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Introduction

Quantum field theories have been for long time one of the most successful areas
of particle physics in the last years, specially since the development of quantum
electrodynamics (QED) and quantum chromodynamics (QCD). The understand-
ing of electromagnetism in terms of photons and fermions have been completed
after the inclusion of the renormalization framework that allowed to treat in a
systematic way the divergences appearing when computing amplitudes associated
to certain diagrams, and to contrast the computations with experimental results.
In the search of new lagrangians that allow us to describe other forces present in
nature, as the strong and weak nuclear forces, the extension of the concept of local
gauge symmetry to other non-abelian Lie groups resulted in the appearance of the
so-called Yang-Mills theories (in which QCD is included). These theories together
with the ideas behind dimensional regularization and the Higgs model gave rise to
the discover of what we now call the Standard Model, that describes the interac-
tions of all known particles trough the electro-weak force and strong nuclear force
within the framework of a relativistic quantum field theory and constitutes one of
the theories with the highest level of experimental agreements. In the Standard
Model, strong interactions are described by QCD which is a non-abelian gauge
theory with quarks in the fundamental representation of SU(3). The fact that
the theory is non-abelian leads to the asymptotic freedom and the confinement of
quarks.

Despite all its achievements, the knowledge of quantum field theories is still some-
what restricted. In fact, mathematically speaking functional integrals are objects
that in most of the cases are hard to compute, and in general one works with
them in terms of perturbative expansions. From a practical point of view, these
expansions in power series of the coupling constant present the problem that the

difficulty to compute them grows exponentially with the perturbative order. From
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a theoretical point of view, renormalization of gauge theories implies that these
parameters are not constant any more and acquire a dependence with the energy
scale. In QED this does not generates too much problems since at low energies
(including the scale of the experiments that can be performed today) the electron
charge is very small and only grows at very high energies, validating the use of a
perturbative expansion. In non-abelian gauge theories like QCD the behaviour is
the opposite, meaning that the analysis stops to be valid at relatively low energies,
in particular close to the confinement scale of the colour degrees of freedom. One
of the consequences in QCD is the fact that we are dealing with a confining theory.
Under this situation, a set of operators result of particular utility to study QCD
and other non-abelian gauge theories in the non-perturbative regime, these are the
Wilson loops operators. In a Yang-Mils theory describing gauge bosons (A4,) as-
sociated to the local symmetry of the lagrangian, together with other bosonic or

fermionic fields, the Wilson loop is defined on a contour C as

wie] = %Trnpexp [—ig ]é dx“Au(x)} (1)

One of the most important properties of the Wilson loop is that it is a gauge
invariant operator. It can be seen as the phase factor associated to the propagation
of a massive quark in the fundamental representation of the gauge group. In this
interpretation, one can consider a rectangular loop of width L and length T" that
simulates the propagation of the quark-antiquark pair placed at a distance L. In
the limit T' > L the expectation value of the Wilson loop depends only on L and

it is associated with the interaction energy F(L) of the pair:
W o e TEE) (2)

This relation between the expectation value of the Wilson loop and the interaction
energy of a quark and antiquark indicates that, in a theory like QCD, the analysis

of these kind of operators allows us to study the confinement phenomenon.

Notwithstanding the great success of the standard model to describe particle
interactions, the inclusion of gravity into this description is still an open problem.
String theory turns out to be an alternative and it is the best candidate for a quan-
tum theory of gravity. The main idea is that one has to replace the notion of point

particles with one-dimensional strings, these strings have oscillation modes that
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describe the spectrum of the standard model and a massless spin-two particle that
is identified with the graviton. A consistent string theory that includes bosonic
and fermionic excitations requires the existence of extra spatial dimensions to the
four known. Furthermore, in order for string theory to be free of inconsistencies it

needs supersymmetry.

Supersymmetry is a space-time symmetry that maps particles of integer spin
(bosons) into particles with half-integer spin (fermions), and viceversa. This sym-

metry is generated by an operator Q that acts as
Q|fermion) = |[boson) Q|boson) = |fermion) (3)
The generator Q has some properties that follow from :

» [t changes the spin of a particle (meaning that Q transforms as a spin-1/2
particle) and hence its space-time properties. This is why supersymmetry is

not an internal symmetry but a space-time symmetry.

= In a theory where supersymmetry is realized, each one-particle state has
a super-partner. Therefore, in a supersymmetric world, instead of single

particle states, one has to deal with super-multiplets of particle states.

A supersymmetric field theory is then a set of fields and a Lagrangian which exhibit
such a symmetry. One can have theories with more than one supersymmetry gen-
erator: Q! with I = 1,..., N. The number of supersymmetry generators, however,

cannot be arbitrarily large, the reason is that any super-multiplet in 4 dimensions

N
T

contains particles with spin at least as large as

Albeit supersymmetry first appeared only as a theoretical tool in the context
of string theory, later it was realized that it could be a symmetry of quantum field
theory describing elementary particles. One of the reasons for this is that radia-
tive corrections to certain quantities remain small as a result of some cancellations

between boson and fermion contributions.

Supersymmetry could solve most of the current problems in theoretical physics
(like the hierarchy problem, or the origin of dark matter). Still it can not be real-

ized in nature, meaning that it must be broken at some energy scale since we do
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not measure all the particles that it predicts. However, models that enjoy super-
symmetry are more constrained that the non-supersymmetric ones, thus they are
easier to solve. Supersymmetric theories can then be used as toy models where
certain analytical results can be obtained and might serve to get predictions on

qualitative aspects of the realistic theories.

Due to the importance of supersymmetry and the Yang-Mills theories in the
study of elementary interactions, it seems natural then to study supersymmetric
Yang-Mills theories. In particular, we are going to study two types of these theories
in four dimensions with gauge group SU(N). One is the maximally supersymmet-
ric one which has N' = 4 supersymmetries (for now on we will call this theory as
N = 4 SYM), this theory has been extensively studied in the last years due to
its role in the AdS/CFT correspondence. The other one is a particular case of
a Yang-Mills theory with A/ = 2 supersymmetries that it is coupled to Ny = 2N
hypermultiplets in the fundamental representation of the gauge group (that we will
call ' =2 SCQCD). For these two theories, the S-function vanish meaning that

the coupling constants do not run.

As is ordinary gauge theories, in N' = 4 SYM and N = 2 SCQCD, super-
symmetric Wilson loops (which are the supersymmetric generalization of that
includes additional couplings with some of the scalars of the theory) provide a rich
class of observables that can be computed both by perturbation theory, or exactly
by using supersymmetric localization. Localization has been proven to be one of
the most powerful tools in obtaining non perturbative results in quantum super-
symmetric gauge theories. The idea of this technique is that we can deform the
action in some way that the integration domain of the partition function is reduced
and the integral can be computed by saddle-point procedure. Using this method,
a great number of new exact results have been derived for supersymmetric theories

in different dimensions, mainly when formulated on spheres or ellipsoids.

An interesting quantity that plays an important role when probing quantum
field theories is the so-called Bremsstrahlung function. It is defined as the energy
lost by a heavy quark slowly moving in a gauge background.

When the theory is conformal invariant it is convenient to describe this heavy quark
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by a Wilson operator: we think of a probe particle that suffers a transition from
a velocity v; to vg in an infinitesimal angle, the worldline thus has a cusp and
the vacuum expectation value of the Wilson operator develops a logarithmic UV

divergence that depends on the coupling constant and on the angle of the cusp .

Ayv

<W¢,> ~ e_FC“Sp(¢) log X7y, (4)

where Ayy and Apy represent the UV and IR cut-off scales. The quantity that
governs this divergence (I'cusp) is called the cusp anomalous dimension and it is
related to a number of physical observables. In the small angle limit it is related to
the amount of power radiated by a moving quark and it behaves as Teysp = —By?,
where B is the Bremsstrahlung function of the theory. The cusp anomalous dimen-
sion can be generalized including an R-symmetry angle 6 that controls the coupling

of the scalars on the two sides of the cusp.

In order to use B for probing the theory at different scales, for instance for
precision tests of the AdS/CFT correspondence, it is needed to go beyond the
perturbative regime. This can be done by relating B to quantities that can be
computed holographically and, in superconformal theories, by the use of localiza-
tion techniques. Candidates for these quantities are circular BPS Wilson loops for
which exact results can be obtained from a computable matrix model. For N = 4
SU(N) SYM theory, it was proved that B can be computed as a derivative of the
vacuum expectation value of a 1/2 BPS circular Wilson loop with respect to the 't
Hooft coupling [1] as we will see in chapter [4
A similar formula to derive B for N' = 2 SU(N) SCQCD from the expectation
value of a 1/2 BPS circular Wilson loop was conjectured in [2]. However this for-

mula has not been proven yet, but only checked for the SU(2) case.

We will show in this thesis how we found the validity of the conjectured for-
mula for general N up to three-loops performing a perturbative calculation of the
cusp anomalous dimension for the supersymmetric Wilson operator, using HQET
techniques [3].

The HQET formalism consists on performing first the integration on the contour
parameters with a proper prescription for regularizing boundary divergences. In

this way, the integrals reduce to ordinary massive momentum integrals, which can
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be written as linear combinations of known Master Integrals by applying integra-
tions by parts. The advantage of this computational framework is that it can be
easily extended to higher loops. From the small angle expansion, we derive the
corresponding Bremsstrahlung function at three loops, matching the matrix model

prediction given in terms of derivatives of the Wilson loop on the ellipsoid.

There are other limits of the cusp anomalous dimension that can be considered,
one of them is the large Minkowskian angles. In this limit the cusp anomalous
dimension behaves linearly in the angle, and the function governing this behaviour
is the so called light-like cusp anomalous dimension. This quantity can be used to
check an universal behaviour of the cusp anomalous dimension: when expressed in
terms of the light-like cusp replacing the coupling constant, the cusp anomalous
dimension gives rise to an universal function that is independent of the number of
fermion or scalar fields in the theory, this was shown to hold up to three-loops in
N = 4 Super Yang-Mills theories [4]. We compute this function and we found that
the universal behaviour is also present up to three loops in N' =2 SCQCD.

The structure of this thesis is the following. The chapter [1}is the introductory
one, where we will study the gauge theories. We will introduce the supersymmetry
and the superconformal symmetry and we will present the basic properties of the
two theories of our interest: N = 4 SYM and N' = 2 SCQCD. Chapter [2 is
dedicated to the presentation of the Wilson loops which are the central objects
of study in this thesis. After giving the definition and properties, we will give
explicit examples of the computation of expectation values. In Chapter [3| we define
the Wilson line with a cusp and we discuss the main features of its anomalous
dimension in superconformal theories. In chapter [4] we will study the concept of
supersymmetric localization, which provides a tool for computing the exact value
of some observables. Chapter [5| is based on the original work and it is where we
present the obtained results. At the end, we present the conclusions in[6l Notations
are collected in appendix [A] and in appendix [B] we give some of the computational
details.






Chapter 1

Supersymmetric gauge theories

In this chapter we are going to present the very basic ingredients that we need
for the following chapters: the supersymmetric gauge theories. First we review the
basic symmetries of a quantum field theory and in section we introduce su-

persymmetry, an additional symmetry that mixes bosons and fermions. In section

[L1.1.2] and [1.1.3] we will discuss conformal symmetry and how to combine it with

supersymmetry to enlarge the symmetry group. In section [I.1.4] we are going to
study the representations of supersymmetry and how they are organized into mul-
tiplets. In section we will discuss the quantum properties of a superconformal
theory. In and we are going to present the two superconformal theories
that we are going to study in the rest of the chapters, describing their field content
and symmetries of the actions. Finally in section we give an alternative way to
derive the actions of these theories starting from superspace, which is an extension

of the ordinary space-time that includes additional coordinates that anti-commute.

Gauge theories and supersymmetry

We are going to start by recalling the basic symmetries of a quantum field

theory, these are

= Poincarée symmetry: semi-direct product of translations and Lorentz trans-

formations. The algebra is:

(M, Mypo] = =i (MupMoo = Nuo Moy + Mo My — GupMyus)
[M,UJ/? Pp] = Z (P,Ltgl/p - Pyg,up) (11)
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1 — Supersymmetric gauge theories

= Internal symmetries: with generators 7T, obeying a Lie algebra:

T., Ty =i fupr° T (1.2)

» Discrete symmetries: C (charge conjugation), P (parity) and T (time

reversal).

Supersymmetry

One may wonder if it is possible that the space-time symmetry groups (Poincare)
and internal symmetries of a theory can be included in a bigger group that contains

both in a non-trivial way. With this we mean that the Poincare generators (P, and

M,,) and the generators of internal symmetries (7,, a = 1,..., N* — 1) satisfy:
(M, Ta] # 0
[P Ta] # 0 (1.3)

The answer to this question is given by the Coleman-Mandula theorem [5] that
states that in a generic quantum field theory, under a number of assumptions
(like locality, causality, positivity of energy, etc.), the only possible continuous
symmetries of the S-matrix are those generated by Poincare group generators, P,
and M,,,
theorem rules out the possibility of having a group satisfying , meaning that

plus some internal symmetry group G commuting with them. This

the most general symmetry group containing the Poincare group and an arbitrary

internal symmetry group, is a direct product

Poincaré x Internal (1.4)

It is possible to evade the Coleman-Mandula theorem if we relax the assump-
tion that the symmetry algebra is a Lie algebra containing only commutators,
which means that all the symmetries are bosonic. If we relax this and we allow
to the algebra to have fermionic generators (that will satisfy anti-commutator re-
lations) we could, in principle, include all the generators in a bigger algebra. An
algebra containing generators that satisfy commutation and anti-commutation rules

is called a graded Lie algebra or superalgebra, and the symmetries associated to it
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1 — Supersymmetric gauge theories

are called supersymmetries. In [6] Haag, Loperzanski and Sohnius found a way
to enlarge the Poincare algebra to include such fermionic generators forming the
super-Poincare algebra.

The way this super-algebra is constructed goes as follows: beyond the usual bosonic
generators, the only possibilities are A/ fermions generators of spin 1/2: Q°,, with

a=12andi=1,...,N, we call these generators the super-charges.

The algebra is then extended:

(M, Myo| = =i (guoMvo = GuoMup + GvoMyp = 91pMpo)
(M, Pl = i (Pugup — Pugup) [To, Ty] = i fap T
{QL@)} = CwsZV  {QL.Q3) =6%0lP,
Qi M) = (00)a" Q) Qi T.) = (B.)'; @, (1.5)
where, Z% = Z9T® are bosonic generators that satisfy Z% = —ZJ% by construction

and commute with all the other operators, they are called the central charges. The
coefficients BY and Z;* are related as: BYAJ* = — A (BIF)*.

The supersymmetry algebra (1.5)) is left invariant under a global rotation of the
supercharges @', forming a group U(1)x. In addition, when A/ > 1, the different
supercharges may be rotated into one another under a unitary transformation,
belonging to SU(N)g. These symmetries of the supersymmetry algebra are called

R-symmetries.

Conformal symmetry

A conformal transformation is a transformation of the space-time coordinates

that rescales the line element:
T, — 93;i = G (x) = Q) g () (1.6)

where €(z) is an arbitrary function of the coordinates. When (z) = constant
we have the scale transformations. In the general case, conformal transformations
rescale the distances locally preserving the angles. Besides the ordinary scale trans-
formations, other examples of conformal transformations are the Poincare trans-
formations (with (z) = 1). The conformal transformations are then a bosonic
extension of the Poincare transformations. In order to find all the possible con-

formal transformations we can write an infinitesimal change x* — x* + €/(x) and

10



1 — Supersymmetric gauge theories

impose ((1.6]) to find constraints on ¢*(z). Then e*(z) is given by

(x) = a" + A", 2" + At + b'a® — 2(b - )t (1.7)

where each parameter corresponds to a different type of transformation, explic-
itly:

» Poincare transformations: a" is the parameter of the translations and
A*, the parameter of the Lorentz transformations, with generators P, and

M, respectively.

= Dilatations: parametrized by A and generated by the dilatation operator
D.

= Special conformal transformations: parametrized by a vector b* with
generators K ,.

The set of conformal transformations in d-dimensions forms a group: SO(d,2),

which contains the Poincare group as a subgroup. The conformal algebra is

(M, Mpsl = =i (9upMuo — GuoMup + GuoMpup — GupMuo)
(M, Pyl = i (Pugup — Pugup) (M, Kyl = (Kuguvp — KuGup)
|P,,D] = —iP, [K, D=iK, [P,K,)=2i(M,—gu.wD) (18)

Superconformal symmetry

Now we want to combine the conformal symmetry together with the supersym-
metry. We will study theories that are invariant under supersymmetry and also
under the conformal group, these are called super-conformal field theories. It turns
out that when we want to extend the conformal algebra by including the
supersymmetry generators @', the algebra does not close. For example, using Ja-
cobi identities one can see that the commutator between the supercharges and the
generators of the special conformal transformations is not contained in the alge-
bra. To solve this issue, one needs to introduce another set of fermionic generators
S commuting with K, that plays the same role of @, for P, and generate the
super-conformal symmetries. All these generators enhance the conformal group to
a supergroup which in 4 dimensions is SU(2,2|N).

11



1 — Supersymmetric gauge theories

In 4d the algebra for the super-conformal symmetry is (including the equation

13)

QL@ = 870lPy {QuQ)Y = CapZ? {85, S5} = 090k,
{QL. S5} = 2C.46" D —i(0M)aCyp6" My + BIT® — 4i Cogd” R

| = B.,Q%

(1.9)

‘ ' ) 1 i 1 gl i
[ ;7 M,uu} = (Uuu)aﬂQfB [ ;,D] =1 %Qa [ ouK,u] = _5 (O-M)ads |: aaTa
. 4 . ;. . 1 s . o
[SiMu] = (0w)a"Sy [S0.D] = =38 [ShB] = 5(0")"Qs  [SLT.] = —BL,S)
: 4—-N\ : 4—=NY\ i
Q. Bl = —i <W> Q. [Se R] =i (W) Se o Ty =i fa" T

Multiplets in supersymmetric theories

In supersymmetric field theories, the fields belong to particular representations
of the corresponding symmetry algebra. We are going to study field representations
of the supersymmetry algebra with spin less or equal than 1. For 1 < AN < 4 these
consist of spin 1 vector particles (gauge fields), spin 1/2 Weyl fermions fields,
and spin 0 scalar fields. These fields are restricted to enter into multiplets of the
supersymmetry algebra. Two kind of multiplets can occur for 1 < N < 4: gauge
multiplets or matter multiplets. For N' = 3,4 the gauge multiplet which transforms
in the adjoint representation is the only possible one, while for N' = 1,2 we can
also have matter multiplets (for N' = 1 is the chiral multiplet and for N" = 2 is the
hypermultiplet) transforming in arbitrary representation (R) of the gauge group.
We study these multiplets in terms of their component fields [7]:

» N =1 gauge multiplet (A,,7,): Consists of a gauge field A, and a Majo-

rana fermion 7, (gaugino).

» N =1 chiral multiplet (¢,,): A complex scalar ¢ and a Weyl fermion
Va-

= N = 2 gauge multiplet (A4,,nE, ¢): The gauge field A,, a Dirac fermion
(which is a direct sum of left and right Weyl fermions n¥) and a complex

scalar ¢.

12



1 — Supersymmetric gauge theories

» N =2 hypermultiplet (1)F, $*): Two Weyl fermions ¥= (or equivalently 1

Dirac fermion) and 2 complex scalars ¢=.

= N =4 gauge multiplet (A4,,¢2 ¢'): The gauge field A,, 4 Weyl fermions

Y2 (or equivalently 2 Dirac fermions), and 3 complex scalars ¢! (or 6 real).

It is also interesting to express the content of the multiplets in terms of the
way their transform under the subalgebras or the corresponding supersymmetry
algebra. So we can split the multiplets in the following way:

» (N =2 gauge) = (N =1 gauge) @ (N =1 chiral),g;
» (N =2 hyper)g = (N =1 chiral)g & (N =1 chiral)z
» (N =4 gauge) = (N = 2 gauge) & (N = 2 hyper),q;

where the subscript “adj” in indicates that the multiplet transform in the ad-
joint representation, and R indicates that it does it in the complex conjugate

representation of R.

Quantization

The fact that a symmetry is present in the classical equations of motion, does
not imply that it will be also present at the quantum level. Ultraviolet (UV) diver-
gences may appear when computing quantum corrections to classical quantities.
However the final result must be finite (because it must correspond to the observ-
ables that one measures at experiments), this means that the divergences must
be cancelled at one of the intermediate steps of the computation leaving the final
result finite.

Since these divergences cannot affect the measurable quantities, we should be able
to remove them by suitable redefinitions of the fields and couplings. When a theory
happens to have this property, it is called to be renormalizable. This procedure
naturally introduces a scale p in the theory that in principle breaks the conformal
invariance.

In order to control these divergences we first have to regularize them, this can be
done by different ways (regularization schemes) for example by the introduction of

an energy cut-off M that will be taken to infinity at the end, or by shifting the

13



1 — Supersymmetric gauge theories

spacetime dimension as d = 4 — 2e.

Imagine that we have a renormalizable theory with one coupling constant g, then
we have the physical observables O which are generally given as power series of the
coupling constant g, and are function of some momentum invariants (py,...,p,)
that characterize the process under consideration. In the computation of the quan-
tum corrections UV divergences can appear, which we regulate by introducing a

cut-off M on which O will also depend. We can write O schematically as:

O=0(g9,M,p1,...,pn) (1.10)

If the theory is renormalizable, we are allowed to redefine the coupling constant

as gr = f(g, M/p) in such a way that

O(Q(QR, M/:u)7Map1a s 7pn) = O(QRa,uaph s 7pn) (111)

where p is the energy scale of the process. In this way, the divergences that
originally appear in O were reabsorbed in the renormalized coupling gg. This re-
definition of the coupling makes the physical quantities independent on the cut-off,
so with this procedure UV divergent quantities can be made finite. Of course this
redefinition of the coupling will be a function of the energy scale u, the depen-
dence (which is known as the running) of g with u is governed by a quantity called
[-function, which is defined as:

_ 99
B(g) = "o

This is a very important quantity in the study of quantum field theories since it

(1.12)

determines the conditions under we can safely take perturbation theory to be valid.
When g = 0 it means that the coupling g does not flow, in these cases the theory
is free of UV divergences and the classical conformal invariance is also present at
the quantum level. Examples of such theories are N' =4 SYM and N = 2 SCQCD

which we are going to discuss in the next sections.

N =4 Super Yang-Mills
N = 4 super Yang-Mills (SYM) [8, [9, 10, 1] is a 4-dimensional field theory

with conformal symmetry, both at quantum and classical level, with an additional

14



1 — Supersymmetric gauge theories

local symmetry given by the invariance of the action under some gauge group G.
For now on, we will take the gauge group to be G = SU(N). All the fields in this
theory transform in the adjoint representation of SU(N). The field content is the
following

= N? — 1 gauge bosons described by the field A, (z) = Af(x) T*, with Lorentz
index p=0,...,3.

» 3 complex scalar fields ¢!, with I = 1,2, 3.
» 4 Weyl fermions ¢4, with A =1,...,4 and spinor index a = 1, 2.

The fields (A, 9", ¢7) constitute the gauge multiplet of N’ = 4 SYM. Under the
global R-symmetry group (SU(4) = SO(6)) the gauge field transform as a singlet,

the fermions transform in the 4 representation and scalars in the 6 representation.

From the gauge field A, we can define a covariant derivative (as showed in the
appendix) and the field strength F),,. Having specified the field content of the
theory, we can now write down the action of the theory EL defined on the euclidean

space R%.

. _ . 1 _
S = / d'z 2 Tr {wla(aﬂ)jpmm +in*(0") S Duils — 1" Fuw + ¢"D"D, 1

+igV29" [T, 61] — igV2 (6T, ar + iggﬁuk [0, Il + iggﬁuk (0", 0k

+ 916" 0106, - L1 60”1 (1.13)

where g is the coupling constant, F),, is the gauge field strength and D, is the
usual covariant derivative defined as in the appendix [A] The trace is taken on the
gauge index and ensures the gauge invariance of the action.
This action can be seen as the dimensionally reduced action obtained from the
N =1 SYM theory in 10-dimensions [9] given by

In order to write the action in a way that will be more convenient for us later, we renamed
one of the fermions as 12 — n,. In this way this fermion combines with the gauge bosons 4,,
into the A/ = 1 gauge multiplet, the fermion 7, is called the gaugino.
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1 — Supersymmetric gauge theories

1 /1
Larey = 7 (EFMNFMN — \IJFMDM\I/) (1.14)

In 10 dimensions with the signature (—, +,...,+), the fields are the gauge field
Ay (with M = 0,1,...,9) and a fermion field ¥. With this conventions V¥ is a
16-component Majorana-Weyl fermion that takes values in the adjoint representa-
tion of SU(N). We will identify the gauge fields (Ag, As,..., Ag) of the N =1
10-dimensional theory with the 6 real scalars (that combine into the 3 complex ¢?)
of the 4-dimensional theory. The matrices '™ are related with the 10-dimensional
Dirac matrices (v™). The action describes the low energy effective action
coming from type-I superstring theory. After dimensional reduction from 10d — 4d

we obtain the action (1.13]).

We can do some dimensional analysis on [1.13] taking the standard dimensions
for the fields:

[Au] = [¢I]:1
AL] = 3/2 (1.15)

we see that the coupling has mass dimension zero: [g] = 0, thus the theory is scale
invariant. This, together with Poincare invariance, makes it invariant under the
full conformal group SO(4,2) = SU(2,2) [l These considerations are all at the
classical level, to see if these symmetries are also present at the quantum regime
we should calculate the S-function. It turns out that this function is zero to all
loops [12, 13|, [14], 15], making the theory N/ = 4 SYM conformal invariant also at
quantum level.

The action it is also invariant under the transformations generated by the
Poincare supercharges Q2, @2 thus enlarging the group to the superconformal
group SU(2,2|4). The supersymmetry transformations are characterized by 4
spinors €, (with i = 0,1,2,3) and are the following:

2This considerations are only valid in 4 dimensions.
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1 — Supersymmetric gauge theories

50! = —e UL+ el — M E T
09" = =& Y5 + 87" — €7 €] Ura
YL = i &V st + P fa0 4 ...
0o = —1 &V s — €4 foa + - ..
0 Ao = —i (€ Tla + € — €4 V1a + & Var) (1.16)
where I = 1,2,3 and we have introduced the spinorial way of writing the covariant

derivatives and the fields, the conventions for doing this are listed in appendix [A]

N =2 Superconformal QCD

We are going to study in this section a class of N' = 2 SYM with gauge
group SU(N) and N; hypermultiplets transforming in the fundamental repre-
sentation of the gauge group. These theories have a global symmetry group
U(Ny)xSU(2)gxU (1), where U(Ny) is the flavour symmetry and SU(2) g xU(1)g
the R-symmetry group H If the number of flavours is tuned to be Ny = 2N the
[S-function is zero and theory becomes exactly superconformal at any value of g
[I7]. When N; = 2N the theory is called N' = 2 super-conformal QCD, we are

going concentrate our study on this particular theory E|

The field content of N’ =2 SCQCD consists of:

» N2 —1 gauge bosons described by the field A,(x), as in the N' =4 SYM case.

= | complex scalar ¢ transforming in the adjoint representation of the gauge

group.

3We are interested in superconformal field theories that admit a large N limit, a list of these
kind of theories can be found in [16].

4N =2 SCQCD can be viewed as the limit of a two-parameter family of N' = 2 superconfor-
mal field theories. This family of A = 2 theories have gauge group SU(N) x SU(N) and two
fundamental hypermultiplets, they are governed by two coupling constants g and g each of which
is associated with a factor in the gauge group. For § — 0 one recovers N' = 2 SCQCD plus
a decoupled free vector multiplet in the adjoint representation of SU(N). For g = g, we have
instead Zs orbifold of N' = 4 SYM. Thus by tuning g we interpolate continuously between N = 2
SCQCD and the N = 4 universality class. [18]
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1 — Supersymmetric gauge theories

s 2 Weyl fermions 7, and 1, transforming in the adjoint representation of
SU(N)

» N; = 2N pairs of scalar fields: ¢/, ¢’ (with I = 1,..., Ny) transforming in

the fundamental and anti-fundamental representation of SU(N)

» N; = 2N pairs of Weyl fermions: A%, :\g (with I = 1,..., Ny) transforming

in the fundamental and anti-fundamental representation.
The action of this theory is given by:
S = / diz {2 Tr |:Z'7,DO‘(U”)QBDM@EB +in*(0") S Duils (1.17)
Lo S A TR TN Ta = ~ T«

= T B + 0D"Dyé — 16, 616, 6] + igV20% s, 6] — igV/ 2[00t
+ ng(g“)aBDHA? + ij\af(au)aﬁpuj\m + (IID“DHQI + QID“DMQZI
+igV2 (A 0aqr — @' Nar) — igV2 (@1 Nar — A 0adr) + igV2 (X Yaqr — ¢ Nar)
+igV2 (X PAar — A Ghar) +igV2 (7" Nar — X Padlr)
— 200 +2G" 0dd4; + (7'0s)(@7ar)]

@)@ a) + @) @0 — 2@ @ ar) + 4816, g — 136, m} }

2
4

The action ([1.17) is supersymmetric invariant and the transformation of the
fields are characterized in this case by 2 spinors €, (with ¢ = 0,1) and for the

adjoint fields they are

5¢ = _63 Q/Joc + 6<1x 7)“
§tho = —i €y Vaad + €7 foa + ...
e = —1 €V o) — €5 f3a + - ..
0Aaa = —1 (624 N + Egcna - E; QZJd + g}i %) . (1.18)

In view of the discussion of section [I.1.4] we can describe the field content of
N =4 SYM and N =2 SCQCD in a convenient way as follows:

» N =4 SYM = 1-(N = 2 gauge) @ 1-(N = 2 hyper),q;

18
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» NV =2SCQCD = 1-(N = 2 gauge) ® Ny-(N = 2 hyper)pna

So we can see that both theories share the same N = 2 gauge multiplet and
the difference is on the N' = 2 matter multiplets. We will exploit this property in

chapter [5| to compute the expectation value of some observables.

Superspace approach
An alternative way to derive the actions (1.13)) and (1.17) is given by the N = 1

superspace formalism [19]. The superspace is defined as an extension of the ordi-
nary space by including anti-commuting coordinates 0~ and 8. We can introduce a
compact way to collectively denote a point in superspace and the partial derivatives
as

—a

A= (2™ 6°,0")

aA = (aao'uaaygd) 9 (119)

where we are using again the spinorial way to write the usual coordinates and
derivatives (as explained in appendix |A| together with the conventions for rais-
ing and lowering indices). In superspace the supersymmetry algebra is obtained
performing translations and rotations involving both the spacetime and the anti-
commuting coordinates.

Representations of the supersymmetry algebra can also be described in superspace,
to do this we introduce superfields which are functions of the space-time coordinates
F(z,0, 9). These functions can be expanded in Taylor series of the anti-commuting
coordinates. Since you can not have powers of # higher than 2 because they vanish,
the Taylor expansion is finite and a general superfield can be expanded in terms of
a finite number of fields depending only on z#, this fields are called the components
of the superfield.

A general superfield is not a reducible representation of supersymmetry, for this

reason we need to impose constraints on them.

Chiral superfields

The simplest example of a constrained superfield which serves as an irreducible

representation of supersymmetry is the chiral superfield defined as:
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1 — Supersymmetric gauge theories

Dg® =0 (1.20)

where D, is a fermionic covariant derivative defined in appendix The Taylor
expansion of a chiral superfield is

n « 2 4 apl afs 9292
(13(33‘,9,9) = ¢(3§')—|—9 wa(.’ﬂ)—g F(.%’)+§9 0 8mw5(33)0 +TD¢(3§‘) (121)

Their components are defined by:

¢(x) = Plo=o
T/Ja(x) = Daq)|6:0
F(z) = D?®|s—g (1.22)

In the same way we can define anti-chiral superfields that are annihilated by
D,,. Note that ® is anti-chiral if ® is chiral.
So a chiral superfield describes the N = 1 chiral multiplet: a complex scalar and a

fermion (the field F' is auxiliary).

Vector superfield

A real scalar superfield (V = V1) is called the vector superfield and its expansion

is given by

V(2,0,0) = C+0% Yot 0 Xy—02 M—0" M+0°0" Apy+i0 0% na—i 020" 7,+6%0° D'
(1.23)

Turns out that the components C', x, and M can be removed by a gauge
transformation. The gauge where all of these components are zero is called Wess-

Zumino gauge. The superfield V' is this gauge is given by
V(2,0,0) = 0°0" Aug +i0 60, —i6°0° 7, +0%0° D' . (1.24)

whose components are defined as:

1 —

Aac'x(x> = §[Da7 Da]V|0:0
—2
Na(x) = 1D D4V |g=o
Ta(x) = —iD’DyV o=
/ 1
D(z) = §D“D2DaV!azo (1.25)
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1 — Supersymmetric gauge theories

This superfield describes in the correct way the N/ = 1 gauge multiplet, where
the physical fields A,s and A\, are the gauge field and the gaugino, the field D is

auxiliary.

The theories studied before can me conveniently described using this formalism.

N =4 SYM from superspace

In N = 1 superspace formalism, the field content of N' =4 SYM is organized
into one real vector superfield V' (which give rise to the gauge multiplet) and 3
chiral superfields ®! (I = 1,2,3) that forms the matter multiplet and are endowed
with SU(3) symmetry.

In this language, the superspace action for this theory is then:

. 1
S= / d'z d*0Tr(e”?" & @1) + — / d*z d*0 Tr(WW,)
9
o1 | d'a @ ey e (@107, @) + he. (1.26)

where W, = i D’ (e=9V D, e9") is the superfield strength of V.

The component action (1.13)) can be obtained projecting (|1.26) down in compo-

nents.

N =2 SCQCD from superspace

We can do the same for N' = 2 SCQCD. In this case the field content of
the gauge multiplet is organized into 1 vector and 1 chiral superfield. The rest
of the matter is described in terms of the quark chiral scalar superfields @’ and
Q! (I = 1,...,Ny¢), which transform respectively in the fundamental and anti-
fundamental representation of SU(N) and together form an A' = 2 hypermultiplet.
The superfield action is given by [20]:
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S—/ d'z d*6 [Tr(e_qu)egv(l?) + Q' Qr + Qle_gvéj
+ %/ d'z d*0 Te(WW,) (1.27)
+Zg/ d4I d26 qu)QI_Zg/ d4l’ dQé Ql(i)él

The component action ([1.17]) is obtained projecting (|1.27]).
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Chapter 2
Supersymmetric Wilson loops

Wilson loops are one of the most studied gauge-invariant operators in super-
symmetric gauge theories. Physically, they represent the phase factors associated
to the propagation of a charged particle along a closed path and in some sense they
measure the response of the gauge field to the insertion of an external point-like
source passing around a closed contour.

They were proposed by Wilson in [21] in the context of lattice formulation of quan-
tum chromodynamics but their study became interesting outside of this context by
their relation to relevant observables in QFT (like the bremsstrahlung function or
the quark potential, as we will see in the next chapters).

They form a complete set of observables, which is to say that you can write down
all other observables in terms of them by performing algebraic operations [22].
They can be computed both at weak (by means of perturbation theory) and strong
coupling (using AdS/CFT correspondence). In some cases with a lot of symme-
tries and specific contours, they can be evaluated exactly using supersymmetric
localization, as we will see in chapter [4] this is very useful because it can be used
to test some conjectures of the holographic duality.

In this chapter we are going to introduce these objects both in ordinary gauge
theories and in the supersymmetric gauge theories we studied in chapter . After
giving its definition we will study the conditions under which these objects preserve

the original supersymmetries of the theory and give some examples.
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2 — Supersymmetric Wilson loops

The Wilson loop
The Wilson loop in ordinary gauge theory is defined as:

1
= T —1 HA 2.1
WIC| dime rr P exp [ zg?ﬁdw “(x)] (2.1)
where R is the representation where the fields are taken and C is the curve that

is parametrized by z#(7). The operator P is the path ordering operator and it is

defined as:

1 1 Tn—1
P j{d:v’l“ . j{d:pﬁ” = / dﬁ/ dry .. / dry, 2" (1) ... 2" (1)  (2.2)
c c 0 0 0

Instead of we could also consider gauge theories endowed with supersym-
metry where the vector multiplet includes also scalars and fermions. In the next
sections we will extend the definition of the Wilson loop for N' = 4 SYM theory
and A/ = 2 SCQCD. We will study their supersymmetric properties and give some

examples.

Wilson loops in N =4 Super Yang-Mills

In ' =4 SYM theory the Wilson loop (2.1)) is generalized to a supersymmetric
version that includes also couplings with the scalar fields |I| The most general

Wilson loop we can consider for this theory is

1 .
WiC] = dimRTrRPeXp [—zgj{dr £(T>}
with  L(1) = i"A, + %] 0, ¢} (2.3)

where ¢% are the six real scalar fields of the theory. This is known as the
Maldacena-Wilson loop [23]. With our conventions, working instead with 3 complex

fields, the connection reads

IThe additional scalar couplings in become natural if we think to the N'=4 SYM as the
dimensional reduction of the N'=1 SYM in ten dimensions.
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L@g::iﬂAﬂ+-%g|¢un1¢f+7#$S (2.4)

The couplings with the scalars can vary along the path but they must satisfy
0'0; = n'n; = 1 to ensure the cancellation of the 1-loop divergences [24]. To see

this, we first write the connection ({2.3]) in a more convenient way as:

£r) = A, + L1 +'F) 25

The expression is recovered when ¢! = |#|n!. Let’s compute the ex-
pectation value of the Wilson loop at linear order in the 't Hooft parameter
A = ¢?N and, in order to isolate the divergent terms, replace the propagator
1|z — 22> = 1/(|x1 — 20| + €2):

A ) m . (1) d(12) + 5 (57 (1) Ys (12) + Y1 (11) 97 (72))
(wich) =1 (27)2 j{d 1/0 dry |z (1) — x(72)|? + €2 2.6

The divergence arises when |7 — 73| ~ € in the limit € — 0, so we can write:

= tmite & A L [P @) du(n) + (1) Ui (1)
(WM)_fit+<%Vfﬁ{/ﬁd2

_ €2
EXY

)\ 2 ) . -7 hin
— ﬁnlte + 5 - fd,rl €z (T1> xli(Tl‘) + y (7—1) yI(Tl) (27)
(2m)% € |2 (1)
Then the condition to remove this divergence is:
gy = =it i, (2.8)
It can be shown that this also cancels higher order divergences [24].
For a time-like curve in Minkowski?| space we have that @ &, = —|#|?, so we obtain

the connection (2.4]) with n'm; = 1 that parametrizes a vector lying on S°. As we

2We exclude the case when the curve is space-like, since it can be shown that a BPS Wilson
loop in A/ =4 SYM must be time-like or null in order to satisfy spinor constraints [25], and null
Wilson loops do not couple to the scalars.
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will see, this condition is also needed to guaranty supersymmetry.
When we work in the Euclidean theory, as we will do in the next chapters when

doing perturbation theory, an extra i factor is produced in the term |#| and the

connection is
2 _
£lr) = 4, i 2 1] (o1 o+ 5 29

Now we are going to study the supersymmetric properties of the Wilson loop.
The supersymmetric variation of (2.4 gives:

SWC| = — ﬂﬂpfﬁTpamc@»ewﬂwm (2.10)
C

1My

where

0L = V21 Ans + \/75 2| (n 6¢; + 7' 6¢;) (2.11)

Remembering that the fields transform according to ([1.16|), at linear order we

can write:

5L = V2 [i (el Th + e ) — i (e + 07|

2 o
b it [ e = N G — ]
2 . L
+ gﬁm [—ﬁaEi—eIJKef’,“wKa—Eg‘wi] (2.12)

Imposing that §W|[C] = 0 we find that:

2i 5% + |z|n'e = 0

od el _ |3 elTK e —|i|wl e = 0 (2.13)

2z

These are the conditions for a locally supersymmetric Wilson loop, this is a
local condition because at every point of the curve the equation is different, so the

condition for supersymmetry preservation varies along the curve. We might wonder
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2 — Supersymmetric Wilson loops

when this is also a global property: the Wilson loop will be globally supersym-
metric if the equations (2.13)) are the same for all 7, this puts restrictions on the

shape of the contour and on the couplings n’

. When this happens, a fraction of
the original supersymmetry is globally preserved and the number of linearly inde-
pendent €/ that satisfies determines the number of conserved supercharges.
For generic z,(7) and n'(7), form an infinite set of equations for all the
components of €/ and €2. However, there exist examples of non-trivial solutions for
these equations, like the straight line or the circle with n! constant or the Zarembo

generalizations [20] that we are going to see in the next section.

Examples of SUSY Wilson loops

The simplest examples where the condition (2.13]) is preserved along the whole
loop are the straight line and the circular loop (which are the only two globally
supersymmetric trajectories that preserve the maximum amount of supersymmetry

with n! constant) and the Zarembo generalizations [26].

Zarembo loops

In [26] Zarembo proposed a way to classify the supersymmetric Wilson loops,
this analysis selects a class of loops which satisfy the following condition on the

scalar couplings

. T . —T
n! = lef il with MiMU = —Guw (2.14)
The connection ([2.4]) becomes:
. V2 — I —1
L(7) = i"(7) (AM +ig (M} o' =M, o) (2.15)

This property reduces (2.13)) to an algebraic set of equations that, if consistent,

imply that the Wilson loop is globally supersymmetric. These equations are:
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it <Uu)ad €, — Migﬂ = 0

i [(0,)7% el — €K M+ Mizﬂ -0 (2.16)
For a generic curve we have 4 independent algebraic equations whose space of
solutions has dimension 1 [26], this means that 1 out of the 16 supercharges is
preserved by the Wilson loop defined by the connection (2.15]), we say that the
Wilson loop is 1/16 BPS.
If the contour has a special shape, the supersymmetry is enhanced. If we constrain
the curve to lay in a 3-dimensional subspace (setting for example 2° = 0), we have
3 instead of 4 equations and the number of preserved supersymmetries doubles and
the loop is 1/8 BPS. Going on, when the loop lies inside a dimension-2 subspace
the Wilson loop is 1/4 BPS, and for a dimension-1 curve is 1/2 BPS being the

straight line a particular case of this.

In [26] it has been checked up to order g* that the expectation value of the loop
is (W]C]) = 1, this is basically due to the equality of the gauge and scalar
propagators. The fact that ¢? and ¢* terms vanish gives the indication that the
expectation value of this kind of Wilson loops is free of quantum correction. This
conjecture made by Zarembo in his paper was proven in [27] using the AdS/CFT

correspondence.

Circular loop

The best known example of a Wilson loop which does not posses a trivial
expectation value is the circular one with n! constant, discussed in [28]. This
Wilson loop preserve half of the supercharges, thus it is 1/2-BPS.

Let’s compute perturbatively its expectation value. The circle is parametrized in

the following way

2#(1) = (sinT,cosT,0,0) in Euclidean

z#(1) = (sinh 7, cosh 7,0, 0) in Minkowski (2.17)

The propagators that enters in the perturbative expansion are given by
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0% &y -y + |dn|lt] _ 0 1—cosh(n—m) _ 0
u b o 122 L2 ! 2~
(LY) L(12)) = (27 )2 (21 — 12)2 ~ (2m)%2 2 —2cosh(my — 1) 872
(2.18)

Since the propagator is coordinate independent, one can sum all the diagrams
with no internal vertex (the so-called ladder planar graphs). This can be done by
finding the appropriate recurrence relation and then summed up to all the orders.
The problem of summing the ladder graphs on the circle can be mapped to a
matrix-model, this has been conjectured in [29] and proven by Pestun in [30] using
the supersymmetric localization techniques that we are going to explain in chapter
4
Next we have to look for the diagrams with internal vertex. It is possible to show
that at order g* the sum of all these diagrams equals to zero [28]. In [28, 29] was
conjectured that this cancellation occurs at all order in perturbation theory, so the
expectation value of the circular Wilson loop is given by the matrix model proposed
in [29].

Wilson loops in N =2 Super Conformal QCD

The supersymmetric Wilson loop in N' = 2 SCQCD is defined analogously to

the N/ = 4 case with the connection now:

L(7) = i"A, + */;m (no+70) (2.19)

Since n7 = 1, the connection can be parametrized in the following way

V2

L(T)=d"A, + 7| | (e ¢ 4 71 §) (2.20)

The SUSY variation of the connection takes the form

0L = V2 [i (el by + & ta) — i (€470 — 0 74)]
V2 , V2 —a =l _ o

+ 5 || e’ [—77“ 5(11 — € 7%} + 72 || e " [_77 ) Ea} (2.21)
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And the equations (2.13)) for supersymmetry preservation now are

208 e, + || e = 0

21 Ve — || e e = 0

In this case, the equations (2.22)) can be solved very easily to give:

NeTe"
€ =2 ¢ I|7| E(l-l

(2.22)

(2.23)

These constraints fix half of the parameters of the supersymmetry transforma-

tions. Again this condition should hold at every point of the path, so this is a local

condition for supersymmetry. The conditions for the Wilson loop to be globally

supersymmetric are the same as the ones considered for the N’ =4 SYM case.
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Chapter 3

The cusp anomalous dimension

In this chapter we are going to study the behaviour of Wilson loops which suffers
from discontinuities. We will study a particular type of discontinuous loops: those
formed by the intersection of two straight lines. We will see that in these cases, the
expectation value of the Wilson loop develops logarithmic divergences and these
divergences are controlled by a quantity called the cusp anomalous dimension. This
quantity is related to many physical observables in the theory and in some cases it
can be systematically computed using perturbation theory or localization. One of
the most interesting aspects of the cusp anomalous dimension is observed when we
take the zero limit of the angle defining the cusp, in this case the cusp anomalous
dimension is related to a quantity that determines the energy radiated by a moving
particle: the Bremsstrahlung function.

We start in section by reviewing some aspects of divergences in Wilson loops
and we will see how the cusp anomalous dimension appears. Then in section [3.1.1]
we will study various limits of the cusp anomalous dimension and we will see
how certain physical observables can be obtained from it. In section we will
generalize the definition of this quantity to a form applicable to supersymmetric
theories that have Wilson loop operators that include the extra coupling with
scalars. We will see that in these cases it is possible to define another angle, apart
from the geometrical one, that relates the coupling with the scalars at both sides
of the cusp and study the various possible limits of it. In section we will

concentrate on the light-like cusp anomalous dimension and we will relate it to the
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3 — The cusp anomalous dimension

possibility of the existence of a universal function of gauge theories.

Cusped Wilson loops

We star by considering the ordinary Wilson loop in a generic gauge theory

wie Trp P exp [—ig 7€ dxﬂAM(x)] (3.1)

B dimp
The theory can have some UV divergences. As we saw in chapter [1} the fields and
couplings are renormalized by counterterms, these potentially divergent terms are
inherent to the lagrangian of the theory and don’t depend on the contour of the
Wilson loop. Let’s assume that we already performed this renormalization for the
fields and couplings and concentrate our discussion on the type of divergences that
arise due to the particular shape of the loop.

When the loop is a smooth curve (meaning that it doesn’t have discontinuities),
these divergences can be factorized as [31]

E
a

(W[C)) = e« x finite (3.2)

where L|C] is the length of the contour and a is the UV cut-off used to regularize
small distances.

Now consider a loop with a cusp, which is a path formed by the intersection of

two straight lines that form an angle ¢ as it is shown in figure 3.1

Figure 3.1: A cusped path C characterized by an angle ¢.
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V12
lv1]|v2]

The cusp is characterized by the euclidean angle ¢ defined as: cosyp =

V1 -2
[v1]lvz]

Alternatively, working in Minkowski space: cosh ¢, =

Due to the presence of the cusp new divergences appear. In [32] was shown that
these divergences can be removed at any order by a multiplicative renormalization
constant

Wr[C] = Zgysp(0)W[C] (3.3)

In [33, 2] a renormalization group equation was derived for the cusped Wilson

loop:
0

)
(u o + B(gr) Dam + Teusp (4 gR)) Wr(p, ¢, 9r) =0 (3.4)

where g is the renormalization mass scale, gr is the renormalized coupling

constant, 3(gg) is the f-function defined in section and

dlog Z
dlog i
is the cusp anomalous dimension. Equation (3.4)) together with the definition of

the cusp anomalous dimension imply that the divergent part of the Wilson loop

(3.5)

I\t:usp -

exponentiates as [31]

(W [Cp]) ox e Tevsloalons (3.6)

where again L is the length of the contour and a is the short-distance cut-off.

Equation provides the standard prescription for computing the cusp anoma-
lous dimension at weak coupling. In fact, it is sufficient to compute the cusped
Wilson operator order by order in g, using dimensional or cut—off regularization to
tame UV divergences and introducing a suppression factor to mitigate divergences
at large distances. In dimensional regularization, which consists on shifting the
spacetime dimension as d = 4 — 2¢, I'cysp can be read from the coefficient of the 1/e

pole. We will see in chapter [5| explicitly how to do it.

Limits of the cusp anomalous dimension

The cusp anomalous dimension has an interesting dependence on the cusp angle.

The following three limits are of physical importance:
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» large angles: In the limit of large Minkowskian angles we obtain

Lewsp (95 or1) === K(9) oar + O(£4) (3.7)
where K (g) is the anomalous dimension of a null Wilson loop [32]. It was
computed in perturbation theory [34,35] in AV = 4 SYM. It can be determined
exactly by an integral equation [36]. We are going to talk about it in more
detail in section [3.3]

= anti-parallel lines: When ¢ ~ 7 the cusp anomalous dimension develops a

pole
V(g)

T
In conformal gauge theories V(g) is related to the the quark - anti quark

Fcusp(ga 90) = - Y~ (38)

potential.

= small angles: When ¢ — 0 the cusp divergences disappear and the cusp

anomalous dimension vanishes as

©—0

Fcusp<ga 90) E— _(102B<g) (39)

B(g) is the Bremsstrahlung function of the theory and it is related to the
energy radiated by a moving particle [I]. In some theories it can be computed

exactly using localization, as we will see in chapter [4]

Generalized cusp anomalous dimension

Now we want to study the supersymmetric version of the Wilson loop that was

defined in (2.4) and (2.19) for N =4 SYM and N = 2 SCQCD respectively as:

1

(WI[Ch Trgr P exp {—ig]{dT E(T):| (3.10)
c
with
Ln—y = "A,+ \/75 2] (n! ¢! —l—ﬁ]q_bj)
. V2, -
Ly—e = m"AM+7\x\(n¢+n¢) (3.11)
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3 — The cusp anomalous dimension

We can use the couplings n! (and n) as directions in some internal space (S°

for N'= 4 and in S! for N' = 2) and, instead of considering the configuration n’
constant along the whole loop, we can take 1 and 1o, allowing a change when
the direction v; changes to vo. Then we can define an internal angle

cosf = [n{ s+ ml ng] (3.12)

1
2

as showed in picture [3.2

(A
N

Figure 3.2: Change in the couplings with the scalars, characterized by an angle 6 in the
internal space.

Then the cusp anomalous dimension will depend on both angles: I'c,.sp(9, @, 0).
This quantity is called generalized cusp anomalous dimension and it shares some
of the properties of the ordinary cusp anomalous dimension. For N = 4 SYM it

has been computed at weak coupling in [24]

» in N = 4 SYM it characterizes the planar IR diverges that arise in the
scattering of massive W-bosons on the Coulomb branch of N' =4 SYM [I].

= When 6 = £¢ the configuration is supersymmetric and the cusp anomalous
dimension vanishes. In this case the Wilson loop is BPS, it is a particular
case of the 1/4-BPS loops [26] that we saw in section [2.2.1] We will come
back to this in section 3.2l

» In the limit ¢ — 7, the generalized quark-antiquark potential is obtained [37]
and matches the usual one (3.8) when 6 = 0.
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3 — The cusp anomalous dimension

BPS configurations
In general the Wilson loop defined by the angle is not BPS, except in some

trivial cases. For example, when the the coupling with the scalars doesn’t change
(0 = 0) the Wilson loop is 1/2-BPS for ¢ = 0, which is the straight line studied in
the previous chapter. But turns out that for the situation where 6 #+ 0 there exist
a non-trivial case for which the loop becomes BPS as well, and it is when 6 = +¢.

Around this point the cusp anomalous dimension behaves as

Leuwsp(g, 0,0) = —(¢° — 0*)H(g, ) ¢~ 0 (3.13)

The very interesting feature of this identity is that the function H(g,¢) has the
following property:

H(g, =0) = B(g) (3.14)
where B(g) is the bremsstrahlung function for the ordinary loop with § = 0. This
property trivially implies that

Leusp(g, 0 =0,0) = 0*B(g) (3.15)

This means that we can compute B(g) either by taking ¢ < 1 with § =0, or § < 1
with ¢ = 0. Making a clever use of this fact, we can reduce a lot the computations
when calculating the bremsstrahlung function.

Let’s illustrate this with a 1-loop example: at this order, the contributions to the
expectation value of the Wilson loop of the type will be just the single gluon
and scalar exchange:

T >

Figure 3.3: Gluon and scalar exchange that contributes to the 1-loop order in the Wilson
loop expectation value.

And will produce a factor

N 319

|U1 1 — Uy 7'2|2

As we saw before, the 1-loop term in the cusp anomalous dimension can be

obtained directly from this expression after regularizing divergences. In order to
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3 — The cusp anomalous dimension

obtain B(g), we will need to keep track of the coefficient of the quadratic term
©?, but due to the properties and (3.14), we can also derive B(g) by setting
¢ = 0 and taking the 6% coefficient.

Therefore, from expression only the term proportional to cos (in this case,
the scalar propagator contribution) will be necessary, so we can ignore all the

diagrams that do not involve cosf factors (the gluon exchange in figure .

Light-like Cusp anomalous dimension

The light—like cusp can be used to check an interesting universal behavior of the
cusp anomalous dimension that was found to hold up to three loops in QCD and
in Yang—Mills theories with only adjoint matter [4, [38]. Precisely, when expressed
in terms of the light-like cusp replacing the coupling constant, the cusp anomalous
dimension gives rise to an universal function Q(K, ) that is independent of the
number of fermion or scalar fields in the theory. This is done in the following way:

Define a new effective coupling constant @ = K (g), the universal function is defined

as
Q(aa 90> = Fcusp(ga SD) (317)
The expansion coefficients of the two functions are related to each other as
a ) a \2 ) K@ F(l)(gp)
Qa,p) = WF( (@) + (W) [F( (o) - —Ro (3.18)
3 K® 1O K®1r® KOz
N (L) ®)(p) — (¥) (p)  (KO)TO()]
KO KO K® (KM)2

This function has been computed for N’ = 4 SYM, for QCD and for a gen-
eral Yang-Mills theory containing fermions and scalars. Since the cusp anomalous
dimension depends on the particle content of the theory, it is expected to find
different results for (a, ). In [4] it was found that, at least to three loops, the

function is the same in any gauge theory.

Qn=s(a, ) = Qqepla, ) = Qym(a, ). (3.19)

This means that all the dependence on the particular theory stands in K(g?).
Equation (3.17)) is valid for any ¢, in particular

Qa, ) = —p*Bla) + O(p%) (3.20)

39



3 — The cusp anomalous dimension

By construction this means that B(a) = B(g) is a universal function up to at

least three loops.

We will come back to this point again at the end of chapter [5| when we will talk
about the existence of a substitution rule relating N'=4 SYM and N' = 2 SCQCD

[39, 40, 41].
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Chapter 4
Localization

In this chapter we will introduce the concept of localization. It was originally
studied in the context of equivariant cohomology and topological theories [44], 45],
then its utility was extended within quantum field theories.

This method allow us to compute certain functional integrals as partition func-
tions or expectation values of some operators in supersymmetric theories. If we
see the fields as coordinates in a super-manifold'] the introduction of an opera-
tor that modifies the action in a controlled way permits to restrict the integration
domain to a submanifold called the localization locus, which in general has lower
dimensionality than the original one. The price to pay is the appearance of some
determinants that in general are not easy to compute, except in some cases with a
lot of symmetries.

The localization formula that we are going to derive provides a way to obtain non-
perturbatively the exact results of local and non-local operators (such as Wilson
loops [30] and their correlation functions). Having an exact expression for expecta-
tion values is very powerful since it can be used, for example, to test some aspects
of dualities.

In this chapter we will start in section by presenting the basic and intuitive
idea of supersymmetric localization and explain how in some cases this procedure

reduces the functional integral to a zero-dimensional one known as Matrix Model.
In sections .2 and 1.3 we will see that this is the case for the theories N' = 4 SYM

LA supermanifold is a manifold with both bosonic and fermionic coordinates.
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4 — Localization

and N = 2 SCQCD, and we will give the expectation value of a circular Wilson
loop computed by this method. We will also see how we can use localization in a

suitable limit to obtain the exact form of the Bremsstrahlung function.

Supersymmetric localization and Matrix Models

In this section we will explain the concept of localization [30, [46, 47]. Let’s
denote collectively the fields in the theory by ® and the action by S[®]. The

euclidean partition function H of this theory is defined as

Z= / Dde 59! (4.1)

Suppose that we have a fermionic symmetry of the action generated by Q. this
means that QS[®] = 0. In general, Q? is a bosonic symmetry of the theory.
Let’s assume that we have an operator O that is also invariant under the action
of @ (QO = 0), and assume that the symmetry is not anomalou&ﬂ, the operator
O could be a local operator or a non-local operator like a supersymmetric Wilson
loop. We want to compute the expectation value of this operator, that is defined

as

(0) = / paliYotaitd (4.2)

The localization technique is based in the following idea: we can modify the
action and the partition function in a certain way without affecting (O). In fact,
let V[®] be a fermionic functional constructed in such a way that Q*V = 0 and the
bosonic part of QV being positive semi-definite (the need for this condition will be

clearer later). We can consider a modification of the action given by

S[®] — S'[®,t] = S[®] +t QV (4.3)

where t is a real parameter. In this way, we get a new theory defined by the

action S'[®, t] which is still invariant under Q. Note that we recover the original

2The same theory defined in Minkowski space-time we replace —S[®] — iS[®].

3An anomalous symmetry will produce a change of the integration measure D® under the
action of Q, meaning that Q(D®) # D® and thus changing the value of the partition function.
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theory for ¢ = 0.

The path integral of the new theory is
Z(t) = / DPe Pt QVIT] (4.4)
We now compute the expectation value of O in the modified theory:
(O)(t) = / DO O ¢~ S1PI-t V2] (4.5)

To see that the expectation value of O is the same in both theories, we take the

derivative with respect to t of the above expression:

d
dt
We know that Q(S +tQV') = 0 by construction and Q(O) = 0, so we can take
Q outside the whole integrand:

(O)t) = — / DO O (QV)e S@I-1QVI?] (4.6)

O(QV)e 1V =9 (OVe 519 (4.7)

with this, equation (4.6|) is written as

d
dt
Finally, we can make use of the fact that the measure D® is invariant under the
action of Q to say that the integrand of is a total derivative in the field

space. So after conveniently fixing the boundary terms, the result is zero. Thus,

(O)(t) = — / DD Q(OV e—SE-tovialy (4.8)

the expectation value of the Q-invariant operator O is the same if we compute it
in any of the theories defined by the modified action (4.3):

(O)(t)=(0) ¥t (4.9)
In particular the result will be the same if we compute it in the limit ¢ — oo.

() = lim (O)(1) (4.10)

t—o0

This limit is particularly interesting because computations are much more easy

to do, as we will see. In fact, is easy to see that due to the assumptions we made
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on QV, the contributions to the functional integral for large ¢t are exponentially
suppressed, except at the points where QV = 0.

Therefore in the limit ¢ — oo the only points contributing to the integral are the
ones that lay in the subset {®/ QV[®¢] = 0} that we call the localization locus of
QV. We say that the integral localizes in this set of points.

Now we want to evaluate the path-integral (4.4) in the limit ¢ — oco. To do this,

lets parametrize the fluctuations of the fields around the localization locus as

1
=0y + —0P 4.11
0 \/E ( )

Now expand the deformed action around these field configurations:

J(QvV) 5d
(QV)[(I)O]+/< o " W)
(5CD)2 —1/2
i //(5@5@ [%] ; ) +0(t71?)
B //( 50 6 [M(M’)z) + 0@t (412)

where in the last line we have used the fact that ®( are zeros and fixed points of

S+tQV = S[®] +t

QV'. Therefore only the on-shell action Sy and the second order variations of QV
around the fixed points enters in the limit ¢ — co. We say that the result is 1-loop
eract: meaning that the higher order terms in the expansion around ®, vanish in
the £ — oo limit.

Then we arrive to the localization formula for the path-integral

= / DBy Z1_100p[Po] €520 (4.13)

where Z1100p[®o] is the 1-loop determinant that characterizes the fluctuations

around ®y and it is given by

§@(QV)
Z1100p [ Po] = SDet | ———= 4.14
1-1 P[ 0] Set|:5q)5®:| ( )
where “SDet]...]” is the ratio of the determinants of the operators appearing

at quadratic orders in the bosonic and fermionic fluctuations in (4.12). The lo-

calization formula (4.13)) is a very powerful tool that we can use to drastically
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simplify the path integral that one needs to compute to evaluate expectation val-
ues of Q-invariant observables. Depending on the space-time dependence of the
field configurations belonging to the localization locus, one may be left with the
path integral of a lower-dimensional quantum field theory. In most of the cases
cases, the fields on the locus are independent of the space-time coordinates and we
get a finite-dimensional integral of a zero-dimensional quantum field theory such

as a matriz model [47].

When we derived the formula (4.13)) we haven’t had into account the possible
instanton contributions. To give a more accurate expression we should include
their contribution to the path integral in the form of an extra factor in (4.13). The

formula will be then

Z = / DBy Z1100p[Po] Zinst[Po] €50 (4.15)

where Z; is the partition function of the instantons [48], 30].

We will apply these results to compute the exact expectation value of the 1/2-
BPS circular Wilson loop in N' =4 SYM theory and in N' =2 SCQCD. [30, 49].

Matrix Models

Matrix models are the simplest examples of quantum field theories, they are
quantum gauge theories in zero dimensions where the basic field is a Hermitian
N x N matrix a. We will follow the review [50] and we take the action for a to be
of the form: .

I 2 9p P
Sla] = 5 Tr(a®) + p; . Tr(aP) (4.16)

where g, are p-dependent coupling constants.

The action has the gauge symmetry

a—UalUT (4.17)
where U is a U(N) matrix. The partition function of this theory is
1 _1g
Z=—————|[|d g Slal 4.18
Vol(U(N)) / da]e (4.18)
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where ¢ is another coupling constant that gives the correct dimension to the
propagators, each interaction vertex with p-legs gives a power g,/g. The factor

Vol(U(N)) is the usual volume factor of the gauge group.

The measure of the path integral is

N
[da] = 2N<A;71) H dau- H dRe Clij dIm aij (419)

i=1 1<i<j<N

The simplest example of a Matrix Model is the quadratic one, known as the Gaus-

sian Matrix Model. It is defined by the partition function

1 — L Tr(a?)
Z=—" 292 4.2
Vol(G) / da] e (4.20)

The expectation value of an observable O[a] in this model is given by

da) Ola] e~ 27 @)
f[da] e—ﬁTr(aQ)

©la)) = 11 (4.21)

This model is exactly solvable, meaning that the expectation values can
be computed systematically [50].
The partition function of more general matrix models with action (4.16)) can be
evaluated by doing perturbation theory around the Gaussian point: one expands
the exponential of Y- - 4(g,/9)Tr(a?)/p in (4.18), and computes the partition func-
tion as a power series in the coupling constants g,. The evaluation of each term of

the series involves the computation of Gaussian integrals of the form (4.21)).

Matrix Model for N =4 Super Yang-Mills

In section [2.2.1| we mentioned that in order to compute the expectation value of
the circular Wilson loop only certain type of diagrams (ladder graphs) have to be
considered [28]. Moreover, since each propagator that enters in the loop contributes
with a constant factor, the sum can be done by means of a zero-dimensional field
theory, i.e: a matrix model. In [29] Drukker and Gross proposed that the value

of the circular loop can be calculated exactly with a Gaussian Matrix Model. The
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conjecture then states that, at any order, the result is

7‘,2
[lda) Tr(e2m) e~ 9T TH@)

2
Jda] e =™

(Wico)) =

(4.22)

Since this matrix model is Gaussian, it can be solved explicitly. The final exact
result turns out to be

1 gQ%

(WiCol) = - ha(-L) e (4.23)
where Lj- is a Laguerre polynomial, given by
, 1 ol L
Li(z) = ] " %(6_1 2t (4.24)

In [30] Pestun proved this conjecture by using the localization technique that we
saw before and generalized it for N' = 2 theories. Looking at the formula , for
the particular case of N' = 4 SYM all the instanton contributions vanish and the
1-loop determinant is exactly 1 (meaning that fermionic and bosonic contributions

cancel). The partition function is then

5 Tr(a?)
Zney = S4[da]e 9 (4.25)

The Bremsstrahlung function

In the previous chapter we have defined the bremsstrahlung function as the
coefficient of the quadratic term in the small angle expansion of the cusp anomalous
dimension.

p—0

Fcusp(ga 90) E— _(1028<g) (426)

In [I] it was proved that B(g) can be obtained from the expectation value of the
1/2-BPS circular Wilson loop as a derivative with respect to the 't Hooft coupling
A= g’N:
1
where (W[Cq]) is the expectation value of the circular Wilson that can be
computed via the matrix model at all orders in A and it is given by (4.23)). In the

large N limit the bremsstrahlung function is:
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_ ﬂ (V)
An? [[(VA)

where I,,(z) are the modified Bessel function of the first kind. We can expand

+ O(1/N?) (4.28)

N=4

this in power series of A and we get:

A A2 A3

4
12 384n2 T oolddnt O (4.29)

BN:4 =

which agrees with [37].

We can obtain an alternative expression for the bremsstrahlung function if we
place the circular Wilson loop on the ellipsoid Sy:
2, 2 2, .2
i+ T3+
22+ 2 2, T3 T
12 12

(4.30)

The squashing parameter is b = 4/ /T, and the case b = 1 corresponds to the sphere
S%. In this case, the expectation value of the circular Wilson loop given by the

matrix model (4.22)) is now a function of the squashing parameter b and becomeﬂ:

[[da] Tr(e=?mba) e~ S Ti(a?)
[[da] e~ 5" Tr(@)
Now, working in the ellipsoid, the expression (4.27) is equivalent to

(Wo)p = + O(b—1)? (4.31)

1
B/\/=4 = 4—7]_2 8,, 10g<Wo>b - (432)

It is easy to see that both expressions are equivalent. In ([£.31)) let’s rescale a = v/\a:

f[da] Tr(e—%rbﬁa) e~ 8T NTr(@?)

<WQ>b = f[da] o—8m2NT(@?) (4‘33)
then we can see that (W), depends on b only trough bv/A. So, noting that
Opl...] = \/Xa(m)[. ] =229,[.. ], is automatic to see that
L olog(Wo)| = —= Aahlog(We) (4.34)
47T2bg Obb:1—2ﬂ2 AOg\W O )b .

4We can obtain the Wilson loop on the ellipsoid by simply making the substitution g — gb in
the S model.
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where we have used that (Wg)|,_, is the circular Wilson loop computed on the

sphere.

Matrix Model for N’ = 2 Super conformal QCD

In this section we present the matrix model for N' = 2 derived by Pestun in
[30]. As in the N/ = 4 case, the partition function of N/ = 2 SCQCD on S* is

computed using localization and it is [30]

_ 872 Ty (g2
Zrop = / [da) e o7 ) 21 10p(a) | Zinst (@, 62 (4.35)
S4

Note that in this case, the matrix model is not Gaussian as in N' = 4. The last
two terms are the one-loop partition function characterizing field fluctuations and
the instanton contribution.

The instanton partition function Zi,(a, ¢?) can be found in [48] and it is a very
complicated function of the eigenvalues of a and the Yang-Mills coupling. It is
usually assumed that instantons are not important in the large-/N limit.

The matrix a = diag(ai,...,an) is subject to the condition S~ a; = 0. The
one-loop partition function Zy,0p(a) is thus a combination of terms that depend
on (a; —a;j)* and a?. The explicit expression was computed by Pestun, and can be

expressed through a single function H(z) defined as

H(z) = e % G(1 +iz) G(1 — ix) (4.36)

where G(z) is the Barnes G-function.

The one-loop factor in the partition function is given by [30]

[, H(a; — ay)
[T, H(a:)?N

where the numerator is the contribution of the vector multiplet and the denom-

Z1100p = (4.37)

inator is the contribution of 2N hypermultiplets [51].

The function H(x) admits the following product representation

H(z) = f[l {(1 + z—z)n e-“”f} (4.38)
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and its logarithm can be expanded as

2n

log H(z) = —(1 4+ v)x ig 2n —1)— (4.39)
n=2

So we can write the logarithm of (4.37)) using (4.39):

log 21 100p = i @n—1) [Z( — aj — 2N Z a2”] (4.40)

n=2 1<j

where the 22 part in H(x) was removed due to conformal invariance and only
happens when Ny = 2N. So the first non trivial contribution starts at (Tr(a?))?

and we can schematically write

N
log Z1100p = Z log(a; — a;)* — ((3) [Z( —a;)* NZ@ + O(a
1<j=1 i,j=1
(4.41)
which can be simplified as:
3
10g Z1100p = —7¢(3) (Tr(a”))’ (4.42)
Then, to compute the expectation value of the Wilson loop
“omay — 5% Tr(a?)
(Wo) = /[da] Tr(e ™) e o2 21 1oop (4.43)
N=2
In the weak coupling limit one obtains:
A A2 1 3¢(3)
= S 4 N — 4.44
Wo)=1+ 35+ 35+ (9216 51274 (444)

A conjecture for By —o

In [2] a conjectured formula for the bremsstrahlung of N' = 2 SCQCD was
proposed by Fiol, Gerchkovitz and Komargodski inspired by the N = 4 result

1
Bpn—o = ) Op log(We) - (4.45)
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where (W), is the circular Wilson loop on the ellipsoid computed in 30} 52
53, 54, 51 [55] 56], which is given by

—gTr a?
R L e Cosid L ) 2, 100p(a, b) (4.46)
O/b _sn2y(g2) '
[lda)e Z1100p (@, b)

Identity has been explicitly checked up to three loop for gauge group
SU(2) by the authors of [2], while for N > 2 only a consistency check of its
positivity has been given there. In chapter |5 we will extend this proof to the
general SU(N) case )]

In the absence of the Wilson loop the ellipsoid is invariant b <+ b~! and therefore
the classical, one-loop and, instanton contributions start deviating from their S*
expressions only at second order in b — 1. The Wilson loop insertion in equation
(4.46|) is the only factor in the integrand that contains a term linear in b — 1. Since
in we have to evaluate at b = 1, we note that after the derivative only the
terms that where linear in b — 1 in (W), will contribute to the bremsstrahlung.
So we conclude that By —, can be computed using just the 1-loop determinant and

instanton factors of the round S* matrix model.

°In [2] the authors made another conjecture that states that By—s = 3h, where h is the
coefficient of the one—point correlation function for the stress—energy tensor in the presence of
the Wilson line defect. This second conjecture was later proved in [57].
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Chapter 5

The difference method and

perturbative computations

In sections [4.2] and [4.3] we saw that it is possible to compute the bremsstrahlung
function exactly as a derivative of the vacuum expectation value of a circular 1/2-
BPS Wilson loop computed by a matrix model. While for N = 4 SYM that relation
was proved, for A/ = 2 SCQCD it remained as a conjecture. This conjecture has
been explicitly checked up to three loop for gauge group SU(2), while for N > 2
only a consistency check of its positivity has been given in [2]. In this chapter we

are going to extend this proof to the general SU(N) case.

To do this we will consider a generalized Maldacena—Wilson operator like the
one defined in chapter [2|along a cusped line with geometric angle ¢ and featured by
an internal angle # which rotates the couplings to the adjoint matter when moving
through the cusp. The corresponding generalized cusp anomalous dimension turns
out to be a function of both angles, as we saw in chapter [3|

For generic SU(N) SCQCD we perform a genuine three—loop calculation of the
cusped operator at generic angles and finite group rank N. From the 1/¢ pole of the
dimensionally regularized result we then extract the generalized cusp at three loops
and the corresponding bremsstrahlung function from its small angle expansion. We
find a general result that, remarkably, coincides with the conjectured formula once
we expand the matrix model up to that order.

The chapter is organized as follows. We first describe our computational strat-
egy in Section [5.1] and recall the Matrix Model result in Section [5.1.1} Then the
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5 — The difference method and perturbative computations

novel results are presented, where we report the diagrammatic approach to the
three—loop calculation in section [5.1.2] and the evaluation of the Feynman integrals
in section In the last sections we give the main results and we provide an ex-
plicit check of the universal behaviour of the cusp anomalous dimension proposed
in [38] 4], which should work up to three loops that we saw in The results of

these computations are summarized in [3].

The difference

We will compute the cusp anomalous dimension and the associated Bremsstrahlung

function of N' = 2 SCQCD by comparing them with the corresponding known quan-
tities of N' = 4 SYM. In fact, it is well-known that this trick drastically reduces
the number of new diagrams to be computed, as we will see.
We review now the discussion of section about the way fields organize into
multiplets. We saw at the end of section that in this language the field con-
tent of the N/ = 2 SCQCD theory with gauge group SU(N) is organized into
one vector and one chiral multiplets transforming in the adjoint representation of
SU(N), which form the N' = 2 vector multiplet, together with Ny = 2N chiral
multiplets building up 2N N = 2 hypermultiplets transforming in the fundamental
representation of the gauge group.

Analogously, the N' = 4 SYM theory is described by one vector multiplet plus
a SU(3) triplet of adjoint chiral multiplets. Together they build up the NV = 2
vector multiplet, combining the AN/ = 1 vector with one of the chiral multiplets in
analogy with the N' = 2 SCQCD case, plus one adjoint N' = 2 hypermultiplet from
the two remaining adjoint chiral multiplets.

Therefore, the two theories have the same N = 2 gauge sector, while the
difference relies only in the matter content and entails the comparison of two of the
adjoint chiral multiplets in N/ = 4 SYM as opposed to the pair of 2N fundamentals
in N' =2 SCQCD [58]. This allows to drastically simplify the calculation of any
observable O that is common to NV = 2 SCQCD and N' = 4 SYM theories if, instead
of computing (O) -y directly, one computes the difference (O)p—2 — (O)pr=4. In
fact, in the difference all the Feynman diagrams that are common to the two
theories cancel, in particular the ones built with fields belonging to the gauge

sector. The computational strategy of taking the difference was first introduced
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n [59], albeit working with a different description of the field content of the two
theories.

In this context we consider a Maldacena—Wilson operator common to N = 2

SCQCD and N = 4 SYM theories
1 .
W= TrPe Je drL£(T) (5.1)
with Euclidean connection
2 _
£lr) = 4, + i 22 1d] (64 6) 5.2

where ¢, ¢ are the adjoint scalars entering the AV = 2 vector multiplet shared

by the two theories.

We consider a cusp contour C made by two infinite straight lines parametrized

as
I'#(Tl):U'iLTl 0<m <o
TH(To) = vhTy —00 < Ty <0 (5.3)
The two lines form an angle ¢, such that cos¢ = vy - vy and |vy| = |vg| = 1.

We also allow for two different scalar couplings on the two lines of the contour,

characterized by a relative internal angle 6. Precisely, on the two rays we choose

1
V2
1

V2

Even if our computation is entirely done in the component formalism, it is worth

Li(r) = oA, + —= (6”2 + G (5.4)

Lo(7) =4 A+ —=(pe? + $ /) (5.5)

to mention that in N” = 1 superspace some effective rules to evaluate diagrammatic
difference (O)nr—a — (O) xr=4 have been derived [68] and later formalized [39] in the
context of the calculation of the SU(2,1|2) spin chain Hamiltonian of N = 2
SCQCD. In that case it was shown that the only source of diagrams potentially
contributing to the difference is given by graphs containing chiral loops cut by
an adjoint line (either vector or chiral). This rule was found later to be valid

also in the context of the computation of the adjoint scattering amplitudes of
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N =2 SCQCD [65]. In particular, topologies containing “empty” chiral loops are
constrained to produce the same result for the two models. In fact, for such type
of diagrams computing the difference is only a matter of counting the number of
possible realizations of the loop in terms of adjoint and /or fundamental superfields.
As a consequence of the condition Ny = 2N, the two models turn out to give the
same result.

One might wonder whether similar rules survive when reducing the theory to
components and if they can be easily applied to the computation of the cusp anoma-
lous dimension. As we are going to show in the next sections, this turns out to be
the case for diagrams involving only minimal gauge matter-couplings up to three
loops, due to the fact that the actions in components display the same flavour
structure of their N' = 1 superspace versions. Of course, possible complications in
taking too seriously the parallel with the superfield rules may arise when consider-
ing higher order diagrams involving superpotential vertices. In this case we expect
the component diagramatics to follow different rules with respect to the superspace

version.

Matrix Model result

We start this section by remembering the formulas for the bremsstrahlung func-

tion that we saw in the previous chapter:

1
B= mc?b 10g<WO>b - (56)

where it is understood that B is applicable to both N' = 4 SYM and N = 2
SCQCD and where here (W), is the 1/2 BPS circular Wilson loop of the form
, defined on the maximal latitude or the maximal longitudinal circles of
the ellipsoid. For N'=4 SYM this equation was proved in [I], where (W}) can be
computed exactly by the matrix model [28] 29| B30]

2
B f da tf(€_27rba> 678 )\Ntr(az)

[ da e~ =5 ue)

(W) +0 (b 1) (5.7

and turns out to be a function of the squashing parameter b = 4/ /7

In order to prove identity (5.6 for N' = 2 SCQCD we begin by recalling the

evaluation of its right hand side, where the matrix model in this case is given by
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51, 52, 53, 54, 55, 56]

daT —27ba —BQL;Tr(aQ)Zioo b Zz‘ns b 2
(W) = f atre Trf 1-toop(@, D) | t(a,b)| (5.8)

[dae” P 20 10(a, )] Zinst(a, b)|?

According to conjecture the only terms in the matrix model which can contribute
to B are the ones linear in (b — 1). As we mention in chapter , the classical, one-
loop and instanton contributions start deviating from their S* counterparts only
at second order in (b — 1), it follows that (I¥},) in can be computed using the

one-loop determinant and instanton factors of the round S* matrix model [2].

Assuming prescription ({5.6]) to be true for any N and expanding the two matrix
models , up three loops, we obtain the general prediction for the difference
of the Bremsstrahlung function in the two theories

3¢3) (NP -V +1)

_ - _ 6 8
B/\[:2 BN:4 102476 N g + (’)(g ) (59)
For N = 2 this expression reduces to
Bus — Byt = — 0 ¢(3)¢° + O(g%) (5.10)
N=2 T BN T 0486 0 Y g ‘

which has been already checked in [2] against a three-loop perturbative calculation.

In the next section we generalize the proof of equation (5.9)) to any finite N.

The perturbative result

In order to check equation ((5.9)) we perform a perturbative three—loop calcula-
tion of its left hand side along the lines described in section 5.1} that is by extracting
the difference of the two bremsstrahlung functions from the small angle limit of the
difference of the corresponding cusp anomalous dimensions, I'yr—o — I'yr—4.

As a first step we have to evaluate Wy—s — Wy—s. At order O(g?) the only
diagrams are the single gluon and single adjoint scalar exchanges, for which the
result is the same in both theories. At this order the difference is therefore zero.
This property extends to all the diagrams built with tree level n—point functions
inserted into the Wilson line, since in this case contributions from the hypermul-

tiplets do not appear. The next order is O(g*), where the only non—tree diagrams
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are the exchange of one-loop corrected propagators. However, it has been shown
that in the difference they still cancel since the contribution from a loop of 2N
fundamental fields is the same as the one from the loop of one adjoint field [59].
The first non-trivial contribution starts at O(g%) where the contributing dia-
grams correspond to the insertion of two—loop corrected gauge/scalar propagators
and one—loop corrected cubic vertices. Here we analyse them separately, and post-

pone the evaluation of the corresponding integrals to section [5.2}
Two—loop propagator diagrams

We begin by considering the diagrams with two-loop corrections to the vector
and adjoint scalar propagators. Taking the difference between the N' = 2 and
N = 4 propagators, the diagram topologies which survive are the ones listed in
figure 5.1} Here we neglect topologies that would produce vanishing cusp integrals.

Figure 5.1: Diagram topologies that contribute to the difference of the N' =2 and N = 4
propagators at two loops.

For simplicity we are not depicting the insertion of the diagrams into the Wilson
loop contour. We use a double solid, curly and dashed line to represent the ad-
joint scalar, vector and fermion fields, respectively. Instead, we use simple solid
and dashed lines for scalars and fermions, collectively representing diagrams which
admit different specific realizations in terms of both adjoint and fundamental fields
of the two models. For instance, in figure 1(a) the simple solid loop stands gener-
ically for one of the following realizations: In A" = 4 SYM it indicates any of the
three adjoint scalar fields ¢!, I = 1,2,3, whereas in /' = 2 SCQCD it corresponds

to either the adjoint scalar ¢ or one of the two fundamental sets of fields gz, G;
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with I = 1,...,2N. The same happens for diagrams (b), (¢), (d). For diagrams
(e), (h), (i), (k) involving a simple fermionic loop we have a parallel counting, this

time in terms of the adjoint fermion fields ¢ and the fundamentals X, \.

We see that, excluding diagrams (f), (g), (j), we are only dealing with mini-
mal gauge-matter couplings, so that the superfield difference selection rules of [39]
still hold and we are left only with diagrams with matter loops cut by an adjoint
line. Instead, diagrams (f), (g),(j) involve interaction vertices from the poten-
tial. Consequently, the list of possible field realizations cannot exactly parallel the
superfield counting any more. For instance, diagram (g) produces non-vanishing
contributions to the difference which include the gaugino field 7, while diagram (5)
requires a careful analysis of all possible flavour realizations stemming from the

quartic vertices.

It is interesting to note that diagrams (d), (h), (k), which are generated by the
1-loop corrected fermion and scalar propagators, do not have a correspondent in
N = 1 superspace. In fact, in a N/ = 1 superspace setup the 1-loop corrections to
the superfield propagators are exactly vanishing for both N'=4 SYM and N = 2
SCQCD. However, in the component formulation this is no longer the case and the
one-loop corrections turn out to be divergent. This is not in contradiction with
conformal invariance and can be interpreted as a consequence of working in the

susy-breaking Wess—Zumino gauge [69]

One—loop three—point vertex diagrams

In principle, other contributions at order ¢® may come from the insertion into
the cusp of the one—loop corrections to the three—point vertices [59, 2]. The diagram
topologies potentially contributing to the difference between the N' =2 and N = 4
three—point vertices are depicted in figure [5.2] Again we neglect topologies that

would produce vanishing cusp integrals.
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AN
A/

Figure 5.2: One-loop corrections to the three—point vertices that potentially contribute
to the difference.

In [2, 59] it has been proved that in the SU(2) case the contribution to the
difference Wy—s — W4 is vanishing at the conformal point, due to the fact that
for algebraic reasons the result from two adjoint scalars running into the loop is
identical to the result from 2N fundamentals. However, as argued in [59], the result
cannot be immediately generalized to SU(N), since for N > 2 extra contributions

from the adjoint scalar loop may arise, which are proportional to the symmetric
structure constants dgp.. (see equation (A.4) in the appendix [A]).

Here we perform a detailed analysis of these diagrams and prove that for symme-
try reasons contributions proportional to d.. can never appear. Therefore, we con-
clude that diagrams in figure [5.2| never contribute to the difference Wy—g — Wix—4,
for any SU(N) gauge group, so generalizing the result of [2 [59].

We illustrate how the cancellation works by focusing on an explicit example,
that is the first vertex topology in figure that corresponds to the scalar loop

corrections to the three—gluon vertex.

In the A" = 4 SYM case we have the three adjoint scalars ¢!, I = 1,2,3 running
into the loop. Using Feynman rules in appendix [A] the corresponding expression

reads

Vy—s=3Ng* TT(TG[Tb, T°) /dd21/2/3 f1P (21, 22, 23) X AZ(zl)A’;(zz)AZ(z;;,)
(5.11)

where the factor 3 stems from the sum over all possible flavour loops, the two
terms building up the colour trace commutator correspond to the two possible

orientations of the adjoint loop cycles, and f#*? is a function of the vertex points
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21/2/3 that can be expressed in momentum space as

d d d
pr(zh 2o, 2’3) :/d (((;4‘)5’2) /d ((q2_)fl> / (;l gd eiq(zl—Zg)ei(q-‘er)(ZQ—Zg)ei(q-k1)(23—21)
™ ™ s

(2q — k1)"(2q + k2)"(2q + ko — k)P
?(q — k1)%(q + k2)?

(5.12)

In N =2 SCQCD the same kind of diagram topology can be constructed using
either the single adjoint scalar ¢ or the two fundamental sets of fields q;, §; with
I =1,...,2N. The adjoint loop will give exactly the same result as in (5.11)),

without the factor 3. Instead, the two sets of fundamental loops yield
VI =2 x 2N g3 Tr(TTPT®) f1P (21, 29, 23) % A%(21) AL (22) AS(z35)  (5.13)

where now we have a single possible colour orientation and the integral is still given
in (5.12). Taking the difference we obtain

Vies — Vvey ={4NTr(TTT¢) — 2N Tx (T*[1°,T°)) }
X 93 /dd21/2/3 f“”p(zl,zg,zg) X AZ(Zl)AIb,<22)A;<23) (514)

where for SU(2) the colour structure inside the bracket is identically vanishing,
whereas for SU(N) it is nothing but the totally symmetric d** tensor (see equation
).

It is now easy to see that, independently of the gauge group, this expression
always vanishes. In fact, the string dupcA%(21)AY(22)AS(23) is symmetric under
the exchange of any pair of gauge fields, but it is contracted with f#**# which is

antisymmetric under any exchange
frP (21, 29, 23) = — " (29, 21, 23) etc... (5.15)

An alternative reasoning goes as follows. Independently of the gauge group,
once we insert the vertex correction into the cusp contour, for symmetry
reasons the two colour trace structures of the commutator term Tr(T°[T°,T)
sum up to 2Tr (T“T”TC), so that the difference in vanishes identically. This
can be loosely summarized stating that each adjoint empty loop counts as twice a
fundamental loop contribution, thus producing a vanishing counting.

It is easy to realize that similar symmetry arguments hold for all the other

topologies in figure 5.2l 'We then conclude that, against previous expectations,
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there are no contributions to Wx—y — Wy—4 coming from one-loop three—point

vertices, for generic SU(N) gauge group.

HQET methods for solving integrals

According to the previous discussion, the only non—trivial contributions to the
difference Wy—g — Wiyr—4 come from the insertion of diagrams in figure [5.1} In this
section we focus on the evaluation of the corresponding loop integrals.

We can focus only on insertions which connect the two lines of the cusped Wilson
loop (1PI diagrams in the HQET context) since the ones where the two insertion
points lie both on the same ray can be factorized out and do not contribute to the
evaluation of B [60].

The most efficient way to compute the corresponding loop integrals is the so—
called HQET method [61l 4]. Working in momentum space, it consists in inte-
grating first on the contour parameters with a proper prescription for regularizing
boundary divergences. This reduces the integrals to ordinary massive momentum
integrals, which can be written as linear combinations of known Master Integrals
by applying integrations by parts.

The full list of results for diagrams of figure [5.1] can be found in appendix [B]
Here we briefly illustrate the procedure by computing for instance the integral cor-
responding to diagram (e). In the N' =4 SYM case the fermionic loop, represented
in our notation with a simple dashed line, can be constructed with any of the three
adjoint fermions !, with I =1,2,3. In the N = 2 SCQCD case, instead, the loop
can be realized either with the adjoint fermion 1 or with one of the two sets of fun-
damental fermions Aj, M , with 7 =1,...,2N. Taking the difference of N' = 2 and
N = 4 propagators and inserting it in the Wilson line, the corresponding integral

SN2 (N241)
reads (we neglect a factor &=—~——)

00 0
7 — _ / dr / drs vii Ug tr(o-ﬂo-Po—ﬁo.To.uo_oo.foﬂ)
0 —00
/ AR1123 ingor-azy (K1 — Ka)p(k1)y(ka = k)~ (Ko)o (5.16)
(2rr)3 k2 k3 k3 (k1 — ka)? (k1 — k3)? (ko — k3)?

where we work in d = 4 — 2¢ dimensions and we have defined =} = v{'m, 2§ = vi7.

Now the trick consists in changing the order of contour and momentum integrals
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and perform first the contour ones. This amounts to first compute

00 0
/ d7—1 ezkg-vl'rl 657'1 / dTQ e—zk3~v27'26—67'2
0 —00

_ ! ! (5.17)
N (Zk’g’Ul‘l'(S) (Zk3U2+5) ’

where, following the prescription of [4], a damping factor ’™ with § < 0 has been
introduced for each contour integral in order to make them well defined at infinity.

Since the final result is expected to be independent of the IR regulator §, we
conveniently choose § = —1/2. Absorbing the i factor in a redefinition of the

velocity, v = i v, we are left with
I(e) — 4/ ddk1/2/3 tr(O’“a'paga'Ta'Vo'Uo'gan) y 61# f)g,j (kl — k?))p(kl)n(kQ — k3)7(k2)0
(2m)% (14 2k 00) (14 263 52) ~ KRSRIhr — Bo)2 (b — k)2 (ks — ks)?
(5.18)

Now, using the o-matrix algebra we can reduce the numerator to a linear combi-
nation of scalar products of momenta and external velocities which can be written
in terms of inverse propagators. Therefore, we end up with a sum of momentum
integrals of the form [B.I] These integrals are not all independent and, using inte-
gration by parts, performed with the Mathematica package FIRE [62] [63], they can
be expressed in terms of a finite set of Master Integrals [4], [38]. For our example,
after the FIRE reduction we obtain

7o) — [(32(3d—7)(—480+964d—796d2+335d3—71d4+6d5)
- (d—5)(d—4)3(d—3)(d—1)

+ 32(3d—7)(—4736+8360d—5494d>+1663d> —222d*+9d°) cos ¢
3(d—5)(d—4)3(d—3)(d—1)

+ 32(3d—7)(—2720+4736d—3196d%+1036d° —159d*+9d°) cos? Lp> “ I
1

3(d—5)(d—4)3(d—3)(d—1)

_( 16(1+cos )2 (80—54d+9d?) (96—140d+81d? —21d3+2d*)
(d—5)(d—4)3(d—3)(d—1)

_16(14cos ¢)?(80—54d+9d?) (272—392d+202d> —43d3+3d*) cos ¢ w I
3(d—5)(d—4)3(d—3)(d—1) 2

_12(d—3)(10—cos p(d—8)—3d) (8—5d+d?) w I
(d—5)(d—4)2(d—1) 3

2(1+4cos p)(cos (d*8)*3(d*4))(80774d+25d273d3)
B - w(d75)(d74)2(d—1) X 14} (5.19)

where the Master Integrals I; are defined in Appendix
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This technique is known as “Heavy Quark Effective Theory” (HQET) due to
its relation with the theory of scattering of heavy particles. The propagator-like
integrals that we obtain with the method described above formally coincide with
the integrals describing the propagation of heavy quarks. The direction v* of the
Wilson line is the velocity of the quark, whereas the damping factor ¢ corresponds
to the introduction of a residual energy for the particle. In the presence of a cusp,
the Bremsstrahlung function controls the energy radiated by the heavy particle

undertaking a transition from a velocity v; to vy in an infinitesimal angle .

Since we are eventually interested in computing the cusp anomalous dimension
that in dimensional regularization can be read from the 1/e pole of log(W), it is
convenient to expand the master integrals in powers of €. Defining the new variable

x = €%, where ¢ is the geometric angle of the cusp, for the I(®) we find

1 2(1-22-2(142?) log[z])

e — —_
I = €3 9(z2-1)
2 4—n2—(4+72) 22 +3(1+22) log[z]? 2log|[z] (5+$(5m—3)+6(1+z2) 10g[1+x})+12(1+x2)Lig [—z]
+€_2 9(z2-1) - 9(x2—1)
L [ 80—7r2412720—(804+3372)02  loglx](101—(48—1012)z+7n2(1+2?))
+E 18(x2—1) B 9(x2-1)

6 log?[x] (5—(3—5x):c—(1+x2) log[x]) 12(3772(1+x2)+2(5+a:(—3+5x)) log[x]—3(1+22) log[:c]2) log[1+z]

9(z2—1) 9(z2-1)
+ 144(1+a?%)(log[—x]—log[z]) log[1+x]*>  48(5+x(—3+5x))Lis[—x]—144(1+22)Liz[—x]—288(1+22)Liz[1+x]
18(x2—1) 18(x2—1)
96 ( —2—x2+log[x]+x2 log[z] ) ¢[3]
2 G- ) > + O(e") (5.20)

The expansions of the integrals corresponding to the rest of the diagrams in figure
5.1] are listed in appendix[Bl We note that the expansions may contain higher order

poles in €, up to 1/€3.

Result
Applying the HQET procedure to every single diagram and summing the results

for the integrals as listed in appendix[B] we can distinguish the contribution coming
from the insertion of diagrams (a) — (h) (insertion of a gauge propagator)

BB (N2 —1)(N%+1)

[(Wi=2) — (Wh=4)] =g 5018 O N ¢(3)

—1+ 22+ 2(1 + 2?)logx
(22— 1)e

(5.21)
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from the contribution arising from diagrams (i) — (k) (insertion of an adjoint scalar
propagator)
(35 o (N? — 1)(N? + 1)

[(Wir—2) — (Wr—)] o =—yg 5048 O N ¢(3) cos®

4xlogx
(22— 1)e

(5.22)

It is remarkable that, although individually the integrals corresponding to the var-
ious topologies in figure [5.1] exhibit up to cubic poles in €, in the sum they all
cancel and only a simple pole survives. This has a simple physical explanation and
represents a non—trivial consistency check of our calculation. In fact, according
to equation (3.6)), which in dimensional regularization reads (W) ~ exp (I'(¢%)/e),
higher order e-poles in the Wilson loop expansion only come from the exponenti-
ation of %92). Since the difference (Wy—a) — (Wy—4) is identically vanishing up
to two loops, at three loops we expect to find only simple poles. Taking into ac-
count that the exponentiation works also when we turn off the scalar coupling,
both the gauge and the scalar contributions have to display the higher order poles

cancellation, independently.
1+ 22 — 2z cosb

Now, summing the two contributions and defining ¢ = ] 5 , we
—x
obtain
6 C(3) (N?—-1(N?+1) 1 g
=2) — —=4) = 1—2¢1 -
(Wh=2) = (Wyn=4) = g 5048 76 N X ( ¢logx) -+ 0(g°)
(5.23)

The presence of the IR regulator ¢’ inside the contour integrals breaks gauge in-
variance. As a consequence, gauge—dependent spurious divergences survive, which
need to be eliminated prior computing the cusp anomalous dimension. As ex-
plained in details in [32) 60], this can be done by introducing a multiplicative
renormalization constant Z,,.,, which in practice corresponds to remove the value
at p=60=0

o - (W(e,0))

(W(2.0)) = Zoka (W (5.0)) = o (524

We then obtain the IR-divergence free difference, which reads

6 _C(B) (NP-D(N*+1)
1024 78 N

1
x £logx X . +0(g®)
(5.25)

(Wrzz) — (Wa—a) = —g
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Recalling that in dimensional regularization with d = 4 — 2¢ we need to rescale
g — g~ ¢ where p is a mass scale, and using definition we can easily read the
difference of the two cusp anomalous dimensions from the aforementioned 1/e pole,

obtaining

6 3C(3) (N*1)(N* +1)
51276 N

Py =Ty = g ¢logz + O(g®) (5.26)

This equation represents the most complete result for the three-loop deviation of
['ar—o from I'yr—4. In particular, it is valid for any finite 6, o and N.

Remarkably, we find that at § = ¢ equation. vanishes, suggesting that
at these points the cusped Wilson loop of N' = 2 SCQCD might become 1/2 BPS
as in the N’ =4 SYM case.

Now, re-expressing ¢ and z in terms of the original 6, ¢ variables and taking

the small angle limit, 2£ log ~ 1(g02 — 0?), we obtain the difference of the corre-
p,0K
sponding Bremsstrahlung functions

6 3¢(3) (N -1V +1)

8
1024 6 N + O(¢°) (5.27)

Bpnr—o — By—4 = —g

This result remarkably coincides with prediction from the matrix model. We
have then found confirmation at three loops that conjecture ([5.6)) proposed in [2]
is valid for any SU(N) gauge group.

If we insert the known value of Bx—4 [34], in the large N limit we find

2N g'N? gﬁNS(l 3<(3)>+O(gs) (5.28)

= 1672 38472 | Hlon2

12 274

Bpr—

Light—like cusp

Given our previous results, it is interesting to study the limit of large Minkowskian
angles. To this end we substitute ¢ = ip);, that is x = e7%M_ and send z — 0.
Remember that in this limit the cusp anomalous dimension behaves linearly in the

angle
Leusp(9%,0) ~ K(g*)om + O(p}) (5.29)

P—00

The function K(g?) is the light-like cusp anomalous dimension that we discuss in
section 3.3l
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Using the large-N exact results for the AV = 4 SYM case previously found in
the literature ([34] [38]), for N' =2 SCQCD we obtain

KN=2(92)

2 4072 6 N3
g°N  g'N? | ¢°NF /11 3¢(3) .
T8 - @ 5.30
87 3847 | 5lon? (180 ) TOl) (5.30)

We discussed in section that when I'cy, is expressed in terms of K (g?) replac-
ing the coupling constant it gave rise to a universal function Q(K (g?)), ) that was
independent of the number of fermion or scalar fields in the theory. This universal
behaviour was present up to three loops in N'=4 SYM and in QCD.

It is easy to prove that up to three loops the universal behaviour is also present
in N' = 2 SCQCD. With respect to the N' = 4 SYM case, the cusp anomalous
dimension gets the additional {(3) term in equation at three loops, which
produces a corresponding term in the light-like cusp expansion (5.30]). Then one
can invert to express the coupling ¢? as a perturbative expansion in K and
substitute this expansion back in the full cusp Teusp(g?, ¢) to obtain the function
Q(K, ¢). The additional ¢(3) terms coming from the genuine I'cys, (9%, ) and from
the substitution of the expansion g?(K) trivially cancel, producing the same uni-
versal function as derived in N’ = 4 SYM. In [42] [43] it was shown that at four

loops the universality is in general violated.

Substitution rules

It has been suggested in [64] and then substantiated in [39] that the closed
SU(2,1]2) subsector of N' = 2 SCQCD inherits integrability from N = 4 SYM,
since its Hamiltonian can be essentially obtained from the A" = 4 SYM one by
substituting the coupling constant g with an effective coupling f(g*). The explicit
form of f(g?) was first derived in [41] by comparing the exact results available from
localization for circular BPS Wilson loops in N' =4 SYM and A/ = 2 SCQCD. In

the conventions of [41] the first few orders in the weak coupling expansion read [[

f(g*) = > = 12¢(3)¢° + 120¢(5)g® + ( — 1120 (7) + 80C(2)C(5) + gggg(3)2> LU
(5.31)

g°N
1672 -

'In order to compare with our results we should substitute g —
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It is an interesting open problem to first understand the origin of this substitu-
tion rule and at the same time to test to what extent it is universal when applied
to other observables that can be entirely built using fields from the N' = 2 vector
multiplet.

In J40] it was conjectured that the effective coupling f(g?) could be interpreted
as the relative finite renormalization of the gluon propagator of the two models,
enforcing the argument presented in [39]. This proposal was supported by some
diagrammatic checks of the coefficients of up to order ¢® [40]. Neverthe-
less, first in [40] and then in [41], it was noticed that this interpretation can be
hardly extended at higher orders, because of the presence of terms that cannot be
generated by purely massless two-point integrals. The ¢(2)((5)g'® contribution in
expansion (5.31)) is the first example of such kind of terms, which ask for a clear

interpretation.

Concerning the generalization of the substitution rule to other physical quanti-
ties, in [41] a similar analysis was applied for extracting f(g?) from the comparison
of the Bremsstrahlung functions of the two models, as computed from the Wilson
loop expectation values on the ellipsoid. In this case the effective coupling fz(g?)
slightly differs from the one in starting at order ¢'°. In [41] the discrepancy
was explained as a consequence of scheme dependence in the choice of the relative
infrared regulators. Once again, a term containing ((2)((5) appears, which cannot
be explained if f5(g?) has to be interpreted as the finite relative renormalization of
gauge propagators, without resorting to coupling the model to curved space [41].
Moreover, computing the Bremsstrahlung function from the two—point function of
the stress energy tensor and the 1/2 BPS Wilson loop, in [55] it was argued that
in general for N/ = 2 theories with a single gauge group the substitution rule may

be not working.

The validity of the substitution rule is made even more obscured by the results
on the direct computation of purely adjoint scattering amplitudes in N' = 2 SC-
QCD. In fact, it has been shown [65] that the amplitude/Wilson loop duality is
broken already at two loops, displaying a qualitatively different functional depen-
dence on the kinematic variables with respect to the N'= 4 SYM amplitude. This
arises even deeper questions about the integrability of the SU(2,1]2) subsector, if

the amplitude/Wilson loop duality has to be considered as direct consequence of
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integrability, like in A' = 4 SYM[]

One way to shed some more light on the validity of the substitution rule and,
in particular, on the actual origin of discrepancy terms of the form ((2)¢(5) would
be a direct computation of the difference of the Bremsstrahlung functions at higher
orders, along the lines introduced in section . Our SU(N) computation, preceded
by the ones in [59, 2], confirms the validity of the substitution rule up to
order ¢% From the diagrammatic analysis it is also clear how to associate the
¢(3)¢® term to diagrams containing propagator corrections.

At higher orders the situation is more intricate, but the use of the HQET
techniques seems to be promising. At first, the HQET integrals arise naturally
as massive integrals, due to the presence of the heavy quark contour propagators.
Indeed using inversion transformations it is easy to map massive on shell propagator
type integrals to HQET integrals, a procedure which has been used for QCD/HQET
matching [66} [67]. We consider for instance, as candidates for the production of
C(2)¢(3) or ¢(2)¢(5) terms, the massive propagator integrals introduced in [41].
Following for instance [61], inversion relations can be used to map such integrals

to corresponding HQET versions

NN (TN ~ =5((5) + 12¢(2)¢(3)
AN AN

Here we indicate the massive propagators with a thick solid line and the Wilson

~  —14¢(T) = 12¢(3)¢(4) + 36¢(2)¢(5)

loop contour with a double line. In this way we are left with two examples of
finite three and four loop HQET integrals containing ((2){(3) or ((2)((5) terms.
Now the result of the integrals in our examples is finite, thus they cannot directly
produce contributions to the cusp at three and four loops. Nevertheless, it is
easy to embed these HQET topologies in higher order diagrams, producing poles
potentially contributing to the cusp anomalous dimension. For example we could

proceed as follows

2See the conclusions in [41] for a discussion on possible ways out.
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L N (a0(5) +120(2)C(3)) ¢

TN
ATN

e ~ (= 14¢(7) — 12¢(3)C(4) + 36((2)C(5))%

The integrals can be evaluated by factorization, reducing them to the product of
our initial integrals and a one loop HQET bubble with a non-trivial index on the
heavy line.

Therefore, we conclude that in the HQET formalism terms such as ((2){(3) and
¢(2)¢(5) can arise quite naturally in the expansion of the Bremsstrahlung function
from the standard flat space computation of the cusped Wilson loop expectation
value. In particular, there is no need to introduce mass regulators, beside the usual
IR cut-off ¢ that eventually drops out from the final result. It is also natural to
expect that some of these terms survive once taking the difference between N = 2
SCQCD and N = 4 SYM, as predicted by the matrix model results.

The interesting point is to understand whether these terms in the difference
can be interpreted in terms of the substitution of an effective coupling given by
the finite different renormalization of the two point functions of the models, as
advocated in [39, 40]. Since we are working in component formalism, we expect
that this claim should imply that at least some of these terms should originate
from propagator type insertions into the cusp line. At first glance, integrals such
as the ones discussed above seem to originate from topologies which could hardly be
associated to propagator type diagrams. However, without an explicit derivation
we cannot draw any definite conclusion and therefore a direct calculation of the

Bremsstrahlung function at four and five loops is mandatory.

71






Chapter 6
Conclusions

The objective of this thesis was to study Wilson loops operators in N' = 4
SYM and N' = 2 SCQCD. In particular we have studied a special type of loop,
which is the one formed by two straight lines that meet at a point, namely the
cusped Wilson loop. In this case we have seen that UV logarithmic divergences
appeared in the computation of the expectation value and the quantity govern-
ing this divergences is the cusp anomalous dimension. We dedicated chapter (3| to
study how this quantity arises, some of its properties and various limits that lead
to physical observables. We concentrated in two particular limits: one when the
angle between the two lines is small and the other when the Minkowskian version
of this angle tends to infinity. In the first case, we saw that the cusp anomalous
dimension behaves quadratically with the angle and the coefficient controlling this
dependence is the Bremsstrahlung function of the theory, which is related by the
energy radiated by an accelerating particle [I]. The other limit (large angles) leads
to a linear behaviour, governed by the light-like cusp anomalous dimension that
give rise to a definition of a universal function that is independent on the number

of fermions and scalars [4] [38].

In chapter 4| we studied in detail the appearance of one of the first exact results
in the study of supersymmetric gauge theories: the possibility of computing the
expectation value of a circular Wilson loop using a matrix model due the existence
of a localization process. In [29] it was made one of the first concrete proposals in
this direction, they claimed that for the circular Wilson loop the problem of find-

ing the exact result reduces to a pure combinatorial analysis of a zero-dimensional
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theory and they proposed a Gaussian matrix model for this.

From the perturbative side, in [2§] the authors demonstrated that in the compu-
tation of the expectation value of the circular Wilson loop the contributions of
diagrams with internal vertices automatically cancel, therefore it was only neces-
sary to sum the ladder graphs. This conjecture was later proved by Pestun in [30]
and the proof was based on the concept of localization. This technique was first
introduced in the context of topological theories and then extended to quantum
field theories. The idea is basically that, in certain supersymmetric field theories,
there are situations in which the partition function and expectation values only re-
ceive non-vanishing contributions from a subspace of the field configurations, and

in some case this allows us to obtain exact results for some observables.

The exact results of the circular Wilson loops obtained from localization can
be used for probing the theory at different scales, aimed for instance at perform-
ing precision tests of the AdS/CFT correspondence. A physical quantity that can
be obtained using this results is the Bremsstrahlung function that appeared in the
small angle limit of the cusp anomalous dimension. In [I] the authors derived a for-
mula to compute the Bremsstrahlung function of N' = 4 SYM as a derivative of the
expectation value of the circular 1/2 BPS Wilson loop (obtained from the matrix
model) with respect to the 't Hooft coupling. A similar formula for N' = 2 SCQCD
was conjectured in [2], this formula has not been proven except for the SU(2) case.
The main purpose of this thesis was the check the conjecture for general SU(N).
In chapter [5| we performed a three—loop calculation of the cusp anomalous dimen-
sion for a generalized Maldacena-Wilson operator, using HQET formalism. This
approach has the great advantage that, by applying a clever chain of integration by
parts, all the integrals can be expressed in terms of a linear combination of a basis
of known three-loop HQET Master Integrals. In addition, it provides a promising
framework where we can attempt higher—loop calculations and speculate about the
origin of some unexpected terms in the higher order expansion of the B function
[41], which can be shown to arise naturally in the HQET context.

We obtained an expression for the cusp anomalous dimension that is valid at generic
geometric and internal angles and finite gauge group rank N. For equal and oppo-
site angles this expression vanishes, proving that at these points the cusp becomes
BPS. From its small angle expansion we derive the corresponding Bremsstrahlung

function at three loops, matching the matrix model prediction given in terms of
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derivatives of the Wilson loop on the ellipsoid.

The computational framework we have set up in section [5.2] can be arguably ex-
tended to higher loops where some very non—trivial checks can be performed, es-
pecially on the existence of a universal behaviour shared by N' = 2 SCQCD and
N =4 SYM.
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Appendix A

Conventions

For SU(N) gauge group we take the generators normalized as

1
ijmzw)::ﬁaw (A1)
and obey the following identity
o i 1 1

0 (1) = 5 (d10t - o) (A2

whereas the structure constants can be read from
[T T = ifoeTe (A.3)

1

{17, T = 0% +d™T" (A.4)

Spinor and vector indices are raised and lowered according to
a o & aBor A B
V=0 Yo =0Cha P =CPy hy =97 Cyy (A.5)

where the matrices C,p are

cos _ o _ (0 @FG::04
i 0 ap i 0

Coordinates, fields and derivatives can be written using spinor notation as

coordinates: at = (0") 4 28 gob = (o )"‘5 xt
derivatives: Oy = %(0“)0‘5 Dot Oppp = (04) 0 0
fields: VE = Y2(gh) VOO Vel = i(Ww (A.6)
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Pauli o0 matrices satisfy

ortol, = 200, ot 0P = 255(55 (A7)

p %as = ad” [

Superspace spinor covariant derivatives are defined as

-
Q

I
S
_|_

|
<

4 o
Ous Da=0a+56°05 (A.8)

The covariant derivatives are defined as

Drgl = orq! —ig Arq! (A.9)
Dhp = 0M'¢ —ig [A¥, 9]

The Fourier transform is defined as

4—2€ ip-(z—y) Q2 —s— 1
/d p e T(2—-5—¢) (A10)

(2m)i=2  (p2)s T 48 r2—e I'(s) (x—y)2(2*5*6)

From the actions ([1.13]) and ((1.17)) the propagators in momentum space read

(i) = 5 [ b ol (A1)
(0% (2)¢"(y)) = 6 / %ew@—y% (A.12)
D) =@ ) =8 [ Gl (A13)

(@) =@ = o [ T ()% (A14)
PSR =013, ) =3} [ oo TIPS g

The vertices entering the three-loop diagrams can be read directly from actions

and (LT9).
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Appendix B

Result of diagrams

The three-loop Master Integrals introduced in section are defined as follows

dqu/g/g 1
(;a aiz — B.1
Lot / (2m)3d P Py? (B-1)
With
Pr=1+20 -k P, =k?
AFE =1 + 2523‘ kl AF% = k%
‘F% = 1 + 21;1' kQ AFQ == k%
Py=1+20;-ky Piy = (ky — ky)?
Py =1+ 20, - ks Pry = (ky — ks)?
P6:1+2,172k3 Plgz(kl—k;g)Q
For specialized sets of aq, ..., a2 indices these integrals can be computed ana-

lytically by Mathematica packages. Actually, for our purposes only the € expansion

of the result is necessary. Omitting a common factor

(“j;;% and stopping the

expansion at the required order, the Master Integrals that enter our calculation

read

I = Go,0,0,0,1,0,0,1,0,1,01 = 4@/

2 2_
1 137 120194325m2 _ 874853+44525m2 —71000¢[3]) 2 + (’)((—:3) (B.2)

720€ 7200 72000 720000
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I, = Go00011,01,0101 = @/

w(—1—8w+8x3 +a441222 log(a:))
= T44(—1+z)(1fz)5e
z(—7+:c(—59+37r2x+w2 (59+7:(;))—9z2 log(x)(—6+log(z)—4 log(1+x))+3622Lis (—x))
72(—14x)(14+x)°
Y [x((1+x)(1+x)(499+x(4400+499x))+7r2(13+x(104+m(216+13x(8+m)))))

_|_

576(—14x)(1+z)°

x3 (log(m) (207+77r2—6(9—10g(x)) log(m))+3(7r2+(6—log(m)) log(x)) log(14x)—6(log(—x)—log(z)) 10g(1+r)2)
18(—1+z)(1+z)

X 323 (3Lig(—x)—Lig(—z) —2Li3(14+x)+¢(3))
2(—1+z)(14=x)°

+

o | #(11287%22 41072 (—91+2(—~767+2(621+132(59+72)))) )
€ 2880(—1+2) (1+7)°

z3 log(z) (648+427r2 —log(x) (207+77r2+3(712+10g(z)) log(a:)) )
+ 32(—1+z)(14=z)®
x3 (547r2+log(z) (207—|—77r2 +6(—9+log(z)) log(m))) log(1+x)
8(—1+4x)(1+x)°
23 (72(n2—6log(—x)— (—6+log(x)) log(z) ) log(1+2)2+96(— log(—z)+log(x)) log(1+2)?)
32(—1+z)(1+z)?
:r(73671733586x+33586z3+367lm4+284C(3))

576(—1+z)(14z)?

x? (18(207+137r2)zLig(—x)—648;t((3+2 1og(1+:c))L13(—z)+6L13(1+x)—Li4(—z)+4Li4(1+x)+282,2(—z)))
144(—1+z)(14z)°

_|_

22(568((3)+2(1944—71x(84x)—204 log(z)+1296 log(1+2))¢(3)) 3
+ 144(71+:r)(1+§)5 . ] + O(¢%)
(B.3)
Is = G1,0,0,0000,1,1,1,01 = A'/
_ 1 2 16 1372 65643972 —65([3] 2
= T1E T3 3 12 13 e+ 0(€)
(B.4)
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Ii = G1,1,0,00,001,1,1,01 = @/
z(—1+:c2+2xlog(x)> J:(—13+a:(7r2+13:c)+x log(z)(l4—310g(x)+12log(1+ac))+12:cLi2(—a:))

3(—1+4=z)(1+z)3€? 3(—1+4z)(1+x)3€
x2 (log(z) (132+7ﬂ'2+6(77+log(x)) 10g(x))+12(37r2+(1473 log(x)) log(w)) log(14x)+72(— log(—z)+log(x)) 10g(1+z)2)

+

6(—14z)(1+z)3
2(444(-142)+72(~13+2(28+132))) . 4o (TLi(—)~3Lis () ~6Lis(1+2) +3((3))
12(—1+z)(1+z)3 (—1+z)(1+z)3
x(1887r4x+15940(— 1+x2)+7r2 (—845+660x+845z2 ) )
60(—1+x)(1+x)3

22 log(x) (1048498723 log () (132+772+log(z) (—28+3log(x)) ) )
12(—1+z)(1+x)3
z? (427r2 +log(z) (132+’Y7r2 +6(—7+log(z)) log(x)) ) log(1+4x)
(=1+z)(1+z)3
x2(72(37r2—14 log(—x)+(14—31log(x)) log(x)) log(14x)2+288(— log(—z)+log(z)) log(1+ac)3)
12(—1+a)(1+2)3
2022 ( (39643972 ) Liz(—x)—36((7+6 log(1+x))Lis(—z)+14Liz(142) —3Lis(~2)+12Lis (142)+6S2,2(~7)) )
60(—1+a)(1+x)3

2(1300¢(3)+20z(252—652—22 log(z)+216 log(1+))((3)) 2
+ 60(—1+z)(1+z)3 } + O(e?)

We can now write the contribution of every single diagram in figure [5.1] in

g*(N?-1)(N?+1)
2N

terms of these Master Integrals. Omitting a common factor , from

the insertion of corrected gauge propagators we have

A(—7+3d)(94° (1+2(8+a(—242(8+))))—64(35+(241+2(25+2(241+352)))) )
(a) = 3(—5+d)(—4+d)3(—3+d)(—1+d)z2

4(—7+3d) (—3d4(47+x(388+x(—102+z(388+47x))))+2d3(425+x(3574+x(—830+x(3574+425z)))))
3(—5+d)(—4+d)3(—3+d)(—1+d)z?
4(—7+3d)(8d(469+:c(3698+w(—190+:c(3698+469z))))—4d2(631+:c(5264+z(—850+:c(5264+631z)))))] I
1

3(—5+d)(—4+d)3(—3+d)(—1+d)z2

(80+9(—6+d)d) (1+x)* (224—308d+160d2 —37d3+3d4)
3(—5+d)(—4+d)3(—3+d)(—1+d)z3

(80+9(—6-+d)d) (1+2)* (6(—4+d)(—3+d)(4+(—~8+d)d)z+(—2-+d) (—112+d(98+d(—31+3d)))2? ) I
3(=5+d)(—4+d)3(—3+d)(—1+d)a3 2

12(—3+d) (d(1462+22) —4(2+52+22?)) I
+ (—5+d)(—4+d)2(—1+d)z 3

(B.5)

e ek
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b) — 8(—7+3d) (L +2)(3d(1+2(6+7))—2(5+(28+5z))) 7
( ) - (—4+d)(—3+d)x 1

2(80+9(—6+d)d) (1+2)* (L +2)
T [ (—4+d)(—3+d)a? ] Iy (B.6)

(c) _ [_ 4(=7+3d)(9d3 (1+z(8+z(—2+z(8+2)))) —16(35+x(241+x(25+2(241+35z)))))
- (—5+d)(—4+d)2(—3+d)x?

+4(—7+3d)(3d2(35+x(268+x(—30+m(268+35x))))—d(418+2x(1522+a:(10+x(1522+209x))))) I
(—5+d)(—4+d)2(—3+d)x? 1
(80+9(—6+d)d)(1+2)" (3d%(142)2+8(7T+2(9+72))—d(25+2(42+252)) ) I B.7
o (—5+d)(—4+d)2(—3+d)z> 2 ( : )
B 2(—7+3d)(—160(1+22 ) (5+2(28452))+9d° (1+x(8+2(—2+2(8+7)))))
(d) | 3(—5+d)(—4+d)?(—3+d)z>
2(=7+3d) (—6d?(19+x(134+a(6-+2(134+19%))))+8d(65+(406+x(100+x(406+652))))) | 7
B 3(—5+d)(—4+d)?(—3-+d)z> 1
(—10+3d)(—8+3d) (1+2)* (3d2(14+2)2+80( 1422 ) —4d(7+2(6+7x)) )
+ [_ 65t d) (AT d)?( 3+ ) I (B.8)

| 8(=7+3d) (9% (142 (2+2(10+2(2+)))) —3d* (53+2(148+2(390+2(148+532)))) )
(e) = 3(—51d)(—4+d)3(—3+d)(— 11 d)z?
8(—7+3d) (—32(85+x(296-+x(350+2(296+852))))+16d(296+2(1045+2(1315+2(1045+2962)))))
+ 3(—5+d)(—4+d)3(—3+d)(—1+d)z?

8(—7+3d) (24 (518+2(1663+2(3046-+2(1663+5187)))) —4d2(799+2(2747+(3986 +2(2747+7992)))) ) 7
3(—5+d)(—4+d)3(—3+d)(—1+d)a2 1

2(80+9(—6+d)d) (1+x)* (272—392d+202d2 —43d°+3d* )
3(—5+d)(—4+d)3 (—3+d)(—1+d)z3

2(80-+9(—6+d)d) (1+2)* (—6(—4+d)(—3+d) (8+d(—7+2d))z+(—2+d)(—136+d(128+d(—37+3d)))z? ) I
+ 3(—5+d)(—4+d)3(—3+d)(—1+d)23 2

+ 6(—3+d)(8+(—5+d)d)(—4(2+x) (1+22)+d(14+x(6+2))) T
(=54d)(—4+d)2(—1+d)z 3

(B.9)

(—1043d) (8+(—5+d)d)(1+2)? (—8+d—6(—4+d)z+(—8+d)z?) 7
2(—b5+d) (—4+d)2 (—1+d)z2 4
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| 4(=7+3d) (94 (142) ! ~3d2(33+2(132+2(166+332(4+2)))) )
(f) = 3(—5+d)(—4+d)(—3+d)(—1+d)z2

+

4(=7+3d)(4d(83+2(316+2(370+(3164832)))) —4(85+2(296-+2(350+2(296+852)))) | 1
3(—5+d)(—4+d)(—3+d)(—1+d)=z? 1

(80-+9(—6-+d)d)(1+x)* (34—23d+3d? —6(—4+d)(—3+d)z+(—2+d)(—17+3d)z? ) I
3(—5+d)(—4+d)(—3+d)(—1+d)z3 2

6(—3+d)?(—4(2+x)(14+2z)+d(1+2(6+2)))
+ [ (—5+d) (—4+d) (—1+d)z ] I3

(B.10)

(—3+d)(—10+3d)(142)? (—8+d—6(—4+d)z+(—8+d)a?) I
2(—5+d)(—4+d)(— 1+d)z2 4

| 8(=7+3d)(9d® (142 (8+2(—2+2(8+1))))+8(5+2(—62+2(100+2(—62+52)))) )
(9) = 3( 51 d)(—4+d)(—31d) (-1t d)a?

8(—7+3d)(—3d2(23+2(196-+2(—54+2(196+232))))+2d(59+2(646+2(—290+2(646+59z)))) ) 7
+ 3(=5+d)(—44d)(—3+d)(—1+d)z2 1

2(80+9(—6+d)d) (1+2)* (3d2(142)2—4(1+(—18+2)z) —d(13+2(42+13%)) ) I
3(=5+d)(—4+d)(—3+d)(—1+d)z3 2

n 24(=3+d)(—4(2+2) (14+20) +d(1+2(6+2))) | T
(=5+d)(—4+d)(—1+d)z 3
2(—10+3d)(1+2)?(—~8+d—6(—4+d)z+(—8+d)a?)
[ (—5+d)(—4+d)(—1+d)x? } Iy (B-ll)
B — 64(—7+3d) (943 (— 1+2) 20— 2d(14(— 1242)z) (8+2(—17+8z)))
(h) = |- 3(—5+d)(—4+d)2(—3+d)x?
64(—7+3d) (3d2 (1+a(—25+2(52+(—25+2)x)))+4(5+2(—62+2(100+2(—62+52)))) ) 7
B 3(=5+d)(—4+d)2(—3+d)z? 1
16(80+9(—6+d)d) (1+2)* (—24d+3(—44d)(—3+d)a+(—2+d)x?)
+ {_ 3(—5+d)(—4+d)?(—3+d)z3 } I (B.12)

Similarly, from the insertion of corrected scalar propagators, omitting a common

g% (N2—1)(N2+1
2N

factor ) cos § we have

(i) = _ 32(=T43d) (164d(~11+2d)) (3d(1 o (6+)) -2(5+e(28+52)) | |
v)= (—4+d)3(—3td)z 1

| 8(=1043d)(—8+43d) (16+d(—1142d)) (1+x)* I
(—4+d)3(—3+d)x2 2

96(—3+d)? 8(—34d)(—10+3d)(14+x)?
— [ 1y - [BesrACa0R ] (B.13)
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(j) = [—18=T+30Gd0 (6 ra) 26 ra(@8450) | 1
J) = (—41d)(—3+d)x 1

4(80+9(—6+d)d) (1+z)*
_[ (—atd)(—3+d)2 ]]2 (B.14)

(k) = |:_64(—2+d)(—7+3d)(3d(1+x(6+z))—2(5+x(28+5x)))] I
- (—4+d)2(—3+d)z 1

16(—2+d) (804+9(—6+d)d) (1+x)*
- [ (—atd)2(3td)a? ] I (B.15)
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