ON PARABOLIC EQUATIONS WITH CRITICAL ELECTROMAGNETIC
POTENTIALS

VERONICA FELLI AND ANA PRIMO

ABSTRACT. We consider a class of parabolic equations with critical electromagnetic potentials,
for which we obtain a classification of local asymptotics, unique continuation results, and an
integral representation formula for solutions.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

This paper is concerned with the following class of evolution equations with critical electromag-
netic potentials

AEY  al)

(1) ug + | —iV + u—
] |2

u = h(z,t)u,

in RY x I, for some interval I C R and for N > 2. Here u = u(z,t) : RV xI — C, a € L>® (SN~} R),
SV=1 denotes the unit (N — 1)-dimensional sphere, and A € C*(SN¥~1, RY) satisfies the following
transversality condition

(2) A)-0=0 forall§ecSN-1

We always denote by r := |z|, § = x/|z|, so that = rf. Under the transversality condition (2),
the hamiltonian
Al a()
: [z =]
(3) Laeg:=|—-iV+ -
|| |[?

formally acts on functions f : RV — C as

|A%|2—a% —idivgy—1 A(7q A
anf=—Af4 (1) (||)2 5 (||)f—2iM-Vf,
|| ||
where divgy—1 A denotes the Riemannian divergence of A on the unit sphere SV ! endowed with

the standard metric.
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The electromagnetic potential appearing in () is singular and homogeneous. A prototype in
dimension 2 of such type of potentials is given by the Aharonov-Bohm vector potential

T2 Z1
(4) (171,:172)»—>A(:171,:172)—04( x%—f—x%’x%—l—x%)
which is associated to thin solenoids. If the radius of the solenoid tends to zero while the flux
through it remains constantly equal to « € Z, then a d-type magnetic field is produced and the so-
called Aharonov-Bohm effect occurs, i.e. the magnetic potential affects charged quantum particles
moving in R?\ {(0,0)}, even if the magnetic field B = curl A is zero there.

We mention that heat semigroups generated by magnetic Schrodinger operators have been stud-
ied in [4, [I8]. In particular in [4] the case of a compactly supported smooth magnetic field was
considered and it was shown that the large time behavior of the heat semigroup is related to a
magnetic eigenvalue problem on the (N — 1)-dimensional sphere (see (I0)). In [I8] it was proved
that the large time behavior of magnetic heat kernels in two dimensions is determined by the flux
of the magnetic field.

In the present paper, we aim at providing some unique continuation principles for problem ()
under suitable assumptions on the perturbing potential h and deriving a representation formula
for solutions in the case h = 0.

In order to establish unique continuation properties, we will describe the asymptotic behaviour
of solutions near the singularity, under the assumption that, in some bounded interval I, the
real-valued function h satisfies

- {h,ht € L™ (I, LN2RN))  for some r > 1, hy € LS (I, LN/2(RY)), if N > 3,

loc
hyhy € L™ (I, LP(RN))  for some p,r > 1, hy € L (I, LP(RY)),  if N =2,

loc

and there exists C}, > 0 such that
(6) |h(z,t)| < Cp(1+|z|72%%) forallt €1, ae. 2 € RV, and for some ¢ € (0,2).

In particular, for ¢y € I fixed, we are interested in describing the behavior of solutions along the
directions (Ax,to — A\?t) naturally related to the heat operator. Indeed, since the unperturbed

2
operator u; + (—iV + A(TI/I‘ED) u— 2eDe g invariant under the action (z,t) — (Az, to + A2t),

[]?

we are interested in evaluating the asymptotics of

u(vto —tx,t) ast—tg

for solutions to (). We notice that, in the magnetic-free case A = 0, an asymptotic analysis for
solutions to ([{l) was developed in [16].

In the description of the asymptotic behavior at the singularity of solutions to () a key role is
played by the eigenvalues and eigenfunctions of the Ornstein-Uhlenbeck magnetic operator with
singular inverse square potential

X

(7) LA,a H — H*a LA,a = EA,(I + 5 ' v7
defined as
o o al/lz) Lo
(LA U, WYy = Vav(z) - Vaw(x) — TR v(@)w(z) e~ 3 dx, forallv,w € H.
RN



PARABOLIC EQUATIONS WITH CRITICAL ELECTROMAGNETIC POTENTIALS 3

Here # is the functional space defined as the completion of C2°(R™ \ {0}, C) with respect to the
norm

® = ([ (90 o + 20 - )

The spectrum of La , is related to the angular component of the operator L£a , on the unit
(N — 1)-dimensional sphere S¥~1  i.e. to the operator

TA,a = (— 1 Vgn-1 + A)2 — CL(@) = —ASN—I + (|14|2 — CL(@) —1 diVSN—l A) —2i A - Ven-1.

By classical spectral theory, Ta , admits a diverging sequence of real eigenvalues with finite mul-
tiplicity p1(A,a) < p2(Aya) < -+ < pp(A,a) < ---, see [I4, Lemma A.5]. The first eigenvalue
u1(A, a) admits the following variational characterization:

2
_ Vsn-1 + 1A (0 N — a(0)]v(9)?] dS(6
©  mha= o deo [Tee  AOWOL o)) as6)
YeH (SN-1)\{0} Jon—1 [(0)[? dS(0)
To each k € N, k > 1, we associate a L? (SN -1 (C)—normalized eigenfunction 9 of the operator
Ta .. on SV~ corresponding to the k-th eigenvalue jux (A, a), i.e. satisfying

{TA,zﬂ/Jk = pr(A,a)r(0), in SN
fSN—l |'¢k(9)|2 dS(Q) =1.

In the enumeration (A, a) < p2(A,a) < -+ < pr(A,a) < -+ we repeat each eigenvalue as many
times as its multiplicity, so that exactly one eigenfunction ¢ corresponds to each index k € N.
Furthermore, the functions 1, can be chosen in such a way that they form an orthonormal basis of
L?(SN=1 C). We mention that the key role played by the angular magnetic Schrodinger operator
T o in the behaviour of the heat magnetic semigroup was already highlighted in [4].

We notice that, under the condition

(11) (A 0) > - (M)

(10)

2

the quadratic form associated to La 4 is positive definite (see [14, Lemma 2.2]), thus implying that
the hamiltonian La , is a symmetric semi-bounded operator on L?*(RY;C) which then admits a
self-adjoint extension (Friedrichs extension) with the natural form domain.

We introduce the notation

(12) = N2— 2. \/(N; 2>2 + (A, a),  Bi = \/(%)2 + 1i(A,a),

so that By = 852 —ay, forall k€N, k > 1.

The first result of the present paper is the following complete description of the spectrum of the
operator La .. We mention that analogous results were proved in the case where a is a constant
and A = 0 in [26] §9.3] and in the magnetic-free case A = 0 in [16, Proposition 1]; see also [5] §4.2]
and [12] §2] for the non singular case.

Proposition 1.1. The set of the eigenvalues of the operator Lpa o is {”ymyk ck,m e Nk > 1}
where
Qaf

(13) Ym,k = T — 77
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being ay as in (I2). Fach eigenvalue vy, i has finite multiplicity equal to
. . Qi
#yJENG 2 Liyme+ 5 €N
and a basis of the corresponding eigenspace is {Vnyj hHneNJF 2L yme=n— %}, where
s |z|? x
(14) Vasta) = ol Py (5 )0s (25),

;s an eigenfunction of the operator Ty o associated to the j-th eigenvalue pj(A,a) as in (I0),
and P;, is the polynomial of degree n given by

n ,
(-n)i 1’
Pj,n (t) = Z N K
i=0 (7 - o‘j)i i!
denoting as (8);, for all s € R, the Pochhammer’s symbol (s); = H;;B(s +7), (s)o=1.
The second main result of the present paper establishes a sharp relation between the asymptotic

behaviour of solutions to () along the directions (Az,ty — A*t) and the spectrum of the operator
LA,q- Indeed we prove that

u(vto —tx,t) ~ (to—t)7g(z) asast—tg,

where v is an eigenvalue of La , and g is an associated eigenfunction. In order to state precisely
the result of our asymptotic analysis, we introduce the Hilbert space H; defined, for every ¢t > 0,
as the completion of C°(RY \ {0}, C) with respect to the norm

(15) ot = ([ (1o + 10 + 200 o )
where

2

is the heat kernel of the free evolution forward equation satisfying

(16) Q—AG:Oam,VQLU_—%G@ﬁ in RY x (0, +00).
For every t > 0, we also define the space £; as the completion of C>°(RY) with respect to the
norm
1/2
fulle. = ( [ | @Pe )
RN
We set L := L.

Theorem 1.2. Let N > 2, A € CY(SV"1RY) and a € L= (SV1,R) satisfy @) and [II)). Let
u # 0 be a weak solution to ([ (see Definition[21] for the notion of weak solution) in RN x (to—T, o)
with h satisfying @)—@) in I = (to—T,1t0) for sometg € R and T > 0. Then there exist mg, ko € N,
ko = 1, such that

(17) lim A(£) = Yo e = M0 — =2,
t—ty 2
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where

=2

(to — 1) Jon (IVau(z, 1) = 2L u(a, 6)]? — h(w, t)]u(@, 1)]?) e~ Co=0 do

P
Jan [u(z, )2 e” 0= dx

Furthermore, denoting as Jo the finite set of indices Jo = {(m, k) € Nx(N\{0}) : m—% = vp0.10 }»
for all 7 € (0,1) there holds

(18)  N(t)=

2

1

(19) lim, ATZmoRou(Aa, tg — N2t) — t7moko N B i Vi k(x/VE)|| dt =0
A—0 T (m, k)€ Jo Hy

and

20 lim sup |[[A72Ymorou(Ax,tg — A2t) — t7mosko Bm,kf/m,k x/Vt =0,

o) lm s ( ) ) (/o)

(m,k)eJo

where XN/mJC = Vo i/ Vi k|l 2, Vi are as in (17),

(21) Bm,k = A727m0’k0 / U(Axu to — A2)‘7m,k(‘r)G(x7 1) dx
RN

A —~
+ 2/ 17 2Ymo ko (/ h(sz,to — s*)u(sz, to — %) Vi i (2)G (2, 1) dx) ds
0 RN

for all A € (0,Aq) and for some Ao € (0,VT), and B 1. # 0 for some (m, k) € Jo.

The effect of the magnetic singular potential on the local behavior of solutions can be recognized
in the values of the limit frequencies 7, which are directly related to the angular eigenvalues
1r (A, a) through formulas (I2)) and ([I3]). We observe that the magnetic eigenvalues (A, a) are
indeed different from the magnetic-free eigenvalues 1 (0, a), at least in the case of a non irrotational
magnetic vector potential; e.g. in [I4, Lemma A.2] it was proved that p(A,a) > p1(0,a) if
curl(A/|z|) # 0. We also recall that, in the relevant example of a Aharonov-Bohm vector potential
@) in dimension N = 2 (with a = 0), the magnetic eigenvalues are explicitly known and the limit

frequencies turns out to be

—k
m—l—%, m,k €N,

showing how the asymptotic behaviour of solutions strongly relies on the circulation «.

The proof of Theorem is based on a parabolic Almgren-Poon type monotonicity formula in
the spirit of [23] combined with a blow-up analysis, see also [16]. In particular, the function (Ig])
represents the Poon’s electromagnetic parabolic counterpart of the frequency quotient introduced
by Almgren in [3] and used by Garofalo and Lin [I7] to prove unique continuation properties for
elliptic equations with variable coefficients; indeed, both in the elliptic and in the parabolic case,
monotonicity of the frequency function implies doubling properties of the solution and then the
validity of unique continuation principles. As done in the proof of Theorem and as already
observed in [I6] in the magnetic free case, the combination of the monotonicity argument with
a blow-up analysis allows proving not only unique continuation but also the precise asymptotic
description of scaled solutions near the singularity given in (I9)—(20). We notice that the magnetic
free results of [16] and their magnetic counterpart of the present paper generalize the classification
of local asymptotics of solutions to parabolic equations with bounded coefficients obtained in [5]
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to the case of singular homogenous potentials (Hardy potential and homogenous electromagnetic
potentials); we recall that the approach in [5] is based on recasting equations in terms of parabolic
self-similar variables. We also mention [2] [7, [8 [0, 11 [I5] for unique continuation results for
parabolic equations with time-dependent potentials via Carleman inequalities and monotonicity
methods.

As a consequence of Theorem we obtain the following strong unique continuation property
at the singularity.

Corollary 1.3. Let u be a weak solution to ) in (to — T, to) under the assumptions of Theorem
2 If

k
(22) u(:v,t):O((|x|2+(to—t))> asx —0andt—t,, forallkeN,

then u=0 in RN x (tg — T, tg).

The monotonicity argument developed to prove Theorem [[.2]yields as a byproduct the following
unique continuation property with respect to time. It can be interpreted as a backward uniqueness
result for () in the spirit of [21], see e.g. [19] [22].

Proposition 1.4. Let N > 2, A € CY(S¥1,RY) and a € L>*(SN~1 R) satisfy @) and ().
Let u be a weak solution to (@) in RY x I with h satisfying @) (@) for some bounded interval I.
If there exists tg € I such that

u(z,tg) =0 for a.e. x € RV,
then u =0 in RN x I.

Another main goal of this manuscript is to give an integral representation formula for magnetic
caloric functions, i.e. for solutions to (Il). The free heat forward equation, i.e. () with A = 0,
a =0 and h = 0, can be considered as the canonical example of diffusion equation. A well-known
solution to the the Cauchy problem

=A
(23) =
u(z,0) = f(x)
with datum f € CO(RM) N L>°(RY) is given by the integral formula:

_lz—yl?

u(m,t)zemf(x):zm/ﬂwe ™ fy)dy, xRN, t>0.

We also refer to [6] for integral representation formulas for the heat equation in half-spaces.

With the aim of extending integral representation formulas to the electromagnetic singular case,
the following theorem provides an explicit representation formula for weak solutions to (), with
h = 0 and initial datum ug € £, where £ is defined as the completion of C>(RY,C) with respect
to

(24) lollz = ( [ et dx)l/g.
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Theorem 1.5. Let u be a weak sqlution (in the sense explained at the beginning of Section[7) to
@) with h =0 and u(-,0) = ug € L. Then u admits the following representation: for all t > 0,

e =% [ i (L5 an

where the integral at the right hand side is understood in the sense of improper multiple integrals
and

1 L=y S }
25 K(zy) = —— e (56 T (2l
(25) (@09) = ST § U (1) 0 (1) T (F51)

being B as in (02), Yx as in [0), and being Jg, the Bessel function of the first kind of order By.

In the proof of Theorem [[H] the critical homogeneities and the transversality condition (2]) play
a fundamental role. Indeed Theorem [[.3lis proved by recasting equation () with A = 0 in terms of
parabolic self-similar variables (see transformation (II6])) thus obtaining an equivalent parabolic
equation with an Ornstein-Uhlenbeck type operator with singular homogeneous electromagnetic
potentials (see (IIT7)). Then a representation formula is obtained by expanding the transformed
solution in Fourier series with respect to an orthonormal basis given by eigenfunctions of the
Ornstein-Uhlenbeck type operator (see Remark for the description of such a basis).

The present paper is organized as follows. In section 2] we give a weak formulation of problem
[@D. In sectionBlwe present some magnetic parabolic Hardy type inequalities and weighted Sobolev
embeddings. Section [l is devoted to the description of the spectrum of the operator La , defined
in () and to the proof of Proposition [T The parabolic monotonicity argument developed in
section [B] together with the blow-up analysis of section [6] allow proving Theorem [[L2] at the end of
section[dl Finally, section[7] contains the proof of the representation formula stated in Theorem L5l

Notation. We list below some notation used throughout the paper.

const denotes some positive constant which may vary from formula to formula.
dS denotes the volume element on the unit (N — 1)-dimensional sphere SV 1.
- wy—1 denotes the volume of SN~ ie. wy_1 = [on_1 dS(6).

For every complex number z we denote as e(z) its real part.

2. THE WEAK FORMULATION OF THE PROBLEM

The functional space H; defined in (I3 is related to the weighted magnetic Sobolev space H*
defined, for every t > 0, as the completion of C°(RY \ {0}, C) with respect to the norm

1/2
ol = ([, @9 + o)) 6oy de)
where Vau = Vu +1 (T/“z‘)u For A = 0 we recover the Hilbert Space
Ht = H?
described in [16]. From [23] Proposition 3.1] (see Lemma Bl in section B]) it follows that
if N >3 then H; = H; = H) and the norms || - ||3,, || - ||z, are equivalent.

On the other hand, if N = 2 we have that H; C H; and H; # H,.
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We also notice that H; is continuously embedded into H#; a detailed comparison between spaces
H; and H will be performed in section B

We denote as H; the dual space of H; and by #: (-, -)%, the corresponding duality product.

In order to prove Theorem [I.2] up to a translation it is not restrictive to assume that

to = 0.
Furthermore, to simplify notations and work with positive times ¢, it is convenient to perform
the change of variable (x,t) — (z, —t). Indeed, if u(z,t) is solution to (@) in RY x (-T,0), then
(z,t) = u(x, —t) solves
(26) — (2, t) + Laqb(z,t) = bz, —t)a(z,t) in RY x (0,T).

Definition 2.1. We say that @ € L _(RY x (0,7)) is a weak solution to 8] in RY x (0,T) if

loc

T T o2
(27) / (-, |2, dt < +oo, / |+ VA; g ot < o0 forall T € (0,7),

(28) <at L Val-z ¢>
H; He

2t

-/, (vmx,t) A - ‘L"””x/"f') (o, 30 — hiz, _t)m,t)@)qx,t) i

for a.e. t € (0,7) and for each ¢ € Hy.

Remark 2.2. In view of () we have that Va@ -z = Vi - 2. Therefore, if @ € L (RN x (0,7))
satisfies ([21)), then the function

(29) v(z, t) = a(Vix,t)
satisfies
(30) ve L*(r,T;H) and v € L*(1,T;H*) for all 7 € (0,7T),

where H := H; is defined in ). From @B0) it follows that v € CO([r,T], L) (see e.g. [24]),
being £ := L, i.e. L is the completion of C®(RY, C) with respect to the norm |v|; =

(Jan v(z)[2el=17/4 dz) "2 Moreover the function

te[r,T] = lv®)|z = /RN (2, t)|*G (2, t) dx

is absolutely continuous and
11
2dt Jpn

11

e, )Gl 1) = ST [0 = Re s (vl 1), v (D)

_S)‘{e[ <at+vA“'“’,a(.,t)> ]
for a.e. t € (0,7).

Remark 2.3. If u is a weak solution to (Il in the sense of definition 1] then the function
v(z,t) := u(v/tz,t) defined in [29) is a weak solution to

1
v + Z < — LAV — % -V + th(\/fx, —t)v> =0,
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in the sense that, for every ¢ € H,

(31) 'H*<Ut7¢>7{

= % /]RN(VAv(x,t)-VAd)(x) — a|(x|r_2|) vz, t)p(x) — t h(Vix, —t)v(z, t)m> G(z,1) dx.

3. MAGNETIC PARABOLIC HARDY TYPE INEQUALITIES AND WEIGHTED SOBOLEV EMBEDDINGS

The following Hardy type inequality for parabolic operators was proved in [23] Proposition 3.1].

Lemma 3.1. For everyt >0, N >3 and u € Hy = ’H? there holds

/RN |U|Ej;| G(z,t)dr < ﬁ/ lu(z)[*G(x,t) dz + ﬁ/w [Vu(z)]? G, t) da.

RN

In order to compare the space H; with the magnetic space H#, we recall the well-known dia-
magnetic inequality: for all u € HA,

(32) IV|ul(z)| < |[Vau(z)|, forae. xRN
Lemma B and the diamagnetic inequality (B2]) easily imply that
if N>3and A € CY(SV L, RY) then H = H, = H, for all t > 0.
The following lemma extends the Hardy type inequality of Lemma 3.1l to the electromagnetic case;
we notice that the presence of an electromagnetic potential satisfying the positivity condition ()

allows recovering a Hardy inequality even in dimension 2.

Lemma 3.2. Let N > 2, a € L* (SN_l,R) and let A € CH(SN~1 RYN) satisfy the transversality
condition [2)). For every t >0 and u € H,, there holds

L (waup = 0 R ) G+ 22 [ o poten o

> (ul(A,a)—i— M) /RN |“|(;|2|2 G(z,t) dz.

PROOF. Let u € C°(RN\{0},C). The magnetic gradient of u can be written in polar coordinates
as

A(6)

||

Vau(z) = (V +i ) u= (0u(rd))o + %VSN—l’LL(T'e) + i@u(r@), r=|z|, = ha

x|’

hence, in view of (2,

IV au(@)? = [0,u(rd)|” + %](VSM +iA)u(rg)|”.
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Hence

3 [ (9auwp - S o)) 6w o

+oo 2
—ed [ ([T e e ) ast)
SN-1 0

+t /0+°o ’”NL</SN [[(Ven—1 + iA)u(rd)[* — a(6)[u(r)?] dS(o)) dr.

r2

For all § € SV~ let g € C°((0,4+00), C) be defined as g (r) = u(rd), and gy € C° (RN \ {0}, C)
be the radially symmetric function given by @p(z) = @o(|z|). If N > 3, from LemmaB.T] it follows
that

(34) % /SM(/OﬂoTNle%|3TU(T9)|2dT> 45(0)

/SN,I (/Om TNle%lsoé(r)Ier) ds(6)
lefl /sm (/RN [V @o(2)]*G (, 1) dx) ds(6)
ﬁ% /SN,I (/RN lgf;ﬁ)PG(x,t) d:v) ds(6)
- wjjfl N4; : /SJH (/RN |0 () [*G(x, 1) d:v) dS(6)

- L T o ir) asio)

S

=1

WV

4 72

_ +oo 2
_f%u/ (/ ere%|u(r9)|2dr> ds(6)
4.t S§N-—1 0

O sy X2 o

where wy_1 denotes the volume of the unit sphere S¥ 1, ie. wy_1 = fsN,l dS(9). If N =2 we
have trivially that

+o0 2
(35) 2 / (/ PNl 5 9, u(r6) 2 dr) ds(9) > 0.
sv-1 \Jo
On the other hand, from the definition of u;(A,a) it follows that

(36) /SN71[|(VSN—1 +iA(0))u(rd)|* — a(8)|u(rd)|*] dS(0) > m(A,a)/ lu(r8)[*dS(6).

SN—-1

From B3), B4), (35), and @B8), we deduce the stated inequality for all u € C°(RY \ {0},C). The
conclusion follows by density of C>*(RYN \ {0}, C) in H,. O

Lemma allows extending the Hardy type inequality of Lemma 3.1l to the case N = 2 in the
presence of a vector potential satisfying a suitable non-degeneracy condition. Indeed Lemma
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implies that, if N =2, ¢ > 0 and u € H;, then

|u(z)?

(37) [ W@ Gty de > u(a0) [ HEE G,

thus giving a Hardy type inequality if pi(A,0) > 0. As observe in [I4, Section 2], the condition
#1(A,0) > 0 holds if and only if

1 2m

(38) Dp = o a(t)dt € Z, where a(t) := A(cost,sint) - (—sint, cost).
™ Jo

Condition (B8) is related the following Hardy inequality proved in [20]:
2 2 A 2
(39) (min|k—<I)A|) / [ul@) dxg/ Alz/lz])
kCZ Rz |z)? R?

Vu(z) +i 2] u(x)| dx
x
which holds for all functions v € C°(RY \ {0},C). Moreover (minyez |k — <I>A|)2 = pn1(A,0) is
the best constant in (B9]).
From (37) it follows that

if N =2 and @) and (38) hold, then that 7, = HA,

being the norms || - [[3,, || - [[4a equivalent. On the other hand, if N = 2 and ®a € Z (i.e.
p1(A,0) = 0), then A is gauge equivalent to 0 and H,; C H, H; # HP; this case is actually not
very interesting since it can be reduced to the magnetic free problem by a gauge transformation.

The following corollary provides a positivity condition for the quadratic form associated to the
electromagnetic potential under condition (ITI).

Corollary 3.3. Let N > 2, a € L*(SN~1 R) and let A € C*(SV1,RY) satisfy @) and ().
Then, for everyt > 0,

- Jaw (IVau(@)? — 2LED [u(@)?) G(a, t) do + 522 [ [u(@)]?G(z, 1) da
w0} [y [Vu(z)[? Gz, t) d:C—i—fRN w% G(x,t) dx + N4t2 S~ |u(@)2G(2,t) dx
Jaw (IVav(@)? = 22D o()2) G(a,1) da + 232 fo [0(2)[PG(x, 1) du

in
veH\0} [on [Vo(x)? G(x,1) dx—l—fRN Il G(z,1)de + 22 [0 [v(2)2G(z, 1) dz

PROOF. The change of variables u(xr) = v(x/v/t) immediately gives the equality of the two
infimum levels. To prove that they are strictly positive, we argue by contradiction. Let us assume
that for every ¢ > 0 there exists ve € H \ {0} such that

[ (vanr - L o) e+ 222 [ o6t
<g(/RN |va(:v)|2G(x,1)d:E+/RN '”TiTQ)F Gl 1) de + 22 2/RN |U€(:c)|2G(:v,1)dx).
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Hence

Q—G(x/m)vxz r " N-2 v () 2G(x "
L (wavar = G oo ) cenar+ 22 [ eoP6te

ve(@)[? | N -2
< E‘/RN <|VA'U5(.’I])|2 + (1 + ||A||L°°(SN*1)) |$|2 + 1 |’U5({I])|2 G(.’I], 1) dx

ve(z)? N -2
< 8(1 + ||A||LOO(SN71))/RN <|VA'05({E)|2 + | |i|2)| + 1 |’U€(:p)|2> G(:E, 1) dx.

From the above inequality and Lemma it follows that

(1 (A7 ||AOT|L00<SN1>>E> - 2)2) L5 -Gt s

b alefle) @R g
< [, (a0 - = 5 ) 6t 1

N -2
+—/ lve ()G (x, 1) dz
4 Jan

(14 [JAllpoosn-1y)e / |ve () G
L= (14 [[Allpeesv-1y)e Jrny  |z[?

(z,1)dz,

hence

p < a > (N =27 _ (O +]|Aeev-n)e
1 ) .
1-— (1 + ||A||LOO(SN71))€ 4 1-— (1 + HAHLOO(SNfl))E

From (@) it follows easily that, for fixed A € C1(SN¥~1,RY), the map a — p1(A,a) is continuous
with respect to the L*° (SN ’1)—norm. Therefore, letting € — 0 in the above inequality, we obtain

ui(A,a) + % < 0, thus contradicting assumption (IIJ). O

The negligibility assumption (@) allows treating h as a lower order potential, recovering for small
time the positivity of the quadratic form associated to (20]).

Corollary 3.4. Let N > 2, a € L*(S¥~1 R) and let A € C*(SV"1,RY) satisfy @) and (II).
Let T >0, I = (=T,0) and h € L ((RY \ {0}) x (=T,0)) satisfy (@) in I. Then there exist

loc

C1,Cy >0 and T > 0 such that for everyt € (0,T), s € (=T,0), and u € H,;

L, (9au@p = S @) ~ e, ) )P ) Gl ) da

2
> Cl/ |u(:1cg| G(z,t)dx — & lu(2)|?G (x,t) da
RN |7 t Jrw~

N -2
4t

L (9wt = D oy — o ot ) Gty o +
RN T

Ju(z)[?

>cl</RN IVu(z)|? Gz, t) d:z:+/RN g Gl d:z:+%/RN u(2)[2G (z, t) d:z:).

/RN () 2G (z, 1) dx
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PrOOF. From (@) it follows that, for every u € Hy,

(40) ‘/]RN |h(z, s)||u(z)]*G(z,t) dx

< C’L(/RN () 2G(z, ) d:b—i—/RN 24 () PG, 1) d:c)
< Ch(/RN u(@)[2G (z, t) dz + t=/2 / |u($)|2G(m,t) d

|22
1<V
N / |u(x)|2G(:v,t)dx)
el >vE
|u(x)|2G(x,t)dx+cht8/2/ [u(@)*

Ry |zf?

= %(t + tE/Q)/ G(z,t) da.

RN
The stated inequalities follow from (@), Lemma B2} Corollary B3] and assumption (I]). O
The proof of the following inequality follows the spirit of [9, Lemma 3].

Lemma 3.5. For every u € H, |x|u € L and

1

T |z |u(2) Gz, 1) dx < / |V au(z)*G(z, 1) dz + g lu(x)]*G(z,1) da.
RN RN

RN

|z)2

PrROOF. Let u e C®°(RV \ {0},C) and w = e~ "= u. It follows that

z-2 A
VAw:ef% V4+i— u—E .
|| 4

Hence, by the transversality condition (2)), an integration by parts yields that
2 L= oy |2, P 1 A =
[Vaw|®dz = e 4 }(V—l—zﬁ)u} + ——%e((V—i—z—)u-xu) dx
RN RN e 16 2 ||

_lal? : 2 Pl 1 )
= e 2 V+i&)ul + — =Vul* -2 ) dx
/RN (’( B)u| + S - gl

_ =2 2 1 =2 2 2 N _ =l 2
= e~ |Vau|“dr — — e~ |z|f|ul de + — e~ |ul*dz > 0.
RN 16 Jrw 4 Jn

The conclusion follows by density of C2°(RY \ {0},C) in H. O

Using the change of variables u(z) = v(x/v/1), it is easy to verify that Lemma implies the
following inequality in H;.

Corollary 3.6. For every t > 0 and u € Hy, there holds

1 N
—2/ |z|?|u(z)|*G(z, t) dz g/ |Vau(z)|*G(z,t) dx + —/ |u(2)|?G(x,t) dx.
16t RN RN 4t RN

The following weighted Sobolev type inequalities hold.
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Lemma 3.7. For all v € H there holds v\/G(-,1) € L*(RN) for all s € [2, 22] if N > 3 and for
all s 2 2 if N = 2; furthermore

([, parei@na) <clul
RN

for some constant Cs > 0 independent of v € H. Moreover, for every t >0 and u € Hy,
2

s _N(s=2
([, e o) <o,

for all s € [2, 5] if N > 3 and for all s > 2 if N =2, with Cs >0 as above.

PROOF. Lemma implies that, if v € H, then v\/G(-,1) € HY(R"Y) and the first embedding
follows from classical Sobolev inequalities and Lemma The second inequality follows directly
from the first one and the change of variables u(z) = v(x/V/t). O

4. SPECTRUM OF ORNSTEIN-UHLENBECK TYPE OPERATORS WITH CRITICAL
ELECTROMAGNETIC POTENTIALS

In this section we describe the spectral properties of the operator La,, = LA, + 5 -V defined in
[@). In particular we extend to the general critical electromagnetic case previous analogous results
obtained in [26] for A = 0 and a = X constant and in [I6] for A = 0.

In order to apply the Spectral Theorem to the operator La ,, some compactness is first needed.
With this aim, following [12], we prove the following compact embedding.

Lemma 4.1. The space H is compactly embedded in L.

PROOF. Let us assume that u; — u weakly in . From Rellich’s theorem uy, — u in L2 (RY),
i.e. up — u strongly in L2(Q) for all @ cC RY. For every R > 0 and k € N, we have

(41) / e — u2G(w, 1) dz = Ax(R) + By(R)
RN
where

(42) Ar(R) = / lug(z) — u(x)|2e_|w|2/4 de —0 ask — +oo, forevery R >0,
{lz|<R}

and
Bi(R) :/ () — u(@)2G(x, 1) dz.
{l=|>R}

From Lemma and boundedness of uy in H, we deduce that

(43) Br(R) < 372/ 2 ur(2) — u(@)]*G(z, 1) dz
{lz|>R}
<L 16/ IV A (un —u)(:z:)|2G(3:,1)da:—|—4N/ (@) — u(@)[2G(e, 1) da ) < <250
R2 RN RN R2
Combining (#T), (#2), and [@3]), we obtain that u; — u strongly in L. O

In the proof of the representation formula for solutions stated in Theorem [[L5l and performed in
section [T also the forward Ornstein-Uhlenbeck operators L , = £a o — 5 -V will come into play. In
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order to study its spectral decomposition, we introduce the forward analogue of the spaces H and
L. More precisely, we define the space £ as in @4) and H as the completion of C2°(RN \ {0},C)
with respect to

(44 o= ([, (190w + @R + 0o 40)

Proposition 4.2. Let T : H — H be defined as Tu(z) = e~ "1 u(z). Then,
i) T:L— L is an isometry;
i) T :H — H is an isomorphism of normed vector spaces.

PrROOF. We first observe that, if ¢ = Tu, then

[ e@Pe dr= [ ju@pe " d.
RN RN

Hence, ||¢||z = ||ullz = ||Tul|z for all u € £. Then i) is proved.
To prove ii), we first observe that, if u € C°(RN \ {0}, C) and v = Tu, there holds

2
|z

Vu(z) =e =+ (gv(:v) + VU(HU)) ;

and hence

@) + Vo) + Re(v(@) Vo(a) - ))

b <%|v<x>|2 V(@) + S Vol (@) x) -

Then, an integration by parts yields
1 Sk
/ |Vu(z)|? / ( lv(z)|* + |Vv(:1:)|2> dz + —/ e%V|v|2(:1:) cxdx
RN 2 JrN
|| )| 2 1 lz|? o |z?
—w(@)|* + [Vv(2)|* | de — = e ()| —=— +N|dx
4. 2 RN 2
( - —|v( )| ) dx.
Therefore

/RN L ('V“(@'Q & Nlu)f 4 |u|ix|g|2> e / oo <|W<x>|2 + S @)l + |v|<;|g|2> da.

The above identity and density of C2° (RN \ {0}, C) in H and H prove statement ii). O

As a consequence, we obtain the following compact embedding for H.
Corollary 4.3. The space H is compactly embedded in L.

PROOF. The conclusion follows by combining Lemma E.T] with Proposition O

The Hardy type inequalities established in section [l and the embeddings discussed above allow
applying the classical Spectral Theorem to the operator La o defined in (7).
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Lemma 4.4. For N > 2, let A € C'(SN~1,RY) satisfy @) and let a € L°°(SN~1,R) be such that
(@) holds. Then the spectrum of the operator La ., defined in (7)) consists of a diverging sequence
of real eigenvalues with finite multiplicity. Moreover, there exists an orthonormal basis of L whose
elements belong to H and are eigenfunctions of La .

ProoF. By CorollaryB.3 and the Lax-Milgram Theorem, the bounded linear self-adjoint operator

N-2_ \*!
Taa: L — L, TA,a—(LA7a+TId>

is well defined. Moreover, by Lemma AT, Ta , is compact. The result then follows from the
Spectral Theorem. O

We are now in position to prove Proposition [T}
Proof of Proposition .3l Let 7 be an eigenvalue of La , and g € H \ {0} be a corresponding
eigenfunction, so that
Vg(z)-x

2

in a weak H-sense. From classical regularity theory for elliptic equations, g € C*(RN \ {0}, C).
Hence g can be expanded as

(45) Laa9(x)+ =vg(x)

g@) = g(rf) =Y ér(r)en(0) in L*(SV,0),
k=1
where 7 = |z| € (0,4+0), § = z/|z| € S¥~1, and
ontr) = [ o0 ds(o)

with {¢ }x as in ([I0). Equations (I0) and (@5 imply that, for every k,

N-1 A, .
(46) "+ (— — C) @ + (7 — LQG)) ¢r =0 in (0,+00).
r 2 r
The rest of the proof follows exactly as in [16, Proposition 1] . O

Denoting by L% (t) the generalized Laguerre polynomials

Li(t) = Té(—l)”(ﬁfj} 5

we have that

<47> ()= ("0 w5

with 8 = \/ (%)2 + pi(A, a). Tt is worth recalling the well known orthogonality relation

Fn+a+1)

b

(48) /000 e Ly (z) Ly (x) de =

where 6, ,, denotes the Kronecker delta.
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Remark 4.5. For n,j € N, j > 1, let V;, ; be defined in (I4). From the orthogonality of eigen-
functions {4 }x in L2(SV~1 C) and the orthogonality relation for Laguerre polynomials (@S], it
follows that

if (mq, k1) # (ma, k2) then Vi, k, and Vi, k, are orthogonal in L.
By Lemma 4] we conclude that an orthonormal basis of £ is given by

~ V. .
an: = ]7”6N7321}
{ T Valle

Remark 4.6. If v is an eigenvalue and ¢ € 7:[\{0} is a corresponding eigenfunction of the operator
Ly , defined as

Vo(x) -z
2 )
Le. Lp o =7y in a weak H-sense, then vy — % is an eigenvalue of the operator La , with

lz|? . . Lo
u =e 1 ¢ as a corresponding eigenfunction, i.e.

(49) Ly, H—H, Ly ,0(@)=Laapx) -

Laqu(z) = LA qu(z) + % = (’y - g) u(z)

in a weak H-sense. It follows that the set of the eigenvalues of L, , is
N
T m-2 ke meNE>1b.
2 2
. 2
Moreover, letting Uy, ; = e’%Vnﬁj with V,, ; as in (I4]), we have that

- U, .

Uny= "9 :jneN,j> 1}
{ ! ”Un,j”E

is an orthonormal basis of L.

Remark 4.7. From (A7) and the orthogonality relation @8], it is easy to check that

2 o2 2 _lz? 2
[Um,kllz = e 3 |\ Unil|“de = e Vil dx
RN RN

—1
m +
= [|Vin il = 2"+*50(1 + ﬂk>< mﬂk> |

5. THE PARABOLIC ELECTROMAGNETIC ALMGREN MONOTONICITY FORMULA

Throughout this section, we assume that N > 2, A € C1(S¥-1 R¥) and a € L*® (SN_l,R)
satisfy (2) and (I]), and @ is a weak solution to (20) in RN x (0,T) with h satisfying ([B)-(@) in
I=(-T,0). Let C; >0 and T > 0 be as in Corollary [3.4] and denote

T
A= —F— T,
2(|T/T| +1)
where [-| denotes the floor function, i.e. |z] := max{n € Z: n < z}. Then (0,T) = U?Zl(aj, b;)

being
k=2(|T/T|+1) =1, a;j=(—1Da, and b;=(j+1)a.



18 VERONICA FELLI AND ANA PRIMO

We notice that 0 < 2o < T and (a;,b;) N (aj+1,bj41) = (o, (j + 1)) # 0. For every j =1,...,k,
we define
Wj(x,t) = a(z,t +a;), =€RY, te(0,2a).

Lemma 5.1. For every j = 1,...,k, the function @; defined above is a weak solution to
(50) = (ug)i(2,t) + Laatj(z,t) = Wz, = (t + a;))u; (2, 1)

in RN x (0,2a) in the sense of Definition[Z1l Furthermore, 9;(x,t) := @;(v/tx,t) is a weak solution
to

(51) (’f)j)t + % ( — LA a0 — g -V, + th(\/g.%', —(t + aj))ﬁj (;v, t)) =0

in RN x (0,2a) in the sense of Remark[2.3.

Proof. Since the proof is very similar to the proof of [16, Lemma 4.1], we omit it here, referring to

[16] for details. O
For every j =1,...,k, we define

(52) H;(t) = /N |ij(x,t)]* G(x,t)dz, for every t € (0,2a),

and :

. a(x/|x]) - .
539 D0 =] [IVaiite 0l - LD 0P - he 0+ 0y 0P e
for a.e. t € (0,2c). From Lemma .1l and Remark it follows that, for every 1 < j < k,
H; € Wh1(0,2a) and

loc

\VATRE
<(ﬂj)t n u23t $7aj(_,t)> ] = 2Dj(t) for a.e. t € (0,2a).
H; He

(54)  H(t) = 2%e

Lemma 5.2. Letting C1 as in Corollary[3]) we have that, for every j =1,...,k, the function
t s 7200 SR B ()

is nondecreasing in (0, 2«).

Proof. From (54)), Corollary 3.4 and the fact that 2a < T, we have that, for all ¢ € (0,2a),
1 N -2
Hi(t) > n (201 — T>Hj(1t),
N-—2

which implies that % (t729+ 727 H;(t)) > 0, thus concluding the proof. O

Lemma 5.3. If1 < j <k and H;(t) =0 for some t € (0,2a), then H;(t) =0 for all t € (0,1].

Proof. From Lemma [52 the function t — ¢t=2C1+72° [ ;(t) is nondecreasing in (0, 2a), nonnega-

tive, and vanishing at ¢. Hence H;(t) = 0 for all ¢ € (0, . O
Lemma 5.4. If 1 <j <k and T; € (0,2«) is such that u;(-,T;) € Hr;, then

Q) S5 fon (|(@5)e(2, ) + 2802200 4y dr) dt < 400 for all T € (0,T));
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(ii) the function t — tD;(t) belongs to W21 (0,T;) and, for a.e. t € (0,Ty),

Vi, (z,t) -z 2

5 G(z,t)dx

(@;)e(, t) +

d
< uD,0) =2t [

RN

+/RNh(x, —(t +ay)) (?Wj(x,t)ﬁ + Re(t;(x, s)Vi;(z,s) - x) — |$|2 | a;(z, t)|2>G(x,t) dx

[ e~ + @)l (@06 lo.0) do

Proof. Testing equation (BI)) with (7;); (this formal testing procedure can be made rigorous by a
suitable approximation) and using Corollary [3.4] we obtain that, for all ¢ € (0, T}),

/tTj S(/}RN |(9)e(, 8)|*G(z, l)daz) ds

const(|u] VT T3 + / |9; (, t)|*G(z, 1) dz

+ /tTj(/RNh(\/E:E, —(s+ aj))(| 8|2 |9 (x, 5)|?
Re(v; (@, 8) Vi, (,5) -x) N = 2|@j(x,s)|2>a(x, 1)d:1:> ds

B 2 4
_ %[}(/}RN ha (W52, — (s + a3)) |3 (x, )Gz, 1)da:) ds).

From ([B)-(@) and Lemmas and [B77 we have that the integrals in the last two terms of the
previous formula are finite for every ¢ € (0,T}). Hence we conclude that

(9;)e € L*(1,T;; £) for all 7 € (0,T}).

Testing (BI)) with (9;) also yields

/tTi S(/RN (@), 9)[*G(a, 1)dx) ds

w5 [ (19anstor = D 0P - (i (e + a0 ) o1 o
=5 [ (9avs @ = S o 0 — 2 T~ + 0o (0 ) Gl 1)

/ (/ (Voz, —(s + ajl]))<%|'[}j($,s)|2
_ %e(vj(w,s)W) - N4— 2|@j(x,s)|z>G(x7 : dw) N

- % /tTj S( /RN hs(Vsw, =(s + a))|v;(w, 5)* G, 1)d:c) ds,
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for all ¢t € (0,T;), where vo ;(z) := @;(y/T;x,T;) € H. Therefore the function

0o [ (1908 = S 3y 0.0 - (i ~1+ )l .0 )G 1) s

is absolutely continuous in (7,7}) for all 7 € (0,7}) and

i v;(x Q—G(x/m)ﬁ»:v 2 T, — ai))|vi(z,t)|? T T
i [ (19ae0p = S a2 — i (4 )0 ) Gl 1

— 2 /RN 1(5;)e(z, 1)2G (x, 1) dw

il

_ /RN h(Vtz, —(t—l—aj))(TWj(xat”z
_2

— Re(0(z, 5)Vj(z,8) - x) — N |0 (, t)|2> G(z,1)dx

bt [ m(Vin = (4 @)l PG ) de
RN
The change of variables ;(x,t) = 9;(x/v/t,t) gives the conclusion. O

For all j =1,...,k, the Almgren type frequency function associated to u; is defined as

_ tD;(t)

N;:(0,20) = RU{—00,+00}, N,(t): GADR

The analysis below will show that each NN; actually assumes finite values all over (0,2a) and
its derivative is an integrable perturbation of a nonnegative function wherever N; assumes finite
values.

Lemma 5.5. Let k € {1,...,k}. If there exist 5;,T; € (0,2«a) such that
(55) B <Tj, Hji(t)>0 foralte (B;,T;), and u;(-,T;) € Hr,,
then N; € W,o' (B4, Tj) and

Nj(t) = v1;(t) + v2;(t)

in a distributional sense and a.e. in (B;,T;) where

Vlj@)Z%[(/RN

2

Gla, 1) d:c) (/Rij(x,t)F Gla, 1) d:c)
- (/RN (t)u(.0) + W)Wc@w dxﬂ

Vi, (z,t) -z
2t

()¢, t) +
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and

i) = g [ vt~ + ap) (E a0

i (1)
ey 0,78 (2.0 2) — o, ) 6 )
! 7 2
+Hj(t) (/]RN hi(z, —(t + a;))|g;(z, t)|*G(x, t) da:) _

Proof. From (54)) and Lemma [5.4) it follows that N; € V[/]icl (B;,T;). From (B4) it follows that

N'(t) = (tD; (1)) H,(t) — tD; () Hj(t) _ (¢D; (1)) H;(t) — 2tD7(t)
! HE (1) HE (1)
and hence, in view of (52)), (54)), and Lemma [5.4] we obtain the conclusion. O

Lemma 5.6. There exists C3 > 0 such that, if j € {1,...,k} and B;,T; € (0,2«) satisfy (B3,
then, for every t € (8;,T5;),

N —2 N -2
Nj(t) < —T + (5 (Nj(Tj) + T)

Proof. Let us first claim that, for all j = 1,...,k, the term v»; of Lemma [5.5] can be estimated as
follows:

222 (42 g =t + ) vy, BTN 23,
+ X22) (172 o =t + @) ) N =2,
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for a.e. t € (8;,T;), with some Cy > 0 independent of ¢ and j. Indeed, from (@) it follows that, for
a.e. te (Bj,Tj),

(57)

/RNh(:c, (4 ay))Re (3 (2, Vit (@,0) @) Gla, t) da
< Ch /RN(l + 2|72V (z, 1) ||| (2, £)|G(x, t) da
< Cpt /RN |Vﬂj(az,t)|@|ui(:1:,t)|G(:1:,t) dz

||

e /{ . Vi O i (0. )G, )

+cht€/2/{ s iy, ) B G )

< %Ch(t—l—tgm)/ Vit (2, 1)) Gz, t) d
RN
1 /2 |z? | - 2
+ -Ch(t+t°/7) —|t;(z,t)|*G(x, t) dx
2 RN t2

1 1
Z t5/2/ o )12 t - ts/2/
+ 2Oh . |V (z,t)[*G(z,t) do + 2Oh v |22

—=l—e/2

1
<§Cht€/2(2+T )/ Vit (x,1)|2G(x, t) dx
RN

1 o 2
O+ T 5/2)/ 1 @ D126, ) da
2 RN t2

1 |t (z,t)]?
e tE/Q/ W% 0 Gla, t) d
+ 2 h BN |$|2 (Ia ) Z,

and
58) [ Ihto. =0+ @)l (o, Gl ) da
<Ch /RN lz2|ij(z,t)*G(2,t) dx + Cj, /RN 2| 727 |||y (0, 1) |2 Gz, t) da
<G [ laPlig( 0P G0 de + ol [ i) PGl da
RY {lz|<VE}

+ cht—1+8/2/ (@2, (z, ) [2Ga, £) da
{lz|>Vvt}

gOht*1+5/2(1+Tl_€/2)/ |x|2|aj(x,t)|2a(x,t)dx+cht€/2/ i (x, 4)2G(w, t) da.
RN RN

Moreover, by Holder’s inequality and Corollary 3.7, we have that, for a.e. t € (5;,1}), ift N > 3,
(59)

/RN he(w, = (t + ay)) |t (2, )G, 1) da| < Cot™ | (, )17, Ve (- =t + 05)) | v/
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and, if N =2,
/ i, —(t + a))|its (. G, 1) de
]RN

Collecting @Q), 1), (B) and GEI)-(G), we obtain that

const /2 (1/ 5 |t (z,t)]?
— (= i (xz, t)|*G(z, t d:lc—i—/ 0 Gz, t) da
Hj(t) t RN| J( )l ( ) RN |I|2 ( )

(60) < C%f”pﬂﬂj(wt)ﬂitIIht(w —(t+aj)llLr@y)-

(61)  |m(t)] <

+ [ i nPee et [ |x|2|aj<x,t>|2a<x,t>dx)+Rj<t>
RN t= Jrw

where

Coe
H;(t)

o1
Oz b g3, e~ (4 @) Loy, 3N = 2.

Then estimate (B8] follows from inequality (61I), Corollary 3.4l and Corollary 3.6l
By Schwarz’s inequality,

(62) Vij > 0 a.e.in (ﬁj,Tj).
From Lemma [B5] (62]), and (B8] it follows that

(5115, 1he (-, =t + @) lpvreey, N >3,
R;(t) = !

A s —Ca(N3(8) + 22) (52 4 [l =+ a)llpregeny ) I N >3,
AT a0+ 2 (1 e~ )l ), N =2,

for a.e. t € (8;,T;). After integration, it follows that

4

_N-2 Nj(Tj) + ¥ exp %T;/z + C4||ht||L1((_Ty0)7LN/2(RN))), if N > 3,
82 (N(Ty) + 22 ) exp %T;ﬂ + C4||ht||L1((7T,O),LP(RN)))7 if N =2,

N;(t) <

for any t € (8;,T}), thus yielding the conclusion. O

As a consequence of the above monotonicity argument, we can prove the following non-vanishing
properties of the the functions H;.

Proposition 5.7. (i) Let j € {1,...,k}. If H; #0, then H;(t) > 0 for all t € (0, 2c).
(i) Let y € {1,...,k}. Then H;(t) =0 in (0,2a) if and only if H;11(t) =0 in (0, 2c).
(iii) Let u # 0 is a weak solution to [) in RY x (=T, 0) with h satisfying @) @) in RN x (=T,0).
Let w(x,t) = u(z, —t) and let H; be defined as in B2) for j =1,2,...,k. Then H;(t) > 0 for
allt € (0,2a) and j = 1,...,k. In particular,

(63) /]RN |u(z, —t)|2G(;v, —t)dz >0 forallte (-T,0).

ProoF. Once Lemmas (5.3 and are established, the proof can be done arguing as in [I6]
Lemmas 4.9 and 4.10, Corollary 7]. Hence we omit it. O

Proof of Proposition .4 Up a translation in time, it is not restrictive to assume that
I =(-T,0) for some T > 0. Then the conclusion follows from Proposition 57 (iii). O
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Henceforward, we assume u # 0 in RY x (=T,0) (so that @ # 0 in RY x (0,7)) and we denote,
for all t € (0, 2w),

H(t) = Hi (1) = / (e, 1) G, 1) de,

RN
b =10 = (1Vaite 0 - L ate, 0 — e, -lite. 0 ) 6.0
RN
Proposition [5.7] ensures that, if % % 0 in RV x (0,7, then H(¢) > 0 for all ¢ € (0,2a). Hence the
Almgren type frequency function
tD(t)
t) = Ni(t) = —=
is well defined over all (0, 2a). Moreover, by Lemma[5.5, A" € W, (0,2a) and N’ = vy + 1 a.e. in
(0,2a), where 11 = 111 and vg = V91, with v11,19; as in Lemma 58 By @1), a(-,t) € H; for a.e.
t € (0,T), hence there exists a Ty € (0, 2a) such that (-, Ty) € Hp,. We now prove the existence

of the limit of AV'(¢) as t — 07.
Lemma 5.8. The limit v := lim,_,q+ N (¢) exists and it is finite.

PROOF. We first observe that, in view of Corollary B4, tD(t) > (C1—252)H(t) for all ¢ € (0, 20).
Hence N(t) > C; — X2 ie. N is bounded from below. Let Ty be as above. By Schwarz’s
inequality, v1(t) > 0 for a.e. t € (0,Tp). Furthermore, Lemma [5.6] and estimate (G6]), together with
assumption (B, imply that v € L*(0,Tp). Hence N’ (t) is the sum of a nonnegative function and
of a L' function over (0,Tp). Therefore, N'(t) = N (Tp) — tTO N'(s)ds admits a limit as ¢t — 0F.
We conclude by observing that such a limit is finite since N is bounded from below (as observed
at the beginning of the proof) and from above (due to Lemma [5.6]) in the interval (0, 7). O

Lemma 5.9. Let v := limy_o+ N(t) be as in Lemma 5.8 Then there exists a constant K1 > 0
such that

(64) H(t) < Kqt*" for all t € (0,Tp).
Furthermore, for any o > 0, there exists a constant Ko(o) > 0 depending on o such that
(65) H(t) > Ky(o) 27 for all t € (0,Tp).

PROOF. From Lemma [53] Schwarz’s inequality, (B6), and assumption (&) we deduce that

t t
N == [ ns) + vals)ds > [ wals)ds

0 0
—C3C4 (N(To) + %) f(f (S_1+8/2 + ||ht(, _S)HLN/Q(]RN)) dS, if N 2 3,
—CgC4N(T0) f(f (871+5/2 + ||ht(, —S)”LP(RN)) dS, if N = 2,
—C3C4 (N (To) + 272) (%tE/Q + ”ht||LT((—T,O),LN/2(RN))t171/T)a it N >3,
—C3C4N(To)(§f€/2 + ||ht”L““((—T,O),LP(]RN))tl_l/T)a IfN =2

> —Cst’
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with
. [e 1
(66) 6—mln{§,1—;}

for some constant Cs > 0 and for all ¢ € (0, 7). From the above estimate and (54]), we deduce that
(log H(t)) = Z((tt)) = 2N (t) > 2y — 2C5t~'+°, which, after integration over (t,Tp), yields (G4).
Since v = lim,_,o+ N (t), for any o > 0 there exists t, > 0 such that N'(¢) < v+ o/2 for any
t € (0,t,). Hence }é,((;)) = QAQ(t) < 2”:‘7 which, by integration over (¢,t,) and continuity of H
outside 0, implies (65) for some constant K»(o) depending on o. O

6. BLOW-UP ANALYSIS

Once the monotonicity type Lemma [5.8] is established, our next step is a blow-up analysis for
scaled solutions to (26), which can be performed following the procedure developed in [16]
Let @ be a weak solution to (28] in RY x (0,7T) with h satisfying )-(@) in I = (=7,0). For
every A > 0, we define
ax(z,t) = a(Ax, At).

We observe that uy weakly solves

(67) — (@x)s + Laaiiy = N2z, =\2t)iy  in RY x (0, T/\?).
We can associate to the scaled equation (@7) the Almgren frequency function
t Dx(t)
68 t) = 22\
(68) N0 = s
where
Dy(t) = / (|VA11,\(:E,t)|2 - %m(m,m? — A?h( )\, —)\2t)|a,\(:c,t)|2) G(z,t)dz,
RN

Hy(t) = /RN i (z, )2 Gz, 1) dz.

By scaling and a suitable change of variables we easily see that

(69) Dy(t) = A2D(N*t) and Hy(t) = H(\*t),
so that
(70) Ni(t) = N(\%t) forall t € (O, i—O;)

Lemma 6.1. Let N > 2, A € C*(SV"1,RY) and let a € L= (SN~ R) satisfy @) and [I). Let
@ # 0 be a nontrivial weak solution to (28) in RN x (0,T) with h satisfying @) () in I = (—T,0).
Let v := limy_,o+ N'(t) as in Lemmal58 Then
(1) v is an eigenvalue of the operator La o defined in (7);
(ii) for every sequence A, — 07, there exists a subsequence {\n, tren and an eigenfunction g
of the operator La o associated to the eigenvalue 7y such that, for all T € (0,1),

H(A,)

1
dt =0

lim
k—+oo r

—t7g(z/V1)

2
He
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and
U(Anyz, A2t
lim sup T At tg(x/Vt)|| =0.
k=00 te[r,1] H()\%k) Lo
PRrOOF. Let
U t
(71) w (2, 1) == M7
H(\?)
with A € (0,VTy), so that 1 < Tp/A?. From Lemma [5.2 it follows that, for all ¢ € (0,1),
H()\2t) _N-2
2 _ 2C
(72) [ st 0P6t. e = ) < e,

with C; as in Corollary B4l Lemma [5.6] Corollary B.4] and (69) imply that

! ( A2 (N(To) + %))Hx@ > NXD(Xt)

1 N -2 u t)|?
> (o — =2 ) Hy () +cl/ Wiz O + 2@ o 1y an
t 4 RN |z|2
and hence, in view of (72]),

(73) t/RN <|V’LU)\(:ZT,t)|2 + %)G(I,ﬂ dr < Cl_l(cg(N(To) + %) _ Cl)t201*N;2

for a.e. t € (0,1). By scaling, we have that the family of functions

Wy (z,t) = wy(Viz,t) = M

HO?)
satisfies
(74) /]RN |wy(z, )]G (2,1) de = /]RN lwy (z,t)|>G(z, t) dx
and
e IBEDRY o R N [ P
@) (|Vw,\(x,t)| - )G( et [ (|v )+ )G( ) da.

From (72), (@3), [4), and (8), we deduce that, for all 7 € (0,1),
(76) {@r} e (0.yT,) 18 bounded in L>(r, 1;#)

uniformly with respect to A € (0, VT 0)- Moreover w) solves the following weak equation: for all

peH,

_ 1 _ SR U —
(77) ’H*<(w)‘)t’¢>?-[ =3 /RN (VAw,\(:E,t) -Vao(z) — |;|2‘ wy(z,t)o(x)

— A%t h(/\\/Ex, —\2t)Wy (, t)M) G(x,1) dz.
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From (@) it follows that

(78) A2 / h(MWtz, = \2t) Wy (z, 1) p(x)G(z, 1) dz
]RN

< Ch)\2/ |y (z, t)||o(x)|G(x, 1) dx + Ch§ / |z| 2wy (2, 1)||p(2) |G (w0, 1) do
RN RN

~ A® wh(x,t
< CuX DA ) |l + O /| | DI G, 1)
z|<1

|[?

caX [ o 016Gl 1) de

t Jjzi>1
P .
SO (ENF +2) D D) [l Sl

for all A € (0,v/T) and a.e. t € (0,1). From (77) and (78), and Lemma Bl we deduce that

(79) @i D)l < 22 (- )

for all A\ € (0,v/T) and a.e. t € (0,1) and for some const > 0 independent of ¢ and .
In view of (TQ)), estimate (79)) yields, for all 7 € (0, 1),

(80) {(@’\)t}Ae(o VT 18 bounded in L*(7,1; H*)

uniformly with respect to A € (0,+/Ty). From (Z6), (80), and [25, Corollary 8], we deduce that
{@)‘}Ae(o JTy) 18 relatively compact in C%([r,1],L) for all T € (0,1). Therefore, by a diagonal

argument, from any given sequence A, — 07 we can extract a subsequence A,, — 0% such that
(81) Wy, —w i C%r1],L)

for all 7 € (0,1) and for some w € [, ¢ 1) C°([7,1], £). From the fact that 1 = ||y, (-,1)]z and
the convergence (8I)) it follows that

(82) [w(, Dl = 1.

In particular @ is nontrivial. Furthermore, by (7G) and (80), the subsequence can be chosen in
such a way that also

(83) Wy, —w weakly in L*(r,1;H) and (@», )i — @ weakly in L*(7,1;H*)

for all 7 € (0,1), so that w € (¢ 1) L3(1,1;H) and w; € Nreo,1) L3(1,1;H*). Actually, we can
prove that

(84) wy,, —w strongly in L*(1,1;H) for all 7 € (0,1).

To prove claim (&), we notice that (83]) allows passing to the limit in (7). Since (78)) and (76

imply that the perturbation term vanishes in such a limit, we conclude that

)@= [ (Vanten) Tase - “fx'f_;) (e, 300 ) G 1)

for all ¢ € H and a.e. t € (0,1), i.e. w is a weak solution to

n

TE

- 1 . T -
wt+¥<—ﬁA,aw—§-Vw> =0.
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Testing the difference between (77) and (83)) with (wy,, — w) and integrating with respect to ¢
between 7 and 1, we obtain

/Tl ([, (Wa@., -0 - 220 @, - 0)w0P ) o) a

1
= 1, 0 = BOIE = Fn, ()~ a2 = 5 [ ([ 1@, - @0 o) a

1
; -\ w z,t)(wy, —w)(z T x | dt.
+/\nk/7 t</}RN h(z\nk\/gaz, /\nkt)me( )‘"k( ,0)( Any, )( ,t))G( ,1)d >dt

Then (78) and (BI)) imply that, for all 7 € (0, 1),

fm [ (/RN <|VA({DA% —@)(z, 1)) — “(T:C/”f') (@, — {a)(x,t)ﬁ) Gz, 1)dx) dt =0,

k——+oo r

which yields the convergence claimed in [84) in view of Corollary B3] and (8I). Thus, we have
obtained that, for all 7 € (0, 1),

1
] . — . 2 — ] . — . —
6 Jim [ s, (6 = w0l =0 and Jim s (s, (56) =l Ole, =0

where w(x,t) := w(%, t) is a weak solution to
(87) wy — LA qw =0.
In view of (68) and (7)), we can write Ny as
o (IVawa(@, ) = S jwn (2, )2 = N2h(Az, ~X2)|wn (2, D) G (o, 1) da
B Jon [0r(2,1)[2G (2, t) dz
for all £ € (0,1). By ®6) wa,, (-,t) = w(-t) in H, for a.e. t € (0,1), and, by (T8),

NA(t)

t)\ik /RN h(An, x, —)\ikt)|w,\nk (x,t)|2G(x,t) dr =0

for a.e. t € (0,1). Hence

(88) /RN (|vAwAnk (z,8)]2 — “%'f” jwn,, (2, 8)2 = A2 (A, =72, D)|wn,, (:zz,t)|2)G(:1:,t) da
— Dy, (t)

and

(89) /RN fwn,, (1) PG, 1) dir — Hoo(t)

as k — +o0, for a.e. t € (0,1), where

Du) = [ (1Vautzop - L2

]

|w(:1:,t)|2)G(:1:,t)d$ and Hw(t):/]R lw(z, t)]*G(x,t) dz.

N
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From (B2) it follows that [y |w(z,1)|?G(z,1) dz = 1, which, arguing as in Proposition 5.7} implies
that H,(t) > 0 for all ¢t € (0,1). From (88) and (89)), it follows that

(90) M, (t) = Ny(t)  for ae. t€(0,1),
where N, is the Almgren frequency function associated to equation (§7), i.e.
tD,,(t)
91 w(t) = )
o1) Nalt) =

which is well defined on (0,1) since H,(t) > 0 for all ¢ € (0,1) as observed above.
On the other hand, (T0) implies that Ny, (t) = N'(\} t) for all t € (0,1) and k € N. Fixing
t € (0,1) and passing to the limit as k¥ — 400, from Lemma 5.8 we obtain

(92) Na,, (t) =~ forall t € (0,1).
Combining [@0) and ([@2), we deduce that
(93) Ny(t) =~ forallt € (0,1).

Therefore N, is constant in (0,1) and hence N}, (¢t) = 0 for any ¢ € (0,1). By (87) and Lemma [5.5]
with h = 0, we obtain that

<wt(-,t) + M,w(,,w) _ Hwt("” L -

lw(, OIZ,,
. 2t ¢

Ly

where (-,-)z, denotes the scalar product in £;. Then there exists a function 8 : (0,1) — R such
that

t) -
(94) we(z,t) + W = B(t)yw(z,t) for a.e. t € (0,1) and a.e. z € RV,
Testing [87) with ¢ = w(-,¢) in the sense of ([28) and taking into account (@4]), we obtain that

B ol Vw(-,t)-x wl- _
Dy (t) = H< t(,t)+72t , (,t)>Ht B(t)Hy(t),

t

which, in view ([@I) and ([@3), yields 3(t) = T for a.e. t € (0,1). Then ([@4) becomes

+ % = %w(m,t) for a.e. (x,t) € RY x (0,1)

in a distributional sense. From (@3] and (87) we conclude that

(95) we(z, )

Vw(z,t) -z~
+ 2t ot w(, )

for a.e. (z,t) € RY x(0,1) and in a weak sense. From (05, it follows that, letting, for all > 0 and
ae. (x,t) € RNV x(0,1), w"(z,t) := w(nz,n?t), there holds ddLn” = 27710’7 a.e. and in a distributional
sense. An integration yields

(97) w(x,t) = w(nz,n*t) = n*Tw(z,t) for all n >0 and a.e. (x,t) € RY x (0,1).

The function g(z) = w(z, 1) satisfies g € L, ||g||c = 1, and, from (@7,

(98) w(z,t) = wﬁ(%, 1) = t"w(%, 1) = t"g(%) for a.e. (z,t) € RY x (0,1).

(96) EA@w
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In particular, from (@8) it follows that g(-/v/t) € H; for a.e. ¢t € (0,1) and hence, by scaling,
g € H. Moreover, from ([@6) and ([@8]), we obtain that g € H \ {0} weakly solves

Vg(x) - x

5 = v9(),

LA.a9(r)+

ie. 7 is an eigenvalue of the operator La , defined in (@) and ¢ is an eigenfunction of La ,
associated to . The proof is now complete. O

The next step is to determine the asymptotic behaviour of the normalization term in the blow-up
family (7). To this aim, in the next two lemmas we study the limit lim,_,o+ t =27 H(2).

Lemma 6.2. Under the same assumptions as in Lemma [61], let v := lim,_o+ N(t) be as in
LemmalZ8 Then the limit lim,_,o+ t =2V H(t) exists and it is finite.

PROOF. We omit the proof, since it is very similar to that of [16] Lemma 5.2]. |
The limit lim,_,o+ t~2YH(t) is indeed strictly positive, as we prove below.
Lemma 6.3. Under the same assumptions as in LemmalG1, we have that lim,_,q+ t =27V H(t) > 0.

PROOF. Let us argue by contradiction and assume that lim,_,o+ t 27 H(t) = 0. Let us consider
the orthonormal basis of £ introduced in Remark and given by {V,, ; : j,n € N,j > 1}. Since
ar(w,1) = a(Ax, \2) € L for all A € (0,/Ty), we can expand iy as

(99) ir(@,1) = > tms(NVna(z) in L,
m,keN
k>1

where

(100) um,k(A)z/ ax(, 1)V (2)G(2, 1) da.
RN

From (26) and the fact that YN/mk(x) is an eigenfuntion of the operator La , associated to the
eigenvalue 7y,  defined in (I3]), we obtain that

2
(101) u:mk()\) = X”Ym,kum,k(/\) =22 k(A) forallm,keN, k> 1,

a.e. and distributionally in (0, +/Tp), where

(102) Emir(\) = /RN h( Az, —=A?)ii (2, 1)V i (2)G (2, 1) da.

From Lemma [61] + is an eigenvalue of the operator La ,, hence, by Proposition [T} there exist
mo, ko € N, kg > 1, such that v = vk, = Mo — a% Let us denote as Ey the associated
eigenspace and by Jy the finite set of indices {(m, k) € N x (N\ {0}): v =m — 5}, so that #Jo

is equal to the multiplicity of 4 and an orthonormal basis of Ey is given by {Vix : (m, k) € Jo}.



PARABOLIC EQUATIONS WITH CRITICAL ELECTROMAGNETIC POTENTIALS 31

In view of (@), for all (m, k) € Jy we can estimate &,  as

(103) 01 < Cn [ (14 A2 29 00, 00 [T )| G, 1)
RN
1/2 ~ 2 <7
<o [ oepce i) vopes [ MOl ) 4,
RN |z|<A—1/2 ||

+Ch)\1+%/||>)\ » |1~L()\$,)\2)||‘7m)k($)|G($,1)d.’L‘

< Ch(l+)\_1+%)\/H()\2)+Ch)\_2+%(/ [20e P 6(a, 1)d:v> (/ %G(w 1)d:v) -
R RN

N

Corollary B4 and Lemma imply that

(104) /RN MG(m,l)dw - Xé’/ MG(y,Az)dy

|[? Ry [yl

< & (Do) + o)) = FED 0o + ) = 0t

as A — 07. On the other hand, from Lemma [3.2] it follows that, for all (m, k) € Jo,

[V () (V=2°\"( N-2
< .
(105) /RN FE G(z,1)dx < | p1(A,a) + 1 v+ 1
Combining (I03]), (I04), (I0H), and Lemma [5.9] we obtain that
(106) Em k(W] SONT2FEF2T)as A = 0F,

for all (m, k) € Jo.
In order to prove the theorem, we argue by contradiction and assume that lim;_,o+ t =27 H (t) = 0.
By orthogonality of the Vi, &’s in £, we have that

HN) = Y (unj(N)) = (umi(N)? forall A€ (0,4/Tp) and m,k €N, k> 1
n,jeEN
j=1
Hence, lim;_,o+ t=27H (t) = 0 implies that

(107) lim A\ uy, x(A) =0 forallmkeN, k>1

A—0t

Integration of (I0I]) over (p, A) yields that, for all X, p € (0, /Tp),

A
(108) U () = PP (”W )+ 2/ SR () ds) |
P

Estimate ([06]) implies that, for all (m,k) € Jo, the function s — s1727¢,, 1(s) belongs to
LY(0,+/Tp). Letting p — 0% in (I0]) and using (I07), we obtain that

A
(109) U 1 (N) = —2/\27/ s, k(s)ds, for all A € (0,/Tp).
0
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From (I06) and (I09), we deduce that, for all (m, k) € Jo,

(110) Um k(N) = OANT2) as A — 0%

Let us fix 0 < 0 < 5. By Lemma[5.9] there exists K»(0) such that H(A?) > Ka(o)A\227%9) for all

A € (0,+/Tp). Therefore, (IT0) implies that, for all (m, k) € Jo,

umk()\)
H()\?)

£

(111) =0(\2"7%)=0(1) asA—0T.

On the other hand, by Lemma [G.I for every sequence )\, — 07, there exists a subsequence
{An, }jen such that

ﬂ>\71-(x7 1)
—2—— g infL asj— +oo,
H(AZ)
J
for some eigenfunction g € Ey \ {0}. Therefore, for all (m, k) € Jy,
m /\n ﬂ)\nv(:zz,l) ~
(112) tmkny) _ 4 Vi | = (9. Vimn)e  as j — +oo.
H(A,) H(A,)
J J L

From ([[II) and ([[12) we deduce that (g, Vinx)e = 0 for all (m,k) € Jo. Since g € Ey and
{Vinke : (m, k) € Jo} is an orthonormal basis of Ey, this implies that g = 0, a contradiction. O

Proof of Theorem As already observed, up to a translation it is not restrictive to assume
that to = 0; then the analysis performed in this section applies to the function @(z,t) = u(x, —t).
In particular (I7) follows from Lemma 5.8 part (i) of Lemma and Proposition [[] i.e. there
exists an eigenvalue Yy ko = Mo — 012& of LA q, mo, ko €N, ko = 1, such that v = lim,_,o+ N (¢) =
lim, - ./\N/(t) = Ymo.ko- Let Ep be the associated eigenspace and Jo the finite set of indices
{(m, k) € Nx (N\{0}) : Yo,k = m— %}, so that {Vinie - (m, k) € Jo} is an orthonormal basis of
Ey. Let {\}nen C (0,400) such that lim, 1o A, = 0. Then, from part (ii) of Lemma [6.1] and
Lemmas [6.2 and [6.3] there exist a subsequence { Ay, }ren and complex numbers {3, ; : (n,5) € Jo}
such that 3, ; # 0 for some (n, j) € Jy and, for any 7 € (0, 1),

1
(113) kgrfoo A2 (A, Ao ) =7 Y B Vi ( x/\/_) dt =0
T (n,j)€Jo
and
_ . _
(114) Jm s Al @A, A ) =87 B VsV 0, =o
(n,5)€Jo
In particular,
(115) A a( Ay, A2 S > BujVaylz) in L.
(n,5)€Jo

Let us fix A € (0,+/To) and define u,, ; and &, ; as in (I00HIOZ). From (II5) and orthogonality
of the V,, ;’s it follows that, for any (m,j) € Jo, limg— 1 o0 Ay 2 U, j(Any) = Bm,;. Therefore from

Nk
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(I08) we have that, for every (m,j) € Jo,
A
B = Ny, j(A) + 2/ s, (s) ds
0

= A / a(Az, A2V, ()G (x,1) da
RN

+2 /OA st ( /]RN h(sz, —s)a(sx, s2) Vi j (2)G(z, 1) dw) ds.

The above formula shows that the (,, ;’s depend neither on the sequence {A,},cy nor on its
subsequence {A,, }ren. Then we can conclude that the convergences in (I13) and (II4) actually
hold as A — 0T. The proof is thereby complete. O

Proof of Corollary[[.3l Let us argue by contradiction and assume that u # 0 in RY x (to—T, to).
Let k € N be such that k& > vy ko, DEING Vi ko @8 in Theorem [[21 From ([22)) it follows that, for
a.e. (z,t) € RN x (0,1),

lim A\ ~%Ymoko ¢~ Vmo ko (N, tg — A3t) = 0.
A—0t

On the other hand, Theorem [[.2] implies that, for all t € (0,1) and a.e. x € RV,
lim A~ 2Ymosko t=Ymoko y(\z, tg — A2t) = g(z/V'1),

A—0t

for some g € H \ {0} eigenfunction of L4 , associated to the eigenvalue vy, k., thus giving rise to
a contradiction. |

7. PROOF OF THEOREM REPRESENTATION FORMULA OF SOLUTIONS

Let u be a weak solution to () with A = 0. By saying that u is a weak solution to (II) we mean
that the the function ¢ defined as

(116) oz, t) =u(V1+ta,t), t=0

is a weak solution of the following equation (which is equivalent to () up to the change of variable
z—V1+ta):

dy 1 1

11 Lz t) = ——— | —Laap(z,t) + = )z,

(117 2 (0.0) = o (~Eaaelent) + 5Vel@n) o)

in the sense that

(118) 90€L120c([07+00)77'1) and SDtEleoc([Ov""oo)v?:L*)v

and

1 —  a(z/|z]) ) Jc|2
S AP W) g = ——— v z,t) - Vaw(r) — ——= p(x,H)w(x) |e 1 dx

for all w € #H, where H is defined in @d). From (IJ) it follows that ¢ € C°([0,+o0), L).
Furthermore,

o(x,0) = u(z,0) = ug(x).
A representation formula for solutions u to ([Il) with » = 0 can be found (in the spirit of [13]) by
expanding the transformed solution ¢ to (II7)) in Fourier series with respect to an orthonormal
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basis of £ consisting of eigenfunctions of an Ornstein-Uhlenbeck type operator perturbed with
singular homogeneous electromagnetic potentials, i.e. of the operator Ly, defined in @9) and
acting as

@(é—ﬂ l=|?

19 llawwulg = [ (Vael) Taul - S pleel )e ¥

for all p,w € #, where H* denotes the dual space of H and 5+ ()5 is the corresponding duality
product.

Let us expand the initial datum uy = u(-,0) = ¢(-,0) in Fourier series with respect to the
orthonormal basis of £ introduced in Remark as

~ . S
(120) ug = Z CmkUmx 1n L, where cp = / uo(x)Umﬁk(aj)e‘i dz,
m,keN RA
k>1
and, for t > 0, the function ¢(-,¢) defined in (1) as
(121) ()= > PmpOUns inL,
m,keN
E>1
where

= |z
gamyk(t):/ (@, ) Up x(z)e 2 dx.
]RN

Since ¢(z,t) satisfies (IIT), by Remark [L.6l we obtain that ¢,, x € C*(]0, +00),C) and

‘P;n,k(t) 1+ m ‘Pm k@), Pmk(0) = cmk,
with 3y, = % + Ymk = % — 2% 4 m. Integration yields @, x(t) = cmi(l +t)~¥m*. Hence

expansion (I2I)) can be rewritten as

o(z,t) = Z em k(1 + t)_ﬁm”‘ﬁmk(z) in £, forallt>0

m,keN
k>1

We notice that 4y, » = 0 for all m, k, then, in view of the Parseval identity, for all ¢ > 0,

(122) leC %= ol 4+6)72m0 < > cf = [luol %
m,keN m,keN
E>1 E>1

In view of (I20)), the above series can be written as

- W=\~
o= 5 @7 ([ )T dy ) Ol
mk,kEN RN
>1

in the sense that, for all ¢ > 0, the above series converges in £. Since uo(y) can be expanded as

uo(y) = uo(lyl ) Zqu (&) in LASVY),
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where o ; (|y]) = fsn 1 wo(|y]0)1;(0) dS(), we conclude that

plzt)= > wuﬂ,k(z)< /0 Oouoyk(r)erakPkym(§)dr)

2
m.keN ||Um,k||£~
k>1
LI > (m+PBk
_ ZW (1+1)= )
) 21+2Bk1“(1 +Be) | = L+ t)m

([ 5ttt )]

By [1] we know that
T'2 F(l —+ /Bk) r2 o0 B
P m(—) =" €71 7ﬁk25’“/ —HmTIt g t)dt
e\ T) T T+ B rm)C o © *Jpu(rV)

where Jg, is the Bessel function of the first kind of order ;. Therefore,

> (1+t)~™
#(z1) _QZW Ja+n% [Z (1+ﬂk+m)F(1+m)X

o0
% o,k ( TT - 2m+5k+1
0 |Tz|ak+5k

X Jg, (1s)Jg, (|z]s") ds ds’)erdr>]

o0 7‘2
—221/% 1—|—t Tk%[/ uoyk(r)|rz|7°"“75’“eTrN71><
0

rre

( (14¢t)~™ )(SS’)2m+6k> X Jg, (15)J3, (|2]8")ds ds’) dr]

F1+m (1+Bx+m

«@ B o 2
= 22@"3’“%(@)(1 + t)z’“‘%”rzkl/ U o (r) 2| O Br e T N L
=1 0

2155
</ /0 es2+s/2 ﬁk Ve ) Jﬁk(rs)Jﬁk(|Z|S/)d5d5/>d7:|7

where in the last line we have used that

iss’ \2m+8
(L) ()20 = (1 ) Fi P (=)

and

i (—1)™ ( 188 )2m+6k7!] (2255 )
= TA+m)L(1+ B +m) \WT+1 BNV

35
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Then we have that

0 5 Bk S )
(123) 2; 1+t1/1k( )l/o wo,k(r)|rz|” 2e4Ikt(,|z|)TN1dT‘|,

where

2iss'
Tyt (r,|2]) = // ss'e™s Jgk(\/_)Jgk(rs)JBk(|z|s')dsds’.

From [27, formula (1), p. 395] (with ¢t = s', p =1, a = \/211%, b = |z|, v = B which satisfy
Re(r) > —1 and |argp| < 7 ), we know that

o , 2iss’ 1 12 as? ilz|s
5 g (= ) g (J2ls) ds' = e 0 (22 ),
~/O Bk A+i ﬂk(l | ) 2 Bk T+1

where I, denotes the modified Bessel function of order 8;. Hence

1 [ _» 12 82 ilz]s
Ik,t(r,|z|):§/0 se”% Jg, (rs)e” 2 elHI,@k(\/lll?)ds

1 Y- —1z|? _ 2 52 _|Z|S

— 1B s

= —e 2e¢ 4 se” % Jg, (rs)ei+ti J ( )ds,
2 /0 5u(rs) P VvV1i+t

since I,(z) = e~ 2"™J, (ze?) (see e.g. [I 9.6.3, p. 375]). We obtain

1 gz =1z [ _ 2+ —|z|s
Tio(r,|2|) = e Pr3e™a / se”® T Jg (rs)J, ( )ds
k,t( | |) D) ) 5k( ) Bk \/m
Applying [27, formula (1), p. 395] (with t = s, p? = t-'%l’ a=r,b= —\/‘%, v = B which satisfy
Re(r) > —1 and |argp| < 7) and [T} 9.6.3, p. 375], we obtain

1 L 12?2k (E4 1 —rlzVIFE
Tyt (r, |2]) = —6757’67”@7%6*%( + )Iﬁk rlz[v1+1t
| 4 t 2t

From (I23) and the above identity we deduce

oo z \ei% Br .
1 Ui (rr)e? oo L2 s 2 _ T
o(z,t) = 5}: (I |) i [/ uo,kjgfz oG- T (L \/'|'>T,N—1 dr‘|.
k=1 0

t(1+1)% 3 rz| "= 2t

Notice that, by replacing fooo with fOR we obtain the series representation of the solution pg(z,t)
with initial datum ug r(z) = xr(x)uo(z), being xr(x) the characteristic function of the ball Br
of radius R centered at the origin. Since ug r — uo in L as R — +oo, from ([I22)) it follows that
@(-,t) = limg_o0 @r(-, ) in L. Recalling the definition of ug j and observing that the queue of the
series

R _uo(y)
Zw’“ e (yl]2)™=

T WN—2

2t

_ P +1z1% (4 (—i|y||z|\/1+t>
Y N T v
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is uniformly convergent on compact sets (see [I3] Lemma 1.2]), we can exchange integral and sum
and write

@R(Zv t)

1 / uo(y) _z2<1+t>+y?[ — iz — (—i|y||2|\/1—+t)]
= e £ e’z Pk Z Y g, [ ZEIVE TR g
21 +1)52 Jpy (yllz) "= ; (7)Y (57) T 5 Y

ie.

_N z
enlet) = [ K (3207 ay
R

where K (y, z) is the kernel defined in (25). Letting R — +o0o we obtain that

N
tY=¢"=2 K (2 2/ttt g
o) =% [ wK (%242 .

where the integral at the right hand side is understood in the sense of improper multiple integrals.
From (II6) we conclude that, for all ¢ > 0,

u(z,t) = 2 /]RN uo(y)K(%, %) dy.
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