I§(8n33?3+67878)736283 %1 (341 — 191n)
Filw) | et | e s
Er(ar) | 96n° +288n2 — 834500 — S836L 4 17506 | T> — 1o
o8 n(2n(1152n(n+4)—21£€3n3f?3+801889)—884845 % (1283 — 382n)

Table 4. (Part 2 of 2) « and S for the E7 nilpotent hierarchy.
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B-C Label « 15}
0 600n? 4 1800n? + 205210 . 4183 L (—1078n — 831)
Ay n(n(7200n(n+4)1+2%i1011))+25541)+5734 2714(753911 — 386)
2A1 n(2n(7200n(n+4)2—tl%gi811))+48765)+10555 Tlgg(_1078n - 725)
34, n(n(7200n(n+4)1+2:2.33611))+23280)+4865 _ %(1111 +7)
44, 600n® + 1800n? + 108310 — 8. 4 3055 | L (154n + 93)
A, n(n(7200n(n+4)1+2zzgi411))+22233)+4496 _% _ %
Ay + Ay n(2n(7200n(n+4)21—(3n8j?)1)+42425)+8283 4*18(—107811 —621)
Ay + 24, n(n(7200n(n+4)l—;?(,2i011))+20237)+3820 _52211 - %
Ay + 34, n(2n(7200n(n+4)21—(fin7J(r)51§)1)+38593)+7043 Ils(_1078“ — 565)
24, n(2n(7200n(n+4)22(?fj?)1)+36781)+6491 Tls(_1078“ — 541)
24y + Ay n(n(7200n(n+4)1+2?(>ii411))+17520)+2993 _ % (770 + 37)
As n(2n(7200n(n+4)21(?;4$?)1)+33409)+5567 4% (—1078n — 505)
924y + 24, u(2n(7200n(n+4)21-(3n4ﬁ)1)+33347)+5505 —%(9811—# 45)
As + Ay n(n(7200n(n+4)1+2:’2ﬁ()11))+15872)+2545 2714(_539“ — 239)
Ao + 24, n(2n(7200n(n+4)2?:(33f?)1)+30147)+4657 _4778(15411 + 65)
Da(ar) n(2n(7200n(n+4)22(?fj§)1)+30169)+4679 Tls (—1078n — 457)
Da(a1) + A n(2n(7200n(n+4)21(3x12_z(15)1)+28619)+4269 Tlg(_1078“ — 435)
As + Ay n(u(7200n(n+4)1—22zii411))+13569)+1952 75:2:,2;1 - ?
As+ Ay + Ay n(2n(7200n(n+4)21-(3n1ﬁ)1)+25705)+3563 Tls (—1078n — 397)
Da(ar) + As n(2n(7200n(n+4)21—(%?f(1])1)+24319)+3245 Ils(_1078“ — 379)
Ay n(2n(7200n(n+4)22(2n7j?)1)+19313)+2271 Tls(_1078“ — 321)
245 n(2n(7200n(n+4)21(2n7—:?)1)+19247)+2205 _4%(15411 1 45)
Ay + Ay n(n(7200n(n+4)1—£-(2n7j—)?)1)+9060)+1013 2714(_53911 —151)
A4 + 2A1 u(2n(7200n(n+4)21(2n642_51§)1)+16973)+1803 _5§.Zn _ %
Ay + Ay n(n(7200n(n+41);2r2118f4)1)+7421)+724 _5;25211 _ %
Ag+ Ay + Ay n(2n(7200n(n+4)22(2fi?)1)+13813)+1271 Tls(_1078“ — 241)

Table 5. (Part 1 of 3) « and 3 for the Eg nilpotent hierarchy.
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B-C Label o I}
Dy n(2n(7200n(n+4)21r(2n13(13)1)+11367)+1237 L(—1078n — 227)
Dy+ A n(n(7200n(n+41);zi214)1)+5197)+510 53 _ 117
Ay + As n(2n(7200n(n+42121—(|—n2+()i>?1)+9307)+665 _ 41 (154n + 25)
Ds(a1) n(n(7200n(n+41);20+512)1)+4744)+423 A (—539n — 93)
Ds(ar) + Ay n(2n(7200n(n+3214(rn1—€§13;)1)+8629)+695 % (—1078n — 169)
Dy + Ay n(n(7200n(n+41)242i3018)1)+3908)+283 _I(Tn+1)
Ds(ar) + As n(2n(7200n(n+42121—(i-n1j615;11)+6331)+377 L(~1078n — 127)
As n(n(7200n(n+41);£ii912)1)+2828)+157 %1( 539n — 59)
Fo(as) n(n(7200n(n+41);i6+210)1)+2516)+139 A (—539n — 53)
As + Ay n(2n(7200n(n+32:(rn1£%)1)+4987)+233 % (—1078n — 103)
Bu(ag) + Ay | ST ST | 150n + 1)
De(as) n(2n(7200n(n+;12:(rn1ﬂ§s1)+3787)+137 L (=1078n — 79)
E7(a5) n(2n(7200u(n+42121—(|—n1f(1);11)+3235)+101 L (~1078n — 67)
Ey(ar) n(2n(7200n(n+24£a-11+313)21)+2707)+65 B % (98n + 5)
Ag n(n(7200n<n+1§)(:+1%n)—919)+64 (52 — 539n)
Ag + Ay n(2n(7200n(n+242(t}~_018)1)71935)+115 4718(115 —1078n)
Ds n(2n(7200n(n+24£(:1i017)9)71481)+677 1(125 — 1078n)
Ds + Ay n(u(7200n(u+142)(;i719)9)—775)+298 — I(77n — 10)
De(ar) n(u(7200n(u+142)(;2+511)9)—787)+268 L (76 — 539n)
Fr(as) N0 ) 28289) 15O 099 | L (163 — 1078n)
Ds + Ay n(n(7200n(n+142)(;3_915)9)*752)+231 i(87 — 539n)
D (as) 600n3 — 190 — oL 4 559 (325 — 1078n)
Fe(ar) n(n(7200n(n+41)2—(ii315)9)+2640)+263 1167 — 539n)
As n(2n(7200n(n+42121znlfi)§9)+4999)+245 _%(ggn —31)
Fo(a1) + Ar n(2n(7200n(n+42121zn13(1))79)+5759)+417 L (345 — 1078n)
Fs(bs) n(2n(7200n(n+42121zn2i%39)+7405)+155 _E(154“ —53)

Table 5. (Part 2 of 3) « and 3 for the Eg nilpotent hierarchy.
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B-C Label a p
De u(2n(7200n(n+4)22(3n7i)1§3)+25913)—1929 4%(519 —1078n)
r(a) {20700 (4 T9) 26895 ) 2158 1(529 — 1078n)
Di(a) n(n(7200n(n+4)l;?zii18)+13950)*1195 i(gﬁg —539n)
Bi(a) T (593 — 1078n)
B n(2n(7200n(n+4)2—4€21+919))+92015)—16419 (789 — 1078n)
Eo 1 A, n(n(7200n(u+4)1—2223_119))+46823)—8552 i?? - 532"
O R 17— o
ES(55) n(n(T200n(t4)-T5079) 49373) 9545 L (412 — 539n)
D- n(2n(7200n(n+4)gf(ﬁ%fi?;+141829)734621 T18(947 —1078n)
Eg(a5) n(2n(7200n(n+4);§&3j?§+146185)—36169 18(137 _ 15411)
Br(a) | Mo | (154 - 169)
Fs(bs) n(n(7200n(n+4)—1122é19+1?§+133196)—43229 —214(7711 — 85)
Fs(aa) n<2n<7200n(n+4)—215(9n4+7€19§+413703>—164939 15 (1405 — 1078n)
B n(n(7200n(n+4)721425()‘13_91);443854)7244593 2714 (927 — 539n)
Fs(as) n(n(7200n(n+4)721425()3—7"_91);446059)7246462 2714 (930 — 539n)
Fi(as) u(2n(7200n<n+4)—355(2:3)51502837)—1034205 755 _ 53
Es(a1) n(n(7200n(n+4)—5(i52(()ﬁ)1451534298)—1404623 i (1465 — 539n)

Table 5. (Part 3 of 3) a and $ for the Fg nilpotent hierarchy.
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