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Abstract

This work investigates the state prediction problem for nonlinear stochastic dif-
ferential systems, affected by multiplicative state noise. This problem is relevant
in many state-estimation frameworks such as filtering of continuous-discrete sys-
tems (i.e. stochastic differential systems with discrete measurements) and time-
delay systems. A very common heuristic to achieve the state prediction exploits
the numerical integration of the deterministic nonlinear equation associated to
the noise-free system. Unfortunately this methods provide the exact solution
only for linear systems. Instead here we provide the exact state prediction for
nonlinear system in term of the series expansion of the expected value of the
state conditioned to the value in a previous time instant, obtained according
to the Carleman embedding technique. The truncation of the infinite series al-
lows to compute the prediction at future times with an arbitrary approximation.
Simulations support the effectiveness of the proposed state-prediction algorithm
in comparison to the aforementioned heuristic method.
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1. Problem formulation and background

Consider the following nonlinear stochastic differential system in the Ito6

formulation

dey = fx)dt+ Y gj(z)dWy, (1)

j=1
defined on a probability space (2, F, P), where z; is the state vector, f, g; :
R™ — R™ are nonlinear analytic maps and {W; € R,j = 1,--- ,p} is a set
of pairwise independent standard Wiener processes with respect to a family of
increasing o-algebras {F;, t > 0}. The initial state o = ¥ is an Fy-measurable
random vector, independent of the state noises W ;.

The problem here investigated is the prediction of x; given the value x4 at
a previous time instant s < ¢, that is, the aim is to compute the conditional
expectation E(xt|xs). According to the explicit solution of , and to the
properties of the Itd integral [1] the expected value is given by

Blae,) = v+ [ E(f(ao)le.)ds 2)

Predictions are broadly exploited in the more general setting of nonlinear
filters, according to the usual paradigm suggesting to write the filter equations as
a “prediction” + a “correction” term (see e.g. [IL[2]). The common denominator
of such approaches, that include the well known Extended Kalman-Bucy filter
for the continuous-time case, is that the prediction step is entrusted to the

following coarse simplification:

E(f(we)las) = f(E(ze|zs)). (3)

Clearly, such an approximation is exact only in special cases, like linear systems
(see e.g. [3]). Such simplification provides an easy-to-handle heuristics since,
by exploiting , the prediction z; = E(x¢|xs) of can be computed as the

solution of the deterministic differential system
Z2 = f(zr), 2 = Ts. (4)

Motivation for the present note stems from the need to build up a theory

providing the solution to the state prediction problem that, in principle, could
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be applied to such a broad range of nonlinear filtering framework. This problem
is especially important when designing continuous-discrete (CD) filters, that is,
filters for stochastic differential systems with sampled measurements. CD filters
are ubiquitous in problems such as tracking [4], finance [I] and systems biology
[5], and they are receiving growing attention in recent years [0} [7}[8]. One reason
for this interest is that new application areas such as systems biology often
employ continuous-time models as in , coupled with sampled measurements
with large sampling intervals. There can be found many solutions to CD filters
in the literature, such as continuous-discrete extended Kalman filter CD-EKF [2]
9], CD unscented Kalman filter, CD-UKF [I0], and CD cubature Kalman filter,
CD-CKEF [I1]. In the case of CD filters the crucial problem is the evolution of the
state moments during the sampling interval, since the optimal state estimate
over the inter-sampling period (e.g. for ¢ € [kA, (k + 1)A), where t = kA,
k=0,1,... are the time instants when measurements are acquired) is provided

by the prediction E(z¢|Zxa ), formally defined by
t

Blarfina) = s+ | B(f(aolina)ds. (5)
This is, clearly, the same problem introduced in with s = kA and =z, =
#(kA). In the literature, CD filters share the same approach to solve the opti-
mal state prediction problem based on , and eq. (written with s = kA) en-
dowed with the equation of the covariance of the prediction error are also called
differential moment equations: in this framework several recent works have been
devoted to propose precise and efficient methods to evaluate the solution of
on small discretization intervals, see for example [0} [7, [8]. However, these meth-
ods provide precise solutions to the approximate equation , whereas the exact
prediction cannot be obtained by solving an ordinary differential equation
(see for example [2], p. 168). The right hand-side of (2)) involves an expectation
that requires the whole conditional density for its evaluation. Stated differently,
the evaluation of the first two moments of the prediction depends on all the
other moments. It should be mentioned that when the discretization interval

is not negligible the solutions of (2) and (@) can be quite different even in the
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simple case of scalar systems.

Furthermore, the application of state predictors for stochastic systems is not
limited to CD filters, for example they are useful in the area of stochastic delay
equations [12] as well as predictors and filters for stochastic systems with delays
in the input and/or the output [13| [14].

From a theoretical viewpoint, the solution to the prediction problem can
be pursued by searching for the conditional density p(xi,t|xs,s) provided by
the solution of the Kolmogorov forward equation, and then use p to compute
the conditional expectation . Since the solution of the Kolmogorov forward
equation can be obtained by analytic means only in few cases, a number of
numerical methods have been proposed to this aim, including finite-difference
method [I5], finite elements [16], adaptive finite-elements ([I7], pp. 115-123),
quadrature-based methods [I8], the adjoint method [19], Galerkin’s method [20]
21], particle methods [22], 23], 24] and Markov chain Monte Carlo methods [25].
The computational complexity of solving the Kolmogorov equation increases
exponentially with the dimension of the state vector. For this reason, this
approach is not well suited for the implementation of real-time predictors (or
filters) even for systems of moderate size.

In this work we introduce an approximation scheme for the state prediction
equation . The proposed solution has several positive features. In the first
place we provide the exact solution to the correct problem statement: its an-
alytical form is expressed in terms of a Taylor series expansion, thus the state
prediction can be computed with any arbitrary precision. In the second
place, and for the same reason, the prediction can be made precise on arbitrary
sampling intervals. A final advantage is that, because of the analytic expression
provided by the method, the state prediction E(z¢|zs) can be used for anal-
ysis purposes, and not only as a numerical value. As a drawback, it can be
mentioned that our method applies only to systems of the form , that is, to
time-invariant nonlinear systems, in contrast with other methods that include
also the time-varying case.

The approximation scheme is in essence based on the Carleman embedding
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technique, already exploited in [26] for a slightly different stochastic differen-
tial system (nonlinear drift + additive Gaussian noise, instead of the more
general nonlinear diffusion term here considered) with the aim of continuous-
time filters. The Carleman technique results in the embedding of the original
finite-dimensional nonlinear system into an infinite-dimensional bilinear one.
Differently from [26], where the state-estimation problem required a further
finite-dimensional approximation of the Carleman embedding, here we propose
the exact stochastic discretization of the Carleman embedding without any ap-
proximation, thus obtaining the optimal prediction as the sum of a series, that
we name the Carleman prediction in analogy to the deterministic case [27, 28].

Section [2]describes the approach, while Section [3]is devoted to its evaluation.
In particular we consider a class of systems widely used in financial mathematics
and for which the solution of the prediction problem here described has impor-
tant applications. In a few cases the exact solution can be found by analytic
tools. We consider one such cases, with the aim of comparing the exact solu-
tion of with the standard approximation and the one provided by our
method.

Notation. I, denotes the identity matrix in R™. 0, ,, denotes a matrix
of zeros in R™*™, The symbol ® denotes the Kronecker matrix product, the
notation Al is used for the Kronecker power of matrix A, that is A A®---® A,
repeated ¢ times. The standard Jacobian of f : R®™ — R”™ can be formally
written as V, ® f, where V, denotes the operator [0/dz; ...0/0z,]. Higher-
order derivatives of f are represented as Vu[ci] Rf=V,® (ngl] ® f), where
vil @ £ R o R

2. Carleman predictor for stochastic systems

Consider the problem of computing the state prediction E(z|z), with x5 = Z,
t > s and z; that evolves according to . Whenever useful, the non negative
displacement ¢ — s will be referred to as A > 0. The proposed prediction

algorithm is based on the following steps.



1. Define the displacement
oy = 1y — T (6)
2. By using the Carleman embedding technique [27] we transform the non-
linear stochastic differential system for ¢; into an infinite-dimensional bi-
linear system (linear drift and multiplicative noise).
3. Since the system is bilinear, the exact prediction of the state in the embed-
8 ded space is obtained by integrating the corresponding linear drift without
the noise terms.
4. Finally, we project the solution onto the original finite-dimensional space

to obtain E(z¢|Z).

To exploit the Carleman embedding, we shall make use of the representation
of the analytic maps f(z;) and g;(z;) as Taylor expansions around Z, written

according to the Kronecker formalism (see [26] for details):

ZA Do, gi(en) ZGJ (7)
M ® f(x)

7!
Vi @ g;(x)
7!

From 7@—@ we have the following stochastic differential system for ¢y,

A7) = o=z € RV, 8)

Gi(z) = oz € R (9)

with initial value @5 = 0.

oo P o'}
doe =" Ai@lldt +3° 3 Gl @)law;,. (10)
=0

j=1i=0
The Carleman embedding technique requires to express the stochastic differen-

o tials d((pgh]), h > 1. This expression is provided by the following Theorem.
Theorem 1. The differential d((pgh]), for h > 2, can be written as:

(oMY =Hy j_o ()"t

+ i (Api(Z) + Hp (7)) K at

P oo
+Z Z th ‘Pt dWJt (11)
=h—



where, for k> h — 2:

P
Hy (T :foh (Z Do) @ Lo 2) (12)

with
I(z) :E:GJ _(3), (13)

and, for k> h —1:
Ap 1 (F) =UN (A1 (8) © Lynr) (14)
Cii(®) UL (Glopsa () @ L ) (15)

with matrices OF and U defined in Lemma@ in Appendiz.

PROOF. By using Theorem 5.2 in [29], differentials d(gayl]) can be written as:

del) = (v, ®¢W)§:A it

(2]
1 Ly
- V[2 ® (p[h] ( G] [Z]) dt
2 ( ) ; =0
o0

(V ®<p[h]> ZP:ZG olaw; ;. (16)

Jj=11

~.

According to Lemma in Appendix, the first term in the right-hand-side of

can be written as follows:

1=0
=S U (@) © (el

s
I
=)

(Ai(Z) @ Lyn—) " Vat

I
]38
as

<.

M Tge L

N

UZLL (Ak—h-',-l(j) (9 Inhfl) @Lk] dt

ni (@)l dt (17)

)

-
Il

T
-



where the identity
(A®B)- (C®D)=(A-C)®(B-D), (18)

that holds true for matrices of suitable size, has been repeatedly applied, and
matrix Ap, (Z) is defined in (I4). Analogously, the third term in can be

written as:

Gl (@) AW,

e
)

-
I
=
©
I
o

(V Ry

R

3

|
-
Mz =[e

(Gi—h—i-l(j) & Inh71> QD,[:k]de’t

éi,k(f)wik]de,t (19)

e

<
Il
—
By
I
=
|
_

with G’{L’ 1(Z) defined in (15). For the second term in the right-hand-side of
we have, by properly exploiting identity ,

(iGZ(f) m> ZZ (Gi(2) @ GL(@) ol
=0

i=0 k=0
=Y. > (Gl@e )t —ZHJ (20)
i=0

NgE

~

i

with HlJ (z) defined in (13). Thus, according to Lemma |5 in Appendix, by



repeatedly applying identity , it follows that

j=1 \i=0

© P

:% ZOZ Z (In2 & gogh_2]) ((ng (E)Sol[kl]) ® 1)
=0 j=1
o P

:% DY (sz(f)w[l]) ® (fn’—chLh 2])
=0 j=1
e P

:% Z ol Z H)(Z) @ Iyn— Pl
1=0 j=1

1 & P '

=3 Z o ZHk o (Z) @ Lyn-z Ik

k=h-2 j=1

= > Husl(@)p! (21)
with Hj, j,(Z) defined in (12)). In particular, notice that

0? Ep: NEL (22)

j=1

The theorem is proved by substituting , and in .

Hgo(f *O2ZH]

[\D\P—‘

O

We can now proceed to embed into an infinite dimensional bilinear system,

with linear drift.

Theorem 2. Define the infinite-dimensional vector composed by the Kronecker

powers of the displacement ¢, defined in (@ as follows:
T
A (23)

Then, ®, is the solution of the following stochastic differential system (linear

drift and multiplicative noise) with initial condition ®5 =0

d®, = A(Z)®,dt + L(Z)dt

+ Z (B (@)@, + FI(z)) aw,
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where the building blocks /Nl“,égl € R”ixnl, Ez,ﬁf € R”i“, i, =1,2,... pro-

viding the infinite-dimensional block matrices g, E, Ej, Fi are defined as

Al(i)a ZfZ = 1,
~ Hz‘,i—z(f), ifl=1—2,
Au(f) = B B

A+ Hig(z) ifi>1,1>i—2

Opiscnts otherwise

Ao(2), ifi=1

Zz(‘i‘) = Hzo(f), Zfz =2

Opix1s otherwise

_ G (), ifl>i-1
Bg,l('f) = !

0,6 snt s otherwise

. Gl (z), i=1

F@={ "

0,ix1, otherwise

(25)

(26)

PROOF. The proof is immediately obtained by aggregating the differentials

d(<p£h]), h > 1, defined in and in Theorem

O

For the ease of the reader we report below the structure of the block matrices

previously defined:

Ay Ao As
As1+Hay Aso+ Hao Asz+ Hag
H3,1 Zg,Q + 1?3,2 Z3,3 + H3,3
0 Hyo A3+ Ha

)

N
I

0 0 E5,3

10
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Gl Gy ;
Ao i Gy
_ Gy Gaa
~ H270 ~ —j ~ 0
L= ., Bi=| 0 Gy, , Fi= (30)
0 0
0 0

Theorem [2| provides an infinite-dimensional bilinear systems (i.e. linear drift
+ multiplicative noise) with respect to the extended state accounting for the
displacement ¢; = x; — Z and for its powers. By defining ¢, = E(®;|z) for ¢t > s,
it is readily shown that it obeys the following ordinary differential equation

system:
Ct = A( )Ct + L( ) CS = ]E((I)eﬁ) =0, (31)

whose explicit solution is given by

t 7
¢, :/ A(F)(t—7) dT—ZAZ 1 A, (32)

l'
The following Theorem allows to extract the finite-dimensional information from

the sequence of infinite-dimensional vectors provided by .

Theorem 3. Consider a projection operator 11, providing the first n compo-

nents of an infinite-dimensional vector. Then:
E(z|7) = :E+ZQZ 1 (33)
where for i >0,
Qi(7) = I, A (7) L(7). (34)
PROOF. According to the definition of ¢, in (6] it is:

E(z:|z) = E(ps + 2|T) = 7 + E(p¢|2) = T + E(IL,, 4| 7) 35)
=T+ ILE(®z) = 7 + 11,¢;
with (; given by . The proof is readily completed by substituting in
(35)-
d

11



The essential property here is that in spite of the infinite dimension of the
matrices involved in , each term of the sum in has finite size. This
allows to compute E(z;|T) with a desired precision by truncating the series at
an appropriate index v < oco. In fact, consider the following block-diagonal
decomposition for A'L (we neglect Z in the matrices),

[A'L),

AL=1| __ |, [AL]; eRY*". (36)
[A"L];

Definitions (25)—(26) imply that [AL]; is a zero block for j > 2i+ 2. Moreover,
from it is clear that that Q; = [Z’E]l The following lemma allows to

recursively build the nontrivial blocks of AL,

Lemma 4. Define

T with  pt = [A'L]; e R (37)
M§i+2
Then p'tt = A(i)u’, with
111,1 e g1,2i+2
Awy=| (39)
112¢+4,1 e g2i+4,2i+2
PROOF. The proof is obtained by computing M;-H, for j =1,...,2i+4. Indeed,
by definition, it is:

2142
pitt = [ATL) = Y A[A'L), j=1,...,2+ 4 (39)
=1

Thus, according to u* and A(i) definitions, u;‘*l in becomes:
2i+2

utt = TAD - pi (40)

=1

12
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that completes the proof.
O

Remark 1. In absence of noise (i.e. when g;(x) =0 in ), the matriz A is
composed only by blocks A; and Ziyl, since Hi,l = 0. Moreover, all matrices B
vanish, yielding a linear (instead of a bilinear) extended system for ®,. In this
case eq.(33) is the Taylor series of the solution to (t) = f(x(t)) with initial

condition &, as shown in [28].

Remark 2. In presence of noise terms, 1s the Taylor series with respect
to time of E(x¢|Z), where x; is the solution of with initial condition T = x,.
The approximation error when the series is truncated at index v can be estimated
with the usual methods for Taylor series. For example, if there exists a compact
set D C R™ containing the evolution of E(x4|Z), we can define

M = max Q, (), (41)

and the estimation error for a finite Carleman approzimation v < oo satisfies

the following uniform (i.e. independent from &) bound

— R _(t—5)! (t — s)v+l
rzu(t —s) = E(z¢|T) — <x + ; Qi-1(T) A ) < M(V+)1)' (42)

3. Simulations

In order to validate the proposed approach we consider a class of nonlinear
stochastic models in the area of financial mathematics for which the prediction
problem is of great practical interest and that admit a closed-form expression
of the conditional expectation in some special cases. We are therefore in the
condition to evaluate the accuracy of the Carleman predictor in terms of dis-
placements from the real solution, and to compare our results to the ones ob-
tained by applying the deterministic prediction — so broadly exploited in
the literature [6] 7, []].

13
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Consider the R™-valued process y which satisfies the following stochastic

differential equation with initial condition yy € R™:
dy, = b(t, ye)dt + o (t, ye)dW,, (43)

where b : [0,7] x R™ — R™ and o : [0,T] x R™ — R™*™ are continuous
functions, such that b(¢,-), o(t,-) are Lipschitz continuous on R™ uniformly in
time, for t € [0,T], T > 0. Given zp € R, let us introduce the {F;}-adapted

stochastic process z, defined for ¢ > 0,

2 = zpexp (- /0 t c(s,ys)ds> , (44)

where ¢: [0,7] x R™ — R is also a continuous functions. The extended process
x = [yl 2]T € R™HL with 20 := (yo, 20) satisfies

b, ¢,
P LD P L Dl (45)

7C(ta yt)Zt 01><m,

The computation of the expectation value of processes like is one of the
main problems faced in financial mathematics [30], [31], [32]. In particular, for

a given real valued function ¢, there is interest in the conditional expectation

E [zr¢(yr)| Fi] s (46)

for 0 < ¢t < T, which, under a suitable specification of functions ¢ and ¢,
represent the no-arbitrage price of a financial derivative with maturity T at
time ¢, in several pricing situations.

In some particular cases admits a closed-form solution. For example,

this happens if process y is scalar and satisfies
dyy = k(0 — yu)dt + o[y, dW, (47)

where yo > 0 and W, is a 1-dimensional Brownian motion. The coeflicient & > 0
is the speed of this mean reversion, 6 > 0 is the long run average intensity and
o > 0 is called volatility and when they satisfy Feller’s condition 2k > o2

[33] the trajectories of the process are positive. The coefficient values used in

14
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the simulations are reported in Table[I] This model exhibits mean reversion of
the intensity, causing the intensity to be pulled downward when it is above the
long run average intensity and upward in the opposite case. Model was
developed in [34] and has been extensively applied in financial mathematics to

describe the term structure of interest rates.

k 0 o
0.1209 0.0423 0.1642

Table 1: Parameters of process .

When is used in with ¢(y) = 1, ¢(t,y+) = ys, it is possible to derive

the analytical expression of the prediction for zo [34]

—k(T—t) _ L —k(T—1)
yre +0(1—e )
Elzr|F] = |7 (48)

Zu(yta t)

for any 0 < ¢ < T. The closed form solution for the function wu is:

uly,t) = A(T — t)e”PT=0, (49)
where 0/0
Pyelb+N(T=1)/2 2k8/e
AT —t) = 50
T=0=|gnero -1+ (50)
2e(T—1) _q
B(T —t) = (e ) (51)

(v +E)(eT=8 — 1) + 29
with v = V&2 + 202.

Now we compare the exact prediction with the values obtained from
at different levels of accuracy corresponding to v = 1,--- .7, and with the
“deterministic” approximation —. In particular, fixed the initial state 2l =
[0, 1], the state prediction of z; for T € [0, 8] computed according to the three
methods is reported in Figure [I}

Figure [2 shows the percentage error for different order of the Carleman ap-

proximation in comparison with the deterministic approximation at 7' = 4. As

15
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1 -o-Eqgs. (3)-(4 4
) e Eq (:isf,(y)ﬂ
g —-Eqgs. (48)-(51)
209t
o
o
Q
208
9
w

0.7} :

0 8
Time (au)
Figure 1: Time evolution of the state prediction.
10%F 3

Percentage error
—
o

1 2 3 4 5 6 7
v-order of truncated Taylor series

Figure 2: Percentage error

expected the accuracy of the Carleman predictor increases when adding more
terms in the sum and in fact only in the linear case the deterministic ap-
proximation has a smaller error. The same results are reported in Table 2] As
for the computational cost, for a prediction interval T' = 5 the implementa-
tion of the Carleman predictor used in these simulation with v < 6 requires
about 5 - 1072s of computation compared with about 5 - 1073s for the standard
MATLAB® ODE solver ode45(). Notice that the computation time for the
ODE solver depends on the prediction interval, whereas the Carleman predictor

performs only one step and its computational time is independent from T'.

16
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Eags. (4)-(5) 0.12 0.80 | 2.15
v=1 0.50 2.39 5.89
v=23 0.04 0.62 3.00

Eq. (33)

v=>5]6-10"* 0.03 0.27
v=7 107° 3-1073 | 0.11

Table 2: Percentage error for T' € {2, 4, 6}.

4. Conclusion

The method described in this paper provides a series expansion for the pre-
diction problem of nonlinear stochastic systems. The appropriate balance be-
tween precision and computational cost can be achieved by tuning the number
of terms. Since the prediction problem is ubiquitous in the area of continuous-
discrete systems the method proposed here can be useful in a number of appli-
cations. Further work will be devoted to the derivation of a filtering algorithm
for continuous-time systems with discrete measurements based on the Carleman

linearization technique that we have presented.
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Appendix

Properties of the stochastic differential of Kronecker powers

The following Lemma shows a useful property shared by first and second

order differentials of Kronecker powers.

17
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Lemma 5. ([20])

v, @z = Ut <I'n, ® x[hfl]) L Ule R xn” (52)
Vi @l = Of (12 @ 2"2), O e ™" (53)
where
U:LL =Ipn + Cghfl,n(Ur}Lkl ® In), (54)
Oh =ULCE, ., (UL'CE s ) @ 1)CL, s (55)

with U}, = I,, and CT . stands for the commutation matriz of the Kronecker

product between vectors of size ny, no.

4.1. Commutation matrices

For any given pair of matrices A € R"*® | B € R"*™ | we have
B® A=C! (A® B)Cq pm, (56)

where the commutation matrix C,, , is the (u-v) x (u - v) matrix such that its

(h,1) entry is given by

1 if 1= (Jh = 1)u+ ([22] +1)

v

{Cu,v b= .
0 otherwise (57)

{C11} =1

More details on commutation matrices and the Kronecker algebra properties
can be found in [35].
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