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Abstract
We deal with the sharp asymptotic behaviour of eigenvalues of elliptic operators with
varying mixed Dirichlet—-Neumann boundary conditions. In case of simple eigenvalues, we
compute explicitly the constant appearing in front of the expansion’s leading term. This allows
inferring some remarkable consequences for Aharonov—Bohm eigenvalues when the singular
part of the operator has two coalescing poles.

Keywords. Mixed boundary conditions, asymptotics of eigenvalues, Aharonov—Bohm eigenval-
ues.
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1 Introduction and main results

The present paper deals with elliptic operators with varying mixed Dirichlet—Neumann boundary
conditions and their spectral stability under varying of the Dirichlet and Neumann boundary
regions. More precisely, we study the behaviour of eigenvalues under a homogeneous Neumann
condition on a portion of the boundary concentrating at a point and a homogeneous Dirichlet
boundary condition on the complement.

Let © be a bounded open set in R := {(z1,z2) € R? : 25 > 0} having the following properties:

) is Lipschitz, (1)
there exists €9 > 0 such that Iy, := [—¢€o, 0] x {0} C O (2)

We consider the eigenvalue problem for the Dirichlet Laplacian on the domain €2

—Au=Au, inQ,
{ (3)

u =0, on 0f).

We denote by (A;);>1 the eigenvalues of Problem , arranged in non-decreasing order and counted
with multiplicities.
For each € € (0,¢e¢], we also consider the following eigenvalue problem with mixed boundary

conditions:
—Au=Au, in,

u =0, on 0N\ I, (4)
% =0, on I',,
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Figure 1: The mixed boundary condition problem in the domain €.

with I'. := [—¢,¢] x {0}, see Figure [Il We denote by (\;());>1 the eigenvalues of Problem (4],
arranged in non-decreasing order and counted with multiplicities.

A rigorous weak formulation of the eigenvalue problems described above can be given as follows.
For € € (0,g0], we define

Q. = {u c HY(Q): Xoo\r.Yo(u) =0 in LQ(GQ)} ,
where 7 is the trace operator from H'(Q) to L?(912), which is a continuous linear mapping (see for

instance [2T} Definition 13.2]) and xaq\r. is the indicator function of 9Q\ T in 9Q2. Furthermore,
we define the quadratic form q on H() by

q(u) = /Q \Vul® da. (5)

Let us denote by go the restriction of ¢ to Hg () and by ¢. the restriction of ¢ to Q.. The sequences
(Aj)j>1 and (Aj(g));>1 for € € (0,e0] can then be defined by the min-max principle:

Aj = min max &ul (©)
ECH} () subspace u€€ Hu”
dim(&)=;
and .
— . q(u
)\J(s) = gcggngllkl)spaceglgg Hungv (7)
dim(&)=j
where

||u|\2:/ﬂu2(x)dx.

Since H'(f2) is compactly embedded in L?(Q2) (see e.g. [21, Lemma 18.4]), the eigenvalues of qo,
defined by Equation @, and those of ¢., defined by Equation , are of finite multiplicity, and
form sequences tending to +oco.

Remark 1.1. Let us fir 1 and g2 in (0,&0] such that &1 > e3. Since HY(Q) C Q., C Q.,, the
definitions given by Formulas @ and immediately imply that Xj(e1) < Xj(e2) < Aj for each
integer j > 1. The function (0,e0] 2 € — Aj(e) is therefore non-increasing and bounded by X; for
each integer 7 > 1.

Remark 1.2. For the sake of simplicity, in the present paper we assume that the domain § satisfies
assumption , i.e. that 0Q) is straight in a neighborhood of 0. We observe that, since we are in
dimension 2, this assumption is not restrictive. Indeed, starting from a general sufficiently reqular



domain 0, a conformal transformation leads us to consider a new domain satisfying , see e.g.
[10]. The counterpart is the appearance of a conformal weight in the new eigenvalue problem;
however, if Q) is sufficiently reqular, the weighted problem presents no additional difficulties.

The purpose of the present paper is to study the eigenvalue function e — \;(¢) as ¢ — 07.
The continuity of this map as well as some asymptotic expansions were obtained in [12] (see also
Appendix C of the present paper for an alternative proof of some results of [I12]). Here we mean
to provide some explicit characterization of the leading terms in the expansion given in [I2] and of
the limit profiles arising from blowing-up of eigenfunctions.

Spectral stability and asymptotic expansion of the eigenvalue variation in a somehow comple-
mentary setting were obtained in [3]; indeed, if we consider the eigenvalue problem under homo-
geneous Dirichlet boundary conditions on a vanishing portion of a straight part of the boundary,
Neumann conditions on the complement in the straight part and Dirichlet conditions elsewhere,
by a reflection the problem becomes equivalent to the one studied in [3], i.e. a Dirichlet eigenvalue
problem in a domain with a small segment removed.

Related spectral stability results were discussed in [8, Section 4] for the first eigenvalue under
mixed Dirichlet-Neumann boundary conditions on a smooth bounded domain Q C RN (N > 3),
both for vanishing Dirichlet boundary portion and for vanishing Neumann boundary portion.

We also mention that some regularity results for solutions to second-order elliptic problems
with mixed Dirichlet—Neumann type boundary conditions were obtained in [I3] [20], see also the
references therein, whereas asymptotic expansions at Dirichlet-Neumann boundary junctions were
derived in [I0].

Let us assume that

Ay (ie. the N-th eigenvalue of ¢g) is simple. (8)
Let uny be a normalized eigenfunction associated to Ay, i.e. uy satisfies
—AUN = )\NUN7 in Q,

uy =0, on 0, 9)
Jouk (x)de = 1.

It is known (see [12]) that, under assumption , the rate of the convergence A5, — Ay is strongly
related to the order of vanishing of the Dirichlet eigenfunction uy at 0. Moreover uy has an integer
order of vanishing k > 1 at 0 € 90 and there exists 8 € R\ {0} such that

r~Fun(rcost,rsint) — Bsin(kt) as 7 — 0 in C*7([0, 7)) (10)
for any 7 € (0,1), see e.g. [0, Theorem 1.1]. Actually, one can see that g is directly linked to the
norm of the k-th differential of uy at 0. More precisely, if we consider

2

I u(@)|* =)

i1 5enyij=1

2

O

(’hil ce 8$ij (l‘)

)

then . )
g _ ldhux(O)]
- (k!)2 9k—1 -~

This follows by differentiating the harmonic homogeneous functions Br* sin(kt) and Br* cos(kt)
with respect to x; and x and considering d*uy (0).

Our main results provide sharp asymptotic estimates with explicit coefficients for the eigenvalue
variation Ay — An(g) as € — 07 under assumption (Theorem [1.3), as well as an explicit
representation in elliptic coordinates of the limit blow-up profile for the corresponding eigenfunction
uSy (Theorem |1.4]).



Theorem 1.3. Let Q be a bounded open set in R? satisfying and . Let N > 1 be such that
the N-th eigenvalue Ay of qo on Q) is simple with associated eigenfunctions having in 0 a zero of
order k with k as in ([0). For e € (0,e0), let Ax(g) be the N-th eigenvalue of q. on Q. Then

An — An(e) km <k1>2

lim = [32 aon_1 _
2k 922k—1 L%J

e—0t
with B # 0 being as in @7.

Theorem 1.4. Let ) be a bounded open set in R? satisfying and . Let N > 1 be such that
the N-th eigenvalue Ax of qo on € is simple with associated eigenfunctions having in 0 a zero of
order k with k as in . For e € ]0,¢9), let An(g) be the N-th eigenvalue of q. on Q and u3; be
an associated eigenfunction satisfying fQ luy|? dx =1 and fQ ufy un dz > 0. Then

e M usy(ex) = By + Wi o FY) ase — 07T

in HL (R%), a.e. and in C2,(R% \ {(1,0),(~1,0)}), where f is as in (9)-(I0).

Yr(rcost,rsint) = r¥sin(kt), fort€[0,7] andr >0, (11)
F(&,m) = (cosh(£) cos(n), sinh(§) sin(n)),  for £ =0, n € [0, 2m), (12)

and =
Welem) = s 3 () exp(—(k — 20)9)sin((k ~ 21}, (13)

=0

Actually, the fact that lim,_, ¢+ ’\N%W is finite and different from zero and the convergence of
e~ kus; (ex) to some nontrivial profile was proved in the paper [I2] with a quite implicit description
of the limits (see also Appendix |C| for an alternative proof). The original contribution of the
present paper relies in the explicit characterization of the leading term of the expansion provided
by [12] and in its applications to Aharonov—Bohm operators, see Section 2| The key tool allowing
us to write explicitly the coefficients of the expansion consists in the use of elliptic coordinates,

which turn out to be more suitable to our problem than radial ones, see Section [3}

2 Applications to Aharonov—Bohm operators

The present work is in part motivated by the study of Aharonov—Bohm eigenvalues. In this section
we describe some applications of Theorem to the problem of spectral stability of Aharonov—
Bohm operators with two moving poles, referring to Section 4] for the proofs.

Let us first review some definitions and known results. For any point a = (a1,as) € R?, we
define the Aharonov-Bohm potential of circulation 1/2 by

A~ L ( ~(x2 — ap) 21— ap ) |

2\ (z1 —a1)?+ (z2 —a2)?’ (1 — a1)? + (w2 — az)?

Let us consider an open and bounded open set Q with Lipschitz boundary, such that 0 € QA. For
better readability, we denote by H the complex Hilbert space of complex-valued functions L?(Q, C),
equipped with the scalar product defined, for all u,v € H, by

(u,v) ::/Auidx.

Q

We define, for a € Q,

QAB .— {u € Hi(9,C); xﬁ|a| elL? (Q)} ; (14)



the quadratic form ¢22 on Q4B by
2B (u) = /A (Y + Aa)ul? dz,
o

and the sequence of eigenvalues (AP (a))j> , by the min-max principle

AB
)\fB(a) = min max qai(g)
ECQ:B subspace WEE HUH
dim(e)=;

It follows from the definition in Equation that QA% is compactly embedded in H. The above
eigenvalues are therefore of finite multiplicity and )\3-43 (a) = +o0 as j — +o00.

Remark 2.1. Let us note that, as shown in [16, Lemma 2.1], Q2B is the completion of the set of
smooth functions supported in Q\ {a} for the norm || - ||a defined by

A
lullz = Tlul® + 2 (w).

Let us point out that functions in Q4B satisfy a Dirichlet boundary condition, which is not the
case in [16]. However, this difference is unimportant for the compact embedding.

Remark 2.2. We could also consider the Friedrichs extension of the differential operator
(iV + AQ)*(iV 4+ Ap)u = —Au + 2iAs - Vu + [Aal

acting on functions u € C*(Q\ {a},C). As shown for instance in [15, Section I or [7, Section
2]), this defines a positive and self-adjoint operator with compact resolvent, whose eigenvalues,
counted with multiplicities, are ()\j‘B(a))jN. It is called the Aharonov-Bohm operator of pole a
and circulation 1/2. -

In recent years, several authors have studied the dependence of eigenvalues on the position of
the pole. It has been established in [7, Theorem 1.1], that the functions a — A;‘B(a) are continuous
in Q. In [I, 2], the two first authors obtained the precise rate of convergence )\fB(a) — /\3-43 (0)
as a converges to the interior point 0 for simple eigenvalues. In order to state the most complete
result, given in [2, Theorem 1.2], we consider an L?-normalized eigenfunction u%; of q(;‘B associated
with the eigenvalue A42(0). We additionally assume that A{Z(0) is simple. From [I1, Section 7]
it follows that there exists an odd positive integer k and a non-zero complex number Sy such that,
up to a rotation of the coordinate axes,

k
r 2

¢ k
uly(rcost,rsint) — Bye'2 sin <2t> in O ([0, 27], C)

as 7 — 0%, for all 7 € (0,1). The integer k has a simple geometric interpretation: it is the number
of nodal lines of the function u%, which meet at 0. We say that u%, has a zero of order k/2 in
0. Our coordinate axes are chosen in such a way that one of these nodal lines is tangent to the
positive z; semi-axis.

Theorem 2.3. Let us define a. := ¢(cos(a), sin(a)), with e > 0. We have, as e — 07,
AB AB kB3 (k-1 1\’ k k
M (as) = A\ (O)_W =y cos(ka)e® + o (7).
2

Remark 2.4. The expansion in [1, [2] involves a constant depending on k, defined as the minimal
energy in a Dirichlet-type problem. We compute this constant in Appendiz [4] in order to obtain
the more explicit result in Theorem [2.3.



Let us now consider, for any € > 0, an Aharonov-Bohm potential with two poles (g,0) and
(—¢,0), of fluxes respectively 1/2 and —1/2:

A=A — Ao

As in the case of one pole, we define the vector space Q?B by

AB 10 |u| 209
= € Hy(Q,C); ———— € L*(Q) ¢, 15
Qa {u 0( ) |:r:|:€e| ( )} ( )
where e = (1,0), the quadratic form ¢ on Q4% by
B(u) := /A [(iV + A\E)u|2 dz, (16)
a
and the sequence of eigenvalue ()\fB (5))j> , by the min-max principle
AB
A;‘B(a) = min max %7(2“) (17)
SCQ?B subspace UEE Hu”

dim(&)=;
It follows from [I5, Corollary 3.5] that, for any j > 1, )\j‘B(a) converges to the j-th eigenvalue

of the Laplacian in Qase — 0. In [4, B] the authors obtained in some cases a sharp rate of
convergence. In order to state the result, let us introduce some notation. We denote by go the

quadratic form on Ho( ) defined by Equation (b , replacing 2 with Q and we denote by ()\ ) >1

the sequence of eigenvalues defined by Equation @, replacing 2 with Q and q with qo. We fix
an integer NV > 1 and assume that Ay is a simple eigenvalue. We denote by @y an associated
eigenfunction, normalized in L*(Q2).

Theorem 2.5. [, Theorem 1.2] If un(0) # 0, we have, as e — 0,
~ 2w 1
AP (e) = Ay A20+0<>.
V= Thog@ VO Toge)

In the case ux(0) = 0, it is well known that there exist k € N\ {0}, Be R\ {0} and a € [0,7)
such that

r~*Uy (rcost,rsint) — Bsin (o — kt) in C7 (]0,27],C)
asr — 01 for all 7 € (0,1). In particular, there is a nodal line whose tangent makes the angle o/k
~ -~ k~ 2
with the positive z; semi-axis. As above we can characterize 3 as |3]? = %.
Let us assume that R
Q is symmetric with respect to the x-axis.
Since XN is simple, @y is either even or odd in the variable x5 and « is either 7/2 or 0 accordingly.

Theorem 2.6. [3, Theorem 1.16] If Uy is even in xo, which corresponds to o = /2, we have, as
e— 0T,

~  knB? 1\
ME(e) = Ay + L ( o1 ) e +0(e?F).
N el
Remark 2.7. The statements in [J] contain a constant Cy which we put in a simpler form in

Appendiz[4], in order to obtain Theorem [2.6

As a corollary of Theorem we prove in Section [4] the following result, which complements
the previous theorem.

Theorem 2.8. If iUy is odd in xo, which corresponds to o = 0, we have, as € — 07T,

~ k2 k-1 \?
)\]I‘\‘]B(g):)\]v—l;;_ﬁl( Lk—;lJ ) €2k+0(€2k).

Remark 2.9. As discussed in SectioanL the assumption that XN s simple can be slightly relaxed,
admitting, in some cases, also double eigenvalues.



3 Sharp asymptotics for the eigenvalue variation

3.1 Related results from the literature

As already mentioned in the introduction, some asymptotic expansions for the eigenvalue variation
AN — Ay (g) were derived in [12]. Let us first recall the results from [12] which are the starting of
our analysis.

Let s := {(z1,22) € R2:zo=0andx; >1 oraz; < —1}. We denote as Q the completion of
C(R2 \'s) under the norm ( fRi |Vu|? dz)'/2. From the Hardy type inequality proved in [14] and
a change of gauge, it follows that functions in Q satisfy the Hardy type inequalities

1 2
i/ PN < [, We@Pds, foranee e, (18)
4 Jrz |z — e RL

and 2
1
’/ PN < / V()| dz, forall ¢ € Q, (19)
4 Ri |1' + e| R2+

where e = (1,0). Inequalities and allow characterizing Q as the following concrete
functional space:

Q= {u €L, .(RY): Vue L*(R?Y), kel € L*(R%), and u =0 on s}.

We refer to the paper [I2], where the following theorem can be found as a particular case of
more general results.

Theorem 3.1 ([12]). Let Q be a bounded open set in R? satisfying and . Let N > 1 be such
that the N-th eigenvalue AN of qo on  is simple with associated eigenfunction uy having in 0 a
zero of order k with k as in (10). Fore € (0,&0), let Ax(e) be the N-th eigenvalue of g on Q and
ufy be its associated eigenfunction, normalized to satisfy fQ lui|>dz = 1 and fQ uy un dx > 0.
Then, as € — 0T,

)\N — )\N(€) 9 1 8’(1}}.C

2N AN _ 7R 2
3% — -8 N wy day, (20)

e Fusy(ex) = By +wy) in HYE(R2), (21)

with B # 0 being as in @f, Ui being defined in , and wy, being the unique Q-weak solution
to the problem
—Aw, =0, inR%,

wg = 0, on s, (22)
. d
38%:— g”/’“, on T'y.

Convergence can be obtained combining [12, Equation (4.6)] for simple eigenvalues, [12]
Equation (3.4)] together with [I2, Lemma 3.3]. As well, is given by [12, Equation (2.3)],
which is a consequence of [12], Theorem 5.2], [12, Equation (4.10)], [IZ, Lemma 3.3]. For the sake
of clarity and completeness, we present an alternative proof in Appendix [C] which relies on energy
estimates obtained by an Almgren type monotonicity argument and blow-up analysis.

We remark that in [I2] the author describes the limit profile wy, solving with polar coordi-
nates. On the contrary, our contribution relies essentially on the use of elliptic coordinates in place
of polar ones. This allows us to compute explicitly the right hand side of , thus obtaining the
following result.

Proposition 3.2. For any positive integer k,



The proof of Proposition [3.2 relies in an explicit construction of the limit profile wy, using a
parametrization of the upper half-plane Ri by elliptic coordinates, a finite trigonometric expansion,
and the simplification of a sum involving binomial coefficients.

3.2 Computation of the limit profile w;

Let us first compute wg. By uniqueness, any function in the functional space Q that satisfies all
the conditions of Problem is equal to wg. In order to find such a function, we use the elliptic
coordinates (£, 7) defined by

{xl = cosh(&) cos(n), (23)

xo = sinh(&) sin(n).

More precisely, we consider the function F': (£,n) — (z1, 1) defined by the equations . It is
a C* diffeomorphism from D := (0, +00) x (0,7) to R%. We note that F' is actually a conformal
mapping. Indeed, if we define the complex variables z := x1 + ize and ¢ := £ + in, we have
z = cosh(({), which proves the claim since cosh is an entire function. Let us denote by h(£,n) the
scale factor associated with F', expressed in elliptic coordinates. We have

h(&,m) = |cosh’(()| = |sinh({)| = |sinh(&) cos(n) + i cosh(&) sin(n)| = \/coshQ(f) — cos?(n).

For any function v € Q, let us define U := wo F. From the fact the F' is conformal, it follows that

|VU| is in L%(D) with
/ VU dgdn:/ Vul? da.
D R2

We also have

ou 1 oU

Z(z) = 0 24

5 =~ 3¢ ) (24)
for any x € I'y, where n € (0, ) satisfies x = F(0,n) = (cos(n) 0). Furthermore, U is harmonic in

D if, and only if, u is harmonic in Ra_.
We now give an explicit formula for wy o F.

Proposition 3.3. For any positive integer k, wg o F = Wy, where Wy, is defined in .

Proof. Let us begin by computing the function Wy := ¢}, o F. We have 9, (z) = Im (z¥), so that
Wi (&,m) = Im ((cosh(¢))"), where the complex variables z and ¢ are defined as above. Using the
binomial theorem, we find

(€, n) = Im ;Z( )‘“ —;z( )e<“j>fsm<<k—2j>n>.

j=0 j=0

This can be written

w6 = iy D0 () sinh (- 20)¢)sin (1 - 24))

Jj=0

by grouping terms of the sum in pairs, starting from opposite extremities. In particular, for all
€ (0,m),

Ge0m =g 3 (k-2 (5 Jsin(e -2

We now define

V(& n) =




The function |VV| is in L?(D) and, for all n € (0,7),

O =g 3 -2y (5 Jsin (k20

Jj=0

Additionally, V' vanishes on half-lines defined by n = 0 and 1 = m, which are the lower and upper
boundary of D, respectively, and are mapped to R x {0} \T'; by F. It can be checked directly that
VoF~! ¢ Q. Finally, V is harmonic in D, since it is a linear combination of functions of the type
(€,m) > etn€et™ which are harmonic. We conclude that V o F~! is a solution of Problem ,

and therefore V = wy o F' by uniqueness. O
Proof of Theorem[I.]} Theorem [I.4] follows combining Theorem [3.1] and Proposition [3.3 O

Corollary 3.4. For any positive integer k > 1,

owy, s ) E\?

g 3 (= 2) () e i (6~ 230 cos (6~ 24)).

=0

Recalling 7 we perform a standard change of variables in the left-hand side of to elliptic
coordinates and this yields the thesis. O

3.3 Simplification of the sum
We now prove the following result.

Lemma 3.5. For every integer k > 1,

L%J 2 2
£ (3] -+ )

Proof. We will use repeatedly the two following properties of binomial coefficients. First, the
Vandermonde identity: for any non-negative integers m, n and r,

£(0)(0)- ()

§=0
n n({n-1
(7)=2(5) &
with n and r positive integers.

Let us now fix an integer £ > 1. To simplify the notation, we write

5im V?J and = i(ij)( I; )2.

Jj=0

and second, the elementary identity

Next, we remark that

2 2

S:SO* %51 *ESQa



with
S

s (] s S () w5 (4

7=0

Let us compute the previous sums when k& = 2p + 1, with p a non-negative integer. We first have
k 2
So 1 2k
Pax ()2 (%)
where the last equality is a special case of identity . We then find
k k—1
1 k k? k—1
S1 == | k—j ) == .
: 2;J<]>< j)( J) 2§<31)<kﬂl>
7112’“2‘3 k-1 k=1 k[ 2k—2
2 ¢ k—2—-¢ ) 2\ k-2
£=0
by applying Identity followed by . Finally, Identity implies
p 2 p—1 2
k—1 k-1
_ 1.2 _ 12
oy (501 ) =22t
j=1 £=0
K ’“z‘:l E=1Y (k=1 Y\ K [(2k—-2)\ K [(k-1Y
2\ l p 2\ k-1 2 p '

s=h () () () (B
() ) (5 (5

where the second equality follows from Pascal’s identity and the third from Identity .
Let us now treat the case k = 2p, with p a positive integer. In a similar way as before, we find

=3 (5 00)-0)) 508500

j=0

and
_kz”i E—1Y K ’“i E=1Y (k=1 Y| _ K 2k=2\ o k-1Y
o« J 2 |« J p—1 T2\ k-1 p—1)"
7=0 7=0

We finally obtain, after simplifications,

2
k—1

sok(E1).

This completes the proof of Lemma

10



Figure 2: The domain considered for Aharonov-Bohm eigenvalues with collapsing symmetric poles.

3.4 Conclusions

By the results from the preceding subsections, we can now prove Proposition [3.2] and Theorem

Proof of Proposition[3.4 It follows from Corollary and Lemma |3.5) O
Combining the above results, we can now prove our main theorem.

Proof of Theorem[I.3 Theorem [I.3]follows from the combination of Theorem [3.1] and Proposition
9.2 O]

4 Asymptotic estimates for Aharonov—Bohm eigenvalues

4.1 Symmetry for the Aharonov-Bohm operator

As in Section [2} we assume Q C R? to be a bounded open set with a Lipschitz boundary, such
that 0 € 2. We additionally assume that 2 is symmetric with respect to the x;-axis and that
Q:= QNR2 also has a Lipschitz boundary.

According to [I8, Theorem VIII.15], there exists a unique Friedrichs extension H. of the
quadratic form qg“B , that is to say a self-adjoint operator whose domain D(H.) is contained in
Q?B and which satisfies

(Heu,v) = g2 (u,v) = /

Q

(V+A)u- (iV+ A )vde for all u,v € D(H,),

where we are denoting by ¢2? both the quadratic form defined in and the associated bilinear
form (see Figure [2). We recall in this section the results proved in [3] concerning the properties
of H., in particular the effect of the symmetry of the domain on its spectrum. Since most of the
proofs in the present section reduce to a series of standard verifications, we generally only give
an indication of them. We use gauge functions ®., for € € (0,e¢], whose existence is guaranteed
by the following result. In the sequel the denote as o the reflection through the z-axis, i.e.
0(331,:102) = (ml, —xg).

Lemma 4.1. For each € > 0, there exists a function ®. in C*> (R2 \FE) satisfying

(i) .00 = & in R2\T;

11



(i) |Pc| =1 in R? \Te;
(iii) (iV + A) P, =0 in R2\ T;
(iv) . =1 on (R x{0})\ T and lims_,g+ ®.(t,£J) = £i for every t € (—¢,¢).

We define the anti-unitary operators K. and X¢ by K.u := ®2u and %°u := woo. The subspace
D(H.) C H is preserved by K. and X¢. The operators K., ¢ and H. mutually commute. In
particular, we can define the following subsets

Hie:={ueH: Ku=u};
D(Hgk,):={u € D(H,) : Kcu=u}.

The scalar product (-,-) gives Hg  the structure of a real Hilbert space. As suggested by the
notation, we define H . as the restriction of H. to D(Hg ). It is a positive self-adjoint operator
on Hg . of domain D(H ), with compact resolvent. It has the same eigenvalues as H., with
the same multiplicities. The fact that K and ¥° commute ensures that Hy . and D(Hg ) are
Y.¢invariant. We can therefore define

Hic e = {u etk X=ul;
D(Hj..) := {u € D(Hg,) : S°u = u};
G ={u€MHre: Su=—u};
D(Hg ) :={u € D(Hk,) : ¥u = —u}.

We have the following orthogonal decomposition of H . into spaces of symmetric and antisym-
metric functions:

HK7E = Hﬁ(,s D /H?(,e' (28)
We also define Hj _ and Hf, _ as the restrictions of Hx . to D(H} ) and D(Hf _) respectively.

The operator Hy _ is positive and self-adjoint on Hj, _ of domain D(H}; ) , with compact resolvent.
Similar conclusions hold for Hj .. Decomposition implies the following result.

Lemma 4.2. The spectrum of Hy . is the union of the spectra of Hj. . and Hi _, counted with
multiplicities.

Remark 4.3. Let us note that we can give an alternative description of the spectra of Hy . and
Hy .. One can check that they are the spectra of the quadratic form qu restricted to Q?B NHik e
and Q?B N Hi . respectively. These spectra can therefore be obtained by the min-maxz principle.

4.2 TIsospectrality

In this subsection, we establish an isospectrality result between Aharonov-Bohm eigenvalue prob-
lems with symmetry and Laplacian eigenvalue problems with mixed boundary conditions, in the
spirit of [6].

To this aim, we define an additional family of eigenvalue problems, similar to Problems and
(). With the notation 99, := 0Q NRZ and 9Q := I N (R x {0}), we consider the eigenvalue
problem

—Au=Au, in ),

u =0, on 90, (29)
% =0, on 0.

We denote by (11;);>1 the eigenvalues of Problem (29)). We also consider, for each ¢ € (0, &),

—Au=Au, inQ,

u=0, on 00, UT, (30)
%:0, on 00 \ T'¢,
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and denote by (u;(€));>1 the corresponding eigenvalues. In order to give a rigorous definitions, we
use a weak formulation. We define

Ro = {u € Hl(Q); Xo0, You = 0 in LQ((‘)Q)},
and, for € € (0, gg],
R. = {u € Hl(Q); Xoq, ur.You = 0 in L2(8Q)}.

We denote by ry and r. the restriction of the quadratic form ¢, defined in Equation , to Ro
and R. respectively. We then define (11;);>1 and (p;(¢));>1 as, respectively, the eigenvalues of the
quadratic forms ry and r.; they are obtained by the min-max principle.

Remark 4.4. We can give another interpretation of the eigenvalues (f1;);>1 and (Aj);j>1. Using

the unitary operator ¥ : u — wo o, we obtain a orthogonal decomposition of L? (Q) wmto symmetric
and antisymmetric functions:

L? ((AZ) =ker(I-X)@ker(I+5%). (31)

This decomposition is preserved by the action of the Dirichlet Laplacian 73, and we can therefore
define —A® (resp. —A%) as the restriction of —A to symmetric (resp. antisymmetric) functions
in the domain of —A. One can then check that (1j)j>1 is the spectrum of —A® and (Aj);>1 is the
spectrum of —A“.

It remains to connect the eigenvalues of Problems (30) and to the eigenvalues of H.. To
this end, we define the following linear operator, which performs a gauge transformation:

U.: H — L*Q,C)

We recall that L?(€) denotes the real Hilbert space of real-valued L? functions in Q. We have the
following result.

Lemma 4.5. The operator U, satisfies the following properties:
(i) U. (Hk.) C L*(Q) and U. (QfB) C HY(Q,C);

(i) U. induces a real-unitary bijective map from QA% N Hic . to Re such that 2B (u) = q (U.u)
for allu € Q4B N Hic s

(i4i) U. induces a real-unitary bijective map from QA% N Hi o to Qe such that q2B(u) = q (U.u)
for allu € QAP NHY .

Proof. If uw € Hi e, then u = 27, so that ®.u = ®.u, that is to say ®.u is real-valued. This
proves the first half of (i). For the second half, let us assume that u € Q45. Using the definition
of QA8 given in Equation , and Property (iii) of Lemma we find the following identity,
in the sense of distributions in Q:

v (6€u) =d.Vu+V (65) u=>®. (V—-id)u in Q.
This proves that ®.ujq € H* (€2, C) and that
/ (V —iA)ul® do = / v (EEu)f dx.
o Q

Let us now additionally assume that u € Q48 N Hic .- Since Xu = u, Property (i) of Lemma
implies that (®.u) o 0 = ®.u. Therefore,

/ lul® da = 2/ @Euf dx :/ U.ul? da.
Q Q Q

13



Furthermore, Property (iv) of Lemma and the equation X¢u = u imply that u vanishes on I',,
hence U.u € R.. This implies that ®.u € H'(2) and

/ﬁ|(V—iA5)u|2 dxz/ﬁ\v(@u)f’dxzz/QW(@u)fda;:/QW(UEu)R dz.

We conclude that the mapping U. : Q48 N M. — Re is well-defined, real-unitary, and that
q2B(u) = q(U.u). To show that the mapping is bijective, we consider the operator V. defined in
the following way: given v € L?(Q), we denote by v its extension by symmetry to 2 and we set

€
V2
It can be checked, in a way similar to what has been done for U, that V; induces the inverse of
U., from R. to Q48 N Hi .- This proves (ii). The proof of (iii) is similar, the difference being
that we must check that ®.u vanishes on (R x {0})\ I'- when u € Q4% N Hic e O

Vou = d..

Corollary 4.6. The spectra of Hj . and Hj; . are (;(¢));j>1 and (A;(€));j>1 respectively.

4.3 Eigenvalues variations

Let us first state some auxiliary results, which we prove in Appendix
Proposition 4.7. For all N € N*, un(e) = puny ase — 0.

Proposition 4.8. Let uy be a simple eigenvalue of —A* (see Remark and upy be an associated

~

eigenfunction, normalized in L? (Q) If un(0) # 0, then

_ _2m o of L )
i (E) = 1 F g v O F (|log<e>|) e 0
If

r~Fuy(rcost,rsint) — B cos (kt) in CH7 ([0, 7],R)

as — 0% for all 7 € (0,1), with k € N* and B € R\ {0}, then

knB? (k-1 \°
MN(€):MN+4,€_1< L%J ) E2k+0(62k) as € — 0.

__ We now prove Theorem Since Uy is odd in o, XN belongs to the spectrum of —A®. Since
An is simple, it does not belong to the spectrum of —A?®, according to the orthogonal decomposition
. It follows from Remark that there exists K € N* such that Ay = A and that A\g is a
simple eigenvalue of go in Q. By continuity, Ag(¢) — Ax as e — 0.

From Corollary Proposition and the fact that XN is simple, it follows that there exists
g1 > 0 such that A\4Z(e) = Ak (e) for every € € (0,1). The conclusion of Theorem follows from
Theorem using the fact that Ag is simple. Let us note that the efunction un in Theorem

~

is normalized in L? (Q), while the eigenfunction uy in Theorem [1.3|is normalized in L? (Q)
We therefore have to apply Theorem with 3 = /2 5 to obtain the correct result.

We can use the results of the preceding sections to study some multiple eigenvalues. Let XN
be an eigenvalue of —A on €2, possibly multiple. We define
Np := min {M eN*: Ay = XN} and N; = max{M eN*: Ay = XN} .
AccorAding to Remark there exists K € N* such that :\\N = A or there exists L € N* such
that Ay = ur.
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Proposition 4.9. Let us assume that XN = Ag with K € N* and that \x is a simple eigenvalue
of qo. Let us denote by ugx an associated normalized eigenfunction for qg, and let us assume that

r~Fug (rcost,rsint) — Bsin (kt) in CV7 ([0, 7], R)
asr — 0% for all 7 € (0,1), with k € N* and 8 € R\ {0}. Then

~ km B2 E—1\?
)\}%OB(&E):)\N_QT& ( L@J ) 52k+0(52k) as e — 0.
2

Proof. Let us set m := N1 — Ny + 1, the multiplicity of XN. If m = 1, the conclusion follows from
Theorem 2.8 We therefore assume m > 2 in the rest of the proof. Remark [£.4] and the fact that

Ak is simple imply that there exists L € N* such that up = prp+1 =+ = gp+m—2 = An. From
Proposition we deduce that there exists 1 > 0 such that, for every e € (0,¢1),

PR @5 A1 (©) - AR ()} = Ak (€) e (e), - L m—2(2)} -

The function € — Ag(e) is non-increasing, and the function € — p;(e) is non-decreasing for every
jeA{L,...,L+m—2}, therefore y1j(c) > puj = Ay = Ag > Ag(€). In particular A\yZ(e) = Ak (e)
for every e € (0,e1). The conclusion follows from Theorem O

Proposition 4.10. Let us assume that XN = pr, with L € N* and that puy, is a simple eigenvalue of
—A®. Let us denote by ur, an associated eigenfunction for —A*, normalized in L*(2). Ifur(0) # 0,
then

~ 2T 1
P ()= A 7 —_— :
() = An |log<s>“L(°”"(|log<e>|> ase 0

If
r~Fup (rcost,rsint) — [cos (kt) in CT7 ([0, 7], R)

asr — 0T for all 7 € (0,1), with k € N* and B € R\ {0}, then

k32 < k—1

2
=l WY ) e +0(e?*) ase—0.

ME(e) =An +

Proof. In a similar way as in the proof of Proposition [1.9] we show that there exists £; > 0 such
that, for every € € (0,e1), A4”(e) = p(€). The conclusion then follows from Proposition O

4.4 Example: the square

As an application of the preceding results, let us study the first four eigenvalues of the Dirichlet
Laplacian for the square
0= ( ) . (32)

)
The open set Q is symmetric with respect to the zj-axis. We define 2 := an Ri. We denote

by (Xj)jzl the eigenvalues of the Dirichlet Laplacian on the square € and, for & € (0,7/2), we
consider the Aharonov-Bohm eigenvalues ()\343 (5))j> , defined in Section

It is well known that the eigenvalues of the Dirichlet Laplacian on Q are

o~

2 2
Am,n = m~ +n°,

with m and n positive integers, and that an associated orthonormal family of eigenfunctions is
given by
2
um,n(xth) = ; fm(xl)fn(x2)7
where

sin(kzx), if k is even,
fi(@) = (k) e
cos(kx), if kis odd.
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Proposition 4.11. Let us assume that XN is simple. Then XN = Xm,m = 2m? for some positive

integer m, and Ay cannot be written in any other way as a sum of squares of positive integers.
Then we have, as € — 0T,

AB(\ _ 8 o !
M) =R <|1og<s>|>

if m is odd and
4

AB N m- 4 4
)\N (E):)\N—ﬁ&— +0(<€)
if m is even.

Proof. In the case where m is odd, an associated eigenfunction, normalized in L2 ((AZ), is

2
Um,m (21, T2) = —~ cos(may) cos(mxa).

The first asymptotic expansion then follows from Theorem [2.5 R
In the case where m is even, an associated eigenfunction, normalized in L?(Q), is

U, (21, T2) = - sin(ma1 ) sin(mazs).

Then //\\N = Ak, where A\ is a simple eigenvalue of gg. Furthermore,

2

72Uy (7 cOS T, TSINE) — ™ gin (2t) in Y7 ([0, 7], R)
77

asr — 0T for all 7 € (0,1). An application of Proposition taking care of normalizing in L?(2),
gives the second asymptotic expansion. O

Proposition 4.12. Assume that XN = Xmm =m?2 +n? with m even and n odd, and that XN has
no other representation as a sum of two squares of positive integers, up to the exchange of m and
n. Then Ay has multiplicity two; up to replacing N with N — 1, we can assume that Ay = An+1.
Then, as € — 0T,

~ 4m?
ME(e) = Ay — — e?+o(e?);
~ 4m?
M) =+ e o (),
Proof. The associated eigenfunctions

U, (T1, T2) = - sin(ma1 ) cos(nxs)

and 5
Un,m (®1, T2) = = cos(nx) sin(mas)
™

are normalized in L2(Q) and respectively symmetric and antisymmetric in the variable z,. It
follows that Ay = pur = Ak, where pp is a simple eigenvalue of 1y and Ag a simple eigenvalue of
qo. Furthermore,

2
7Yy, (rcost, rsint) — M os (t) in C*7 ([0, 7], R)
7r

and
2
7Yy (r cost, Tsint) — " in (t) in C*7 ([0, 7], R)
™

as r — 0T for all 7 € (0,1). The asymptotic expansions then follow from Propositions and
[4.9] O
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Remark 4.13. We note that zf;\\NAzs even, 1n any representation XN =m2+n2, m and n have the
same parity. Therefore, if n # m, Ay cannot be_a simple eigenvalue either of ro or of qo. On the
other hand, if An is odd, in any representation An = m?2 +n?, m and n have the opposite parity.
Therefore, as soon as An can be written in at least two different ways as the sum of two squares
AN cannot be a simple eigenvalue either of o or of qo. The cases described in Propositions
and[{-13 are thus the only ones in which we can apply the results of Section[{.3 for the square.

The first four eigenvalues of the Dirichlet Laplacian on the square 0 satisfy the assumptions
of either Proposition or Proposition 4.12] so we can apply the previous results to derive the
following asymptotic expansions of the Aharonov-Bohm eigenvalues )\343 (e) for j =1,2,3,4.

Corollary 4.14. Let A8 () be the Aharonov-Bohm eigenvalues defined in 7 with Q being
the square defined in . Then we have, as ¢ — 0T,

AB/_\ _ 8_t 0 SEET
A (5)*2+7r|10g(5)\+ (|log(6)|)’

MPB(e) =5 — ;—652 +0(e?);
MB(e) =5+ ;—652 +0(e?);
MiB(e) =8~ ;64 +o ().

4.5 Example: the disk

Let (r,t) € [0,1] x [0,27) be the polar coordinates of the disk. It is well known that the eigenvalues
of the Dirichlet Laplacian on the disk are given by the sequences

{0 kw1 U0 i dnas1,
where j,  denotes the k-th zero of the Bessel function J, for n > 0, £ > 1. We recall that

Jnk = Jnr ke if, and only if, n = n' and k = £’ (see [22, Section 15.28]). The first set is therefore
made of simple eigenvalues; their eigenfunctions are given by the Bessel functions

uo, (7 cost, rsint) \/7“/(]0 5 o(jokr) for k>1. (33)

The second set is made of double eigenvalues whose eigenfunctions are spanned by

uy, 1 (rcost,rsint) \[IV oY n(Jn,kT) COSNL, (34)

Uy, 1 (rcost,rsint) \[IV oY (I k1) sinnt, (35)

for n,k > 1. We stress that these eigenfunctions have L?-norm equal to 1 on the disk. It is
convenient to recall (see [22] Chapter III]) that for any n € NU {0}

00 n
1)k< 2 ) +2k

J - 7 & 7
k'Fn+k+1)

(36)

We denote by (Xj)j>1 the eigenvalues of the Dirichlet Laplacian on the disk
Dy = {(z1,22) €ER*: 2? + 23 < 1}

and, for € € (0,1/2), we consider the Aharonov-Bohm eigenvalues ()\345 (5))j> , defined in Section

17



Proposition 4.15. If XN is simple, there exists an integer k > 1 such that XN = jg’k. Then

) 2 1 1
)\ﬁB(s) = gg,k + - +o () (37)

|76 (Go.k)|* [log(e)] | Tog(e)]

as e — 0F. If :\\N is double, there exist integers n > 1 and k > 1 such that /)\\N = ]ik Up to
replacing N by N — 1, we can assume that XN = XNH, Then, as € — 0T,

AB 2 2nj57% n-1\ ., 2n
/\N (5) = ]n,k - (n!)242n_1|J/ (]n k:)|2 nglJ € +o (6 ) ) (38)
2nj2n n—1 2
-2 2n 2n
AWl =Jkt Gz 7, G (o) ) o). (39)

Proof. We first consider the case where the eigenvalue )\N = ]0 k 1s 51mple then an associated
eigenfunction, normalized in the disk, is ug , defined by Equatlon . It follows from Equation

(36) that
(0) \/T L oo
U =\ ——
o 7 74 (o]

Theorem gives us the asymptotic expansion .
We then consider the case where Ay is double, with Ay = Ay = j2 ke T k > 1. We note

that ]n i is a simple eigenvalue of gg, and that the restriction of V2 un i to the upper half-disk is
an associated normalized eigenfunction. It follows from Equation (36| that

_ . 2 1 1 Jnk ) .
r~"u? (rcost,rsint) — \/ — - : sinnt in CV7 ([0,7],R
i ) \/;J;un,k)w(nﬂ)( ) (075

as r — 0%. The asymptotic expansion (38) then follows from Proposition In a similar way,
]  is a simple elgenvalue of —A?® and u? n.k 18 an associated normalized elgenfunctlon It follows
from Equation (36) that

— 2 1 1 jnk " . 1
"y, . (rcost,rsint) — 4/ — : cosnt in C7 ([0, 7], R
sl T[S (i) [ T (0 +1) ( 2 ) (10,1, B)

as r — 07. The asymptotic expansion then follows from the second case of Proposition
4.10 O

Additionally, there exist relations between the zeros of Bessel functions (to this aim we refer
to [22, Chapter XV.22]): in particular, the positive zeros of the Bessel function J,, are interlaced
with those of the Bessel function J,, 41 and by Porter’s Theorem there is an odd number of zeros
of J, 2 between two consecutive zeros of J,,. Then, we have,

0 <joa <Ji1<Joa<joz2<jioa<...
and hence, since j3 1 > j21, the first three zeros of Bessel functions are, in order,
0<joa1 <ji1 <Jj21.

Combining this information with Proposition 4.15, we find for example the following asymptotic
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expansions for the first few Aharonov-Bohm eigenvalues )\343 (¢) on the disk Dy as e — 0*:

2 1 1

AAB 6) — j2 _|_ - + 0 () ,

0O =doa G R Tee@) 2 \Tos@)]
M B(e) =42, — }7]‘%1 e? + o(¢?)

2 VAV IE ’
ANB(e) =2, + }7‘7%’1 e+ o(e?)

8 SIVACIIE ’
M) = 3y - LT e

: 64 |J5(j2,1) |2 ’

AB 9 1 J31 4 4
A5 (e) =Jan+ — g € tole).

64 |J3(j2,1)[?
A Computation of the constants

A.1 The Neumann-Dirichlet case

In the present section, we use the above results to compute the quantities appearing in [, Section
4]. In order to avoid a conflict of notation with the present paper, for any odd positive integer k,
we denote here by 1}, m) and wj, what is denoted in [I] by )y, m;, and wy, respectively.

As in [, we use the notation

s0 := {(,0) ; 2} > 0};

and
5= {(#1,0) ; 27 > 1}.

We now define the mapping G : Rf_ — R2?\ 50 by
G(z) == (22 — 22, 22125).
The mapping is conformal; indeed, if for € R2 we write z := z1 + izo and 2’ := z} + iz}, with

x' = (z},7h) = G(z), we have 2/ = 2%. The scale factor associated with G is h(z) = 2|z| = 2|z|.
Let v’ be a function in H' (R?\ s9) and u := v/ o G. Since G is conformal, |Vu| is in L? (R3),

with
/ \Vul® da :/ V') da’.
Ri R2\ s

Furthermore, for any 2’ in the segment (0,1) x {0}, which we write as 2’ = (2,0), we have

ou’ («) = 1 Ou (\/an) andgTu:(x'): 1 Ou (7\/E70>7

vy 72\/37’1 0x 72\/:10’1 O0xa
where gyi(x’ ) and gi/(:c' ) denote the normal derivative at z’ respectively from above and from
+ v_

below. We also note that u is harmonic in Ri if, and only if, v’ is harmonic in R? \ sq.
Let us now denote by wj, the extension by reflexion to R? \ sq of w},, originally defined on R%.
We recall that wj, is the unique finite energy solution to the problem

—Auwy, =0, in R?,

wj, =0, on s,
ow) oy}, 2
B =~ OnORI\s,

where ), (rcost,rsint) = r*/2sin (£ ¢).
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Lemma A.1. For any odd positive integer k, wy = W}, o G.

Proof. Let us write v := wj, o G. By uniqueness, it is enough to prove that v solves . From
the remarks at the beginning of the present section, it follows that v is harmonic in Ri. Let
us now show that ¢y, := ¢}, o G. Indeed, for 2’ € R?\ sg, ¥} (2') = Im ((2')*/?), and therefore
f(z) = Im ((2%)*/2) = Im (2*) = ¥y (z), where 2’ = G(z), z and 2’ are defined as above, and
where we use the determination of the square root on C \ sq defined by G=!. From this and the

previous remarks, it follows that v satisfies the boundary conditions of Problem .

As in [I] we define

and

1
mg = —*/ |Vwk|2 dz.
2 ]R2+

We note that the right hand side of is equal to —23%my,.

Corollary A.2. For any odd positive integer k, mj, = %mk.

Proof. We have

1 1

m, = —5/ IV, de’ = _Z/ Vi, d.
]Ri R2\ sq

Using Lemma and the conformal invariance of the L2-norm of the gradient, we find

/ V| da’ :/ Vwg|* do = —2my.
R2\80 ]R2

+

In particular, Corollary and Proposition [3.2] imply that

o kw (k—1)2
N A

O

(40)

thus proving, in view of [I, Theorem 1.2], the explicit constant appearing in the asymptotic ex-

pansion of Theorem

A.2 The u-capacities of segments

In this last section, we simplify the constant Cj occurring in [3l, Lemma 2.3].

Proposition A.3. For any positive integer k,

k E—1 \2
Ck:4k—1(tz-l )'

Proof. According to Equation (22) in [3, Lemma 2.3],

k

. 2

Cr = E J1A k",
=1

where A; j is the j-th cosine Fourier coefficient of the function n — (cos n)*. To be more explicit,

let us expand (cosn)* into a trigonometric polynomial. We write

; ; k k
¢ 4 e=in 1 kY (b2
(Cosn)k = (2) = 27]6 E ( ’ ) e(k 2])“7_
Jj=0 J
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By grouping the terms of the sum in pairs starting from opposite extremities, we find

5]

1 k .
(cosn)F = 7T Z < p )COS((k—Qj)?])-i—Ck
§=0
where
=0ifk=2p+1 and c—i K itk=2
Ck =ULURK=2p k= ok » = 4p-

It follows that

and we conclude using Lemma [3.5] O

Propositionand [3, Theorem 1.16] provide the explicit constant appearing in the asymptotic
expansion of Theorem [2.6]

B Auxiliary results for eigenvalues variations

This section is dedicated to the proof of Propositions 4.7 and In order to make a connection
to the results of [3], which we use, let us present an alternative characterization of the eigenvalues
(Nj)j21 and (/,&j(E))jZl. We define

@2 = {ueH&(ﬁ\Fs) : uocr:u},

and we denote by ¢ the restriction of gy (see the paragraph preceding Theorem for the notation)
to Q.. One can then check that we obtain the eigenvalues (u;(¢));>1 from g7 by the min-max
principle. In the same way, we define

0 = {uEH&((AZ) : uoazu},

we denote by ¢® the restriction of the quadratic form ¢y, and one can check that we obtain the
eigenvalues (u;);>1 from ¢° by the min-max principle. Let us note that —A®, defined in Remark
as a self-adjoint operator in ker (I — X), is the Friedrichs extension of ¢°>. We denote by —A?
the Friedrichs extension of g7, which is also a self-adjoint operator in ker (I — X).

Let us first prove Proposition Since pun(g) > un for all e € (0,e0] and since € — py(e)
is non-decreasing, we have existence of p} := lim. ,o+ pn(€), with g} > pn. It only remains to
show that p3 < pn. In order to do this, let us note that the space

D? = {UGC(?O(Q\{O}) : u:uoa}

is dense in ker (I — X). Indeed, the space C2°(€\ {0}) is dense in L2(), since {0} has measure
0. Therefore, if we fix u € ker (I — X), there exists a sequence (¢, )n>1 of elements of C(Q\ {0})
converging to u in L? ((AZ) We now set @, := 1/2(¢pn + ¢n 0 0). We have @,, € D® for every integer
n > 1. Since u = 1/2(u + u o o), we have the inequality

~ 1 1
ll6n — u”m(ﬁ) < §H<Pn - UHL2(§) + 5”9071 °o—uo U||L2(§) = [len — U||L2(§),

and this implies that the sequence (&, )n,>1 converges to u in ker (I — X).
According to the min-max characterization of eigenvalues and the previous density result,

o0(v)
1 ax .
E£CD? subspace uef ||uH2
dim&)=N

N =
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Let us now fix § > 0 and an N-dimensional subspace & C D? such that

Do(u) _
max
et Tul? =

<pun+4
There exists €1 > 0 such that & C Qg for every € € (0,e1]. This implies that, for every ¢ € (0,&4],

s ~
un(e) = min max HC 2) < max dolu 2) <
SCQ subspace u€é ||U|| u€€s ||U||
dlm(S) N

un + 0.

Passing to the limit, we obtain first p3 < uny + 9, and then pj3 < py, concluding the proof.

Let us finally prove Proposition[4.8] We recall that, as a corollary of Theorem 1.10 in [3], taking
into account Proposition [A-3] we have the following result.

Proposition B.1. Let )\N be a simple eigenvalue of —A and un an associated_eigenfunction
normalized in L*(Q). Let us assume that uy € Q. For e > 0 small, we denote as Ay () the N-th
eigenvalue of the Dirichlet Laplacian in Q\ Te. If un(0) # 0, then

~ ~ 2T 1
A (E) = Ay - un(0)2 4o +,
N(E) = A gy (O o <|log<e>> ase 0

If
r~Fun(rcost,rsint) — Bcos (kt) in CV7 ([0, 7], R)

asr — 0T for all 7 € (0,1), with k € N* and B € R\ {0}, then

~ 5
An(e) =An + % ( [CLillJ ) e +0(e?) ase—0".
2

Let us note that if the hypotheses of Proposition are satisfied, h\ N is a simple eigenvalue of
—A® and uy an associated eigenfunction. But the converse is not true. Indeed, we have seen in
Sectlon in the case of )\3 for the unit disk that A N can be sim 1e for —A*® without being simple
for —A. Proposition is therefore weaker than Proposition However, the proof of Theorem
1.10 in [3] can be adapted to prove Proposition 4.8 E Let us sketch the changes to be made. The
proof in [3] mainly relies on Theorem 1.4 of [3], and uses the u-capacity and the associated potential
defined in [3] Equations (6), (7), and (8)]. The following Lemma gives an alternative expression
when both v and the compact set K are symmetric; it follows easily from Steiner symmetrization
arguments.

Lemma B.2. Ifu € Q° and K C Q is a compact set such that o(K) =K, then
Capg (K, u) = min{?(V) Ve andu—V e Hg(ﬁ\K)}

and the potential Vi ., attaining the above minimum belongs to @S.
Our proof of Proposition relies on the following analog to [3, Theorem 1.4].

Proposition B.3. Let up be a simple eigenvalue of —A® and uyp an associated eigenfunction,
normalized in Lz(Q). Then

pr(e) = pr + Capg(Le,ur) + o (Capg (e, ur))  ase — 0T,

In order to prove Proposition we note that LAemmaimplies in particular that ur, —Vr_ 4,
is the orthogonal projection of uz, on Hj(2\T:)N Q% and Capg (T, ur) the square of the distance
of uy, from H} (ﬁ \I'.)n és, both defined with respect to the scalar product induced by ¢* on 0s.
We also note that we can use the estimates of Vr_,, given in Lemma A.1 and Corollary A.2 of
[3]. We can therefore repeat step by step the proof of Theorem 1.4 in Appendix A of [3], replacmg
L2(Q) by ker (I — %), H}(Q) with Q%, H}(Q\T'.) by H{(Q\T.)N Q%, and g. by §* and g2, —A
and —35 by —A® and —AZ, v by pz and uy € H} (Q) by ur, € Q°. We obtain Proposmon
The estimates of Capg (FE, u) proved in [3] Section 2] then give us Proposition
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C Alternative proof of Theorem 3.1

We find useful to show an alternative proof of Theorem This proof is based on sharp estimates
from above and below of the Rayleigh quotients for the eigenvalues Ay and Ay (). Such estimates
require energy bounds on eigenfunctions obtained by an Almgren type monotonicity argument and
blow-up analysis for scaled eigenfunctions. We mention that such a strategy was first developed in
[1L 2 [l [I7] for eigenvalues of Aharonov-Bohm operators with a moving pole. On the other hand,
the implementation of this procedure for our problem requires a quite different technique with
respect to the case of Aharonov—Bohm operators with a single pole, when estimating a singular
term appearing in the derivate of the Almgren frequency function (i.e. the term ) Indeed, in
the single pole case estimates can be derived by rewriting the problem as a Laplace equation on
the twofold covering, whereas in this case the singular term turns out to have a negative sign
and this is enough to proceed with the monotonicity argument (see Subsection .

In this argument, an important step is a blow-up result for scaled eigenfunctions.

In what follows, we aim at pointing out the main steps of the proof, together with a more
deepened analysis at the crucial points. We list below some notation used throughout this appendix.

- For r >0 and a € R?, D,(a) = {z € R? : |z —a| < r} denotes the disk of center a and radius
r. We also denote the corresponding upper half-disk as D} (a) = {(x1,22) € D,(a) : z2 > 0}.

- For all » > 0, D, = D,.(0) is the disk of center 0 and radius r; D;" = {(z1,22) € D, : &3 > 0}
denotes the corresponding upper half-disk.

- For r > 0 and a € R?, S;f(a) = {(x1,22) € dD,(a) : x5 > 0} denotes the upper half-circle of
center a and radius 7. We also denote S, := S;(0).

C.1 Limit profile

This section contains a variational construction of the limit profile which will be used to describe
the limit of the blow-up sequence.
Let us consider the functional Jj : @ — R (see Subsection for the definition of Q)

Ji(u) = %/R

with 1, defined in . We observe that %’;(ml, 0) = kx1*~! and Jj, is well-defined on Q.

1
|Vu(z)|? dx—/_l u(xl,O)g—ij:(xl,O)dxl, (41)

2
+

Lemma C.1. For all k € N, k > 1, let wp, € Q be the unique weak solution to and let
my, = —1% [oo \Vwi|? da be as in ({0). Then
+

my = min Ji(u) = J(wy) < 0. (42)
u€Q

Furthermore, wg(x) = O(ﬁ) as |z| = +oo.

Proof. The proof follows from standard minimization methods, Hardy Inequality and Kelvin Trans-
form. O

Lemma C.2. For every k € N, k > 1, there exists a unique ®3, € (- Hl(DE) such that

P — Y € Q,
—Ady, =0, m Ri in a distributional sense,
(43)
P, =0 on s,
% =0 on I'y,
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where v = (0,—1) is the outer normal unit vector on aRﬁ_. Furthermore, the unique solution to

is given by
Q) = Yy + wy,

where wy, s as in Lemma and Yy is defined in .

Proof. The existence part is proved by taking ®; = ¥, + wi. To prove uniqueness, one can argue
by contradiction exploiting the Hardy Inequality (see[ll, Proposition 4.3] for a detailed proof in a
similar problem). O

For future convenience, we state and prove here the following lemma, which relates the limit
profile @, (more precisely, its k-th Fourier coefficient) to the minimum my.

Lemma C.3. Let @y be as in Lemma[C.4 Then

/ Dy (cost,sint) sin(kt) dt = _% + g
0

Proof. Let us define the function
w(r) ::/ wg(rcost,rsint) sin(kt)dt, r >0,
0
where wy, is as in Lemma Then, recalling that ®;, = wy + ¥, we have that

s
(1) = / Dy (cost, sint) sin(kt) di — (44)
0
Since w is the k-th Fourier coefficient of the harmonic function wy, it satisfies the differential
2
equation w” + 1w’ — E-w = 0 in (1, 4+00), i.e. (r'*2*(r=*w)’)’ = 0. Hence there exists C,, € R such
that (r*kw(r))/ = C,r~1+28) for r > 1. Integrating the previous equation over (1,7) we obtain

that o )
wir) _ w(l) ud (1 ) , forallr>1.

T2k \0 %k

Lemma provides that w(r) = O(r~!) as r — +o00, hence, letting r — +oco in the previous
identity, we obtain that necessarily C,, = —2kw(1) and then

wr) =w)r F, ' (r) = —kw()r F1  forall r > 1. (45)
On the other hand, by definition

W'(r) =7kt o % Yy ds, (46)

with v being the outer unit vector to dD,". Combining and we obtain that

1 Owy,

Multiplying the equation —Aw, = 0 by 9, integrating by parts on Df, and recalling that ¥, =0
on I'1, we obtain that

/ Vwk-wkd:c:/ %wkdp %1/)de,
Df apy Ov st Ov

whereas multiplying —A, = 0 by wy and integrating by parts on Df we obtain that

/ Vwk-vwkdm:/ %wkds.
Df iy
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Taking into account the boundary data, we obtain that

[ [ O, [ o,
s+ Ov 4§ s Ov b r, Oxs ks

1 Oy, 1 Oy

Since 856/’“ = ki on ST, it results that kw(l) = [+ %wk, so that (47) can be rewritten as
1
w(l) = —w(1) + & 9%k 4, and thus

so that

k JTy Oxa
1 Oy
)=— | 2w,
w) = o5 /F dwy "
From we deduce that w(1) = —1myg, and recalling the proof is concluded. O

C.2 Monotonicity argument

In order to prove convergence of blow-up eigenfunctions, energy estimates in small neighborhoods
of the Dirichlet-Neumann junctions are needed; such estimates are obtained via an Almgren type
monotonicity argument which is sketched here.

For A € R, u € H'(Q) and 7 € (0,&9) such that D C , the Almgren frequency function is
defined as B N

u? T?
N(u,r, \) = Hiur)

where

E(u,r,\) = /Dir (|Vu(x)|2 - )\uz(x)> dr, H(u,r)= 1/S+ u? ds.

r

In the following, we assume that assumption is satisfied, i.e. the N-th eigenvalue Ay of ¢q
is simple, and we fix an associated normalized eigenfunction uy, so that uy satisfies @D For all
1 <n < N,let u, € H(Q) be an eigenfunction of gq associated to the eigenvalue A, such that

/ |, (2)|*dr =1 foralll<n< N
Q

and
/ Un (X) U (z)de =0 if 1 <n,m < N and n # m.
Q

For every ¢ € (0,¢0], let u%, be an eigenfunction of ¢. associated with Ay (¢), i.e. solving

—Aus = Any(e)ufy, in £,

ufy =0, on 9N\ I, (48)
ouf
85 =0, onl,
such that
/ lusy(x)|*dz =1 and / ufy () un (z) dx > 0. (49)
Q Q

For all 1 <n < N and € € (0,g0], let uf, € Q. be an eigenfunction of problem associated to
the eigenvalue A = A, (g), i.e. solving

—Aug =N, (e)us, in Q,

us, =0, on 00\ I, (50)
ous,

- 0, on I,
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such that
/ |ué (z)|?de =1 foralll<n< N (51)
Q

and
/ us ()us, (x)de =0 if 1 <n,m < N and n # m. (52)
Q

We observe that, in view of Remark
An(e) <Ay foralle € (0,60 and 1 <n < N. (53)
Arguing as in [I, Lemma 5.2], it is possible to prove the following properties:
(i) there exists Ry € (O7 min {Eo, ﬁ}) such that D%O Cc Q and

H(u;,r) >0 foralle e (0,Ry), r € (g,Rp) and 1 <n < N;

(ii) for every r € (0, Rp], there exist C, > 0 and «a, € (0,r) such that H(u5,r) > C, for all
€ (0,a,) and 1 <n < N.

By direct calculations it follows that, for all € € (0, Ry), e < r < Rg, and n € {1,2,..., N},

d 2 ug, 2
Gy = [ G ds = 2B 00, (54)

2

ous,
ov

d 13
aE(un,r, An(€)) == Z/S,Jr

ds — % (M(e,uf“)\n(e)) (o) /D +(u;(x))%zx) (55)

i

where v denotes the exterior normal unit vector to D, and

L 1 9 ou A
M(e,u, ) = lim (2|Vu| ‘n— a—n(x Vu) — Eu x- n) ds, (56)

being A5 := Dy (—¢,0) U Df (¢,0) and n denoting the exterior normal unit vector to D;' \ As.
For details in a similar problem see [I7, Lemma 5.5 and 5.6]. A crucial step in the monotonicity
argument is the possibility of recognizing the sign of the quantity M (e, u, A).

To this aim, we first state the following result describing the behaviour of solutions to at
Dirichlet-Neumann boundary junctions.

Proposition C.4. Lete € (0,0), A € R, and u € Q. \ {0} be a nontrivial solution to problem ().
Then there exist two odd natural numbers jr = jr(e,u,A),jr = jr(e,u,A) € N and two nonzero
real numbers B, = Br(e,u, \), Br = Br(e,u, \) € R\ {0} such that

579 2u((—e,0) +60(t)) = Br cos (1) in CH([0,7]), (57)
§7m/2u((e,0) + 66(t)) = Brsin (4t)  in CH([0, 7)), (58)

as 6 — 07 for any o € (0,1), where O(t) = (cost,sint). Moreover,

672V u((—e,0) +36(1)) = 255 (cos (S1)6(1) — sin () (1)) (59)

2

§TIRIZHITy((£,0) + 660(1)) — % (sin (224)0(t) + cos (2t) (1)) (60)
in C%7([0,7]) as 6 — 0T for any o € (0,1), where T(t) = (—sint, cost).

Proof. Through a gauge transformation, in a neighbourhood of each junction (+e¢,0) the problem
can be rewritten as an elliptic equation with an Aharonov—Bohm vector potential with pole located
at the junction; then the asymptotics follows from [11, Theorem 1.3]. O
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Lemma C.5. Let € € (0,e0] and u € Q. be a solution to for some A € R. Moreover, let
Jjr =jr(e,u, A), jr = jr(e,u, A) € N odd and By, = Br(e,u, A), Br = Br(e,u, \) € R\ {0} be as in
Proposition [C-J] and let M (g,u, \) be as in (56). Then

0, if jp > 1 and jr > 1,
—eZp? f i =1 and jr > 1
M(E,u,A)Z Eiﬁéa Zf]L an .]-Ri )
—eZ 6%, if jr > 1 and jr = 1,

—eZ (B2 +B%), ifjo=1and jr=1.
In particular, M(g,u, \) <O0.

Proof. Since A5 NR% = Sgr(—a, 0)uU ng (€,0), we split into the corresponding two contribu-
tions.

Negligible terms. On S; (—¢,0), we have that 2 = (—¢,0) + §6(t) for some ¢ € [0,7] and
n = —0, where 6(t) = (cost,sint); hence ¥ - n = ecost — §. From and we have that

u((—e,0) + 60(t)) — 0 and |Vu((—¢,0) + 36(1))|? = LLEL5IL=2(1 4 (1)) uniformly on [0, ] as
6 — 0. From the Dominated Convergence Theorem we then obtain

/ (IVul? = \u?) x -nds
S;r(—a,O)
= 5/ (|Vu((—¢,0) 4 60(t))|> = Nu((—e,0) + 66(t))|?) (s cost — &) dt
0
. 0, if jp > 1,
B [Teostdt =0, if j, =1,

as 6 — 0.

Leading term. We now look at the last term

7/ @(Qqu)ds:/ (0 -Vu)(x - Vu)ds,
S S;(*Exo)

;-(7510) 8n

since @ = —m on S (—¢,0). From we have

5L/ Ty ((—e,0) + 50(t)) - O(t) — %BL cos (”2%)

in C°([0,7]) as § — 0. On the other hand, for z = (—¢,0) + §6(t) we have that
5‘%+1Vu((—5,0) +40(t)) -z — —E%ﬁL (cos (%t) cost + sin (%t) sint)

in C°([0,7]) as § — 0. Thus, by the Dominated Convergence Theorem, we have

- / @(z -Vu)ds
] (75,0) 8n

st
0

Tr(Vu((—s, 0) +36(t))-((—¢&,0) + 6(1))) (Vu((—¢,0) + 0(t))-0(¢)) dt

. {0 if jp > 1,
fi(BL)2 foﬂ (C082 (%) cost + cos (%) sin (%) Sint) dt, if jp =1,
B {0, if jp > 1,
—<B% [y cos® (L) dt, if jp =1,
B {o, if g > 1,
—gfim, ifjr =1,
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as 6 — 0. One can follow the same argument to compute the contribution coming from S;’(s, 0).
Putting together the two contributions we obtain the thesis. O
This turns out to be sufficient to prove the following:

Lemma C.6. For anyn € {1,...,N}, € € (0, Ry), and r, R such that ¢ <1 < R < Ry we have
that =
N (uz,m, An(€)) +1 < (N(up, R, An(e)) + 1) eNE?

In particular, for every 6 € (0,1) there exists rs € (0,Ry) such that, for any ¢ € (0,75) and
r € (g,rs), N(ugy,m,An(€)) < k+6, k being as in (10).

Proof. Once the negative sign of M(e,u, \) is established (Lemma |C.5|) the proof proceeds as in
[1, Section 5]. O

Lemma is the key point for a priori estimates on energy of the blow up sequence in half-
disks. These estimates are in turn fundamental to deduce estimates on the difference of eigenvalues,
as it appears in the following subsection.

C.3 Estimates on the difference of eigenvalues

Firstly, we are going to estimate the Rayleigh quotient for Ay (¢). Let R > 1. With Ry as in the
previous section, for every e € (0,e0) such that Re < Ry we define the function

int +
U}QZE, in Dy,_,
VURe =
] . +
uy, inQ\ Dy,

where vt is the unique solution to

int __ : +
—Avg'. =0, in Dy,

int __ +
v%”eiuN, on Sg_, (61)
vt =0, on I'g. \ T,
avint

5o =0, on T,

i.e., by the Dirichlet principle, the unique solution to the minimization problem

/D; \Vv%’fs 2dz = min {ngs\VUF rv € HY(Dh), v=un on S}_,v=0o0n g\ I‘g} . (62)
In order to handle the denominator of the Rayleigh quotient we proceed with a Gram-Schmidt
process. Since we are taking into account wuq,...,uny—_1 as the first V — 1 test functions for the
Rayleigh quotient, which are already orthonormalized in L?(Q2), we define

vre — Y0 (fo vre us) us

N-1
VRe = D iy (Jo vr.e u5) uj H
Using the Dirichlet Principle and the asymptotics one can easily prove the following energy

estimates for v¥'L in small disks.

aR,E = H

L2()

Lemma C.7. There erists a constant C > 0 (independent of € and R) such that, for every R > 1
and € € (0,g9) such that Re < Ry, the following estimates hold:

/D Vot Pdr < OB, (63)

/S X Wipt|?ds < C(Re)* !, (64)
Re

/ . it Pde < C(Re)* 2. (65)

Re
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To our aim, for every R > 1 we define vy as the unique solution to the minimization problem

/ |Vug|?dr = min {/ |Vo|?dz : v € HY(D},), v =1y on Sf;, v=0on FR\Fl} .
Dy Dy

The function vg is the unique weak solution to

—A’UR = O7 in DE,

VR = 7/%» on S?{_7 (66)
vr =0, on FR\Fl,
a(;’—f =0, on I'y.
As well, we introduce the following blow-up functions
int
un(ex Ve (e2)
Vo) = Dy o reE) (67
€ €
Combining with the Dirichlet Principle, we can establish the following convergences
U. — By as € — 0 in H'(D}) for every R > 1; (68)
VE 5 Bug for e — 0 and for any R > 1; (69)
vr — @, in H'(D;) as R — +oo for any r > 1. (70)
Proposition C.8. For any R > 1 and € € (0,g9) such that Re < Ry, we have that
An(e) = An
sT < fR(E)
where 5 ”
i — 52 OUR _ OYk
ti ) = 8 [ o= G ) o
with Yy defined in and vg in .
Proof. We note that
N-1 2 N-1 2
2
VR,e — (/ VUR,e Uj dl‘) Uj = HUR@”LQ(Q) - (/ VUR,e Uj dl‘)
j=1 W& L2(Q) j=1 Q
N-1 2
:1—/ u? d:v+/ Uiné2dnc— (/vRysu»dx)
e VR ; vy
=14+0(*?) ase =0 (71)
in view of and and since, for all j < N,
/ VR ujdr = —/ un uj dz +/ it u;de = O(e"?) as e — 0. (72)
Q D;E D;E 7
The functions us,...,un—_1,%r, are linearly independent (since they are nontrivial and mutually

orthogonal) and belong to Q.; if we plug a linear combination of them into the Rayleigh quotient
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we obtain

N—-1

2
/\N(a)*/\N S max / V(ZajUj+OLNﬂR,E> *)\N
(a1,...,an)ERY Jo —t
N G2 J=
j=1 laj|"=1
N-1 N-1
= ma, Z 042)\ + o’ ozN/Vu] Vigpe—AN
(1. san)ERN = =1
27 1 ‘O‘J‘Q—l

N-1 N-1
=  max [Za (Aj = An) + o (/ |Viig.|* )\N)+2205JCVN/VUJ vaR,E].

(a1,..;an)ERY | L=
N 2 7=1 Jj=1
SN Jay =1

In view of and we have that
/ Voge - Vu; = / Vuy - Vu; dr + / Vot - Vu; dz = O(eFH). (73)
Q
Moreover, from convergences f we have

/ |V’UR,5|2dx — AN = _/ ‘qu|2d$_|_/ |vat|2dx
Q + Dt

DR:—: Re
= 52k< _/ VU *dx +/ |vvf|2dx) = 52’“52<—/ \VwkIQdH/ |Vor|*de +0(1)>
DY, D}, Dj D
_ 6%52 / i <8UR _ M)ds +o(1) as e — 0. (74)
SZ’: ov ov

Collecting , , , and , we obtain that

/ |V771R,a|2 - )\N
Q

N-1 N—1
fQ [Vugr|* + Zl (fsz UR.e “J‘)2)‘j -2 Zl (fsz UR.e “J’) fQ Vg - Vu;

_ Jj= Jj=

HUR,S - Z;V:_ll (fﬂ VR,e uj) U L2(Q)

:52k52</ W(@m_@(;m)d +o(1 )) as € — 0.

From , , and it follows that, for every j < N,

2 — AN

/ Vu; - Vige = O(e"!) ase — 0.
Q

Hence, the assumptions in [I, Lemma 6.1] are fulfilled by pu(e fs+ P (988 — 2)ds + o(1),
a=1,0(c) = p%2* and M = 2k — 1 and the conclusion follows O

. Ovg Oy
KRR .—/ ’(/Jk< o o ) ds. (75)

Lemma C.9. Let ki be defined in , Then imp_s 400 KR = 2mMy, with my as in ,

In the sequel we denote
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Proof. From it follows that the function op defined as

or(r):= /07T vr(r(cost,sint))sin(kt) dt, r € [1,R], (76)

satisfies the equation (r'*2*(r=%5z)’)’ = 0 and hence, for some cp € R, (’I“_kJR(T))I = % in

(1, R). Integrating the previous equation over (1,r) we obtain

1
r*or(r) —or(1) = ;—Z (1 - rzk)’ for all r € (1, R]. (77)

Since implies that or(R) = 7 R*, from we deduce that

CR R2F T
R Z_ 1
2% R%—l(z or( ))
and then
1R2k _ O'R(l) B R2k
or(r) = erRQT —7r kw(% —og(l)),

for all r € (1, R]. If we differentiate the previous identity and evaluate it in r = R, we obtain

kal
R —1

oh(R) = k (g(R% +1) - 203(1)). (78)

On the other hand, differentiating , we obtain that

oh(r) =717k /+ Vg - vy ds (79)
S
and then from and
Ovgr RF-1 .
— R ’f/ 9 S ds = kg (R +1) — 205(1)). (30)

As well, from the definition of we have that

%

9
wk gk R?*. (81)

Combining and we obtain that
2% 2k 2%k 2k ™
Kp = RQkiR—l <72T - 03(1)) = WR—I (;T —/0 vg(cost,sint) sin(kt) dt>

and hence, via ,

RETOO KR = 2/@(727 - /0 Dy (cost,sint) sin(kt) dt>.

By Lemma [C.3] the proof is concluded. O
We are now going to estimate the Rayleigh quotient for Ay. Let R > 1. Choosing Ry as in the
previous subsection, for every € € (0,eq) such that Re < Ry and for any 7 = 1,..., N we define
the function
wint .. in D},
W) Re = { o ) (82)
Wi o in Q\DR(57
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where, letting u; be as in 7,
ext

— € ; +
wi'p . =u; inQ\ Dy,

and w;”lé . is the unique solution to
R,

int : +
—Awp . =0, in Dy,

it _ +
Wi'R e = U5, on Sg., (83)
w;{‘ﬁys =0, on Ig..

By the Dirichlet principle, we have that w;”és is the unique solution to the minimization problem

/D+ \Vw§71$76|2dw = min {fD;E|Vv|2d:v cve HY(DE), v= uj on Sh,v=0o0n I‘Rs} . (84)

Re

In order to handle the denominator we proceed with a Gram-Schmidt process. We then define

Uj Re ‘= NJ’iR’Ev ]:17"'7N’ (85)
@), r.ell L2 ()
where Wy R := wn, R, and
N ~
W R.eW dx
Wj Re = WjRe Z fQH j’R’E ||§’R’E Wege forj=1,...,N—1
e=511 1WERellL2(q)

We can derive the following estimate of the energy of eigenfunctions uj in half-disks of radius of
order €.

Lemma C.10. For 1 <j < N and ¢ € (0,&), let u5 be as in [@8)-(52). For every 6 € (0,1/2),
there exists ps > 1 such that, for all R > ps, € < 52 and 1 < j < N,

R’
/S sl ds < C(Re 2, (36)
Re
/ Vus|? de < C(Re)*™, (87)
DE&'
[ o < orey, (35)
.
Re
/S it P ds < (R, (39)
Re
| vuh e < cirep (90)
Re
/D itk de < C(R*, (91)

Re

for some constant C > 0 depending only on Ry and Ay .

Proof. From (50) and we know that {Ui}se(o,so) is bounded in H'; hence, from of property
2

(ii) at page [26/ we deduce that, for ¢ sufficiently small, N (u$, Ro, \;j()) is bounded uniformly with
respect to £. Estimates (86)—(88) then follow from Lemma we refer to [I, Lemma 5.8] for
a detailed proof in a similar problem. Estimates 7 can be proved combining estimates

(86)—(88) with the Dirichlet principle (see [I, Lemma 6.2] for details in a similar problem). O
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For ¢ € (0,1/2) fixed, let ps be as in Lemma For ¢ sufficiently small in such a way that
1se < Ry, we introduce the following blow-up functions:

: usy (e) Wity (ca)
Ue(z) := Nf, Wh(z) = % (92)
H(“N?/ME) V H(UN,ugg)
We notice that, by scaling,
1 ~
— U |?ds = 1. (93)
ns Js,

Theorem C.11. Let 6 € (0,1/2) be fized and let r5 > 0 be as in Lemma[C.§ For all R > ps,
the family of functions {Ug(x) : Re <rs} is bounded in H'(DY). (94)

In particular, for all R > us,

[ Vil o = Ot (e ), as e 0%, (95)
D;E
[ ks = 0EH s pse)), as =0, (96)
S;E
/+ lusy|2dz = O(e?H (uy, pse)), ase — 0T, (97)

Re

Proof. We omit the proof which can be derived from the monotonicity result given in Lemma
following the same argument as Lemma for details in an analogous problem we refer to [T,
Theorem 5.9]. O

By the Dirichlet principle and Theorem we have also the following estimates.
Lemma C.12. For all R > max{2, us},
the family of functions {WX : Re < s} is bounded in H'(D}). (98)

In particular, for all R > max{2, us},

/ | |Vut | de = O(H(uiv, pnse)),  as e — 0%, (99)

DRE

/ it 2dz = O(eH (usy, pse)), a5 & — 07, (100)
. [WNER,
Re

/ |wi's |?de = O(e* H (uy, use)), ase— 0. (101)
, [WNR,

Re
We are now in position to prove a sharp upper bound for the eigenvalue variation Ay — Ay (€).

Proposition C.13. There exists R > 2 such that, for all R > R and ¢ > 0 with Re < Ry,

)\N — )\N(E)
W < QR(E)

where

gr(e) :/+ |VWER|2dx7/ \VU.|?dz+0(1) and gr(e)=0(1) ase— 0T, (102)
Dy, Dj

with U, and WE defined in [©2).
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Proof. As already mentioned, we take into account the Courant—Fisher characterization for Ay
recalled in (6)) and consider the N-dimensional space spanned by the functions {;, R’57}£1 defined
in . Before proceeding, we note that

[N Rl 720 = 1+ O(* H(uky, pse)),

4 Jo Wi ReWN R dr

N HZDNvR#‘:”%?(Q)

as € — 0, thanks to (97), (101)), and (91). On the other hand,
9, R,ellF2(@) =1+ 0@ 2),

qfte — fQ Wj R,eWe,R,e AT
||1D€,R,€||%2(Q)

= 0(53_‘5 H(uS;, pse)), forall j <N, (103)

=0(*%), forall j #2, (104)

as ¢ — 0 and for any j =1,..., N — 1 thanks to and .
If we plug a linear combination of {a;, R,E’}évzl into the Rayleigh quotient we obtain that

2

Ay < max ( ol RE) dx,
(G aN)G]RN Z 77
Zj\r 1 |043|2_1
and then
An — An(e) < Z m3 ajan, (105)
(041 OLN)GRN]n 1
ZJ71 |O‘J|2—1
where

— [ Vijne Ve do - Ax (@3
Q

with 0, = 1if j =n and §;, = 0 if j # n.
From and Lemma if R > pus and Re < rs we have

1 4
H(u§,r) dr

H(u5,7) = %N(uf\[,r, An(e)) < %(k +4) forall pse <r <rs, (106)
Integration of over the interval (use, r5) and property (ii) at page [26] yield

H(uSy, pse) > Cse®* 420 if pse < rs, (107)
for some Cys > 0 independent of €. Estimate implies that

H(uSy, pse) = 0(e>72°)  ase — 0. (108)
From , , Theorem and Lemma we deduce that
2 @) ) (IDES ‘Vw%fRﬁ’de — fDEE ‘Vu‘j‘vfdx)
)
- H(u}:v,,u(;e)(/ VIWE da —/ V0.2 o+ 0(1)>, (109)
Dy Dy

LR An(E)(1 = [wn,r,e
NN -

||wN7R75||%2(Q)
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as € — 07. On the other hand, if j < N, by the convergence of the perturbed eigenvalue, (104)),

» we have that

= — 1 2 . 2
&R .

m; AN(E) + 7 )\-(5)—/ Vull® dz / Ty do
I ||wj7R7€||i2(Q) ( J D;J J| D;J ]>R>5’

1 2
( Z dfjgﬁ)i R s)

).l 720 Jo

2_ (/vajﬁ,a. (ZdMWRE) )

||1Dj7R7€||L2(Q) >j
=(Aj—An)+o0(l) ase—0.

From (103), (104), (87), (90), (95), and (99), it follows that, for all j < N,

||U~’J‘,R,s||L2(Q)||1DN,R,5||L2(Q)m§,’JI\%/ = /D+ (V“’;%s ij\rfl,t}z,e - VU? ) VU?\/) dx
Re

/ (Zdéj Wy Rs) -Vwn g dr = O(EI_‘S H(uf\,,ugs)).

Hence, by (103)) and (104)), we have that

+ dx

mjf, = 0(51‘5 H(u‘}f\,,ugs)) and mi’,ﬁ = mjf, = 0(81_5 H(ui,,ms))
as ¢ — 0. From (104), (87), (90), we deduce that, for all j,n < N with j # n,
&,R
M)

int int € €
/ . (VwJ Re VW, g — VU - Vun) dz
Dt

/ S d e ne) V(S A n ) da

1%0;, Rl L2

>3 h>n
/ E dg]wﬂRa) Vwy g.edz
£>j

/waRe' Zdhnths Jdz = 0(e*"%) ase — 0.
h>n

Hence, in view of (104)),

R _ y(-2-26
mj, =0(e"") ase—0.

Taking into account (107)), we can then apply [I, Lemma 6.1] with o(e) = H (uS, pse), u(e) = gr(e),
a=1-46 and M = 4k in order to deduce

Z m; ajanH(uN,u56)</ |VW§|2dxf/ |VU€|2d:c+o(1)>
D D},

(a17 ,OzN)ER j,n=1

2371 la |2_1

as ¢ — 07, which, in view of (105]), yields I’\ﬁuj’\l\’(s) < gr(e) with gr as in (102)). We notice that,

HsE)
from Theorem and Lemma for all R > max{2, s}, gr(¢) = O(1) as € — 0. The proof
is now complete. O

Combining Proposition Lemma and Proposition we obtain the following up-
per/lower estimates for Ay — Ay ().
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Proposition C.14. There exists a positive constant C* > 0 such that
—28%mp e (1 + 0(1)) < Ay — An(e) < C* H(usy, use), as e — 0,

with mg < 0 as in and .

C.4 Sharp blow-up analysis and asymptotics

Let us consider the function
F:Rx HNQ) — Rx H Q) (110)
(A ) — (q(w) — AN, —Ap— A@),

where ¢ is defined in (5)) and —Ap — Ap € H~1(Q) acts as

7A7A> = [ Vo Vudr —) d
H*1<m< 4 SO’UH(%(m /Q v /wa

for all o € HE(Q)). We have that F(Ay,uy) = (0,0), F is Fréchet-differentiable at (Ay,uy) and
its Fréchet-differential dF (Ay,un) € L(R x Hg(),R x H~()) is invertible. Therefore we can
control [An(e) — An| and [[wn,r,e — un || g (o)ll With [[F(An(€) —wn,Rr.ellRx-1(0)- Then the norm
[F(An(e) — wn,RellrxH-1(0) can be estimated taking advantage of the computations performed
in Section thus yielding

lwn,re — unllmi @) = O( H(u}:\/aﬂﬁg)>

as € — 07 for every R > 2, s being as in Lemma for some ¢ € (0,1/2) fixed.
As a consequence, for every R > 2

/(;Q)\D;

Using (111)) and the uniqueness part of Lemma we can identify univocally the limit of the
blow-up family {U,}. introduced in and prove that

, ek 1 s
lim —— = — T A aas
e—0+ H(u‘?v, UsE) 18 fs:—é Dy ?ds

~ B s
U.— 2 [ H
] fsj{s |k |2ds

2
V(0. = ==U:)| dz=0(1), as == 0", (111)

H(u,pse

and
¢, ase— 07" (112)

in H'(D}) for every R > 1 and in C2_(RZ \ {e, —e}), see [T, Theorem 8.1] for details.

Combining (|112]) with the Dirichlet principle, we can prove convergence of the blow-up family
WZE introduced in (92)): for all R > 2,

8 s .
wh o 59y, as ¢ — 07 in HY(D}), 113

where wg is the unique solution to the minimization problem

/ |VwR(a:)|2dx:min{/ |Vul*dx: w € H' (D), u= & on S}, u=0on FR},
Dj D}
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which then solves
—Awgr =0, in DE,
wgr = Py, on 5';7
wgr =0, on I'g.

To obtain the exact asymptotics for Ay — Ay (€) it remains to determine the limit of the function
gr(e) defined in (102)) of Proposition as € — 0 and R — +o0.

Lemma C.15. For all R > R and € > 0 with Re < Ry, let gr(¢) be as in Proposition . Then

. 146 .
1 = = 114
Jim gr(e) Tor 1040 fir (114)
where
;%R:/ (VwR-z/—V@k-l/)(I)kds, (115)
Sk

with v = i‘ Furthermore imp_, 1 oo Kp = —2my,, where my, is defined in and .

|z

Proof. We first observe that, by (102]) and convergences (112)—(113]),

lim gr(e) = W(/D; |va|2dx—/D; V¢k|2dx> - fs*;:jgﬂ%sgl%
with kKr as in . We observe that
RR:/S+ (VwR~V—V<I>k-V)qpkds—FIl(R)—i—Ig(R) (116)
i
where
L(R) = /S§ (@k - wk)v(zpk _ @k) vds, I(R)= /S; (<1>k - wk)v(wR _ ¢k) -vds.

Testing the equation —A(’(/Jk — @k) = 0 with the function v, — ®, recalling that ¢, — ® =0 on
s, and integrating it over Ri \ D;, thanks to Lemma we obtain that

Il(R) :/ |v(®k*wk)|2:\/ \Vwk|2 —0 as R — +oo.
R3\DF,

+
Ri\Dg

Let ng : Ri — R be a smooth cut-off function such that ng = 0 in DE/Q, ng = 1 in ]Ri \ DE,

0 < nr <1, and |[Vng| < 4. Testing the equation —A(y, — wg) = 0 in D}, with the function
Nr(Pr — Yr) we obtain

I(R) = V(wr —x) - V((®r — ¥1)nR)

+
Dr

so that, in view of the Dirichlet Principle, Lemma [C.2] and the fact that wy, € Q,

32
L(R)| < / V(@ — o)) Pde < 2 / V(@5 — )P di + oo / B — |2 da
D}, DD}, R* Jpi\nt,
’(1)2
32/ |Vwk|2dx+128/ —F—dr =0
DI\D} D{\DY, , |z — e

2

=y for all

as R — +o0o, where in the last line of the above estimate we have used that % <
T € DE.
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Therefore we need just to study the limit of the quantity fs+ —;V (wr — Pg)1hx as R — +o00. To
R
this aim, we consider the function

&(r) ::/ Oy (rcost,rsint) sin(kt) dt, r>1, (117)
0

and notice that it satisfies the differential equation ¢’ + 1¢ — jf—jg = 0 which can be rewritten as
(r1+2k(r=k¢)) = 0 in [1, 4+00). Therefore there exists some C¢ € R such that

/ C
(r*e(r) = r1+£2k in [1,+00).

Integrating the previous equation over [1,r]| we obtain that
C 1
—k 3
-f)==(1-——=]. 118
ot -6 = 55 (1 ) (1)
From (11}, Lemma[C.1] and Lemma it follows that

&(r) = / Yy (rcost, rsint) sin(kt) dt +/ (@k(r cost,rsint) — ¢y (r cos t,rsint)) sin(kt) dt
0 0

= grk +0(r™Y), asr— 4oo,

and hence r=F¢(r) — Z as r — +oo. Letting r — +oo in (118), this implies that % =5 —&(1),
so that

Er)y=5r"+ (@) -3)r " € =k3r" T +R(5 - ¢)r ! (119)
for all » > 1. In particular, from (119) we have that
g —£(1) = %r% — rkf(r), forall r > 1,

whose substitution into (119]) yields

A

)

E(r)=kmrt=t — k £r) for all r > 1.
T

On the other hand, differentiating ((117) we obtain also

. 1 OBy,
&) =% [, 5, Yrds (120)

st

so that 5
/ 8—: Y ds = k(mr?* —rk¢(r))  for all r > 1. (121)
Crs

Now we turn to

Cr(r) ::/ wg(rcost,rsint) sin(kt) dt
0

which is the k-th Fo/urier coefficient of the harmonic function wgr and hence satisfies, for some
Cr € R, (T_kCR(T)) = Tlcﬁ in (0, R]. Integrating the previous equation over [r, R] we obtain
that

_ _ Cr 1 1
R Cr(R) — 1 *¢Cr(r) = o <r2k — R2k> , forall r € (0, R).
By regularity of wg we necessarily have that Cr = 0. Hence

Cr(r) = %rk and (Rr(r) = k%rk_l, for all € (0, R]. (122)

38



From the definition of (g we have that (j(r) = —5 [¢+ Vwg - viby ds. Hence

/s+ Vwg - vippds = kic’}%(,f‘) r2k
from which, taking into account the boundary conditions for wg, it follows that

Vwg - vy ds = kR*E(R). (123)

Sk

Combining (121)), (123), and (119)) we conclude that

0 od
/S;% ( gwak - 8U7/1k) ds = 2kRk§(R) — krR%* = 2k <§(1) _ ;r) — —9m,

by virtue of Lemma O

By combining the previous results we obtain the following asymptotics for the eigenvalue vari-
ation.

Theorem C.16. Let Q be a bounded open set in R? satisfying and . Let N > 1 be such
that the N-th eigenvalue Ay of qo on Q is simple with associated eigenfunctions having in 0 a zero
of order k with k as in (L0). For e € (0,20) let An(e) be the N-th eigenvalue of q- on Q. Then

)\N — /\N(E) _

lim
o2k

e—0+

with B being as in and my, being as in and .

In particular, Theorem and (|112]) above provide a proof of Theorem [3.1]| that is alternative
to the one given in [12].

—26%my,
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