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ABSTRACT. We consider the eigenvalue problem for the restricted fractional Laplacian in a
bounded domain with homogeneous Dirichlet boundary conditions. We introduce the notion of
fractional capacity for compact subsets, with the property that the eigenvalues are not affected
by the removal of zero fractional capacity sets. Given a simple eigenvalue, we remove from the
domain a family of compact sets which are concentrating to a set of zero fractional capacity and
we detect the asymptotic expansion of the eigenvalue variation; this expansion depends on the
eigenfunction associated to the limit eigenvalue. Finally, we study the case in which the family
of compact sets is concentrating to a point.
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1. INTRODUCTION

In the present paper we consider the eigenvalue problem for the Dirichlet fractional Laplacian in
a bounded domain of RV. Our aim is to provide asymptotic estimates of the eigenvalue variation
when a small vanishing set is removed. In this context, the good notion of smallness ensuring
stability of the eigenvalue variation is related to the Gagliardo fractional capacity, which generalizes
to the fractional setting the condenser capacity appearing in the framework of the standard Laplace
operator, see Definition below.

In the classical setting of the Dirichlet Laplacian, Rauch and Taylor [26] observed that the
spectrum does not change by imposing homogeneous Dirichlet conditions on a compact polar
subset, i.e. on a subset of zero Newtonian capacity. Courtois [I3] developed a perturbation theory
for the Dirichlet spectrum of a domain with small holes, with the capacity of holes playing the role
of a perturbation parameter. More precisely, in [I3] it is proved that, if K C Q is a compact set,
the N-th Dirichlet eigenvalue of the Laplacian in © \ K is close to the N-th Dirichlet eigenvalue
of the Laplacian in € if (and only if) the capacity of the removed set K in 2 is close to zero;
furthermore, if the capacity of K is small, then the eigenvalue variation is even differentiable with
respect to the capacity of K in Q. In [I] asymptotic estimates for such eigenvalue variation were
obtained, highlighting a sharp relation between the order of vanishing of an eigenfunction of the
Dirichlet Laplacian at a point and the leading term of the asymptotic expansion of the eigenvalue,
as a removed compact set concentrates at that point. We also mention [4} [5l [12] [16] 25] for related
estimates of the eigenvalue variation for the Laplacian under removal of small sets.

In order to formulate our problem, let us first introduce a suitable functional setting. Let
Q C RN, N > 1, be an open set (bounded or unbounded). For s € (0, min{1, N/2}), we define the
homogeneous fractional Sobolev space D*?(2) as the completion of C°(Q2) with respect to the

Gagliardo norm
1
2 3
[u] s (mvy = u()| drdy | .
( RN JRN \x— |NJr2s
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We note that D*2(Q) — D*2(RY) continuously by trivial extension. D*2({2) is a Hilbert space
with the scalar product

(1) (o)peaey = C5 [ [ LD ZHORLSZ 0D gy — [ epacerace) de

and the associated norm

1/2 C(N,s
lullps2 (o) = (u7u)D/s,2(Q) = (];7 ) [u] 7= (mNY 5
where
T N+2s
(1.2) C(N,s) = ”_IZVQ?SF((QiS))S(l —s),

T is the Gamma function, and & denotes the unitary Fourier transform of w.
We observe that, if  is bounded, then an equivalent norm on D%2(Q) is

ull22(0) + [u] s @y,

see [7, Corollary 5.2]. As observed in [8, [10], in general the space D*2(£2) is smaller than the space
HE(Q) defined as the closure of C'°(2) with respect to the norm

lulles @) = llullL2@) + [ul s

[u] s () = (/Q ; dedy);.

The two spaces D*2(2) and H§(Q) coincide when € is a bounded Lipschitz open set and s # 1/2,
see [8, Proposition B.1]. Furthermore, defining H*(Q2) as the space {u € L2() : [u]g=(q) < +o0}
endowed with the norm ||ul|gs) = |lulr2() + [u]ms(o) and H*(2) as the space of H*(RY)-
functions that are zero in RY \ €, it is known that, if ) is bounded and Lipschitz, then

where

~ 1
H3(Q)=H*(Q) ifs# 3
and )
HS(Q) = H*(Q) = H°(Q) ifs< 5
see [19, Corollary 1.4.4.5].
A key role in the perturbation theory we are going to develop for singularly perturbed fractional
eigenvalue problems is played by the Gagliardo fractional capacity.

Definition 1.1. Let © ¢ RY be a bounded open set. Let K C © be a compact set and let
Cx € C(9) be such that (x = 1 in a neighborhood of K. For every s € (0, min{1, N/2}), we
define the Gagliardo s-fractional capacity of K in () as

Capy (K) = inf {||u| 2ea : u € D¥2(Q) and u — (x € D¥H(Q K)} .

The Gagliardo s-capacity was introduced and studied in several recent papers. We refer e.g.
to [27, Appendix A] for some basic properties of the s-capacity; we also mention [2] 3, [30, [32] for
some related notions of fractional capacity.

From now on  C RY will denote a bounded open set. We consider the following eigenvalue
problem with homogeneous Dirichlet boundary conditions for the restricted fractional Laplacian:

(=A)*u = Au, in Q,
u =0, in RV \ Q.
We refer to Section 2] for a quick review of the definition and main properties of the fractional

Laplacian (—A)®. We say that A € R is an eigenvalue of problem (L.3)) if there exists some
u € D%2(Q) \ {0} (called eigenfunction) such that

(1.3)

(U, v)ps2(0) = )\/ u(z)v(x)dr, for all v € D¥?(Q).
RN
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Since (—A)® is a self-adjoint operator on L?(Q) with compact inverse, the Spectral Theorem
implies that the eigenvalues have finite multiplicity and form a diverging sequence

0 < AT(Q) < A5(02) < A3(Q) < ... — +o0.
We notice that, in contrast with the local case, a connectedness assumption on the domain 2
would lead to some loss of generality. Indeed, in the classical case the spectrum of the Dirichlet
Laplacian in a disconnected domain is the union of the spectra on the connected components,
whereas in the fractional case the spectrum is influenced by the mutual position of the connected

components due to the nonlocal effects, see [9) §2.3].
We shall consider the eigenfunctions normalized as follows

(1.4) /Q g ()2 dr = 1.

Our first result is the fractional counterpart of [I3, Theorem 1.1] and establishes the continuity of
the eigenvalue variation under the removal of small fractional capacity sets.

Theorem 1.2. Let Q C RN be a bounded open set. For s € (0,min{1, N/2}), K C Q compact and
k € Ny, let A (), respectively A;(Q\ K), be the k-th eigenvalue of problem (1.3)) in Q, respectively
O\ K. There exist C >0 and 6 > 0 (independent of K ) such that, if Capg,(K) <6, then

0 <XRQ\K) = XK (9) < C (Capi(K))?.
In particular we have that X} (2 \ K) — A\ (Q) as Capg,(K) — 0.

Let us now consider a family of compact sets concentrating to a set of zero capacity with the
goal of detecting the leading term of the asymptotic expansion of the eigenvalue variation.

Definition 1.3. Let @ C RY be a bounded open set. Let {K_}.~o be a family of compact sets
contained in 2. We say that K. is concentrating to a compact set K C € if for every open set w
such that K C w C € there exists g, > 0 such that K, C w for every 0 < ¢ < ¢,,.

We note that the limit set K appearing in the previous definition could be not unique. We
comment on this definition in Appendix where in particular we discuss the relation between
Definition [1.3| and the classical notion of convergence of sets in the sense of Mosco.

To state our main results in this direction, we need to introduce the notion of fractional u-
capacity for a function u € D%2().

Definition 1.4. Let  C RY be a bounded open set, K C  a compact set and s € (0, min{1, N/2}).
For every u € D*2(Q), we define the s-fractional u-capacity of K in Q as

(1.5) Caps, (K, u) = inf {||w|\%s,2(m cw e D*2(Q) and w — u € D¥A(Q\ K)} .

More generally, we can define the fractional relative u-capacity for every function u € Hf (Q).
Indeed, letting (x € C°(92) be as in Definition we have that (xu € D*2(Q2), so that we can
define

Caps, (K, u) = inf {||w||%s,2(9) cw e D2(Q) and w — Creu € D¥2(Q\ K)} .

The following theorem provides a sharp asymptotic expansion of the eigenvalue variation under
removing of a family of compact sets concentrating to a zero fractional capacity set. In the classical
setting of the Dirichlet Laplacian an analogous result can be found in [I, Theorem 1.4], see also
the proof of [I3| Theorem 1.2].

Theorem 1.5. Let  C RN be a bounded open set. For s € (0,min{1, N/2}) and j € N,, let
AS(2) be the j-th eigenvalue of (L.3). Let {Kc}eso be a family of compact sets contained in
concentrating to a compact set K C Q in the sense of Definition [I.3 If

A3(Q) is simple and Capg(K) =0
then
(1.6) AF (N K:) = A5(Q) = Capg (K<, uj) + o(Capg (K, uj)),

as € = 07, where u; € D>*(Q) is an eigenfunction associated to \5(Q) normalized as in (L.4).
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We can estimate the asymptotic behavior of the s-fractional u;-capacity as the family of compact
sets K. concentrates to a point, by exploiting some of the results in [I5]. Without loss of generality,
we can assume that the limit point is the origin, hence in the following we suppose that 0 € €,
with © being a bounded open set in RY. We study the asymptotic behaviour of the quantity
Cap(Ke,uj) when K. = eK for a given compact set K C RY and € — 0. We observe that the
family of compact sets {eK }.~¢ concentrates (in the sense of Definition to the singleton {0},
which has zero s-capacity in  (see Example ahead).

For s € (0,min{1, N/2}) and j € N,, let A5(2) be the j-th eigenvalue of problem and let
uj € D**(Q) be an eigenfunction associated to A3(€2) normalized as in (T-4). In view of [I5], the
asymptotic behavior of u; at 0 can be described in terms of the eigenvalues and the eigenfunctions
of the following eigenvalue problem

W —divey (0N 5 Vevy) = poy 7o, inSY,
—limg, ., o+ G}foVSNz/J ~eny1 =0, on dSY,

where S_]f is the NN-dimensional half-sphere
SN = {(61,02,...,0n41) €SV i1 > 0} = {ﬁ 2 e RN 2eng > 0}7
with exs1 = (0,...,0,1) € RV From classical spectral theory, problem admits a diverging
sequence of real eigenvalues with finite multiplicity
pi <y <<l <

Moreover pf = 0 and it is simple, i.e. pf < p5. We note that, for s = %, by reflection eigenfunctions

of (1.7) are spherical harmonics; then {ui/z k> 1={(N+k—-2)(k—1) : k > 1} and
eigenfunctions associated to the eigenvalue (N + k — 2)(k — 1) are spherical harmonics of degree
k—1.

From [I5] Theorem 4.1 and Lemma 4.2] there exist kg > 1 and ¥ # 0 eigenfunction of problem
(1.7) associated to the eigenvalue yj ~such that, letting

N —2s N —2s\2
(1'8) Vs = — B) +\/< 9 ) +N20,

it holds

(1.9) G (x) = e Vouj(ex) — P(x) in H(BR) ase— 0T,

for every R > 0, where B = {z € RY : |z| < R} and
%¢<x,0).
||

Theorem 1.6. Let Q C RY be a bounded open set with 0 € Q and K C Q compact. For every
e >0let K. =eK. Fors € (0,min{1,N/2}) and j € N, let A3(Q2) be the j-th eigenvalue of
problem and let u; € D*%(Y) be an eigenfunction associated to A%(S2) normalized as in .
Then, as € — 0T, it holds

(1.10) O(a) = |z

We note that zﬁ Z 0, see Section

(1.11) Capg (K., uj) = eN+2(vs—s) {Capfw (K, ) + 0(1)} ,

with vs and ¥ as in (11.8) and (1.10) respectively.
As a consequence of Theorems [I.5] and [T.6] we deduce the following.

Theorem 1.7. Let Q C RY be a bounded open set with 0 € Q and K C Q compact. For every
e >0let K. =eK. Fors € (0,min{1,N/2}) and j € Ny, let A\}(Q2) be the j-th eigenvalue of
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problem (L.3) and let u; € D*%(Q) be an associated eigenfunction satisfying (L.4). If AS(82) s
simple, then, as € — 07, it holds

(112) NS (Q\ K2) = A3(Q) = N 20079 Cap (K, 1) + o +2079),

with vs and V) as in (1.8) and (1.10) respectively.

The asymptotic expansion is sharp whenever Capgn (K, 1[1) # 0, for example when K
has nonzero Lebesgue measure in RY, as observed in Corollary below. We mention that the
fractional capacity Capgn (K, 1/;) on the whole RY appearing in the leading term of the expansion
(1.12) is related to the weighted capacity of K in RN*! with respect to the Muckenhoupt weight
[t|'=2%, see Remark we refer to [20, Chapter 2] for a discussion on the properties of such
capacity.

Corollary 1.8. Under the same assumptions as in Theorem suppose moreover that the N -
dimensional Lebesque measure of K is strictly positive. Then

A2\ K2) — A(9)
: J J
(1.13) B e e ey

= Capin (K, ) > 0.

Remark 1.9. It is worth mentioning that in the literature, besides the notion of restricted frac-
tional Laplacian treated in the present paper, also the so called spectral fractional Laplacian
(defined as the power of —A obtained by using its spectral decomposition) is often taken into
consideration. The restricted and the spectral fractional Laplacians on bounded domains are dif-
ferent operators, as observed in [24] and [29]. The problem of spectral stability investigated in
the present paper turns out to be much simpler for the spectral fractional Laplacian than for the
restricted one, since the eigenvalues of the spectral fractional s-Laplacian are just the s-power of
the eigenvalues of the classical Dirichlet Laplacian; hence the asymptotics of eigenvalues under
removal of small sets can be easily deduced from the classical case treated in [I].

Denoting as {X;(Q2)}32, the eigenvalues the Laplacian in a bounded open set @ C RY with
homogeneous boundary conditions and by ¢; the eigenfunction associated to A;(€2) normalized
with respect to the L?(Q2)-norm, the spectral fractional Laplacian with homogeneous Dirichlet
boundary conditions can be defined, for all s € (0,1), as

“+oo
(—Agpectral)*u(x) = Y _(A;(2))° ( / up; dm) p;i(z), =€
j=1 Q
The eigenvalues and the eigenfunctions of (—Agpectral)® are, respectively, V]S(Q) = (A;())° and
;. Then, from [I, Theorem 1.4] it follows easily that, if X;(2) is simple and {K.}.~¢ is a family
of compact sets contained in {2 concentrating to a null capacity compact set, then

Vi (Q\ Ke) = v5(Q) = s(3;(Q))° ™" Capg (K-, ;) + o(Capg (K-, ¢;)),

as ¢ — 0T, where Capq (K., ;) = inf { [, |Vf[*: fe Hj(Q) and f —p; € H}(Q\ K.)}. As-
ymptotic expansions of Capg, (K., ;) are obtained in [I] in several situations.

Comparing the above asymptotic expansion for the spectral fractional Laplacian with the ex-
pansion derived in Theorem we note that only in the case of the restricted fractional Laplacian
the vanishing order of the eigenvalue variation depends on the power s; hence the eigenvalues of
the two operators exhibit quite different asymptotic behaviours under removal of small sets.

The paper is organized as follows. In Section[2]we collect some preliminary results. In Sections|3]
and [d] we prove respectively Theorems and In Section [5| we present the proofs of Theorems
and of Corollary Finally, in Appendix [A] we prove an L> bound for eigenfunctions
which is needed in Section [3] and in Appendix [B] we discuss the Definition [T3] of concentrating
compact sets.

2. PRELIMINARIES

In this section we recall some known facts and present some preliminary results.
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2.1. Restricted fractional Laplacian and Caffarelli-Silvestre extension. The fractional
Laplacian (—A)* can be defined over the space C°(RY) by the principal value integral

u(r) — u(y)

(=A)°u(x) = C(N,s) lim JIv2s

e—0t RN\ B (z) |.T*
where C'(N, s) is given in (1.2)), or equivalently through the Fourier transform:
F((=A)u)(€) = ¢ Fu€),  £eRY.

The scalar product of D*2?(R¥) defined in (I.1)) is naturally associated to (—A)*, in the sense that
(—A)? can be extended to a bounded linear operator from D*2(RY) to its dual (D*2(R"))*, which
actually coincides with the Riesz isomorphism of D*?(R™) with respect to the scalar product (.1,
ie.

dy,

(Ds2(RN))* ((—A)Sm U>Ds,2(RN> = (u, ’U)Ds,z(]RN)
for all u,v € DS2(RV).
In [II] Caffarelli and Silvestre proved that (—A)® can be realized as a Dirichlet-to-Neumann
operator, i.e. as an operator mapping a Dirichlet boundary condition to a Neumann condition via
an extension problem on the half space

RY* = {(z,t) e RN*!: 2 e RN ¢ > 0}.
For every U,V € C°(RY ™), let

q(U, V) = /N 25V (2, t) - VV (2, t) da dt.
R+

We define DV2(RY ! #172%) as the completion of C2°(RY ™) with respect to the norm

||U||D1v2(]1§f+1;t1—25) = C](U, U)
There exists a well-defined continuous trace map
(21) Ty : DLQ(Rf‘Fl; tl—Qs) N DS,Q(RN)

which is onto (see for example [6]). By the Caffarelli-Silvestre extension theorem [I1], given
u € D*2(RY), the minimization problem

min {g(W, W) : W € DVHRYTH#172) Tr W = u}
admits a unique minimizer U = H(u) € DV2(RY T, #172%), which moreover satisfies
. q u), = Kgl(u, 1Ir ps2(rN), 1torall ¢ € D™ ;0 77),
2.2 H(u), W Tr W)pea@n), for all o € DV2(RY T ¢!

where
I'(1-—ys)

ie. U = H(u) weakly solves
—div(t'=2*VU) = 0, in RY T,
limy o+ (—t720,U) = ko(—=A)*u, in RY x {0}.
From ([2.2) it follows that

(23) ||U||2Dl,2(]R$+1;t1—2s) = HSHU‘ 2D5’2(]RN)'
As a consequence, if A%(Q) is an eigenvalue of ([1.3) for a certain j € N, = N\ {0} and u; € D*?(Q)

is an associated eigenfunction, the extension U; = H(u;) satisfies Tr U; = u; and
—div(t'=2*VU;) = 0, in RY T,

(2.4) limy_,o+ (41*283@) = A (Q)rs TrUj,  in Q x {0},
U; =0, in (RN\Q)X{O}a



in a weak sense, that is
1,2/ pN+1, ;1—2s
Uj EDQC (R++ ,tl 26),

2.5
(2:5) qUj,0) = /\?(Q)Iﬁls/ TrU; Tr¢pdx  for every ¢ € D;Z’E(Rfﬂ; =28,
Q
Here, the space Dgy2 (RY T 4172%) is defined as the closure of C2°(RY T UQ) in DL2(RY T ¢1-29);
we also have the equivalent characterization

(2.6) D2 (RYT #1729 = (U € DYARY T 4172) - Te U € D2(Q)}.
We can consider equivalently either (2.5) or (L.3)) with A = A3(Q). In this extended setting, the

eigenvalues admit the following Courant-Fisher minimax characterization

SION s
(2.7) Q) = L%lsri max R(U)
”’I‘rU”Lz(Q)7£O

where S; denotes the family of all j-dimensional subspaces of ’Dsllf (Rf“;tl_%) and R is the
Rayleigh type quotient defined as

q(U,U)
ks Jo | TrU(z)|? dx

(2.8) R(U) =

Remark 2.1. If Q ¢ RY is bounded and open and K C Q is a compact subset, in view of the
Caffarelli-Silvestre extension result described above and, in particular, of (2.3]), we can characterize
the Gagliardo s-fractional capacity introduced in Definition [1.1] as

1
Capy(K) = — inf {q(I/V, W): We Dé’?(Rf“; t172%) and W —ng € Dé’?UK(RfH;tl_QS)} ,
where nx € C°(RY T U Q) is any fixed function such that nx = 1 in a neighborhood of K.

Correspondingly, for any u € D%2(f2), we can characterize the s-fractional u-capacity of K in
Q introduced in Definition [[.4] as

(2.9) Cap§(K,u) = - inf {q(W, W) : W e DGZRYTL 172, W —U € Dgqu(Rf“;tl*%)}

where U € D;;?(Rf“;tl_%) is such that Tr U = w.

2.2. Local asymptotic behaviour of eigenfunctions and their extension. For j € N, and
s € (0,min{1, §}), let A%(€2) be the j-th eigenvalue of problem and let U; € D2 (RIYH1; 41-2s)
be a solution to such that its trace u; = Tr U; satisfies the normalization condition (1.4). In
[15], the asymptotic behavior of U; (and consequently of its trace u;) at 0 has been described in
terms of the eigenvalues and the eigenfunctions of problem . More precisely, in [I5, Theorem
4.1 and Lemma 4.2] it has been proved that there exist kg > 1 and ¢ # 0 eigenfunction of problem
associated to the eigenvalue pj —such that

(2.10) U.(2) = e Uj(e2) = ¥(2) == |22 <Z|> in H'(Bf;t'72%) ase — 0T,
z
for every R > 0, where B}, = {z = (x,t) € RYT . |z] < R}, 75 is given in (L.8), and the space
HY(B};t'72%) is defined in Section [2.3| below.
The convergence (|1.9) stated in the introduction follows from (2.10) by passing to the traces.

Remark 2.2. We note that the limit profile 1[1 = Trz/; appearing in is not identically
null; indeed 1/; and t1*258t1/~1 can not both vanish on 8Rf+1, because otherwise 1/; would be a
weak solution to the equation diV(tl_QSV’lE) = 0 satisfying both Dirichlet and weighted Neumann
homogeneous boundary conditions and its trivial extension in RN*! would violate the unique

continuation principle for elliptic equations with Muckenhoupt weights proved in [3I] (see also
[18], and [28, Proposition 2.2]).
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2.3. Sobolev and Hardy-type inequalities. For every s € ((), min{1, % ) (so that N —2s > 0),
let

2N
N —2s°

The following Sobolev inequalities and compactness results can be found for example in [I4].

(2.11) 2%(s) =

Theorem 2.3 ([I4, Theorems 6.5 and 6.7, Corollary 7.2]). Let Q@ C RN, N > 1, be a bounded,
open set of class C%' and let s € (0, min{1, N/2}).

(1) There exists a positive constant Sy s such that

D=2(RN) for allu € DS’Q(RN).

SN,sllull p2e o vy < [l
(ii) There exists a positive constant C = C(N,s,Q) such that for every u € H*(Q) and for
every q € [1,2%(s)] it holds
[ullLs() < Cllullms(o)-
(i) If 7 is a bounded subset of H*(SY), then T is pre-compact in L1(Q) for every q € [1,2%(s)).

Let us recall some fractional Hardy-type inequalities. For any s € (0,1), the following Hardy-
type inequality for D*2?(RY)-functions was established in [22]:

u2(x) 2 s,2 N
(2.12) AN7S/ P dr < [|ullps.2@ny for all u € D¥“(R"),
RN
where
F2 N+2s
Ay.s = 225%-
2 (55%)

By combining the (2.12)) and (2.3)), we obtain the following Hardy-trace inequality:

TrU?
(2.13) ANSK:S/ T U] dxg/ t'72|\VU |2 da dt, for all U € DV3(RY T #1729,
3 RN |CE|2S Rf+1

Relation (2.13)) implies in particular that, if  is bounded,
diam(Q)2* 1,2 —2s
(2'14) /Q |TI‘U|2 dx < m||UH2DL2(Rf+1;t1—25)7 for all U € IDQ’C (R-ll\-”rl; tl 2 )7
where diam(2) is the diameter of Q.
For 7 > 0, let B} = {z = (z,t) € RY ™ : |2| <r}. We define H'(B;;¢'~2*) as the completion
of C*°(B,) with respect to

1/2
U g1 (B 120y = (/ '3 (VU? + U?) dz dt) :
Ty Bj_
The following Hardy type inequality with boundary terms was proved in [15].

Lemma 2.4 ([I5, Lemma 2.4]). Let s € (0,min{1, N/2}). For all >0 and U € H' (B} ;t172%),
the following holds

N — 26\ 2 2 2 N -2
S / tl_QSU (Z) dz < / t1—23 VU(Z) . i dz + 78 / 2«;1—230'2(Z)dg7
9 i EE Bt |2 2r St

where S; = {z = (z,t) € RYT" ¢ |2| =7} and dS denotes the volume element on S;F.

As a particular case of the inequality stated in Lemma we obtain the following

N —2s5\2 U2
(2.15) ( S) / $l-2s (22) dz < / 11725V U (2) 2 dz,
2 RN+ H R+

for all U € DV2(RY T #172%) and s € (0, min{1, N/2}).




9

Theorem, the infimum in Remark is achieved by a unique function Vo x € DSIZ’E (Rf +1, t1=2),

2.4. Fractional capacities and capacitary potentials. We observe that, by Stampacchia’s
with Vo, x — 1K € Dé’CQUK(RfH;tl_%), so that

1
(2.16) Capfl(K) = ;q(VQK,VQ,K);

S
moreover Vg g satisfies
q(Va,x,v—Varx) >0
for all v € Dé’f(RfH;tl*QS) with v — g € Dsll’qu(Rf'H;tl*zs). Equivalently, we have that
Vax € Dé’f(RfH; t1729) is the unique function such that Vo x — nx € DQEUK(RfH; t172%) and

(2.17) Vo, #) =0  for all ¢ € D2 (RY T 41729,

that is to say, Vi, i is the unique weak solution of
—div(t'=2VVq k) = 0, in RY 1,

(2.18) lim;_,o+ (—t17258tVQ,K) =0, in (Q2\K) x {0},
Vo,k =0, in (RV\ Q) x {0},
Vo =1, in K x {0}.

We also observe that Tr Vi i attains the infimum in Definition
Since Vi, je and (Vo x — 1)* belong to Dgl’qu(RfH;tl_%), we can choose ¢ = Vi - and
¢ = (Va,x —1)T in (2.17)); in this way we obtain that Vorx = (Va,xk —1)T =0, that is

(2.19) 0<Vor <1 ae inRYT

Example 2.5 (Capacity of a point). If Q@ C RY is an open set, s € (0,min{1, N/2}), and
P € Q, then

(2.20) Capg,({P}) =0.

Indeed, for every n € N,, let W,, € C*°(RN 1) be such that W,,(z) = 1 for [z—P| < £, W, (2) =0
for [z—P| > 2, and |[VW,,(z)| < 2n for all z € RVT1. Then, for n sufficiently large, the restriction

W"|Rf+1 belongs to Dglz’f(RfH; t172%) and is equal to 1 in a neighborhood of {P}. Moreover
2/n
q(Wp, Wy,) < const n2/ PNHI=25 dr = O(n®*"N) = 0(1) asn — 400,
1/n

thus proving (2.20]).

In order to prove that the spectrum of restricted fractional s-Laplacian in €2 does not change
by removing a subset of zero fractional s-capacity, the following result is needed.

Proposition 2.6. Let Q C RY be an open set, K C Q compact and s € (0,min{1, N/2}). The
following three assertions are equivalent:
(i) Capy(K) = 0;
(ii) Dl (RY*52172%) = D o (RYH41729);
(iii) D*2(Q) = DS2?(Q\ K).
Proof. It will be sufficient to prove that (i) is equivalent to (ii), since then the equivalence of (iii)
follows from the fact that the restriction to € of the trace map Tr defined in (2.1)) is onto and the
characterization of spaces given in (2.6]).
Suppose first that Dgf(RfH; t1=28) = Dé’fUK(RfH; t1725). Then we can take ¢ = Vo i as a

test function in ([2.17)), so that
Capg(K) = ¢(Va,x, Va,x) = 0.

Now suppose that Capg,(K) = 0. We have to show Dé’?(Rf“; t1=2%) Dé’fUK(RfH;tl_Qs),

the other inclusion being evident. To this aim, let u € D’ (RYT1;¢172%). By the assumption that
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Cap$y(K) = 0, for any n € N there exists 1, € C2°(RY ™ UQ) such that 7, = 1 in a neighborhood
of K and

1
/ 25|V, |2 da dt < —.
RN+1 n

N
On the other hand, by density of C2°(RY™ U Q) in DGZ(RY T 41729), for any € > 0 there exists
ue € CX(RYT U Q) such that

HU‘E - u||2D1v2(Rf+l;t1*25) <e.

In this way, the function u.(1 —n,) € C° (]R_]‘\_""1 U (Q2\ K)); we estimate

/N t1_2s|V(u€(1 — ) — u)|2 drdt = / 1t1—28|vu8 —Vu— V(nnug)‘2 dx dt
Ry

RY*!
< 2/ t172%| V. — Vul? dx dt+2/ 1725V (nue ) | da dt
R{'\j‘#l R{'\j‘#l

< 2e+4/ t1’25|u8|2|vnn|2dazdt+4/ 125 2V 2 da dt
Y+ R+

4
< 2€+—Sup|ue\2+4(sup\Vu5|2)/ 17250, |? da dt
n

Supp ue

2
)supwuﬁ sup 42,

4 , 4
<2+ —supus|® + —
n n ZESUpPp Uge

N — 2s

where the last relation relies on (2.15)).
This proves that u can be approximated in DU2(RY ™ ¢172%) with CX@RY T U (Q\ K))-
functions, so that u € Dy (RY T 1725). O

As a direct consequence of Proposition [2.6] we obtain that the removal of a zero fractional
s-capacity set leaves the family of eigenvalues of (—A)® unchanged.

Corollary 2.7. Let Q C RY be a bounded open set, K C Q compact and s € (0,min{1, N/2}). It
holds A7 (2) = X3 (Q\ K) for every k € N, if and only if Capy(K) = 0.

Proof. The result follows from Proposition combined with (2.7) and the Spectral Theorem. O
Remark 2.8. In the case Q@ = RY and K ¢ RY compact, it holds
2 Capfw (K) = Cap2,‘t|1725 (K, RN+1),

where the right hand side of the above expression is the (2, [t|'~2%)-capacity of the condenser
(K,RN*1) " as introduced in [20, Chapter 2]. To see this, it suffices to consider the function
Vi := Ve~ i that achieves Cappn (K) and its even extension

x’ = .
K Vi (z,—t), ift <0,

and to notice that

2

We remark that [t|1=2¢ is a 2-admissible weight (according to the definition given in [20, Chapter
2]), since [t|1=2¢ belongs to the Muckenhoupt class As.

1 - 1
Cappn (K) = f/ |t 72|V Vi |* da dt = 5 Capy 20 (K, RV,
RN+1 2 ’

Concerning the s-fractional u-capacity of K in €2 introduced in Definition and characterized
equivalently in (2.9), we have that, as it happens for Capg,(K), the infimum in (2.9) is achieved
by a function Vo ., € Dng (Rf‘H; t172%) and the infimum in (1.5) by Tr Vg k.., so that

1
(2.21) Capg (K, u) = ;(I(VQ,K,M Va,ku) = | Tr Vo kol

S

2
D=2(Q)>
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and Vq i, is the unique weak solution of

—div(t' =2 VVo k) = 0, in RY T,

(2.22) limg o+ (—t7%0 Vo, k) =0, in (Q\ K) x {0},
Va,ku =0, in (RV\ Q) x {0},
Vaku = u, in K x {0},

in the sense that Vo, i € D2 (RYTL41729), Vo g —U € Dgz’qu(]RfH; t172¢) for some function
Ue Dgﬁ(RfH; t1729) such that TrU = u, and

(2.23) q(Vaku,¢) =0 for all ¢ € Dy2 o (RYTL 11725),

3. CONTINUITY OF THE EIGENVALUE VARIATION

Proof of Theorem[1.3. For every j € {1,2,...,k}, let X\3(Q) and U; € DGZ(RY L #172%) solve
(2.4) and (1.4). Moreover we can choose the eigenfunctions U; in such a way that

(3.1) /QTrUj(:B) TrUp(z)dz =0 for j # L.

Let us denote u; = TrU; for all j. Let

E=span{®; :j=1,2,...,k} CDy2 (RYTH172)
where ®; = U;(1 — Vo k) and Vo k is the capacitary potential of K satisfying (2.17)(2.18]). We
denote ¢; = Tr ®; for all j and vg g = Tr Vo, k. We observe that, in view of (1.4), (3.1]), (2.14)
and Lemma [A.T] we have, for all j,¢ € {1,...,k},

(3.2) ' | es@rentordo = \2 [ @t x@ e+ [ e gl ds

2
< (s bl ) (2 pox(@lars [ o) ao)
< C ((Capiy(K)'/2 + Capiy(K)
for some constant C' > 0 independent of K. On the other hand

q(<1>j,<1>4)=/ tl_zs(l—VQ,K)2VUj~VUzdxdt+/ 72U U|V Vg, k| do dt
Rf+l Rf+l

- /M 72U (1 = Vax)VUe - VVg i dxdt—/ 1t1—2SUf(1 —Va,x)VU; - VVq k dx dt.
R R

N+
¥
Choosing ¢ = Uy(1 — Vi, )? in (2.5) we obtain that

/ . t1*25(17vQ,K)QVUj.VUgdxdt:Q/ . 72 (1 — Vo k) U VU; - VVq i dz dt
]RN 1 Rf 1

+ /ﬁs)\;(fl)/ﬂpj(x)gag(m) dz,
hence, thanks to Lemma and (3.2)), for every j,¢ € {1,2,...,k},

(3.3)

(2)4;

/ 7BV - VO do dt — kXS
RYH

/N+ #1725(1 — Va,x)UVU; - VVq k da dt + Hs)\‘;(Q) (/ @, (x)pe(z) dr — 6ﬂ>

RY+ Q

+/ . 72U UV, k| do dt 7/ 72U (1 — Vax)VUr - VVg i da dt‘
RY T RYH!

< C ((Capy(K))? + Capiy(K) )
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for some constant C' > 0 independent of K. The above estimate implies there exists § > 0
independent of K such that ®1,®P,,..., P, are linearly independent provided Capg,(K) < d, so
that E is a k-dimensional subspace of Dé’qu(]RfH; t1729) for Capg(K) < 4.

From (2.7)), the fact that A{(Q) < A5 () for all i < k, and we have that

k
MQ\K) < max R (Z aiq)i)

(or1,002,...,0) ERP
k 2

Yimpog=1
k
Zi,j:l a;ajq(Pi, ©5)

= max X %
((115.2:1.;0;216]1% Kg Zi,j:l Q0 fQ PYiP; dx
k s s
L (TR alee) + O ((Caph (K)?)
(orn et s (1+0 ((Caph(K))V2))
a;=1

_ R AL(Q) + O ((Capi(K))'?)
ks (140 ((Capy(K))'/2))

= N(9) + O ((Capy (K))?)

as Capg(K) — 0. The proof is thereby complete. O

4. ASYMPTOTIC EXPANSION OF THE EIGENVALUES UNDER REMOVAL OF SMALL CAPACITY SETS

The aim of this section is to prove Theorem The proof is inspired from that of [I, Theorem
1.4]. Let us start with some preliminary lemmas concerning the capacitary potential Vi k., defined

n @220 £22).

Lemma 4.1. Let {K_ }.>0 be a family of compact sets contained in the open set £ concentrating,
in the sense of Deﬁnition to a compact set K C Q, with Cap,(K) = 0. For every u € D*%(Q)
it holds

(4.1) / | Tr Vo k. u|? dz = o(Cap§, (K., u)) as e — 0.
Q

Proof. Let H. = Dgll’fu K. (Rerl;tl*QS). Suppose by contradiction that there exist a sequence
en — 0, e, >0, and a constant C' > 0 such that

/Q [T Vo kel 2 CllVa kel o noe

for every n. Letting

\%
Wn _ QK. ,u 7
HTI‘ VKSZ,Ksn,u L2(Q)
we have
|| Tr WTL||L2(Q) =1 and HWTL”QD;Z'E(RerI;tl*%) < ct

for every n. By weak compactness of the unit ball of Dsll’f (Rf +1. t172%) and by compactness of the
trace operator Tr : Dé? (RY*T1;41725) — L2(Q) (which follows easily by combining the continuity
of the trace map Tr : DgZ (RY 1 ¢1-2%) — D*2(Q) and part (iii) of Theorem , there exist a
subsequence (ng)r>1 and W € Dé’E(RfH; t1729) such that

(4.2) Wy, =W in DGZRY T t172) as bk — 400 and || Te W2 = 1.

Moreover, from ([2.23)) we deduce that

/ tliQSank -Vodrdt =0 for every ¢ € ‘H
RN+1

G
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For every ¢ € C°(RYT U (Q\ K)), we have that ¢ € H. for ¢ sufficiently small. Therefore we
can pass to the limit as £ — +oo above and obtain

/N+ tH25YW - Vo drdt = 0 for every ¢ € C’go(RfH U\ K)).
R 1

+

By density, the latter holds for every ¢ € D2 (RY T #172%). Now, the assumption Capg,(K) = 0
allows to deduce, through Proposition [2.6]

/ t'=3VW - Vodrdt =0 for every ¢ € Dé’f(RfH; t1729),
RY*!

Hence we can replace ¢ = W in the previous identity thus obtaining that ||WH%L2(RN+1¢1725) =0
+ El
and hence W =0 in RY ", thus contradicting (4.2). O

Lemma 4.2. Let {K_ }.s0 be a family of compact sets contained in the open set ) concentrating,
in the sense of Deﬁmtion to a compact set K C Q, with Capg,(K) = 0. For every u € D*%(Q)
it holds

lim+ Capg (K., u) = Capg(K,u) =0 and Vak.u — Vaxku=0
e—0
strongly in DV2(RY 1 #172%) as e — 0F.

Proof. Let U € DGZ(RYF1;4172%) be such that TrU = w and let Vo k., € DGZ(RY T ¢1729)
achieve Capg, (K¢, u). Then, by (2.23), Vo, k. u —U € Dslizuxg (Rf“;tl_%) and

(4.3) q(Va,k.ur®) =0 for all ¢ € Do e (RY T 1729),
As Vo k. ., achieves (2.9)), we have

”VQ,KE,U||2D1,2(Rf+1;t1—2s) < ||U||2D1~2(Rf+l;t1*23)’

so that {Vo, i u}es0 is bounded in D2 (RY*+1;#172). Hence there exist a sequence &, — 0% and

Ve Dé’f(RfH;tl*zS) such that Vo i, o — V weakly in Dslz’f(Rf'H;tl*zs). Let us show that
V = Va,ku- On the one hand, V —U € Dgl’qu(RfH; t172¢) thanks to Proposition and the
assumption Capg,(K) = 0. On the other hand, passing to the limit in we obtain that ¢(V, ¢) =
0 for every ¢ € C(RYT U (Q\ K)) and so, by density, for every ¢ € Dé’?uK(]RfH;tl—zs) =
Dgll’f (Rf“;t“?s). Therefore V = Vq i = 0. In order to prove that the convergence is strong,
take ¢ = Vo k., o — U in and pass to the limit to obtain

lim Capg(Ke,,u) = lm ¢(Vor.,wVork., o) = lIm Vor., U)=aeV,U)=0.

n

We conclude that Cap§,(K.,,u) — 0 and that Vo . . — 0 strongly in DgZ(RY ! ¢1725). Since

these limits do not depend on the sequence €,, — 0, we reach the conclusion. O

Let us introduce the operator A : D7 (Rf“; t1=25) — Dé’f(RfH; t172%) defined by
(4.4) q(AU),V) = / TrUTrV dx
Q
for every U,V € DG (RY T #1729). Tt is straightforward to see that A is symmetric, nonnegative,

and compact. Letting, for j € N,

1
4.5 b= —
( ) J ’is)\j(Q)

the spectrum of A is {0} U {u; : j € N,}; furthermore, since dim kerA = +oo, 0 has infinite
multiplicity as an eigenvalue of A, whereas the non-zero eigenvalues of A have finite multiplicity.
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Proof of Theorem[1.5 Let U; = H(u;), so that U; satisfies (2.4) and (1.4). To simplify the
notation, in the rest of the proof we write V. = Vo i, and H. = Dslz’czuKE (Rf“;tl_%). We
divide the proof into three steps.

Step 1. We claim that

(4.6) PHUAW S EP(?) :0< Capfz(KE,uj)> ase — 0T,
Let

so that 1. is the orthogonal projection of U; on H. in the space Dglf (Rf“; t172%) endowed with
the scalar product ¢, that is

g —Uj,9) =0 for every ¢ € H..
For every ¢ € H. we have, using (2.5),

0er @) — KA /Q Trop Trddz = q(U;, 6) — raA3(Q) /Q Tro. Trpde
:HSAj(Q)/TrV;Trgbdx,
Q
so that
48 Troe Tr pdz =
(48) /Q vy T g do

Let A, : H. — H. be defined by

’%)\319'(9)(1@}57@ - /QTrVETrgZ)d:zr for ever ¢ € H..

(4.9) q(A.(U), V) = / Tr U TrV dx for every U,V € H,.
Q

Recalling the definition of 4 in (4.5)), the spectral theorem (see for instance [2I], Proposition 8.20])
provides
||Aaws - MﬂpeHHE

(e l2e. 7

(4.10) dist(pj,0(A:)) <

where o(A.) is the spectrum of A..
Taking into account Lemma we have that

10U, Vo)l < \Ja(U3, Up)ValVer Vo) = /35 (@ /Capy (. y) = o(1)
as € — 0, then the denominator in the right hand side of (4.10]) is easily estimated as follows
(4.11) =15, = a(U; = Ve, Uy = Vi) = q(U;, Uy) + Capgy (Ko, uy) — 2q(Uy, Vz)
=XN(Qks +0(1) ase—07.
In order to estimate the numerator in the right hand side of (4.10), let Z. = A, — pjtb. € He.
Using (4.9) and (4.8]), we have
q(Ze,d) + pja(Ye, ¢) = q(Actp:, ¢) = /QTN/Je Tr¢de = pjq(e, d) — /QTrVe Tr ¢ d,

for every ¢ € H.. Choosing ¢ = Z. € H. in the previous expression and using Theorem (i)

and (2.3]), we obtain
()
Q

¥ Snihs PN Ze .

(112) 120, =~ [ TV T Zedo < | e Vil 12
Q

< [T Vel 2 Q0% S34 I Tr Zellpea vy < [/ Tr Vel 2oy |92

Replacing (4.11)) and (4.12)) into (4.10), we find that there exists a constant C' independent of &
such that

(4.13) dist (17, 7(A2)) < CI| Tt Vi 2.
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Now, the assumption that A (Q) is simple and the continuity proved in Theorem imply that
Nje = AT (Q\ K) is simple for € > 0 small enough.
Denoting as

(4.14) tje =1/(KsAje)
the j-th eigenvalue of A., by the simplicity of p; as an eigenvalue of the operator A introduced in
(4.4), and by Theorem |1.2| we have that

dist(pj,0(A:)) = |pj — pje| for e > 0 small enough.
Then relation (4.13]) provides, for ¢ small enough,
IAF() = Njel = kAT DN elps — pjel < CraAJ( Q)N |l Tr Vel r2(q)-
As C is independent of € and lim._,o+ Aj e = A3(02), Lemma provides the claim.
Step 2. We claim that
(4.15) lve — Uethe||. = 0 ( Capg, (K., uj)) ase— 07,
. L2/ N+1, 4125 :
where II. : Do (RY ™61 72%) — H. is defined as
LW = < / W Tr U . dx) Uje for any W € DGZ(RY T #172)
Q
and Uj . is a normalized eigenfunction associated to A; ., i.e.
Uj75 S HE,
(4.16) qUje,0) = )\j,sns/ TrU;. Trpdx  for every ¢ € He,
Q
Jo | TeUje ()] do = 1.
Let U, = e — I 1. and notice that
(4.17) / TrU. TrUj . dx = 0.
Q

Using the fact that II.1). is an eigenfunction associated to A;j . and relation (4.8]), we see that the
following holds for every ¢ € H,.

(4.18) q(U., ) — Iis)\j75/ TrU. Tr ¢ da
Q
:W%@—@Mﬁ/ﬁ%ﬂwm—Fmﬂb@—%Mﬂ/ﬁmﬂ@ﬁ¢M
Q Q
= q(¢e, @) — Hs/\;(Q)/ Trpe Tr pdx + rs(Aj () — )\j@)/ Tr . Tr ¢ dx
Q Q

= /st\j(ﬂ)/ Tr Ve Tr ¢ dx + ks (A (Q) —)\jﬁ)/ Tre. Tr pdx.
Q Q

Let & = A (U.) — ,ujfT]; € H.. We use the definition of A, in (4.9)), that of p;. in (4.14) and
relation (4.18]) evaluated at ¢ = & to compute

112, = a(Ac(T2),£0) — pj eq(Ue £0) = / T 0, Tré. de

A3 (2 AS(Q) — i

J( )/TrVETrfsd:c—f—J()J’/TrwsTrfsdx]
Q Ajoe Q

AF (2

Js
() — A
__ )/ﬁwm&m—J()-“/ﬂmﬁ&m
Aie Ja Aje 0
from which, taking into account (4.11]) and (2.14)), we deduce that
[€cll2e. < O (IITx Vellzz(o) + [A5(Q) = Ajel)

J,€

- [/ Tr(]'gTrgsdxvL
Q
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for a constant C' not depending on £. Lemma and relation (4.6) provide then

@19) AU ~ gDl = €l =0 (y/Capi(Kew))  ase 0.

Let
K. =Kerll |y, = {W e H. : / TeWTrUj.de = 0}
Q
and note that U. € K. thanks to 1) Moreover, in view of (4.9) and 1 , A:(U) € K.
for all U € K., hence, denoting as A. the restriction of A. to K., we have A : K. — K. As

o(A.) = a(A) \ {j.c}, there exists § > 0 independent of € such that dist(u;j.,o(A.)) > 5. We
use this inequality, the spectral theorem, and relation (4.19) to obtain

. 1. _ -
||ws - stsn’;‘-[g = ”UsH’Hg < SdlSt(Nj,E’U(AE))HU€HH5
Lox 7 7 s
< S0 — s Tl = o (/Cavt(Fecuy)
as € — 07, thus proving (4.15).
Step 3. From the definition of . (4.7)), , Lemma (4.15) and (2.14)), we have

1/2
(4.20) | Te(TLotpe) || £2() = (/Q I Tr(Meyp — ) + uj — Tr Ve|? dz)

~ (140 capwg,uj)))m

1+0( Capf—l(Ks,uj)) ase — 0.

Let Lo
U, = ErE € He.
: | Tr(Heve )| 22 (o) c

Noticing that
Hews - we + (1 - H TT(HE'(/)E)HL%Q))ws

\I] — =
v (IO
and using (4.20)), (4.15) and (2.14)), we deduce that
(4.21) | Tr(¥e — Ye)|L2() = 0 ( Capfl(Kg,uj)> ase — 0T,

Similarly,
(4.22) || TI‘(\I’E — U])HLQ(Q) = || TI‘(\I/E — ¢a — ‘/E)HLZ(Q) =0 ( Capa(KE,uj)) as € — 0+.

We also remark, using the equation satisfied by V. (see (2.23)), the fact that 1. € H. and the
equation satisfied by Uj;, that

(423)  Cah(Kevy) = 2-a(Ve Vo) = alViuUy = ) = 20V V) = X(@) [ Ve da,
Noticing that W, is an eigenfunction associated to \; ., relation with ¢ = U, provides
(Aje — A5 (Q)) /Q Tr U, Tre. doe = Aj(ﬂ)/QTT\IIETrVE dzx.
Therefore, by , and Lemma we have
(e — )\‘;(Q))/QTr\IJETYwE do = )\‘;(Q)/Quj TV do + )\j(Q)/QTr(\IIE _U) TV, de

= Capo (K., uj) + o(Capg (Ke, u;)))
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as e — 0%. As, by ([4.21)),

/ Tr U, Tr . do = / |Tr\I/5|2dx—|—/ TrU, Tr(¢pe — ¥ )de=1+o0 (W/CapE(KE,uj)> ,
Q o Q

we have concluded the proof. O

5. ASYMPTOTICS OF CAPACITIES FOR SCALING OF A GIVEN SET

In this section we will assume that 0 € Q. In order to prove Theorem we first establish the
following preliminary result.

Lemma 5.1. Let K C Q be compact and Y be an open set such that K C Q' € Q. Let f € H ()
and (fn)n>1 C H{ () be such that f, — f as n — 400 in H*(Q'). Then

Vo.i,f. = Vo, f in DL2(RNFL, $1-2s)

and
lim Capg (K, fn) = Capd (K, f).

n—-+oo

Proof. Let fix € C®(RY*" U Q') be such that fjx = 1 in a neighborhood of K. Therefore
Nk fn — T f in D*2(Y) and, consequently, H(7ix fn) — H(fx f) in DV2(RNT1;4172%) where H
is the extension operator introduced in (2.2]).

Furthermore both Vo k r, — H(Nk fn) and Vo i, — H(Nk f) belong to 'Dslil:QUK(RN+l;tl—25).
Hence

aVak. 5, — Va5 Var, — Mk fr) = Vo, — Vo, Vo — Hiik ) =0,
so that, using the Holder inequality,
Vo, . = Vi flpre@nign-20 = aVar 1, — Vo,i, 1, M7k fn) = H(ix f))
< Wak s, — Vo fllpre@asn-ze) [H(x fo) = Hw f)llpre s pa-2s).
Then
Jim (Vo k.r, = Vo fllorz@yn-2 =0,

concluding the proof. O

Proof of Theorem[I.6 For every e > 0, let Vo
as in (2.21)) and let

be the function that achieves Capg, (K., u;)

e,Uj

‘75(2') = 5775‘/97}(5,“_7 (82’)7 z € Rf+l.
Let U; = H(u;) € DGZ(RYTH#172%) be the extension of u; as in (2.2) and define U.(z) :=
€77 U,(ez) as in Section
We notice that V. € D(é/e)c

(5.1) q(Ve,¢) =0 forall ¢ € D(lg/e)cuK(RfH; £1-25).

(RYFL41-29) V. — U, € D(lg/E)CUK(M“;tl—%) and

In particular,
(5.2) ||‘78H%1,2(RN+1¢1—25) = Rs Cap?z/a(K, i),

where @, = Tr U..
Let rg > 0 be such that K C B, = {z € RY : |z| < ro}. For ¢ sufficiently small, we have that
Q

!
B, €~

1,2 1,2 .
so that D(B;O)CUK C D(Q/E)CUK and, in turn,

(5.3) Capg,. (K, uc) < Capp, (K, ue) — Capp, (K,¢)
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as € — 07, where in the last step we used ( and Lemma E 5.1 Combining (5.2)) and ., we
deduce that the family {V teso is bounded in the reflexive space Db 2(RN+1 = 25) Then there
exist a sequence ¢, — 07 and V € Dl’Q(RfH; t1729) such that

5.4 V. —V weakly in DM2(RY 41728
+

n

as n — +o0.
Let 7k € C>(B};) for some R > 0, be such that 7, = 1 on a neighborhood of K. Then

V.., nKU € DPRYTL41725) = (U € DM2(RYFL4172%) . Te U € D2(RN \ K)}. Moreover,
by we have that

(5.5) kU — i in DV2(RY T ¢1729),

Since D 2(RN+1 t172%) is closed in Db 2(RN+1 t172%) (in the strong topology and then, being

a subspace, in the Weak topology by (5-4) we conclude that V — fep € Dy (RY T ¢1-29).
Moreover, relations ) and (| prov1de

q(V,¢) =0 forall p € CRYT U RN\ K)),
so that, by density,
(I(f/v $)=0 forall ¢ € D}(’Q(Rf+1;t1*2s),

In particular,
(56) HV||’2D1v2(Rf+1;t1—23) = Rs Capﬁq&N (K, 1;) = Q(‘~/7 ﬁKlz)

Similarly, since V. — ﬁKﬁ c DI’Q/ )CuK(RN+1't1_2S) for ¢ > 0 sufficiently small, using also

relations , . and (5.6, we obtain
(57) ||‘78n ||'2D1v2(]Rf+1;t1—25) = Q(‘;venvﬁKﬁEn) - q(f/, ﬁqu) = ks Cap]?{N (K7 12))’

as n — +o0o. By the Urysohn’s subsequence principle we conclude that the above convergence
holds as ¢ — 0% and not only along the sequence £,. To conclude the proof it suffices to notice
that, by a change of variables,

1 N+2(’Ys

1 _
CapSSI(K67uj) ;”VQ Keu; ”Dl 2 RN+1 1 25) °) ”V ”Dlvz(Rerl;tl*%)

S

and to replace (5.7)) into the previous expression. O

Proof of Theorem[1.7] The family of sets {¢K }.~( concentrates to the compact set {0}, which sat-
isfies Capg({0}) = 0 by Example so that Theorem [L.5| applies in our situation. By combining
it with Theorem we obtain the stated result. O

Proof of Corollary[1.8 Let Vi be the function that achieves the infimum in (2.9) with u = "(ZJ and
Q =RY, so that Capin (K, 1) = %Sq(VK, V). The Hardy-trace inequality (2.13]) provides

. 1 Tr Vi |?
Capgn (K, 9) = ;q(VvaK) 2 AN,s/ Qdm
s RN
T 2 A
> Ao [ EEEL o < s [ a1
K|z K

If, by contradiction, Capgn (K, 1/)) = 0 the above inequality would 1mply 7,[1 =0 a.e. in K. Since
the N-dimensional Lebesgue measure of K is strictly positive and 1/1 weakly solves (—A)* w =01in
RY | the Unique Continuation Principle from sets of positive measure proved in [15, Theorem 1.4]
would imply that 7,/; =0 in RY, giving rise to a contradiction in view of Remark O
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APPENDIX A. BOUNDEDNESS OF EIGENFUNCTIONS

To prove boundedness of eigenfunctions we need the following Sobolev-trace inequality which
follows from combination of Theorem (i) and continuity of the trace map (2.1)) (see also [6]
Theorem 2.1]): there exists a positive constant 7 s > 0 such that

(A1) TN T W[ F e gy < /Rm 2|\ VW P dt do,  for all W e DV(RYT 1729,

+
where 2%(s) is defined in (2.11)). In the following lemma we prove that the extensions of eigenfunc-
tions of (1.3)) are bounded in }Rf"’l.

Lemma A.1. Let Q C RN, N > 1, be a bounded open set and s € (0, min{1, N/2}). Let « € R
and W € Dé? (Rf"’l; t172%) be a weak solution to

—div(t'=?VIW) = 0, in RY T
(A.2) lim;_,o+ (—t'"20,W) =aW, in Q x {0},
W =0, in (RV\ Q) x {0},
in the sense that
(A.3) / t1*2SVW~v¢dxdt=a/ Te W Tr ¢ dx
RYV+? Q

for every ¢ € D2 (RYFTL41725) . Then W € L=(RY ™) and Tt W € L®(9Q).

Proof. The fact that Tr W € L*°(Q) can be found in [9] Theorem 3.1, Remark 3.2], see also [17].
Let us prove the statement about its extension. From the Poisson formula for problem (A.2) given
in [II] we have that, for some constant C s,

— f 1 N+1
W (a, 1) CN,S/RN ey TN© forall ) €RY

tQS

hence
t2s

~d§
|z — £J2 +¢2) "5
t28

W 0] < T Wl Ol |
= Tr WL~ |CN,s|/ e A
W e (g )

¢’
= | Te Wl |[COns| | —— 2 ag’
W i Oral | g 46

for all (x,t) € Ri’“, thus implying that W € L*° (Rf“) and completing the proof. O

APPENDIX B. FRACTIONAL CONVERGENCE OF SETS IN THE SENSE OF MOSCO

We give the following definition which is the analogue of the standard sets convergence in the
sense of Mosco ([23]).

Definition B.1. Let Q C RY be a bounded open set. Let {K.}.~o be a family of compact sets
contained in . We say that {Q\ K_.}c~o converges to Q\ K in the fractional sense of Mosco if
the following two properties hold:
(i) the weak limit points in D*2(RY) of every family of functions u. € D*2(Q\ K.) belong to
D*2(Q\ K);
(ii) for every u € D*%(Q\ K), there exists a family of functions u. € D*?(Q\ K.) such that
ue — u in D¥2(RYN).

In this appendix we prove that the notion of concentration introduced in Definition implies
the convergence of 2\ K, to Q\ K in the fractional sense of Mosco if Capg,(K) = 0.
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Lemma B.2. Let Q C RY be a bounded open set and K C Q) be a compact set with Capg,(K) =
0. Let {K.}es0 be a family of compact sets contained in ) concentrating to K in the sense of
Definition . Then Q\ K. converges to Q\ K in the fractional sense of Mosco ase — 0T .

Proof. We first prove that condition (i) in Definition is satisfied. Let us consider a family
{uc}eso C D52(Q\ K.) such that u. — u in D*2(RY). We need to show that u € D2(Q\ K).
Obviously {u.}eso C D*2(2) and D*2(Q) is a closed subspace of D*2(RY). Then u € D?(Q2)
since this space is closed in the weak topology. Furthermore, being Capg,(K) = 0, Proposition
provides D*2(Q) = D$2?(Q \ K).

We now address item (ii) in Definition[B.1} Let u € D*2(Q\ K) and U = H(u) be its Caffarelli-
Silvestre extension as in . We need to exhibit a sequence u. in D*2(Q \ K.) which converges
to u in DS2(RY). We note that for every § > 0 there exists ps € C° (]Ri\_/"'1 U £2) such that

||<)0(5 - UHDLQ(Rerl;tl_QS) < 6

Since by assumption Cap$,(K) = 0, then for every n € N there exists &, > 0 and 7, € C2(RY )
such that {e,} is strictly decreasing to zero, n, = 0 in RY \ Q, n, = 1 in a neighborhood of K.
for all € € (0,¢&,,) and

1
/ 2|V, |2 dedt < —.
RN+1 n
+

Let us define W,, := ¢s(1 — 1,). We note that W,, € Dé’?UKE(RfH;tl_%) for all ¢ € (0,&,).
Then, using (2.15)) we obtain

/ 12|\ VW, — Veps|? da dt = / 172 |V (pomn )|? d dt
RN 1 RN+1
+ +
< 2/ tl’Qs\wa\zlvnnIdedH?/ 2 0, PV eps | da dt
]Ri""l Rf+1

2s 2 2
< 7upn|g0§| +2 (sup|V<,05|2) ( sup |z|2) /N t1_257|727n| 2 dx dt
zEsuppes R+ |z[? +

2sup |5 8 2 2
< + N —2s)° (sup [Vs|?) sup |z|° ).

n n ZESuppys
Hence there exists ng such that

W, — 805||’D1,2(]Ri’+1;t1—25) < ¢ forall n> ns.

For all € € (0,e1) we let U, := W,, where n is such that e,41 < & < &,. The above argument then
yields that U. € Dg2 5 (RYT!5¢172%) and

U — ‘P5||D112(Rf+1;t172s) <4 forallee (0,ey,).

Hence ||U£ - U”Dlv?(Rf'H;tl—%) < HUE - @6“@1‘2(]1@?-*—1;,51—25) + H<,06 - UHDLQ(Rf'H;tl—ZS) < 26 for all

€ € (0,en;).
We conclude that U. — U in DV2(RY T ¢172%) and therefore u. = TrU. € D*?(Q\ K.)
converges to u = Tr U in D2(RY) by continuity of the trace map (2.1)). O
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