UNIQUE CONTINUATION PRINCIPLES FOR A HIGHER ORDER
FRACTIONAL LAPLACE EQUATION

VERONICA FELLI AND ALBERTO FERRERO

ABSTRACT. In this paper we prove the strong unique continuation principle and the unique
continuation from sets of positive measure for solutions of a higher order fractional Laplace
equation in an open domain. Our proofs are based on the Caffarelli-Silvestre [I0] extension
method combined with an Almgren type monotonicity formula. The corresponding extended
problem is formulated as a system of two second order equations with singular or degenerate
weights in a half-space, for which asymptotics estimates are derived by a blow-up analysis.

1. INTRODUCTION AND MAIN RESULTS

We study the following higher order fractional Laplace equation
(1) (=A)°u=0 in Q,

where 1 < s <2, Q C RY is an open domain with N > 2s, and the fractional Laplacian (—A)* of
a function u defined over the whole RY is defined by means of the Fourier transform:

(—A)*u(€) = [¢[*u(€) -
Here by Fourier transform in R we mean

~ 1 i
) = Fule) = Gz [ ula) de.

In the sequel we will explain in more details what we mean by a weak solution of . Our main
purpose is to prove the validity of unique continuation principles for solutions to ((1)).

Unique continuation properties and qualitative local behavior of solutions to fractional elliptic
problems are a subject which was widely studied in the last years. In [I5], the authors study a
semilinear fractional elliptic problem containing a singular potential of Hardy type, a perturbation
potential with a lower order singularity and a nonlinearity that is at most critical with respect
to a suitable Sobolev exponent. In that paper the fractional differential operator is (—A)® with
power 0 < s < 1; see also [16] for analogous results for relativistic Schrodinger operators. Unique
continuation for fractional Laplacians with power s € (0, 1) was also investigated in [32] in presence
of rough potentials and in [47] for fractional operators with variable coefficients.

Other results concerning qualitative properties of solutions of equations with the fractional
Laplace operator (—A)® can be found in [8, 23] 24] [41]. For more details on basic results on the
fractional Laplace operator see [T}, [6, 10, 12, [I3]. Operators given by fractional powers of the Lapla-
cian arise in the description of phenomena where long-term interactions and anomalous diffusion
occur, see [27]. This happens in several fields of application, such as continuum mechanics, fluid
mechanics, phase transition phenomena, population dynamics, financial mathematics, control the-
ory, and game theory, see [0, [44]. Furthermore, fractional Laplace operators appear in Probability
as infinitesimal generators of stable Lévy processes, see [50].

Up to our knowledge, unique continuation properties for higher order fractional elliptic equations
were first studied in the paper [46]. Here the author states a strong unique continuation property
for the Laplace equation for any noninteger s > 0.

More precisely, in [46, Corollary 5.5] it is stated that the solutions to vanishing of infinite
order at a point are necessarily null in Q. In [46] the proof of this result is not written in details;
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it is just observed that, following the classical argument by Garofalo and Lin [2I], the bound-
edness of the Almgren frequency function for solutions of some extended problem, together with
the Caffarelli-Silvestre type extension result given in [46], suffices to provide the strong unique
continuation property. However, we think that the boundedness of the frequency function proved
in [46] only shows the validity of a unique continuation principle for the extended function U (see
() and not for the solution u of equation ; indeed, it is nontrivial to exclude that u vanishes
of infinite order at a point when U does not.

It is easy to show the existence of functions defined in the half space Rf *1 that do not vanish
of infinite order at a point (xg,0) € RY x {0} but whose restrictions to R" vanish of infinite order

at the point zp € RY. A similar situation can be observed in Figure

FIGURE 1.

It is our purpose to show that such a pathological situation cannot occur when dealing with
solutions of ; this seems far from being straightforward.

A first goal of the present paper is to give a complete proof of [46, Corollary 5.5] excluding such
an occurrence by means of a blow-up analysis and a complete classification of local asymptotics of
solutions for the extended problem. Nevertheless, we acknowledge the fundamental role of paper
[46] since part of our approach to the unique continuation principle takes inspiration from the
Caffarelli-Silvestre procedure [I0] and the Almgren monotonicity formula performed by [46] in the
higher order setting.

We point out that, among the all possible noninteger higher order powers of —A, in the present
paper we only consider the case 1 < s < 2 just for technical reasons and in order to avoid excessive
complications in the proofs. Indeed, as observed in [46], the case of non-integer s > 2 leads to
a degenerate elliptic equation of order 2(m + 1) with m < s < m + 1 and consequently to an
equivalent system of m + 1 second order equations. An extension to all noninteger higher powers
is then possible but requires the further technical effort to handle systems of more components,
which are expected to create difficulties in the classification of blow-up profiles (see Theorem [5.7))
as well as in exposition. Such extension is a matter of future studies.

The problem of unique continuation for higher order fractional Laplacians was also studied by I.
Seo in [36] 87, [38] in presence of potentials in Morrey spaces; more precisely, in [36] 37, [38] Seo uses
Carleman inequalities to prove a weak unique continuation result, i.e. vanishing of solutions which
are zero on an open set; we recall that the strong unique continuation property instead requires
the weaker assumption of infinite vanishing order at a point.

The major contribution of the present paper goes beyond bridging monotonicity formula for
the extended problem and unique continuation for the original nonlocal equation, since our local
analysis provides sharp results on the asymptotic behavior of solutions for the above mentioned
extended problem, see @, @ below. Moreover our analysis allows us to prove a second version
of the unique continuation principle which has, as an assumption, vanishing of solutions of on
sets of positive measure.
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As already mentioned above, our approach is based on the Caffarelli-Silvestre procedure [10]
and on an Almgren type monotonicity formula. But differently from [46], we combine the Almgren
formula with a blow-up procedure with the purpose of proving asymptotic formulas for solutions
of the extended problem. And it is by mean of this asymptotic formula that we are able to prove
the validity of the two versions of the unique continuation principle.

As pointed out quoting the papers by I. Seo, other approaches in the proofs of unique con-
tinuation results are possible; in the present paper we chose a procedure which combines the
biharmonic extension method with the Almgren type monotonicity formula, which allows proving
a strong quantitative result, i.e. an asymptotic local analysis of solutions, which has the unique
continuation principles as its consequence. Since the Almgren frequency function, defined as the
ratio of local energy over mass near a point, has intrinsically a local nature, the possibility of
realizing our nonlocal operator as a local one through the extension procedure plays a crucial role
in the monotonicity approach.

Up to now, we succeeded in applying our method only to the fractional Laplace equation but
we believe that similar results can be obtained in a more general setting by adding to equation
linear terms with singular potentials and subcritical nonlinearities, see Open Problem for
a more detailed explanation. A first step towards this goal is achieved in [19], where we prove the
validity of an asymptotic formula and of unique continuation principles for problem

(=A)32u = h(z)u

in open domains of RY. The special case s = % represents the “middle case” between the classical
Laplace operator —A and the bilaplacian (—A)? and produces a significant simplification when
dealing with the Caffarelli-Silvestre extension, see for more details.

Before stating the main results of the paper we introduce a suitable notion of weak solutions to
(I). We define D*?(R") as the completion of the space C2°(RY) of C* real compact supported
functions, with respect to the scalar product

()pnagamy 1= [ € HOTE de.

We define a solution of as a function u € D*2(RY) satisfying

(2) (u, p)ps2@yy =0  for any p € CZ°(Q).

For a motivation of this definition see [12], where a detailed treatise on fractional Sobolev spaces
and on (—A)® in the case 0 < s < 1 is provided. See also [I5], (7)] for the definition of solution of
a nonlinear problem with (—A)® in the case 0 < s < 1.

The first main result of the paper is the following strong unique continuation principle.

Theorem 1.1. Assume that 1 < s < 2 and N > 2s. Let u € D**(RY) be a solution of ().
Let us also assume that (—A)*u € (D*~V2(RN))*, where (DS~12(RN))* denotes the dual space
of DTLA(RY), in the sense that the linear functional ¢ — [on [€12U()P(E) dE, ¢ € C2(RN),
is continuous with respect to the norm induced by DS~ 12(RN). If there exists xo € Q such that
u(z) = O]z — 20|*) as ¥ — x¢ for any k €N, then u =0 in Q.

We observe that the assumption (—A)*u € (D*~12(RY))* is needed to prove that the trace of
the weighted Laplacian of the extended function coincides, up to a multiplicative constant, with
the Laplacian of u; the key of the proof of the unique continuation result then relies in showing
that it can not occur that u vanishes of infinite order and its Laplacian does not, exploiting the
blow-up analysis and the asymptotic estimates for the extended problem obtained in Theorem

Now we state a second version of unique continuation principle where the condition on vanishing
of infinite order around a point assumed in Theorem [I.1]is replaced by vanishing on a set of positive
measure.

Theorem 1.2. Assume that 1 < s <2 and N > 2s. Let u € D%?(R") be a solution of (1). Let
us also assume that (—A)*u € (D*~L2(RN))* in the sense explained in the statement of Theorem
[1.1 If there exists a measurable set E C Q of positive measure such that u =0 on E, then u =0
in Q.
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As we mentioned before the statement of the main results, we believe that it should be interesting
to extend the monotonicity approach to unique continuation to solutions of more general elliptic
fractional equations. We leave this question as an open problem.

Open Problem 1.3. Let u € D*2(R") be a weak solution of

() (—A)*u=h(z)u+ f(z,u) inQ,
with h and f satisfying

he Whe\{0}), \h(z)| + |z - Vh(z)| < Chlz| 267D+ for ae. z €,
and

feC QxR), |f(x,0)] <CflofP™"  forae z€Qando€R,

where 2 < p < 2*(N,s—1) := #1\;1) Develop a monotonicity formula for solutions to problem

Bl and derive from that the validity of the two versions of unique continuation principle contained
in Theorems for solutions of .

The presence of a inhomogeneous right hand side in equation would produce a coupling
Neumann term in the system-type formulation of the extended problem @, which makes the
proof of a monotonicity formula more delicate because of the presence in the derivative of the
frequency function N of a term of the form

—r/ (hu + f(x,u))vdS" + 2/ (hu + f(xz,u))z - Vyvde.

aB!. B!,

For s = 3/2, in [19] this term was estimated in terms of boundary integrals (see [I9, Lemma 2.12]);
however, such estimates seem to be quite more delicate to be derived for s € (1,2) \ {3/2}, due
to difficulties in handling the singular/degenerate weight appearing in the extension problem (see

@) 0

We mention that a progress in the study of unique continuation for higher order fractional
equations with potentials was made, after the completion of the preprint version of the present
paper, in the recent manuscript [33]; in particular in [33] strong unique continuation for equations
of type (3) with f =0 and = R" was established via Carleman inequalities.

Now, we explain in more details what we mean by the previously mentioned extended problem
and we state which kind of asymptotic estimate we will prove on its solutions. Let u € D%2?(RY)
be a solution of in the sense given in and let U € D, be the unique weak solution of the
problem

AU =0 in RY !,
(4) U(-,0) = u(-) in RV,
lim,_,o+ t°U;(-, ) =0 in RV,

where b = 3 — 2s € (—1,1), Dy is the functional space introduced in Section [3] and A, is the
operator defined at the beginning of Section [2}

For any function u € D*2(RY), with u not necessarily a solution of , we say that U € Dy is
a weak solution of if

/ AU Ay dz =0 for any ¢ € Dy, with Tr(¢) =0,
(5)
Tr(U) = u,

where Tr : D, — D*2(R¥) is the trace map defined in Proposition In Section |3| we prove the
following existence and uniqueness result for solutions of :

Proposition 1.4. For any u € D52(RY) problem admits a unique weak solution U € Dy in
the sense of .

Now, let zp €  and let R > 0 be such that B}y (xo) C Q where, according with (8)), Bj (o)
denotes the open ball in R of radius 2R centered at z¢. Then, if u € D*2(RY) is a solution of
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(1), putting V := AU, the couple (U,V) € H*(B}(20);t®) x H' (B} (0);t") weakly solves the
system

AU =V in B} (z0),

AV =0 in Bf(20),

limy o+ t°Us(-,0) =0 in Bi(wo),

limyo+ tVe(-,0) = 0 (o)

(6)
see and the successive part of Section [2| for the definition of the weighted Sobolev space
HY(B;(20);t*). This means that the couple (U, V) satisfies
/ t'VUVpdz = —/ t*Vedz and t'VVVpdz =0
B (o) B (z0) B (wo)
for any ¢ € H¢ (X} (z0); %) with Hg (X5 (z0); %) as in Section

In order to state our result on the local behavior of solutions of @, we introduce the following
eigenvalue problem:

: b
0Ni11130+ 9N+1VS$\IJ cenyy1 =0 on 0S¥,

where eyi1 = (0,...,0,1) € RVTL SV = {(01,...,0n11) € S : Oy41 > 0} and SV is the
N-dimensional unit sphere in RV+1,

By classical spectral theory the eigenvalue problem admits a diverging sequence of real eigen-
values with finite multiplicity. We denote these distinct eigenvalues by u,, and their multiplicity by
M,, with n € NU{0}. Moreover, for any n > 0let {Y;, p }m=1,... .M, bea LQ(Sf; Gg’erl)-orthonormal
basis of the eigenspace of p,,.

Combining the blow-up analysis performed in [I5] with the regularity results proved in [40] for
degenerate/singular problems arising from the Caffarelli-Silvestre extension, we can easily prove
that the eigenvalues of problem are in fact

fin =n°+n(N+b—1), neN.

Remark 1.5. We observe that the eigenfunctions of problem (@ cannot vanish identically on
OSY; indeed, if an eigenfunction ¥ vanishes on 9SY, then the function W(z) := |z|"e+‘1/(z/\z|)
(with of = ==L 4/ + (N +b—1)2/4 = () would be a weak solution to the equation
div(t*VW) = 0 in Rf 1 satisfying both Dirichlet and weighted Neumann homogeneous boundary
conditions; then its trivial extension to the entire space RN *! would violate the unique continuation

principle for elliptic equations with Muckenhoupt weights proved in [43] (see also [21], [39, Corollary
3.3], and [32] Proposition 2.2]).

We now state the main result on solutions to system @

Theorem 1.6. Assume that1 < s <2, N > 2s and letb=3—2s € (—1,1). For some xo € RY let
(U, V) € H' (B} (20);t?) x H' (B} (20);t*) be a nontrivial weak solution of (6). Then there exists
01 € N, a linear combination V1 Z 0 of eigenfunctions of @, possibly corresponding to different
eigenvalues, and o € (0,1) such that

AU (20 + Az — 20)) = |2 — 20010, ( 2=z )

[z—zo]

in H'(By (0);t%) and in CL% (B (x0)) as X — 0T where we put zy = (0,0) € RN*L. Further-

more, if V # 0, there exists 63 € N, a linear combination Vo # 0 of eigenfunctions of , possibly
corresponding to different eigenvalues, and o € (0,1) such that

A2V (20 + Az — 20)) — |2 — 20|72 Wy ( 220 )

|z—z0]

in H' (B (0);t*) and in CL%(By (x0)).

loc
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We observe that Theorem implies a unique continuation principle from boundary points for
solutions to @; we refer to [2, 3] [18] 26] [42] for unique continuation from the boundary established
via the Almgren monotonicity formula. Concerning unique continuation for systems of elliptic
equations, we mention the recent papers [28] and [35].

Remark 1.7. We observe that Theorem [[.6] in general does not provide a sharp asymptotic
formula around zg € € for solutions to the original problem when w and U are as in , even
if w is the restriction to By (xo) of U. This because we cannot exclude that the function ¥; in
Theorem vanishes identically on 9S"; what we can say is that this event cannot occur if ¥,
is an eigenfunction of as explained in Remark For this reason the unique continuation
principles stated in Theorems [I.IHI.2] are not a direct consequence of Theorem [I.6] and additional
arguments have to be employed in their proofs in order to exploit the asymptotic estimates of
Theorem [L6l

Remark 1.8. In the asymptotic profiles of Theorem the appearence of eigenfunctions asso-
ciated to possibly different eigenvalues basically originates from the fact that a homogeneous har-
monic function of degree k multiplied by |z|? gives a homogeneous bi-harmonic function of degree
k+2. An easy example can be constructed by taking, in the case s = 3/2, U(z) = |2|?U;(2)+Us(2),
where Uy, respectively Us, is a harmonic function, homogeneous of degrees k € N, respectively
k+ 2, even with respect to the hyperspace {t = 0}. The couple (U, V), with V = 2(N +2k+1)Uq,
solves system () and A™*"2U(A\G) = 1 (8) + ¥2(0), where 11 = Uy ’Sf is an eigenfunctions of (7)

associated to uy and 1y = UQ\Sf is an eigenfunctions of @ associated to figya-

Remark 1.9. The fact that a solution U to @ asimptotically behaves as a homogeneous function
of integer order leads to the natural conjecture that it is analytic with also its trace w solving
(1). This is obviously true for s = 3/2 by standard regularity theory but it does not seem to
be known in the degenerate/singular case s # 3/2. Of course an analyticity result for u would
directly imply the unique continuation property proved in Theorem so an alternative way to
prove Theorem could be given by the study of analyticity of solutions, e.g. by an iteration
of our uniform asymptotic analysis. Our main reason for choosing the monotonicity approach to
unique continuation relies in the possibility of obtaining a more detailed quantitative asymptotic
statement and in our interest in developing a strategy of proof which could be applied to more
general equations in future studies.

We observe that the proof of Theorem [I.6] presents substantial additional difficulties with respect
to the lower order case s € (0,1) treated in [I5], since the corresponding Dirichlet-to-Neumann
local problem is a fourth order equation (see ) which is equivalent to the second order system @
with singular/degenerate weights and Neumann boundary conditions. In particular, several steps
in our procedure, such as regularity and blow-up analysis, turn out to be more delicate for systems
than for the single equation arising from the Caffarelli-Silvestre extension in the lower order case
s€(0,1).

We conclude this section by explaining how the rest of the paper is structured. Section
is devoted to some preliminary results and notations which will be used in the proofs of the
main statements. In Section [3| we introduce a Caffarelli-Silvestre type extension for functions
u € D%?(RY) and we provide an alternative formulation for problem . In Section we introduce
an Almgren-type function and we prove a related monotonicity formula. In Section [5| we perform
a blow-up procedure and we prove asymptotic estimates for the extended functions introduced in
Section [3] Section [6] contains the proofs of the main results of the paper. Finally, Section [7] is
an appendix devoted to weighted Sobolev spaces and related inequalities, Holder regularity for
solutions of a class of second order elliptic equations and systems with variable coefficients, and
some properties of first kind Bessel functions.

2. PRELIMINARIES AND NOTATIONS

Notations. We list below some notations used throughout the paper.
° Rf“ ={z=(21,...,2n41) ERN L :2n1 >0}
e SV ={z e RN*!: |z| = 1} denotes the unit N-dimensional sphere in RN*1.
o S¥ ={(01,...,0n41) €SN 1 On 11 > 0} =SV ORI



HIGHER ORDER FRACTIONAL LAPLACE EQUATION 7

e 5 denotes the surface element in boundary integrals.

o dz=dzdt, 2 = (z,t) € RN x R, denotes the (N + 1)-dimensional volume element.

o AU =AU+ %Ut for any function U = U(x,t) with x € RY and t € R, where AU denotes
the classical Laplacian in RV+! and U, the partial derivative with respect to t.

e For any open set U and k € N, C*(U) denotes the space of k times continuously differ-
entiable functions on U; C*(U) is the space of functions u in C*¥(U) such that z — D%u
admits a continuous extension to U for every multi-index o with length less or equal to k.

The main purpose of this section is to prove a regularity result for the boundary value problem
. We observe that such a regularity result is needed to make the Almgren quotient
well-defined and seems to be taken for granted in [46] although not at all trivial. To prove the
needed regularity we introduce two auxiliary problems, namely the eigenvalue problem and

the Poisson type equation .
For any 29 € RY, ty € R and R > 0 we define

(8)  Bglwo,to) == {(x,t) € RN . [z — 20> + |t — to|® < R},
Bi(z0) == {(x,t) € Br(x0,0) : t > 0}, Bp(x0) := {(,t) € Br(x0,0) : t <0},
Bl(xo) := {x € RN : |z — 20| < R},
St (xo) == {(x,t) € OBRr(0,0) : t >0}, Sz(z0) := {(2,t) € dBg(x0,0) : t < 0},

Sh(20) = Bjy(ao) U (Bi(ao) x {0)),  Sg(x) := By (x0) U (Bp(wo) x {0).

:= Br(z0) x (0,R), Qpr(xo) := Bx(xo) x (—R,0),
I'h(zo) == Bg(zo) x [0,R), Tx(zo):= Bx(zo) x (—R,0].

Given b € (—1,1), for any 7y € RY and R > 0 we define the weighted Sobolev space H' (B (20); )
of functions U € L?(Bf;(x0);t*) such that VU € L?(B}(x0);t’), endowed with the norm

1/2
Nl it o g = / tb\VU(x,t)|2dxdt+/ PO, 1) 2dedt |
HH B o)) B (o) B} (x0)

We also define the space H¢ (X} (20);t°) as the closure in H' (B} (20);t%) of C°(X} (o).

In a completely similar way, we can introduce the Hilbert space H'(Q7,(x0);*) and its subspace
HE (T} (20);t°) defined as the closure in H(Q%(z0);t?) of C’EO(F;(;UO))

We observe that thanks to the spaces Hy (XF(20);t°) and Hg (I} (20); t°) may be endowed
with the equivalent norms

o b 2 o b 2
10N g opry = (/Bg(m)t VU dxdt) Ny gy = (/Q;(%)t VU dxdt)
For any x¢ € (1 let

(9) R = R(x9) >0 besuch that Bjp(zg) C Q.

Here and in the sequel Q C R¥ is an open domain.
Let us consider the eigenvalue problem

1 1
2 2

~ AU = \U in Q3 (o),
(10) U=0 on [0B5 (o) x (0,2R)] U [Byg (o) x {2R}],
tl_%%r U (1) =0 on Bp(xo),

in a weak sense, i.e.

(11) / VUV de dt = /\/ tUpdzdt, for all p € H(TF(x0);t").
QQR('LO) QQR('LO)
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In the following proposition we construct a complete orthonormal system for L2 (Q;R(:co); t*) con-
sisting of eigenfunctions of .

Proposition 2.1. Let b € (—1,1), g € Q and let R > 0 be as in @D Define

(12) en,m (2, 1) =Y t%J_q (j’;}%’” t) en(x) for any n,m € N\ {0}
and

2
(13) An,m t= fn + j;fgﬁ” , for any m,m € N\ {0}

where o 1= 17_17, J_q is the first kind Bessel function with index —a,

O<j—a,1 <j—a,2<"'<.j—a,m<"'

_ —1/2
are the zeros of J_q, Ym = { Oth[J_a(J’Q’m )}2dt} , {en}tn>1 denotes a complete system,

2R
orthonormal in L*(Bjp(xo)), of eigenfunctions of —A in Bhy(xo) with homogeneous Dirichlet
boundary conditions and py < po < ... < i < ... the corresponding eigenvalues.

Then for any n,m € N\ {0}, enm is an eigenfunction of with corresponding eigen-
value Apm. Moreover the set {enm : n,m € N\ {0}} is a complete orthonormal system for
L*(Q3p(w0):t").

Proof. We look for nontrivial solutions of in the form

+oo
U(:E,t) = Z An(t)en(‘r) .
n=1
By it follows that A, must satisfy
(14) 2A" () + DAL (t) + (A — pn)t2An(t) =0,  lim t°A/ () =0, An(2R) = 0.

t—0t

Using well known properties of Bessel functions, see [4], it is easy to prove that nontrivial solutions
of exist if and only if A — u,, > 0; in this case A,, is necessarily given by

(15) An(t) = cnt®J_a (VA — pnt)
with A satisfying J_(2v/A — p, R) = 0 whenever ¢,, # 0. Then A necessarily satisfies

-2

(16) A= iy + J;Eg” , for some n,m € N, n,m > 1.

This proves that the eigenvalues of —A; are the numbers which admit the representation .
For any number A > 0 we denote by S(\) the possibly empty set defined by

S(\) :=={(n,m) € (N\ {0})?: holds true} .

For any A > 0, the set S()) is finite since lim,,—, 4 o ptn, = +00 and lim,, 400 j—a,m = +00. Hence,
if X is an eigenvalue, then the corresponding eigenfunctions U are of the form

U, )= Y camt®Ja (% t) en(2).
(n,m)eS(N)
For any (n,m) € (N\ {0})?, we define e, ,, as in ([I2). We note that ”e”vm”LQ(Q;R(:ro);tb) =1.

Moreover we have orthogonality in L*(Q3,(70);t®) of two distinct eigenfunctions e, m,s €nymo,
as one can easily deduce from [4, Equation (4.14.2)].

Finally, completeness of the orthonormal system {e,,, : n,m € N\ {0}} in L*(Q4z(w0);t?)
follows from compactness of the embedding stated in Proposition and the theory of compact
self-adjoint operators. O

In the next proposition we prove some estimates on the eigenfunctions of .
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Proposition 2.2. Suppose that all the assumptions of Proposition hold true. Then for any
nym € N\ {0} and k >0, epm € CF (Q;R(xo)) and, letting § = [N/4] + [(k + 1)/2] + 1, with []
denoting the integer part of a number, we have
o(NmT)  iaelh),
F (z = k—at1
Q@) ) g ()\nm% *5) ifae(0,1),
Moreover we also have that

(18) tgrél+ Oen.m(,t) =0

as |(n,m)| = vV/n?+m? — +o00.

(17) ”en,mHCk(

uniformly in Bjp(xo).

Proof. From classical elliptic estimates (see [B, Chapter V]) and Sobolev embeddings we have that,
for any k € N, there exists a constant C'(N, R, k) depending only on N, R and k such that

(19) lenllcr (8 oy < CN, Ry k),

with § as in the statement of the lemma. _
In order to obtain a similar estimate for the function v, t*J_, (J —am t) we first observe that
~-1/2

2R
(jifm)Q/ojm t(Ja(t))thl < {41%2 /Oja’l t(Ja(t))th] o

By (162)) and (164]) in Subsection and direct computation one may check that
. —a+k
J—a,m . a—
) @B o)

e i (0 5 <
dtk ““\ 2R Le2r) \ 2R

for any k € N, where C(«, k) is a positive constant depending only on « and k. Using and
we can then prove that, for any k € N,

G NS My

= as m — 100,
L>(0,2R) O((joam))  ifae(0,1],
which, together with , and 7 implies , thus proving the first part.
Finally, from the series expansion of first kind Bessel functions, see [4, Section 4.5], we infer
that lim, o+ (t*J_a(t))’ = 0 which, together with (12)), implies lim; ¢+ den,m (-, t) = 0 uniformly
in By (xo). This completes the proof of the proposition. |

~1/2

Given a function ¢ € C° (QJR(%)), consider the following Poisson equation

—App =1 in Q;R(iﬂo) )
(22) =0 on [0B3p(o) x (0,2R)] U [Byp(xo) x {2R}],
t£%1+ tPoi(-,t) =0 on Blp(xg) x {0}.

We prove below the existence of a smooth solution to (22).

Proposition 2.3. Let b € (—1,1), 29 € Q and let R > 0 be as in @[) Then for any ¢ €
C (Q3r(20)), admits a unique solution ¢ € C'™ ( ;R(xo)) Moreover ¢ satisfies
li 1) =0
L ()
uniformly in Bhp(zo).
Proof. The datum 1 can be written in the form
“+oo

Y(x,t) = Z Cnom €n,m (T, 1) .

n,m=1
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Then the solution ¢ of is formally given by
“+o0

Cn,m
o(z,t) = Z ——enm(z,1).

n,m
n,m=1 ’

We observe that by integration by parts and the fact that e, ,, is an eigenfunction of —A; corre-
sponding to the eigenvalue Ay, ,,,, we have

1
Crm = / tPhen, m da dt = / —t*YApen m dr dt
Qi (o) A J Qs (x0)
1 b
= —t"Aptp e m dr dt .
An?m Q;R(J'O)

Iterating this procedure, we deduce that, for any ¢ € N,
1 1
(23) Cnom = )\T / . tb(*Ab)Zﬂ} €n,m dx dt =: )\T dn,m,é .
n,m J Qg (xo0) n,m
Since ¢ € CX(Q3x(w0)) then (—Ap)fp € CX(Q3x(0)) and hence (—Ap)’p € LA(QFx(0); t0).

This yields ;‘221 di,ml < +oo and, in turn, lim|(, m)|—4o0 @n,m,e = 0. This, combined with

, shows that for any ¢ € N
(24) Cnym = O()\;fm) as [(n,m)| = 4o00.
By and (24)), we obtain as |(n,m)| — +oo
Eys_3 ks 3_
Olenm M ) =oMm 1  ifae(3,1),

e k—a—1 k—a—1
Ck (Q;R(wo)) O(Crm And +5) — ot +574)

4
Cn,m

€n,m
)\n,m ’

(25)

if a €(0,4] .

WeputL:zE—g—(S—&—% if a € (%,1) and L :=/¢— k*g’l —difae (0,%]. We may fix £ large
enough such that L > N in both cases.
By , (165) and Weyl’s Law for the asymptotic behavior of eigenvalues of —A with Dirichlet
boundary conditions (see [311 [34]), we infer that there exists a constant C' > 0 such that
Anm 2 C(n® +m?) > C(n¥ +m¥) > C(n®+m?)~ for any n,m > 1.

Combining this with we obtain

c
)\"’m €n.m = 0<(n2 + mQ)*%) as |(n,m)| = +o0.
n,m c*(Qn(0))
Since L > N, this proves that
—+oo
O o I
\ n,m
n,m=1 n,m Ck (Q;R(CEO))

for any k € N thus showing that ¢ € C*° (Q;‘R(Q:O))
Finally, by we also have

(26) tLﬁ& oi(,t) =0 uniformly in Bjp(zo) .
This completes the proof of the proposition. O

We are ready to prove the main result of this section.

Proposition 2.4. Let Q C RY be open. Let s € (1,2) and b = 3 — 2s. Let g € (DS~ H2(RY))*,
felL? (Rf“;tb) and let V € L2(Rf+1; t*) be a distributional solution of the problem

loc
div(t?VV) = tof in RY T
lim t°Vy(-,t) =g in Q,

t—0+

(27)
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namely
3 b _ b oo (mN+1
/ V div(t°V) da:dt—/ t°fodxdt for any ¢ € CZ(RY™)
Rij+1 Rf+1

and

(28) /RNH V div(t"Vep) da dt = /RNH P fpddt+ sy {9, 0(x, o)>DS_1}2(RN)
+ +

for any ¢ € C° (]Rf“) such that supp(p(-,0)) C Q and lim+ i(-,t) =0 in RV,
t—0
Then V € Hl(QE(aﬂo); t?) for any xo € Q and R > 0 satisfying @ and moreover there exists a
positive constant C depending only on N,b,xg, R such that
29 WVl @tworm < C(IFa@t oy + Isll@e—re@y + IV s ) -

Proof. Let zo € Q and let R > 0 be as in (9). Let o € C>([0,00)) be such that 0 < 79 < 1
in [0,00), 79 = 1 in [0,R] and 1y = 0 in [2R,00). We now define n : R¥V*! — R as n(z,t) =
no(|z — xo|)no(t) for any (x,t) € Rf+1 and W(x,t) := n(x,t)V (z,t) for any (z,t) € Rf"'l.
By and the fact that lim+(77<p)t(~, t) =0 in RY for any function ¢ € C° (Rf“) satisfying
t—0

supp(p(+,0)) C 2 and lim+ (-, t) = 0 in , it turns out that
t—0

i b - b 1,2 N ))*
(30) W div(t°V) dz dt = /Rf“t Inpdzdt + (ps-12mny) <g,77(a:,0)<p(x,O)>D571’2(RN)

RY*!
— / . V [div(t*Vn)e + 2t'Vn V] dz dt,
RYF!

where we exploited the identity 1 div(t*V) = div(t*V(ny)) — 2t°VnVe — div(t*Vn)e.
From this we can deduce that W is a solution of the problem

W e L*(Q3x(w0); 1),

/ W div(t*V) dx dt = / t® fnp dx dt
Q7 (z0)

Q;R(xo)

(B1) ¢ + (DSI,Z(RN))*<g,n(x,0)gp(x70)>psM(RN)/Q V [div(t*Vn)p + 26"V V] du dt

;’R(wo)

for any ¢ € C*®(Q3x(70)) such that ¢ =0 on dQ2g(zo) N Rf“
and lim ¢;(-,0) = 0 in B (z0),
t—0t

where the duality product has to be interpreted as applied to a trivial extension of np.
We divide the remaining part of the proof into three steps.
Step 1. We prove that given V, g as in the statement and 7 as above, there exists a unique

solution of .

Suppose that Wi, W5 are two of these functions and denote by W their difference. Then we
have that W € L*(Q3(x0); %) and it satisfies

(32) / W div(t*V) dz dt = 0

for any ¢ € C®(Q3(x0)) with ¢ =0 on dQar(xo) NRY ™ and lir(gl+ 0i(+,t) =0 in Bhp(xo).
t—
Let ¢ € C2°(Q3x(20)) and let ¢ be the unique solution of (22). We have shown that such a

function ¢ belongs to C°°(Q5x(20)). This together with implies that ¢ is an admissible test
function in . This yields

/ tPWp da dt = — / W div(t*V) dzdt =0
Q7 (o)

Q;R (-LO)

for any ¢ € C2°(Q3x(x0)). This shows that W = 0 in Q35 (zo) and completes the proof of Step 1.
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Step 2. In this step we prove that, for V, g as in the statement of the proposition and 7 as
above, there exists a unique function Z € H(I'J5(20); t*) such that

(33) / V2V drdt = — / t® fnp dx dt
Qf (o) Q3r(xo)

— (Di-12(RN))* <g,n(m,O)gp(x,O)>Ds?l’2(RN) —l—/Q 1% [div(thn)np + thVano} dx dt

;R (10)

for any ¢ € H (T35 (w0);t?). We recall that there exists a well-defined continuous trace embedding
from DV2(RY T #) into D*~12(RY), see (T49). We observe that for any ¢ € HE (T, (70);t°) the
function 7y, once it is trivially extended outside Q;‘R(xo), belongs to DLZ(RfH; t*). We denote
the trace of ny simply by 7(-,0)p(:,0) € D*~12(RY). We have

(34)

(Ds—L:2(RN))* <gv 77(% 0)@('%3 O)> < ||g||(DS*1f2(RN))* HT](’ 0)90(3 O)‘ Ds—1.2(RN)

Ds—1.2(RN)

< const [[gll(ps—1.2@n )« 11l pr.e @y oy
< const HgH(’Ds—l,Z(RN))* ||@||H6(F;R($0)§tb)

for some const > 0 depending only on N, R, b and 7.
On the other hand, from the fact that n:(-,0) = 0 in  and by (145]), we deduce that

(35) / V div(tVn)p d dt| < (b||m/t\|LM(RNH)+||An||L&(RN+1))/ 21V || dar dt
Q7 (@0) * * Qi (xo
< (Ol ey + 18w ) ) IV et o S8 191
and
b 4V2R
(36) /Q+ oy I dt) < S I N aaqaren 19l g g oren
2R

for any o € Hg(T3x(z0);t0).
Finally we have

(37) SV oo v+ 1V 2200 woyien) 191 118 (0 oty

/ VitV da dt
Q3 (w0)

From — and the Lax-Milgram Theorem we deduce that admits a unique solution
Z € H}(Dgx(w0);t?). An integration by parts yields

/ t'VZVdrdt = — / 2 Z(x, )i (x,€) dx — / Z div(t*V ) dx dt
Bl p(z0)x(g,2R) Bl (z0) Bl p(z0)x(g,2R)

for any ¢ € C®(Q4x(z0)) N HE (T35 (x0); ) satisfying lim; o+ ¢4 (+,¢) = 0 uniformly in Bjp (7).
Passing to the limit as ¢ — 0% we obtain

(38) / t'VZVpdrdt = — / Z div(t*V) dz dt .
Qir(z0) Qi (zo0)

Actually, one has to prove first for smooth functions Z and then, by a density argument, for
all functions in H{ (T35 (20);t?). Combining and we obtain

(39) / Z div(t*V ) dz dt = / tb fnep dx dt
Qir(z0) Qin(0)

+ (De-12@mNY))* <g, n(z,0)p(z, 0)> V [div(t*Vn)e + 2t°VnV] dz dt

Ds—1,2(RN) N \/Q;R(ivo)

for any ¢ € C°°(Q4p(w0))NHE (I35 (w0); t°) with lir(])a+ (-, t) = 0in B} p(xo). From this we deduce
t—
that Z is a solution of (31).
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Step 3. We conclude the proof of the proposition. We have shown that admits a unique
solution, hence Z coincides in Q7 (o) with the function W = nV defined at the beginning of
the proof. In particular nV € HY(Q3(z0);t®) and, in turn, V € HY(Q%(z0);t*) being n = 1 in
Q‘};(xo). The proof of follows from the estimates of Step 2 and standard application of the
continuous dependence from the data in Lax-Milgram Theorem. O

3. AN ALTERNATIVE FORMULATION OF PROBLEM

Inspired by [10] and [46], we introduce an alternative formulation for problem (). For any
l1<s<2asin we define b := 3 — 2s € (—1,1). Next we define D, as the completion of

(40) T = {UeCf’(M“):UtzoOn RY x {0}}

with respect to the norm

1/2
0o = [ a0 0P drar)
RYTT

Under the assumption N > 2s, the validity of the Hardy-type inequality provided by Proposition
makes the abstract completion defined above isomorphic to a concrete functions space.

Let now u € D*2(R") be a solution of (1)) in the sense given in and let U € D, be the
unique solution of .

The existence of a solution for problem (4] is essentially contained in [46]. For completeness,
we provide here a rigorous formulation for (4)) and we prove the existence and uniqueness of its
solutions, thus giving a proof of Proposition

In order to do that, we need to show that the trace map Tr : D, — D*2(R") is well defined and
continuous, so that the first boundary condition in can be interpreted in the sense of traces.
The construction of this trace operator is one of the main goals of this section.

The second boundary condition in is a forced condition coming from the functional space D,
and has the following meaning: any function U € D, is the limit with respect to the norm || - ||p,
of a sequence {U,,} of smooth functions satisfying lim,_,o+ t*(U,)¢(+,t) = 0 in RY. In other words,
the boundary condition lim,_,q+ t°U;(-,0) = 0 on R¥ is equivalent to the validity of the following
integration by parts formula

(41) / P AU da dt = — / tPVUVY da dt, for any 1 € C2°(RY ).
Rfﬂ RﬁJrl

As mentioned above our main purpose now is to construct the trace map Tr : D, — DSvQ(RN ).
We define the weighted Sobolev space V (0, 00; %) as the completion of
(42) {p € C2°([0,00)) : ¢'(0) = 0}
with respect to the norm

0o 1/2

(13) leliviosmey = ([ Dupl + 16/ + 1]t
where Ay 0 = ¢ + %(p’.
Lemma 3.1. Let V (0, 00;t%) be the space defined in 7. Then the following facts hold true:

(i) V(0,00;t*) C C*(]0,0));

(ii) ¢”, % € L*(0,00;t") and ¢'(0) = 0 for any ¢ € V (0, 00;t");

(iii) for any ¢ € V(0,00;t%) there exists a constant C > 0 independent of t but possibly depen-

dent on p such that

(44) o) < C(A+t7)  foranyt>0.

PrOOF. We divide the proof of the lemma into several steps.
Step 1. By integration by parts, combined with some easy computations, one can prove that,

for any ¢ as in ,

(45) / T [(Borg)? + () + 7 di = / T 0P + 020 OF + 10 0P + 1e(0)P] dr.
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Step 2. We prove that for any ¢ as in we have

(bil)Q > b—2y 1 2 > by 1 2
(46) T e era s [ Rl P

Indeed, integration by parts yields

2

og/o <t3<p”(t)+b21t31<p’(t)> dt
> by, 1 2 (b,1)2 > b—2y, 1 2 > b—1, 1 "
=, el (O dt + —— o lo'(t)]"dt + (b—1) . @' (t)e" (t) dt
o0 _ 1 2 e’}
:/ tb\(p//(t)|2dt_ (b 1 ) / tb_2|<p/(t)|2dt.
0

0
Step 3. We prove that the norm in and the norm

- 1/2
o ([0 0 OP 4108 +lp0P) )

are equivalent on the space defined in .
If b € [0,1) the equivalence of the two norms follows by and ([46).
If b € (—1,0) one of the two estimate is trivial and for the other we proceed in this way:

> 1 — / 4b > 1’ b + ]' 2 > 1
[ e wr e 0Py (14 2 [T eeopa= () [ elora

where the above inequality follows from and the fact that b < 0.
Step 4. In this step we complete the proof of the lemma. From Step 2 and Step 3 and a density
argument we deduce that

o0 o0
/0 10" (t)2dt < Cllolly (g 0000y and /0 7219 (1) Pdt < Clloll (o o0ser)

for any ¢ € V(0, 00;t), where C is a positive constant independent of (. This proves the first two
assertions in (ii).
For any ¢ as in and t > s > 0 we have, for some positive constant C' independent of s,t

and ¢,
t 1/2 ¢
< (/ Tb_2|(p/(7')|2d7') </ 7'2_de>

53—b‘1/2

t 1/2
b b
/ 2t (1)t T 2dr
S

(47) o) = p(s)] =

< CH@HV(O,oo;tb) ‘tg_b -
where the last inequality follows from Step 2 and Step 3. By density we have that estimate
actually holds for any ¢ € V(0,00;t?). This proves that any ¢ € V(0,00;t’) is continuous in
[0, +00) being 3 — b > 0. Moreover if we put s =0 in we obtain
o(t) — ¢(0)
t
Since b < 1, from the first estimate in we deduce that ¢ is differentiable at 0 and ¢’(0) = 0 so

that the proof of (ii) is complete. The second estimate in (48)) gives and proves (iii).
It remains to complete the proof of (i). For any ¢ as in (42) and ¢ > s > 0 we have, for some

positive constant C' independent of s,t and ¢,
to, \ t 1/2 t
/ 2" (1) 2d7| < (/ Tb|g0”(7')|2d7'> </ deT)

_ _pi1/2
A-b 1 b’/

3—b

1-b
(48) < CH@HV(O,oogtb)t 2 and |50(t)| < ‘()0(0)| + CH()O”V(O,oo;tb)t 2.

1/2
(49) /() — ¢'(s)] =

< Cllellvo,00it) |

where the last inequality follows from Step 2 and Step 3. By density we have that estimate
actually holds for any ¢ € V(0,00;t?). Since b < 1, we deduce that ¢’ is continuous in [0, 0c) and
this completes the proof of (i). O

Thanks to Lemma we can now prove the existence of a classical solution of when the
datum w is sufficiently smooth.
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Lemma 3.2. Let u € C°(RY). Then admits a classical solution U € C?(RY'). Moreover
U € Dy and the following assertions hold true:

(i) there exists a constant Cy, > 0 depending only on b such that

(50) 1Ullp, = Collullps2@ny ;
(ii) for any V € C(RYTY) such that V(-,0) = u and Vi(-,0) = 0 in RV, we have
(51) 1Ullp, < VD, -

Proof. Given a function u € C°(R”Y) we aim to solve problem by using the Fourier transform.
Writing the equation AZU = 0 as A§U+2Ab,tAmU+AI2MU = 0 and applying the Fourier transform
with respect to the x variable to both sides of the equation, we formally obtain

(52) 14T — 20¢2A0,,0 + A7,0 =

Following [46], we look for a solution of in the form U(,t) = @(€)p(|¢]t) with ¢(0) = 1 and
¢'(0) = 0. From , ¢ has to be a solution of the equation
(53) A —20,10+ ¢ =0.

We now divide the rest of the proof into several steps.
Step 1. In this step we prove the existence of a solution to equation in V(0,00;t?). We
introduce the functional .J : V(0,00;t?) — R defined as

I = [ [Gnae + 20 4] dt = [T - P,

We observe that the equality between the second and third term in the above formula follows from
the fact that [~ t°0(App) dt = [§° @(tP¢") dt = — [ t°(¢)? dt.
Thanks to Lemma it is possible to COHSlder the mlnlmlzatlon problem
min{J(p) : ¢ € V(0,00;¢"), o(0) =1} .

Since the functional J is clearly coercive with respect to the norm of V (0, oo; tb)7 the minimization
problem admits a weak solution ¢ which solves equation and satisfies the initial conditions
¢(0) =1 and ¢’(0) = 0. In particular we have

(54) Am#mwww—wmmwww—MMﬁzo
for any 1 € V (0, 00;t%) such that 1(0) = ¢/(0) =

Step 2. We prove that ¢ € C%([0,00)). If we put ((t) := Ay 18(t) — ¢(t) € L*(0, 00;t°), by (54),
we see that ( is a distributional solution of the equation

(55) ApC—C=0 in (0,00).
We claim that ( € C*° (0 oo) and it solves in a classical sense.

Indeed, if we put F(t) := [/ s°C(s)ds then F € Hy\ (0, 00) being ¢ € L?(0, 00;¢*) and moreover
F'(t) = tbC(t) in the benbe of dlstrlbutlons.

Hence, by (55)), (t°¢’(t) — F(t))’ = 0 in the sense of distributions so that t*C’(t) = F(t) + ¢ in

(0,00). This implies ¢’ G HIOC(O o0) and in particular ¢ € HZ_(0,00). Now, with a bootstrap
procedure which makes use of ., we conclude that ¢ € C*°(0, o).
Now we claim that ¢ € C°([0,00)). For any ¢ > s > 0, by (55)), we have

t t
ywmﬁwmaﬂ&ww:/#%amf
t 1/2 1/2 1/2
([ e ([ )" < ([ ) s

1/2
< Tl 0,00y |10 = 8"
Since b > —1, choosing ¢t = 1 in and letting s — 0%, we infer that s°C’(s) = O(1) as s — 0F
and, in turn, ¢’(s) = O(s7?) as s — 0F. This proves that ¢’ is integrable in a right neighborhood
of 0 and hence ( is continuous at 0, thus proving the claim.
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Next, we can proceed by completing the proof of Step 2. By

(57) (t°¢' (1) = t°[o(t) + (1))
we deduce that ¢ € C>°(0,00). Moreover, integrating , for any 0 < s < t, we obtain

(58) (1) — s/ (s) = / PL6(r) + C(r)] dr

By Lemma[3.1] (i), the continuity of ¢ and the fact that b > —1, it follows

lim s°¢'(s) = t°¢/(t) — /0 78lp(T) + ¢(7)] dT € R.

s—0+t

This means that there exists L € R such that lim, o+ t°¢’(t) = L. We observe that L = 0 since
otherwise we would have
tb(¢/(t))2 o [24b-2
t2
and hence tbw}iﬁf ¢ L1(0,R) for any R > 0, in contradiction with Lemma (ii).
Therefore, letting s — 07 in , we infer that

ast — 0T

t

(59) )=t [ o)+ ol dr
0

and, in turn, by de L’Ho6pital rule, we obtain

i $O _ L Jo e + C0ldr _ 9(0) +¢(0)
t—0t+ ¢ t—0+ to+1 b+1

Finally, by , we have that

. . @' (t) 1
1 "t)y=1 —b ¢ t)) = ——[&(0 0)].
im0 =t (<05 460 40(0) = 117 00) + <0
This completes the proof of Step 2. R

Step 3. We show that the function U, defined in such a way that U(§,t) = u(£)o(|€|t) with ¢
as in Step 1, satisfies U € CQ(RfH), Us(-,0) = 0 in RY and it solves in a classical sense.

First, we observe that, by Lemma (iii) and , ¢,¢" and, in turn also ¢, have at most
a polynomial growth at 4+oco0. Hence, by also ¢’ has at most a polynomial growth at +oo.
Finally, from the equation Ay ¢ = ¢ + ¢, we also deduce that ¢” has at most a polynomial growth
at +oo0.

Therefore, since ¢ € C?([0,00)) and u € S(RY), with S(R™) the space of rapidly decreasing
C>(RY) functions, by the Dominated Convergence Theorem, one can deduce that the map ¢
u(£)9(|€[t) belongs to the space of vector valued functions C?([0, 00); L (RN; (1 4 [£])7)) for any
v > 0. Here LZ(RY; (14]£|?)7) denotes the weighted complex L?-space. This proves that the map
t + U(z,t) belongs to the space C?([0,00); H?(RY)) for any v > 0. From this we deduce that

U € C*(RY ™). Since

1

Ui t) = Ggas |, 5 A1 /1l de

and ¢'(0) = 0 it follows that U;(z,0) = 0 for any x € RY. By construction, we also have that U is
a classical solution of .
Step 4. We prove that AU € L2(RY ;%) and
(60) [ 18U 0 dzde = 5(6) [P ate)Pde
RN+ RN
By direct computation we see that

|20, U (€,1) — [EPU (1)1 = €14 a(E)P[Avo(l€]t) — d(IEE)]2.
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After integration, a change of variable with respect to ¢t and Fubini-Tonelli Theorem, we obtain

(61) /R o, 1A T (6, 0) — [EPT (6, 1) dedt = /R wor [EETPIEEOPE A0 00(t) — (8 *ddt

=) [ ePla P

Since 7 € S(RY), the last integral is finite and hence, by Fubini-Tonelli Theorem, for almost every
t € (0,00) the map & — Ab’,ﬁ(f7 ) —[€2U (€, t) = @(57 t) belongs to the complex space L& (RY).
Hence by Plancherel Theorem also the map z — AuU(x,t) belongs to L?(RY) for almost every
t € (0,00). Moreover

/ |AU (2, ) |2dx = / \Ab,t(/]\(f,t) — €U (&, 1)) 2de for almost every t € (0,00).
RN RN

Multiplying this identity by #°, integrating in (0, 00) with respect to the variable ¢ and applying
Fubini-Tonelli Theorem we deduce that AU € LQ(R_IX F1.4%). Moreover follows by exploiting

[61).

Step 5. We prove that U € D,,.

We have to prove that U can be approximated with functions in 7 with respect to the norm
| - |lp,- Here T is the space defined in (40).

Combining Plancherel Theorem with the fact that 7 € S(RY) and ¢ € V(0, oo; *) one can verify

that U € Lz(RfH; t*) and VU € L*(RY % ¢%). Therefore since U € C2(RY 1) we also have that

VU
VI +
Define U, (x,t) =1 (%) n (L) U(z,t) where n € C*°([0,00)), n = 1 in [0,1] and 5 = 0 in [2, c0).
We prove that

(62) e *RY*Heh)  and € LARY by

2]? + 2

(63) / 1A (U, — U)|?dx dt — 0 as n — +00.
RYH

By direct computation one sees that

(64)  AUp(z,t) =n (L) O (2) AU(z,t) + 1 (L) [5A.0 (£) Uz, t) + 2V,0 (£) V,U(z,1)]
+6(3) [men” () Ulwt) + 2 (3) Uala, ) + 3 30’ (3) U, 1)

where we put ©(z) = n(|z|). Then, we observe that there exists a positive constant C' independent

of x, t and n, such that

65) " [n (L) O (&) AUz, t)* <t AU (), Lr |y (L) A0 (2) Ula, 1) < Ct L’;ff) ,

0 (3) V20 (3) VaUle, 0 < COIERE e ()" (1) UG, o) < O
r

10 (2) 0 (1) Ua, ) < CVITLRE B

n? | n

since |z| < v/8n for any z € supp (n (%) © (£)) where we put z = (z,t) € RNFL.
By , , and the Dominated Convergence Theorem, follows.
This shows that for any € > 0 there exists a function V' € Cf(Rf *1) such that

o) (z) "/(t/")U(x,t)

n t/n

/ AU = V) Pdadt < €.
RNV+L
¥
By Step 3 and the truncation argument introduced above, we deduce that we can choose V' in such
a way that V;(-,0) = 0 in RV.

A mollification argument allows us to approximate, with respect to the norm ||-||p,, the function
V found above, with a C™ compactly supported function W satisfying W;(-,0) = 0 in R". Indeed,
one can introduce a sequence of mollifiers {p, } and still denote by V' the even extension with respect
to the variable ¢ to the whole RN+, This extension satisfies V € C2(RN+1!) since V;(x,0) = 0 for
any = € RY. We choose the functions p,, even with respect to the ¢ variable. Then one can verify
that the functions W, := p, * V€ C(RN*1) are even with respect to ¢ and the functions 9; W,
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are odd with respect to t; in particular 9;W,(-,0) = 0 in RY. Exploiting the fact that for any
n € N, 9;W,, is odd with respect to ¢, one can show that |0,W,(x,t)| < C|t| for any (z,t) € RV+!
and n € N where C is a constant independent of (x,t) € R¥N*! and n € N.

Combining this estimate with the fact that V' € C2(RN*+!), by the Dominated Convergence
Theorem we obtain [y, [t]” [Ay(W;, — V)[Pdadt — 0 as n — 4oco. We have just shown that
U € D,.

Step 6. In this step we complete the proof of the lemma. The proof of (i) follows from
once we put Cp, := /J(¢).

It remains to prove (ii). Let ® € C2°(RY ™) such that ®(z,0) = ®,(z,0) = 0 for any z € RV,
Recalling that A,U(€,t) = [€]20(€)[Ap.0(|€]t) — ¢(|€]t)], by Plancherel Theorem, Fubini-Tonelli
Theorem and a change of variable, we have

(66) / tP AU (2, 1) Ay ® (2, t) da dt
RYH

= [ ([ PlePa ansich - o) [ArB(En - leFa(E 0] ) de

0

- ([ e scisasn - [T 6] 2] )

0

= [ 1w ([ elano - o] [an (3 (e g)) - 8 (s )| ar) as =0

where the last identity follows from the fact that, for any £ # 0, the real part and the imaginary
part of the map t — ® (f, %) are admissible test functions in since they belong to C2°([0, 00))

and they vanish at ¢ = 0 together with their first derivatives. By a density argument combined
with the regularization procedure shown in Step 5, one can show that actually holds for any

® € C?(RY ) such that

o
(67) Ay® € LAHRY T by, _vel LA RY T ¢h),
Vi
W €L2(R_1~Y+1,tb)7 @(,0) E(Dt(,o) =0in RN

Let V be as in the statement of the lemma and put ® := V — U is such a way that ® € C2(RY ")
and it satisfies (67). By we then have

VI3, = 1013, +2 [ EAUMSdrde+ UL, = [0, + U1, > V],
+

This completes the proof of the lemma. O

Thanks to Lemma in the next proposition we construct a trace map Tr : D, — D2?(RY).

Proposition 3.3. Let s € (1,2) and letb =3—2s € (—1,1). Then there exists a linear continuous
map Tr : Dy — DS2(RY) such that Tr(V) = Vig~ w0y for any V € CSO(RfH).

Proof. Let V € Cgo(RﬁH) be such that V;(-,0) = 0 in RY and put u = Vjg~ {0y € C°(RY). By
Lemma we deduce that there exists U € C2(RY ™) ND, such that
(68) Urvxioy = u, Ullp, = Chllullpez@yy, [[Ulp, < VD, -

Therefore, if we put Tr(V) := u we have | Tr(V)||ps.2ny < C; ||V ||p,. The conclusion follows by
completion. O

We can now proceed with the proof of Proposition [I.4]

Proof of Proposition Let u € D*2(RY). Let {u,} C C=®(RY) be such that u,, — u in
D*2(RY) and let {U,,} C Dy be the corresponding sequence of solutions of whose existence is
shown in Lemma By we deduce that {U,} is a Cauchy sequence in D, and hence there
exists a function U € Dy, such that U,, — U in Dy. In particular, by Proposition we have that
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Tr(U) = v and moreover U solves being U,, weak solutions of corresponding to u,, for any
n. This proves the existence of a solution of .

In order to prove uniqueness of solutions to it is sufficient to consider with v = 0 and
to prove that it admits only the trivial solution. Being Tr(U) = 0, U becomes an admissible test
function so that, choosing ¢ = U in , it follows immediately that U = 0. O

Let u be a solution of and let U € Dy be the corresponding solution to (4). From Lemma
it follows that C?||ul %S,Q(RN) = |U||%,. Moreover by the proof of Proposition for all p € Dy

satisfying Tr (¢) = u, we have that
(69) Cil|ITx (¢)]

po2@y) = UID, < lells,,

which is equivalent to say that U € D, is a solution to the minimum problem

. 2 2
min — C?||Tx
DTy (9)=u {”‘PHDb o I Tr ()|

b }

Ds2(RN) [ -
Therefore we have

(70) (U,%)p, =0 for any ¢ € Dy such that Tr (¢) = 0.

Now, for any ¢ € D, we denote by ® € D, the solution of corresponding to Tr (¢). By we
have that

1T+ |5, = Cillu+ Tr (9)|[pe2@ny  and [[U = @[5, = CFllu—Tr ()32 )

and taking the difference we obtain

(71) (U7®)Dh = Cl?(u7’I‘r(¢))’D5*2(RN) .
Since Tr (¢ — ®) = 0, combining and we obtain
(72) (U, 0)p, = (U, ®)p, = CZ(u, Tr (©)) D=2 (mN) for any ¢ € Dy,

Hence u € D*2(RY) solves (2) if and only if the corresponding function U € D, solving () is a
solution to

(73) (U,¢)p, =0 for all ¢ € Dy s.t. supp (Tr (¢)) C Q.

4. AN ALMGREN TYPE MONOTONICITY FORMULA

Let us assume that U € Dy is a solution to . Let us set

(74) V=AU € LA(RY T Y,
ie., in view of and Proposition
(75) / tVodz = —/ t'VUVedz, for any ¢ € C° (Rf“).
RN+ ]Riwl
Furthermore yields
(76) / V div(t*Ve)dz = 0
RY*!

for any ¢ € C°(RY ) such that supp(i(-,0)) C 2 and lim+ ©¢(-,t) = 0 in RY. Proposition
t—0

then ensures that

(77) V € HY(Qf(x0); ") for any xy € Q and R > 0 satisfying Bjy(zo) C Q.

Up to translation it is not restrictive to suppose that g = 0 € Q. Then we fix a radius R > 0
satisfying . For simplicity, the center xg of the sets introduced in will be omitted whenever
o = 0.

By (76)-(77) we obtain
(78) / t'VVVpdz =0
Bj

for any ¢ € C2°(X£(0)) such that ¢;(-,0) = 0 in Bj.
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Actually still holds true for any ¢ € C°(X%(0)) not necessarily satisfying ¢;(-,0) = 0 in
Bl,. Indeed, for any ¢ € C°(3%(0)), one can test with g (z,t) = o(x,t) — i(z,0) tn(kt),
kE € N, where n € C*(R), 0 < n < 1, n(t) = 1 for any ¢t € [-1,1] and n(t) = 0 for any
t € (—00,—2]U[2,400), and pass to the limit as k — +o0.

By density we may conclude that

/ t'VVVedz =0  for any ¢ € Hy(Sh;t").
B

Hence, the couple (U,V) € D, x L? (Rf“; t*) is a weak solution to the system @ in the sense
that and hold together with the forced boundary condition . Thanks to Proposition
and , we may define the functions

(79) D(r) = p=N-0+1 U t* ([VUP +|VVP+UV)dz
Bt
and
(s0) H(r) =N / (U V) dS.
Sy

We observe that the function H = H(r) is well defined for every r > 0 such that B}, C § since
the trace operator

Trs, : H'(B} ;") — L*(S; ;)
is well-defined and continuous being b € (—1,1), see [15, Subsection 2.2].

We now prove a Pohozaev-type identity for system @

Lemma 4.1. Let U and V be as in and . Then for a.e. > 0 such that Bj, C Q we
have

ou . oV
b 2 2 _ b
(81) /Bjt (IVUP +|VV[?+UV) dz—/Sjt <ayU+ay v) ds
and
(82) —7N+b_1/ tb(|VU|2+|VV|2)dz+/ PV (z-VU)dz
2 B B

r

2 v

ov

r oU 2
+2/Sift (IVU]? + |VV|?)dS r/srt (ay )dS.

Proof. The proof of this lemma can be obtained proceeding exactly as in the proof of Theorem
3.7 in [I5]. Hence here we omit the details and we show only the main steps. Let us consider first
identity (82). Let r be as in the statement of the lemma. Similarly to [15], for any § > 0 we define
the set

Os :== B n{(z,t): t > 6}.
By (6) and exploiting [15] (51)] by replacing their 1 — 2s with our b = 3 — 2s, we obtain
N+b—-1 1
(83) +7/ VU |2dz f/ t'V(z-VU)dz = —= 5b+1/ VU (z,6)>da
2 Os Os 2 B’

V2 _s2

+5b+1/ \Ut(x,5)|2dz+6b/ (- V.U(z,0))Us(,6) dx
i/m /r2 _§52

+ f/ #|VU2dS — r/ #
2 Jstnqi>s) SHA{t>6)

Now, arguing as in [15], on can show that there exists a sequence §,, | 0 such that

(84) 52“/ VU (z,6,)|*dz — 0, 551“/ Uy (,0,)2dz — 0,
,\/7‘2*5%’ B 7"27(57%
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asn — +0o. The local regularity estimates of Propositionsandmimply that U,V € 0% (E:_),

VU, V;V € Co7a(§:) and t°U,, 'V, € CO’O‘(E:_) for some o € (0,1). These regularity estimates
combined with the Dominated Convergence Theorem imply that

(85) lim 5b/ (x-V,U(x,0))U(x,0)de =0.
§—0+ B’
V=52
Next, by and , one can pass to the limit in with § = d,, as n — +00; summing such
limit equality with its analogue for the function V' (which can be derived with a similar argument),

we obtain .

In order to prove it is sufficient to test the equations in @ with U and V respectively. [

Lemma 4.2. Let U and V be as in and and let D = D(r) and H = H(r) be the
functions defined in and (80). Suppose that (U, V) % (0,0). Then there exists rqo > 0 such
that H(r) > 0 for any r € (0,79).

Proof. Suppose by contradiction that for any rg > 0 there exists r € (0,79) such that H(r) = 0.
This means that U and V vanish on S;'. In particular, by (145) and , we have

272
= b 2 2 2 1_ / b 2 2 )
(86) 0 /mt (|VUP +|VV|*?+UV)dz ( (N+b_1)2> Brt (IVU]* +|VV|*)dz

If rg is sufficiently small and r € (0,79), the parenthesis appearing in the right hand side of (86)
becomes positive. This, in turn, implies [+ t*(|VU|?+|VV|?) dz = 0 which, combined with
implies U = 0 and V =0 in B;. Since U and V are weak solutions of the equations A,U =V and
AV =0in Ri{ 1 by classical unique continuation principles for elliptic operators with smooth
coefficients (see [49]), we deduce that U and V vanish in RV*! thus contradicting the assumption

(U, V) #o0. O
The statement of Lemma [4.2] allows us to define the Almgren type function A : (0,79) — R as
D(r)
(87) N(r) = Hr) for any r € (0,79).

Lemma 4.3. Let U and V be as in (73) and and let R be as in , Let D, H, N be the
functions defined in , and (87)) respectively. Then there exists 7 € (0,19) such that

F—N—b+1 , ) 2y 2
D(r)z ——— -—H

(59) > g [PV 9V e - )
for any r € (0,7). In particular we have that

2

T

> -

(89) N(r) = N1

Moreover, there exist two positive constants Cq,Cs independent of v such that D(r) 4+ CoH(r) > 0
for any r € (0,7) and

(90) /B+ (U2 + V?)dz < CyrV TP D(r) + CoH(7)] for any r € (0,7).

Proof. By Young inequality and (145]), we have

1
(91) /}3+thde <§L+tb(U2+V2)dz
272 b 9 9 N+b—1 A 9
< — R
S o1 [/B:rt(|VU| +|VVP)de + — /Sit(U +V?)dS

from which we obtain

/ t*(IVU2 + |[VV|? +UV) dz
B

2r® b 2 2 r brr2 2
>(1- ——— __r
( (N+b—1)2)/3¢t(|wjl TIVV de N+b—1/srt(U tVhds
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for any r € (0,79). The proof of and then follows from the definitions of D, H and N,
choosing 7 € (0, 79) sufficiently small. Combining and we also obtain . ]

In order to prove the validity of an Almgren type monotonicity formula we need to compute the
derivative of /. In order to do that we first compute the derivatives of the functions D and H.

Lemma 4.4. Let U and V be as in and and let R be as in (77). Let H = H(r) be the
function defined in . Then H € W, ’1(O,R) and moreover we have

loc

(92) H'(r) = 27’*N*b/ b (UﬁU + V8V> dS in a distributional sense and a.e. r € (0, R),
+

S ov v
and
2
(93) H'(r) = - D(r) in a distributional sense and a.e. v € (0, R).
Proof. See the proof of [15, Lemma 3.8]. O

Lemma 4.5. Let U and V be as in and and let R be as in (77). Let D = D(r) be the
function defined in . Then D € W, . (0, R) and moreover we have

s
ocC

2 , (10U

2
TN+b

LoV
ov

2
1 b

N+b-1
b . _4Nro—1 b
/B,Tt V(z-VU)dz NI /B:rt UV dz

in a distributional sense and a.e. v € (0, R).
Proof. The proof can be easily obtained by replacing into
D'(r)=r"N[(1 =N —=b)I(r)+rl'(r)],
where I(r) = [zt (VU + [VV[> +UV) dz. O

Lemma 4.6. Let U and V be as in and and let R be as in (T7). Let N'=N(r) and ro
be as in (B7). Then N € WI})(} (0,79) and moreover we have

(95) N'(r) = v1(r) +12(r)
in a distributional sense and for a.e. v € (0,r19), where

2
| 2 (fsr t* (15217 + |3 [") dS) (S @2 + V) as) = (g ¢ (UFL +VEE) dS) |

(fs¢ (U2 + V2) dS)2

vi\r

and

96 Tfsf t'UV dS — 2 [+ t'V(z-VU)dz — (N +b—1) S5+ t'UV dz

(96) va(r) = fs;f t(U2? 4+ V?2)dS ’

Proof. The proof follows immediately from , and . |

In the next result we obtain an estimate on the v5 component of the function N”.
Lemma 4.7. Under the same assumptions of Lemmal[{.6 we have that

(97) v = lim N(r)

r—0t

exists, it is finite and moreover v = 0.
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Proof. Let vy and vo be the functions introduced in Lemma By , and , for any
r € (0,7), with 7 as in Lemma [.3] we have

v [ t0V2dz 41 (44 tP|VU|2dz + (N +b— 1) ‘fo UV dz‘

(98) 2 (r)] < Jsr (U2 +V?)dS

N =

n éerH’D(r) + C~'2rN+b+1H(7‘)

’r‘N+bH(T‘) :61N(T)+53T

<

N3

for some suitable constants 51, C~'2, 52 > 0 independent of 7.

Therefore, since by Cauchy-Schwarz inequality we have that 14 > 0, we obtain that
(99) N'(r) = —CN(r) — Car
which yields

(100) N(r) < e=Or [ealf./\/(?) + 53/ pealpdp <Cy for any r € (0,7).

This, combined with , yields boundedness of v in (0, 7).
This means that N’(r) = v1(r) + v2(r) is the sum of a nonnegative function and of a bounded
function so that

vy = lim N(r)=N(F)— /OT va(p)dp — lim Tyl(p) dp

r—0t r—=0t /.

exists. Finally, by and ([100)) we conclude that « is finite and nonnegative. O

A first consequence of the previous monotonicity argument is the following estimate of the
function H.

Lemma 4.8. Letting v be as in Lemmal[].7, we have that

(101) H(r)=0(r*) asr—0".

Furthermore, for any o > 0 there exist K(o) > 0 and r, € (0,7r9) depending on o such that
(102) H(r) > K(o)r>™  for allr € (0,74) .

Proof. The proof is quite standard once we have proved (@, see the proof of [I5 Lemma 3.16]
for the details. |

5. A BLOW-UP PROCEDURE

In order to exploit the monotonicity formula obtained in Section 4] and to obtain asymptotic
estimates on solutions to @, we proceed with a blow-up argument. The blow-up analysis for a
system with our type of coupling presents several new difficulties compared to the case of one
single equation treated in [I5]. In the first instance we are able to guarantee only that at least
one of the components of the limit profile is nontrivial. Furthermore, the type of coupling in the
system leads to a representation of the Fourier coefficients in the expansion characterized
by the coexistence in the same term of different homogeneity orders, see ; this phenomenon
is responsible for the possible appearance in the limit profiles of eigenfunctions associated with
different eigenvalues, as in the example exhibited in Remark In particular, it can occur that
the first component, rescaled with the homogeneity identified by the limit of the Almgren function,
tends to zero, so that it is necessary to identify its asymptotic rate by analyzing in details its
expansion togheter with that of its weighted Laplacian, distinguishing several cases according to
vanishing or non-vanishing of some sets of coefficients, as done in detail in the proof of Theorem

67

Lemma 5.1. Let (U,V) € H'(B};t") x H'(B};t°) be a nontrivial solution to (€ in the sense of
7 and . Let N be the function defined in and let v be as in Lemma . Then the

following statements hold true:
(1) there exists £ € N such that v = {;
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(i3) for any sequence A\, | O there exists a subsequence {An, tren and 2M, real constants
B&m,ﬁz’m, m=1,...,M,, such that 2%2:1 {(,@e}mf + (ﬁém)ﬂ =1 and

G o St (7). T o b Xt ()
H(/\nk) P mLlm |Z| 5 H()\nk) ] ¢,mtlm |Z|

weakly in H' (B ;%) and strongly in H'(B;};t%) for anyr € (0,1), with Y, as in Section
(see the definition of Yy, below (7).
Proof. Let us define the following scaled functions
U(\z)
H(N)

(103) Un(z) :=

which satisfy
AUy = )\2V)\ and / tb(Ui—i—V)\Q)dS: 1.
S+

1

Using a change of variable, and Lemma one sees that
22

— 1 5 +
+N—|—b—1 O(1) as A — 07,

/+ (VUL +|VVA[?) dz <2V (V)

Bl
which combined with (145]) yields that
{Unheos and {Mlicoi are bounded in H'(B;";t%)
for some \ small enough. Hence, for any sequence A, | 0, there exists a subsequence A, | 0 and
two functions U,V € H(B; ;t*) such that Ux,, = U, Vi, —V weakly in HY(B;t%).
By compactness of the trace map H' (B ;t?) — L?(S;;t"), see [15, Section 2.2], we obtain

(104) / (0% +V?)dS =1,
Che
which implies that (U, V) % (0,0). We observe that the couple (Uy, Vi) weakly solves
AUy = N2V in B},
AV =0 in B},
limt*)0+ tb('?tU,\ = hmt*)()+ tbatV)\ =0 on Bi .

This means that

/ t'VU\Vdz = —)\2/ t*Vipdz and / t'VViVepdz =0,
B B B

1
for any ¢ € HY (37 ;%) with HY (37 ;%) = HY (37 (0); ) as in Section [2]
From the weak convergences Uy, — U, V), —Vin HY(Bj;t*), we deduce that

/B+thT7V<pdz:O, and /}3+th‘~/Vg0dz:0, for any ¢ € Hy (%71,

1 1

which means that the couple ((7, ‘7) weakly solves

AU =0 in Bf,
(105) AV =0 in By,
limy_, o+ tho,U = lim,_, o+ o,V =0 on Bj.

By Propositions |7.8 we have that, for any r € (0, 1),
{vaA})\e(O’S\) ) {va)\})\G(O’S\) ) {tbatU)\})\g(o,S\) ) {tbﬁtv)\})\e(oj\)

are bounded in C%# (E: ) for some S € (0,1); hence by the Ascoli-Arzela Theorem we deduce that
. . . .=t .

these families of functions are uniformly convergent in B, up to subsequences. In particular, we

have that Uy, — U and V), — V strongly in HY(B;;tb) for any r € (0,1).
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Now, for any k € N and r € (0, 1) we define the functions

Dy(r) = rfobJrl/

. tb(\VUAnk 2+ [V, P+ AikUAnkVAnJ dz,

Hy(r) := N0 /5+ £t (Ufk + ka) ds.
We observe that

(106) Nk(r) = =

=N, 1) for any r € (0,1).

Next, if we define

D(r) := r_N_b+1/ tb(\Vﬁ\z + \VT/F) dz,
Bt

o .—N-b b(7r72 172
Hr) =7 /Sjt(U +V)dS,

the strong convergences Uy, — U and Va,, — V in HY(B;;t?) yield
(107) Dy(r) = D(r) and Hg(r) = H(r)  for any r € (0,1).

We claim that H(r) > 0 for any 7 € (0,1). Indeed, if there exists 7 € (0,1) such that H(7) = 0
then by (105) and integration by parts we would have

(108) 0= [ div@VD)Tds = — / PV Pdz .

B B
Since U € H} (ST tb), combining with , we conclude that U = 0 in B; and, by the
classical unique continuation principle for uniformly elliptic operators with regular coefficients, we
conclude that U = 0 in Bj". With the same argument we also deduce that V=0in B;. We have
shown that (U, V) = (0,0) in B; thus contradicting (104).

The validity of the preceding claim allows to define the function N (r) := ) for any r € (0,1).

l

H(r)
By (106)), (107) and Lemma we infer
(109) N(r) = lim Ny(r) = lim N(A,r) =7.
k—o0 k——+oo

This shows that A is constant in (0,1) so that N”(r) = 0 for any r € (0,1). Therefore, adapting
Lemma to the couple (U, V), we infer that

2 2 ~ ~ 2
/ £ dS~/ tb(ﬁ2+X~/2)dS—l/ t ((76(]+17W> dS] =0
st st st ov ov

for any r € (0,1). This represents an equality in the Cauchy-Schwarz inequality in the Hilbert
space L2(SF:t%) x L2(S7F:t) thus showing that (U,V) and (g—g, 88—‘;) are parallel vectors in
L2(S;;t%) x L2(S;F;°). Hence, there exists a function 7 = n(r) defined for any r € (0, 1) such that

(%—g(rﬁ), %—‘Z(r@)) = n(r)(U(rd),U(rd)) for any r € (0,1) and 0 € SY. By integration we obtain

v

ov

o0
ov

(110) U(rg) = T 1957 (9) = o(r) ¥, (0), € (0,1), €SV,
(111) V(r0) = T 19957 (9) = o(r)Ws(0), 7€ (0,1), § €SY,

where p(r) = /i 15)45 and W, = ﬁ’SN, Uy() = V‘SN' From (105)), (110) and (111}, it follows
+ +
that

r—N (rN+b<p’(7‘))/9§’V+1\111(0) + Tb_ZQD(T)diVSf (Q?VHVSf Uy(0)) =0 in Sﬂ\r’,

(112) li 6% U, (0
b o N1 VsyWi(0) - eny1 =0,
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and

_ ! _ . .
PN (PN (1)) 08 Wa6) + 17 2o(r)dives (0% 4 Ven Wa(0)) =0 in 8,

(113) ) b
0N-¢1—11H—1>0+ On11Vsy Wa(f) - eny1 =0.
Taking r fixed, we deduce that W, U5 are either zero or eigenfunctions of @ associated to the
same eigenvalue. Therefore there exist £ € N, {8, Bém}%[:l C R such that

—diVSiI (Q?V+1VS£\I/1) = /J,ge?\,+1\111 in Sﬁ,

. b _
0 B Vi 1 0) e 0.

—divgf (Oﬁ’\,ﬂvsf \Ifg) = pg@?v_,'_l\llz in Sﬁ,

li 0%, Ven Us () - =0,
9N+11H—1>0+ N1 Sf 2() eN+1

and
Mg Ml
\Ill = Z ﬁl,m%,rru ‘112 = Z ﬁé)mn,m-
m=1 m=1

In view of (104) we have that [gv 6% ,,(¥3 + ¥3)dS =1 and hence
+

M,

> 1(Bem)? + (Brm)*] = 1.

m=1

Since ¥y and Wy are not both identically zero, from (112 and (113)) it follows that ¢(r) solves the
equation

N+b

() + —=¢'(r) = e () = 0

and hence p(r) = clr"é+ + cor%e for some ¢1, ca € R where
_ 82
(114) of = M= 4 J(BHE=T 4y =0,
_ _ )
o =~ [y = - (V- )

Since either [2|7 W1 () ¢ HY(Bf;t*) or 2|7 Wa () ¢ HY(Bj ;%) as one can deduce by (151)),

(we recall that (Uy, ¥5) % (0,0)), we have that ¢y = 0 and @(r) = ¢1r°¢ . Moreover, from ¢(1) = 1
we deduce that ¢; = 1. Therefore

(115) T(r) =17 0y (0), V(rh) =1 Uy(6), forallr € (0,1) and 6 € S.
From (115)) and the fact that

[ @ udas =1 and [ ok (Vo Wl + Vo Baf?)dS = u
sy sy

we infer

D(r) = of r2°¢  and H(r) = P20

By (109]) we then have v = JV(T) = gg;; = o} = (. The proof of the lemma is thereby complete. (]

Lemma 5.2. Suppose that all the assumptions of Lemma[5.1] hold true. Then the limit

lim »~ 2 H(r)
r—0+t

exists and it is finite.
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Proof. Thanks to Lemma it is sufficient to show that the limit exists.

By and Lemma we have
d H(T) o —2y—1 _ o1 /7" ,
ar r> 2r H(r)N(r) =] =2r H(r) ; N (p)dp

Since N is bounded in a right neighborhood of 0, by we deduce that A is bounded from
below in a right neighborhood of 0. Hence there exist a constant C' > 0 and a nonnegative function
w € Li (0,70) such that N7(r) = —C 4 w(r) for any r € (0, 7).

Therefore, integrating in (r,rg), we obtain

2o B = Mot ([Cetmran ) o 20 [ o).

(116)

To
Since w > 0 then lim, o+ [°2p=2Y" H(p) ([ w(7)dr) dp exists. Moreover we also have that
lim, o+ [° p~*YH(p)dp = [,° p~*"H(p )dp exists and it is finite being p=*YH(p) € L'(0,70)
thanks to . This completes the proof of the lemma. O
Let us expand U and V as
oo My oo My
117)  U(2) =YY ermNYem(0), V(z) =3 Frm(N)Yem(0)
k=0m=1 k=0 m=1

where A = |z| € (0,70), 8 = z/|z| € SY, and
(118)  rm(N) = / 0 UAO) Yo (6)AS(0),  From(A / 0 o V(A Yie (6) dS(6).
s

Lemma 5.3. Suppose that all the assumptions of Lemma n hold true. Let ¢, and Ogm,
m=1,..., My, be as in (118]). Then for any 1 <m < My we have

(119) Pem(N) =N K(Nb g AT and @pm(N) = dy™ N,
where K(N,b,0) ;== (L +2)((+ 1)+ (N +b)(£ + 2) — ue,
m - ,m — df’m
07 =B eV (0)d5(0). <R[ 0k UROY:,(0) dS(0) = i B
+ +

Furthermore @pm = @km =0 for any 1 <k <€ and 1 <m < M.
Proof. From the Parseval identity it follows that

(120) HN) =Y (eh )+ 31,n(N),  forany 0 <A< R

By @ we have that for any m=1,..., M,
Ol m V) + 552 0l (N) = &5 em(N) = Bem(N)

PN + 552 @0 1 (V) = K8 Gem (V) = 0.

lm lm

(121)

By direct calculation we obtain
Brom(N) = dy" AT 4 dy AT
for some constants d-™, d5™ where of and o, are defined in (T14).

Now, by (120), (101)) and the fact that v = o/ = ¢, we infer dy™ = 0 s0 that pm(X) = d™ A
In particular, (121} and direct calculation yield

d@ m
(o'z'+2)(0[ +1)+(N+b) (o) +2)—pe

azr +2

(V) = AT 4 AT

for some constants ¢y, cy™. Exploiting again (120), (101) and the fact that v = o, = £ we
deduce that cg’m = 0. The proof of the first part of the lemma now easily follows. In order to
prove the second part of the lemma one can proceed exactly as above replacing £ with k in
and solving the corresponding equation. The conclusion now follows from (120) and (| -



28 VERONICA FELLI AND ALBERTO FERRERO

Remark 5.4. We observe that the representation formula (119)) actually holds for ¢y, and @y
also for k # /; in this case to prove that dlg’m = cg’m = 0 we can use the fact that U,V € Hl(BE; tb).
Lemma 5.5. Suppose that all the assumptions of Lemma[5.1] hold true. Then we have

(122) lim r~2YH(r) > 0.

r—0+

Proof. By Lemma we know that the limit in (122)) exists and it is nonnegative and finite.
Suppose by contradiction that limy_,o+ A"2YH()A) = 0. Then by (120) we deduce that for any
1 <m < My, with £ as in Lemma [5.1

i - = i -5 —
)\lgng A Toem(A) =0 and )\lgng A 7@rm(A) =0.

We recall that by Lemma we have v = ¢ and hence by Lemma we infer cﬁ’m = df’m =0

so that

(123) ©e.m(A) = Gem(A) =0 for any A € (0,R) and 1 < m < M,.

From Lemma for every sequence \,, — 07, there exist a subsequence {\,, }ren and 2M, real
constants f¢,m, B ,,,, m = 1,2,..., My, such that

M,
(124) D (Bem)® + (Brm)?) =1
m=1
and
¢ il z ¢ ek o
!
Unny = 21 2 Ben¥in () Vi, = Bl 30 Bn¥im (). as ks box,

weakly in H'(Bj;t?) and hence strongly in L2(S;";t?), where Uy, Vs have been defined in (T03).
Combining this with (123]), it follows that, for any m = 1,2,..., My,

i L, )\TL
Bem = lim (U/\nk’Y&m)H(Sf;eb M =

7

k—+o0 M) - k—1>+°° H()\nk)
/ T . @f,m()‘nk) _
Pem = kgrfoo(‘/)\nk7n’m)l‘2(§$;9?\f+l) = hm VHN)
thus contradicting (124)). O

Then we prove the following lemma.

Lemma 5.6. Let (U, V) € H'(B};t®) x HY(B};t%) be a weak solution to system (6) such that
(U, V) #(0,0). Then there exists £ € N such that

M, M,
AU = 20 af,mn,m(ﬁ), ANV = 20 a me’m(ﬁ)’
z : z
m=1 m=1
strongly in H*(By ;%) as A — 0T, where

— 2—4£
(125)  agm=R"* /S N 0% 1U(RO)Yem(0)dS(0) — ginssy /S N 0% 1V (RO) Yy, (0) dS(0),
+

+

A =R 03 V(RO m(0)dS(0)

5
with K(N,b,{) as in Lemma[5.9 and
M,
(126) D ((aem)’ + (agn)?) #0.
m=1

Moreover for any 1 < m < My we have
A

o m -
(127) rm(A) = apmA’ + mxm . Bem(N) = ap AL
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Proof. From Lemma and (122]) there exist £ € N such that, for every sequence A, — 0T,
there exist a subsequence {\,, }ren and 2M; real constants cu ,, a},m, m=1,2,..., My, such that

Z%;((O‘e,m)Q + (Oéz’m)Q) # 0 and
M,
_ _ z
(128)  ASUO2) = |2ff Z QmYi m(| |) MoV (n2) = 12> aé,mYe,m(m)
m=1

strongly in H'(B;;t") for all 7 € (0,1), and then, by homogeneity, strongly in H (B ;).
By (118), (128) and Lemma 5.3 we deduce that
e = Jim A / 0% o UMy 0)Yem(0) dS(6)

m

= hm /\nkgpgm()\nk) =c
_ R / Oy U(RO)Youn(0) dS(0) — s / 0.,V (RO)Y:m (6) dS(6)

and

0 = Jim A / 0 o1V (A 0) Y2 (6) dS(6)
= Jim NG () = di™ = R 03 V(RO (0) dS(6).
— 00 SN

We observe that the coefficients ag,m,az,m depend neither on the sequence {\,},en nor on its
subsequence {\,, }ren. Hence the convergences in (128) hold as A — 0* and the lemma is proved. O

We now state and prove the following theorem.

Theorem 5.7. Let (U,V) € H'(B};t") x HY(B};t") be a weak solution to system (6]) such that
(U, V) # (0,0). Then there exists 8 € N and a linear combination Uy # 0 of eigenfunctions of
(7)), possibly corresponding to different eigenvalues, such that

(129) AU = |20 (‘ ‘)

strongly in HY(By;t*) as A — 0. Furthermore, if V. # 0, there exists 0o € N and a linear
combination Vo Z 0 of eigenfunctions of @, possibly corresponding to different eigenvalues, such
that

(130) A2V (N2) = |2]%2 Ty (ﬁ)
strongly in H*(B; ;%) as A — 07.
Proof. We treat separately the proofs of (129) and (130).

Proof of { . Let ¢ be as in Lemma [5.6] n If at least one of the numbers ay1,..., 00,
introduced in Lemma E 15.6| is different from zero then the proof of ( . ) follows 1mmedlately with
01 = £ and

M,
0) = armYem(0)
m=1

Suppose now that ay1 = ... = oy, =0. Let Kk = ¢+ 3 and let
S={je{l+1,0+2}:a;, #0 for at least one m € {1,...,M;}}

with ¥ being possibly empty. Here ;,, is defined as in (125]) replacing ¢ with j. When ¥ # () we
put J =minX.
We distinguish the two cases ¥ # () and X = ().
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The case ¥ # (). We put

k—1 M;
w(z) =UE) =303 eim2)Yim ()
j=1m=1
M; k—1 M;
gl Vi (1) = 20 2 ety 1o Yo (/1)
jEX m=1 j=f m=1

for any z € B, with K(N,b,5) == (j +2)(j + 1) + (N + b)(j + 2) — p1j. The last identity follows
from the second part of Lemma [5.3] and Remark [5.4]

It is not restrictive to assume that w # 0, otherwise the conclusion is trivial. We observe that
w is in the same position as the function U in Lemma so that applying that result to w we
deduce that there exists £ > 0 such that

M M

(131) Afw(Az) = IZ\ZT;1 am Yz, (|z|) AT A0 el Z (I)

in H'(B;t%) as A — 0%, where &,, and &/, satisfy and in which the roles of U and V'
in Lemma are replaced by w and Ayw respectively.

We claim that £ > k. We first observe that the Fourier coefficients ©j.m» Pj,m corresponding to
w are all zero for any 1 < j <k—1and 1 <m < M;. On the other hand, by we deduce that
at least one of the functions O m> &Zm’ 1 < m < Mg, corresponding to w is not the null function.
This proves the validity of the claim.

Note that since ¢ > k, by and the orthogonality of {Yjm}j>0,1<m<ns, in L2(SY;60%,),
we also deduce that &, = G and o, = a'zm for any 1 <m < Mj.

By and the fact that £ > k, A *w(A\z) and A"FAuw(Az) remain uniformly bounded in
HY(Bf;t") as A — 0.

We observe that from the definitions of w, ¥ and J we have j+2 >/ +2 =k — 1 > ¢ for any
(4+1<4,j<k—-1.

Therefore, if J < £+ 2 the proof of then follows with §; = J and

=Y aymYim(), 0esy.

Suppose now that J = ¢+ 2 =k — 1. In this case ((129) follows with 61 =k —1=/¢+ 2 and

O om N
Uy (0) = —1m Ye—1.m(0 ————— Y, (0), 0esS).
1(6) mZ:lOék Lm Y1, ()+mZ:1K(N7b7€) r.m(0) €Sy
The case X~ = (). As in the previous case we define
k—1 M; k—1 M; o )
w() =UE) = 5 3 eunlDVim () =06 = X 3 gt 19025 (7).
j=1m=1 j=€ m=1

for any z € B , where the last identity follows from the second part of Lemma E Remark [5 .
and the fact that Y = (). Proceeding as in this case ¥ # () we find ¢ > k such that ( - holds with
Qm = oz, and a, = ozz for any 1 < m < M. Again we have that A™*w(Az) and A™*Ayw(Az)

remain uniformly bounded in H'(B; ;") as A — 0%. Since k& > ¢ + 2 and since oy, 7 0 for at
least one 1 < m < My, the (129) follows as well with 6; = ¢+ 2 and

« m
i(0) = K(fiyyg’m(e), gesy.
m=1
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Proof of (130). If at least one of the numbers o |, ..., } ;,, introduced in Lemmais different
from zero then the proof of ((130]) follows immediately with do = ¢ and

M,
U(0) = 3 Ve (0)
m=1

Suppose now that aj ; = ... = aj ,, = 0. Let k > £ be the first integer for which at least one of
the numbers a |, ...,a; ,, is different from zero (such k exists if V' # 0 in view of (117), Lemma

and Remark and put

M;
w(2) = UE) =30 @im2)Yim ()
j=1m=1
k. M; . My, Oé;C . fio
=UE) =2 3 el Yom (1) = 32 e 1 Yo ()
J=£ m= m=

for any z € BE. The last identity follows from the second part of Lemma and Remark
Applying Lemmato w and proceeding as in the proof of (129)), one can show that A"Fw(\z) — 0
and A"FAyw(A2) — 0 in HY(B ;tP) as A — 0. The proof of (130) now follows with d, = k and

My,
Uy(0) = Y oy Ve (0)
m=1

being Ayw(2) = V(2) = [2F S0, o Vi () O
6. PROOF OF THE MAIN RESULTS

We start with the proof of Theorem since the proofs of Theorems are related to the
asymptotic estimates stated in Theorem

6.1. Proof of Theorem Up to translation it is not restrictive to assume that o = 0. The
proof now follows from Theorem [5.7] and the regularity estimates of Proposition [7.9]

Once we have proved Theorem we can proceed with the proofs of Theorems

6.2. Proof of Theorem Let u be as in the statement of the theorem and let U € D; be
the corresponding solution of . According with Section 4| we also put V' = A,U. Following the
argument introduced at the beginning of Section [4 by assuming up to translation that zo = 0, we
see that the couple (U, V) € H'(B};t*) x H'(Bf;t) is a solution of (6) with R as in (77). Since
(—A)*u € (D*~12(RN))*, by we deduce that the map

W — ('Ds—l,Z(RN))* <(—A)Su,Tr(W)>:D5_1)2(RN) B W S DI’Q(Rerl;tb)
belongs to (DL2(RY ;%)%

Then, by classical minimization methods, we have that the minimum

: 1 b 2 2 s
Wepa @y ) [2 /Rgﬂt VWP dz + Gy pa-ra@vyys (=4)"0 Tr(W)) paraw)
is attained by some Ve DI’Q(RfH; t*) weakly solving

(132) */RNH tVVV®dz = CF (pe-ra@nys (—A) 6, Tr(®)) poogw)

+

for any ® € DV2(RN*1;¢%). In particular we have

(13 - /ﬂw VYV dz = Cf /RN P TTe(D) g for any @ € CF(RYTY).



32 VERONICA FELLI AND ALBERTO FERRERO

Combining (133]) and we obtain
(134) 7/ 'YV V® dz = CF (u, Tr(®)) per2 )
RN+1

+

= (U,®)p, = / A UA,® dz = / VA, ®dz for any ® € T
RYH! R

N+1
+

with 7 as in .

Since u € D¥?(RY) and (—A)*u € (D*~12(RY))*, with a mollification argument, it is possible
to construct an approximating sequence of functions {u,} C D*?*(RY) such that u, — u in
D2(RY), (=A)*u, € C®(RY), (=A)*u, — (—A)*u weakly in (D5~ L2(RN))*.

Then we can construct the corresponding functions U,,, Vi, gnd ‘7n~ First we observe that U,, — U
in Dy, and in particular V;, — V in L2(RY**;#). Moreover V,, = V weakly in D12(RV+1;¢%).

Now we observe that for the functions V,, we have

(135) / . PV, Ay® dz = C’f(un,Tr(fI)))Ds,z(RN) = C,?/ (—A)°uy, Tr(®)dx for any & € T,
RN 1

N
¥ R

and hence, since (—A)*u,, € (D*~12(RY))*, by Proposition one can show that, for any r > 0,
V, € HY(QF;tb).
Combining (135]) with we obtain

/RN+1 tb(Vn — V) Abq) dZ = Cg ('Ds—l,Q(RN))* <(—A)§un — (—A)SU,T‘I‘((I)»DS,LQ(RN)
¥
for any ® € T such that supp(®(-,0)) C Q. Hence, by we deduce that V,, — V weakly in
HY(QF;t) and by Lemma 7.3{ we also have
(136) Te(V,) — Tr(V)  weakly in L2 V=—1(B%).
The fact that V,, € H(Q; ;t*) implies

/ 'V, Ay® dz = —/ t'VV,,V®dz  forany ® € T
Rf“

RY*!
and by (134) applied to V,, and V,, we obtain
(137) /N 1 'YV, =V, )V®dz=0  forany ® € T.
RYF

Actually we can prove that (137)) still holds true for any ® € C2° (Rf *1) not necessarily satisfying
®4(-,0) = 0 in RN x {0}, arguing as we did for (78). If we define

N Val(z,t) — Vo (z,t) ift>0,
Wn(x’t) = ~
Valz, —t) = Vu(x, —t) ift<o0,
by (137 we obtain
(138) / [tPVW, V& dz =0
RN+1

for any ® € C°(RN+1). Choosing a suitable sequence of test functions in (138) and passing to
the limit, it is possible to prove that for any 2o € RY and r > 0

oW,
/ ] ds =0.
8B, (z0,0) ov

From this identity, proceeding similarly to the proof of the mean value theorem for harmonic
functions (see [22 Theorem 2.1]) and taking into account the Holder regularity results stated in
Proposition [7.4] one can prove that

~ 1
Wi (20,0) = o g TN

/ ik W, dz for any zo € RY and r > 0
Br(m()vo)
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where wyp = (N +b+1)" faB 0,0) |t|> dS, see also [48, Lemma A.1] and [39, Lemma 2.6]. Hence
we have

— 2 ~
Wi (20,0)| <« —— / V] dz + / [777,] dz
W TN Bt (0) Bif (z0)

(b)—1
2 Ntbtl [ |B! | % (N4bF1)(2** (b)—1) B\ 70 55
<—|r 2 1 r 2% (B) 1 . )
S wyp rNFOH <b+1) ||V"||L2(R1“;tb)Jr b+1 1Vall > ®) (RYT1520)

Letting r — +00, we have that the right hand side of the previous 1nequahty tends to zero, from
which we deduce that W, = 0 on RY x {0} and in partlcular that V,, = V,, on RN x {0}. But from
the fact that V,, — V weakly in D» 2(]Rf“, t*) and we have that Tr(V,) — Tr(V) weakly in
L¥ (Ns=1(RN), Combining this with (L36) we deduce that Tr(V) = Tr(V) on B,

Letting ¥ := Tr(V), by [6, [10] and we deduce that there exists a positive constant xn
depending only on N and b such that

— (0, @) pa—12@n) = KN b(U, P)pe2@yy  for any ¢ € CO(RY)

which means that %(5) = —Kn, b\§|2 u(€) in RY and hence ¥ = ky pAu in RV,

Finally we have that Tr(V) = v = knpAu in Bj. In the rest of the proof we denote by v the
trace of V' on Bf.

Let us assume, by contradiction, that u #Z 0. Then the couple (U, V) # (0,0) is a weak solution
to (6) in H'(Bf;t*) x H'(B;;t") for some R > 0.

From Lemma and the fact that any eigenfunction of @ cannot vanish on GS{X , as observed
in Remark it follows that either u or v (which are the traces of U and V respectively) vanish
of some order v > 0 at 0. Since by assumption, u satisfies
(139) u(z) = O(|z|¥) asxz — 0 forany k € N,
we have that necessarily V' vanishes of order +, i.e. there exists U : Sf — R, eigenfunction of ,
such that

ATV (Az) — |z\"\11( ) as A — 0 strongly in H'(B; ;).

||
In particular by ((15]] u we also have

AT v(Ax) — \J;|’V\I/(ﬁ ) as A — 0 strongly in L2 Vs=1(B!) |

Let us denote
oa(z) = A v(Ax) and  ax(z) = N2 u(Ax),
so that

(140) vy = \x|”\11<%,0> as A — 0 strongly in L2 N==1)(B1)
and
/QN,bAﬂA = Ux in Bk/)\.
For every ¢ € C°(B]) we have that, for A small enough,
(141) - mN,b/ un(—Ap)dx = —HNJ,/ o(—Auy) dx :/ vy d.
RN RN RN
From one hand, assumption (139)) implies that

li ux(—Ap)dx =0
Jim o T (Ag)de
whereas convergence ((140) yields
z
I do = w(—,o) dz.
Jim [ oo = [ e (5.0} pta) de

Hence passing to the limit in (141]) we obtain that

/ |x|7\11(|| ) (x)dz =0 for every ¢ € C°(BY}),
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thus contradicting the fact that |x|7\1'(ﬁ, O) Z 0.

6.3. Proof of Theorem Let us assume by contradiction, that v # 0 in Q and u(z) = 0 a.e.
in a measurable set F C  of positive measure.

Let U and V be defined as in the proof of Theorem[I.I} As we explained in the proof of Theorem
for any z € Q we have that (U,V) € H'(B}(2);t*) x HY(Bf;(2);t?) for any R > 0 as in (77).

Hence, by Lebesgue’s density Theorem (i.e. almost every point of E is a density point of
E), there exists a point yo € E and R > 0 such that B),(yo) C Q, |Br(yo) N E|xy > 0 and
(U,V) € HY(B} (y0); t°) x H (B} (yo); t*) where ||y denotes the N-dimensional Lebesgue measure.
With choice of yg and R > 0, proceeding as in the proof of Theorem@, we deduce that v = Ky pAu
in By(yo) with v = Tr(V).

Since kypAu = v and by Lemma v E L2*(N’S_l)(Bj%(yo))7 by classical regularity theory
we have that u € H2_(BR(yo)). Since u(z) = 0 for any x € E, we have that Vu(z) = 0 for a.e.
z € EN Bi(yo) and hence, since g—gZ € H} (Bi(yo)) for every i, Au =0 a.e. in EN Bpy(yo). In
particular u(z) = v(z) =0 for a.e. x € E' := E N B(yo).

Let xg be a density point of E’. Hence, for all £ > 0 there exists ro = ro(¢) € (0,1) such that,
for all r € (0, rg),

RN\ E) 1 B (o)l
(142 Bl

Lemmaimplies that there exist y > 0, ¥y, ¥y : S¥ — R solving (7)) such that either ¥y # 0 or
Wy # 0 (and hence Uy # 0 or Uy # 0 on ISY respectively as observed in Remark , and

_ T — Zo
14 AT Az — — x|V | ———
(143) u(zo + ANz — 9)) = |z — 0| 1(|x—x0|’0)
and

- _ e Y T~ %o
(144) AT 0(xo + Mo — x0)) = |x — a0 \Pg(‘x 2ol 0)

as A — 0 strongly in L2 (N:5=D (B (z0)).
Since u =v =0 a.e. in F’, by (142) we have

/ u?(z) de = / u?(z) dx
B.(zo) (RN\E")NB].(x0)
2% (N,s—1)—2

2
. 3F(N,s—1) € k
<(/ ) s ) [(RY\ B) 1 B (o) |77
(RN\E")NB/.(x0)

2
2% (N,s—1)—2 2(N,s=1)—2 . TF(N,s=D)
< g TN |B;‘(1‘0)|N2 (N,s—1) </ |u(a:)|2 (N’51)dx>
(RN\E")NB/.(z0)

and similarly

2% (N,s—1)—2

2
2% (N,s—1)—2 e - 2% (N,s—1)
/ oAy dr < & FET|B] (o) |y (/ o) <N’s‘”dx>
B (20) (RN\E")NB].(x0)

for all r € (0,7rg). Then, letting " (x) := r~Yu(zo + r(z — 9)) and v"(x) := r~Yv(xg + r(x — xo)),

2
2*(N,s—1)—2 2*(N,s—1)—2 " 2%(N,s—1)
/ |ur(:c)|2dx < (wg}rVA) 2¥(N,s—1) ¢ T2¥(N,s—1) (/ ‘UT(:L‘)|2 (N’Sl)dx> ’
B (z0) B/ (z0)

2*(N,s—1)—2

2
r 2d WN-—1 % R (Ne—1) r 2*(N,sfl)d ey
" (z)[*de < (*57) g |u" ()] x ;
B (z0) B (zo)
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for all r € (0,79), where wy_1 = [gnv_, 1dS’. Letting r — 0, from (143) and (144) we have that
/ |wfx0|27\1112<‘i:£g|,0) dx
B (z0)

2
2¥(N,s=1)—2 2% (N,s—1)—2 N 2" (N,s—1) 2F(N,s—1)
WN=1\ T (Ns5—1) o 25 (N1 e |Y25(Ns—1) | [ =20
é( ~ ) g T (Ns=D) (/ |x—xo| v, Im—xol’o dx
Bj(zo)

for i = 1,2 which yields a contradiction as ¢ — 07, since either U3 # 0 or U5 # 0 on 9SY.

7. APPENDIX

7.1. Inequalities involving weighted Sobolev spaces. Throughout this section, we will as-
sume that s € (1,2), N > 2s and b = 3 — 2s € (—1,1). For simplicity, the center xg of the sets
introduced in will be omitted whenever xq = 0.

Next we state the following Hardy-Sobolev inequality taken from [I5, Lemma 2.4]. For any
R >0and U € H(B};t*) we have

N+b-1)\? , U? b, N4+b—1 o
J— < _— .
( 5 )/B;t|zl2dz\/B§t|VU|dz+ SR /S;tUdS

In particular, for any g € RY and U € HI(BE(xO);tb), we have

N+b-1\? N+b-1
(145) <+> / tPU% dz g/ t’|\VU|2dz + +7/ tPU?ds.
2R B (o) B} (w0) 2R Js{i(wo)
Now we state a Sobolev inequality involving a suitable critical Sobolev exponent. Let
Haoml ifo<b<l,
2N if —1<b<0.

By [29, Theorem 19.10] we have
7w
(146) S(N,b) (/ U2 <b>dz> < / tb|VU|2dz+/ t*U%dz  for any U € H'(B;;t"),
By B B

for some constant S(N,b) depending only on N and b. The corresponding inequality in the half
ball Bf (o) can be obtained by (I46) after scaling and translation.
Next we show that the embedding Hy (% (z0); t°) C L*(QF(wo); ) is compact.
Proposition 7.1. Let o € RY, b€ (-1, 1) and R > 0. Then the embedding
Hg (T (w0): 1) € L*(Q (w0);1")
18 compact.
Proof. Let us define the function d : Q35 (z¢) — [0, 00) where
d(z) = dist(z, Q5 (%0)) for any z € Q35 (20) .

We immediately see that if z = (z,t) € Qf(20) then d(z,t) = t. Let {U,} C H}(I'f(20);t%) be a
sequence bounded in Hy(I';(z0);t%). For any n let us still denote by U, the trivial extension to
Q3 r (7o) so that U, € H}(I'd,(0);t?). We observe that

/ (d(2))! |VU, [2d= :/ (d(2))? |VU,[2d= :/ VU, [2dz,
Qi (20) Q7 (z0) Qt(z0)

/ (d(2))° U2 dz = / (d(2))° U2 dz = / t*U2 dz,
Qi (z0) Qf(z0) Qf(z0)

thus showing that {U,,} is bounded in the weighted Sobolev space W2(Qip(0); d°, d°) where we
used the notation of [29, Theorem 19.7]. By the same theorem in [29] we deduce that {U,} is,
up to subsequences, strongly convergent in L?(Q35(0);d®). But the functions U, are supported
in QF(wo) so that {U,} is strongly convergent in L?(Q%(z0);t*). This completes the proof of the
proposition. (Il
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Now we state a Hardy-Rellich type inequality for functions in Dj.
Proposition 7.2. For every U € Dy, we have that % € L2RY*H ¢ and % € L2RY T ¢h).
Furthermore

U? VU|?
(147) (N — 23)2/ tb—4 dz+2(N — 25)/ tb| 2| dz < / )| A U|? dz
RY*! 2| RV 2] RY T

for every U € Dy,.

Proof. By definition of Dy, it is enough to prove inequality (147) for every U € C2° (Rf *1) such
that Uy = 0 on RY x {0}. Arguing as in [30], we have that, for every e > 0 and A € R,

2
12 Z AU + AU
|2 || L2(RY T\ B, RN+1)

§ A
:/ tb|AbU\2dz+)\2/ pY (f) dz+2>\/ pY I;U dz,
RYTI\B. RY\B, |7 rRY g, 7]

where z = (z,t) and B, = {z € R¥*1 : |z| < ¢}. Integration by parts yields

A
/ i Z;U dz :/ %div(tbvm dz
RY T\ B, || RY T\ B, 2|
U(z,0 U
__ / (= )( lim 170 (1)) de / 0L vU(z)- 2 ds
(zeRN:|z|>e} |7 t—0+ RY*'NoB. |2| |2|

- / t'vU - v(UQ) dz
RYH\B. 2]

VU |? v({U?) -
:0+0(eb+N*2)—/ ! 2' dz+/ tb(izz dz
RY T\ B, |2] RY T\ B, |2

2y 2
/ tbv(Uizzdz:—/ thSde/ U div (tb -
RYTI\B. || RY T o8B, 2] RY TN\ B, 2]

2
:O(€b+N—3)_(N+b_3)/ bU(f)
RYTN\B, El

0<

and

)a:

dz.

Combining the previous estimates we obtain that

2
og/ tb|AbU\2dz+/\2/ #T ),
RY TN\ B. RY TN\ B, 2|

VU |? U?
— 2/\/ tb | 2' dz — 2\(N — 2s) / £t (f) dz + O(eN=29%),
RY TN\ B, |2 RY T\ B, |2|

Choosing A = N — 2s and letting ¢ — 07 we obtain that

U? VU|?
(N—23)2/ £t (f) dz+2(N—23)/ ! 2' dzg/ AU dz
RY*! || || RYT!

N+1
R

thus completing the proof. O

If N > 27, the Sobolev embedding implies that there exists a positive constant S(N,~y) depend-
ing only on N and +, such that

(148) SNl Fa vy vy < ullpraeny  for any u € DVRY)
where 2*(N,v) = 2N/(N — 2v), see e.g. [11].
According with [6], we define D2(RY™';#%) as the completion of the space C°(RY ') with

respect to the norm
1/2
||UHD1,2(R1+1;15”) = (/RN+1 tb|VU|2dz> .
+
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Arguing as in [6], we have that there exists a constant K depending only on b € (—1, 1) such that
(149) K| Tr (U)]

’Dsfl,Z(RN) g HU”DLZ(Rf*l;tb) fOI‘ any U S Dl’z(RfJ’_l;tb) .
Combining this with (148)), we infer

(150)  S(N,s = 1)K§ [T (U)[|7 20 (o1 @y < ||U||§31,2(Rf+l;tb for any U € DV2(RY L 4%) .

)

Lemma 7.3. For any r >0 and any U € H'(B;};t*) we have

2
~ . N+b—1
(151) S(N,b) </ |ul? (N’Sl)dx> g/ tb|VU|2dz++7/ tU?ds
B B} 2r st

where v = Tr (U) and S(N,b) is a positive constant depending only on N and b.

’
r

Proof. See the proof of [I5, Lemma 2.6]. |

7.2. Holder regularity of solutions. This subsection is devoted to some results about Hélder
regularity of solutions to systems of weighted elliptic equations in divergence form. Throughout
this subsection, we will assume that s € (1,2), N > 2s and b =3 — 2s € (—1,1). As in Subsection
the center 2y € RN of the sets introduced in will be omitted whenever xg = 0.

We start with the following proposition which is a restatement, adapted to our setting, of some
regularity results contained in [16], see also [23].

Proposition 7.4. (Propositions 3-4 in [16]) Let A,B € L% (BY) for some qi > £~ and let
D € L®(B{ ;") for some gz > N%b“. Let W € HY(B ;1) be a weak solution of

—div(t® =t'D(z in B
(152) {d (t'VW) = t*D(z) By,

—lim;_,o+ t*W; = A(2)W + B(z) on Bj.
Then the following statements hold true:

(i) We CO’O‘(BT/Q) and in addition

Iwi < C (IWll (g + 1Bllos 53) + 1Dl (540 )

Co,a(Brrm)

for some C' >0 and a € (0,1) depending only on N,b and || Al L« (5;);
(1) if in addition to the previous assumptions we also suppose that A,B € WY>(B') and

D,V.D € L>®(B{) then we also have V,W € CO’“(BT/2) and

W] A

coa (B, con(B,)
<C(IWlagas ) + 1 Allwre(sy + 1 Bllwsossy + 1Pl e sy + 1VaDll o )
for some C >0 and a € (0,1) depending only on N,b and || Al[ =B

In order to obtain a Holder estimate for the ¢-derivative of a solution of (152) we need to adapt
to our context some results from [8] 16, [15].

Proposition 7.5. Let t*D, € L>(B{") and let W € HY (B ;t) be a weak solution of (152) with

A=0and B=0. Then t*W; € C**(B],,) and

1/4

A <C (IW szt ) + 1 D1l )

con(BY,,)
for some C >0 and o € (0,1) depending only on N and b.

Proof. Since W is a weak solution of the problem

{div(thW) =t"D(z) in By,

lim,_,o+ t°W; =0 on B},
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it is clear that the even reflection of W with respect to ¢, which we denote by W, belongs to
H'(By; |t|’) and it is a weak solution of

—div(|t|’'VW) = [t|’D(z)  in By,

where we denote by D the even reflection of D. In other words
(153) / tPYWVpdz = / [t|’D(z)pdz  for any ¢ € H}(By;|t]).
Bl Bl
Let now 1 be a function in C2°(By) such that 1:(x,0) = 0 for any « € Bf. Then the function
o(z,t) = [t|~%¢s(z,t) belongs to H(By; |t|’). Since supp(p) C By then ¢ € HY(By;[t]®) as one
can deduce from |25 Theorem 2.5] and a standard truncation argument.
With this particular choice of ¢ in (153 we obtain

~ —~ b ~— —~ b~
D(Z)’lbt(Z) dz = VWV(¢t) dz — - Wt’(/)t dz = — W(A’(/J)t dz — - Wtwt dz
B1 By By t By B, t

. b .
:/ W, <A¢— wt) dz :/ tPW div(|t|~° V) dz .
By 3 By
This proves that the function U(z,t) := |t|'W,(z,t) € L2(By; |t|?) satisfies

(154) - /B W div(|t|*Vy) dz = : Dy(2)¢ dz

for any ¢ € C°(By) such that ¥ (z,0) = 0 for all z € Bj.
By Proposition [2.4| we deduce that ¥ € H' (B ; [t|~°) being |t|’D; € L?(By;[t|7?).
In particular, by (154) we have that

(155) /B [t P VOV dz = Dy(2)¢dz
1/2

Bi/2

for any ¢ € C2°(B1/2) such that ¢;(z,0) = 0 for all x € BQ/Q.
In order to remove the condition :(-,0) = 0 on 31/2, it is enough to test ((155) with

wk(xvt) :1/1(95at) *7/%(50’0)”7(“)’ k GNa for any1/1 € C(?O(Bl/Q)v
where n € C°(R), 0 < nn < 1, n(t) = 0 for any t € (—o0, —2] U [2,+00) and n(t) = 1 for any
t € [-1,1], and to pass to the limit as k — +oc.

In other words, we have shown that ¥ € H'(Bjo;[t|™") is a weak solution in the usual sense of

the equation
~div([t| VW) = Dy(z)  in Bys.

Since by assumption t?D; € L>(B;) then |¢|?D; € L°°(B;) and hence D, /|t|~* € LP(By 23 t|7?)
for any 1 < p < oo. In particular D,/[t|~" € My (Bj 2, [t]?) for some o > 0 (see Definition 2.4
and Remark 2.6 in [51]). Recalling that the weight [¢|~° belongs to the Muckenhoupt class Ay, by
Theorem 5.2 in [5I] we deduce that ¥ € C%*(By4) for some o € (0,1) and there exists a constant
C > 0 such that

19l @77 < C (10225, a2 + 1P Dell s, ) <26 (IW i (g + I Dill s ) -

The proof of the theorem now follows from the definition of W. (|

In order to apply the last two propositions to system @, we prove the following Brezis-Kato
type result for a system of two equations with a potential in the boundary conditions and forcing
terms both in the equation and in the boundary conditions.

Proposition 7.6. Let A,B € LD (B}). Suppose that U,V € HY(B];t*) weakly solve the
system

div(t*VU) = t'V in By,

div(t? = in B
(156) .IV( VVb) 0 in "

lim;_,o+ t°U; =0 on By,

—lim,_,+ t*V; = A(z)U + B(x) on Bj.
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Then U,V € Lq(Bf'/Q;tb), U(-,0),V(,0) € Lq(Bi/Q) for any 1 < g < oo and moreover there exists

a constant K depending only on N,b,q,||A]| _ ~ and |B|| _~ such that
[2(s—=1) (Bi) [2(s—1) (Bi)

||U|‘L‘1(B:—/2;tb) < Kl (]. + ||UHL2**(b)(Bf';tb) + ||VHL2**(b)(Bf';tb)) s
1UC,0)llLacay,,) < K1(1 FNU pome o vy + ||V||L2**<b>(31+;tb)) ;
IV lzaas,ny < K1 (24 10l o g + 1V gm0 g )
IV 0)llzasy,,) < K (1 WU paee o ary + ||V||L2**(b>(3;f;tb)> '

Proof. The proof is quite standard and it is based on a Moser-Trudinger iteration scheme inspired
by the paper of Brezis-Kato [7].

If we combine ([146]) with (145) we obtain

2/277(b)
(157)  C(N,b) (/ tb|W|2**<b>dz> g/ PV for any W € HL(ST: ),
B Bf

1

where C'(N,b) = S(N,b) - {1 + (N+2b_1>2] _1.

Let 3 < ry <1 and let ny € C=(RY 1) be a cut-off function such that supp(ny) C S and
ny = 1in Xf . For any n € N, set U™ := min{|U|,n}, V" := min{|V],n}. Put ag = 2**(b).
Testing the first equation in (156) with n?(U™)*~2U and exploiting the respective boundary
condition, we obtain

(158) /B+ t'VUV (g, (U™)*°72U) dz = _/B+ Vi (U™ 20U dz .

By direct computation (see the proof of Lemma 9.1 in [20] for more details), one can verify that if
we put C(g) = min{7, qjﬁ} for any ¢ > 1, we have

oo 2
C’(ao)/ tb’V(nU(U”) % 2U)‘ dz
BY
2
</ thUv(n,%(U”)%*?U)der (2+C’(a0)a0+)/ (U™ 2|U 12|V |2dz .
B 2 Bf
Combing this with (158)), using Young inequality and the fact that U™ < |U|, we obtain
oo 2
C(ao)/ £ ‘v(nU(Un)OTzU)‘ dz
BY

ag + 2

< f/ tVnE (U™ 20 dz + (2 + C(ap)
Bf

) [ e as
Bf

ag(ag—2) o
/ g (U™) w0 T |U|70 T de
B+

1

Olo—].

1
<—/ t'ng|V|*odz +
Qo JBf

« +2 n\ oo —
+ <2+C(a0)02> /J”(U )22 |U PV [Pdz
Bl

010—1

1
<L / PRV dz + / P (U021 2d
Qo J it B

2
+ (2 + Clag) 2 > /+ (U™ 2|U P | Vy |2 d= .
Bl
Since U,V € HY(Bf;t*) c L (B ;t), letting n — 400, by Fatou Lemma, we deduce that
V(UU|U| 0y U) € L?(Bj;t*). Moreover, since 1y |U]| Uy e L?(Bf;t%), being U € Lo (B ; ),

ap—2

then ny|U| == U € HY(B{;t%).
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In the rest of this proof, in order to siilify the notation, we will denote the critical exponent

2*(N,s—1) = 555 2s+2 by 2*. By Lemmal(7.3[and , we have that ny|U| ™ ®) (B tb)
and 1y (-, 0)|U(-,0)| "= U(-,0) € L*> (B}). This 1mphes that

02", g2 +
(159) U(-,0) (B,,) and UeL™ (Bt

Now, let 1 5 <1y <7y and let ny € C’OO(RN+1) be such that supp(ny) C Z and 5y =1 in E;”V
Testmg the second equation in ) with nZ (V")P=2V being By = 2(2*_1) € (2,2**(b)), and
exploiting the corresponding boundary condition, we obtain

/B , VYV (i (V)72 ) dz
= /, [A(z)U (z,0) + B(x)] 5% (z,0)(V™(z,0))* 2V (z,0) dz .

Proceeding as above we infer

0(/30)/3+ tb‘V(nv(V”)%’;?V)rdz

< / [A@)U (2, 0) + B@)] 0 (2, 0) (V" (2,0)* 7V (2, 0) da

1

(2 CE2) [ @y RV,

1

Bo

(by Young inequality) < )‘lﬂ; /B/ n%(x,0)|A(z)| |U (x,0)|P0dx
1

- n BolPo—2) _Bo_
+W/ |A(@) |1 (2,0) (V™ (2,0)) o1 |V(z,0)]Fo T dx
1

1-Bo 2 ﬁo A(Bo—1) 2 n 0 1 "
+ 25 /Bi v (z,0)|B(z)| dr + /B IB(@) (@, 0) (V" (2,0)) 5055 |V (a, 0)] 70T d

1

+ (2+C(8) 252) / VMR 2V P Vi Pz,
Bf
(by Holder inequality and the fact that V" < |V])
B! | N 2 Bo(2"=1) g o
ey BT OOV

#2050 [ jaGe)] (e (o, 0/ (2, 0) 5

1-8
<R

(x,0)|)2dz

(x,O)\)Q da

ALl—ho p N=2(s=1) A(Bo—1) ( n Bo—
2B (B 20 [ BE) (0" 0

+(2rcmg) [ eump e P

.
2% —1

- 2(s—D[N—2(s—1)] *
<AGEIAN sy |BU T ( / U, 0) % ”dz)

U

A(Bo—1) ’ n Bo_

1-5
+ 2% )

(z, 0)]2*(1 )

\B'|N 2(s—1) (2+C(50)%)/+tb(Vn)’8072|V|2\V77V|2dz,
B

1

L 2(5 1)
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and finally by (151))

AL—5o 2( 1)[N 52(3 1)] Bo(2"—1)
S DU A (/ U, 0) 2 Ve

U
A —1
+ 2= (4

I
2% —1

B, g ) SO0 [ 9 (v ) s

N
L2(s—1) (Bi) [2(s—=1) (B{)
B! 9 BOJF by n\Bo—2 2 2
|B1 +C(B0)—5— i (V)P VIV [dz .
1

Choosing A > 0 small enough, in such a way that the constant

K = O(50) = 252 (114]

N—2(s—

2Bl
Bo [,2(s—1) (Bi)

1Bl o )SNLB)T
L2(q 1) (B) L2(s—1) (Bi)

becomes positive, we obtain

(160) K/B+ tb‘v(m,(vn)ﬂ"

))de

2F 1
Al—Bo ’ 2(571)[N7‘27(571>] Bo(2°—1)
<Ay BT ([0 D
U

N—-2(s—1)
N

A —Po ’
LABl ey 1B

+ (24 0(80)2£2) /B+ V)2V Ty Pz

We observe that by (159) and the definition of Sy we have that the integral in the right hand
side of (160) involving the function U is finite and so it is the one involving the function V' since
V € LP(B;;t) being By € (2,2**(b)).

Passing to the limit as n — +o0, by Fatou Lemma, we have that V(nV|V|¥V) € L?(B;t%)

OB
and hence nV\V\ —V e HY (B ;t"). By (157) we then have V € L (B %),

Now we want to iterate the procedures previously applied to the functions U and V' to improve
their summability. To this purpose we define two sequences of radii in the following way:

3 7 1 1 1
po=y, To=gs perri=g (et g )y Ther =5 okt pryr)  forany k>0

Then we define two sequences of exponents in the following way:

2**(b 2% - oy,
gy = B - 2(), Bk+1::2(2*7—+11) for any k> 0.
‘We observe that
(161) Oyl < Qg - 2( ) and /Bk;Jrl < ﬁk . 2( ) .

We apply inductively the two procedures to U and V respectively, replacing every time ry with
Tk, v With pg, ag with ay and By with Sy.

(BJr t?) and

TR

It after a certain step we obtained that U(-,0) = (By,), U € L%

Vel o (B;‘k ;1%), then at the beginning of the subsequent step, by (161)), we have in particular

« b .4b :
UelL ’°+1(B;,‘; t*) and V € LAr+1 (B+ t°). Applylng the two procedures first to U and then to V,

. +1-2" 127" Br41-2""
we obtain U(-,0) (By,,,),UeL = (B;;H,tb) andVeL = (B;rkﬂ,tb)
It is easy to check that Bii1/8k = 24(22*77(1[))) > 1 so that limg_ 400 o = limg_s 400 B = +00.
Since 1 > pr > % for any k the proof of the lemma then follows. O

Remark 7.7. We observe that in Propositions the equations are set in the half ball
in RV+! of radius 1 and that the regularity or summability result is obtained in the half ball of
radius 1/2 or 1/4. The special choice of those radii was made only for simplicity of notation but it
easy to understand that completely similar results still hold true with the equations set in a half
ball of arbitrary radius R; and with the conclusion on regularity or summability obtained on a
half ball of arbitrary radius Ry < Rj. O
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We now state a Holder regularity result for solutions of system (156]).

Proposition 7.8. Let s € (1,2), b = 3 —2s € (-1,1), A € LYBy), B € Li(B}) for some
q> ﬁ IfU,V € HY (B ;%) weakly solve (156)) then U,V € CO’O‘(ET/Q) for some o € (0,1) and

moreover there exists a constant Ky depending only on N, b, [|All ey, 1Bl pacsys 1l v (7 00
and ||VHL2**(b)(Bl+;tb) such that

||U||Co,a(§1+/2) < K27 ||V||Co,a(§;r/2) < K2 .

Proof. We first apply Proposition[7.6]to U and V and, taking into account Remark we obtain
U,V € LUB};t*) and U,V € LI(B.) for any 1 < ¢ < oo and r € (1/2,1). Then, by (156)), by the
assumptions on A and B, by Proposition (i) applied to U and V respectively and by Remark
we obtain U,V € CO’Q(ET/Q) for some « € (0,1). O
We are now ready to prove a Holder regularity estimate for derivatives of solutions (U, V) of
(T56).
Proposition 7.9. Let s € (1,2), b =3 —2s € (—1,1), A,B € WY4(B}) for some q >
Then the following statements hold true:
(i) if U,V € HY(B]; tb)ﬂCO’O‘(Ei), for some o € (0, 1), weakly solve (156) then V,U,V,V €

COﬁ(ET/Q) for some B € (0,a) and moreover there exists a constant Kz depending only
on N,b, HAHWL‘?(B{)? ||B||W1.q(31), HU”CUv“(Ef) and ”VHCO*‘(ET) such that

N
2-1)°

HVQTU”CO,B(ET/Q) < Kz, ”er”Co,ﬁ(ET/Q) < Ks.

(ii) if we also assume A, B € C%®(B}) for some a € (0,1) and if U,V € Hl(Bf;tb)ﬂCO’a(FT)
weakly solve ([156) in B then t*U,,t°V; € CO’B(EY/Q) for some € (0,a) and moreover
there exists a constant Ky depending only on N, b, || Al|co.«(py), | Bllco.«(By),

”U”CO@(FI“) and ”VHCOva(Ef) such that

||tht||Co,;s(§;r/2) < Ky, thVtHCo,ﬁ(ET/z) < Ky.

Proof. In order to prove (i) we proceed as in the proof of Lemma 3.3 in [I5]. We define for any
¢ € RY with [¢] small enough the functions

U(x+&t)—U(x,t) Vie+&t) — V(i)

US(x,t) = €] and VE(x,t) := €]
for any (x,t) € B;/4. Then we have
div(t*VU¢) = t*V¢ in B;/4,
div(t'VVe) =0 in By, ,
lim;_,q+ tPUS =0 on B§/4 ,
—limy_, o+ thf = A(z)US + B on Bé/4 ,
where
Be(x) = Alx + &@— A(x) Ule+£,0) + B(xz + «%— B(z) '

We observe that
1Belluacs, ) < IAlwracep 10lgow g, + I Blwray) -

Applying Proposition to U¢ and V¢ and taking into account Remark we infer that
||(]§HC(LB(§Jr y “VEHCO’ﬂ(F* ) are uniformly bounded with respect to ¢ small for some g € (0, a).
1/2 1/2

Passing to the limit as & — 0, by the Ascoli-Arzela Theorem we deduce that V,U, V.,V € C° (Eir/z).
Finally, exploiting the uniform Holder estimates for U¢ and V¢, passing to the limit as & — 0, we

obtain the validity of the Holder estimates for V,U and V,V on ET/Q. This completes the proof
of (i).
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It remains to prove (ii). We first observe that A(z)U(x,0) + B(x) € C%*(B}) and hence by [8]

Lemma 4.5, applied to the function V, we obtain t*V; € Co’ﬁ(gf/g) for some 8 € (0,). In turn,
applying Proposition to the function U, we also obtain the Holder continuity of the function

t*U; over ET/Q. This completes the proof of (ii). O

7.3. Properties of Bessel functions. We start by recalling an asymptotic estimate for first kind
Bessel functions as t — +o00:

(162) J,(t) =0t ?)  ast— 4o0.

This property can be deduced from the asymptotic expansion [4, (4.8.5)]. In order to obtain a
similar estimate for derivatives of J, we start from the following identity

(163) T8 = —Jpsa(t) + 1710 (1),
see for example [, Section 4.6]. From this identity we immediately see that J/(t) = O(t~'/?) ad
t — +o0.

Using iteratively (163]), we deduce that
arJ,
dtn
We conclude this subsection with an asymptotic estimate for the zeros of J, as m — 4o0:

(164) t)=0@t"Y?)  ast— +oo.

(165) Jum ~Tm  asm — +00.
For more details on (165)), see [45, Page 506] and also [14, Eq. (1.5)].
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