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We propose an exchange economy evolutionary model with agents heterogeneous in the structure of
preferences. Assuming that the share updating mechanism is non-monotone in the calorie intake, we
find multistability phenomena involving equilibria characterized by the coexistence of heterogeneous

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Chang and Stauber (2009) propose a model on the evolution of
the population shares in an exchange economy setting, in which
it is assumed that there are two groups of agents characterized
by a different structure of the preferences. Indeed, the weights
assigned to the two consumption goods in the Cobb-Douglas
utility functions do not coincide across groups. The mechanism
according to which shares are updated in Chang and Stauber (2009)
is monotone in the calorie intake: the larger such intake by a group,
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E-mail addresses: ahmad.naimzada@unimib.it (A. Naimzada),
marina.pireddu@unimib.it (M. Pireddu).
T Tel.: +39 0264485813; fax: +39 0264483085.
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the more that group share increases. The results in that paper
concern the existence and local stability of trivial and nontrivial
market stationary equilibria, where we call equilibria trivial if they
are not characterized by the coexistence between the two groups
of agents, as one of the two groups totally prevails on the other
and remains alone. Chang and Stauber (2009) find at most one
nontrivial market stationary equilibrium, which when exists is
stable, and two trivial equilibria.

According to Chang and Stauber (2009), a monotone population
growth rate is suitable to represent the long-run centuries-
old trend, as the diet of a population group affects its long-
term survival. On the other hand, in that paper it is remarked
that it would be interesting to consider more general biological
payoff functions. In fact, supported by the empirical literature,
we believe that a biological payoff function monotonically
increasing in the calorie intake is not well suited to describe

groups. Economics Letters (2016), http://dx.doi.org/10.1016/j.econlet.2016.02.018
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the framework of contemporary developed countries. Namely,
according to Ponthiere (2011), monotone survival functions do
not fit aggregate data (cf. Fig. 1 therein); moreover, a broad
epidemiological literature (see e.g. Adams et al., 2006; Bender et al.,
1998; Fontaine et al., 2003 and Solomon and Manson, 1997) has
shown the negative effects of overconsumption on health and
survival, emphasizing a non-monotone relationship between the
corpulence, measured by BMI (Body-Mass Index, i.e., the weight
in kilograms divided by the square of the height in meters),
and mortality risks. Such non-monotone relationship is clearly
represented in the (BMI, mortality)-plane by Waaler (1984)'s U-
shaped curves, which have been commented by Fogel (1994) from
an intertemporal viewpoint. The relevance of those findings gave
rise to the so-called “economics of obesity” (see the survey by
Philipson and Posner, 2008).

In light of the above observations, we then aim to reconsider
the model in Chang and Stauber (2009), replacing the monotone
population growth rate assumed therein with a bell-shaped map,
increasing with the calorie intake up to a certain threshold
value, above which it becomes decreasing. Even with such a
crucial change, we still obtain a one-dimensional continuous-time
dynamical system, for which, in addition to the three equilibria in
Chang and Stauber (2009), we find (up to) two additional nontrivial
market stationary equilibria. Moreover, the (possibly existing)
nontrivial equilibrium found in Chang and Stauber (2009) may
become unstable in our context, and also the two trivial equilibria
may have different dynamic behaviors with respect to Chang and
Stauber (2009). We perform a qualitative bifurcation analysis on
varying the parameter describing the threshold value at which
the growth rate becomes decreasing. In particular, differently
from the framework in Chang and Stauber (2009), our setting
displays multistability phenomena, characterized by the presence
of multiple, trivial and nontrivial, locally stable market stationary
equilibria.

We remark that multistability may be considered as a source
of richness for the framework under analysis because, other
parameters being equal, i.e., under the same institutional, cultural
and social conditions, it allows to explain different trajectories
and evolutionary paths. The initial conditions, leading to the
various attractors, represent indeed a summary of the past history,
which in the presence of multistability phenomena does matter
in determining the evolution of the system. Such property, in the
literature on complex systems, is also called “path-dependence”
(see Arthur, 1994).

Moreover, in the specific context we deal with, the presence
of multiple equilibria well represents the variety of historical
experiences across different countries in relation to the approach
they adopt towards food, diet and consequently towards obesity
(consider e.g., according to Philipson and Posner, 2008, the
different scenarios in the US and in the Mediterranean countries).

Finally, we stress that in our model we also analyzed the setting
in which the two groups of agents may differ in the threshold level,
above which an increase in the calorie intake becomes harmful
rather than beneficial. Such scenario can describe for instance
the case in which the two groups of agents differ in the amount
of sports they play: inactive people need a lower calorie intake
than athletes. Since the possible dynamic scenarios we found were
similar to those obtained in the setting in which the two threshold
levels coincide, we preferred to confine ourselves to the simpler
framework, which also allows a deeper analytical treatment.

2. The model

We start our discussion recalling the framework in Chang
and Stauber (2009), where the authors consider a continuous-
time model describing an exchange economy with a continuum

of agents, which may be of type o or of type 8. There are two
consumption goods, x and y, and agent preferences are described
by Cobb-Douglas utility functions, i.e., Ui(x,y) = x'y'~ fori e
{a, B}, with0 < B < « < 1. Both kinds of agents have the
same endowments of the two goods, denoted respectively by w,
and wy. The analysis is performed in terms of the relative price
p(t) = py(t)/px(t), where p,(t) and py(t) are the prices at time
t for goods x and y, respectively. The size of the population of kind
o (B) attime t is denoted by A(t) (B(t)). The calorie intake K;(t) of
anagent of typei € {«, B} attimet is given by a linear combination
of the units x;(t) and y;(t) of goods x and y he consumes, weighted
respectively with the calories that each agent derives from the
consumption of a unit of good x and of good y, i.e., Ki(t) = cxx;(t) +
¢,yi(t). In Chang and Stauber (2009), denoting by K the calorie
subsistence level, the growth rate of the population of type i is then
assumed to be

Ki(t) — K, (2.1)

so that the evolution of the two groups of consumers is described
by the following system

dA(b) )
—— = (K, (t) = K)A(t)

dB(t) _ :
— = ®p(®) —K)B).

Introducing the normalized variables a(t) = (A(t))/(A(t) + B(t))
and b(t) = (B(t))/(A(t) + B(t)), describing the fractions of the
population composed by the agents of type « and B, respectively,
and noticing that b(t) = 1—a(t), System (2.2) becomes equivalent
to

da(t)

T (Ko (t) — K (£))a(t)(1 — a(t)). (2.3)
The (normalized) price at which agents exchange their endow-
ments is determined by solving the consumer maximization prob-
lem and using a market clearing condition. According to Chang and
Stauber (2009), the market equilibrium price, i.e., the price that
clears the market, is then given by

[1- (a@®a + (1 —a(®)B)]wx
(a(®)e + (1 —a(®)B)wy

and the consumer equilibrium quantities of the two goods for
agent of type i € {«, B}, compatible with the market equilibrium,
are

p*(t) = (2.4)

¥ . " iwy
X (t) =i(wx +p " (DHwy) = dOa+ (1—a0)p’ o5
y*(r)=(1—i)<w* +w)= (1= Dy .
: pr@©) ') 1= @+ (1-a®)p)
Hence, (2.3) can be rewritten as
da(t)

T (a = Ba®)(1 — a(t))
( Gt - Gty ) . (26)
al)o+ (A —a®)p 1—al®)a—(1—a))p
The market stationary equilibria, at which for every t the
population shares, and thus also the market equilibrium price and
the consumer equilibrium quantities, are constant, will be called
trivial if they are not characterized by the coexistence between the
two groups of agents, and nontrivial otherwise. In addition to the
trivial market stationary equilibria a = 0 and a = 1, a nontrivial
market stationary equilibrium is given by a = a*, with

* _ (1 = B)cxwy — Beywy
(@ — B)(cywx + Cywy) '

2.7)
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aslong as a* € (0, 1), i.e,, for cawy € ((Beywy)/(1 — B), (ac,wy)/
(1 — «)). Such market stationary equilibrium, when it exists, is
always stable for the model considered in Chang and Stauber
(2009). In that paper no comments are made on the local stability
of the dynamical system at a = 0 and a = 1. However, a simple
continuity argument shows that, when a* € (0, 1), thena = 0 and
a = 1 are always unstable. When instead a* ¢ (0, 1), a = 0 may
be unstable and a = 1 stable, or vice versa.

The framework we are going to analyze differs from the one
recalled above in a crucial aspect. Indeed, instead of dealing with
the monotone growth rate in (2.1), we assume, in agreement with
the quoted empirical literature, the existence for the growth rate
of a threshold value, above which an increasing calorie intake
becomes harmful, rather than beneficial. In symbols, as growth rate
we consider

1
14 o (Ki(t) — K)2’

where o is a positive parameter describing the intensity of the
decrease in the growth rate due to an increase in the distance
between the calorie intake K;(t) and the threshold value K. In
this manner K is no more interpretable as the calorie subsistence
level K in (2.1), but as the desirable calorie intake, which allows
maximizing the growth rate. With such modification, the evolution
of the two groups of consumers gets described by the following
system

(2.8)

dA(t) At)
dt 140 (Ke(t) — K)2
dB() B(t) (29)

dt 140 (Kg(t) — K)?
hich, introducing the population fractions a(t) and b(t) = 1 —

27 Q2 a(t), is equivalent to

30

31

32

49 _ 161 - ay)
d{_’ =da a

1 1
* (1 FoKe(t) —K)? 1+ 0(Kg(t) — E)Z)
= a(t)(1 — a(t))(Ky (t) — Kg(t))
o (2K :1<a(r) —Ks(1)) 4 . (2.10)
(14 0 (Ko (1) — K)?) (14 0 (Kg(t) — K)?)

ecalling the expressions for the market equilibrium values in (2.4)

3 Q3 3 and (2.5), then (2.10) can be rewritten as Eq. (2.11) (in Box I).

34
35
36
37
38

39

40

41

42

43

44
45
46
47
48

Such equatlon admits, in addltlon to the trivial market station-
ry equilibria a = 0 and a = 1, up to three nontrivial equilib-
ria. As we shall see in Proposition 3.1, one of them is again given

by a = a*, with a* as in (2.7), for cawx, € ((Bow,)/(1 — B),

(acywy)/(1 — a)), while the other two are a = a7 ,, with

o 2K(1 —2B) + cawp(@ + B) — wy (2 —a — B) = /A

12— 4K (o — B) ’
(2.12)

where

A = 4K* + (cawp(@ + B) — quwy (2 — a — B))?
— 4K (cews(@ + B) + uy, 2 — a — B)),

as long as they are real and belong to (0, 1). Due to the heavy ex-
pressions of a7 , and in order to compare our results to those in
Chang and Stauber (2009), in Proposition 3.2 we will analytically
investigate the local stability of (2.11) justata = 0, a = a* and
a=1

In view of the subsequent analysis, it is expedient to introduce
the one-dimensional maps f, g : [0, 1] — R related to (2.6) and
(2.11), respectively, and defined as Eqs. (2.13) and (2.14) (in Box II).

3. Stability, bifurcation analysis, and possible scenarios

As a first step in the study of our dynamical system, in the next
result we derive the expressions of the market stationary equilibria
for (2.11).

Proposition 3.1. Eq. (2.11) admitsa = 0, a = 1, a = a* in (2.7),
and a = aj , in (2.12) as market stationary equilibria, as long as they
are real and belong to (0, 1).

Proof. The conclusion immediately follows by observing that a =
0,a=1,a=a"in(2.7),anda = a1 in(2.12)are all the solutions
to the equation g(a) = 0, withg asin (2.14). O

In the following proposition we investigate the stability
conditions for the market stationary equilibriaa = 0, a = a*, a =
1, we have in common with Chang and Stauber (2009).

Proposition 3.2. Eq. (2.11) is locally asymptotically stable:
(27a7ﬂ)cywy)

- At 0if ((1— Bcyy — Beyuy) (2K — Cxjoms  Coech

<0; R

- ata*in(2.7)if K > cywy + cywy;

— at Tif (1 — @)cwy — acywy) <2E — @tPom,
> 0.

1—a

_ (Zfafﬂ)cywy>

Proof. The stability conditions follow by direct computations,
imposing respectively g’(0) < 0, g’(a*) < 0and g’'(1) < 0, with
gasin(2.14). O

Hence, the local stability of a = 0,a = a*anda = 1,
being influenced in our framework also by K is independent from
the stability of the same market stationary equilibria in Chang
and Stauber (2009). Indeed, if we wish to have the same dynamic
behavior ata = 0, a = g* and a = 1 as in Chang and Stauber
(2009), it suffices to take K large enough, while, in order to modify
it, we just need to take K sufficiently small.”

As already recalled in Section 2, in the framework by Chang
and Stauber (2009), when a* € (0,1),thena = Oanda = 1
are always unstable (see the graph of fin red in Fig. 1(A)-(D));
when instead a* ¢ (0, 1), a = 0 may be unstable and a = 1
stable, or vice versa. Hence, in the monotone growth rate setting
no multistability phenomena, characterized by the presence of
multiple locally stable market stationary equilibria, may arise. On
the other hand, in the non-monotone growth rate framework, in
addition to reproducing all the scenarios arising from the setting in
Chang and Stauber (2009), we also find multistability phenomena,
involving both trivial and nontrivial equilibria (see the graph of g
in blue in Fig. 1(B)-(D)).

We shall now better analyze the mutual relationship between
the stability of the equilibria in the monotone and non-monotone
growth rate frameworks, performing a qualitative bifurcation
analysis, i.e., investigating the emergence/disappearance and
stability gain/loss of equilibria on varying K = K. Indeed,
although as seen in Section 2 the parameters K and K have a
different interpretation, an increase in either of the two produces
an analogous effect, i.e., a reduction of the population growth rate,
which in Chang and Stauber (2009) may also become negative. Due

2 Namely, it is easy to see that (2.6) is locally asymptotically stable at 0 if (1 —
B)cxwy < Beywy, at Tif (1 — a)cywy > ac,wy, and always at a*.
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da(t) CyW cyw
= (@ — B)a®)(1 — a(t)) o - thacd
dt a)oa+(1—at)p 1—a®)a—(1—a)p
7 XWX G,
o (ZK - a(t)awf(;vfa(t))ﬁ (@+p)— m(z -a- 'B)) (2.11)
2 2 '
CxWxa cywy (1—a) 72 cxwyB cywy(1—p) =
(1 to (a(t)a+(1—a(t))ﬁ + ata——awp K) ) (1 to (a(t)a+(1—a(t))/3 + ata——ap K) )
Box I.
CxWyx C_yw_y
a) = (e —Bla(l—a — s 2.13
f@=( Pal )<aa+(l—a),3 1—aoz—(1—a)ﬂ> ( )
CxWx CyWy
a) = (x—pB)a(l —a -
8@ = (=B )(aa+(l—a)ﬁ 1—aa—(]—a),3>
0 (2K — i@+ ) — ey G —a - ) o4
. . 2.14
2 2
Wy cywy(1—a) = cxwyfB cywy(1—f) &
<] +o (aaj-(]ﬁ—o;)ﬂ + Caa—iap K) ) (1 to (aoH—(]q—a)ﬁ + CaaGap _K) >

Box II.

0.2 0.4 0.6 0.8 1 / 0.2 0.4 06 08

1

C D

02 - 04 06 08 1

0 02 04 06 08 1

Fig. 1. The graphs of f in red and of g in blue with K = 4.5in (A), K = 3.8in (B), K = 3.5in (C), K = 3 in (D). (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

to such similarity, in what follows we will investigate the dynamics
obtained in the monotone and non-monotone settings on varying
K=K =K.

In Fig. 1 we plot the graphs of the first iterate of f in (2.13) in
red and of g in (2.14) in blue for different values of K, while the
other parameters are fixed as follows: ¢y = 1.5, wy = 1, ¢, =
13, wy, =14, =07, =03, 0 =009

Fig. 1 shows that for large values of K maps f and g are
analogous from a stability viewpoint (see (A) for K = 4.5), and thus
we find for our model the same dynamic behavior as in Chang and
Stauber (2009), while for small values of K maps f and g display an
opposite behavior (see (D) for K = 3); for intermediate decreasing
values of K, the behavior of f and g becomes less and less similar
(see (B) for K = 3.8 and (C) for K = 3.5). We stress that, just by
suitably modifying the values of w, and K, it is possible to obtain a
framework symmetric to that in (B), in which there exists a unique
zero for g which is not a zero for f, and that is close to 0, rather than
to 1. For instance, such a framework can be achieved for w, = 0.8
and K = 3.In particular, still on varying K, it is possible to replicate
the sequence of scenarios from (A) to (D), but passing through the
framework symmetric to (B).

As concerns multistability, we notice that the locally stable
equilibriaarea = a*, a = 1in(B);a = 0,a = a*,a = 1in
(C); a =0, a = 1in (D). Hence, at most one of the multiple locally
stable equilibria is characterized by the coexistence between the
two groups of agents, while in the other one(s) a group completely
prevails and remains alone. The unstable equilibria in (B)-(D) play
the role of separating the basins of attraction of the locally stable
equilibria: trajectories will be attracted by one or the other of
the various locally stable equilibria according to the chosen initial
condition.

In regard to (A), since there the monotone and non-monotone
growth rate frameworks are dynamically equivalent and since in
Chang and Stauber (2009) no multistability phenomena may arise,
the unique stable equilibrium we find is given by a = a*.

We finally investigate what happens to the calorie intakes K,
and Kp in the stable equilibria. At first, we observe that, in general,
ata = a* it holds that K, = Kg # K and thatK, = Kg = K if
and only if K = cawy + cywy, i.e,, if K coincides with the stability
threshold level found in Proposition 3.2 for (2.11) ata = a*. For the
sake of generality, we focus on the case in which K, = Kg # K at
a = a*, considering for instance the parameter setting in Fig. 1(C),
where, with respect to Chang and Stauber (2009), in addition to
a = a* alsoa = 0 and a = 1 are locally stable. In such framework
ata = a*wehave K, = Kg = 332 < K = 35,ata =0
we have K, = 4.28, Kg = 3.32and ata = 1 we have K, =
3.32, Kg = 4.89.Hence, ata = 0 and at a = 1 the calorie intake of
the only surviving group coincides with the calorie intake ata = a*
and thus it is below the desirable calorie intake K, which allows
maximizing the growth rate, while bothata = Oand ata = 1
for the extinguishing group we observe an excess calorie intake.
Actually, this is true not only at a = 0 and at a = 1, but also along
the trajectories tending towards them.

4. Conclusion

We believe the setting we proposed can be a starting point for
other research works.

For instance, from a modeling viewpoint, it could be modified to
represent the fashion cycle. In such case, we would still deal with a
bell-shaped map, describing, rather than the relationship between
calorie intake and population growth rate, the link between
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consumption and imitative behavior, below the saturation level,
and between consumption and snob behavior, above such level.
In order to interpret the fashion cycle, and in particular its
multistability phenomena, we need to identify (at least) two
lifestyles, described by different preference structures; for each
lifestyle we shall introduce an attractivity degree, which depends
in a nonlinear bell-shaped manner on the consumption of the
representative agent belonging to the population share who adopts
that particular preference structure. Then, the two attractivities
jointly determine the population switching mechanism between
the different lifestyles.

From a mathematical viewpoint, it would instead be interesting
to study the model we presented considering time as discrete,
rather than continuous, in order to investigate how the dynamics
change and which new phenomena arise.

Acknowledgment

The authors thank the anonymous Reviewer for the helpful and
valuable comments.

References

Adams, K.F., Schatzkin, A., Harris, T.B., Kipnis, V., Mouw, T., Ballard-Barbash, R.,
Hollenbeck, A., Leitzmann, M.F., 2006. Overweight, obesity, and mortality in
a large prospective cohort of persons 50 to 71 years old. N. Engl. . Med. 355,
763-778.

Arthur, W.B., 1994. Increasing Returns and Path Dependence in the Economy.
University of Michigan Press, Ann Arbor, MI.

Bender, R., Trautner, C., Spraul, M., Berger, M., 1998. Assessment of excess mortality
in obesity. Am. ]. Epidemiol. 147, 42-48.

Chang, J., Stauber, R., 2009. Evolution of preferences in an exchange economy,
Econom. Lett. 103, 131-134.

Fogel, RW., 1994. Economic growth, population theory and physiology: the bearing
of long-term processes on the making of economic policy. Amer. Econ. Rev. 84,
369-395.

Fontaine, K.R., Redden, D.T., Wang, C., Westfall, A.O., Allison, D.B., 2003. Years of life
lost due to obesity. ]. Am. Med. Assoc. 289, 187-193.

Philipson, T.J., Posner, R.A., 2008. Is the obesity epidemic a public health problem?
A review of Zoltan J. Acs and Alan Lyles’s obesity, business and public policy.
J. Econom. Lit. 46, 974-982.

Ponthiere, G., 2011. Existence and stability of overconsumption equilibria. Econ.
Model. 28, 74-90.

Solomon, C.G., Manson, J.E., 1997. Obesity and mortality: a review of the
epidemiological data. Am. J. Clin. Nutr. 66, 1044S-1050S.

Waaler, H.T., 1984. Height, weight and mortality. The Norwegian experience. Acta
Med. Scand. 215 (Suppl. 679), 1-56.

groups. Economics Letters (2016), http://dx.doi.org/10.1016/j.econlet.2016.02.018

Please cite this article in press as: Naimzada, A., Pireddu, M., Endogenous evolution of heterogeneous consumers preferences: Multistability and coexistence between

20

25

26

27

28

29


Marina
Evidenziato

Marina
Evidenziato

Marina
Evidenziato

Marina
Evidenziato

Marina
Evidenziato

Marina
Evidenziato

Marina
Evidenziato

Marina
Evidenziato

Marina
Nota
Please unify the abbreviation of the words "American" and "Economic". Thanks.




