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Abstract

We consider a general class of stochastic optimal control problems, where the state process
lives in a real separable Hilbert space and is driven by a cylindrical Brownian motion and a Pois-
son random measure; no special structure is imposed on the coefficients, which are also allowed
to be path-dependent; in addition, the diffusion coefficient can be degenerate. For such a class of
stochastic control problems, we prove, by means of purely probabilistic techniques based on the
so-called randomization method, that the value of the control problem admits a probabilistic
representation formula (known as non-linear Feynman-Kac formula) in terms of a suitable back-
ward stochastic differential equation. This probabilistic representation considerably extends
current results in the literature on the infinite-dimensional case, and it is also relevant in finite
dimension. Such a representation allows to show, in the non-path-dependent (or Markovian)
case, that the value function satisfies the so-called randomized dynamic programming principle.
As a consequence, we are able to prove that the value function is a viscosity solution of the
corresponding Hamilton-Jacobi-Bellman equation, which turns out to be a second-order fully
non-linear integro-differential equation in Hilbert space.

Keywords: Backward stochastic differential equations, infinite-dimensional path-dependent con-
trolled SDEs, randomization method, viscosity solutions.
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1 Introduction

In the present paper we study a general class of stochastic optimal control problems, where the
infinite-dimensional state process, taking values in a real separable Hilbert space H, has a dynamics
driven by a cylindrical Brownian motion W and a Poisson random measure w. Moreover, the
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coefficients are assumed to be path-dependent, in the sense that they depend on the past trajectory
of the state process. In addition, the space of control actions A can be any Borel space (i.e., any
topological space homeomorphic to a Borel subset of a Polish space). More precisely, the controlled
state process is a so-called mild solution to the following equation:

AX, = AX, dt + by(X, ap)dt + 04(X, o)W, + / (X, g 2) (m(dt dz) — Ag(d) df), 0<t<T,
0\(0}

Xo = o,

where A is a linear operator generating a strongly continuous semigroup {e!4,t > 0}, \;(dz)dt
is the compensator of w, while o is an admissible control process, that is a predictable stochastic
process taking values in A. Given an admissible control «, the corresponding gain functional is
given by

T
J(a) = E[ [ e aiy s goeme)|

where the running and terminal reward functionals f and g may also depend on the past trajectory
of the state process. The value of the stochastic control problem, starting at ¢ = 0 from xg, is
defined as
Vo = supJ(a). (1.1)
[e%

Stochastic optimal control problems of infinite-dimensional processes have been extensively
studied using the theory of Backward Stochastic Differential Equations (BSDEs); we mention in
particular the seminal papers [11], [12] and the last chapter of the recent book [9], where a de-
tailed discussion of the literature can be found. Notice however that the current results require a
special structure of the controlled state equations, namely that the diffusion coefficient o = o(t, )
is uncontrolled and the drift has the following specific form b = by (¢, z) + o(t,z)ba(t,x,a). Up to
our knowledge, only the recent paper [6], which is devoted to the study of ergodic control prob-
lems, applies the BSDEs techniques to a more general class of infinite-dimensional controlled state
processes; in [6] the drift has the general form b = b(x, a), however the diffusion coefficient is still
uncontrolled and indeed constant, moreover the space of control actions A is assumed to be a real
separable Hilbert space (or, more generally, according to Remark 2.2 in [6], A has to be the image of
a continuous surjection ¢ defined on some real separable Hilbert space). Finally, [6] only addresses
the non-path-dependent (or Markovian) case, and does not treat the Hamilton-Jacobi-Bellman
(HJB) equation related to the stochastic control problem.

The stochastic optimal control problem (1.1) is studied by means of the so-called randomization
method. This latter is a purely probabilistic methodology which allows to prove directly, start-
ing from the definition of Vj, that the value itself admits a representation formula (also known
as non-linear Feynman-Kac formula) in terms of a suitable backward stochastic differential equa-
tion, avoiding completely analytical tools, as for instance the Hamilton-Jacobi-Bellman equation
or viscosity solutions techniques.

This procedure was previously applied in [10] and [1], where a stochastic control problem in
finite dimension for diffusive processes (without jumps) was addressed. We also mention [15],
which has inspired [10] and [1], where a non-linear Feynman-Kac formula for the value function of
a jump-diffusive finite-dimensional stochastic control problem is provided. Notice, however, that
the methodology implemented in [15] (and adapted in various different framework, see e.g. [2],



[3], [7]) is quite different and requires more restrictive assumptions; as a matter of fact, there the
authors find the BSDE representation passing through the Hamilton-Jacobi-Bellman equation, and
in particular using viscosity solutions techniques; moreover, in order to apply the techniques in
[15], one already needs to know that the value function is the unique viscosity solution to the HJB
equation.

The randomization method developed in the present paper improves considerably the method-
ology used in [15] and allows to extend the results in [10] and [1] to the infinite dimensional jump-
diffusive framework, addressing, in addition, the path-dependent case. We notice that it would be
possible to consider a path-dependence, or delay, in the control variable as well; however, in order
to make the presentation more understandable and effective, we assume a path-dependence only in
the state variable. We underline that our results are also relevant for the finite-dimensional case,
as it is the first time the randomization method is implemented when a jump component appears
in the state process dynamics.

Roughly speaking, the key idea of the randomization method consists in randomizing the control
process «, by replacing it with an uncontrolled pure jump process I associated with a Poisson
random measure 6, independent of W and 7; for the pair of processes (X, ), a new randomized
intensity-control problem is then introduced in such a way that the corresponding value coincides
with the original one. The idea of this control randomization procedure comes from the well-known
methodology implemented in [16] to prove the dynamic programming principle, which is based on
the use of piece-wise constant policies. More specifically, in [10] it is shown (under quite general
assumptions; the only not usual assumption is the continuity of all coefficients with respect to the
control variable) that the supremum over all admissible controls « can be replaced by the supremum
over a suitable class of piece-wise constant policies. This allows to prove in a relatively easy but
rigorous manner the dynamic programming principle, see Theorem III.1.6 in [16]. Similarly, in
the randomization method we prove (Theorem 4.1), under quite general assumptions (the only
not usual assumption is still the continuity of all coefficients with respect to the control variable),
that we can optimize over a suitable class of piece-wise constant policies, whose dynamics is now
described by the Poisson random measure #. This particular class of policies allows to prove the
BSDE representation (Theorem 5.1), as well as the randomized dynamic programming principle.
Notice that in the present paper we have made an effort to simplify various arguments in the proof
of Theorem 4.1 and streamline the exposition.

In the Markovian case (Section 6), namely when the coefficients are non-path-dependent, we
consider a family of stochastic control problems, one for each (¢t,z) € [0,7] x H, and define the
corresponding value function. Then, exploiting the BSDE representation derived in Section 5, we
are able to prove the so-called randomized dynamic programming principle (Theorem 6.2), which
is as powerful as the classical dynamic programming principle, in the sense that it allows to prove
(Proposition 6.3) that the value function is a viscosity solution to the Hamilton-Jacobi-Bellman
equation, which turns out to be a second-order fully non-linear integro-differential equation in the
Hilbert space H:

v + (Az, Dyv) 4+ sup,ep {%Tr(a(t,a:, a)o*(t,z,a)Dv) + (b(t,z,a), Dyv) + f(t,z,a)
+fU\{0} (U(t’ x + /7(757 €z, a, Z)) - U(tv :E) - Diﬂv(t7 l‘)’y(t, €,a, Z))/\W(dz)} = 07 on (07 T) X Ha (12)
o(T,z) = g(z), x € H.

Notice that in the non-diffusive case, namely when o = 0, the control problem corresponding to



equation (1.2) has already been studied in [20]. Here the authors prove rigorously the (classical)
dynamic programming principle (Theorem 4.2 in [20]) and show that the value function solves in
the viscosity sense equation (1.2) (with ¢ = 0), Theorem 5.4 in [20]. Then, Theorem 6.2 below,
which provides the randomized dynamic programming principle, can be seen as a generalization
of Theorem 4.2 in [20]; similarly, Proposition 6.3 extends Theorem 5.4 in [20] to the case with o
not necessarily equal to zero. Finally, we recall [19], which is devoted to the proof of a comparison
principle for viscosity solutions to equation (1.2) (with ¢ not necessarily equal to zero), to which
we refer in Remark 6.2.

The paper is organized as follows. In Section 2 we introduce the notations used in the paper
and state the assumptions imposed on the coefficients (notice however that in the last section,
namely Section 6, concerning the Markovian case, we introduce a different set of assumptions and
introduce some additional notations). Section 3 is devoted to the formulation of the stochastic
optimal control problem, while in Section 4 we introduce the so-called randomized control problem,
which allows to prove one of our main results, namely Theorem 4.1. In Section 5 we prove the
BSDE representation of the value V (Theorem 5.1). Finally, Section 6 is devoted to the study
of the non-path-dependent (or Markovian) case, where we prove that the value function satisfies
the randomized dynamic programming principle (Theorem 6.2) and we show that it is a viscosity
solution to the corresponding Hamilton-Jacobi-Bellman equation (Proposition 6.3).

2 Notations and assumptions

Let H, U and Z be two real separable Hilbert spaces equipped with their respective Borel o-
algebrae. We denote by |- | and (-,-) (resp. |- |y, ||z and (-,-)=, (-,-)y) the norm and scalar
product in H (resp. in U and Z). Let (2, F,P) be a complete probability space on which are
defined a random variable z: @ — H, a cylindrical Brownian motion W = (W);>¢ with values in
=, and a Poisson random measure 7(dt dz) on [0, co) x U with compensator A;(dz)dt. We assume
that xg, W, m are independent. We denote by pg the law of zy, which is a probability measure on
the Borel subsets of H. We also denote by F&o-W'™ = (.}}xo’w’w)tzo the P-completion of the filtration
generated by xq, W, m, which turns out to be also right-continuous, as it follows for instance from

Theorem 1 in [13]. So, in particular, F*o-W'™ satisfies the usual conditions. When x is deterministic

FxO,W,ﬂ IE‘W,T(

(that is, uo is the Dirac measure d,) we denote simply by

Let L(Z; H) be the Banach space of bounded linear operators P: = — H, and let Ly(Z; H) be
the Hilbert space of Hilbert-Schmidt operators P: = — H.

Let T' > 0 be a finite time horizon. For every ¢ € [0, 7], we consider the Banach space D([0,t]; H)
of cadlag maps : [0,¢] — H endowed with the supremum norm z := supy¢o 4 [(s)[; when t =T'
we also use the notation ||| := sup,eo 7y |2(s)|. On D([0,T7; H) we define the canonical filtration
(Dg)te[O’T}, with DY generated by the coordinate maps

II, : D(0,T);H) — H,
z(-) — x(s),
for all s € [0,¢]. We also define its right-continuous version (D;);c(o7], that is Dy = Ns>¢DY for

every t € [0,7) and Dy = DY. Then, we denote by Pred(D([0,T]; H)) the predictable o-algebra
on [0,T] x D([0,T]; H) associated with the filtration (Dy)cjo,77-



Let A be a Borel space, namely a topological space homeomorphic to a Borel subset of a Polish
space. We denote by B(A) the Borel o-algebra of A. We also denote by dy a bounded distance on
A.

Let A: D(A) C H — H be a linear operator and consider the maps b: [0, T]|x D([0,T]; H) x A —
H, 0:[0,7T) x D([0,T];H) x A — L(E;H), v : [0,T] x D([0,T];H) x Ax U — H, f:[0,T] x
D([0,T];H) x A - R, g: D(]0,T]; H) — R, on which we impose the following assumptions.

(A)
(i) A generates a strongly continuous semigroup {e*4, t > 0} in H.

(ii) po, the law of g, satisfies [, |2[POug(da) < oo for some py > max(2, 2p), with the same p > 0
as in (2.3) below.

(iii) There exists a Borel measurable function p: U — R, bounded on bounded subsets of U, such
that

inf p(z) > 0, forevery R > 0 and /|p(z)|2/\ﬂ(dz) < o0.
lzlu>R U

(iv) The maps b and f are Pred(D([0,T]; H)) ® B(A)-measurable. For every v € H, the map
(s, )v: [0,T] x D([0,T); H) x A — H is Pred(D([0,T]; H)) ® B(A)-measurable. The map
v is Pred(D([0,T]; H)) ® B(A) ® B(U)-measurable. The map g is Dp-measurable.

(v) The map g is continuous on D([0,T]; H) with respect to the supremum norm. For every
t € [0,T], the maps b(-,-) and f;(-,-) are continuous on D([0,T]; H) x A. For every (t,z) €
[0,T] x U, the map (-, 2) is continuous on D([0,T]; H) x A. For every t € [0,T] and any
s € (0,T], we have e*4oy(x,a) € Ly(Z; H), for all (z,a) € D([0,T); H) x A, and the map
e*Aay(-,-): D([0,T]; H) x A — Ly(Z; H) is continuous.

(vi) For allt € [0,T], s € (0,T], ,x’ € D([0,T); H), a € A,

|bi(,a) — b2, a)| + le* oy (w,a) — eoy (2, 0) | ez < Liw — )],
(2,0, 2) = (@' a,2)] < Lp(z)(z—2');,
0:(0,a)| + [04(0,a)|py =) < L,
17(0,a,2)| < Lp(2),
[fi(z,a)] +|g(=)] < L1+ |z|?), (2.3)

for some constants L > 0 and p > 0.

3 Stochastic optimal control problem

In the present section we formulate the original stochastic optimal control problem on two different
probabilistic settings. More precisely, we begin formulating (see subsection 3.1 below) such a control
problem in a standard way, using the probabilistic setting previously introduced. Afterwards, in
subsection 3.2 we formulate it on the so-called randomized probabilistic setting (that will be used
for the rest of the paper and, in particular, for the formulation of the randomized control problem
in Section 4). Finally, we prove that the two formulations have the same value.



3.1 Formulation of the control problem

We formulate the stochastic optimal control problem on the probabilistic setting introduced in
Section 2. An admissible control process will be any F#0-W-™_predictable process o with values in A.
The set of all admissible control processes is denoted by A. The controlled state process satisfies
the following equation on [0, 7]:

X, = AX, dt + bi(X, a0)dt + 0y(X, a0)dW; + / (X, g, 2) (r(dt dz) — A (d2) di),
0\(0) (3.4)

Xo = o,
We look for a mild solution to the above equation (3.4) in the sense of the following definition.

Definition 3.1 Let o € A. We say that a cadlag F*oW-™_adapted stochastic process X = (Xt)te[O,T]
taking values in H is a mild solution to equation (3.4) if, P-a.s.,

t ¢
Xy = etA xo + / e(t—S)A bs(X’ as) ds + / e(t—s)A O'S(X, Oés) AW,
0 0
t
+ / /\{ }e(t_S)A Vs(X, g, 2) (m(ds dz) — Ar(dz) ds), forall0 <t <T.
U\{0

Proposition 3.1 Under assumption (A), for every a € A, there exists a unique mild solution
XT0,% = (Xfo’a)te[QT] to equation (3.4). Moreover, for every 1 < p < po,

E[ sup | X700 yp] < G, (1+E[xol]), (3.5)
te[0,T]

for some positive constant Cp, independent of o and c.

Proof. Under assumption (A), the existence of a unique mild solution X7* = (X*%),c0 7 to
equation (3.4), for every a € A, can be obtained by a fixed point argument proceeding as in Theorem
3.4 in [19], taking into account the fact that the coefficients of equation (3.4) are path-dependent.

We now prove estimate (3.5). In the sequel, we denote by C' a positive constant depending only
on T and p, independent of zy and «, that may vary from line to line. For brevity we will denote
X0 simply by X. We start by noticing that

N T e ey O
te0.T) te(0,7] te [0,7]
+E sup ‘/ (=94 5 (X, ) ]1/p
tE[OT]

o(t=3) p11/p
+E sup ‘ Ao(X, as, 2) (m(ds dz) — Ar(dz) ds)‘ ] .
tE[O T) U\{O}

On the other hand, by the Burkodlder-Davis-Gundy inequalities, we have

[0,7] }l/p < CE[(/T 62(t_8)A|05(X, as)|2ds)p/2] 1/p (3.7)
tEOT 0

- CH/ Moy (X, aS)Pds‘ ;’2/2(9}‘1?) < C(/TE[ep(t—s)A’US(X7 as)‘p] 2/pds> 1/27
’ 7 0

E sup ‘/ (=94 5 (X, o)
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and

‘/ / =94y (X, g, 2) (m(ds dz) _)\W(dz)ds)‘pr/p

tEOT U\(0)

< CE[(/ H¢8H2L2(U)\ ) ds)P/2} e _ C H /OT H(ZﬁsHQLz(UAW;H) ds‘ ijgﬁp)

<cf / [|16ulan, ] ) .

1/2
where we have set ||¢s|2wa.m) = <fU\{O} ](bs(z)]zAw(dz)) and ¢4(z) = )4~ (X, o, 2).

By (3.7), (3.8), together with assumption (A), we get

[ o | [ ot agan [T < ([Te[(r s p)T )"
<o ([ = ] a)") as

and
(t—s) p11/p
tEOT ‘/ /U\{O} Ao(X, g, 2) (m(ds dz) — Ap(dz) ds)‘ }

< C</0 62(t—s)AE[<1+ sup \XT\) (/U\{O} ‘P(Z)‘2)\n(dz))p/2]2/pd3>1/2

rel0, s]
T

sC(/OTE[(HT:%%\Xr\)pr/pds)l/zg o1+ (/0 E[T:%ps}‘x ‘p]%’ 2s) /2>_ (3.10)
Moreover, using again assumption (A),

1/ T 1/
E sup ‘/ (t=)4p (X, ozs)ds‘ ] : §/ E[ep(t_S)A|bs(X,ozs)|p] " ds
te[OT] 0

<C/ 1+ sup | X, ]) } /pds§C<1+/TE[ sup ]Xr\p]l/pds>. (3.11)
0

relo, s] relo, s

Therefore, plugging (3.9), (3.10) and (3.11) in (3.6), we get

oo ] "< osfr] " sc(u+ 6] ap r] ")

+C’</OTE[ sup | X, |pr/p )1/2.

relo, s

Taking the square of both sides and using the Cauchy-Schwarz inequality, we find (we set 1) =
E[sup, ¢ (o, s | X+ [P]*/P)

vr < il + 01 +/0Twsds),

and we conclude by the Gronwall inequality. O



The controller aims at maximizing over all a € A the gain functional

T
J(a) = E[/o [r(XF0% ap) dt + g(X70Y)|.

By assumption (2.3) and estimate (3.5), we notice that J(«) is always finite. Finally, the value of
the stochastic control problem is given by

Vo = sup J(a).
acA

3.2 Formulation of the control problem in the randomized setting

We formulate the stochastic optimal control problem on a new probabilistic setting that we now
introduce, to which we refer as randomized probabilistic setting. Such a setting will be used for the
rest of the paper and, in particular, in Section 4 for the formulation of the randomized stochastic
optimal control problem.

We consider a new complete probability space (Q, F , ]15’) on which are defined a random variable
To: QO — H. a cylindrical Brownian motion W = (Wt)tzo with values in =, a Poisson random
measure 7(dtdz) on [0, co) x U with compensator A;(dz)dt (with A\ as in Section 2), and also
a Poisson random measure 0(dt da) on [0, 00) x A with compensator Ag(da)dt (on Ag we impose
assumption (A )(i) below). We assume that &g, W, 7, 0 are independent. We denote by 19 the law
of & o (with pg as in Section 2). We also denote by [rdo. W70 — (]:txo’W 0 )e>0 (resp. 0 = (]:f)tzo)
the ]P’—completlon of the filtration generated by Zo, W, #, 6 (resp. 9) which satisfies the usual
conditions. Moreover, we define P(FxO’W i 9) as the predictable o-algebra on [0, 7] x Q) associated
with Foo W70, Finally, we denote by A the family of all admissible control processes, that is the
set of all P(@io’w’ﬁ’é)—measurable maps @: [0,7] x  — A.

We impose the following additional assumptions.

(AR)
(i) Ao is a finite positive measure on B(A), the Borel subsets of A, with full topological support.
(ii) ap is a fixed point in A.

Similarly to Proposition 3.1, for every admissible control & € A, we can prove the following
result.

Proposition 3.2 Under assumptions (A)-(Ar), for every & € A, there exists a unique mild
solution XT0& (Xx a)te[o,T} to equation (3.4) with xo, W, m, « replaced respectively by I, W,
, &. Moreover, for every 1 < p < py,

B sup [X7°4P) < G, (1+E[a0f]),
te[0,T]

with the same constant C, as in Proposition 3.1, where E denotes the expectation under P.

In the present randomized probabilistic setting the formulations of the control problem reads
as follows: the controller aims at maximizing over all & € A the gain functional

T
J&) = E[ /0 Fr( X2 Gy dt + g(XT0%) | (3.12)

8



The corresponding value is defined as

Vo = sup J(&). (3.13)
aed

Proposition 3.3 Under assumptions (A)-(AR), the following equality holds:
Vo = Vo
Proof. The proof is organized as follows:

1) firstly we introduce a new probabilistic setting in product form on which we formulate the
control problem (3.13) and denote the new value function Vp; then, we show that Vo = Vo:

2) we prove that Vp = Vj.

Step 1. Let (¥, F',P’) be another complete probability space where a Poisson random measure 6
on [0,00) x A, with intensity \o(da)dt, is defined. Denote Q = Q x €', F the completion of F @ F’
with respect to P@P’, and P the extension of P@P’ to F. Notice that xq, W, 7, which are defined on
0, as well as 6, which is defined on €, admit obvious extensions to 2. We denote those extensions
by Zo, W,7,0. Let F¥o.W.T — (.}}IO’W’ )iso (resp. FToW.m0 — (.7-";60’1/1/7r 6)t>0) be the P-completion
of the filtration generated by Zo, W, T (resp. T, W, @, 6). Finally, let A (resp. Aé) be the set of
A-valued F2o:W.® -predictable (FZO’W 7,0 -predictable) stochastic processes. Notice that A C A0,
For any a € A? define (with E denoting the expectation under PP)

— — T _ _ — _
J(a) = E[ [ ay s goene)|

where X%0:& = (Xf 07&)1520 denotes the stochastic process on 2, mild solution to equation (3.4),
with «, o, W, 7 replaced respectively by &, Zo, W, 7. We define the value function

Vo = sup J(a).

acA?
Finally, we notice that Vj = Vp. As a matter of fact, the only difference between the control
problems with value functions Vo and V; is that they are formulated on two different probabilistic
settings. Given any & € A, it is easy to see (by a monotone class argument) that there exists
a € A? such that (&, 2o, W,#,0) has the same law as (a,Zo, W, 7 9) so that J(&) = J(&), which
1mphes Vo < Vp. In an analogous way we get the other inequality Vo > Vj, from which we deduce
that Vg = V.
Step 2. Let us prove that Vy = V3. We begin noting that, given any o € A, denoting by &
the canonical extension of a to Q, we have that & € A, moreover (o, xo, W,7) has the same
law as (&,Zo, W, ), so that J(a) = J(a). Since @ € A and A C Aé, @ belongs to ftg, hence
J(a) = J(a) < Vp. Taking the supremum over a € A, we conclude that Vy < V.

It remains to prove the other inequality Vp > V. In order to prove it, we begin denoting Ff =
(Fo )it>0 the P-completion of the filtration generated by 6. Notice that FroW.mb _ proW.m\, 78
for every t > 0. Now, fix a € A? and observe that, for every w’' € €/, the stochastic process
a1 Q% [0,T] — A, defined by

o (W) = a(w,w), for all (w,')€Q=QxQ, t>0,



is F20.W'T_progressively measurable, as a is FZoW: ™0 _predictable and so, in particular, FZo:W:m0_
progressively measurable. It is well-known (see for instance Theorem 3.7 in [1]) that, for every
W' € , there exists an F*>W"_predictable process & : Q x [0,7] — A such that v = av,
dP ® dt-a.e..

Now, recall that X% = (X7%);>¢ denotes the mild solution to equation (3.4) on Q, with
a,:EO,I/T{,W replaced respectively by &, Zg, W, 7. Similarly, for every fixed w’ € @, let X xp,6"
(Xy 0,6 )t>0 denotes the mild solution to equation (3.4) on Q, with a replaced by &“'. Tt is easy
to see that there ex1sts a P'-null set N” C Q' such that, for every w’ ¢ N’, the stochastic processes
X7%0:8(. ') and X*0:% () solve the same equation on €. Therefore, by pathw1se uniqueness, for
every w' ¢ N’ we have that X709(-,w’) and X x‘”é‘w,(-) are P-indistinguishable. Then, by Fubini’s

theorem we obtain
T , ) L /
s@) = [ B [ hecs o) e g (e | P = B < %
/ 0

The claim follows taking the supremum over all & € A9 O

We end this section stating a result slightly stronger than Proposition 3.3. More precisely, we
fix a o- algebra Q independent of (zo, W ,7m) and such that f9 C Q We denote by FmO’W“g =

fxO’ng >0 the P-completion of the filtration generated by &g, W, #, G and satisfying G C
¢ >

fg oW.hG Then, we define AY as the family of all [#0.W..9_predictable processes é: [0, T x Q — A.
Notice that A c AY.

Proposition 3.4 Under assumptions (A)-(AR), the following equality holds:

Vo = sup J(@&).
Ge A9
Proof. We begin observing that there exists measurable space (M, M) and a random variable
I: (Q,F) = (M, M) such that G = (") (for instance, take (M, M) = (Q,G) and T the identity
map). Then, the proof can be done proceeding along the same lines as in the proof of Proposition
3.3, simply noting that the role played by 0 in the proof of Proposition 3.3 is now played by . O

4 Formulation of the randomized control problem

We now formulate the randomized stochastic optimal control problem on the probabilistic setting
introduced in subsection 3.2. Our aim is then to prove that the value of such a control problem
coincides with Vj or, equivalently (by Proposition 3.3), with Vo. Here we simply observe that the
randomized problem may depend on Ay and ag, but its value will be independent of these two
objects, as it will coincide with the value Vj of the original stochastic control problem (which is
independent of A\g and ag).

We begin introducing some additional notation. We firstly notice that there exists a double
sequence (Tn, M )n>1 of Ax (0, oo) valued pairs of random variables, with (7, n)nzl strictly increasing,
such that the random measure 6 can be represented as 0(dt da) = D1 5(Tn,ﬁn)(dt da). Moreover,

for every Borel set Z € B(A), the stochastic process (8((0, t] x B) — t \o(#))i>0 is a martingale
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under P. Now, we introduce the pure jump stochastic process taking values in A defined as

Iy = > in g, 7,00, for all t > 0, (4.14)
n>0

where we set 1f := 0 and Mo := ag (notice that, when A is a subset of a vector space, we can write
(4.14) s1mply as I, = ag + fo Sala— ) O(ds da)).
We use I to randomize the control in equation (3.4), which then becomes:

dX; = AX,dt + b(X, I)dt + op(X, I,)dW; + / V(X Ii—, 2) (7(dt dz) — M\r(d2)dt),

U\{0} (4.15)
Xo = Zo.
As for equation (3.4), we look for a mild solution to (4.15), namely an H-valued cadlag [0, W70
adapted stochastic process X = (X—t)te[():p} such that, ]f”—a.s.,
A t A A~ t A A~ ~
Xy =i+ / AKX, 1) ds + / =4 5(X | I,) dW, (4.16)
0 0

t
+ / / et~ (X I, 2) (R(dsdz) — Ae(d2) ds), forall 0 <t <T.
U\{0}
Under assumptions (A)-(Axr), proceeding as in Proposition 3.1, we can prove the following result.

Proposition 4.1 Under assumptions (A)-(AR), there exists a unique mild solution X = (Xt)te[oﬂ
to equation (4.15), such that, for every 1 < p < po,

E[ sup \Xt\p] < Cp (1+E[207), (4.17)
te[0,T

with the same constant C), as in Proposition 3.1. In addition, for everyt € [0,T] and any 1 < p <
po, we have -
IE[ sup |)A(s|p‘]:'fo’w’7r’6} < G, (1—!— sup |Xs|p>, P-a.s. (4.18)
s€(t,T) s€[0,t]

with the same constant C, as in Proposition 3.1.

Proof. Concerning estimate (4.17), the proof can be done proceeding along the same lines as in the
proof of Proposition 3.1. On the other hand, regarding estimate (4.18) we begin noting that given

any two integrable .]-‘xOvW #,0

holds: n < &, P-a.s., if and only if E[n1g] < E[¢1g], for every E € fxO’W”e So, in particular,
estimate (4.18) is true if and only if the following estimate holds:

-measurable random variables n and £, then the following property

E| sup |X,? 1E} < Cp < 1g] —I—E[ sup |X,[P 1E]>, for every E € ]:"fo’w’ﬁ’e. (4.19)
se[t, T s€[0,2]

The proof of estimate (4.19) can be done proceeding along the same lines as in the proof of Propo-
sition 3.1, firstly multiplying equation (4.16) by 1. O

We can now formulate the randomized control problem. The family of all admissible control
maps, denoted by V), is the set of all P(F#0:W:%¢) @ B(A)-measurable functions 7: [0, 7] x Q x A —
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(0,00) which are bounded from above and bounded away from zero, namely 0 < inf [0,T]xQxA v <
SUD() 7] ax A U < +o00. Given ¥ € V, we consider the probability measure P” on (Q, ﬁ;o’w’w’o) given

by dP? = i, dP, where (k7 )tefo,r] denotes the Doléans-Dade exponential

R = 5t< /0 | /A (5(a) — 1) (A(ds da) — Ao(da) ds)>. (4.20)

By Girsanov’s theorem (see e.g. Theorem 15.2.6 in [5]), under P” the I@‘i‘)vwvﬁvé—compensator of 6
on [0, T| x A is vs(a)Ag(da)ds.

Notice that, under P> , W remains a Brownian motion and the -compensator of 7 on
[0, T] x A is Ar(dz)ds (see e.g. Theorem 15.3.10 in [5] or Theorem 12.31 in [141]).

As a consequence, the following generalization of estimate (4.17) holds: for every 1 < p < py,

fgfco,vi/,fr,é

sup E”{ sup \Xt\p] < Gp(1 —i—E’)Uazo\p]), (4.21)
ey te[0,7]

with the same constant C), as in (4.17), where [E? denotes the expectation with respect to P
The controller aims at maximizing over all € V the gain functional

T
jR(ﬁ) = EQ[/O ft(ijt)dt‘f—g(X) :

By assumption (2.3) and estimate (4.21), it follows that J® () is always finite. Finally, the value
function of the randomized control problem is given by

VR = sup JR(D).
vey
In the sequel, we denote the probabilistic setting we have adopted for the randomized control
problem shortly by the tuple (Q,]:", P: 2o, W, 7,0, 1, X; f/)
Our aim is now to prove that VOR coincides with the value V| of the original control problem.
Firstly, we state three auxiliary results:

1) the first result (Lemma 4.1) shows that the value VOR of the randomized control problem is
independent of the probabilistic setting on which the problem is formulated;

2) in Lemma 4.2 we prove that there exists a probabilistic setting for the randomized control
problem where JR can be expressed in terms of the gain functional J in (3.12); as noticed in
Remark 4.2, this result allows to formulate the randomized control problem in “strong” form,
rather than as a supremum over a family of probability measures;

3) finally, in Lemma 4.3 we prove, roughly speaking, that given any a € A and £ > 0 there exist a
probabilistic setting for the randomized control and a suitable © such that the “distance” under
P” between the pure jump process I and « is less than . In order to do it, we need to introduce
the following distance on A (see Definition 3.2.3 in [16]), for every fixed € V:

A A A T A
IV(r(d7ﬁ) = EV|:/ dA(dtvﬁt) dt:|7
0
for all &, 3 € A.
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Lemma 4.1 Suppose that assumptions (A)-(AR) hold. Consider a new probabilistic setting for
the randomized control problem characterized by the tuple (Q, F,P; 2o, W, 7,0;1, X;V). Then

=t
Proof. The proof can be done proceeding along the same lines as in the proof of Proposition 3.1 in
[1]. Here we just recall the main steps. Firstly we take 0 € V which admits an explicit functional
dependence on (Zy, W,fr,é). For such a # it is easy to find ¥ € V such that (7, o, W,fr,é) has
the same law as (7,Zo, W, 7, 0) (simply replacing :%O,W,fr,é by 7,Zg, W, 7,0 in the expression
of 7). So, in particular, JR(?) = JR(7). By a monotone class argument, we deduce that the
same equality holds true for every v € V, which implies VOR < VOR. Interchanging the role of
(Q,ﬁ,[@;:ﬁg, W, #,0:1,X; 19) and (Q, F,P; o, W, 7,0;1,X;V), we obtain the other inequality, from
which the claim follows. o

Lemma 4.2 Suppose that assumptions (A)-(Ar) hold. Then, there exists a probabilistic setting
for the randomized control problem (Q, F,P; 20, W, 7,0, 1,X;V) and a J—algebra_g C F, indepen-
dent of Ty, W, T, with fgo C G, such that: given any v € V there exists & € AY satisfying

L(I'I.U Of (j07 (Wt)OStSTa ﬁ\[O,T]XA’ (E)OStST) Under EDD

= Law of (o, Wy)o<i<T, ﬁ‘[OYTM,&’j) under P. (4.22)

So, in particular,

Remark 4.1 Recall that A9 was defined just before Proposition 3.4, even though it was de-
noted AY since it was defined in the probabilistic setting (Q,]:" , ]15’; Z0, W,fr,é; I ,X ,f/) instead of
(Q, F,P; 20, W, 7,0, I, X; V). O
Proof (of Lemma 4.2). Let (Q, F,P;x, W,m; X;.A) be the setting of the original stochastic
control problem in Section 3.1.

Proceeding along the same lines as at the beginning of Section 4.1 in [l], we construct an
atomless finite measure \{ on (R, B(R)) and a surjective Borel-measurable map m: R — A such
that \g = A\j o~ 1. Let (€, F,P') be the completion of the canonical probability space of a
Poisson random measure 6" = > -, d(zv ) on [0,00) x A with intensity measure A\j(dr)dt, where
(T,

7y Pn)n>1 18 the marked point process associated with 6. Then, 0 = 3 -, 617 x(,,)) is a Poisson

random measure on [0,00) x A with intensity measure Ao(dr)dt.

Let Q = Q x ', F the P ® P'-completion of F ® F', and P the extension of P ® P’ to F.
Then, we consider the corresponding probabilistic setting for the randomized control problem
(Q, F,P; 29, W,7,0;1,X;V), where Zo, W, 7, f denote the canonical extensions of zo, W, 7, 6 to Q.
We also denote by & the canonical extension of 8’ to Q. Let F/' = (.ﬁél)tzo (resp. Fo = (.ﬁé)tzo) the
filtration generated by @’ (resp. ). We define G := ff;._ Notice that f"fo C G and G is independent
of Zg, W, 7. Finally, we denote by FZo:W.mG — (FF O’_W’ﬁ’g)tzo the P-completion of the filtration
generated by Zo, W, 7, G and satisfying G C ﬁgo’w’ﬁ’g.

Now, fix 7 € V. By an abuse of notation, we still denote by F the canonical extension of the
o-algebra F to Q. Then, we notice that in the probabilistic setting (Q, F,P;zo, W, 7, 0; I, X;V)
just introduced (4.22) follows if we prove the following: there exists a” € A9 satisfying

Conditional law of (I;)o<i<T under PV given F = Conditional law of &” under P given F. (4.23)
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It only remains to prove (4.23). To this end, we recall that the process I is defined as

ft - Zﬁn 1[Tn,Tn+1)(t)7 for all t > 0,
n>0
where (Tp, 7o) := (0,a0), while (T,,,7,), n > 1, denotes the canonical extension of (T, 7(pl,)) to

Q. Then, (4.23) follows if we prove the following: there exists a sequence (T, 7" )n>1 on (Q, F,P)
such that:
(i) (T3, 7m): @ = (0,00) x A and T} < T}7 4;

n

i) T7 is a F20WT9 _stopping time and 77 is F20W"™9 measurable;
n In 15 S rg

(iii) limy, oo TY = o005

(iv) the conditional law of the sequence (T4, 71) Lem<ryse- s (Th, 71n) Lg, <735 - - under P” given
F is equal to the conditional law of the sequence (TV,7Y) Lipoarys - (TY,70) Yo <ty - -
under P given F.

As a matter of fact, if there exists (T, 7"),>1 satisfying (i)-(ii)-(iii)-(iv), then the process a”,
defined as

Znn Lze 77,1 (0, for all 0 <t < T, with (T{,75) := (0, ap),
n>0

belongs to A9 and (4.23) holds.

Finally, concerning the existence of a sequence (T, 7% ),>1 satisfying (i)-(ii)-(iii)-(iv), we do not
report the proof of this result as it can be done proceeding along the same lines as in the proof
of Lemma 4.3 in [1], the only difference being that the filtration F" in [I] (notice that in [1] W
denotes a finite dimensional Brownian motion) is now replaced by F¥0"-™: this does not affect the

proof of Lemma 4.3 in [1]. O

Remark 4.2 Let (Q,F,P;zo, W, 7,0;1,X;V) and G be respectively the probabilistic setting for
the randomized control problem and the o-algebra mentioned in Lemma 4.2. We denote by AV the
family of all controls & € A9 for which there exists some 7 € V such that J (@) = J®(p). Then, by
definition AY c A9. Moreover, by Lemma 4.2 we have the following “strong” formulation of the
randomized control problem:
Vi = sup J(@).
ac AV O

Lemma 4.3 Suppose that assumptions (A)-(Ar) hold. For any o € A and € > 0 there exist:

1) a probabilistic setting for the randomized control problem (Q, F,P%: T, W, T, 0%¢; [V, X Ve Pe)
(notice that Q, F,zog, W, 7 do not depend on a,c);

2) a probability measure Q on (Q, F) equivalent to P“¢, which does not depend on «,¢;

3) a stochastic process a: [0,T] x Q — A, depending only on o but not on €, which is predictable
with respect to the P¢-completion (or, equivalently, Q-completion) of the filtration generated
by Z0, W: ™
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4) e ¢ f}a,e’

such that, denoting by P”"° the probability measure' on (€, 7;O’W’ﬁ’6a’s) defined as dP”"" =
Rr'fpa’sd]f"ava, the following properties hold:

W, 7,00°

(i) the restriction of Q to ,7:";:0’ coincides with P7™°;

(ii) the following inequality holds:

_ T
E@{ / dA(If’s,dt)dt] <.
0

(iii) the quadruple (xo, W, 7, ) under P has the same law as (o, W, 7, &) under P*<.

Proof. Fix a € A and € > 0. In order to construct the probabilistic setting of item 1), we apply
Proposition A.1 in [1] (with filtration G = F*>"'™ and § = ¢), from which we deduce the existence
of a probability space (Q,]:" , Q) independent of a, e (corresponding to (Q,]:" ,Q) in the notation of
Proposition A.1) and a marked point process (T, n’")n>1 with corresponding random measure
6 = > n>1 0o jaey on Q (corresponding respectively to (Sy, 7 )n>1 and fi in Proposition A.1)
with the following properties:

(a) there exists a probability space (0, F',P’) such that Q = Qx Q' F=FQ F, Q=P P'; we
denote by Zg, W, 7 the natural extensions of zg, W, 7 to Q) (which obviously do not depend
on a,¢); we also denote by F#0-W'T the extension of F*0:W:™ to Q;

(b) denoting EQ the expectation with respect to Q, we have

~ T -
EQ[/ dA(ItO"E,at)dt] < g,
0

where @ is the natural extension of a to Q = Q x Q' (which clearly depend only on «, not on
¢), while I®€ is given by

Zﬁ% Lipone e (1), for all t > 0,

n+1
n>0
with Tg"° = 0 and 7j5"° = ap;

(c) let B9 = (FF™");=0 denote the filtration generated by <; let also P(FOWTy ftéa’s) be
the predictable o-algebra on [0, T] x € associated with the filtration (FroW.m v.ﬁéa’s)tzo; then,
there exists a P(F7"" ™ v fea ) ® B(A)-measurable map 7%¢: [0,T] x  x A — (0,00), with
0 < infjg p)axa V5 < supp myxaxa V° < +00, such that under Q the random measure §%°
has (FroWT v F%)-compensator on [0, T] x A given by 7% (a)\o(da)dt.

Now, proceeding as in Section 4.2 of [1], we consider the completion (Q, F,Q) of (Q,]},@) Then,
from item (b) above we 1mmed1ately deduce item (ii).

Let FroW.m0% — (Fro.W.m6%%) 1 be the Q-completion of the filtration (]:tmo’W TV FI) 0.
It easy to see that under Q the Feo,W 7,67 -compensator of ¢ on [0, T| x A is still given by

o (FFor W, §a’5)t>0 denotes the P™ E—Completlon of the filtration generated by Zo, W, 7, 0%°,
HOLE 0& 5

'Here F#0-W:7
*Oé 1=

while ¥ is the Doléans-Dade exponential given by (4.20) with o, 0 replaced respectively by v
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7% (a)Ao(da)dt. Denote by P(F¥:W™6%) the predictable o-algebra on [0,T] x Q associated with
FZo-W.m0%% " Then, we define V*< as the set of all P(F7:W-0"%) @ B(A)-measurable functions
v:[0,T] x Q x A — (0,00) which are bounded from above and bounded away from zero. Notice
that 7%¢ € V*¢. Let #”"° be the Doléans-Dade exponential given by (4.20) with o, 0 replaced
respectively by 7%, §%¢. Since inf(g 7yxaxa 7*° > 0, it follows that 7% has bounded inverse, so
that we can define the probability measure P*¢ on (Q, F), equivalent to Q, by dP®* = (Rf”}a'g)_ld@.
Notice that the restriction of Q to ﬁgo,w,ﬁea,s coincides with P**° | which is the probability measure
on (Q,]}%O’W’ﬁ’ea’s) defined as dP”"" = g% dP*¢. This proves item (i).

. = Y — 7 T/ = Qo€
By Girsanov’s theorem, under P*¢ the random measure ¢ has FZo.W.7.0

-compensator on
[0,T] x A given by Ao(da)dt, so in particular it is a Poisson random measure. Moreover, under P®<
the random variable Zg has still the same law, the process W is still a Brownian motion, and the
random measure 7 is still a Poisson random measure with FfO’W’ﬁ’éa’E—compensa‘cor on [0,T] x U
given by A\ (dz)dt. In addition, Zg, W, 7, 6 are independent under P*¢. This shows the validity of

item (iii) and concludes the proof. O
Theorem 4.1 Under assumptions (A)-(Ar), the following equality holds:
Vo = Vi~

Proof. Proof of the inequality Vi > %R. Let (Q, F,P; 2o, W, 7,0;1,X;V) and G be respectively the
probabilistic setting for the randomized control problem and the o-algebra mentioned in Lemma
4.2. Recall from Proposition 3.4 that

Vo = sup J(a).
acAd

Then, the inequality Vy > VOR follows directly by Lemma 4.1 and Remark 4.2, from which we have

VR = VR = sup J(@) < sup J(@ = V.
aeAV acA9

Proof of the inequality Vo < VOR. Fix o € A. Then, for every positive integer k, it follows from
Lemma 4.3 with £ = 1/k that there exist a probabilistic setting for the randomized control problem
(Q, F,PoFk, 3o, W, 7, 00F, [k Xk, Yok) g probability measure Q on (Q, F) equivalent to P**,
a: [0,T] x Q — A, v*F € V** such that:

. N v o~ o, . . . — oLk
(i) QoW coincides with P7"";

_ T
I_EQ[ / dA(If"k,dt)dt] F2Ee 0, (4.24)
0

(iii) (20, W, m, a) under P has the same law as (Zo, W, 7, @) under P®F,
The claim follows if we prove that

lim JRORpoR)y = J(a), (4.25)

k—+o00
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where J®®* denotes the gain functional for the randomized control problem (Q,F, Pk 2o, W, T,
gk, ook X ook Yask) “which is given by

T
JRok(ph) = E[/ ft<X“”iff”“>dt+g<X“"“>]’
0
with
AXF = AXOFdt+by (XOF, TP ) dt+ 0y (XOF, IR aw, +/ W (XOE TF 2) (7(dt dz) — A (d2)dt),
U\{0}
Xg’k = Xg.
As a matter of fact, if (4.25) holds true then for every ¢ > 0 there exists k. such that J(a) <
JRek(peky g < V()R’a’k +e¢, for all £ > k.. By Lemma 4.1 we know that f/OR’a’k = VOR, so the
claim follows.
a, k)

It remains to prove (4.25). By item (i) above we notice that JRek(p can be equivalently

written in terms of EQ:
_ T B 3 B
JEek(peh) = B [ / Je(XOF, IR dt + g(Xa”“)] :
0

On the other hand, by item (iii) above, J(«) is also given by

Ja) = @[/ X a) dt+ (X)),

with
dX{ = AXPdt +b(X%, @)t + 0(X®, a)dW: + /U o 2) (a1 d2) = Ac(d)r)
X§ = Zo.
Hence, (4.25) can be equivalently rewritten as follows:
B [/OT JUXOE T dt + g(Xa’k)] " [/OT F(XE, ) dt + g(X)]. (4.26)

Now, we notice that, under assumptions (A)-(Ax), proceeding along the same lines as in the proof
of Proposition 3.1, we can prove the following result: for every 1 < p < py,

EQ[ sup |Xta’k—Xﬂp] F2Ee ), (4.27)
te[0,T

It is then easy to see that, from the continuity and polynomial growth assumptions on f and ¢ in
(A)-(v) and (A)-(vi), convergence (4.26) follows directly from (4.24) and (4.27). This concludes
the proof of the inequality Vy < %R. O

5 BSDE with non-positive jumps

Let (Q,]} , I@’) be the complete probability space on which are defined Zo, W, #, 0 as in Section

3.2. fréo, W70 (ﬁtx 0, W., 6)t>0 still denotes the ]P’—completlon of the filtration generated by Z, W,
7, 0; we also recall that p(Fxo,Wﬂ)) is the predictable o-algebra on [0,7] x Q) corresponding to
Fe0 W70 We begin introducing the following notations.
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e S2 denotes the set of cadlag I@‘i")vw’ﬁ’é—adapted processes Y: [0,7T] x Q) — R satisfying

IYI2, = B[ swp %] < oo
0<t<T
e LP(0,T), p > 1, denotes the set of Ffo’w’ﬁ’é—adapted processes ¢: [0,T] x Q>R satisfying

T
18120 = UO !(bt\pdt] < .

e LP(W), p > 1, denotes the set of P(Ffo’w’ﬁ’é)—measurable processes Z: [0,7] x Q — 2

satisfying
NV NN
i E[(/ \Ztlsdt> } < 0.
LP (W) 0

We shall identify = with its dual Z*. Notice also that Z* = Lyo(E,R), the space of Hilbert-
Schmidt operators from Z into R endowed with the usual scalar product.

e LP(7), p > 1, denotes the set of P(fFiOvW’ﬁ’é) ® B(U)-measurable maps L: [0,T] x Qx U — R

satisfying
v :
. 2
T E[(/O /U|Lt(z)| )\W(dz)dt> ] < 0.

e LP()), p > 1, denotes the set of P(FiO’W’ﬁ’é) ® B(A)-measurable maps R: [0,7] x O x A — R

satisfying
P M g 2 e
IRIY, . = EK/O /A|Rt(b)| /\o(db)dt> ] < oo.

e LP()\g), p > 1, denotes the set of B(A)-measurable maps r: A — R satisfying

2l

712 = [ O Aa(a) < oc.

e K2 denotes the set of non-decreasing P(I@'ﬁo’w’ﬁ’é)—measurable processes K € S? satisfying
Ky =0, so that

IK12, = E|Erf

Consider the following backward stochastic differential equation with non-positive jumps:

Y, = / f(X,I,)ds + Kp — K; — / /R 0(ds db) (5.28)
—/ ZodW, — / / #(dsdz) — Mp(dz)ds),  0<t<T, P-as.
t
Ri(b) < 0,  dt®dP® \g(db)-a.e. on Q x [0,T] x A. (5.29)

Definition 5.1 A minimal solution to equation (5.28)-(5.29) is a quintuple (Y,Z,L, R, K) €
S2 x L2(W) x L2(#) x L2(f) x K2 satisfying (5.28)-(5.29) such that for any other quintuple
(Y,Z,L,R,K) € S2 x L3A(W) x L2(#) x L2(0) x K2 satisfying (5.28)-(5.29), we have

Y, <Y, 0<t<T, Pas.
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Lemma 5.1 Under assumptions (A)-(AR), there exists at most one minimal solution to equation
(5.28)-(5.29).

Proof. The uniqueness of Y follows from the definition of minimal solution. Now, let (Y, Z, L, R, K),
(Y,Z,L,R,K) € 8% x L2(W) x L2(#) x L2(d) x K2 be two minimal solutions. Then

Kt—K’t—/t (Zs — Zs) dWS+/t/ (Ls(2) — Ls(2)) Ar(dz)ds

// — Ly(2)) #(ds dz) + // — Ry(b)) 0(ds db), (5.30)

forall0 <t < T, P-a.s.. Observe that on the left-hand side of (5.30) there is a predictable process,
which has therefore no totally inaccessible jumps, while on the right-hand side in (5.30) there is a
pure jump process which has only totally inaccessible jumps. We deduce that both sides must be
equal to zero. Therefore, we obtain the two following equalities: for all 0 <t < T, ]f”—a.s.,

Kt_f(t+/0t/U(Ls(z)—l~}S(z)) )\W(dz)ds:/ot (Zs — Zs) dWs,

/Ot/U(Ls(z)—Z}S(z))fr(dsdz):/Ot/A(RS(b)—RS(b)) 0(ds db).

Concerning the first equation, the left-hand side is a finite variation process, while the process on the
right-hand side has not finite variation, unless Z = Z and K — K + Jo Jo(L (2)—Ls(2))\r(dz)ds = 0.
On the other hand, since & and g are independent, they have disjoint Jump times, therefore from
the second equation above we find L = L and R = R, from which we also obtain K = K. O

We now prove that focus on the existence of a minimal solution to (5.28)-(5.29). To this end, we
introduce, for every integer n > 1, the following penalized backward stochastic differential equation:

/ (X, I) ds+K§3—Kt”—/ /R” 0(ds db) (5.31)
—/ Z AW, — / /L" (dsdz) — Az (dz)ds), 0<t<T, P-as.
t

where
/ / (B2 (b)) " Ao(db)ds,  0<t<T, Pas.

with f* = max(f,0) denoting the positive part of the function f.

Lemma 5.2 (Martingale representation) Suppose that assumptions (A)-(iii) and (Ar)-(i) hold.
Given any £ € L2(Q,]}§0’W’ﬁ’€,1@’), there exist Z € L3(W), L € L2(#), R € L2() such that

_E[g|gz0]+/0 thWt+/ /Lt #(dt dz) + //Rt O(dtdb),  P-as.  (5.32)

Proof. We begin noting that, when W is a finite-dimensional Brownian motion, representation
(5.32) for ¢ can be easily proved using for instance Lemma 2.3 in [21]. As a matter of fact, let

FPo = (F%)s0, FWo = (FV)is0, B0 = (F7)i>0, o = (F0);>0 be the P-completion of the
filtration generated respectively by Zo, W, 7, 6. When § = 15, 1EW0 lp, lp, , with Ej, € Fio,
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By, € }A'IVY 0 Ex, € ]:';O, Ey € ]:'7910, then representation (5.32) for £ follows easily by Lemma 2.3
in [21]. Since the linear span of the random variables of the form 1 Bag L By, lp, 1g, is dense in

L2(Q,.7:"%°’W’ﬁ’6,]13’), we deduce the validity of (5.32) for a general § € L2(Q,.7:"%°’W’ﬁ’0,]13’).

In the infinite-dimensional case, let (ej)r>1 be an orthonormal basis of = and define Wt(k) =
<Wt,ek>5, for ¢ > 0. The processes W®*) are independent standard real Brownian motions. For
any positive integer n, let F() = ( At(n))tzo denote the I@’-completion of the filtration generated by
g, WO, .. W & 4. Notice that F(™ satisfies the usual conditions. Denote £ = E[£|f:(pn)]
By the previously mentioned finite-dimensional version of representation (5.32), we have a mar-
tingale representation for £(™). It is then easy to see that, letting n — +o0 in such a martingale

representation, (5.32) follows. O

Proposition 5.1 Under assumptions (A)-(Ar), for every integer n > 1 there exists a unique
solution (Y™, Z", L™, R") € 82 x L2(W) x L2(#) x L2(f) to equation (5.31). In addition, the
following estimate holds:
2 2 2 2 A o al [T i
12712, g I D, TP, < (102, + 8| [ Do) ) 539
for some constant C > 0, depending only on T and on the constant L in assumption (A)-(vi),
independent of n.

Proof. The existence and uniqueness result can be proved as in the finite-dimensional case dim = <
00, see Lemma 2.4 in [21]. We simply recall that, as usual, it is based on a fixed point argument
and on the martingale representation (concerning this latter result, since we did not find a reference
for it suitable for our setting, we proved it in Lemma 5.2).

Similarly, estimate (5.33) can be proved proceeding along the same lines as in the finite-
dimensional case dim= < oo, for which we refer to Lemma 2.3 in [15]; we just recall that its
2,

proof is based on the application of 1t&’s formula to |Y"|*, as well as on Gronwall’s lemma and the

Burkholder-Davis-Gundy inequality. O

For every integer n > 1, we provide the following representation of Y in terms of a suitable
penalized randomized control problem. To this end, we define V,, as the subset of V of all maps v
bounded from above by n.

We recall that, for every U € f/, E” denotes the expectation with respect to the probabil-
ity measure on (Q,ﬁ;o’w’ﬁﬂ) given by dP” = &Y, dP, where (i7 )telo,r] denotes the Doléans-Dade
exponential defined in (4.20).

Lemma 5.3 Under assumptions (A)-(AR), for every integer n > 1 the following equalities hold:

T ol 1 s ) A
Y= esssupE”[ / f(X,Is>ds+g(X>‘ff°’W’“ﬂ, P-a.s,0<t<T (5.34)
DEVn t
and
A A A T A A~ A
E[Yy)] = sup E” [/ f(X,I)ds —l—g(X)], (5.35)
I)E]}n 0

with E[YO”] =Yy, P-a.s., when &g is deterministic. In addition, we have:
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o for every 0 <t < T, the sequence (Y{"), is non-decreasing;

e there exists a constant C > 0, depending only on T, p, and on the constant L in assumption
(A)-(vi), independent of n, such that

sup |Y]'] < (7(1—1— sup \X8]ﬁ>, P-a.s. (5.36)
s€[0, T s€[0,T]

Proof. Proof of formulae (5.34) and (5.35). We report the proof of formula (5.34), as (5.35) can
be proved proceeding along the same lines (simply replacing all the P?”_conditional expectations
with normal P?- -expectations, and also noting that P coincides with P on fxO’W i 6, which is the
P—completlon of the o-algebra generated by #y). Fix an integer n > 1 and let (Y™, Z™ L" R")
be the solution to (5.31), whose existence follows from Proposition 5.1. As consequence of the
Girsanov Theorem, the two following processes

t
/ Z" AW, / / L(z) (7(ds dz) — A (d2)ds),
0

are P”-martingales (see e.g. Theorem 15.3.10 in [5] or Theorem 12.31 in [14]). Moreover

[/ / B3 (6) 6(ds db) ftxo’wwﬂ E"[ / / R2(b) 04 (b) Ao(db) ds

Therefore, taking the P”-conditional expectation given I Foo WA 0 n (5.31), we obtain

e = A[XT /f

| / [ = 2.0) B ) Ma(an)as

]_-:c(),W 7, €:|
t

Q”O’W i "} (5.37)

ffo’w’ﬁ’é], P-as.,0<t<T.
Firstly, we notice that nu™ — vu > 0 for all u € R, v € (0,n], so that (5.37) gives

Y/t > esssupE”[ (X7) / f(X
DEV,

FroW, 9} P-as., 0 <t<T. (5.38)

On the other hand, since R" € L2 (é), by Lebesgue’s dominated convergence theorem for conditional
expectation, we obtain

T
lim E|:/ /A|R?(b)|2 1{R?(b)§—N} Ao(db)ds
t

N—oo

ﬁj()vwvﬁ-?é] — 0
4 = 0.
So, in particular, for every n > 1 there exists a positive integer N,, such that

T
B [ [ IROP ey olahs| < e, (5.9
t A

Now, let us define

DE(b) = nl{ro)zoy +el{—1<nrpy<oy — ERT(D) - N, <Rro(b)<—1} + EL{Rn (b)<—N.}-
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It is easy to see that 0™ € V,. Moreover, we have

T
E[ / / [n(R2(0))* — 0% (b) B2 (8)] Ao(db)ds waﬂ < /(T —t)h(A {WT —1o(A)
t A

= K 2 T 7T,
+\/E|: I{T .FtO’W 6:|\/ |:/ /‘Rn ’21{Rn(b< N})\o(db)ds

At,)n,s
Recalling that, for every # € V, it holds that [#?[2 = 42" eJo Ja@r(®)=DXo(d)dr ¢ c [0 T] (see ec.g.
the proof of Lemma 4.1 in [15]), we obtain

FFoW, 9] } (5.40)

L e o \V"EP o
~ 20 .- A “ s .
E[ :;r ftxo,w,me} _ E[ “ eft Ja (75 ()= 1) o (db)dr ;tmeﬂrﬂ} (5.41)
t Ry
R ‘Vns‘2 SRS
< E[ ‘ng‘Qe(n—l)Ao(A)(T—t) ffO’W’W’G} _ e(n—l)Ao(A)(T—t)7

t

where the last equality follows from the fact that, for every 0 € f/, we have 72 € 1}, so that #”° is
a martingale. Plugging (5.39) and (5.41) into (5.40), we end up with

| [ ' [ im0 = 20 RG] o(abyis| 7700 (5.42)

< e/(T— (A {\/(T—t))\o(A)Jrl} = <0,

with C := /(T — t)A\(A){\/(T — t)Ao(A) + 1}. Plugging (5.42) into (5.37) we get

Yl’{ﬂ

IN

R [XT /fXS,I)ds

fxO’Wﬂe] +eC

IN

esssupI@l [ XT / f s)ds

I)E]}n

ffo’wwe} +eC, Pas,0<t<T.

From the arbitrariness of e, we find the reverse inequality of (5.38), from which (5.34) follows.

Proof of the monotonicity of (Y™),. By definition V, C fjn—i—l' Then inequality Y;" < Y;”H, P-a.s.
for all ¢ € [0, 7], follows directly from (5.34).

Proof of formula (5.36). In the sequel we denote by C' a non-negative constant, depending only on
T, p, and on the constant L in assumption (A)-(vi), independent of n, which may change from line
to line.

Recalling the polynomial growth condition (2.3) on f and ¢ in assumption (A)-(vi), it follows
from formula (5.34) that

V"] < CesssupE” [1 + sup |)A(s|ﬁ‘]:fo’w’ﬁ’€}, P-as., 0<t<T.
l)e]}n SG[O,T}

Finally, by estimate (4.18), together with the fact that Y is a cadlag process, we see that (5.36)
follows. O

We can now prove the main result of this section.
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Theorem 5.1 Under assumptions (A)-(AR), there exists a unique minimal solution (Y, Z, L, R, K) €
S2 x L2(W) x L2(#) x L2(0) x K2 to (5.28)-(5.29), satisfying

Y; = esssuprV [/ fs( X f ds + g(X) ]:"fo’w’ﬁ’é], I@’—a.s., 0<t<T (5.43)
ey
and
E[Yy] = supE”[/ fo(X, 1) ds+g(X)] = Vi, (5.44)
vey

with E[Yo] =Yy, P-a.s., when & is deterministic. In addition, we have:

(i) for every 0 <t < T, the sequence (Y"), increasingly converges to Y;; moreover, Y™ — Y in
L?(0,T);

(ii) the following estimate holds:

sup Y| < C’(l—l— sup |XS|55>, P-a.s., (5.45)
s€[0,T) s€[0, T

with the same constant C' as in (5.36);
(i) the sequence (Z", L", R"™), weakly converges to (Z, L, R) in L2(W) x L2(#) x L2(f);
(iv) for every 0 <t < T, the sequence (K}"), weakly converges to K; in LZ(Q,ﬁfo’W’ﬁ’é,]@).

Finally, the so-called randomized dynamic programming principle holds: for every t € [0,T] and

Fxo,Ww 0

any -stopping time 7 taking values in [t,T], we have

R
Y, = esssupE”[/ fs(X,Is)ds + Yz
eV t

]:"fo’W’fr’@} , P-a.s. (5.46)

Proof. Construction of (Y, Z,L,R,K) in S? x L3(W) x L2(#) x L2(0) x K2 solution to (5.28).
By Lemma 5.3 we know that, for every 0 <t¢ < T, the sequence (Y;"*),, is non-decreasing. Since Y
is cadlag, it follows that there exists a P-null set N such that, for every integer n > 1,

V@) < YPPH@),  0<t<T,&¢N.

This property, together with estimate (5.36), shows that there exists a measurable Fio’w’ﬁ’é-adapted
process Y = (¥;);>0 such that Y;(&) increasingly converges to Y;(&), 0 <t < T, & ¢ N. Moreover,
estimate (5.45) holds, from which we also deduce that Y™ — Y in L2(0,T). In addition, noting
that lA)n - 1>H+1 and Unf)n = 1>, letting n — oo in equalities (5.34) and (5.35), we obtain formulae
(5.43) and (5.44), respectively.

By estimate (5.33), we see that the sequence (Z",L", R"), is bounded in the Hilbert space
L2(W) x L2(#) x L2(f). So, in particular, (Z", L™, R"),, admits a weakly convergent subsequence
(Z" L™ R™); going towards some (Z, L, R) € L2(W) x L2(#) x L2(f). Then, for any [rdo, W0
stopping time 7 taking values in [0, 7], we obtain

/Z?des — / Zs dWs, //R”k O(ds db) // b) O(ds db),
0 0
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//Lnk 7(dsdz) — Az (dz)ds) // m(dsdz) — Az (dz)ds).

By equation (5.31), we have
K! = Y~ Y] /stf ds+//R” 0(ds db)
+/ Z" AW, +/ /L" 7(dsdz) — Az (dz)ds).
0

Noting that Y* — Y strongly in LZ(Q, ffo’w’ﬁ’é, ]f”), we get
KI* — K,
where
K, = Yt—YO—g(X)—/tfs(X,f ds+//R 0(ds db)
/ Zy dW, —I—/ / w(dsdz) — Az (dz)ds), 0<t<T.

Since K;’“ — K, from the lower semicontinuity of the norm with respect to the weak topology on
Lz(Q,]:'%O’W’ﬁ’G,]f"), we deduce that IAE|KT|2 < oo. It is also easy to see that K™ weakly converges
to K in L2(0,T). Since the set of Fio’w’ﬁ’é-predictgblq processes is convex and strongly closed in
L2(0,T), it is also weakly closed, so that K is [0 W0 _predictable.

Now, given any I@‘i’“wvﬁ’é—stopping times 7 and 7/, with 0 <7 < 7/ < T, since K < K7, P-a.s.,
we deduce that K; < Kz, P-a.s.. This implies that K is a non-decreasing process. As a matter fact,
K is non-decreasing if and only if the two processes K and supy<,<. Ky are ]f”—indistinguishable.
Since K is predictable, we notice that supy<,<. K is also predictable (by the proof of item (a) of
Theorem IV.33 in [8] we know that supy< .. K is progressively measurable and left-continuous,
hence it is predictable; since K is predictable and supg< <. Ks = K.V supg<,.. K5, we deduce that

Supg<s<. K is predictable). Let

T = inf{tz 0: Ky < sup KS}, 7= inf{tzf': K, = sup Ks},
0<s<t 0<s<t
with inf ) = co. The claim follows if we prove that ]f”(f' < o0) = 0. We proceed by contradiction,

assuming that E := {7 < oo} is such that I@’( E) > 0. We begin noting that 7 < 7/ on E. Now, for
every @ € E and any t satisfying 7(&) < t < 7/(®), we obtain

Ki(w) < sup Ki(@) = sup Ks(w). (5.47)
0<s<t 0<s<7(@)

Since K and supg<,<. K are predictable, 7 (resp. 7') is a predictable time, so, in particular,
there exists a sequence of stopping times 7, T 7, with 7,,, < 7,41 < 7 whenever 7 # 0 (resp.
7, T 7, with 7, < 7)., < 7' whenever 7' # 0). It is then easy to prove (using that 7 < 7/
on E and 7/ is announceable) the existence of a stopping time 7 satisfying 7 < 7 < 7/ on F.
Moreover, using that 7 is announceable, we obtain K3 = supy<,<; Ks, arguing as follows. Let
F = {K; < supg<s<; Ks} N E. On F it holds that supyp<s<: K5 = supg<ss K. Since 7, T 7
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and the stochastic process supg<s.. K is left-continuous, we have supy<,s Ks T supg< s Ks. As
Tm < Tm+1 on E, it follows that supg<,cs, Ks < suppcg<s,, Ks < supgcses, . Ks on E, therefore
K3, = supp<s<s, Ks T supg<s<z Ks on E. Recalling that supy<,.; Ks > K; on F, we get a
contradiction with K3 < Kz, unless F is a P-null set. Finally, from (5.47) with t = 7(&), we
obtain

Kz < Kiw), for every @ € E\F,
which is in contradiction with K7 > Kz, unless E is a P-null set. This shows that ]f”(% < o0) =
P(E) = 0 and proves that K is a non-decreasing process. Finally, by Lemma 2.2 in [18] it follows that
both Y and K are cadlag, so, in particular, they belong to S2. We conclude that (Y, Z, L, R, K) €
S2 x L2(W) x L2(#) x L2(A) x K2 is a solution to equation (5.28).

Proceeding along the same lines as in the proof of Lemma 5.1, we deduce that given Y there
exists a unique quadruple (Z, L, R, K) in L2(W) x L2(#) x L?(f) x K2 satisfying equation (5.28).
It follows that the entire sequence (2", L", R"),, weakly converges to (Z, L, R) in L2(W) x L2(#) x
L2(f), so that item (iii) holds. Similarly, item (iv) holds.

Jump constraint (5.29). Let ®: L2(d) — R be given by

T 2
= E[/ /(Rt(a))+ Xo(db)dt| ,  VReL*®).
0 A
Since @ is convex and strongly continuous, it is also weakly lower-semicontinuous, therefore

EK” 2
®(R) < liminf®(R") = liminf K7

n—oo n—oo n

= 0,

where the last equality follows from estimates (5.33) and (5.36). This implies that ®(R) = 0, that

is
[/ /Rt +)\0 db)dt = 0,

which means that the jump constraint (5.29) is satisfied. In conclusion, (Y, Z, L, R, K) is a solution
to (5.28)-(5.29).

Proof of the minimality of (Y, Z,L, R, K). The minimality follows from Y = lim, Y,,. In fact, let

(Y,Z,L,R,K) € S2xL2(W) xL2(7) x L2(f) x K2 be another solution to (5.28)-(5.29). Proceeding

as in the proof of formula (5.34) (see the beginning of the proof of Lemma 5.3), given any ¢ € [0, T

and © € V, taking the P”-conditional expectation with respect to }:fo’w’fr’e in (5.28), we obtain,

P-a.s.,

ﬁ A|: XT /stj dS

[ / / 54(b) Re(b) Mo(db)ds

From the arbitrariness of 0, we get

]_A-EOJ/V,%@} 1 R? [KT _ ktu:t:?:o,vif,ﬁ,é]

}"””O’W”ﬂ > E”[ (Xr) + / fo(X, 1) ds

]_—xo,W T, 9:|

T
Y; > esssupE” [g(XT)—i-/ fs(X,I5)ds
peV t

FroW, 9} Pas.,0<t<T.

By formula (5.34), recalling that Y, C 1>, we conclude that Y,* < Y, 0<t<T, P-a.s.. Letting
n — oo, we obtain ¥; < Y;, 0 < t < T, P-a.s., which proves the minimality of (Y, Z,L, R, K).
Finally, by Proposition 5.1 we know that (Y, Z, L, R, K) is unique.
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Proof of the randomized dynamic programming principle (5.46). Fix t € [0,7] and let 7 be a
Iﬁ‘fo’w’ﬁ’é—s‘copping time taking values in [t,T]. Given any integer n > 1, consider the penalized
equation (5.31) between 0 and 7 with terminal condition Y. Then, proceeding along the same
lines as in the proof of formula (5.34), we obtain

Y/ = esssupIAE’A’[/ fo(X,I,)ds + Y2
ﬁef)n

}-me G 9} P-a.s.

Recalling that V,, € V and Y™ <Y, we find Y} < esssup IAE’;[fj Fo(X, 1) ds+ Y| FroWT9 | Letting
eV
n — 0o, we conclude that

Y < esssupEﬁ[/ fo(X, 1) ds + Yz
y t

vey

fxO’W i 6] P-a.s.
In order to prove the reverse inequality, take a positive integer m, then, for every n > m,

R
Y; > esssupE”[/ fs(X,Is)ds + Y
t

~ z ~ N A A 7/; A A
]:fo’W’W’G} > esssup E” [/ fs(X, Is)ds + Y
€V t

eV

A:%071/1177?|—7€A
t ’

where we have used that Y; > Y)” and Y* > Y!". From the arbitrariness of n, we end up with Y;

> 7] ft fo(X, 1) ds + Ym|]:m°’W7T9] for any o € V and m > 1. Letting m — oo and taking the
essential supremum over V we see that the claim follows. O

6 HJB equation in Hilbert spaces: the Markovian case

In the present section, we replace assumptions (A) by the set of assumptions (Ayp) reported below.
Before stating (Apr), we notice that in this section, A still denotes a linear operator from D(A) C H
into H, while the coefficients b, o, v, f, g are non-path-depedent, namely b: [0,7] x H x A — H,
0:[0,T]xHxAN—LEH),v:[0,T)x HxAXxU—H, f:[0,T] x HxA - R, g: H—R. In
what follows, we shall impose the following assumptions on A, b, o, v, f, g

(Awm)

(i) A is a linear, densely defined, maximal dissipative operator in H. In particular, A is the
generator of a strongly continuous semigroup {etA, t > 0} of contractions. Moreover, there
exists (see e.g. Theorem 3.11 in [9]) an operator B: H — H, which is linear, bounded, strictly
positive, self-adjoint, with A*B bounded on H, such that the weak B-condition for A holds

(mA*B+ ¢yB)x,z) > 0, for all x € H,

for some constant cg > 0.

We define on H the norm |-|_1, defined as |z|-1 := |B1/2:17|, for every x € H. In addition,
we define the space H_q to be the completion of H under the norm |-|_1. H_y is a Hilbert
space equipped with the scalar product

(@, y)-1 == (B2, B/?y).
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(ii) There exists a Borel measurable function p: U — R, bounded on bounded subsets of U, such
that

inf p(z) > 0, forevery R > 0 and /\p(z)\2)\ﬂ(dz) < 0.
lzlu>R U

(iii) The maps b, 7, f, g are Borel measurable. For every v € H, the map o(-,-,-)v: [0, T|x HxA —
H is Borel measurable.

(iv) The map g is continuous on H with respect to the supremum norm. For every ¢ € [0,T],
the maps b(t,-,-) and f(¢,-,-) are continuous on H x A. For every (t,z) € [0,T] x U, the
map ~(t,-, -, z) is continuous on H x A. For every ¢t € [0,7] and any s € (0,7], we have

Ao(t,x,a) € Lo(Z; H), for all (z,a) € H x A, and the map e*Ao(t,-,-): H x A — Ly(Z; H)
is continuous.

(v) For all t € [0,T], s € (0,T], z,2' € Hya €A, z€ U,

b(t, x,a) — b(t,2’,a)| + |e*Ao(t, z,a) — eSAa(t,x',a)\Lz(E;H) < Llz — 2|4,
(@ a,2) —y(t,a',a,2)] < Lp(z)le —a'|-1,
b(t,0,a)| + |o(t,0,a)|,=m) < L,
[7(t,0,a,2)] < Lp(2),
f(t 2 a) = f(t 2, a)l + |g(z) — g(a)] < w(lz—a'|-1),
1f(t,0,a)] < L,

for some constant L > 0 and some modulus of continuity w, i.e. a continuous, non-decreasing,
subadditive map w: [0,00) — [0, 00) satisfying w(0) = 0 and w(r) > 0, for any r > 0.

Stochastic optimal control problem. We now formulate the stochastic optimal control prob-
lem in such a setting. Since the formulation can be done proceeding along the same lines as in
subsection 3.1, we focus on the main steps. We consider a complete probability space (2, F,P) on
which are defined a cylindrical Brownian motion W = (W});>0, with values in Z, and an indepen-
dent Poisson random measure 7(dt dz) on [0, 0o) x U with compensator A\ (dz) dt. For every t > 0,
we denote by FtWm — (]:;’W’W)szt the P-completion of the filtration generated by (W — W;)s>¢
and the restriction of 7(dt dz) to [t,00) x U.

For every t € [0, T], an admissible control process at time ¢ will be any F-Wm_predictable process
a: [t,T]xQ — A. For every t € [0,T], the set of all admissible control processes at time ¢ is denoted
by A;. For every (t,x) € [0,T] x H and any « € Ay, the controlled equation has the form

dXs = AXgds+b(s, X, a5)ds + o(s, Xg, ag) dW
+ / V(s, X, o0s, 2) (m(ds dz) — Ar(dz) ds), t<s<T, (6.1)
U\{o}
Xt = X.

We have the following result.

27



Proposition 6.1 Under assumption (An), for every (t,z) € [0,T] x H and any o € Ay, there
exists a unique mild solution X4 = (Xé’x’a)se[mﬂ to equation (6.1). Moreover, for every p > 1,

E| sup [XE7oP] < G (1+]al?), (6.2)
s€(t,T)

for some positive constant Cp, independent of t, z, c.

Proof. The proof can be done proceeding along the same lines as in the proof of Proposition 3.4.

O
The controller aims at maximizing over all a € A; the gain functional
T
J(t,z,a) = E[/ s, X550 ag) ds + g(X7™)|.
t
Finally, the value function of the stochastic control problem is given by
v(t,z) = sup J(t,z, ), (t,z) € [0,T] x H. (6.3)

acA;

Lemma 6.1 Let assumption (Aynr) hold. There exist a modulus of continuity w, and a constant
C >0 such that

|J(t7$7 Oé) - J(t7$la Oé)|
’J(t7x7a)‘ < C(l—’_‘x’—l)v

IN

wy(lz — '),

for allt € [0,T], x,2' € H, o € Ay. In particular,

lu(t,x) —v(t,z’)
v(t, z)

| < wy(lz — 2’| ), (6.6)
| <

forallt € [0,T], z,2" € H.

Proof. We begin noting that, proceeding along the same lines as in the proof of estimate (3.12) of
Theorem 3.4 in [20], we can prove that the following estimate holds:

sup E[|Xboe — xt7e2 ] < Clo—a'|_y, (6.7)

t<s<T
for some constant C' > 0, independent of ¢, x, 2/, a. Then, (6.4) follows directly from estimate
(6.7) and the assumptions on f and g in (Ayr)-(v). On the other hand, (6.5) follows from estimate
(6.2), using again the assumptions on f and g in (An)-(v). O

Randomized setting. We now consider, following Section 4, the randomized setting. We focus
on the main steps. We consider a complete probability space (Q,]:" , ]13’) on which are defined a
cylindrical Brownian motion W = (W;);>o with values in =, a Poisson random measure 7 (dt dz)
on [0, 00) x U with compensator A;(dz) dt, and a Poisson random measure 0(dt da) on [0, o) x A
with compensator Ao(da)dt (satisfying assumption (Ag)-(i)). For every ¢ > 0, we denote by

I@‘t’W”%’é = (ﬁﬁ’w’ﬁ"g)szt the ]f”—completion of the filtration generated by (WS _Wt)SZta the restriction
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of #(dt dz) to [t,00) x U, the restriction of 8(dt da) to [t, 00) % A. Finally, we denote by P(Ft’wvﬁvé)
the predictable o-algebra on [t,T] x QO associated with FtW0, A

For every t € [0,T], we denote by V; the set of all P(I@'t’w’ﬁ’e) ® B(A)-measurable functions
D:[t,T] x © x A — (0,00) which are bounded from above and bounded away from zero. Given
U €V, as in Section 4 we consider the corresponding Doléans-Dade exponential 4" = (/%2”) se[t,T)
defined as in (4.20) and we introduce the probability measure P42 on (Q, ]:'%W’fr’e) as dPH? = /%ti,iﬁ dP.
Finally, we denote by B the expectation with respect to Pt

For every ¢t € [0,7] and a € A, we denote by Ite = (fﬁ’a)se[t,:p] the stochastic process taking
values in A defined as (notice that, when A is a subset of a vector space, we can write (6.8) also as
I =a+ [0 [\ (b— I8 0(drdb), s € [t,T))

It = Za 1[t,Tn)(S) + Z Mn 1[Tn,Tn+1)(s)’ forallt <s<T, (6.8)
n>1 n>1
t<Tn

where we recall that (7}, 7, )n>1 is the marked point process associated with the random measure
0, in particular we have 0(dtda) = >, O, ﬁn)(dt da).
Now, for every (¢,z,a) € [0,T] x H x A, we consider the following equation:

dX, = AX,ds+ b(s,f(s,fs) ds + J(S,Xs,fs) dW,
+ / v(s,Xs, I,_, 2) (fr(ds dz) — A\ (dz) ds), t<s<T, (6.9)
U\{0}
Xt = X.
We have the following result.

Proposition 6.2 Under assumptions (Ayr) and (AR)-(i), for every (t,z,a) € [0,T]x H x A, there
exists a unique mild solution X% = (Xﬁ’x’“)se[t,gp] to equation (6.9), such that, for everyp > 1,

E| sup |X§’w’“|?’} < Cp (14 [zP), (6.10)
selt,T)

for some positive constant Cp, independent of t, x, a.

Proof. The proof can be done proceeding along the same lines as in the proof of Proposition 3.1.
O

BSDE with non-positive jumps. We introduce the following additional notations.
e S2%(t,T) denotes the set of cadlag Ftvwvﬁvé—adapted processes Y: [t,T] x Q) — R satisfying

Nl = E[ sup yYSP] < .

S2(t,T) t<s<T

° LP(W;t,T), p > 1, denotes the set of P(I@‘t’w’ﬁ’é)—measurable processes Z: [t,T] x O — =

satisfying
NV RN
izl = E[(/ yzsy=d3> ] < 0.
LP (W) ’ =
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e LP(7:t,T), p> 1, denotes the set OfP(Ft’w’ﬁ’é)®B(U)-measurable maps L: [t, T]xQxU — R

satisfying
r :
. 2
e = E[(/t /U|Ls(z)| /\W(dz)ds> } < 0.

e LP(0;t,T), p>1, denotes the set ofP(Ft’w’ﬁ’é)®B(A)—measurable maps R: [t,T]xQxA — R

satisfying
P 0 g 2 5
1BV, = E[(/t /A\Rs(b)\ )\O(db)ds> } < .

e K2(t,T) denotes the set of non-decreasing P(Ft’w’ﬁ’é)—measurable processes K € S2(t,T)
satisfying Ky = 0.

L1

For every (t,x,a) € [0,T] x H x A, we introduce the following backward stochastic differential
equation with non-positive jumps:

Y, = g(Xh™) + / Fr, Xtoe fbydr + Kp — K,y — / /R 0(dr, db) (6.11)
- / ZpdW, — / / #(drdz) — A (dz)dr), t<s<T,P-as.
s U\{0}
Ry(b) < 0, ds®dP® \g(db)-a.e. on [t,T] x Q x A. (6.12)

Definition 6.1 Given (t,z,a) € [0,T] x H x A, a minimal solution to equation (6.11)-(6.12)
is a quintuple (Y, Z,L,R,K) € S2(t,T) x L2(W;t,T) x L2(#;t,T) x L2(0;t,T) x K2(t,T) sat-
isfying (6.11)-(6.12) such that for any other quintuple (Y, Z,L,R,K) € S2(t,T) xL3(W;t,T) x
L2(#;t,T) x L2(0;t,T) x K2(t,T) satisfying (6.11)-(6.12), we have

Y, <Y, t<s<T, Pas.

We can now state the two main results of this section: the first result is the probabilistic
representation formula (or non-linear Feynman-Kac formula) for the value function v defined in
(6.3); the second result is the so-called randomized dynamic programming principle for v.

Theorem 6.1 Under assumptions (Axr) and (Ar)-(i), for every (t,xz,a) € [0,T] x H x A there
exists a unique minimal solution (Yb®e ztwe [twae phwa [toe) ¢ §2(¢ T) x L2(W;t,T) x
L2(#;t,T) x L2(0;t,T) x K2(t,T) to (6.11)-(6.12), satisfying

v(s, Xb0) = yi®e, P-a.s,t<s<T (6.13)

and, in particular,
o(t,z) = E[Y, ™, (6.14)

with B[V, = Y™ P-a.s..

Proof. We firstly define the value function of the so-called randomized stochastic optimal control
problem:

T
R (t,x,a) = sup E”[/ f(s, Xbme [4) ds +g(Xfp’m’“) , (t,z,a) € [0,T] x H x A.
pEVY
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Now, we apply Theorems 4.1 and 5.1 to our original and randomized control problems. To this end,
notice that the control problems in Theorems 4.1 and 5.1 are formulated on the time interval [0, T,
while our control problems are formulated on the time interval [¢,T]. Then, taking into account of
this time change, we can apply Theorems 4.1 and 5.1 interpreting, for what concerns our original
stochastic control problem, t, z, (Ws — W4)s>¢, the restriction of 7 to [t,00) x U, Ay, (Xﬁ’x’a)se[t,ﬂ,
v(t,z) as follows: 0, zo, (W;)e>0, ™ on [0,00) x U, A, (X5%“) e, Vo in subsection 3.1; similarly,
concerning our randomized stochastic control problem we have that t, z, a, (W Wt)s>t, the
restriction of # to [t,00) x U, the restriction of 8 to [t,00) x A, Vi, ( E’m’“)se[t,ﬂ (1 )selt,T]

R(t,z,a) correspond to 0, g, ag, (Wt)tzo, 7 on [0,00) x U, 6 on [0,00) x A, V, (Xt)sepo,1]5
([At)te[oﬂ“], VOR in Section 4. Then, by Theorem 4.1 we deduce that

v(t,z) = %(t, z,a), YV (t,z,a) € [0,T] x H x A.

In addition, by Theorem 5.1 we deduce that there exists a unique minimal solution (Y@, Zh%.e
Ltmo jhoa ey e §2(t, T) x L2(W;t, T) x L2(7; t, T) x L2(0; t, T) x K2(t, T) to (6.11)-(6.12),
satisfying (6.14), so, in particular,

o(t,z) = Y P-a.s.

for all (t,z,a) € [0,7] x H x A. It remains to prove (6.13). To this end, we begin noting
that, for every (¢t,z,a) € [0,7] x H x A, the flow property holds: for every s € [t,T] we have
(Xf’X?x’a’f;'a,ff’j?a) = (X I8"), P-as., for any r € [s,T]. Indeed, the flow property for I
follows directly from its definition in (6.8), while the flow property for Xb1.a g g consequence of the
uniqueness of the solution to equation (6.9). Let us now consider the penalized backward stochastic
differential equation associated with (6.11)-(6.12):

T
v = g(X;x’“H/ fr, Xbma [be) dr+n/ / (R (b)) , Ao(db)dr (6.15)

—/ ZdW, — //R" O(dr, db) // w(drdz) — Az (dz)dr),
s U\{0}

forall t < s < T, P-a.s.. For every (t,z,a) € [0,T] x H x A, we deduce from Proposition 5.1
the existence of a unique solution (Y™h®a zmtw.a [ntea pntoa) o §2(t T) x L2(W;t, T) x

L2(#;t,T) x L2(0;t,T) to (6.15). Then, we define the deterministic function v™: [0,7] x H x
A — R as (notice that E[Kntma] = Y;n’t’m’a, P-a.s., since the random variable Y"’t’x @ is .7-"t WA

measurable)
0" (t,x,a) = EY;""™%,  (t,z,a) €[0,T] x H x A. (6.16)

Now, using the flow property and the uniqueness of the solution for the backward stochastic differ-

ot
n,s, Xooe fhe Yn,t,x,a
=Y,

ential equation (6.15), we find: for every s € [¢t,T], we have ;" , P-a.s., for any

r € [s,T]. This implies, from (6.16), that

(s, X7y = yb®a, P-as., t<s<T. (6.17)

t,x,a

Finally, by item (i) in Theorem 5.1 we have that Y;"" obiT G converges P-a.s. to Y,"™", which implies

that 9" converges pointwise to 9. So, in particular, letting n — oo in equality (6.17), we see that
(6.13) holds. O
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Theorem 6.2 Let assumptions (Ayr) and (Ag)-(i) hold.

1) For every R > 0, there exists a modulus of continuity wr such that
|U(t7 l‘) - U(t/7 l‘)| < WR(|t - t,|)7

for all t,t € [0,T], |z| < R.
2) The randomized dynamic programming principle holds: for every t € [0,T] and any W70

stopping time 7 taking values in [t,T], we have
v(t,z) = sup W[ / f(s,f(f;’:”’“,fﬁ’“)ds+v(7°,f(;’x’“)} (6.18)
eV, t

Proof. We firstly prove a preliminary result, namely the randomized dynamic programming prin-
ciple for deterministic times: for every ¢ € [0, 7] and any t’' € [t,T],

t/
v(t,r) = sup Et’”[ f(s, Xb@o I6%) ds + v(t',Xf,’x’“)]. (6.19)
vEVY t

Following the same arguments as in the proof of Theorem 6.2, we see that we can apply Theorem
5.1 to our backward stochastic differential equation (6.11)-(6.12). So, in particular, by (5.46) we

have: for every t € [0,7] and any IAF't’W’ﬁ’G—stopping time 7 taking values in [t, T,
#
Y50 = sup B4 [ / f(s, Xbme, 1L ds + Y;’x’“] . (6.20)
i t

Now, by (6.20) with 7 = t/, together with (6.13), we see that (6.18) follows.

Proof of 1). We proceed as in the proof of Lemma 4.3 in [20]. More precisely, fix R > 0,0 <t <
t' <T,and |z| < R. Then, by (6.19) we have

tl

lo(t,z) —v(t',z)] < supEH” [/ | f(s, XEP, I0%) | ds + ‘v(t',Xf,’w’a) - v(t',:n)‘]. (6.21)
eV t

Now, notice that proceeding along the same lines as in the proof of estimate (3.13) of Theorem 3.4

in [20], we can prove that the following estimate holds:

E[ sup ‘Xﬁx“ - xm < w,(t' —t), (6.22)

t<s<t’

for some modulus w,. Then, using the assumptions on f in (Ay)-(v), estimates (6.10) and (6.22),
inequality (6.6), and estimate (D.1) in [9], we obtain from (6.21):

w(t,z) —v(t,z)] < C{H —t)(1+]z]) + sup 1D [wv(‘Xf;x’a — x|_1)] < wgr(t=*)),
eV
for some constant C > 0 and some modulus wg.
Proof of 2). From item 1) and inequality (6.6), it follows that v is continuous on [0,7] x H
(taking on H the usual norm |- |). As a consequence, the stochastic process (v(s, X2™%)) selt,r) has
cadlag paths. Since (Yst’m’a)se[t,T] also has cadlag paths, we see that the two stochastic processes
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(v(s, X)) ser.r) and (Yo ™) se o 7] are P-indistinguishable, since by (6.13) are one the modification
of the other. In other words, it holds that

v(s, Xb®a) = yhua t<s<T,P-as. (6.23)
In particular, given any Ftvwvﬁvé—stopping time 7 taking values in [t,T], we deduce from (6.23) that
o(7, XEPY) = Yo P-a.s.

Then, by (6.20) we see that (6.18) holds. O

6.1 Viscosity property of the value function v

We now exploit the randomized dynamic programming principle (6.18) in order to prove that the
value function v in (6.3) is a viscosity solution to the following Hamilton-Jacobi-Bellman equation:

vy + (Az, Dyv) + sup,ep {%Tr(a(t,a:, a)o*(t,xz,a)Dv) + (b(t,z,a), Dyv) + f(t, z,a)
+fU\{0}(U(t, x+v(t,x,a,2)) —v(t,x) — Dyo(t, z)y(t, z,a, z)))\w(dz)} =0, on (0,T)x H, (6.24)
o(T,x) = g(x), x € H.

We adopt the definition of viscosity solution given in [20], Definition 5.2, which requires the
following notions.

Definition 6.2 Let u: (0,7) x H — R.
We say that u is B-upper semicontinuous if, for all (t,x) € (0,T) x H,

limsup w(ty,zm) < u(t,x)
m——+00
(t'nuxm)e(o,T)XH

whenever t,, — t, x,, — x, Bx,, — Bx.

We say that u is B-lower semicontinuous if, for all (t,x) € (0,T) x H,

lminf w(ty,,zm) > u(t,x)
m——4o0
(t'nuxm)e(o,T)XH

whenever t,, —t, x,, — x, Bx,, — Bz.

We say that u is B-continuous if it is both B-upper semicontinuous and B-lower semicontinuous.

Definition 6.3 A function: (0,T)x H — R is a test function if (t,x) = p(t,z)+0(t,x)h(|z|),
where:

(i) @¢, Dy, D2¢, A*Dyp, 8, D6, D25, A*D.6 are uniformly continuous on (¢,T —¢) x H,
for every € > 0; in addition, ¢ is B-lower semicontinuous; finally, 6 > 0, bounded, and
B-continuous.

(ii) h is even, h' and h" are uniformly continuous on R, h/(r) > 0 for every r > 0.

Remark 6.1 Notice that a test function ¢ satisfies the following property: for every € > 0, there
exists a constant C. > 0 such that [¢(¢,z)| < Ce(1 + |z|*) on (,T —¢) x H. O
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Definition 6.4 (i) A B-upper semicontinuous function u: (0,T) x H — R is a viscosity super-
solution of (6.24) if whenever

(u=)(t,z) = min (u—1p)

(0,T)x H
for (t,x) € (0,T) x H and ¢¥(s,y) = ¢(s,y) + (s,y)h(ly|) a test function, then
P(t,z) — (x, A*Dy(t, x) + h(|x|)A* Do (t, z))

+ sup <%Tr(a(t,x,a)a* (t,x,a)DIY(t,x)) + (b(t,x,a), Dyip(t, z)) + f(t, 2, q)
acl

—I—/ (W(t,z)(t,z +~(t,z,a,2)) —P(t,x)(t,x) — Dp)(t, z)(t, )y (t, z,a,2)) A\r (dz)) <0.
U\{0}

(ii) A B-lower semicontinuous function u: (0,7) x H — R is a viscosity subsolution of (6.24)
if whenever
t.x) =
(ut9)t,z) = max, (u+y)
for (t,x) € (0,T) x H and ¢¥(s,y) = ¢(s,y) + (s,y)h(ly|) a test function, then
— Yu(t, ) + (z, A" Dap(t, @) + h(|z|) A" D26(t, )

+ ilelg < — %Tr(a(t,x,a)a*(m,a)Dil/J(t,a:)) — (b(t,x,a), Dyp(t,x)) + f(t,z,a)

- / (¢(t,$)(t,l‘ + /7(75733‘7&7 Z)) - ¢(t,$)(t,l‘) - szb(t,x)(t,:n)v(t,x,a, Z))Aﬂ'(dz)> > 0.
U\{0}
(iii) A function u: (0,T) x H — R is a viscosity solution of (6.24) if it is both a viscosity
subsolution and a viscosity supersolution of (6.24).

In order to prove that v is a viscosity solution to equation (6.24) we will need the following
technical result.

Lemma 6.2 Let assumption (Ayr) hold. Let ¢ = ¢ + (] -|) be a test function. Fizt,t' € (0,T),
witht < t', and let 7 be a BV _stopping time taking values in [t,t']. Then, for any (z,a) € HxA,
RS f)t,

B [y, X272 wlt0) + B / o, XL dr
t

N / (XP™, A Do (r, X5) + h(| X5 A Dy (r, X15%)) dr
t

1 /7 . . . . .
+5 / Te[o(r, X", Ip0) o™ (r, X020, 1) Db (r, X37) | dr
t

T RUTS SN DN RIS IR A N (108 CEERCS CEN EP)
t t Ju\{o}
— Y(r, XE7) = Dy, K2 (r, X2, 102, 2) ) A (d2)dr | (6.25)

Proof. The proof can be done proceeding along the same lines as in the proof of Lemma 5.3 in
[20], the only difference being the presence of the pure jump process It®. For this reason, here we
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just give an outline. The proof consists in approximating the process Xta.a by means of a sequence
of more regular processes X mboa which are obtained replacing the operator A in equation (6.9) by
its Yosida approximations (A, ),. It is well-known, see e.g. Theorem 27.2 in [17], that (-, X/""™%)
satisfies an Ito formula. Then, using convergence results of Xmta:a towards X% which can be
found for instance in Proposition 1.115 of [9], and taking the expectation under Pt?. we deduce

(6.25) using that (—AXﬁ’x’“,d(r, Xﬁ“)%)&ﬁ”ﬂ% > 0. O

Proposition 6.3 Let assumptions (An) and (Ar)-(i) hold. The value function v defined in (6.3)
is a viscosity solution to equation (6.24).

Proof. We split the proof into two steps.

Proof of the wviscosity subsolution property of v. Let (t,x,a) € (0,T) x H x A and let ¢(s,y) =
©(s,y)+4(s,y)h(|y|) be a test function such that (v+)(t, z) = max ) g (v+1). We shall prove
that

— Ui(t, ) + (z, A" Dot (t, x)) + h(|z]) A" Dé(t, x)

+ sup{ - %Tr(a(t,a:, a)o*(t,x,a)D23p(t,x)) — (b(t,x,a), Dy3p(t, ) + f(t,x,q)
ac

_ / (q/z(t,a; +(t,z,a,2)) —Y(t,x) — wa(t,a:)’y(t,x,a,z)))\w(dz)} > 0.
U\{0}
We assume, without loss of generality, that
U(t7 l‘) + ¢(t7 :E) = 0, (626)

so, in particular,

v(s,y) +¥(s,y) <0, V(s,y)€(0,T)x H. (6.27)
For any 7 > 0, we define 3(n) := sup(, ,\coB(t,e:m) (v + ¥)(s,y), where
Blt.oin) = {(s,9) € (0.T) x H : max{|a — yl.|t - sl} < 1},
0B(t,z;n) = {(S,y) € (0,7) x H : max{|x —y|, |t — s|} = 77}.

Notice that S(n) < 0, for any n > 0. Let us proceed by contradiction, assuming that

— ity ) + (x, A*Dyap(t, x)) + h(|z])A*D(t, x)

+ sup{ - %Tr(a(t,a:, a)o*(t,z,a)D2)(t, x)) — (b(t, z,a), Datb(t, ) + f(t,2,q)
acl

_ / (V(t,z +~(t,z,a,2)) — ¥(t,x) — Datp(t, 2)v(t, 3, q, z)))\w(dz)} < 0.
U\{0}

Using the Lipschitz property of b, o, v, and the uniform continuity of f, when on H we consider
the standard topology induced by the norm |-| (notice that b, o, f satisfy the mentioned properties
when on (H,|-|-1), and hence they satisfy the same properties on (H,|-|)), and using also the
uniform continuity of 1y, A* Db, Dy1p, and D21, we have that, given 1 € (0,2(T —t)), there exists
e € (0, —B(n)/(T —t)], with e < T, such that

—i(s,y) + (Y, A" Dpp(s,y)) + h(|ly[) A" Dd(s, y)
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+ igﬁ{ - %TI‘(O'(S,y,CL)O'*(S,y, a)D:%Tz[)(&y)) - (b(s,y,a), wa('s’y» + f(s,y,a) (628)

_ /U\{O} (U(s,y +7(s5,9,a,2)) = ¥(s,y) — Dutp(s,9)7(s,9, a, z))/\ﬂ(dz)} < e,
for any (s,y) € (0,T) x H with |s — t|,|y — x| < n. Define
7= inf{se[t,T]: (s, Xtma) ¢ B(t,z;n/2)}, 0 = #AT,

where inf() = co. Since the stochastic process (Xﬁxa) se[t,r) 1s cadlag, it is in particular right-
continuous at time ¢. As a consequence, 6 > t, P-a.s..

For every € > 0, by the randomized dynamic programming principle (6.18), it follows that there
exists U° € 1>t such that

0
ity < B[ 7 10 dr o6 X570 4+ ST,
t

which in turn yields, by (6.26)-(6.27),

Ay g é A~ A A
—y(tr) < BE [ / Flr, Ko 15 dr — (0, X5 )+ﬁ()1{%gT}]+%(T—t)-

By applying Lemma 6.2, the previous inequality yields
€ Y L N . .
ST < B [ 4D X + XA D K|

+EH [ < e (r, XEP) — (b(r, XE5 T0%), Dyt (r, X15))
_ §TI‘[ ( X ,T,a [ta) (7‘ Xt:ca It “)Dgw(r, Xﬁ,x,a)] + f(Ty Xﬁ,x,ajjﬁ,a)
FBOPT D)~ [ (0 X 0 2)

U\{o}

U R = Dy X, X120, 2)) Aol )|
< —e(T =PV (7 <T)— BV [0 —t] < —e(T —1t),

where we have used (6.28) and the fact that 7 < g < T. This yields a contradiction and concludes
the proof.

Proof of the wviscosity supersolution property of v. Let (t,z,a) € (0,T) x H x A and let ¢(s,y) =
©(s,y)+0(s,y)h(ly]) be a test function such that (v —1)(t,z) = ming 1y« (v —1). We shall prove
that

U (t,x) — (x, A*Dyp(t, x) + h(|x|)A*D,d(t, x))

+ sup <%Tr(a(t,x,a) *(t,z,a)D2(t, :E)) + (b(t,z,a), Dy(t,x)) + f(t,x,a)

a€N

—1—/ (W(t,z)(t,z +~(t,z,a,2)) —P(t,x)(t,x) — Do)(t, z)(t, )y (t, z,a,2)) A\r (dz)) < 0.
U\{0}
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We assume that

so, in particular,
v(s,y) = Y(s,y) > 0,  V(s,y) €(0,T)x H. (6.30)

Let h >0, n > 0, and set
7 = inf {s € [t,T]: | Xb®a g > n}, 0 == 7 A(t+h) AT,

where we recall that (Tn, M )n>1 is the marked point process associated with the random measure 0
(in particular we have 6(dt da) = > n>1 5(Tn,ﬁn)(dt da)). So, in particular, T} is the first jump time
of the stochastic process I%® defined in (6.8).

By the randomized dynamic programming principle (6.18), we have

g
o(t,z) > Eb [/ f(r, Xboa 1hay dp +v(9,X§’x’a)}, VeV,
t

which in turn yields, by (6.29)-(6.30),

0
ot x) > Etv”[/ £, XE5 159 dr + (0, gx’“)], Vi eV
t

We take 7 = 1, so that in the above inequality E4” coincides with the expectation E under P.
Applying Lemma 6.2, we obtain

1 /o R 1 /9 . . .
0 ZE[E / Wy (r, X05Y)dr — - / (X A*Dpap(r, X554 h(| X)) A* Do (r, X55) ) dr
t t
1 ? . . 1 [0 ) . 5 . )
+ 5 / f(r,Xﬁvxva,Iﬁva)dr+§ / Tr[o(r, X250, ID) o™ (r, X050, I D24y (r, XE5)] dr
t t
1 o

X . X 1 /° X X R
T / (b(r, X", 10%), Dytp(r, X)) dr + — / / <¢(r, Xpot 4y (r, X0 107, 2))
h Ji hJi Jo\joy

= (r, XEP) = Dt (r, X220 )y (r, Xﬁ@ﬂiﬁ%z))%(dz)dr}. (6.31)

Now we notice that, I@’—a.s., IM = q and X% ig right-continuous at ¢ (indeed, it is a cadlag
process). Thus, by the mean value theorem, the random variable inside the expectation E in (6.31)
converges P-a.s. to

Uity x) = (x, A"Dypip(t, x) + h(|z]) A*Dy6(t, x))

+ (b(t,x,a), Dy(t,x)) + %Tr[a(t,x,a)a*(t,x,a)Diw(t,x)] + f(t,z,a)

+ / (¢(t, x+y(t,x,a,z)) — Yt z)+v(tx,a, z))Dgc?[)(t, x) Ar(dz)
U\{0}

when h goes to zero. Then, by the Lebesgue dominated convergence theorem, we obtain from (6.31)

Uity x) = (w, A*Dyptp(t, x) + h(|z]) A*Dy6(t, x))
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+ (b(t,x,a), Dy(t,x)) + %Tr[a(t,x,a)a*(t,:n,a)D?EQ/)(t,x)] + f(t,z,a)

+ / (V(t,z+7(t,z,a,2)) —(t,z) +v(t, 2, a,2)) Deb(t, ) Ar(dz) < 0.
U\{0}

The claim follows from the arbitrariness of a € A. O

Remark 6.2 Concerning the uniqueness of viscosity solutions to the Hamilton-Jacobi-Bellman

equation (6.24), a positive result follows from the comparison principle in [19], Theorem 6.2, under

the additional assumptions that f and g are bounded and A is compact, from which we deduce that

the value function v in (6.3) is the unique viscosity solution in the class of bounded and uniformly

continuous solutions on [0,7] x H_;. O
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