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1 Introduction

The dynamics of M5-branes is one of the most mysterious corners of string theory. It is
described by a six-dimensional N' = (2,0) superconformal field theory (SCFT) without a
known Lagrangian description.

A possible way to attack the problem is to see how the Mbs interact with other objects.
In particular, we can study how a stack of N M5s behaves on a R*/T'¢ x R singularity,
where T'¢; is a discrete subgroup of SU(2) (associated to a Lie group G by the McKay
correspondence). Efforts in this direction are very old, but have been revived more recently
thanks to progress in F-theory and holography. The resulting SCF'T, which is denoted by
Ta(N — 1), has N = (1,0) supersymmetry and a G X G flavor symmetry. For a I'q = Zj,
singularity [1, 2] one can obtain an effective description, valid on the tensor branch, the
locus where the scalars ¢; in the tensor multiplets have generic vevs. Those tensors are
coupled to a chain of G = SU(k) gauge groups and bifundamental hypermultiplets. For
I'c = Dy, G = SO(2k), one gets an alternating sequence of USp(2k — 8) and SO(2k) gauge
groups. For G = Ej, one can obtain an effective description by using a dual F-theory
description involving seven-branes wrapping a chain of curves. It consists of a more exotic
sequence of gauge groups (called “conformal matter” in [3]), also coupled to copies of the
so-called E-string theory, a theory with one tensor multiplet and Eg flavor symmetry. Both
in the Dy, and in E}, examples, the number of tensor multiplets is a multiple of the number
of Mb5-branes; this is naturally interpreted as the fact that each M5 can break in several
fractional Mbs [3]. (In the Dy case, this was observed earlier in the ITA frame using NS5s
on O6-planes [4].)

In the ITA duality frame, it is also possible [5, 6] to modify the theories Ty (V)
by introducing D8s; these additional theories can be interpreted [7] as the result of giving
nilpotent vevs to some fields, thus activating a Higgs mechanism which breaks the SU(k) x
SU(k) flavor symmetry. The resulting theories, which are denoted by Tsu)({YL, Yr}, V),
are labeled by two nilpotent elements, one for each copy of SU(k) in the flavor symmetry
group. The AdS7 duals to these theories were found in [8-10]. There is also an F-theory dual
realization, where the nilpotent vevs appear as the residues for poles of the Hitchin equation
living on some seven-branes [3]|, making them examples of “T-branes” [11]. The F-theory
realization is more general: it allows us to find these T-brane theories Tg({YL,Yr}, N)
where the ITA picture breaks down, which includes many Dy, cases and all Fj, ones [12]. In
the latter case the nilpotent elements Y1, g are classified by so-called “Bala-Carter labels”
(see e.g. [13]).

The dimension dy of the Higgs moduli space for all these T-brane theories was studied
in [14], both as a check of the F-theoretic predictions and as a way to better understand the
physics described by these theories. Using anomaly considerations, it was possible to show
that the difference in dg between two T-brane theories To({Y1, Yr}, N), Ta ({Y{, Y&}, N)
was equal to the difference dy; + dyy — dyL/ - dyé, where dy is the dimension of the
nilpotent orbit of Y (namely, of the space of all nilpotent elements in G conjugated to Y).
This provided a strong cross-check of the F-theory predictions for T-brane theories. In [14],
however, only differences of dy were computed, and not dy itself. This was because the



Higgs moduli space one computes from an effective description on the tensor branch, dSif,
is not always the same as the Higgs moduli space d%FT of the CFT, which lives at the
origin of the tensor branch, where the tensor multiplets scalars ¢; = 0. In other words, in
general there can be a dimension jump: the Higgs moduli space lives at every point of the
tensor branch, and its dimension has a generic value d‘ﬁf on a generic tensor branch point,
while it can have a larger dimension on non-generic points, and an even higher value d%FT
at the CFT point at the origin. (To give justice to this stratified structure, the expression
“Higgs branch” is a bit misleading. We will however use it in this paper for convenience.)
This dimension jump issue is interesting as a field theory issue, but also because it has
to do with what happens when M5 fractions meet each other — or in other words with
strongly coupled M5 dynamics.

In this paper we address this problem, and compute d%F T. We start by considering
the original theories T¢(N). It is possible to pull the M5s away from the I'g singularity:
in other words, there should exist a flow from TG (N) to a N = (2,0) theory, plus d5F'T
additional free hypermultiplets. This property was called “Higgsable to N = (2,0)” (HN)
in [15]; here we use again anomaly matching to find that it imposes constraints on the field

content, and thus on d%FT. The result reads

dif T =nyg —ny +29nas,  nas= > _n; (2-n")2—n). (L.1)
i

Here ng and ny are the numbers of hypermultiplets and vector multiplets respectively;
the contribution nyg — ny is thus what one expects from field theories in other dimensions.
nas is a Green-Schwarz-like contribution to a certain gravitational anomaly, in terms of 7,
the adjacency matrix of the theory, to be reviewed below. (In the F-theory realization, n
is simply the intersection matrix of the seven-branes; in purely field-theoretical terms, this
summarizes the string charges of an instanton string of each individual gauge group, and
how they are coupled.) For T¢({Y1,Yr}, N), (1.1) gives

dSFT = N +1 + dim(G) — dy, — dys, . (1.2)

While 7 (N) satisfy the HN constraints by construction, there are other interesting
examples. These consist of theories where the M5 fractions get reassembled in several differ-
ent ways, leaving behind a “frozen” [15-18] (or partially so) version of the I'¢ singularities,
where the flavor gauge group becomes a group Gg which can now be non-simply-laced
(or empty). In such processes, some tensor multiplets are lost, and hypermultiplets are
generated. (They are sometimes called “small instanton transitions”, since they were first
observed to happen for M5-branes turning into small instantons on an Eg wall.) We de-
note the SCFT associated with N Mb-branes on the (partially) frozen singularity Gy by

oy, (N —1). In fact, by using the classification in [19], we find that all examples of the
HN theories are of this type (possibly again decorated by nilpotent elements). For these
theories 75", o, (), the result (1.2) is still valid, with dim(G) replaced by dim(Gy,).

As a cross-check, we also compare our results with the Higgs moduli space dimensions
of the theories one expects upon torus dimensional reduction. Indeed, explicit proposals
were made [15, 20, 21] for the T? compactifications of the G = SU(k) and G = SO(2k)



T-brane theories, in terms of class S theories. For example, the particular case 7¢(0),
describing a single M5 on a I'g singularity, was identified in [15] as a class S theory of
type G associated to a sphere with one minimal and two maximal punctures. Our Higgs
dimension matches with what one computes from these various four-dimensional proposals,
as one expects.

Drawing lessons from this computation, we can also propose natural generalizations
of [15, 20, 21} to Tg, ({YL, YR}, N), or to T ,q, (N), for non-simply-laced Gy Both still
involve class S theories. In the non-simply-laced case, we make use of theories with twisted
punctures, arising from a fixture of a larger simply-laced group G. While these proposals
are a little less explicit than the cases in [15, 20, 21], they still pass the test of Higgs
dimension comparison.

A particularly interesting case is when Gy is trivial, Gy = {1} (which by an abuse of
language we will denote by @); namely, the completely frozen case. For these theories, (1.2)
gives the CFT Higgs branch dimension of 707, (N —1) to be N. The T® compactification of

c(0) (i.e. one M5-brane) also has a Coulomb branch equal to the dual Coxeter number
of G. This suggests the Higgs moduli space is simply a symmetric product of C2/T'g, and
gives in turn a natural conjecture for the T compactification in terms of quivers with
the shape of the extended Dynkin diagram of G. Both this and the T? compactifications
discussed earlier give examples of applications of our formulas (1.1), (1.2).

In section 2 we will give a short review of how six-dimensional theories are realized
in F-theory; we will also review how it leads to the theory of fractional M5s, and define
the partially frozen versions of these theories. In section 3 we will define some of the
terminology we will use in the rest of the paper. In section 4 we derive the constraints that
follow from those definitions and anomaly matching, and use them to derive (1.1). We then
apply this result in section 5 to point out some simple results about M5 recombination. In
sections 6, 7 and 8 we look at 72 compactifications of our theories, and in section 9 at T3
compactifications of completely frozen theories.

2 F-theory and fractional M5-branes

We will start by reviewing some aspects of how F-theory engineers six-dimensional theories
and fractional M5-branes. In the last subsection we will introduce frozen conformal matter,
and characterize it.

2.1 6d theories from F-theory

We will use at various points the language of F-theory to describe our six-dimensional theo-
ries. Let us quickly review the basics of this; for more information see for example [19, 22].
Each theory is engineered by a tree (in fact, most often a chain) of seven-branes wrapping
non-trivial curves. Each curve is characterized by its self-intersection, and by the gauge
algebra, which is dictated by the Kodaira degeneration of the elliptic fibration over the
curve. This is usually summarized by a diagram where a curve is represented by an integer

1 < n < 12 (representing self-intersection —n) with the gauge algebra on top. For example
S,
2 represents a curve with self-intersection number —2 and with gauge algebra su,. There



can also be “empty” curves without a gauge algebra: this can happen for n = 1 or 2.
For n = 2, this represents the ' = (2,0) theory of type Ay; for n = 1, it represents the
so-called “E-string theory”, which has a tensor but also an Eg flavor symmetry. Finally,
non-compact curves may also be present; their would-be gauge algebra is then a flavor
symmetry, and is usually denoted within square brackets. An elaborate example where all
these features are present is

su, @2 4 g2 sup eg su, @2 4 g2 su,
[Fg] 122 31513 22112122 31513 2 21 [Es] (2.1)

which is actually an example of the conformal matter theories mentioned in the introduc-
tion: it describes 2 Mbs on a I' g, singularity, each of which has broken down in 12 fractions.
There is an Fg x Eg flavor symmetry, each carried by an E-string theory, represented by
an empty (—1)-curve. There are also several more copies of the E-string in (2.1). The

two (—1)-curves touching the f82 curve are E-string theories whose Fg flavor symmetry has
been fully gauged; the other four (—1)-curves touch each a g, and a f, gauge algebra, which
means that a subalgebra g, @ §, of the Eg flavor has been gauged.

So far we have described a 6d theory on a generic point of its tensor branch. It is
sometimes useful to consider a non-generic locus that one can obtain by “blowing down”
the —1 curves, that is by shrinking them to zero size. A classic algebraic-geometrical result
says that the self-intersection of the neighboring curves changes by 1: namely, ...nlm... —
...(n=1)(m—1).... This might create new (—1)-curves, that can be shrunk as well. The
locus on the tensor branch of the theory where there are no longer any (—1)-curve is called
the “endpoint”. For example for (2.1) it can be checked that the endpoint consists of a
single compact curve:

Bs) 3 () . (2.2)

It represents the locus where the 24 M5 fractions have coalesced in two full M5.

In [19], a classification of all possible endpoints for a 6d SCFT was obtained. This
lumped many theories together, and a finer classification of 6d SCFTs was then presented
in [22].

Finally, we will need the concept of adjacency matrix 7 associated to an F-theory chain.
This is an ny X np matrix, where np is the number of curves in the chain, defined by

i ) T 1=17, 9.3
! {—1 i—jl=1, (23)

where n; is minus the self-intersection number for the i-th curve in the chain. One can apply

this definition also to the endpoint; accordingly, we will call °*? the resulting n%nd X n%nd—

matrix.

2.2 M5 fractionation

A stack of N M5-branes at a R x R*/Tg singularity is described by a N' = (1,0) CFT
Ta(N —1). Via a sequence of dualities, this can be described in terms of F-theory [3].
Naively one would expect N tensor multiplets, whose scalars would parameterize the N



positions along the R direction. At a generic point of this tensor branch, one would then
expect each segment of singularity to give rise to a G vector multiplet, and bifundamental
hypermultiplets connecting neighboring gauge groups. However, this picture cannot be
quite correct: one reason is for G # SU(k) that there is no possible definition of bifun-
damental representation allowed by anomaly cancellation. In the F-theory setup, the G
gauge groups are realized on seven-branes, and the problem manifests itself as the fact
that a point of contact between two such branes has a singularity not present in Kodaira’s
classification. This can be cured by blowing up the contact point repeatedly, which result
in a sequence of additional intermediate curves replacing it. The final result is

G=SU(k): [SURKI2 ... 2[SUK)

UsPop_g8 S0o%

G=S0(2k): [SO(2k)] 1 4 ... [SO(2k)]

€6

G=Fg: [F|1316 .. [E (2.4)

su, 507 su,

GeFEr: [B]172 3518 ... (B
su, 92 fa4 92 su, €8
G=Fg: [Fg]122 31513 2 2112... [Eg],
with the understanding that each sequence of curves is repeated N — 1 times (and in
particular the total number of G gauge factors is N — 1). The two external copies of
[G] represent a G x G flavor symmetry. A condensed common notation that we will use

sometimes is

[G]—(G) (G)—IG] . (2.5)
For example, the N = 2, G = Eg case is (2.1), which in the condensed notation we would
write [Eg]—(Eg)—TIFEg|. The endpoint of all these theories is a sequence of N — 1 (—2)-
curves.

We see in (2.4) that for g # su; two g gauge algebras are connected by a chain with
its own tensor branch, rather than by the tensor and bifundamental hypermultiplet that
connect two suy gauge algebras. This chain is the field theory manifestation of the sequence
of blowups we mentioned above; in [3] it was called “conformal matter theory”.! We see
in particular that for g # su; there is more than one tensor multiplet between two g
gauge algebras, rather than just one. As we mentioned, the point of view of the M-theory
interpretation, the scalar in a tensor multiplet represents the motion of an M5 in the R.
Since there are now several tensor multiplets, it is natural to conjecture that the M5 has
now broken down in several fractions. For the G = SO(2k) case, this has a ITA counterpart
in the fact that NS5-branes can break in two fractions on an O6-plane [4]. For the G = E},
cases, we see from (2.4) that the number of fractions f is 4 for Fg, 6 for E;, 12 for Eg.

Summarizing,

fSU(K)) =1,  §(SO(k)) =2,  f(Es) =4, f(B7)=6, f(Es)=12. (2.6)

'To be more specific, these chains are sometimes called (G,G) conformal matter, to highlight that
they can be used to connect two G gauge groups. There also exist (G,G’) chains, some of which we will
encounter in section 8.5. Nevertheless, we have chosen to denote the theories in (2.4) by 7a(N), to obtain
less heavy-looking formulas.



Another aspect of (2.4) is that, upon crossing an M5 fraction, the gauge algebra g gets
broken to a subalgebra gg (possibly even trivial). Since this affects the possible resolutions
of those singularities, this is called a “frozen” version of the singularity.
This “freezing” of the singularity is characterized by a discrete flux of the M-theory
3-form field C [17, 18]:
C=- mod 1, (2.7)
S3/Tq
where S3/T'¢ denotes the orbifolded unit sphere around the singularity in C?/T'g, and
n,d are coprime. The denominator d = dg_,q,, is given by the following table (see [18],
eq. (1.1), table 1 and [17], table 14):

G G dG—ay
SO(2k + 8) | USp(2k) 2
SU(3)

%]
S0(7)
Jo SU(2)
%]
Fy
Ga
F SU(2)
%]
o

Eg

U W Nk W NDWw N

(@)

A fractional M5 brane is then a domain wall dividing the singular locus, and the value
of the discrete flux (2.7) can be different for each domain. Let the singular locus be at

289101 — (g and consider a fractional M5 which sits at x7-8910:11

= 0, between domain
27 < 0 with discrete flux r; and domain 27 > 0 with discrete flux 7o > r1. Then, the M5

charge of the domain wall is

/dC :/ C—/ C:TQ—’I”l, (2.9)
S {e}xS3 /T {—e}xS3/T¢q

where ¢ > 0 and S = [—¢,¢] x $3/Tg U {e} x D3/Tg U {—¢} x D3/Tq is the 5-sphere
surrounding the fractional M5.

In [15] the system was compactified on 7% and dualized so that the M5s become M2s;
the fractions were then shown to be transitions between “gauge triples” [17] around the 7°.

2.3 T-brane theories

Conformal matter theories can be decorated by adding on the two outermost curves a
feature that does not modify the geometric F-theory data: a T-brane [11]. The trans-
verse fluctuation of an F-theory seven-brane are parameterized by a Higgs field; making it
nilpotent does not change the eigenvalues, and thus the position of the brane, but it does
nevertheless have physical content. The type of T-brane relevant for SCFTgs is a pole for
this Higgs field.



This possibility was originally suggested by duality with ITA configurations involving
D8-branes [3]. The Tsy)(N) conformal matter theory has a realization in ITA as an NS5-
D6 intersection. But in ITA one can also introduce D8s [5, 6], and the combinatorics of how
it is possible to introduce them while still getting a SCFTg are summarized by two Young
diagrams YL r; let us then call these theories Tgy)({YL,Yr}, V). This is particularly
natural from the point of view of the Nahm equations living on the D6: the D8s represent
poles for those equations, with a nilpotent residue; indeed nilpotent elements in SU(k) are
parameterized by Young diagrams. Going to IIB by a T-duality, this becomes a pole for
the Higgs field on the seven-brane.? This strongly suggests that in F-theory it should be
possible to similarly decorate any conformal matter theory (even for G # SU(k)) by two
nilpotent elements Y1, g € G, obtaining a more general set of theories

Ta({YL, YR}, N) . (2.10)

A tensor branch description of all the theories (2.10) was obtained in [12], for any ADE
Lie group G, by using a property they are expected to have, namely that they are connected
to 7¢(N) by a Higgs RG flow. It was shown there that the web of flows one obtains from
Tc(N) is in bijective correspondence to the Hasse diagram of nilpotent elements. It was
later shown in [14] that the drop in moduli space dimension in such an RG flow is exactly
equal to dy; + dyg, the sum of the dimensions of the nilpotent orbits associated to Y1, r.

One can check from [12] that all the T-brane theories have all 2...2 as an endpoint.
This confirms their claimed origin as a decoration of the original sequence of curves by
two poles with nilpotent residues, since nilpotent Higgs fields do not change the geometry
(although see footnote 2). It was argued in fact in [12] that all the theories with 2...2
endpoint are T-brane theories, possibly up to short outliers.

Unfortunately it is currently not clear what these T-brane decorations mean in the
original M-theory duality frame. It would be very interesting to clarify this.

2.4 Frozen conformal matter

In this paper, we are also interested in “incomplete” versions of the chains in (2.4) —
namely, to the chains that result from taking some of the outermost fractions (i.e. tensor
multiplets) to infinity. For example, for G = E7 we can take to infinity the two outermost
fractions on the left and the three outermost on the right, and we end up with

SU@R)] 3 518 ... 8175 507 . (2.11)

The chain now ends on the left and on the right with a partially frozen version of the
singularity, in the sense explained above. For this reason, we will sometimes call this
general class of theories frozen conformal matter.

This class is more general than the ordinary “unfrozen” conformal matter we reviewed
earlier. The endpoint is no longer a sequence of —2 curves; for example, for (2.11) it is
2327723 where n is the number of ¢, gauge algebras and 2" =2...2.

——

n

2 The nonabelian nature of this pole might suggest a Myers-like effect in the limit where the gauge
algebras are large, but this is in fact naive [23].



soky: | © |1 @ g | o [BUBL T2
e(a) |2 3 e(fa)| 2 23 3 4
5. | @ [12321 2321 321 21 1 @
" le@] 2 223 23 3 4 5
a [12231513221 2231513221 231513221 31513221 1513221 513221
b, L) 2 22223 2223 223 23 33
T a 13221 3221 221 21 1 2
e(a) 3 24 4 5 6 7

Table 1. The map e used in the general endpoint result (2.12).

If we look at the endpoints for all frozen conformal matter, we cover all the (non-
bifurcated) endpoints which are a priori possible for any SCFTg, as classified in [19]. The
general rule is easy to describe:

a1 (G)—(G)—...(G) d} — e(a1)2" 2e(as)’, (2.12)
#of (G)=n

where ¢ denotes inversion of order, and e is described by table 1. When n = 1, (2.12) has
to be understood according to the following rule:

2y =y —2) - (2.13)

The general rules (2.12) and (2.13) are enough to cover all the possible incomplete chains,
except for those that do not include any copy of the “original” gauge algebra g at all, which
can be easily handled separately.

For example, the endpoint of (2.11) can be obtained using (2.12) as follows. In this
case, a1 = 321, and af, = 12, or in other words as = 21. Table 1 gives e(a1) = 23, e(az) = 3,
and then e(az)! = 3. So now the endpoint is 232723, as previously stated. For n = 1, we
have to use (2.13), which gives 232713 = 24.

Looking at table 1, we see that the e(a) cover all the possible « in the endpoint
classification ([19], eq. (5.7), (5.9));® the Bs there are simply o' in our notation. Moreover,
with the rule (2.13) we also cover all the “rigid outliers” of ([19], eq. (5.12)).

Thus the frozen conformal matter we discussed in this subsection provide all the non-
bifurcated endpoints in [19] where the chain does not bifurcate. (In [19] there are also a
few endpoints which do bifurcate but quite minimally, listed in their (5.8), which we are
not covering here. It is possible that one might obtain those by generalizing the present
discussion by introducing orientifold-type objects.) We hasten to add that many different
theories can share the same endpoint, so the frozen conformal matter theories are far from
being the most general SCFTy.

3e(a) =6, 5, 4, 3, 23 do not appear in their list of as because they can be obtained from 7 and 24: the
list of as in ([19], eq. (5.9)) provides the “convex hull” of endpoints, as explained there.



However, as we mentioned at the end of section 2.3, the theories with endpoint 2"
can be obtained from ordinary conformal matter by decorating them with nilpotent ele-
ments, thus obtaining the theories (2.10). This suggests that one could similarly obtain all
the non-bifurcated theories by decorating frozen conformal matter by nilpotent elements.
Some elements for doing so were already analyzed in ([12], section 4.2), where nilpotent
hierarchies for G5 and F, were obtained.

3 Very Higgsable, and Higgsable to N = (2, 0) theories

We will now introduce some terminology, extending ideas introduced in [15, 20].

Very Higgsable (VH) theories. These are the CFTs whose Higgs branch is such that
at its generic point the theory flows to a collection of free hypermultiplets, without any
tensors:

vH SCFT —  free hypermultiplets . (3.1)

We divide this class in two subclasses: obviously very Higgsable, which are strictly
speaking the ones considered in [15], and Hiddenly very Higgsable, which are a natural

extension.

1. Obviously very Higgsable (OvH) theories. These theories can be identified as very
Higgsable directly by looking at the F-theory realization: all of the compact cycles
producing the tensor multiplets can be removed by repeated blow-downs of (—1)-
curves. Examples of such theories include

e The theory of free hypermultiplets.

e The E-string theory we mentioned above, with one tensor and an FEg flavor
symmetry. It has a Higgs branch of dimension 29. One incarnation of this theory
is as the description of an M5 on an Fg boundary in M-theory; in this picture,
the tensor branch corresponds to pulling away the M5 from the wall, while the
Higgs branch corresponds to turning the M5 into an Fg instanton. Since such an
instanton cannot be pulled off the wall, we see that the tensor multiplet has been
lost on this branch. This is sometimes called a “small instanton transition”; by
a slight abuse a language, one sometimes calls this way any transition where
tensors are lost in favor of hypermultiplets, such as the flow in (3.1).

e The so-called rank N E-string theory, which consists of a single (—1)-curve
followed by N — 1 (-2)-curves, and which describes N M5s on the Eg wall.

e The worldvolume theory of a single or multiple M5-branes on C?/I'¢ on an
Eg wall.

e The worldvolume theory 7¢(0) of a single M5-brane on C? /T, also known as the
minimal conformal matter theory of type (G, G), with G a simply-laced group.

e Certain theories that describe fractional Mb5-branes on orbifold singularities,

including
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— (B7,S0(7)) minimal conformal matter describing 1/2 M5-branes on C?/T . ;
— (Es, Fy) minimal conformal matter describing 1/2 M5-branes on C2?/T f;
and

— (Es, G2) minimal conformal matter describing 1/3 M5-branes on C?/T g,.

2. Hiddenly very Higgsable (HvH) theories. These are very Higgsable theories which are
not obviously very Higgsable. We will give an F-theory characterization in section 4.2.
Examples of such theories include

e The worldvolume theory of a single M5-brane probing the completely frozen
SO(2k) or Eg 7g singularity.

e The theories describing a single M5-brane probing an ADE singularity frozen to
a non-simply-laced group Gp; this will turn out to be G, Fy, USp(2k). (Such
theories are one possible definition of (Gf, Gg) conformal matter.) We will see
these in more detail in section 5.

Higgsable to N/ = (2,0) (HN) theories. This is a generalization of the notion of vH
theory. A theory is HN if its Higgs branch is such that at its generic point the theory flows
to an N = (2,0) theory plus free hypermultiplets:

HN SCFT — N = (2,0) of type g + d hypers. (3.2)

We again divide the class in two subclasses: those for which such a property is obvious
from the F-theory realization, which are strictly speaking the ones considered in [20], and
those for which such a property is hidden.

1. Obviously Higgsable to N = (2,0) (OHN) theories. In terms of F-theory, these
theories have only (—2)-curves at the endpoint where all possible blow-downs of
(—1)-curves have been performed. The number of (—2)-curves at the endpoint was
denoted by n in [14] for this class of theories. This number n is precisely the rank of
the N' = (2,0) theory at the endpoint of the aforementioned Higgs branch flow [20].
Note that this class of theories were referred to as “Higgsable to N' = (2,0)” in [15].
Examples are

e The worldvolume theory of multiple M5-branes on C2?/Tq, also known as the
non-minimal conformal matter of type (G, G), with G a simply-laced group.

e More generally, the T-brane theories that arise from the nilpotent Higgsing
associated with a pair of the nilpotent orbits (ur,ur) of a sufficiently long
chain of the conformal matter of type (G,G), with G simply-laced.

2. Hiddenly Higgsable to N = (2,0) (HHN) theories. After blowing-down all of the (—1)-
curves, the endpoint does not consist of only (—2)-curves. The possible endpoints
will be classified in section 4.4. We will also see that in a sense all such theories
describe multiple M5-branes probing a (partially) frozen SO(2k) or Eg 7 g singularity
(or their T-brane descendants).

We will consider HvH and HHN theories in more detail in the next section.
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4 Constraints for the very Higgsable and Higgsable to N = (2, 0) theo-
ries

In this section, we obtain a necessary condition for a 6d SCFT to be an obviously or
hiddenly very Higgsable or Higgsable to N' = (2,0) theory.

4.1 Very Higgsable theories

During the flow (3.1), the diffeomorphism group remains unbroken, and hence the gravita-
tional anomalies can be matched in both sides.

We compute the gravitational anomaly of the 6d SCFT by moving on to a sub-branch
of the tensor branch where all (—1)-curves are blown-down, also known as the “endpoint”
and classified by [19]. The tensor branch flow from the vH SCFT to the endpoint is as
follows:

vH SCFT — @;OvH; 4+ n$" vectors + n$d hypers (4.1)
where at the endpoint there are a collection of OvH theories (labelled OvH;), n$td vector
multiplets and n‘}}“d tensor multiplets. The configuration of the tensor multiplets at the
endpoint is specified by an integral, symmetric and positive definite matrix 77;{1 q Wwith
,7=1,... ,neTnd, whose diagonal elements satisfy the inequality 2 < n‘iﬁld <12.

The gravitational anomaly of 6d SCFT at the endpoint, computed using (4.1), is

Iend _ IGS + n%ldltensor + n(‘e/ndlvector + Z IOVHi’ (4'2)

()

where the notation is as follows:

e The Green-Schwarz contribution IS to the gravitational anomaly at the endpoint is

”glsd 2
29 p(T)7, (4.3)
where
ngnd
N = D )i (2 = i) (2 = 10y) - (4.4)
ij=1

e The contribution of tensor/vector multiplet is given as

_ 23p1 (T)2 — 116p2(T) Jector _ _7p1(T)2 - 4p2(T) (4 5)
5760 ’ 5760 ' '

Itensor

e The contribution TOVH: is the gravitational anomalies of each OvH; theory on the
right of (4.1).

[ =dy 5760 (46)

dgVHi. This fact can be proven by the inductive

by using some positive integer
method used in [15]. More precisely, the integer d%?9 is written as
p Y7 g H
d%VHi = QQngVHi + n?IVHi — n‘gVHi (4.7)

where ng‘}lﬁf is the number of tensor/hyper/vector multiplets of the OvH; theory.
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Plugging these contributions back to (4.2), we obtain the gravitational anomaly

oo (180ng‘§‘ +23n58d — 7ngpd 4 7y dEVH’) p(T)?
%

(4.8)

1 |
= (11671%“‘1 —dnPd 4y dgsz> pa(T) .
A

Assume that on the right hand side of (3.1) there are dy hypermulitplets, where dj is
the dimension of the Higgs branch of the vH SCFT in question at the origin of the tensor
branch. The gravitational anomaly can also be written as

Tp1(T)* — 4pa(T)

e = gy 760 (4.9)
Matching the gravitational anomalies (4.8) and (4.9), we obtain two equations:
180 + 23n$ — TP + 7Y " dp' T = 7dy,
11605 — 4§ 4 4 i: Ao = 4dy. (410
i
From the second equation, we have
di = 2950 + (Z dgvHi> —n$d (4.11)
i

This equation has an interesting physical interpretation. It implies that the Higgs branch
dimension dy of the vH theory at the origin of the tensor branch can be computed using
the endpoint data, including neT“d and n“a}ld. The quantity ), d%VHi should be viewed at
the “effective” number of hypermultiplets at the endpoint.

By eliminating dy from (4.10), we obtain a nontrivial constraint for the possible tensor
branch structure of the endpoint, namely

nd nd -1 it jJ
ngd = nggd = S (k)i (2 — nig) (2 — ), (4.12)
,J
where we have recalled the definition of n&§ from (4.4). Note that if an the original vH
theory is OvH, n§*! = 0 by definition; hence Y, ; (M) (2 = 1% (2 =7 ,) = 0 for such
a theory.

In fact, we can also obtain an equation similar to (4.11), but relating the Higgs branch
dimension dy at the origin to data of the field theory at a generic point on the tensor
branch. Since the coefficient py(7T') is not affected by the Green-Schwarz contribution, this
coefficient can be matched between the theory of dy free hypermultiplets and the effective
field theory at a generic point on the tensor branch:

dg =297 +nyg — ny (4.13)

where np gy are the number of the tensor multiplets, hypermultiplets and the vector
multiplets at a generic point on the tensor branch.
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4.2 Characterization of HvH theories in terms of F-theory

We will now characterize the solutions to the constraint (4.12) in F-theory, first by looking
at some examples and then by giving the complete list. We will postpone the M-theory
interpretation to section 5.

First of all, the constraint cannot be satisfied when the endpoint consists only of —2
curves, since the term on the right of the first equality of (4.12) is zero. This prevents a
number of 6d N = (1,0) theories from being very Higgsable. For example, the worldvol-
ume theories on multiple M5-branes on an orbifold singularity (non-minimal 6d conformal
matter theories) does not belong to this class.

Theories with a single curve. Let us now turn to the theory of a single curve. If we
denote denote the self-intersection of the curve as —n, the constraint (4.12) becomes

%(n _o? o, (4.14)

whose solution is n = 1,4.

The solution n = 1 corresponds to the rank-one E-string theory and is indeed OvH.
As we reviewed earlier, the transition (3.1) results in 29 free hypermultiplets.

The case of n = 4 is more interesting. If we assume that the elliptic fibration over the
—4 curve is as generic as possible, we obtain the gauge group SO(8) and no hypermultiplet
on the tensor branch; there is no Higgs branch at the generic point of the tensor branch.
However, since n$?d = 28, nS"d = 1 and d}?IVH" =0, (4.11) says that dyg = 1, i.e. there is
a one dimensional Higgs branch at the origin of the tensor branch. Thus this theory is
hiddenly very Higgsable.

As we will see, there are several examples with this endpoint; two notable ones will
appear in sections 8.2 and 9.

Theories with two curves. Let us consider a theory of two curves with the self-
intersection —n and —m. The intersection matrix and its inverse are given by

m —1 1 1 n 1
= = . 4.15
7 (—1 n)’ 7 mn—l(lm) ( )

Then, the constraint (4.12) becomes

mn(m+mn—6)+ 8
mn — 1

=2, (4.16)

whose solutions are (m,n) = (1,2), (1,5), (2,5). The first two cases reduce to a single
curve after blowing down the (—1)-curve; this was discussed in the previous paragraph.
The solution (2, 5) is more interesting: in sections 8.1 and 9, we will discuss two examples
of this type.
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General analysis. After these preliminary examples, we can start a more systematic
analysis. The constraint (4.12) quickly becomes complicated when one considers a number
of curves > 2. However, as mentioned in section 3, the full list of possible endpoints for a
6d SCFT was obtained in [19]. So we can simply apply (4.12) to the list of endpoints in
that paper.

The full list reads

4, 52, 352, 622, 7222, 82222. (4.17)

We already made some comments about the first two cases. We will give a similar inter-
pretation to the others in section 5.

4.3 Higgsable to N = (2,0) theories
Recall that a theory is said to be Higgsable to A' = (2,0) (HN) if there is a Higgs flow (3.2).

For brevity, we write
n=rank g . (4.18)

Since the N' = (2,0) theory has a flow
N =(2,0) of type g — n copies of (N = (1,0) hyper + N' = (1,0) tensor), (4.19)
the HN SCFT in question has a flow
HN SCFT — dpg hypers + n tensors, (4.20)

with
dg=d+n. (4.21)

We interpret dg as the dimension of the Higgs branch at the origin of the tensor branch.
We shall henceforth refer to dy as the CFT Higgs branch dimension.

Similarly to (4.13), we can match the coefficient of po(7") in the anomaly polynomials
of the right hand side of (4.20) with the effective field theory on the generic point of the
tensor branch:

dg + 29 =297 +ng —ny, (4.22)

where n7 gy are the number of the tensor multiplets, hypermultiplets and the vector
multiplets at a generic point on the tensor branch. For n = 0, we recover (4.13) for the vH
theory as expected.

By matching the coefficient p;(T')? of the anomaly polynomials of the right hand side
of (4.20) with the effective theory at the endpoint, we find that

59 = g n = k)2 o) 2~ i) . (4.23)
1,3

where again we have recalled the definition of nCGng from (4.4). This is a necessary condition
for an SCFT to be HN: n%nd — n‘élsd should be an integer. For an OHN theory, the endpoint
contains only (—2)-curves and the number of these curves are equal to rank(G) = n of the
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N = (2,0) theory in question [20]; hence n$"d = n and Zm(n;lld)z‘j@ —ni )2 - nﬁﬁd) =0
for such a theory.
It also happens that ngg — nr is invariant under blowdown. So we have

g —nd =ngs —nr, (4.24)

where now ngs = >_;'7_, 771-;1(2 —n")(2 — n7), which we already defined back in (1.1). So
the constraint (4.23) can also be imposed before flowing to the endpoint, by requiring that
ngs — nr be an integer.

In sections 8 and 9, we provide some examples of this class, including the non-minimal
conformal matter theories of type (G, G) where G is non-simply-laced and theories on the
worldvolume of multiple M5-branes on a completely frozen singularity. As a preview, here
is an example of the latter: for two Mbs on a frozen Dy singularity, the quiver reads

1 4 1 4 [1] (4.25)

Indeed we can check that (4.23) is satisfied with n = 1, which means that this theory has
a Higgs branch flow to N/ = (2,0) theory of type su(2).
For an HN theory, there should be a tensor branch flow

HN SCFT — @;vH; + n tensors + ny vectors, (4.26)

where vH; are collections of (obviously or hiddenly) vH theories. Similarly to the above,
the matching of the coefficient po(7) yields

dyg =Y _dy =7y . (4.27)

4.4 Characterization of HHN theories in terms of F-theory

Once again, to find the most general solution to (4.23), we can go through the list of
endpoints provided by [19] (just like we did for (4.12) at the end of section 4.2).
The full list is given by

32n13 0 427132 332142 52n1322) 62713222, 727132222, (4.28)

where 2°7! = 2...2 and n coincides with what one computes from the constraint (4.23).
n—1
Every e(a) in table 1 appears on one side of an element of the list (4.28), with a companion

on the other side (which is itself for e(a)=3). Notice also that (4.17) can be obtained
by (4.28) for n = 0 by using the rule (2.13).
We will give an M5 interpretation to (4.28) in the next section.

4.5 Summary

Let us summarize the main results from this section. An HN theory has to satisfy the
constraint (4.23). Using (4.22), (4.23) and (4.24), we can write the Higgs branch dimension
of the CFT point as

dim$FT Higgs = ny — ny + 29nas (4.29)
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which is (1.1), repeated here for convenience. ny and ny are the numbers of hypermulti-
plets and vector multiplets in the F-theory quiver at the generic point of the tensor branch.

In the following, we adopt the notation dimﬂ%FT Higgs(75%) to denote the Higgs branch
dimension (in quarternionic units) of the CFT fixed point of the six dimensional theory 7%,

5 Fractional M5-branes

We will now apply the results of the preceding section to M5-branes on singularities, and
related theories.

5.1 Conformal matter theories

As we already mentioned, these are OHN; ngs = 0, and n is equal to the number of
(—2)-curves after blowing down all (—1)-curves. Eq. (4.29) gives

dimGF T Higgs(T(n)) = n+ dim(G) + 1 . (5.1)

This formula has a physical interpretation. The theory is HN, and thus there is a
transition where all the tensors disappear; however, they can disappear only on certain loci
of the tensor branch. When some M5 fractions come together to form a full M5, the latter
can be pulled away from the singularity. (In figure 1 we see a single M5 being formed in
this fashion.) The positions of these full M5s parameterize the n 4+ 1 summand in (5.1).

5.2 T-branes

As we also already mentioned, all the T-brane theories obtained in [12] are actually also
HHN, although not especially obvious by their aspect at the generic point of the tensor
branch. This is to be expected from their origin in F-theory: they are obtained by taking a
conformal matter theory 7 (n) and adding a pole for the Hitchin field at the two outermost
-2 curves. This was already checked in [14]. From the results in that paper and (5.1)
we obtain

dimG* T Higes(T6 ({Y1, Yr},n) = n 4+ dim(G) + 1 — dy;, — dyy , (5.2)
which is (1.2), reported here for convenience.

5.3 (Partially) frozen conformal matter theories

Recall from section 2.4 our definition of frozen conformal matter: it consists in taking
to infinity some of the outermost tensor multiplets in the tensor branch description of a
conformal matter theory. Recall also that all possible (non-bifurcated) endpoints from [19]
have a frozen conformal matter representative.

Let us first ask which frozen conformal matter theories are very Higgsable. The list of
possible not obviously vH endpoints was obtained in (4.17). Using (2.12), (2.13), we can
see that all the allowed possibilities have a number of curves (before going to the endpoint)
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SU(3) = SU(3

Eﬁ %] ; () %] 6

Figure 1. The central part of the picture represents fractional 2 M5-branes (dots) on a R x R*/T g,
singularity (red line). In this case each of the individual fractions is 1/4 an ordinary M5. (To be
precise, the M5 charges of the fractions are not the same. The fraction between Fg and @ has charge
1/3, while the one between @ and SU(3) has charge 1/6; see (2.9).) We also show the gauge groups
(or lack thereof) on each segment between two fractional M5s. On the top part of the picture, we
show a situation where the first four fractions have recombined into a full M5; the latter can now
be pulled off the singularity. On the bottom part of the picture we see a different transition, where
the fractions have come together in a different way.

which is exactly equal to f(G) — 1, where f is the number of fractions (2.6). For example,
for G = Eg, these are

6 1], [SUB)161[SUB). (5.3)

=
w
—

These are both obtained from the middle part of figure 1 by keeping four neighboring M5
fractions in the middle and sending to infinity all the others fractions. The same pattern
is repeated for any G. We will denote these vH theories 7'Gf;Gfr (0), where Gy, is the flavor
symmetry on either side. For example, (5.3) will be called 7—£§r6_>®(0) and 7—Ef£5—>SU(3) (0).

It is natural to interpret the fact that these theories are very Higgsable as meaning
that a transition such as the one in the lower part of figure 1 can occur. Here we assemble
a “full M5” from f fractions which are not taken in the original order (starting from the
unfrozen G singularity), but in any other order. If one takes the full M5 thus formed off
the singularity, one leaves behind a partially or totally frozen version of it. In this sense,
the theories %;Gﬁ (0) represent an M5 probing a partially frozen singularity.

This conclusion is confirmed if we also look at HN theories. The possible endpoints
were obtained in (4.28). These now all consist of Nf — 1 curves; they are chains of HvH
theories such as (5.3), and represent this time Nf fractions. We will call these theories

e _}Gfr(N —1). They represent N Mb5-branes probing a partially frozen singularity. The
n+ 1= N summand in (5.1) represents the moduli of these full M5-branes. (The dim(G)
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summand has to do with the T-brane nilpotent Higgsings, and indeed it gets partially
eroded in (5.2).) If we apply (5.1) once again, we get

dimGF T Higgs(To g, (n)) = n + dim(Gg) + 1, (5.4)

which is just like (5.1), but with G replaced by Gy.. The Higgs moduli space dimension for
these theories should be given by (5.2) with G replaced by Gy, (just as one goes from (5.1)
to (5.4)).

Thus, in the context of frozen conformal matter, HvH and HHN theories represent cases
where one assembles M5 fractions into full Mbs. We should add that there also exist a few
“shorter” OvH theories. For instance, [SU(3)] 1 [Es] is an example of frozen conformal
matter in the sense of section 2.4: it describes two fractional M5s (a half M5) on an Eg
singularity. The reason this is very Higgsable has nothing to do with the recombination
phenomena of figure 1. It is rather a T-brane phenomenon: the Higgs flows activated by
the Higgs fields poles (reviewed in section 2.3) can also sometimes change the number of
tensors. (This does not happen for G = SU(k).) For low N and for nilpotent elements of
large enough orbit dimension, this can lead to the loss of all tensor multiplets. We will see
other examples of such short OvH frozen conformal matter in section 5.6.

It would also be possible to Higgs the theories 7'ij;Gﬂ (N) by two nilpotent elements
Y1, r in Gg, thus obtaining T-brane theories TGf;Gﬁ({YLv Yr}, N). These theories have not
been fully worked out in general, but as we mentioned the cases G, = G5 and Fy were
considered in ([12], section 4.2).

5.4 Non-simply-laced Gy,

Notice that Gy, is not necessarily simply-laced: looking at (2.4), we see the non-simply-laced
groups SO(7), USp(2k), Go, Fy appearing. In this cases, %!Gﬁ(N ) provides a possible
definition of (Gf, Gg) conformal matter. The N = 0 cases read

Gol—[Go]: G T 2112125 %1516,
F—I[F): [R]13 221121272 31[F)], (5.5)
Sp(k))—ISp(W] : [Sp(k)] 4 [Sp(k)] -

We can use these examples to illustrate our general discussion above. If we go to the
endpoint locus on the tensor branch of the theories in (5.5) by blowing down all (—1) curves,
we see that the result does not contain only (—2) curves: we get 52 for the Gy, = G2 case,
and 4 for Gy, = Fy, Sp(k). As we discussed in section 4.2, these satisfy the constraint (4.12)
for a theory to be hiddenly very-Higgsable. We can also consider longer chains, such as

u2 g2 u

g, su, eg 5 f4 92 su, eg suy g2
[Fy] 13 22112122 31513 2211212 2 31[F]. (5.6)

The endpoint is now 33. This indeed appears in the list of possibilities (4.28) forn = 1. One
can check this directly as well: 74 = (_31 )k = 2(34),nPd =2, thusn=2-1=1.
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5.5 Complete freezing: G = 2

It is also possible that G, = @. We already saw one such case in the first theory in (5.3).
The other cases read

50(8)
G=50(8): [1 4 [,

su(3) ¢6
G=FEs: [1] 3 167,

su(2) so(7) su(2) ey (5'7)
G=FE;: [1 2 3 2 18],

su(2) g2 fa g2 su(2) e

G=FEs: [112 2 31513 2 2112[1].

As we mentioned, we call these theories ch;r "¢, (0). Notice, however, that for G = Eg there
are two more possibilities to have Gy = @:

su(2) g2 f4 g2 su(2) e
2] 2 31513 2 211 2],
(5.8)

—  po%
—_

M

fa g2 su(2) es su(2) g
1513 2 211212 2 3[1].

We will call these two “exotically frozen”.*

Notice that they correspond to the case
dpg—z = 5 in (2.8), whereas the case G = Eg in (5.7) corresponds to dgs—z = 6 (see [15],
eq. (3.6)).

Up to reflection, (5.7) and (5.8) exhaust all the possible cases where G, = @.

5.6 Partial recombinations

Our methods allow us to access the Higgs moduli space at the origin of the tensor branch
for several interesting theories; one might also wonder, however, about the Higgs moduli
space on different non-generic loci of the tensor branch. For example, let us now go back
to the original unfrozen conformal matter chains 7¢(N). We know that the Higgs moduli
space has dimension (5.1) at the CFT point, where all the fractions are coinciding. But
what about loci where only some of the fractions are coinciding?

Let us go back to (4.22) and rewrite it as dg = 29(ny — n) + ng — ny. In terms of
the number of fractions f (recall (2.6)), this is 29(f — 1)n +ng — ny. On a generic point of
the tensor branch, the physics is weakly coupled and one expects simply ng — ny. Thus
one expects that the moduli space increases every time one puts fractions on top of each
other, up to a maximum which is reached one has made (f — 1)n coincidences; this is not
the same as making all the M5s coincide, but rather the same as recombining the fractions
in several full Mb5s.

In other words, the dimension (5.1) is also valid at points where the M5 fractions
are not all on top of each other, but also in loci of the tensor branch where the fractions
coincide in groups of f, thus making full M5s which need not themselves be on top of each

“The term ezotic is used here because, as we shall discuss in section 5.7, the theories (5.8) have more
complicated anomaly formulae than their non-exotic counterpart.
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other. To check this, let us point out that if we have a sequence of CFT’s connected by
vectors and hypers, we expect dy at that locus to be

> du(CFTy) + ng —ny . (5.9)

The non-generic locus of 7g(N — 1) where N full M5s have formed but do not all coincide
can be thought of as N copies of T(0) connected by (N — 1) copies of a G gauge field.
Thus (5.9) gives

(dim(G) + 1)N — dim(G)(N — 1) = dim(G) + N (5.10)

which coincides with (5.1), recalling N = n+ 1. Thus the maximum Higgs moduli space
dimension is already reached on this locus.

On the other hand, recall we mentioned the existence of some “short” vH theories
that are partially frozen conformal matter in the sense of section 2.4 (namely, they are
incomplete conformal matter chains), but that do not consist of f fractions. There are
some obvious examples, such as a single —1-curve, but also a few less-obvious ones, such as

(B80T : (B 172 [80(7)],
[Eg]—I[Go] : [Es] 12 5“52) [Ga], (5.11)
su(2) go

[Eg]—[F4] : [Eg] 12 2 31 [F4] .

These are all OvH theories, as one can easily check. The first describes 3 = %f(E7) fractions,
which means it is a “half M5” on an F7 singularity; the second and third describe one third
and one half an M5 on top of an Fjg singularity.

Using these theories, we can access the Higgs moduli space at some loci of partial
coincidence of fractions. For example, for G = E7, we can consider the locus where the
fractions are coinciding 3 at a time, so that we have a sequence of 2N half-Mbs:

[E7]——(80(7))——(E7) - - - (Er)——(SO(7))—I[Ex] . (5.12)

Since [E7]—/[SO(7)] is OvH, we can use (4.29) to compute dy = 8 — 3 +2-29 = 63.
Now (5.9) gives (2N x 63) —21N —133(N —1) = 133 — 28N = dim(E;) — 28 N. Comparing
this with (5.1), we see that we have the Higgs moduli space dimension has gone down by
29N — namely, we lose a dimension 29 whenever we split an M5 in two halves.

In the same vein we can consider [Eg]—(Fy)—(FEg) - - -——[Es], which is a sequence
of half-Mbs on an Ejg singularity. Here [Eg|—/[Fy] has dy = 136, and (5.9) gives (2N x
136) —52N —248(N —1) = 248 —28N = dim(FEg)—28N. Again we have lost a dimension 29
by splitting the M5s in half. A similar computation can be performed for an Fg singularity,
with the same conclusion.
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5.7 Anomaly polynomials of frozen conformal matter

We will now compute the anomaly polynomial for (G, Gg) conformal matter in a similar
fashion to (3.19), (3.23) and (B.20) of [24], for a chain Tér_}Gﬁ(Q—l) of Q) copies of (G, G)

conformal matter theories:

[Gfr] (Gfr) cee (Gfr) [Gfr] . (5.13)

Gy can also be non-simply-laced or trivial.
We find that the anomaly polynomial, including the center of mass tensor multiplet,
admits an elegant expression which is a simple generalisation of (B.20) of [24]:

1 1 1 1
I = ﬂQSIFG\QCQ(R)Z = Qls = 50T6|(Jar + Jar) = 515 = 5T, (5.14)
where G is the simply-laced group from which Gy, is originated, and other definitions are
as follows:

e The expression for Ig is

1 1

Is= 2 p2(T) — p1(T)ea(R) — Zpl(T)Q : (5.15)

e The expression for Jy 1 /g is

tr F7 ) (5.16)

1 1
= —(4 T _—
Jopsr = jg(dea(R) +pi(T))xc-a, + oo

h
where 12 1

_— 5.17
da-c, |Tal (5.17)

XG=Gy =Ta — 11+

rq is the rank of G, |I'¢| is the cardinality of I, and dg_,¢q,, is the parameter given
n (2.8). When Gy, = G, dg_q,, is taken to be 1. The last term in (5.16) is present
only when G is non-empty. The quantity xg—q, can also be expressed using the
ranks of G as

rg +1— |I‘71@\ unfrozen, Gg = G ;
XG—Gpy = —% — \Filcl “exotically frozen”: (5.8) ; (5.18)
rg, —1— ‘F—IC;' otherwise .

~Ql vec 3
e The expression for I} R 1S

vec 1 .
Iifn=—5; [Jj{j F g +6c2(R) i Fi g+ dlm(Gfr)cQ(R)Q] 510
5.19
1 2 . 1 2
-z L%"J Fip+ dlm(Gfr)@(R)} — =60 LPA(T)” = dpa(T)]
where
tr F g =h"(Gp) tr F7 - (5.20)

adj
The latter are of course only present when Gy # &.
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The center of mass contribution to the above anomaly polynomial is similar to (3.24)
of [24]:

1 1 23 116
ICM — | = 2 - T 2 --Y T
512"+ goa(B)pr+ o= p (1) = ooeipa(T)
L (5.21)
— (t F2 —t F2
20168, (b Ff - tr FR)”

In particular, the second line is a Green-Schwarz contribution.
The anomaly polynomial of the SCFT associated with (5.13), which is equal to I*°* —
, can therefore be written as

acs(R)? + Bea(R)pr(T) + yp1(T)? + 6pa(T)

\
_E & 2 2
+ ( gCc2(B) + —o pl(T)> (tr Ff + tr Fp) (5.22)

ICM

1 1 1
(trFL—i—trFR) (trF]%—trF]%)z

48 adj 2Q 16dG—>G

where
1, ..
o= 51 T6P@® ~ QI alxag, + 5 (dm(Gr) ~ 1)

B = @Q (1 —-1Talxe-an) + Zg(dim(Gfr) -1)
1

5760
1 .
=T [30(Q — 1) + dim(Gyg) + 1]
‘PG| Vv
r=—"—"10Q—h{, .
dg-ay, @ =hy,

30(Q — 1) 4+ 7(dim(Gg) + 1)] (5.23)

A special case that is worth mentioning here is when Gy, = @ and Gy, is not exotically
frozen. Using (5.17) or (5.18), we take xg—q, = —1 — IFilc\ and we obtain

o= 52 ITGPQ° — (-1l - 1)Q - o

48 (5.24)

This can be obtained from (3.19) and (3.23) of [24] with dim G = rank G = 0 and with
IT¢| replaced by —|T'g|.

Our formulas for the anomaly polynomial might give interesting indications on the
physics of frozen singularities. Notice in particular that our results are a minimal mod-
ification of those in [24]: the new elements are the appearance of the parameter dg_.q,,
of (2.8), and of xg—q, in (5.18). It would be very interesting to see how this comes
about from an anomaly inflow computation similar to that in appendix B of [24], where
for example our xg_q;, appears to modify the xp of their (B.7).
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6 Conformal matter theories on T2

We will now start comparing the results we have obtained so far with various existing results
for torus compactifications. We expect that the Higgs branch dimension of the original 6d
theory matches with that of its 72 compactification, and we will check this for various
examples. Moreover, using (4.29) and (5.2) as a tool, from the next section we will propose
new results for the T2 and T compactifications of HvH and HHN theories, including (G, G)
conformal matter theories with G non-simply-laced and worldvolume theories of M5-branes
probing the completely frozen singularity.

We will start in this section with (G, G) conformal matter; as we have seen, this is the
theory describing N M5-branes on a R x C? /T singularity. We have seen its Higgs moduli
space is given by (5.1), with N = n+ 1. We will provide some checks of (5.1) against the
known results in [15, 20].

The case N = 1. For N =1 (or n =0), the 6d theory in question, 75(0), is a minimal
conformal matter of type (G,G). The T? compactification of the CFT point of such a
theory [15] is a class S theory of type G whose Gaiotto curve is a sphere with two maximal
punctures (those associated with the trivial nilpotent orbit) and one minimal punctures
(associated with the so-called subregular orbit). In the notation of [15] this reads®

5(5%){0,0,2} . (6.1)

Recall that the Higgs branch dimension for a class S theory of type GG and punctures O; is
given by

dimyHiggs(S(5%) {0, Y1, Yr}) = g (dim(G) — rank(G)) — dim(O;) + rank(G).  (6.2)

Moreover, the subregular orbit has dimension 3 (dim(G) — rank(G)) — 1. The Higgs branch
dimension of (6.1) is then

3 .. 1, .
3 (dim(G) — rank(G)) —0—0 — 3 (dim(G) — rank(G)) — 1| + rank(G) (63)

=1+dim(G),

in agreement with (5.1).

G = SU(k) and general N. Here I' = Z;. For N > k, the T? compactification of the
6d theory Ty (N — 1) is given by ([20], eq. (5.10), (5.11)):°

S(S?) sun {1V, V], [N — &, 1]} < S(S%)gun {171, [17], [1¥]]}
SU(N) x diag(SU(k) x SU(k))

(6.4)

°In this paper, we denote by S(X)g{Y1,Ys,...,Ys} a four-dimensional class S theory of type G whose
Gaiotto curve is a Riemann surface X with punctures Y7, Ya2,...,Ys.

6 According to (4.17) of [20], the case of k < N can be obtained by exchanging k and N, and the case
of k = N can be obtained by replacing S(S?)sun{[1V], 1], [N — k,1¥]} by S(S*)suw{[1V], 1], 1]}
with one flavour of the hypermultiplet in the fundamental representation of SU(N).
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where SU(N) in the denominator denotes the gauging of the diagonal SU(N) subgroup of
the flavour symmetry SU(N) xSU(N) coming from the two copies of [1VV], and diag(SU(k) x
SU(k)) in the denominator denotes the gauging of diagonal SU(k) subgroup of the flavour
symmetry SU(k) x SU(k) coming from [N — k,1*] and one of the [1¥] punctures. The
former gauging can be regarded as forming a handle so that the resulting theory becomes a
torus; see (4.17) of [20]. Thus, at a generic point of the Higgs branch, there is an unbroken
U(1)V~! gauge symmetry (see, e.g. [25]). The Higgs branch dimension of (6.4) is therefore,
recalling (6.2),

3
>
+ |30 - 0+ &) (65

—(N?—1) = (=1 +(N-1)
=N+ (k*-1).

dimy Higgs of (6.4) = |=(N? — N) — din_gar + (N — 1)}

where the last term (N — 1) in the first equality corresponds to the unbroken U(1)N—!

gauge symmetry. We have used that the dimension of the orbit [N — k, 1¥] is
1
We see that (6.5) is in agreement with (5.1).

The case of G = SO(2k) and general N. The T? compactification of the conformal
matter theory in question is described by ([21], eq. (3.3.57)):

S(5?)suem {[2V], TM, O} x S(5%)s0 (2w {[12"], [12¥], [1°M]]}
SU(N)  diag(SO(2k) x SO(2k))

where S(S%)su@n){[2V],TM,0,} denotes a 4d class S theory of SU(2N) type, whose
Gaiotto curve is a sphere with a untwisted [2V] puncture, a minimal twisted puncture

(6.7)

T'M, and a twisted puncture O, that has an SO(2k) flavour symmetry. Using the notation
of [26] for the twisted SU(2N) = Aany_1 class S theory, the twisted puncture is labelled by
a B-partition of 2NV + 1, and the untwisted puncture is labelled by an ordinary partition
of 2N. The minimal twisted puncture 7'M, whose flavour symmetry is empty, is labelled
by [2N + 1]. The twisted puncture of O, whose flavour symmetry is SO(2k), is labelled
by [2(N — k) + 1,1%%]. Here, the SU(N) factor in the denominator denotes the gauging of
the flavour symmetry SU(N) associated with [2V], and diag(SO(2k) x SO(2k)) denotes the
gauging of the diagonal subgroup of SO(2k) x SO(2k) coming from O, and one of the [12¥]
punctures. Similarly to the previous case, the SU(N) gauging forms a handle; see ([21],
eq. (3.3.57)).

Let us now compute the Higgs branch of (6.7). We first compute the Higgs branch
dimension of each component:

k—1
i S(5%)s0@ {12, 1,12} =k + 3x23 )| =k(3K-2),  (68)
j=1
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and
dimH S<S2>SU(2N){[2N]7 Ma Qk‘}

_ (;(2N2_N+1)_dTM)+<;(2N2—N+1)_dok>

+ <;[{(2N)2 —1} - (2N —-1)] - d[QNO + (2N - 1)

(6.9)
= (; (2N* =N +1) —N2> + <; (2N* =N +1) —(NQ—k2)>
- (;[{(21\02 —1}— (2N -1)] - N2> + (2N — 1)
=N?+k°

where % (2N2 - N+ 1) is the value of ng —ny for the trivial twisted orbit of SO(2N + 1);
see (3.46) of [13]. Thus, the Higgs branch dimension of (6.7) is given by

dimy Higgs of (6.7) = k(3k — 2) + (N? + k?)
SV @REE- D (N -1 (60)

N+ %(%)(% _,

in agreement with (5.1). Note that the terms (N — 1) in the second line comes from
the fact that SU(N) gauge symmetry is broken to U(1)N¥~! at a the generic point on the
Higgs branch.

It was also pointed out in ([21], eq. (3.3.58)) that the SU(N) gauge field in (6.7) can
be absorbed in to the twisted class & theory and this results in the following description:

S<T2>SU(2N) {M7 TM,TM, Qk} X S<S2>SO(2k){[12k]7 [12k]7 [12k]]}
diag(SO(2k) x SO(2k))

(6.11)

The Higgs branch dimension of S(T 2>SU(2 NALM,TM,TM, O} can be similarly computed
as the above:”

dlmH nggs of S <T2>SU(2N) {TMJ M? M7 Qk}

:3@ (2N2—N+1)—N2> +<; (2N2—N+1)—(N2—k:2)> 6.12)
+ (2N -1)+ (N —-1)

=k2+ N .

"The mirror of the three dimensional theory coming from S' compactification of
S(T*)suen{TM,TM,TM,0,} is S(USp(2N)) — (O(2k)) — (USp(2k — 2)) = (O(2k — 2)) — - —
(USp(2)) — (O(2)), where S denotes an adjoint hypermultiplet of USp(2N) gauge group [27, 28]. The
Coulomb branch dimension of this mirror theory is 2 (25;11 j) +k+ N =k 4+ N. This is in agreement

with the above Higgs branch dimension.
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Thus, the Higgs branch dimension of (6.11) is

dimy Higgs of (6.11) = (k* + N) + k(3k — 2) — 1(2/{:)(2/<: -1)
2 (6.13)

= N+ SRk 1),

in agreement with (5.1).
In the next section, we generalize these results to more general T-brane theories.

7 T-brane theories on T2

As we saw in section 2.3, one can Higgs the G x G flavor symmetry in the conformal matter
theory T (N) of type (G, G) by the nilpotent orbits (Y1, Yr), obtaining the so-called T-
brane theory 7¢({Y1,Yr}, N).

We claim the T? compactification of Tg({Yy,Yr}, N — 1) is a simple generalisation
of (4.17) and (5.10) of [20]:

S8, {SUN), G} x S(8%)c{0, YL, Yr}
SU(N) x diag(G x Q)

(7.1)

The notation is as follows:

e 5(5?)¢{0,YL, Yr} denotes the class S theory of type G associated with a sphere with
one maximal puncture 0, and two other punctures Y1, and YR.

. Szlg ¢){SU(IV), G} is a certain 4d field theory with a flavour symmetry SU(N) x G.
Upon gauging the SU(N) symmetry, the theory S?g G){SU(N),G}/SU(N) can be
realised as the T2 compactification of ([20], section 5.4)

Ta({2,(0)}n') —(G)—(G) ... (G)—IG] . (7.2)

N—n’/—1 copies of

Ta({2,(0)},n’) denotes the T-brane theory [12] of type (G, G) associated with the
principal orbit @ and the trivial orbit (i.e. maximal puncture) (0), with the flavour
symmetry G of the latter being gauged. As introduced in (2.5), the notation [G]—[G]
denotes the minimal conformal matter of type (G,G). We will make (7.2) more
explicit shortly.

For G = SU(k) or G = SO(2k), S?‘g G){SU(N), G} is in fact a class S theory discussed

in the previous section:

S sum) ISUWN), SU(K)} = S(S%)sumn {[1™], 1], [V — k, 1%} 73)
S?g,SO(zk)){SU(N)a SO(2k)} = S(S*)suem{[2V], TM, O} , .

where the notation in the latter equation is explained around (6.7). The description
in terms of a class S theory for G = Fg 78 is currently not known.
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e The SU(N) factor in the denominator denotes the gauging of the flavour symmetry
SU(N) in Séva){SU(N), G}, and the factor diag(G x G) denotes the gauging of the
diagonal subgroup of G x G coming from S?S’G){SU(N ), G} and the puncture 0 in

S(8%)c{0,YL, YR}

Using (7.1) and (7.3), we can compute the Higgs branch in a similar way as in (6.5)
and (6.9). For G = SU(k), the result is

dimy Higgs of (7.1) = [2(]\72 —N) —diy_pa + (N — 1)}

+ B(k2 — k) —dy;, —dy, + (k- 1)} (7.4)

~ (N2 -1) = (K*-1)+ (N -1)
=N+ (k* —1) —dy, —dyg,
in agreement with (5.2) upon setting n = N — 1. For G = SO(2k), the result is
dimg Higgs of (7.1) = (N? + N + k> = 1) + (3k(k — 1) — dy; — dy, + k)

— @)@k~ 1) (7.5)

—(N?—-1)
1
=N + 5(2/{)(2]@‘ — 1) — dYL — dYR,

in agreement with (5.2) upon setting n = N — 1.

7.1 The 6d origin of SE‘%G){SU(N),G}/SU(N)

The explicit F-theory quiver for (7.2) is:

Su; su, Stz Sup_—1 Sup  Suy Sup

G=SUk): 2 2 2 ... 2 2 2 ... 2 [SUK) (7.6)
[Ny=1]
N—k
su, g §09 usp, 5021 USPor_g8 so09p 5092k S02)
G=SO(2k): 22 314 1 ... 4 1 4 ... 4 —[SO(2k)]
[Vr=3] N—k
su, g, fa  Suj e 6 3 43
G=F¢: 22 3151316—6—06 ... 6—I[F
N-—-5

sU, g fa g su L4 L4 L4

2 [4
G=F;: 2231513 218—8—8 ... 8§—[Fy
N-5

SuU, g2 f4 g2 s

u gl
G=FEg: 22 31513 2

es su, fa g2 su, es ey eg
211112 2 31513 2 21 12—12 ... 12—[Fg] .
—_—
N—6

2

The number under each of the braces indicates the number of copies of the minimal confor-
mal matter theories (blue long dashes). The CFT Higgs branch dimension of each theory
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can be computed using (5.2) as follows:

dimG*T Higgs of (7.6) = n' + dim(G) + 1 — % [dim(G) — rank(G)]
+ (dim(G@) + 1)(N —n’ — 1) — dim(G)(N —n’ — 1) (7.7)

=N + % [dim(G) + rank(G)] .

Under the assumption that the 72 compactification does not affect the Higgs branch moduli
space, we claim that
S8, {SUW), G} 1
dimy Higgs of (Q’G)SU(N) =N+ B [dim(G) + rank(G)] . (7.8)
In fact, it can be checked that this agrees with (7.3) for G = SU(k) and G = SO(2k). Using
this dimension formula with (7.1), we find that

dim$FT Higgs of (7.1) = N + % (dim(G) + rank(G)] + ; (dim(G) — rank(G)]

—dy, — dy;, + rank(G) — dim(G)
=N+ dlm(G) — dyL — dyR ,

in agreement with (5.2) upon setting n = N — 1.

It is worth noting that, as pointed out in [20], for G = SU(N), Yg = [1"] and Y1, a
non-principal orbit, the diag(SU(N) x SU(NV)) gauge group in (7.1) is IR free. Even in this
non-conformal case, our computation using the 4d description (7.6) yields a result which
is in agreement with the corresponding CFT Higgs branch dimension given by (5.2).

8 Conformal matter theories frozen to non-simply-laced groups on T2

We will now consider partially frozen conformal matter theories — more specifically, the
HHN theories G‘;Gﬁ(N — 1) discussed in section 5, which describe N M5-branes probing
a I'g singularity frozen to Gg.. When Gy, is a non-simply-laced Lie group, this is a possible
definition of (Gf, G) conformal matter.

The resulting theories 75, . (0) were given in (5.5). The longer chains T "¢, (V) can
once again be defined as |G| —/[Gr]—. .. [Gg]. We will shortly provide an explicit check
that the CFT Higgs branch dimension of each of these theories is equal to dim(Gy) + 1.
For [SO(2k + 1)]—I[SO(2k + 1)] we do not manage to find a 6d F-theory quiver whose
CFT Higgs branch dimension is equal to this value.®

We also mentioned that these theories can be generalized by Higgsing the Gg X Gy,
flavor symmetry by two nilpotent elements, thus defining non-simply-laced T-brane theries.
The cases G = G2 and Fy can be written explicitly using ([12], section 4.2).

80ne may wish to consider the following quiver:

SPp—3 S02k43  SPr—2 S02k44 SPEp—2 S02k43 SPr—3
[SO(2k+1)] 1 4 1 4 1 4 1 [SO(2k+1)]. (8.1)
(Ny=3] (Ny=3]

According to (4.29), this theory has the CFT Higgs branch dimension 2k? 4+ 3k + 6, not 2k? — k + 1.
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We conjecture that the 72 compactification of the CFT point of T, Y YRhn)
is described by

Sk - (SUN), G) x S(52) {106, Y p,, Y}
SU(N) x diag(G x G)

: (8.2)

where n = N —1; G denotes a simply laced group whose outer-automorphism action gives
rise to the non-simply-laced group Gy; Oz denotes the untwisted maximal puncture of G;
Y, and Y p are twisted punctures of G; and

o for G = Ga, we take G= SO(8);

e for Gy = Fy, we take G = Eg;

o for G = USp(2k), we take G= SO(2k + 2);
o for Gp = SO(2k + 1), we take G = SU(2k) .

Note that the Higgs branch dimension of S?@ a)(SU(N), G)/SU(N) can be computed us-
ing (7.8). Below we compute the Higgs branch dimension of the 4d theory (8.2) and
compare with the CFT Higgs branch dimension of the 6d quivers in (5.5). We find an

agreement between the two results in each case.

8.1 The case of G =Gy

For Tr,—,(0) (minimal conformal matter of type (G2,G2)), the CFT Higgs branch di-
mension can be read off from (5.4): it gives dim(G2) + 1 = 15.

Upon compactifying the fixed point of this theory on T2, we conjecture the resulting
theory is the class S theory of the twisted SO(8) type associated with a sphere with two
maximal Zs-twisted punctures, denoted by 04, [29], and one (untwisted) subregular orbit
[5, 3] of SO(8):

QG2 ) QG2 ) [57 3] . (83)
For the trivial orbit 0g,, ng —ny = 112—107; for the trivial orbit [13] of SO(8), ng —ny =

112 — 100; and 11 is the dimension of the [5, 3] orbit. Thus the Higgs branch dimension of
this class S theory is

2(112 — 107 — 0) + (112 — 100 — 11) + 4 = 15, (8.4)

in agreement with the six-dimensional result dim(Gs) + 1 = 15.

Now let us consider the Higgs branch dimension of the 4d system (8.2):

S(a so(s) (SUW),S0(8)) x S(5?)s0(8)10s0(s), Y 1, Y r}

SU(N) x SO(8)

— 30 —



This is given by
dimy Higgs of (8.5)
= (N +16) + | (112 — 100 — 0) + (112 — 107 — dim Y,
+ (112 — 107 — dim Y ) + 4| — 28 (8.6)

=N+14—dimY; —dim Y,
=n+15—dim Y, —dim Y,

which is in agreement with the CFT Higgs branch of Tg;i({YL, Yr},n) given by (5.2) with
G — Gy (recall the difference between (5.1) and (5.4)).

8.2 The case of G = F}

For Tgy—r,(0), minimal conformal matter of type (Fy, Fy), the CFT Higgs branch dimen-
sion can be read off from (5.4): it gives dim(Fy) 4+ 1 = 53.

Upon compactifying the fixed point of this theory on T2, we conjecture the resulting
theory is the class S theory of the twisted Eg type associated with a sphere with two
maximal twisted punctures, denoted by 0, [30], and one (untwisted) subregular orbit
Eﬁ(al) of EGZ

QF4 ) QF4 ) Eﬁ(al) . (8'7)

The Higgs branch dimension of this class S theory can be computed as follows. 624 — 601
is ny — ny of the trivial orbit 0p, , 624 — 588 is the ny — ny of the trivial orbit 0 of Eg,
and 35 is the dimension of the FEg(ay) orbit. Thus we get

2(624 — 601 — 0) + (624 — 588 — 35) + 6 = 53 , (8.8)

in agreement with the 6d result dim(Fy) + 1 = 53 above.
Now let us consider the Higgs branch dimension of the 4d system (8.2):

S(8 5y (SUN), Ee) x S(5%) 5 {055, Y 1, Y i}

(2,

SU(N) x Eq ! (89)
This is given by
dimp Higgs of (8.5)
= (N +42) + | (624 — 588 — 0)
+ (624 — 601 — dim Y ;) + (624 — 601 — dim Y ) + 6| — 78 (8.10)

=N +52—dim Y, —dim Yp
—n+453—dim Y, —dim Yp,

which is in agreement with the CFT Higgs branch of Tﬁf({YL, Yr},n) given by (5.2) with
G — Gfr.
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8.3 The case of G = USp(2k)

Once again, for Tgo(2r+2)—Usp(2k)(0), the CFT Higgs branch dimension can be read off
from (5.4): it gives

dim(USp(2k)) +1=2k* +k +1. (8.11)
Upon compactifying the fixed point of this theory on T2, we conjecture the resulting

theory is the class S theory of the twisted Dy type [31] associated with a sphere with
two maximal twisted punctures, denoted by [12¥] and carrying flavour symmetry USp(2k),

and one (untwisted) subregular orbit [2k — 1, 3] of Dj1:

[12%], [12+], [2k —1,3] . (8.12)

The Higgs branch dimension of this class S theory is

2[(k+1)2—2(k+1)+%—0]+[(k+1)k

A+ )2 (k+1) — 1} + (k+ 1) (8.13)
=2k +k+1=(8.11),

where (k+ 1)% — 2(k + 1) + 5 is the value of ng — ny for the puncture [1%%]; (k + 1)k is
the value of ng — ny for the puncture [12**2] of Dy 1; and {(k+1)2 — (k+ 1) — 1} is the
dimension of the orbit [2k — 1, 3] of Dj;.
Now let us consider the Higgs branch dimension of the 4d system (8.2):
SégkaH)(SU(N)’ Di41) % S<S2>Dk+1{0Dk+17XL7XR} (8.14)
SU(N) x SO(2k +2) ’ )
This is given by
dimy Higgs of (8.14)
1
=N+ (K +1)+ [2{2—2(k+1)+(k:+1)2}+(k:+1)/<:
1
—dimZL—dimXR—i—(k—i—l)] — 52k +2)(2k+1) (8.15)

1
= N+ 5(2K)(2k +1) —dim Y, — dim Y,

=n+dim(Cy) +1—-dimY; —dim Y,

which is in agreement with the CFT Higgs branch of TUﬁélp(zk)({YLv Yr},n) given by (5.2)
with G — Gy,.

8.4 Remarks

A puzzle about the Coulomb branch dimension. So far we have compared the
CFT Higgs branch dimension of the 6d theory with the Higgs branch dimension of the 4d
theory upon the T? compactification, and we have found a nice agreement between the two.
However, there is a mismatch when we compare (a) the number of the tensor multiplets +

~32 -



the total rank of the gauge groups in the minimal conformal matter of type (G,G) with
G non-simply-laced with (b) the Coulomb branch dimension of the 4d theory upon the T
compactification.

As an example, for the minimal conformal matter theory of type (Gz2,G2), (a) the
number of tensor multiplets + the total rank of the gauge groups is 11+1+8+1+2+4 = 27,
whereas (b) the Coulomb branch of 4d theory given by (8.3) is 3 complex dimensional (see
# 18 on page 8 of [29]). There is mismatch of 24 complex degrees of freedom.

A possible explanation of this is that the result of compactification consists of an
interacting SCFT and a collection of free vector multiplets. In the above example, we
conjecture that the aforementioned SCFT is the class S theory (8.3) and there are 24 free
vector multiplets. We hope to address this problem in future work.

The case of G = SO(2k + 1). A frozen singularities of C?/T'¢ in M-theory cannot
possess SO(2k + 1) symmetry with £ > 4 on it, therefore there seems no natural way to
define “(SO(2k + 1),SO(2k + 1)) conformal matter”. Nevertheless, we can find that the
Higgs branch dimensions of 4d systems (8.2) with the formula (5.2) with G = SO(2k + 1)
and nilpotent orbits Y7, Y of the group. The G in (8.2) should be taken to be SU(2k), so
that the twisted full puncture 0 has SO(2k+1) symmetry [26]. Then, the 4d system (8.2) is

S su(ary (SUN),SU(2k)) x S(S*)su(am {[1*], Y 1, Y p}
SU(N) x SU(2k) )

(8.16)

and one can explicitly calculate the Higgs branch dimension which agrees with (5.2).

8.5 Fractional M5-branes on 72

In this subsection, we will comment about the “short” theories discussed in section 5.6,
namely the (E7,50(7)), (Es,G2) and (Es, F4) conformal matter theories, whose F-theory
quivers we saw in (5.11). These theories describe 1/2 M5-branes on C?/T'z., 1/3 M5-
branes on C?/I'g,, and 1/2 M5-branes on C2/T'g,, respectively. Although these are not
really of the type G;Gfr(N ), they are also frozen conformal matter theories in the sense
of section 2.4, and it turns out that we can check their dimensions as well.

The compactification on T2 of (E7,SO(7)) was studied in [15] and admits the class S
description as the Eg type theory on a sphere with punctures 0, 241, Fg(a;). The T2 com-
pactification of (Eg,G2) and (Eg, F4) were studied in [32]. In particular, (Eg, G2) admits
the class S description as the E7 type theory on a sphere with punctures 0, 242, F7(aq).
The T2 compactification of (Eg, F}), on the other hand, is not found to have a direct class
S description but seem to appear in the class § theory of the Eg type associated with a
sphere with punctures 0, Dy, Fg(ai). This class S theory is in fact is a product of two
SCFEFTs: one is the rank-1 Minahan-Nemeschansky Eg SCFT and the other is an SCFT
with an Eg x I global symmetry. The latter factor is conjectured to be T? compactification
of (Eg, F4)

The CFT Higgs branch dimension computed from (4.29) agrees with the Higgs branch
dimension of the 4d theory resulting from the 7?2 compactification: they are 63, 92 and
136 respectively.
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G Mirror theory

oU(1)
SO(8) 6o — b — o
U(l) U@+ UQ)
v
TU(I)
oU(2)
Eg 0o — 0o — 0o — o — ©
Ul) U@ U@ U@ U
oU(2)
Er 0o — 0o — 0 — 0 — o0 — o0 — o
U(l) U@ U@B) UM@sx U®B) U@ UQ)
oU(3)
Eg ) — — $ — o

— o — o — o
U(1) U2 UGB)  U®6)x U@ UQ)

Table 2. Three dimensional mirror theory of the T3 compactification of the theory on a single M5-
brane on the completely frozen C?/T'¢ singularity. Here U(NN)* denotes U(N)/U(1) = SU(N)/Zy.

9 Completely frozen conformal matter on T3

In this section, we consider the quivers (5.7) that arise from the completely frozen Dy, Eg,
FE- and Ejg singularities.

From (5.4) with Gy = trivial, we see that the CFT Higgs branch all of these quivers has
quaternionic dimension equal to 1, and hence isomorphic to C2/T" for some finite subgroup
I of SU(2); it is natural to conjecture that in fact I' = I'g. Upon compactifying on T2
(resp. T?3), each of the resulting 4d (resp. 3d) theories has the complex (resp. quaternionic)
Coulomb branch dimension equals to the number of tensor multiplets + the total rank of
the gauge groups in the F-theory quiver. For all the theories in (5.7), this turns out to be
equal to

hé —1, (9.1)

where h(, is the dual Coxeter number of G. Note that (9.1) is also equal to the dimension
of the reduced moduli space of one G instanton on C2.

Based on these properties, we conjecture that the T° compactification of each (5.7) is
a quiver with the shape of the affine Dynkin diagram of type G, with gauge groups being
unitary groups of ranks equal to the Coxeter labels and overall U(1) being removed [33, 34]:
see table 2.

The G = SO(8) case is confirmed by a result in ([35], section 3.2), according to which
the S compactification of this theory is an SU(2) gauge group coupled to four copies of
EQ(SU(Q)). Compactifying further to four dimensions, the latter become four copies of
Dy(SU(2)), which is simply an SU(2) fundamental hypermultiplet (see for example [36],
eq. (B.2.1), (10.5.2)). Upon further S! compactification down to three dimension, this
should give the SO(8) entry in table 2.
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The theories in table 2 are also the 3d mirror theories [33] of the S! reduction of the
class S theories of SU(N) type associated with a sphere with 3 punctures [27]:

G=s0(8): [17, [13, [1%3, [1%;
G=FEs: [1°], [, [17];
G=FE;: [1%, [2%, [1'; 2
G=FEs: [1°], [3], [27].

A duality chain. For the compactification of the 6d theories in question on T2, we can
start from (A) an M5-brane probing C2/T'¢ and wrapping 7. Upon using the duality
chain of [15], we arrive at (B) an M2-brane probing C2/T'¢ x T3. A frozen singularity in
(A) is mapped to a commuting triple holonomy around 72 far from the M2-brane in (B).
In fact, the theories in table 2 were found in [37] to describe the mirror of the worldvolume
of an M2-brane probing C2/T'¢ x C? (whose direct description would be the ADHM field
theory associated with the reduced moduli space of one G instanton on C?). It would be
interesting to understand better the relationship between these two pictures.

A comment on the non-completely frozen cases. Let us briefly comment on 7°
compactification of Tz HGH(O) when Gy, is non-trivial. Recall that we have discussed 72
compactification of such theories in section 8. The result is a class S theory of type G
associated with a sphere with two twisted maximal puntures O, and an untwisted minimal
puncture @(al). The 3d mirror of the S' compactification of this class S theory is given
by [27, 28]
TQGfr(G}/r) X TQG&(G}Q X Té(al)(G)
Gy/Z(Gy) ’

(9.3)

where T,(G), with p an orbit of the Langlands dual group GV of G, denotes a 3d N = 4
theory living on the 1/2-BPS domain wall in the 4d N' = 4 theory of gauge group G;
this is described in [38]. The factor Gy, denominator denotes the gauging of the flavour
symmetry G{. coming from (1) two copies of Tj Gﬁ(G}]/r), and (2) the GY. subgroup of G

~

flavour symmetry of T )(G). The notation Z(G) denotes the centre of the group G. In

al
particular, for G = SO(2k +2) and Gy, = USp(2k), so that GY. = SO(2k + 1), (9.3) admits
a Lagrangian description, which can be represented as a star-shaped quiver [27]:

,1

2

|
e— 90— 90— 90— --— 6 —0— 6 —0— © — - -—0—0—0—0 (9.4)
1 2 3 4 2k—1 2k 2k+1 2k 2k—1 4 3 2 1

where the blue node with a label m denotes the O(m) gauge group and the red node with
an even label m denotes the USp(m) gauge group. Each leg of the above quiver comes from
two copies of the first of the following theories and one copy of the second of the following
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theories [38, 39]:

e e R A 09
Tiok—1,3(SO(2k + 2)) : .- 2kl+2 or equivalently , —e- 2k.+1 : (9.6)

where the SO(2k + 1) flavour symmetries are commonly gauged and glued together.
Note that we have gauged the subgroup SO(2k + 1) of SO(2k +2). One can check that
the Coulomb branch dimension of (9.4) agrees with (8.11):

k—1 k
dimy Coulomb of (9.4) =2 | [ Y j |+ Y 5| +k+1
j=0 j=1

(9.7)
=2k +k+1=(811).
The Higgs branch dimension of (9.4) is
dimy Higgs of (9.4)
2k 1 k—1 1
=2 U D] +5@)Ek+1) +5(2)(1) -2 527 +1)(2j)
j=1 7=0
(9.8)

This agrees with the Coulomb branch dimension of the corresponding theory of class S; in
particular, for k = 3, the quaternionic Higgs branch dimension of (9.4) is 2 which is equal
to the sum of graded Coulomb branch dimensions of Fixture #66 of ([31], p. 49).
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