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ABSTRACT. This thesis focuses on various non-perturbative aspects of super-
symmetric gauge theories in dimensions 2,3 and 4 and several constructions
that relate properties of superconformal quantum field theories among different
dimensionalities. Various techniques have been applied the most prominent of
them being dimensional reduction and compactifications with decorations of
the internal manifolds.

The thesis deals with two main topics; the first is the study of compactifi-
cations of 4d superconformal field theories placed on a Riemann surface with a
particular choice of background data along the internal dimensions, the choice
of which is imposed by the requirement that supersymmetry is unbroken by the
curved geometry. An extensive analysis of this construction is carried out at
the formal level for any genus both for minimal and extended supersymmetry.
The results obtained provide a systematic classification of all 2d theories that
can be constructed via this technique. We then apply the results to the study
of several specific 4d models. By restricting to a special class of theories en-
dowed with a toric structure on their moduli space we are able to show a direct
connection between the toric geometry and the explicit form of the 2d central
charge and anomalies.

The second topic is the study of circle compactifications of 4d dualities.
We consider the reduction of Seiberg duality and its generalizations to SQCD
with symplectic gauge group and adjoint plus fundamental matter fields. A
remarkable property of these 4d theories, called E7 surprise, carries over to
3d and it is shown to be responsible for the appearance in the infrared the-
ory of a pattern of duality and global symmetry enhancement. We conjecture
the existence of such IR fixed points and support our claim of the 3d dual-
ities by providing explicit checks of the 3d partition functions computed via
supersymmetric localization. Finally, we obtain similar results for theories
with power-law superpotentials for the antisymmetric tensor field as well as
confining theories with 6 fundamentals.
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CHAPTER 1

Introduction

Superconformal field theories (SCFTs) in low dimensions are the testing ground
for the observation of many phenomena in quantum systems. In two dimensions
they play a central role in the worldsheet description of string theory and in higher
dimensions they describe the worldvolume theories on branes in type II string the-
ory and M-theory. With the advent of the AdS/CFT correspondence it was also
realized that they are of fundamental importance in describing the dual super-
gravity solutions in the bulk of the AdS geometry. With respect to their position
in the landscape of all quantum field theories it is clear that they constitute a very
special subclass because of the rich structure they exhibit due to the interplay of
supersymmetry and conformal invariance. Nevertheless one can hope to obtain
very general non-perturbative results on the much larger class of non-conformal
and non-supersymmetric quantum field theories (QFTs) by first taking advantage
of the exact computational tools available in this context. One example of this
paradigm is the recent development of non-supersymmetric 3d IR dualities which
in many cases are obtained by studying the parallel example of supersymmetric
duality for which the partition function can be computed exactly via localization.

The derivation of such results is still a difficult task in general and finding new
insight into the nature of (super)conformal theories is far from straightforward. A
classification of superconformal theories is not known in general, especially in lower
dimensions where less constraints are imposed by supersymmetry. It is therefore
an open problem to find new ways to explore the space of such theories and find
possible relations between the known ones.

A classical approach to the problem is the engineering of Lagrangian models
with manifest supersymmetry which possess an IR fixed point along their RG flow.
While Lagrangian constructions usually yield more tractable theories at the ana-
lytical level, they are hard to find in the first place and it is sometimes conjectured
that they form a negligible set inside the space of all possible theories. For this
reason it is interesting to study alternative constructions. One example that we are
going to explore in this thesis consists in constructing novel supersymmetric mod-
els by compactifications of known ones. Compactification reduces the number of
dimensions and in general breaks supersymmetry but with the appropriate choice
of decorations of the internal manifold one can still end up with theories where
much of the symmetry is preserved and many computations can be performed by
reduction of the information about the 4d parent. This strategy gives rise to a way
to make contact between theories in different dimensions, which seem otherwise
completely independent of each other and to manifest wildly different phenomena.

Another aspect we already mentioned is the possible existence of many dual
descriptions for the same theory. It is in fact observed that some theories admit
two or more Lagrangian formulations in which the fundamental degrees of freedom
are different across the dual phases. A prominent example of this phenomenon is
Seiberg duality which itself can be viewed as a generalization of electro-magnetic
duality. With the help of supersymmetric localization then one can analytically
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verify the equivalence of the different descriptions by showing the identity between
the corresponding partition functions (or indices).

In this dissertation we consider the question of reduction of such dualities from
4d to 3d and study the way the lower dimensional dynamics must be modified in
order to preserve the duality. The main example in this case will be that of super-
symmetric QCD (SQCD) with symplectic gauge groups and various types of matter
representations.

In the following sections we sketch the main ideas contained in this thesis.

1.1. Topological twist

SCFTs in 2d can be obtained by reducing 4d SCFTs on compact 2d manifolds.
The first step of the compactification consists in putting the theory on a curved
background of the form RY! x ¥ where ¥ is a compact, closed Riemann surface of
arbitrary genus g. The spin connection w in general has non-trivial holonomy on X
and this means that fields that are coupled to it (i.e. vectors, spinors etc.) might
transform non-trivially under supersymmetry transformations. In particular, the
supersymmetry variation of the gravitino field, i.e., the (odd) 1-form connection
associated to the @Q-supercharges, contains the covariant derivative of the super-
symmetry parameters. These parameters are sections of the spinor bundle and as
such they couple to w. If supersymmetry with respect to those parameters is to be
preserved then they must be covariantly constant so that the gravitino variation
vanishes. Spinors with this property are said to be Killing and usually only exist on
manifold with reduced holonomy, which is not the case for ¥. However, as suggested
in [I] (see also [2}, [3]), if spinors are also charged under other global symmetries
then one can introduce a twist of the spinor bundle which reduces the structure
group and allows us to find non-zero covariantly constant sections. Let us see what
this means in detail: when a background connection A for a global symmetry, i.e.,
R-symmetry, is turned on, the spinor supercharges become sections of the tensor
product of the spinor bundle and some vector bundle associated to that connection.
Holonomies with respect to A and w are generically non-trivial however there might
be a common subgroup of both the spin and R-symmetry groups such that there
are some sections that transform in opposite ways under it. If this is the case,
the structure group of the product bundle can be restricted to that subgroup and
the bundle decomposes into the direct sum of vector bundles associated to smaller
irreducible representations of that subgroup. If the trivial representation appears
in the decomposition, the associated sub-bundle admits non-zero flat sections, i.e.,
(charged) Killing spinors.

For example, in the case of a Riemann surface, the structure group of the spinor
bundle is the spin group Spin(2) = U(1), hence it is a complex line bundle £3*"
with abelian connection w associated to a 1-dimensional representation of charge
+1 (according to chirality). If we assume the existence of a R-symmetry U(1)g
such that supercharges also have charge +1 under it, then there is a second line
bundle £ such that:

QeD(LP™ e L) QeT(LP" o LF) (1.1)

The tensor product bundles have structure group Spin(2) x U(1) g and connection
w+A. If we restrict to the subgroup generated by elements of the form (el?,e7¢) and
we choose A = —w, then the product bundle becomes topologically trivial and flat.
All holonomies identically vanish and covariantly constant spinors can be found.
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More generally, one can turn on fluxes for any global symmetry, also the fla-
vor ones. In this case preserving supersymmetry also requires to set to zero the
associated gaugino variations. These backgrounds are most naturally modeled by
non-dynamical (conformal) supergravity multiplets for the appropriate amount of
supersymmetry. These are the main tools that we use in Chapter [2| to study the
reduction of 4d theories on ¥. While the cases of ' = 1,2 are well known in the
literature we provide a complete classification of the solutions to the topologically
twisted Killing spinor equations also for the A/ = 3,4 cases, for which new solutions
are found. The Lagrangian of the resulting theories are not known in general and,
even though this procedure does not allow to extract the matter content of the 2d
theory, useful information on its IR behavior is given by the 2d global anomalies
that can be obtained in terms of the 4d ones and of the background fluxes [4]. They
provide consistency checks and impose several constraints on the behavior of RG
flows and the existence of IR fixed points.

A well studied anomaly in four dimensions is the coefficient of the Euler den-
sity appearing in the conformal anomaly. This quantity is referred to as the central
charge a and it satisfies an analogue of the 2d c-theorem of [5], i.e., it is decreasing
along the RG flow from UV to IR [6}, [7]. When considering A/ = 1 superconformal
field theories, the central charge a, non-perturbatively obtained in [8], is maximized
by the exact R-current of the superconformal algebra [9]. The exact R-current turns
out to be a linear combination of the UV R-current and the currents associated to
the other global symmetries of the theory. By maximizing the central charge the
mixing coefficients can be exactly determined. A peculiar feature of a-maximization
in four dimensions is the absence of mixing of baryonic currents in the resulting
expression for the exact R-current [10]. In two dimensions the conformal anomaly
is given by the central charge ¢ = ¢, —¢;. In the case of 2d N = (0,2) SCFTs the cor-
responding right-moving central charge ¢, is extremized by the exact 2d R-current
that turns out to be a linear combination of a trial R-current and the currents cor-
responding to the other abelian global symmetries. The program of constructing
N =(0,2) 2d SCFTs from 4d became an intense field of researclﬂ after such an
extremization principle was derived in [4].

When considering 4d theories with an AdSs holographic dual description the
topological twist can be reproduced at the gravitational level by turning on prop-
erly quantized fluxes for the (abelian) gauge symmetries in the bulk [23]. This
triggers a RG flow across dimensions that, when restricting to the supergravity
approximation, connects the original AdSs description to a warped AdS3 x ¥ ge-
ometry. Alternatively, one can consider the full 10d geometry. Solving the BPS
equations in this case should lead to a warped product AdSs x My, where the
general properties of the seven manifold M7, were originally discussed in [24], [25].
This approach was taken in [18] for the infinite class of twisted YP¢ quiver gauge
theories of [26], 27, [28]. A comparison between the structure of the exact IR R-
current in the 4d A = 1 and in the 2d A = (0,2) theories reveals that baryonic
symmetries that do not mix with the R-current in 4d, do mix non-trivially with the
2d R-current.

In this thesis we consider a more general class of 2d N = (0,2) SCFTs which
is the one obtained by a partial topological twist of 4d N = 1 toric quiver gauge
theories that describe a stack of N D3 branes probing the tip of a toric Calabi-
Yau threefold CY3 over a 5d Sasaki-Einstein (SE) base X5 with U(1)? isometry
(see [29, [B0] and references therein). The trial central charge of the 4d toric
theory can be determined either geometrically, in terms of the geometrical data

lgee 11, 12], 13} 14, 15}, 16, [17), [18) [19), 20}, 21}, [22] for related work.
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of the associated toric diagram [31, 32] (see (3.12))), or alternatively, through the
holographic correspondence that provides a in terms of the X5 volume parametrized
by the Reeb vector of the dual supergravity solution [33), 34}, [35], [36], 37, 10, [38],
39), 140, [41], [42] (see ) The holographic dictionary translates a-maximization
into the minimization of the X5 volume [35], [10].

While for some specific examples (see [43), [18]) the correspondence between
the 2d central charge ¢, and the volume of the 7-manifold M7 is known, it is still
an open problem to find a general formula analogous to the one in 4d. A possible
obstruction in finding a volume formula dual to c-extremization arises from the
non-trivial mixing of baryonic currents in the 2d exact R-current. In fact, as a
consequence, a putative volume formula for ¢, should probably involve symmetries
that are not necessarily isometries of the seven manifold, so making the generaliza-
tion of the results in [35] to these cases not straightforward. In Chapter [3|we tackle
the problem of finding geometric and holographic prescriptions for computing the
central charge ¢, for 2d SCFTs corresponding to twisted compactification of toric
theories.

1.2. Duality reduction

Another fascinating field of research, attracting the interest of both the high
energy and the condensed matter communities, consists of the 3d analogue of 2d
bosonization. This phenomenon can be more generally thought of as a limiting case
of a broad web of non-supersymmetric 3d dualities (see for example [44), (45, [46), (47,
48] for an incomplete list of references). These 3d dualities share many common
properties with their supersymmetric counterparts, and some attempts to derive
them from the supersymmetric case appeared in [49, 50, 51}, 52, [53]. This provides
one of the main motivations for further investigations on the supersymmetric side
of 3d dualities.

So far most of the non-supersymmetric dualities discussed in the literature re-
fer to gauge theories with fundamental matter fields. Recently dualities involving
QCDj3 with two-index tensor matter fields appeared in [54, 55, [56]. In the su-
persymmetric case, models with two-index tensor matter fields played a relevant
role in the generalizations of 4d Seiberg duality, starting from the original example
of [67]. Furthermore, 4d theories with fundamental and adjoint matter fields have
been recently used as a perturbative description of 4d A/ = 2 non-Lagrangian SCFTs
[68],(59]. In general 3d dualities involving two-index tensor matter fields have been
derived by a circle reduction of the 4d cases [60} 61, [62] by following the prescrip-
tion of [63]. There it was observed that if one simply puts the theory on R3 x S*
and takes the small radius limit then the dimensional reduction does not give rise
to a 3d duality. In order to correctly reduce the 4d duality one has to modify the
limiting procedure as follows. First one needs to find an effective 3d description
of the 4d duality on R3 x S! which can be thought of as a new 3d IR duality, UV
completed by the 4d physics. Due to the presence of non-trivial holonomies of the
gauge connection along the circle, the effective theory develops a compact Coulomb
branch parametrized by periodic scalars. Non-trivial contribution coming from 4d
instanton configurations also appear, giving rise to KK monopole superpotentials
that modify the 3d dynamics. Finally the 3d limit can be taken by real mass and
Higgs flows. By applying this procedure 4d Seiberg duality (and its generalizations)
reduces to 3d Aharony duality (and its generalizations).

A different 3d limit was recently considered in [64] for the reduction of U Sp(2N..)
SQCDy4. This led the authors to discover new interesting families of 3d dualities
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with non-trivial monopole superpotentials El The generalization of these new dual-
ities to the cases with tensorial matter fields is the subject of Chapter [4]

2See also [65, 166, [67), [59], [68] for other applications of monopole superpotentials to 3d N = 2
theories.






CHAPTER 2

4d SCFTs on a Riemann Surface

2.1. Overview

In this chapter we engineer the partial topological twist in the natural setup of
conformal supergravity and systematically study the twisted compactification on
Riemann surfaces of 4d SCFTs with different amount of supersymmetry. In this
unified framework we investigate the cases of N = 1,2, 3,4 conformal supergravity
corresponding to 4d geometries of the form R x ¥ where ¥ is a genus ¢ Riemann
surface. We study what are the conditions necessary to preserve different amounts
of supersymmetry in 2d by solving the Killing spinor equations arising from setting
to zero the variations of the gravitino and of the auxiliary fermions in the Weyl
multiplet (Sections and . When possible, i.e., in cases with N =
1,2 supersymmetry, we also turn on vector multiplets associated to global flavor
symmetries. In this case an additional constraining equation for Killing spinors
arises from setting to zero the variation of the corresponding gaugino.

All possible solutions to the twisted Killing spinor equations are listed in Tables
and [11] for A" = 1,2, 3 and 4, respectively. We observe that for N' = 1,2 the
presence of global gauged non-R symmetries can in general decrease the number of
supersymmetries, but never below N = (0,2) or (2,0). For N/ = 3,4 theories, where
flavor symmetries are absent, we discuss a different approach to flavor symmetry
twists. This consists in a first twist along an abelian subgroup of SU(3)gr xU(1)g
(or SU(4)gr) which partially breaks conformal supersymmetry allowing for vector
multiplets associated to non-R global symmetries to be introduced. A further twist
along such symmetries corresponds to N' =1 or N = 2 gaugings and preserves half
of the supercharges. In Section we provide further details on the vanishing of
the supersymmetry variation for the auxiliary fermions in the A/ = 3,4 cases.

In Section [2.7] we derive the 't Hooft anomaly coefficients of the 2d theories
and, in the case of N = (0,2) supersymmetry, we apply c-extremization to obtain
the central charges expressed in terms of the background fluxes and the 4d anom-
alies. The explicit expression for the exact 2d R-current is also obtained as a linear
combination of the 4d R-current and global flavor symmetries.

2.2. Topological twist in N =1 conformal supergravity

We begin by considering a N = 1 superconformal theory on the four dimensional
spin manifold M = RY! x 32, where ¥ is a Riemann surface of genus ¢ and scalar
curvature kns. Twisted compactification of this class of theories has been already
discussed in [69, 17, 18]. Here we review the procedure in a A/ = 1 superconfor-
mal gravity setup to fix the general scheme that we will use in the M -extended cases.

We call (2%, 2') the coordinates on R™! and (22, 2?) those on ¥. The spin
connection w, on ¥ then has non-vanishing curvature:

%sz(w) =22 (2.1)

7
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where R(w) = dw is the curvature 2-form of the tangent bundle of 3. For later
convenience we define:
Kk =sgn(2-2g) and n;;:{|12_2g| r#0

" (2.2)

so that we can write:
R(w)=kQ (2.3)

with Q = 7y, dvoly;, the normalized volume form.

In general, compactification on ¥ breaks supersymmetry completely, since on
arbitrarily curved manifolds there are no covariantly constant Killing spinors. Along
the lines of [70], in order to put a 4d theory on a curved manifold and preserve
some supersymmetry we couple the theory to a conformal supergravity background
that reproduces the desired spacetime geometry. The whole superconformal group
is gauged and the corresponding gauge fields are organized into the Weyl multi-
plet as follows (we use notations and conventions of [71]) Here P,,K, are vector

TABLE 1. Generators and gauge fields of A/ = 1 conformal supergravity.

generator | P, Mgy A K, Tr| Q@ S

field e wi by fr Ay |y ¢

generators of translations and special conformal transformations, M,; and A are
generators of Lorentz rotations and dilatations, () and S are the spinorial super-
charges. The U(1)gr R-symmetry generator T assigns charge —1 to the positive
chirality supercharges @, and S, and charge +1 to their conjugates Q4 = (Qa)’
and Sy = (Sa)T. When the R-symmetry generator acts on the supercharges we will
often write Tr = —y5 with 5 = iv9123.

The supersymmetry transformation laws of the independent gauge fields read

dej, = %5’7“1/}“ (2.4)

Sby = b it (2.5)
2 2

0A, = %ié%qbu + %imsqpu (2.6)

0ty = Due-epvan (2.7)

where ¢, 7 are the Majorana spinors associated to (Q and S transformations, respec-
tively. The covariant derivative is defined as D,e = (9, + %bu + %wzb'yab -iA,Tr)e.

Since we are only interested in theories on curved manifolds with rigid super-
symmetry, we fix the Weyl multiplet to be a collection of background fields de-
scribing the geometry of spacetime. In order to preserve Lorentz invariance on R'!
we set all the spinor fields to zero and assign possibly non-vanishing components
to bosonic forms only in the (22, 23) directions. As follows from , in general
this choice breaks superconformal invariance, however some Q-supersymmetry can
survive if the geometry admits non-trivial solutions of é¢,, = 0. In the following
we consider backgrounds such that n =0 E so that supersymmetry is preserved if
there exist covariantly constant spinor fields, i.e., solutions to the equation D, = 0.
This equation may have non-trivial solutions if we turn on a non-zero background

ITo begin with one could solve the equation §¢,, = 0 for non-vanishing 7, by setting n = iﬁs
[72]. The solution n = 0,Dye = 0 is compatible with this condition.
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also for the R-symmetry gauge connection A, [I] such that the two contributions
coming from A, and wa in the covariant derivative cancel each other.

More precisely, focusing on constant solutions, we first apply the exterior de-
rivative to d1,, so that the Killing spinor equation D,.c = 0 is traded with

1 .
25[;151%] = iRuu(w23)723 - IR}LV(A)P)/EJ] e=0 (28)

where R, (w*) and Ry, (A) are the curvatures of the connections w’’ and A,

respectively. Given the particular form of the curvature R, (w) = £ Q,,,, we choose
A,, such that its curvature is also proportional to the normalized volume form €2,

R, (A)=-aQ. (2.9)
where the parameter a is constrained by the Dirac quantization condition
1 Q
= RA=—/—=— Z 2.10
27 /E (4) “ > 27 @ € ( )
Substituting (2.9) in , we then obtain
[gi’}/23—a’}/5:|<€:0 (2.11)

We postpone the search and classification of non-vanishing solutions to Section
2.2.2)

2.2.1. Twisting with flavors. We now consider the case in which the original
4d theory also admits a global abelian non-R symmetry that can be either flavor
or baryonic symmetry. With an abuse of notation, we call it U(1)gayvor-

This symmetry can be weakly gauged by turning on a background connection

However, in order to preserve the original superconformal symmetry one has to
turn on a whole abelian A/ = 1 superconformal gauge multiplet (B, \,Y") whose
field content consists of the gauge vector potential B, the gaugino A and the
auxiliary scalar Y, all in the adjoint representation of the flavor symmetry. The
corresponding supersymmetry transformations are

1_

6BM = —56')/”)\
1 1_.

S\ = Zy Rab(B)+§Y1fy5 € (2.12)
1

Yy = 515757“7)“)\

where R, (B) is the curvature 2-form of the gauge connection B, and the covariant
derivative on spinors is defined as in eq. (2.7).

Similarly to the case of the R-symmetry background in , we can choose a
U(1)favor connection with curvature:

Ru(B)=bQ,, el (2.13)

together with vanishing background gaugino. In order to preserve some super-
symmetry we have to require

b 1
o\ = |:§|€|923723 + 5Yi’75:| e=0 (214)

22,33 _ 23,32

where |e| = e*?e is the vielbein determinant on 3.

2Similar discussions appeared in [73}, [T} 13].
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Writing 5 = iv23701 in the previous equation allows to factor out a gamma
matrix va3. Therefore, setting Y = +ble|Qa3 we finally obtain the condition

(1F701)e=0 (2.15)

We then see that in principle, turning on a background for an abelian non-R global
symmetry, introduces additional constraints on the supersymmetry generators.

More generally, we can consider 4d theories with rank-n flavor symmetry group,
i.e., with n generators 7T; in the Cartan subalgebra. In this case we can gauge one
vector multiplet (BL, AL, Y'?) for each Cartan generator. If the corresponding auxil-
iary scalars are fixed by the same equation Y; = +b;|e|Qa3 (or Y; = —b;|e|Qa3) we are
led to the same constraints (2.15)).

2.2.2. Classification of the solutions. We are now ready to discuss the
most general solutions of the two supersymmetry preserving conditions

K.
[51723—a'y5]5:0 s bl (1:F’)/01)€:0 (2.16)

where the constant a signals the presence of a non-trivial U(1)g background, eq.
, while b; are associated to Bi connections for U(1)gayor Symmetries, eq. .
We note that the second equation is nothing but a 2d (anti)chirality condition.

In order to find solutions to these equations, we write the Majorana spinor € in
terms of its Weyl components, € = (¢4, €"), and with no loss of generality we restrict
the discussion to the positive chiral spinor €, transforming in the 2 of SL(2,C).

On the product manifold R*! x ¥ the original Lorentz group of 4d Minkowski
is reduced as Spin(3,1) — Spin(1,1) x Spin(2)x, and consequently the spinorial
representation of €, also splits as

2 - [11,1 [S) 1_17_1] (2.17)

Here the representations on the right hand side are labelled by the eigenvalues of
the hermitian generators yo1 and i3 of Spin(1,1) and Spin(2)s, respectively. The
generator 7p; corresponds also to the chirality operator on R!, hence we refer to
1, and 1_1 _; as the 2d positive (left) and negative (right) chirality representations
respectively, and denote the corresponding spinors as €, and e_.

TABLE 2. Supersymmetry generators and their charges under
Spin(1,1), Spin(2)s and R-symmetry. Since the U(1)g gener-
ator can be written as v5 = (y01)(ive3), it follows that e, are au-
tomatically irreducible representations of the R-symmetry group
corresponding to charge 1.

supersymmetry | chirality | representation | vo1 | iv23 | V5 0, =0
€ L 1,141 +1 | +1 | +1|a-k/2=0
€_ R 1_1’_1 -1 -1 +1 a+l€/2=0

spond to e, for a = § and e_ for a = —5. The second equation in ([2.16) does not
restrict the Killing spinors any further, since we can always choose b; such that
(2.15) projects on the same chirality as that of the Killing spinor. Therefore, inde-
pendently of the presence of gauged flavor symmetries, the resulting 2d theory is
N =(2,0) for a = § and N = (0,2) for a = —%. These solutions are compatible with

the quantization condition any € Z, being xkns an even number.

As summarized in Table [2] for £ # 0 solutions to the first eq. in (2.16) corre-
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In the special case of compactification on a torus, x = 0, when no flavor sym-
metry is gauged (b; = 0) there is no need for twisting. In fact, setting A, to zero,
the Killing spinor equation reduces to dye = 0 and is automatically satisfied for
every constant section e. Therefore, supersymmetry is not broken and the resulting
2d theory is N = (2,2) with R-symmetry U(1)ere X U(1)right generated by the two
combinations T, = %TR + Moz, where Mog is the Lorentz generator on X. Super-
symmetry can be reduced by gauging some flavor symmetry. In this case, in fact,
the second equation in constrains the supercharges to be of definite chiral-
ity and reduces supersymmetry to N = (2,0) for Y; = +b;]e|Q223 or N = (0,2) for
Y; = —bile|Qas.

The complete picture of topological twisted reduction of N/ =1 SCFTs is sum-
marized in Table [3] where the resulting 2d theories are classified in terms of the
surviving amount of supersymmetry.

TABLE 3. Classification of topologically twisted 4d A/ =1 SCFTs
on Riemann surfaces of curvature x = 1,0 in terms of the surviving
amount of supersymmetry in 2d. We include the possibility of a
twist along the flavor symmetries, with flux b.

k+0 a:g a=- k=0 a=0

b=0 | N=(2,00 N=(0,2) 1| b=0 N =(2,2)
b#0 [ N =(2,00 N=(0,2) || b#0 | N =(2,0)0r(0,2)

[SB

2.3. Topological twist in N =2 conformal supergravity

We now consider a A/ = 2 SCFT with R-symmetry group SU(2)gxU(1)g. The
Lie algebra of SU(2)g is spanned by anti-hermitian matrices io 4, where 042123
are the three Pauli matrices.

The four-dimensional chiral supercharges Qs are in the (2,2)_; representation
of the group Spin(3,1) x SU(2)r x U(1)g, while their complex conjugates Q7 =
(Qa1)' transform in the (2,2),; representation. In particular, the U(1)z generator
Tr acts on the supercharges as —vs.

The N = 2 superconformal algebra contains a A = 1 subalgebra with R-
symmetry group U ( 1)% =1 generated by the combination

TN = gag + 1TR (2.18)
3 3

Twisted compactifications of A/ = 2 SCFTs have been already considered in
[74], [75], 17]. Here we give a systematic derivation within the superconformal
gravity setup.

Analogously to the N/ = 1 case, a N' = 2 SCFT can be consistently defined
on a curved manifold M = RY! x &, by first coupling it to the extended N = 2
superconformal gravity and then gauge fixing the background Weyl multiplet as to
reproduce the desired geometry with possibly non-trivial fluxes turned on in order
to preserve some supersymimetry.

We recall that the N = 2 Weyl multiplet contains the gauge fields of the con-
formal group ey, fy;, bu,wzb, the superconnections 1/111“ @1 associated to supersym-
metries Q7 and S7, the connections A, and V#A for the R-symmetry groups U(1)r
and SU(2)p and the auxiliary fields 7., D (bosonic) and x! (fermionic), needed
to close the algebra off-shell.
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Under supersymmetry transformations the fermionic fields of the gravity mul-
tiplet transform as

1 1 . . 1 -
51% = [@L + §b“ + zwzb’Yab_Aul%] el —V,f‘(laA)SsJ - 1—67“bTab5”maJ (2.19)
1 1 1

ox' = §D<€I - EVGb [ZﬁTJbEUSJ - Rap(A)irse’ - Rab(VA)(iUA){ﬁJ] (2.20)

In order to preserve Lorentz invariance on RY! the background fermions must
be set to zero. This choice automatically sets to zero the Q-supersymmetry variation
of all bosonic fields, which can then be chosen such that the @-variation of the
fermions vanish as well.

From (2.19) and (2.20) we deduce that we can safely set the background fields
b, and T, to zero and simplify these expressions to

1, . .
51/;£ = [8ﬂ+1w#bvab—Aury5] sI—V#A(laA)geJ =0 (2.21)
1 1 . .
ox! = §D5] + g’yab [Rab(A)1*y5sI + Rab(VA)(IO'A)Sé‘J] =0 (2.22)

The remaining background connections A, and V#A can then be used to perform
partial topological twist as we now describe.

Turning on a background flux for VMA breaks explicitly the SU(2) g invariance of
the theory down to a U(1) subgroup of it. Without loss of generality we choose this
subgroup to be the one generated by ioc3. Namely, we parametrize the R-symmetry
gauging as follows

Ru(A) = -1, R (VA1) =0, R (V?)=-aQ, (2.23)

where the parameters a;-1 2, are constrained by the quantization condition a,;v € Z,
and (1, is the normalized volume form of 3. This choice is actually equivalent to
gauging the 1-parameter subgroup of SU(2)g x U(1)g generated by a1Tg + az03.

Looking for constant spinor solutions of and we can apply the
exterior covariant derivative to 07, thus turning the Killing spinor equation into
an equation for the curvatures. Substituting the background we find

1 . .
28[,u6¢1],] = [gRuu(wgg)'hS - RHV(A)I’%:I 51 - RMV(V3)(IU3)LIIEJ

. K.
= IQMV [—51’}/235§ + CL1’Y55§ + a2(03)§] EJ =0 (224)
1
ox' = 3 [D - g|e|(223] el =0 (2.25)

where ([2.25) is obtained by substituting (2.24]) in (2.22)) and therefore it is only valid

on the components of e/ that are actual solutions of the Killing spinor equation.
The ! variation can be set to zero by fixing the auxiliary field as D = & lelQa3.
We are then left with a single defining equation for Killing spinors.

2.3.1. Twisting with flavors. Before solving the Killing spinor equation
(2.24)) we generalize the discussion to the case of 4d SCFTs admitting some global
abelian non-R symmetry U(1)favor. Weakly gauging this symmetry implies turn-
ing on a non-vanishing background N = 2 vector multiplet (B,,, X, M, YA). Such a
multiplet contains one gauge field B,, with curvature R, (B), one complex scalar
X, two gaugini A’ forming a SU(2) doublet, and one auxiliary field Y# trans-
forming in the adjoint of the R-symmetry group. Setting the fermions A’ = 0, the
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supersymmetry variations of the bosonic components of the multiplet are identically
vanishing, and they can be chosen to satisfy

o = ERab(B)fy“b(Sﬁ + YA(iUA)IJ] el =0 (2.26)

Gauging the global symmetry along ¥ with R,,,,(B) = b, and setting for instance
Yy12=0,Y3= —g for the positive chirality component of ¢’ we obtain

brooser o NI7.J (vo1+1)et =0
5[’7 6J_(IU3)J]€ =0 = (7(]1—1)62:0 (227>

where we have used iv23 = Y9175 and yse” = €”.

The previous condition is equivalent to requiring that the two components of
the €/ doublet have opposite chirality. Setting Y?> = g would simply interchange
the conditions on €' and €.

Another possibility to perform the flavor twist would be via a two-step pro-
cedure. We first gauge a N' = 1 vector multiplet that breaks explicitly N = 2
supersymmetry even before coupling the theory to a curved background. We then
identify the A/ = 1 subsector of the A = 2 theory which is compatible with this gaug-
ing, and apply the twist as in Section [2:2] Observe that we could engineer such a
reduction also in the absence of flavor symmetries. In that case we should first per-
form a R-symmetry twist that preserves four supercharges. This twist would break
R-symmetry and leave an unbroken U (1) that could be treated as flavor symmetry
useful for further twisting.

2.3.2. Classification of the solutions. In order to find solutions to eq.
(2.24) we observe that the selected background breaks Spin(3,1) x SU(2)r —
Spin(1,1) x Spin(2)s x U(1)s,, and correspondingly the positive chirality com-
ponents €. in the (2,2) representation as
dscdodolad (2.28)
where on the r.h.s. + indices denote the 2d chirality of the reduced spinors

Yorel = xel iyozel = el (2.29)

We can find solutions to (2.24]) by appropriately choosing the values of the twisting
parameters a; as summarized in Table A further constraint comes from eq. (2.27)

TABLE 4. Supersymmetry equations for A/ = 2 theories. The su-
persymmetries in the left column are preserved when the twisting
parameters a; satisfy the corresponding equations in the column
on the right.

supersymmetry 5%{ =0
el a1 +as—K/2=0
el ap+as+£/2=0
€ a1 —as—K/2=0
€2 a;—as +K/2=0

when a global non-R symmetry is also gauged.
We discuss in detail the solutions for x # 0 and k = 0, separately.
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k # 0. For the case of non-zero curvature, we give a prototype of twist for each
fixed amount of supersymmetry preserved in 2d. All the other choices are related
by a trivial change of basis of the symmetries or a different choice of sign for the
auxiliary fields.

e For a; = -5 and az = 0 the preserved Killing spinors are ¢! ® €2 which form
a SU(2)gr doublet. The 4d R-symmetry is left unbroken and the 2d theory is a
chiral N = (0,4) theory. If we add a flux for an external vector B,,, then equations
(2.27) imply that only one of the two components of the doublet can be preserved
according to the particular choice of the auxiliary field Y4 in the vector multiplet,
hence supersymmetry is necessarily broken to A = (0, 2).

e For a; =0 and ap = -5 the preserved supersymmetries are el @ 2. R-symmetry is
broken to U(1)? with generators T} = %TR + M>s3 and the preserved supersymmetry
in two dimensions is A/ = (2,2). The global symmetry generated by the background
along T = Moz + %0’3 becomes a flavor symmetry in two dimensions since, by defini-
tion, the preserved supercharges transform trivially under it. In this case, gauging
a global non-R symmetry with the corresponding connection B,, together with the
choice of auxiliary Y3 = —%, does not constrain the Killing spinors any further (see
eq. (2:27)) and the 2d theory maintains A = (2,2) supersymmetry.

e For a; + az = -5 the only preserved supersymmetry is €', hence the theory is
N =(0,2) with U(1) R-symmetry. In this case there are two new abelian flavor
symmetries that were not present in the original 4d theory, generated by the two
combinations

1 1
T1 = ETR + M23 and Tg = 5 (TR - 0'3) (230)

Turning on a flavor flux B,, does not constrain this solution any further.

k =0. In the case of compactification on a torus we have two possible solutions.

e The trivial solution corresponds to a; = as = 0, and D = 0 in . This is
the case where there is no twist, since the dimensional reduction on flat space pre-
serves all supersymmetry. The compactified theory flows to N = (4,4) in 2d with
global symmetry SU(2) x U(1)? where the two abelian groups are generated by the
combinations T, = Tx + Mas. Both sectors (4,0) and (0,4) provide a four dimen-
sional real representation of the SU(2) R-symmetry group. This however poses
a puzzle because the only possible superconformal algebra compatible with (4,4)
supersymmetry and this SU(2) action on the supercharges is the small A = (4,4)
superconformal algebra which only admits a SU(2) R-symmetry. The remaining
abelian factors U(1) x U(1), while acting effectively on the supercharges, are not
compatible with any known superconformal algebra. A possible resolution of the
issue is to regard them as global symmetries coming from outer automorphisms of
the algebra.

e Another possible choice of supersymmetry preserving background on the torus
corresponds to aj + ag = 0 with both fluxes different from zero. Solutions of
are then spinors el @ €' that transform trivially with respect to the background
symmetry

1
= i(TR—O';g) (231)
The theory flows to M = (2,2) in 2d with U(1)? R-symmetry given by
1
T:I: = §TR + M23 (232)

Turning on a background for an external global symmetry, R,,(B) = b, to-
gether with the auxiliary Y3 = —g further breaks supersymmetry to €., as can be

seen from (2.27). In this case, the theory is N = (0,2) with U(1) R-symmetry Tx
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and two flavor symmetries which correspond precisely to the T' background (2.31])
and the left R-symmetry T, (under which the right sector is invariant). Alterna-
tively, choosing Y3 = +g, the theory flows to N = (2,0) with two flavor symmetries
T and T-.

The results of this section are summarized in the Table [B

TABLE 5. Classification of topologically twisted 4d N = 2 SCFTs
on Riemann surfaces of curvature x = £1,0 in terms of the surviving
amount of supersymmetry in 2d. We include the possibility of a
twist along the flavor symmetries, with flux b.

k=0]a;=a9=0 a;+as =0
b=0| N =(4,4) N =(2,2)
b0 | N=(2,2) N =(0,2)or(2,0)

_k . &
27 2 2

b=0 N =(0,4) N =(2,2) N =(0,2)
b+0 | N=(0,2) N =(2,2) N =(0,2)

k+0 | a= as=0 a;=0,a9 = aiy+as = —

2.4. Topological twist in N =3 conformal supergravity

It has been recently claimed [76], [77, [78] [79] that 4d N = 3 SCFTs with no
enhancement to A = 4 can exist at strong coupling. These theories have SU(3) g x
U(1)gr R-symmetry and their matter content coincides with the one of 4d N = 4
SYM. As a consequence there are no non-R global symmetries.

Considering a N = 3 SCFT compactified on M = R}! x X, a partial topological
twist can be performed on ¥ using an abelian subgroup of the R-symmetry group.
In this section we study all possible solutions of the Killing spinor equations for
such a twist, classifying all different configurations of preserved supercharges in two
dimensions in terms of the different choices of the fluxes for the R-symmetry group.

As discussed above, the most natural framework where twisting a A/ =3 SCFT
on a curved manifold is N' = 3 conformal supergravity [80], 8T], [82], whose Weyl
multiplet and the corresponding non-linear supersymmetry transformations have
been recently derived in [83].

TABLE 6. Field content of the Weyl multiplet in A = 3 conformal supergravity.

field et b, A, VA E T, DLyl A xi
SU(3)R X U(].)R 10 10 10 80 32 3,2 80 31 13 61 31

# of real d.o.f. 5 0 3 24 6 18 8 |24 4 24 12

The N = 3 Weyl multiplet in four dimensions is given in Table[6} In particular,
A, and VMA7 A =1,--,8 are the gauge fields associated to the R-symmetry U(1)g
and SU(3) g transformations, respectively.

The R-symmetry group SU(3)g is generated by antihermitian matrices (iX4),
with A = 1,..,8. We choose a basis in which the SU(3) can be embedded into
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the top left 3 x 3 block of SU(4), so that the first 8 generators of SU(4) reduce
straightforwardly to the generators of SU(3). The U(1)gr group is obtained by
mixing the U(1) from the decomposition of SU(4)g into SU(3)r x U(1) and the
chiral U(1) symmetry that enhances the superalgebra PSU(2,2/4) to U(2,2[4)
[80, [84]. We observe that these two U(1) groups act proportionally to each other
on the components of the A/ = 4 Weyl multiplet that survive in the projection to
the N = 3 Weyl multiplet.

As in the previous cases, we are interested in preserving supersymmetry while
coupling the SCF'T to a curved background describing the geometry of the manifold
M. We choose a background Weyl multiplet where, together with the fermions, all
the bosonic fields are set to zero except for €], A, Vf and Dg. Consequently, the
conditions for the fermion variations to vanish read [83]

e e .
oxr1J = _%EKL(IDLI]{)EL - igKL(I'VabRab(VA)(iAA)JK)EL =0 (2.34)
¢! = £k = o Ry (VA Ak  + o R (A)inse’ =0 (2.35)
5A=0 (2.36)

These provide the set of constraints that select the surviving Killing spinors in two
dimensions. In order to find non-trivial solutions, we choose the R-symmetry V;‘
and A, background fields such that

Ru(V®) =-a1Qu , R (V®) =—V3axQ,, , R,(V*)=0 for A%38
R, (A) = -a3Q,, (2.37)
and subject to appropriate quantization conditions (see the remark at the end of
Section . The non-trivial Killing spinor equations then reduce to
1 . . .
200,00, = §Rw(w23)72351 = Ry (A)ivse’ = [Ru (V) (iX3) ) + R (V) (iXs) ] €7

. K.
= IQHV [—51723(5{] + al()\3)5 + ag\/g()\g)g + a3’75(5§:| EJ =0
(2.38)
together with the two auxiliary conditions (2.34} [2.35]).

2.4.1. Classification of the solutions. In order to find non-trivial solutions
to equation we restrict the discussion to the positive chirality components of
the e! spinors. We observe that under the breaking Spin(3,1)x SU(3)gxU(1)g —
Spin(1,1) x Spin(2)s x U(1)x, x U(1), x U(1) g realized by the chosen geometry,
the original 4d chiral parameters eé, 1=1,2,3, split as

dosdodolololod (2.39)

where = still indicate the 2d chirality as defined in (2.29). The spinors are charged
under U(1), x U(1)a, x U(1) g according to:

[ UMW)y, U)yy UMr

€l 1 < 1

5 . 2 ) (2.40)
€y - ﬁ
e 0 —% 1

Supersymmetry preserving equations are then given in Table[7] Once the equation

51#[‘ =0 has been solved for a particular set of a; parameters, equations l D
need to be satisfied. We defer to Section 2.6l the discussion of the existence of
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TABLE 7. Supersymmetry equations for A/ = 3 theories.

supersymmetry 51/JIIL =0
ei a1 +as+azFK[2=0
€ —a1+az+a3Fr[2=0
e —2as +a3FK/2=0

solutions to dx7; = 0 and §¢! = 0. There we show that solutions always exist if we
appropriately choose the background value of the auxiliary field D{,.

In Table 8] we list all possible solutions to the equations in Table[7] together with
the corresponding preserved supersymmetries and the remaining 2d R-symmetry.
We focus on the cases with mostly right supersymmetry and for each possibility we
pick just one choice of fluxes. All the other possibilities can be obtained through
a change of basis for the SU(3)g generators. In all the k # 0 cases a U(1) flavor

TABLE 8. Classification of topologically twisted 4d A = 3 SCFTs
in terms of the surviving amount of supersymmetry in 2d. In the
last column we indicate the subgroup of 4d R-symmetry that is
compatible with the twisted compactification.

k=0 fluxes supersymmetries | R-symmetry
(6,6) | a1 =0,a2 =0,a3=0 oo SU((3)xU(1)
(4,4) | a1 =0,a2+a3z=0 eloe SU(2) xU(1)
(2,2) | a;+ag+az=0 el U(1)
K #0 fluxes supersymmetries | R-symmetry
(2,4) | a1=0,a2=~-5,a3 =% oo SU(2) xU(1)
(0,6) | a1=0,a2=0,a3=~5% oo SU(3) xU(1)
(2,2) ay=-%5,az+az =0 € ®et U(1)xU(1)
(0,4) a; =0,az +az=-5 el oe? SU(2)xU(1)
(0,2) ay+ag+az=-45 el U(1)

symmetry survives in two dimensions, being it associated to the diagonal generator
(5iy23 = T'), where T' = a; A3 + as\/3\s + asys, under which, by definition, the sur-
viving Killing spinors are neutral. However, in the N = (2,4) case, one extra U(1)
symmetry emerges from the topological twist, which is generated by T itself (or
any linear combination of T" with the flavor symmetry generator). Although under
T the supercharges are charged, this symmetry cannot be a R-symmetry of the low
energy SCFT. It might be that this symmetry is not a symmetry of the 2d theory, or
that it appears as an outer automorphism of the 2d superalgebra. However, in order
to get more insight on it one should know the actual SCFT algebra that emerges
from the twisted reduction and the relation of T' with the rest of the superalgebra
generators. A similar interpretation can be given to the global symmetries found in
the (6,6), (4,4) and (0,6), (0,4) solutions where the corresponding superconformal
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algebras are not know or are not compatible with the global symmetries resulting
from our analysis. Another possibility for the (4,4) and (0,4) cases is that in the
IR there is an enhancement of symmetry from SU(2) xU(1) to SO(4) which would
then be compatible with a large N =4 2d superconformal algebra.

From Table [§] we note that, while for k£ # 0 we can reduce supersymmetry in
two dimensions to A" = (0,2), in the case of the torus the minimum amount of
supersymmetry that we obtain by partial topological twist is N = (2,2). This is a
consequence of the fact that in the A = 3 case there are no flavor symmetries that
can be weakly gauged in order to further reduce supersymmetry.

However, also in the x = 0 case we can reduce supersymmetry to A" = (0,2)
by a two-step procedure similar to the one already discussed in Section for
N =2 theories without flavor symmetries. This works as follows. First we perform
a R-symmetry twist that preserves either four or eight supercharges. This twist
breaks R-symmetry as well, leaving some flavor symmetries with the associated
vector multiplets. The second step of this reduction is performed by introducing a
(N =1or N =2) background for the vector multiplet that preserves only half of the
supercharges. For example, if we use this procedure in the case of a; + as +a3 =0
we preserve in the first step a 4d A/ = 1 subalgebra of the original N = 3. The left-
over R-symmetry is just U(1), while the residual SU(2) x U(1) from the original
SU(3)r x U(1)g survives as flavor symmetry. In the second step we can gauge an
abelian subgroup of this flavor symmetry. The corresponding gaugino background
then breaks supersymmetry to A = (2,0) or A = (0,2) as we can see from (2.14)).

2.5. Topological twist in A =4 conformal supergravity

This case has been extensively discussed in the literature |2}, 3], 23}, 4|, 11]. For
completeness, here we briefly review the main results in the language of conformal
supergravity.

The supercharges are in the antifundamental representation of the SU(4)r R-
symmetry group. The generators are traceless hermitian matrices Ay, A=1,...,15.
We choose a basis in which the Cartan subalgebra is spanned by

A3 = diag(1,-1,0,0) (2.41)
1

As = —=diag(1,1,-2,0 2.42

s = gding ) (2.42)
1

)\15 = —diag(l,l,l,—?)) (243)

V6

The Weyl multiplet of the A/ = 4 conformal supergravity contains the gauge
fields e}, b, V,fl and wﬁ, the bosonic auxiliary fields C, Er;, T%/ DL, and the
fermionic auxiliaries A7, x%/. In Table |§| we list the corresponding SU(4) g repre-

sentations. For a complete description of N = 4 supergravity we refer to [80} [81]. As

TABLE 9. Field content of the Weyl multiplet in A = 4 conformal supergravity.

by VA C Eyy TY DLl Aroxi

field e
SU(4)r 1 1 15 1 10 6 20 | 4 4 20
# ofrealdof. | 5 0 45 2 20 36 20 |32 16 80
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in the previous cases, we define the theory on the curved manifoldﬂ M =RV %%, by
freezing the Weyl multiplet to contain as only non-vanishing components the viel-
bein, a R-symmetry background VMA and an auxiliary field Df(JL. Supersymmetry
is (partially) preserved if there exist spinor parameters ¢/, satisfying

1
0= 00, = Oue” + Jwpityae’ = Vil (iAa) e (2.44)

1 1 .

0=0x = DI el - —4® Ry (VA) (id) L]
2 : 2 (2.45)

—gvabégRab(VA)(i)\A)i]EL

while 0A; is identically zero in the selected background. In order to find non-trivial
solutions we choose the R-symmetry gauge field such that

R (V) = -1, Ruw(V®) = V3020, Ru (V') =-V6a3Q,,, (2.46)
R, (VA =0 for A#3,815 (2.47)

subject to appropriate quantization conditions (see the remark at the end of this

section). Equations (2.44)) and (2.45) then reduce to
1 .
25@5%{] §Rul/(w23)72351 - RMV(VA)(I)‘A)g‘EJ

. K.
i, [—517235§ +a1(A3)] +asV/3(Ns)] + GB\/E()\L%)S] e’
= 0 (2.48)
2.5.1. Classification of the solutions. The selected background induces the
breaking Spin(3,1)x SU(4)r — Spin(1,1) x Spin(2)s x U(1)r; x U (1)re XU (1) 1,5
under which the chiral supersymmetry parameters split as

I'sdodololololactad (2.49)
where, once again, the + indices indicate chirality as defined in (2.29). The spinors
are charged under U(1)y, x U(1)x, x U(1)4,, according to:

‘ U(l))\% U(]l-))\s U(l))\w

€

1 T
«| 0 - &%
el 0 0 -3

+ V6

Therefore, equation (2.48)) translates into the set of supersymmetry preserving
equations listed in Table For any set of a; parameters satisfying one of the

TABLE 10. Supersymmetry equations for N = 4 theories.

supersymmetry 61/J£ =0
el a1 +ags+azFr/2=0
€2 ~a; +az+az3FK[2=0

—2a2+a34=f</2:0

€t -3az3FK/2=0

3Four dimensional A = 4 superconformal theories on curved backgrounds have been consid-
ered in [85].
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conditions in the previous table, equation can be satisfied by a suitable
choice of the background auxiliary fields DL/, without further constraining the e’
parameters.

In Table[IT] we list explicit solutions for the a; parameters and the corresponding
2d surviving supersymmetry with its R-symmetry group. We focus on the cases
with mostly right-handed supersymmetry and for each possibility we pick just one
particular configuration of fluxes. Similarly to what happens in the N = 3 case,

TABLE 11. Classification of topologically twisted 4d N =4 SYM
on Riemann surfaces of curvature x = £1,0 in terms of the surviving
amount of supersymmetry in 2d. In the last column we indicate the
subgroup of 4d R-symmetry that is compatible with the twisted

compactification.
k=0 fluxes supersymmetries | R-symmetry
(8,8) | a1=0,a2=0,a3=0 | e,@eZ @ @} SU(4)
(4,4) | a1 =0,a2+a3=0 eloe SU(2) x U(1)
(2,2) | a+as+az=0 el U(1)
k#0 fluxes supersyminetries R-symmetry
(4,4) | a1 =0,a2=-5,a3 =% oo o | SUQ)xSU(2)
(0,6 a1 =0,as =0,a3 = -2 cooe SU(3)xU(1
2
(2,2) ay=-%5,a3+az=0 e ®el U(1)xU(1)
0,4 a1 =0,a2 +az=-2 el @e? SU(2) xU(1
( ) ’ 2
(0,2) ay+ag+az=-% et U(1)

for the N = (4,4) solution with x # 0 one extra U(1) symmetry generated by
T = aj X3 + asv/3)\s + as /615 emerges from the topological twist. Although T acts
non-trivially on the supercharges, this cannot be a R-symmetry of the low energy
SCFT, but it could be identified as an outer automorphism of the 2d superconformal
algebra.

We conclude this analysis by observing that, as in the case of N = 3 theories,
although there are no flavor symmetries, we can further reduce supersymmetry
by performing a two step reduction. The first step consists of turning on an R-
symmetry twist, breaking supersymmetry to N = 2 or A/ = 1. The second step
consists of introducing a background A =2 or A/ = 1 vector multiplet for the left-
over non-R flavor symmetry, such that only half of the supercharges are preserved.

Remark: In the A = 3,4 cases the background quantization conditions a;ns, € Z
used for A = 1,2 are too restrictive, but fortunately they can be partially relaxed.
For example, if we look at the NV = (4,4), k # 0 case in Table the solutions
as = —k/3 and a3 = —k/6 would be incompatible with such a quantization condi-
tion and consequently the R-symmetry bundle would be ill-defined. However, in
this case the quantization condition that one has to actually impose is that the
combination T' = asv/3\g + asv/6A1s5 (i.e., the background symmetry that has been
gauged by the twist) assigns integer charges to every field /representation of the the-
ory. Substituting the explicit values of as and a3 we can see that the background
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symmetry T corresponds precisely to the U (1) R-symmetry of the A/ = (4,4) theory
T——*|: (\/_)\8 + (\/_/\15):| Z—gdiag(l,l,—l,—l) (2.51)

The quantization condition then becomes 57y € Z, which is satisfied for any choice
of genus g. A similar analysis applies to the other cases, leading to the same con-
clusion.

2.6. Supersymmetry variations of the auxiliary fields

In this section we show that it is always possible to choose a background com-
patible with the topological twist and supersymmetry such that the variations of
the auxiliary fermionic fields in the Weyl multiplet are identically zero.

The case of the N/ = 1 supergravity is trivial as the Weyl multiplet already
does not contain any auxiliary fermions. For N = 2 this condition is non-trivial
(see ) but a solution can be always found by setting the bosonic auxiliary
field D = &le|Q3. The cases of N = 3,4 are more involved and we treat them more
carefully in this section.

Note to the reader: in this section we do not assume FEinstein summation notation
for repeated R-symmetry indices.

We begin by considering the N’ = 4 case. Since we gauge the background
R-symmetry along a subgroup of the Cartan of SU(4), the curvature R(V)} =
R(VA)(iXa)} is diagonal in the adjoint indices (I,.J). As a consequence, the
Killing spinor equations (2.48)) split into a set of four decoupled equations for f,
I=1,...,4. Non-trivial ¢' solutions correspond to the preserved supersymmetries,
whereas the remaining spinor components do not satisfy the Killing equation and
must be set to zero. Having this in mind, we now discuss the condition 5)&3] =0,
where the variation is generated only by the preserved supercharges (i.e., the Killing
spinors). Three possible cases can arise.

o If K +1,J from (2.45) we immediately find:

oxk = ZD” Lo (2.52)

Which can be immediately solved by setting the corresponding components
D 1 to zero.

. The second case corresponds to K = I # J with non-vanishing e/ and
e’. Restricting as usual to the positive chirality transformation, the Xf‘]
variation reads:

1
ox1” = 2D”" 4vabRab(V)§eJ—Ev“bRab(V)ie":o (2.53)

where we chose DI/ to be diagonal in the J, L indices. After the com-
pactification the e’ spinors decompose as 1723 eigenvectors and we write
ivo3€’ = s 7€/ with eigenvalue s; = +1 according to the 2d chirality of the

spinor. Using equation ([2.48)):

1 . .

§ij(w23)’}/236‘] = R#V(V):;GJ Wlth Rgg (w23) = K)QQg (254)
we eventually find:

1
ox17 [2D1J+ |e\923(s,sJ+§)]aJ:o (2.55)
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If k = 0 this equation is easily satisfied by D7 = 0. If x # 0, from Table
it turns out that for each given solution €/ only one chirality is present
and can be always satisfied by an appropriate choice of the DH
components.

e Finally, if ¢/ is Killing but €’ is not, then then y!/ variations do not
vanish in general. However it is possible to show with a case by case
analysis that these components always decouple from the representation
of the 2d superalgebra hence they are not relevant for the counting of the
supersymmetries.

For the N/ = 3 case, solutions to can be derived from the general
N = 4 solution by recalling that the fermionic auxiliary components of the A/ = 3
Weyl multiplet can be obtained from the A/ = 4 ones according to the following
decomposition [83]:

1
X(xL) + ZEKLMCM => SELIIA X% (2.56)
i 7
1
Dy = Y ZEMKL45NIJ4D§(JL (2.57)
IJKL

Therefore, exploiting the previous results, we conclude that also in the N = 3 case
it is always possible to choose a non-vanishing D% background that sets the super-
symmetry variations dx7; and 6¢! to zero.

2.7. ’t Hooft anomalies and 2d central charges

In this section we focus on the special case of two dimensional N = (0, 2) theories
obtained by twisted compactification of N-extended supersymmetric theories in
four dimensions, as described in the previous sections. In particular, we determine
a general expression for the 2d global anomalies and central charges.

Generalizing the prescription developed in [18] for A" = 1 SCFTs, we begin with
the 4d anomaly polynomial Ig for the U(1) global symmetries, including the abelian
symmetry coupled to the twisting supergravity background, and integrate it along
the ¥ directions. The resulting expression is a 4-form that can be identified with
the anomaly polynomial I of the 2d theory. From this expression we can then infer
the 2d anomalies as functions of the 4d anomalies and of the background fluxes.

In this procedure we have to take into account that, even if the R-symmetry
we start with is the exact R-symmetry in 4d, along the dimensional flow the U (1) g
can mix with other abelian flavor symmetries. The exact 2d central charge is then
reconstructed by extremizing a trial central charge as a function of the mixing co-
efficients [4]. Because of this potential mixing, in the reduction procedure we can
start with any trial U(1) R-symmetry Tg in four dimensions, as different choices
will simply shift the mixing parameters of the 2d theory without affecting the final
result of the extremization procedure. We remark here that a necessary condition
for c-extremization to be well defined is that there are no accidental continuous
global symmetries in the IR. In this section we will assume that this is the case.

2.7.1. Computation of the anomalies. We consider a generic SCFT in
four dimensions with an arbitrary amount of supersymmetry that flows to a N =
(0,2) theory in two dimensions. As it turns out to be clear from our discussion
in Section 2.2 in the N =1 case the 4d trial T generator can be identified with
the original U(1) R-symmetry generator of the N' = 1 algebra. We call tr the
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corresponding abelian generator in the reduced A = (0,2) theory. In general the
two U(1) symmetries will have different matrix forms but they can still be identified
up to a mixing with the abelian flavor symmetries:

n
TR g tR + Z giti (258)
i=1
where t; are the generators of the symmetries U(1); in the 2d representation, while
&; are the mixing coefficients. The relation represents the most general trial
2d R-current, involving abelian currents that do not necessarily mix with the R-
current in the 4d SCFT, as is the case for baryonic symmetries in toric quiver gauge
theories [86], [10].

Our discussion can be applied also to the case of extended supersymmetry. In
that case we can identify the generator tz with the four dimensional R-current of
the A/ =1 subalgebra. When reducing to 2d N = (0,2) all the other abelian global
currents have to be treated as flavor symmetries that can potentially mix with the
2d R-symmetry. In the rest of this section we restrict to the case of 4d N' =1 SCFT.
The case of extended supersymmetry can be analyzed similarly by formulating the
theory in A = 1 language.

In order to compute the anomaly polynomial Ig, which encodes all the global
and gravitational anomalies of the twisted theoryﬂ7 we first couple each global sym-
metry to a background connection in the two directions orthogonal to the Riemann
surface. The topological twist introduces additional background components for
U(1)g and U(1); also along the ¥ directions. Following the notations of Appen-
dix we denote xg the first Chern class of the R-symmetry bundle and x; the
classes associated to the gauging of the abelian U(1); flavor symmetries. Then we
can write:

Tp=r8 + 2% and z; =224+ z7 (2.59)
where the components in the direction of ¥ are defined by (2.9) and (2.13)) as:
Q Q
Th=-a [—] and ar=b; [—] (2.60)
27 2m

so that the total Chern class of the global symmetry bundle E (see Appendix
for the definition) restricted to the Riemann surface ¥ is:

a(B)|, = TrlsTrled + Tl le? = Telrs(-aTr + £6T,)] [23] (2.61)

T

where Tr and T; are the 4d generators and s is the 4d chirality operator. Here

the twisting parameter «a is fixed by the Killing spinor equation (2.11)) to the value
K

—5. We can then interpret the combination T' = $Tx + ¥, b;T; to be the abelian

symmetry which generates the topological twist on X.
According to formula (B.23)), the anomaly polynomial is given by the 6-form:

1 1
Is = ETF[%TJ?%]JT?J’% *5 ZTV[VSTJ%TJ‘]CU%%

1 1
+§ ZTr[%TRETj]mRaﬂixj + G Z Tr[vs T Tk )xix o
7 ijk

1 1
—ﬂplTr[%TR]mR e Z Tr[vsT; s (2.62)

4The gauge theory is assumed to be free of local gauge anomalies, i.e., anomalies for symme-
tries coupled to dynamical gauge vectors.
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where Tr[v5T;,--T;,] = ki, .5, are the degree-¢ 't Hooft anomaly coefficients of the
4d theory and p; is the first Pontryagin class of the gravitational background.

Having compactified the theory on X it is natural to identify the anomaly poly-
nomial of the corresponding two-dimensional theory with the expression obtained
by integrating I on the Riemann surface (see Appendix for a discussion on
this point). The result of the integration is:

Tr[vsT3T] ;15T k
/ Ig = L B+ ZTr Y TrT; T]xre; + Z L]ximj -—m
7 2 24
(2.63)
which can be compared to the general formula for the anomaly polynomial in 2d:
k k
I ﬂm% + Z kJRz.’L‘RJ}l + Z 4p1 (264)

leading to the following identities

krr = nsTrvsTRT]
kri = nsTr[ysTrRTiT]
kij = nsTr[vTT;T
E = naTr[vsT] (2.65)

where 7y is defined as in (2.2]). We note that (2.65]) relates 4d 't Hooft anomaly
coeflicients on the right hand side with 2d anomaly coefficients, kap = Tr[fygdt Atg],
on the left hand side.

2.7.2. c-extremization. Assuming that the dimensional flow leads to a 2d
fixed point with both supersymmetry and conformal invariance, then the supercon-
formal algebra introduces very precise relations between the central charges of the
theory and the global anomalies. More specifically, one can show that for (0,2)
theories the central charges must obey:

Cr = 3k'RR (2.66)
g = ¢ -k (2.67)

where ¢, ¢, are the left/right central charges, krg = Tr[’ygdthR] is the quadratic
anomaly of the U(1)r R-symmetry and k = Tr[y24] is the gravitational anomaly.
In order to match our formulas with those in the literature here we define the
2d chirality operator as ”ygd = —v01 (see Appendix . In the following we will
focus mostly on the right-moving central charge as the left-moving one can be
straightforwardly derived from ¢, once k is known.

In order to compute ¢, we first need to determine the exact spectrum of charges
of the 2d R-symmetry at the fixed point. As shown in [4], this can be obtained by
allowing U(1)r to mix with all the non-anomalous abelian symmetries of the 2d
theory and then extremizing the central charge ¢, with respect to the mixing pa-

rameters. Therefore, reinterpreting equation (2.65)) in a two-dimensional language,
requires substituting the generator Tr with (2.58]). Explicitly, we find:

ria, il t
k}ml =1y [57@ ( mR+bkk”k)+2§z (gkRiR-Fbijij)"'( 2kRRR+bikRRi)] (2.68)
K K
ktrlal Z[(2ksz+bklik)§J+(72kR7’R+bij”):| (269)

by = (3 ign + bk ) (2.70)
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kzng(gkR+bik,») 2.71)
The mixing parameters ; are now determined by extremizing the trial central
charge ctial;
8Ctria1 .
0= —L— =6k 2.72
og M (2.72)
which implies:
K
ki€ +ns (gkRRi + bjkmj) =0 (2.73)

Equation (2.73) can be solved by inverting the matrix k;;, provided that it has non-
vanishing determinant. The expression for the extremized central charge is finally
given by:

K (K K
cr = —3n% (gkRRi + bkkRki) kijl (§kRRj + blk'le) +3ns (EkRRR + bmkRRm)
(2.74)
in terms of the anomaly coefficients of the original four dimensional SCFT.

Solutions to (2.73) can then be plugged in (2.58)) to yield the exact R-current
and the R-charges of the fields at the superconformal fixed point.

2.8. Conclusions

In this chapter we obtained a complete classifications of solutions of Killing
spinor equations for 4d theories partially twisted on a Riemann surface. The meth-
ods of conformal supergravity were employed in order to ensure the vanishing of
the variations of the background fermionic fields. The solutions were classified by
the amount of supersymmetry preserved by the twist and by the global symmetries
compatible with the compactification. Further analysis of the 't Hooft anomalies of
the 2d theory was performed in order to establish a relation with the anomalies of
the 4d theory and to compute, when possible, the central charge via the technique
of c-extremization. While providing a unified treatment for the Killing spinor equa-
tions in the presence of topological twist, we also show the first examples of twisted
compactifications of A/ = 3 theories giving rise to rather exotic 2d N = (2,4) and
N = (0,6) solutions. Moreover we find a previously unknown A = (0,6) twist of
N =4 SYM (see Table [L1).

Here we collect a few observation regarding our analysis. Firstly we observe
that a generic feature of these type of compactifications is that all symmetries
involved in the twisting procedure commute with the complex structure of the 4-
dimensional spinor supercharges and for this reason in 2d (where the spinors are
real) the supercharges always come in pairs. Holomorphy is preserved and as a
result supersymmetry is of the form N = (2p,2q) with the R-symmetry being a
unitary subgroup of U(p) x U(q).

Whenever the 2d theory admits an IR fixed point after the dimensional flow
one can obtain the superconformal (0,2) R-current and central charges by studying
the reduced ’t Hooft anomalies and applying the c-extremization procedure. The
formula for the central charge in this case has been given in Section for the
most general type of abelian twist. We remark that when such a superconformal
fixed point exists, equation determines the mixing coefficients of the flavor
symmetries. However these coefficients may differ from the ones appearing in the
4d exact R-current obtained by a-maximization. There are abelian currents that
do not mix in 4d but their mixing in 2d is in general not excluded. This was first
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observed in [I8] for the case of the baryonic symmetries of the infinite family of
YP? models of [28].

In the next chapter we will show that this is indeed a generic phenomenon
by applying our results to several classes of 4d quiver SCFTs with a gravitational
dual. These models are described by D3 branes probing the conical singularity
of some Calabi-Yau three-fold and are characterized by the presence of two U(1)
mesonic flavor symmetries and many U(1) baryonic symmetries. These baryonic
symmetries arise as the non-anomalous combinations of the U(1) gauge factors of
the quiver, which in the IR become free and decouple. While in the YP? case there
is just one such baryonic symmetry, in other cases one can have a richer structure.
The formalism developed in this section is therefore necessary for extending the
discussion to such families.

We conclude with a comment on the reduction of non-Lagrangian theories. As
described in this chapter the computation of the 2d ’t Hooft anomalies relies on
our ability to compute the anomaly coefficients of the 4d theory. In the case of
non-Lagrangian theories it would appear that one cannot obtain this information
by explicitly computing traces of matrix generators, however in some cases there
other methods to compute the anomaly polynomial, e.g. from the geometry of
the holographic dual theory for example. For the AV = 3 theories that we study
in Section this is not necessary as in this case the theories are obtained by
deforming N' = 4 SYM to a strong coupling point in the moduli space. Because
of this the interactions become non-Lagrangian but the field content is still known
exactly from the representation theory of the superalgebra.



CHAPTER 3

Twisted Compactification of Toric Gauge Theories

3.1. Overview

In the previous chapter we have been able to study and classify the possible
2d theories obtained by partial topological twist and compactification by using the
formalism of conformal supergravity. The analysis we performed so far is universal
in the sense that it does not depend on the particular details of the theory in
consideration except for number of supersymmetries. The prescription to obtain
the 't Hooft anomalies of the reduced theory was also derived in a manned that can
be generically applied to any 4d SCFT.

In this chapter we focus on the application of our results to the study of spe-
cific models. In particular we concentrate on the problem of finding a geometric
prescription to compute the central charge in a specific set of quiver gauge theories
whose moduli space is a toric variety. Because of this peculiar property we are able
to make use of the tools of toric geometry and obtain exact results regarding the
central charges of the 2d theories. The general formula that expresses ¢, at large IV
in terms of the toric data of the 4d parent theory is computed. Having assigned the
generator 7T of the topological twist in four dimensions, our prescription is based on
the non-trivial identification of the abelian fluxes on the internal manifold with the
T-charges of the Perfect Matching (PM) variables associated to the toric diagram
of the 4d theory, and the mixing parameters in the 2d trial central charge with the
PM R-charges. Assuming the validity of these identifications, the resulting formula
for the trial central charge turns out to be very compact. Precisely, it reads

37’]2 N2

Cpr = T|det(VI,VJ,VK)|nmAmAFK (31)

where the PM R-charges A, and their charges n,, under the symmetry 7 satisfy
the constraints and , respectively, as a remnant of the 4d conformal
symmetry. The exact central charge is obtained by extremizing this expression as
a function of A, .

Result represents the field theory dual of the holographic formula obtained
by studying the AdS; — AdSs flow in gauged supergravity, in the presence of a
generic number of vector multiplets [11, 12} 20}, 15].

We provide several checks of our proposal by applying prescription to 2d
SCFTs for which the field content and the corresponding charges are known as
functions of the mixing parameters and the fluxes on . In all the cases the central
charge coincides with the large N expression computed using the prescription in
[4]. Moreover, we extend our prescription to the case of twisted compactification
of 4d toric theories with singular horizons.

As already mentioned, in four dimensions the exact R-symmetry of toric quiver
gauge theories is a mixture of the U(1)3 symmetries of X5, whereas the baryonic
ones, corresponding to the non-anomalous combination of the U(1) c U(N) gauge
groups, decouple in the IR and do not play any role. When flowing to two dimen-
sions, baryonic symmetries can mix with the exact R-current as explicitly shown in
the particular case of X5 = YP? for which there is a single baryonic symmetry [18].

27
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By studying several examples of increasing complexity, we show that this picture
is general and holds for models with a larger amount of baryonic symmetries.

The chapter is organized as follows. In Section we review some basic as-
pects of toric quiver gauge theories. In Section we derive the expression of ¢,
in terms of the toric data of the 4d theory. We first study cases with smooth hori-
zons, correctly reproducing the behavior of ¢, as a function of the R-charges. We
then confirm the validity of this formula by studying several examples of increasing
complexity. In Section we consider the case of non-smooth horizons, and de-
scribe the prescription for obtaining ¢, in these cases. In Section we study the
compactification of del Pezzo gauge theories, dP; and dP3, with two and three non-
anomalous baryonic symmetries, respectively, showing their mixing in the exact 2d
R-current. Finally, we study a case with a generic number of baryonic symmetries,
by showing the mechanism in necklace quivers, denoted as LP% theories.

3.2. Review of toric quiver gauge theories

We start our discussion by reviewing the main aspects of toric quiver gauge
theories and their twisted compactification on Riemann surfaces. For exhaustive
reviews on toric gauge theories we refer the reader to [29] 30].

Toric quiver gauge theories [87] describe the near horizon limit of a stack of
N D3 branes probing the tip of a CY3 cone over a 5d SE X5, characterized by a
U(1)? action on the metric. The dual A" = 1 SCFTs are described by quiver gauge
theories whose nodes carry U(N) gauge factors and are connected by oriented
arrows, representing bifundamental matter fields.

In order to exemplify the discussion we consider the explicit case of a gauge
theory living on a stack of N D3 branes probing the first del Pezzo singularity, dP;.
It has four gauge groups and the corresponding quiver is represented in Figure
The superpotential:

W= —eap X1 XSO XD XD 4 e s XS0 XD X4 + €0 X135 x 0 XD (3.2)

is subject to the toric condition, which requires that each field appears in exactly
two terms having opposite signs. This model has a SU(2) x U(1) flavor symmetry
that, together with the U(1)g R-symmetry, builds up the isometry group of dP;.
In general, there are also baryonic symmetries associated to the non-trivial second
cohomology group of X5. These symmetries can be obtained from the U(1) c U(N)
gauge factors. They are IR free and at low energies decouple from the dynamics,
becoming global symmetries. In quivers with a chiral-like matter content as the ones
considered here, some of these U(1)’s are anomalous. The non-anomalous abelian
factors correspond to the aforementioned baryonic symmetries. For the specific
example of dPy, to begin with there are four U(1); c U(N); global symmetries of
baryonic type with T;-1, . 4 generators. Two combinations are anomalous and one
decouples. We are then left with just a single non-anomalous baryonic symmetry
that can be for example identified with the combination 277 — T5 + T3.

When flowing to the IR fixed point abelian flavor symmetries can mix with the
R-current to form the exact R-symmetry, whereas the baryonic symmetries do not
mix, as discussed in [86), [10]. This is a general feature of this family of 4d SCFTs.

For a quiver theory with ng gauge groups the mixing coefficients of global
symmetries into the exact R-symmetries are obtained by maximizing the central
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(c)

FIGURE 1. Quiver, dimer and toric diagram of the dP; model.
In quiver (a) the number of arrows on the straight lines indicates
the number of fields connecting two nodes. In figure (c) primitive
normal vectors wy of the toric diagram are also indicated and the
different colors clarify their relation with the zig-zag paths in the
dimer, figure (b). This is useful for reading the R-charges of the
fields in terms of the charges of the zig-zag paths or of the perfect
matchings.

charge [9]

3
apr = 3—2(3 TrR® - TrR)

ne
_ 5’2[ancuv?—1>+izldim(pi><3<Ri—1>3—<Ri—1>> (33)
where the first term is the contribution of the gaugini, ng it the total amount of
matter multiplets, dim(p;) is the dimension of the corresponding representation and
R; the R-charge of the scalar component of the i-th multiplet. For matter multiplets
in the bifundamental and/or adjoint representations, at large N the central charge
is further simplified by the constraint TrR = 0 and we read:

9 &
apr = 3—2]\72 (ng+Z(Ri—1)3)+O(1) (3.4)
i=1
For toric gauge theories the R; charges can be determined directly from the geomet-
ric data of the singularity [33, (34}, [35}, (36}, [37), (10, (38, (39, [31], [32], [40], [41], [42],

as we NOw review.

First of all, we recollect how to construct the toric diagram corresponding to
a given quiver gauge theory. One embeds the quiver diagram in a two dimensional
torus. The resulting planar diagram can be dualized by inverting the role of faces
and nodes, thus obtaining a bipartite diagram, called dimer, where faces correspond
to gauge groups, edges to chiral fields and nodes to superpotential interactions. For
the dP; model these diagrams are represented in Figure [1| (a) and (b). The toric
condition of the superpotential translates into a bipartite structure of the dimer.
From the dimer one can construct the so called perfect matchings, i.e., collections of
edges X;; (chiral fields) characterized by the property that each node is connected
to one and only one edge of the PM. One can then introduce a new set of formal
variables 7y associated to each PM. These variables are defined by the relations:

Xij = [T M) (3.5)
I
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where the product is taken over all the PMs and

0 if X;; does not belong to the set of 7y

M (Xij) = { 1 if X;; belongs to the set of 7y (3.6)

The 7;’s provide a convenient set of variables that can be used to parametrize the
abelian moduli space of the quiver gauge theory. The advantage of using the PMs
variables 7y instead of the more natural set of scalar components of the chiral fields
Xi; comes from the fact that using definition the F-term equations are triv-
ially satisfied. This is a consequence of the fact that, in this basis, each term in the
superpotential becomes equal to + []; 7y, with I ranging over all PMs. To each PM
we can associate a signed intersection number, +1 or 0, with respect to a basis of
1-cycles of the first homology group of the 2-torus. The signs can be inferred from
the bipartite structure of the dimer. For each PM these two intersection numbers
are the first two coordinates of 3d vectors V; inside a 3d integer lattice and they
define a convex integral polygon, named toric diagram. The Calabi-Yau condition
fixes the third coordinate of the “primitive vectors” V; to be equal to 1.

In the dP; case, the toric diagram is given by the 3d vectors V; that are asso-
ciated to the PM’s as follows:

PM primitive vector

m = {X§2)>X427X13} V1 =(1,0,1)
m = (X5 X XY | Ve =(0,1,1)

m3 = {X12, X0, X2} | Va=(-1,0,1)
ma = {X2, x2 x| vi=(-1,-1,1) (3.7)
75 = { X12, X13, Xuo} Vo =1(0,0,1)

g = {X137X2(;,),X§§)} Vo =(0,0,1)
= {xP, x2 x| vy =(0,0,1)

g = {Xﬁ)aXﬁ),szz} Vo =1(0,0,1)

and the corresponding toric diagram is drawn in Figure [1] (c).

It is also useful to introduce the notion of zig-zag paths. Given the set of primi-
tive vectors V7, one can define primitive normal vectors wy, orthogonal to the edges
of the toric diagram, vy = (Vi41 — V1), I =1,..,4 with V5 = Vi (see Figure [1| (c)).
These vectors are in 1-to-1 correspondence with a set of paths, made out of edges of
the dimer, called zig-zag paths and represented in Figure[l] (b). They are oriented
closed loops on the dimer which turn maximally left (right) at the black (white)
nodes. The zig-zag paths correspond to differences of consecutive PM’s lying at the
corners of the toric diagram (and, if present, on the perimeter) and are associated
to the U(1) global symmetries of the superpotential.

Conversely, given a particular toric diagram with d external points, it is possible
to identify the main features of the corresponding quiver gauge theory as follows:

e The number of U(N) gauge groups describing the quiver is given by twice
the area of the toric diagram.

e The matter content of the theory (type of bifundamental fields and their
degeneracy) can be inferred from the edges vy of the toric diagram [88],
up to Seiberg duality, or equivalently toric phases, corresponding to Yang-
Baxter transformations on the zig zag paths [89]. In its minimal toric
phase, a set ®;; of bifundamental fields X;; is assigned to each pair
(I,J)1,g=1,.,a with degeneracy |det(vy,vy)|. See [38] for a geometrical
interpretation of this fact in terms of zig-zag paths.
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e The corresponding spectrum of charges Ry; = R[®;s] is determined by
assigning a R-charge A, to each PM on the boundary of the toric diagram
and using the prescription [38]:

s AL I<J
RIJ:{ K=I+1 K

(3.8)
2~ Ykoe1 Drc I>J

where the charges A, are subject to the constraint B

d
S Ag, =2 (3.9)
I=1

to ensure that each superpotential term has R-charge equal to 2.

e The number d of external vertices of the toric diagram also determines
the total number of non-anomalous U (1) global symmetries of the gauge
theory, which are identified as one R-symmetry, two flavor symmetries
and (d - 3) baryonic symmetries. Analogously to , the condition for
the superpotential to be neutral with respect to any non-R symmetry
translates into:

d
>l =0 J=1,...,d-1 (3.10)
I=1

where Q7 , is the charge of the I-th PM with respect to the J-th symmetry.

e From the geometric data one can also identify the anomalies of the theory.
The crucial observation is that the areas of the triangles of the toric dia-
gram are related to the coefficients of the 't Hooft anomalies of the field
theory as [31], [32]:

N2
Tr4d(7-]7T]TK) = 7|det(V1,VJ,VK)| (311)

where T; are global symmetry generatorsﬂ and the trace Tryq is taken
over the 4d fermions with the insertion of the 4d chirality operator. The
central charge can be written as [32]:

9
(geom = 6741\12 |det(Vr, Vs, Vi )| A, Ar, Agye (3.12)

This expression is equivalent to (3.4]) once we take into account the map-
ping between the two sets of charges R; and A, in (3.8).

In the case of the dP; model, using definition (3.5) we find the following map
between the sets of fields ®;; obtained from the toric diagram and the fields given
by the quiver description:

(Ia J) |det(vlvvJ)| cI>IJ RI.]

(4,1) 3 {(X15, X$D, X0} A,

(1,2) 2 (xP x{P An,

(27 3) 1 {XIZ} Awe, (3.13)
(3,4) 2 (x5, x7 An,

(1.3) 1 (X5} Ag, + A,

(2,4) 1 (x5} Ary + A,

1A geometrical interpretation of can be given in terms of the isoradial embedding of
[89].

2Here we use calligraphic symbols to indicate that the generators are written in the basis
associated to the PM variables.
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where Ay, satisfy (3.9) and all internal PMs are assigned zero charge under all
U(1) symmetries.

The example we have considered has a smooth horizon where all the external
points of the toric diagram correspond to corners. In this case the prescription for
assigning R-charges to the bifundamental fields is unambiguously given in .
In the case of singular horizons there are also points on the perimeter of the toric
diagram which do not correspond to any corner. These points have a degeneracy
(given by a binomial coefficient), as they correspond to more than one PM. The
assignment of the R-charges in terms of the external PM’s may then become am-
biguous. According to the prescription in [38), [39], at these points one sets to zero
the R-charges of the PM’s that do not determine any zig-zag path, being then left
with an unambiguous assignment of A;, charges.

The holographic correspondence provides the following relation between the
central charge and the X5 volume [33]:

N273
4vol(X5(b))

where the volume is parameterized in terms of the components of the Reeb vector
b, a constant norm Killing vector that commutes with the isometries of X5. It
follows that the a-maximization prescription that determines the exact R-current
in field theory corresponds to the volume minimization in the gravity dual. When
the cone over X5 is toric, the central charge can be directly obtained from the toric
geometry. In fact, the X5 volume can be expressed as [35]:

(3.14)

holo =

!
vol(X5) = s IZ:IVOI(EI) (3.15)

where d represents the number of vertices and vol(X;) corresponds to the volume
of a 3-cycle Xy, on which D3 branes, corresponding to dibaryons, are wrapped [90].
Holographic data also determines the charges A, which can be parameterized in
terms of the components of the Reeb vector b. Using the explicit parameterization
[34]:
m vol(X;(b))

Ar, (b) = 3 vol( X5 (b)) (3.16)
it is straightforward to show the equivalence between ageom in and apelo in
(13.14)).

3.2.1. Partial topological twist and compactification. Following the pre-
scription that we have developed in Chapter [2| for topologically twisted compact-
ifications of 4d theories on Riemann surfaces, here we proceed to compactify the
toric models previously described.

The most general twist is performed along the generator:

na

T=xTgr+ ZbITI (317)

-1

where £ is the normalized curvature defined in (2.2)). Here na refers to the num-
ber of abelian Tt generators of non-R global symmetries (both flavor and baryonic
ones) and by are the corresponding background fluxes. For convenience we have
defined all the abelian symmetry generators to act with half-integer charges in the
same way that the generator of the rotations in the tangent space to X acts with
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half-integer charges. This way we can rescale all the background fluxes and get rid
of the factors of 1/2 that appeared in the formulas of the previous chapter.

For generic choices of the fluxes we can obtain 2d N = (0,2) supersymmetry
with a U(1)r R-symmetry generated by a combination of the 4d generator Tg
together with the other generators 7i:

na
R= TR + Z EITI (318)
-1
where ey are the mixing coefficients and Tg,71 are meant to act on fields re-
organized in 2d representations.
At the IR fixed point the 2d central charge ¢, is extremized as in and
the mixing coefficients are given by :

e = —nukiy (krakbk + kkrry) (3.19)
where:
kiy = ns (kkr1y + bk ki) (3.20)

From we observe that coefficients e are generically non-vanishing for
any choice of the by fluxes. In particular, this is true for the coefficients associ-
ated to baryonic symmetries, which then do mix with the exact R-current in two
dimensions, even if they do not in the original 4d theory. This pattern has been
already observed in [I8] for the YP? family. In Section We will study toric quiver
gauge theories with a larger amount of baryonic symmetries, confirming that they
generically mix with the 2d exact R-current after the twisted compactification.

Starting from a 4d toric theory with ng U(N) gauge groups and ng massless
chiral fermions, to each 2d field surviving the compactification on ¥ we can associate

a T-charge n; and a R-charge R; according to (see egs. (3.17) and (3.18))
’I’Li:H’I“i+ng‘], RiZTi-i-Q;]GJ i=1,...,nF (3.21)

where r; is the R-charge respect to the 4d R-current and Q;-] is the charge matrix of
the fermions respect to the global U(1) non-R symmetries, inherited from the 4d
parent fields. Therefore, applying prescription we find that at large N the
central charge before extremization is given by

ng
¢ = 3N?*ng (nnngZ(m—/ﬁ)(Ri—l)Z)-rO(l) (3.22)
i=1

This formula is general and applies to any 2d SCFT obtained from compactification
of a 4d quiver gauge theory on a Riemann surface with curvature x. Through R;
it depends parametrically on the mixing coefficients e that need to be determined
by the 2d extremization procedure.

As reviewed in the previous section, in the case of 4d toric quiver theories we
can parametrize the U(1) charges in terms of PM variables Ay, and Q‘T]”. When
twisting, we can also assign to PMs a further n,, charge with respect to the twisting

T symmetry (3.17)) as (in this case ng =d - 1)
d
N, = kAR, +b3Q%, with D g, =2k (3.23)
=1

where the constraint on n,, follows from and (3.10).

The r; and Q}] charge assignments in two dimensions, eq. 7 need neces-
sarily to respect the original constraints arising from the condition of superconfor-
mal invariance for the 4d superpotential. In particular, given the superpotential
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W = ¥, W, these constraints imply that for each superpotential term W, the
conditions } ey 7 =2 and Y., Q7 =0 hold. Consequently, from lj we read

Z Rz = 27 Z n; = 2K (324)

€Wy €Wy

Now, we can think of the dimensional flow from the original 4d theory to the re-
sulting 2d one as being accompanied by the set of toric data (Aﬂl,QiI,nm) that
parametrize the U(1) charges in 4d and, consequently, that can still be used to pa-
rametrize the corresponding charges in two dimensions. Using this parametrization
reinterpreted as charge parametrization for 2d fields, constraints (3.24) are traded

with (£3). (10 and (B23)

3.3. Central charges from toric geometry

For the class of 2d SCFTs obtained from the topologically twisted reduction of
toric quiver gauge theories, we now provide a general prescription for determining
the central charge ¢, directly in terms of the geometry of the toric diagram associ-
ated to the original 4d parent theory. This is the main result of the chapter, which
we are going to check in the successive sections for a number of explicit examples.

3.3.1. Reading the 2d central charge from the toric diagram. To this
end, we consider a toric gauge theory twisted along the abelian generator:

d d
T= Z arTr with Z ar =2k (3.25)
I=1 I=1

where I runs over the d external points of the toric diagram. To be consistent with
the conventions used so far, the abelian 7 generators are chosen so that they assign
charge one to the superpotential of the 4d theory. It is always possible to construct
such a set of generators by combining the generators of the 4d trial R-current, the
two flavor symmetries and the (d — 3) non-anomalous baryonic symmetries that
appear in . The new fluxes are subject to the constraint in in order
to ensure A = (0,2) supersymmetry in 2d. They need to be further constrained in
such a way that each flux by in is properly quantized.

Accordingly, the 2d trial R-symmetry can be written as

d d
R= ZGIT[ with Zel =2 (3.26)
I=1 I=1

where the constraint follows from the requirement for R to be a canonical normal-
ized R-current.

The 2d central charge ¢, expressed in terms of the 4d anomaly coefficients
Traa(T1 75Tk ), the ay fluxes and the mixing parameters e; becomes (see eq. )

Cr = 3772Tr4d(TR2) = 3ngTr4d(7}7}TK) AreEjEeER (3.27)

In the case of toric theories the anomaly coefficients are given by in terms
of the areas of the triangles of the toric diagram. Therefore, the 2d central charge
can be rewritten as
_ 3’)72N2
2
In order to complete the map between the 2d field theory and the 4d geometric
data we need to find a prescription for parametrizing the a; fluxes and the mixing
parameters €; in terms of the PM’s associated to the external vertices of the toric
diagram. To this end, we observe that the constraints satisfied by a; and €, egs.

|det(Vr, Vi, Vi )laresex (3.28)

T
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3.25] 13.26)), are the same as the constraints satisfied by A, , eq. and ng,, eq.
3.23), and we are naturally led to identify e; = A;, and ay = n,,. Therefore, in
the large N limit the central charge ¢, for the 2d SCFT obtained from a 4d toric
quiver gauge theory topologically twisted on a 2d Riemann surface can be expressed
entirely in terms of the toric data by the formula

395 N2
= ”ZT|det(vf,vJ,VK)|nﬂ,AﬁJA7,K (3.29)

with A, and n,, satisfying constraint and (3.23]). The exact central charge
for the 2d SCFT is then obtained by extremizing (3.29) as a function of A,.

We note that equation gives also the left central charge ¢;. In fact, in
the large N limit the gravitational anomaly k = ¢, — ¢; is vanishing, being a linear
combination of Tryq R and TryqTy that for toric theories are subleading in N [91]
(whereas the traces of the baryonic symmetries vanish also at finite N [10]).

Our proposal requires some direct check on explicit examples that we
report below. However, a holographical confirmation can be already found in the
analysis of the AdSs — AdSs flow engineered in gauged supergravity [23]. In this
case we need to consider a consistent truncation of AdSs x X5, a 5d theory with a
gravity multiplet, ny vector multiplets and ny hypermultiplets. The graviphoton
plays the role of the R-symmetry current, while the ny vector multiplets corre-
spond to the non-R global currents of the holographic dual field theory that remain
as massless vector multiplets in a given truncation. In general ny < ny. The hy-
permultiplets impose constraints that correspond to the vanishing of the R-current
anomaly in the dual field theory [37]. When flowing to AdSs and using the Brown-
Henneaux formula [92] in this setup, it was observed [12), 1], 20] that ¢, can be

expressed in terms of R-charges 7/ and fluxes a” as

213 N2y
Cr=——~
3vol(X5)

Cryal i’ i (3.30)

where the constraints Y7/ = 2 and Y. a’ = 2k need to be imposed. In this formula
Crjk are the Chern-Simons coefficients of the dual supergravity, the R-charges
7! are obtained from the sections of the special geometry corresponding to the
(constrained) scalars in the vector multiplets, and the prepotentials of ' =2 AdSs
gauged supergravity. The constants ! are the coefficients of the volume forms in
the reduction of the 5d vector multiplets to 3d.

On the other hand, the Cjjx coefficients are the holographic duals of the cubic
't Hooft anomaly coefficients, which for toric quiver gauge theories correspond to
the areas of the triangles in the toric diagrams, eq. . Therefore

N2
Crik = 7|det(V17VJ,VK)| (3.31)

If we naturally identify the R-charges 7/ with the A,, charges assigned to the
PM’s, and similarly the a; fluxes with the set of ny fluxes (they satisfy the same
constraints Y Ay, =2 and Y. n., = 2k) we obtain our proposal (3.29).

In the remaining part of this section we test formula on examples of
increasing complexity. As a warm-up we consider the cases of X5 = S® corresponding
to N =4 SYM and X5 = T"?! corresponding to the conifold [93]. Then we move
to two more complicated cases, namely the second and third del Pezzo surfaces.
We conclude the analysis by considering infinite families of quiver gauge theories
associated to the YP9 |26, 27 28], LP4" [94], [95] and XP¢ [96] geometries.

The strategy is the following. For each 4d model we use the general formula
to compute the central charge of the corresponding 2d SCFT obtained after
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twisted compactification. Then, we determine the parametrization of the R-charges
and fluxes in terms of the toric data according to our prescription in Section [3:3.1}
Finally, we check that using this parametrization in (3.22)) we obtain the central

charge as given by (3.29).

3.3.2. N =4 SYM. The first example that we consider corresponds to the
case of X5 = S°. In this case the dual gauge theory is A" = 4 SYM and its twisted
compactification on a Riemann surface has been discussed in [2} [3, [4]. The 4d
field theory can be studied as a toric quiver gauge theory in N = 1 language. In
this formulation the global symmetry corresponds to the U(1)? abelian subgroup
of SO(6)g. The quiver has a single node with three adjoint superfields ®; and
superpotential:

W = [Dg, D3] (3.32)

The dimer, the zig-zag paths and the toric diagram are shown in Figure

FIGURE 2. Dimer, zig-zag paths and toric diagram of C* = Cone(S®).

By reducing this theory on ¥ the topological twist is performed along the U(1)3
subgroup of the SO(6)g. This corresponds to turning on three fluxes, one for each
U(1) factor, constraining their sum to be equal to the curvature . From the general
expression we can read the 2d central charge at large V:

3
¢ = 3N?ng (m +> (ne, —£)(Ro, - 1)2) (3.33)
i=1
where Rg, are the R-charges and ng, the associated fluxes of the three adjoint
fields. These variables are constrained by the relations Re, + Re, + Ro, = 2 and
Ne, + Nao, + Na, = 2K.
Alternatively, we can compute the 2d central charge from (3.29) and find:

cr = 3N?0s (N, Dy Ay + Ny Ay Ay + N A, Ary) (3.34)

In order to check this result against we need to express R-charges and fluxes
in terms of the ones of the PM’s. This can be done with the prescription discussed
in Section [3:2] The three zig-zag paths in Figure [2] are the three possible combi-
nations of two adjoints, ®;®;. It follows that each adjoint field corresponds to the
intersection of two primitive normal vectors wy of the toric diagram. Furthermore
in this case each external PM corresponds to one of the adjoint fields. Therefore
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the charge and the flux assigned to each field correspond to the charge and the flux
assigned to each external PM:
Re, =Az, Rs,=An Ro, = Aﬂs
nNe, =Ngy Ne, =N, Ne; = Ngy

(3.35)

By substituting this parameterization in (3.33)) we can easily prove that in this case
the central charge is equivalent to (3.34) if constraints (3.9) and (3.23)) are imposed.

3.3.3. The conifold. As a second example we study the case of the conifold,
corresponding to X5 = T'!. The model consists of a SU(N)x SU(N) gauge theory
with two pairs of bifundamental a; and anti-bifundamental b; fields connecting the
gauge groups and interacting through the superpotential

W = eijqkaiblajbk (3.36)

The dimer, the zig-zag paths and the toric diagram are shown in Figure In

FIGURE 3. Dimer, zig-zag paths and toric diagram of T

this case the flavor symmetry is SU(2)? and one baryonic U(1) symmetry is also
present. The R-charges of the four fields, R,, and Ry, are constrained by R, +
Ra2 + Rbl + sz =2.

When twisting the theory on ¥ we introduce T-fluxes defined in . In this
case they are ng,, na,, Ny, and np,, constrained by ng, + ng, + Ny, + N, = 2k.

The 2d central charge can be written at large N, using eq.

2
¢ =3N%ns |2k + > ((na, - &) (Ra, - 1)? + (ny, - k) (Ry, - 1)2) (3.37)
i=1
This formula can be reproduced from the geometry of the toric diagram using
prescription (3.29). To prove it, we start by ordering the vectors V; in the toric
diagram as

Vi :(07031)3 ‘/2:(17071)7 V3:(13171) V4:(03171) (338)

The four zig-zag paths in Figure [3] are the four possible combinations of two bi-
fundamentals, a;b;. It follows that each bifundamental field corresponds to the
intersection of two consecutive primitive normal vectors of the toric diagram. Fur-
thermore in this case each external PM corresponds to one of the bifundamental
fields. Again the charge and the flux assigned to each bifundamental field corre-
spond to the charge and the flux assigned to each external PM

Ro, =An, Ry, =An, Re,=Ar, Ry, =4,
Ngy =Ny MNpy =Ny Ny =Ny Ny =Ny

By substituting parameterization (3.39)) in (3.37) we can check directly that the
central charge ¢, coincides with the one obtained from (3.29)), under the conditions

4 4
Z Aq =2, Z Ny, = 2K (3.40)
I=1 I=1

(3.39)
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3.3.4. dP5 theory. We now consider the quiver gauge theory living on a stack
of D3 branes probing the tip of the complex cone over dPy (see [18] for a discussion
of the universal twist of dPy theories). There are two Seiberg dual realizations of
such a theory. Here we focus on the case with the minimal number of fields. This
phase is usually referred to as the first phase and denoted as dPéI). It is a quiver
gauge theory (see figure [4]) with five SU(N) gauge groups and superpotential

W = Xi3X54X41 — Y12 X04 Xy + X12X04 Xy5 Y51 — X153 X35Y51
+Y12 X053 X35 X51 — X12X23 X34 X145 X51. (3.41)
The model has five non-anomalous abelian global symmetries. There are a U(1)g
symmetry and two U(1) flavor symmetries corresponding to the U(1)% isometry
of the SE geometry. There are also five baryonic currents: Two of them are non-
anomalous, two are anomalous and one is redundant.
We perform the ¢, calculation from the geometry and we show the validity of

formula (3.29) by matching the geometric result with the one obtained from the
field theory analysis.

4 3
FIGURE 4. Quiver of the dPgI) model

The dimer, the zig-zag paths and the toric diagram are shown in Figure[5] The

FIGURE 5. Dimer, zig-zag paths and toric diagram of dPs.

toric diagram is identified by the lattice points
Vi=(1,1,1) V5=(0,1,1) V3=(-1,0,1)
(3.42)
Vi=(-1,-1,1) V5=(0,-1,1)
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The R-charges and the fluxes of the fields can be parameterized in terms of the A,

charges and the n,, fluxes as

Ry, N,
¢1 = X13 Aﬂ'4 + A7r5 Ny T Npy
$2 = Xog Arg Ty
¢3 = X51 Az, Mg
¢a = Xo3 Ar, Ny
¢5 = X41 Aﬂ'l + Aﬂ'g Ny + Nppy
¢6 = Y51 Aﬂ'z + Aﬂ'g Ny + Nprg (343)
¢7 = Y12 A‘ﬂ'g + Am; Ny + Ny
¢s = Xus Ar, TN,
¢9 = X12 A7r1 Uz
$10 = X35 Ar, Ny
¢11 = X34 A7r3 Ny

subject to the constraints ¥7_; Ay, =2 and Y._, n,, = 2. This parameterization
satisfies the constraints 3, .y Rg, = 2 and Y,y ng, = 2. In this case there are 5
gauge groups and the central charge is obtained from the formula

11
¢ = 3N?ng (5H + > (ng;, — £)(Rg, - 1)2) (3.44)

i=1
3.44)) we can see show that (3.44) is
and (3.23)) are imposed.

By substituting parameterization (3.43)) in
equivalent to (3.29) once the constraints (3.9

3.3.5. dP3 theory. Here we consider the quiver gauge theory living on a stack
of D3 branes probing the tip of the complex cone over dP3. There are four Seiberg
dual realizations of such a theory, and we focus on the case with the minimal

number of fields, usually called the first phase and denoted as dPgI). The quiver is

5 4

FIGURE 6. Quiver of the dPgl) model

represented in Figure [0 and it has six gauge groups. The superpotential is

W = X12X04X45X51 — X2aXueXe2 + Xo3 X35 X56X62 — X35X51 X3

+ X34 X 46 X61X13 — X12X23X34 Xy5 X56 X671 (3.45)

The model possesses six non-anomalous abelian global symmetries. There are a
U(1)g symmetry and two U(1) flavor symmetries corresponding to the U(1)?
isometry of the SE geometry. There are also six baryonic currents: Three are
non-anomalous, two are anomalous and one is redundant. The dimer, the zig-zag
paths and the toric diagram are shown in Figure [} Again we can perform the
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FIGURE 7. Dimer, zig-zag paths and toric diagram of dP3

calculation from the geometry, showing the validity of formula (3.29)). The toric
diagram is identified by the lattice points
Vlz(la]-v]-) V2:(07]-71) V3:(_17031)
Vi=(-1,-1,1) V5=(0,-1,1) Vs=(1,0,1) (3.46)

The R-charges and the fluxes of the fields can be parameterized in terms of the A,
charges and of the n,, fluxes as

R¢z‘ g,
¢1 = X2 A Mg
¢2=X13 A o +A7r$ Ny +nﬂ-3
@3 = Xa3 Arg Ny
¢4 = X24 A m T Aﬂz Ny + Npry
¢5 = X34 Ax, My
¢6 = X35 A ™ + AWG Tlﬂ-l + ’flﬂ-e (347)
o7 = Xus Ar, Mg
¢g = X46 A 5 + A,TG Ny + Nrg
¢9 = X56 Ar, Ny
QSIO = X51 A‘IT4 + A7r5 Ny + Npy
o1 = Xe1 Ax, My
¢12 = X62 A7r3 + ATK'4 Nyg + Ny,

with the constraints ¥5_; Ay, =2 and Y%, n., = 2k. This parameterization sat-
isfies the constraints Y . Re, = 2 and Y, N, = 2. The central charge is
obtained from the formula

12
cr = 3N%ny (6;@' + Z(n¢ -k)(Rg,; — 1)2) (3.48)

By substituting parameterization (3.47) in (3. 4 we can easily see that (3.48)) is
equivalent to - 3.29) provided the constramts and ([3.23)) are imposed.

3.3.6. YP7 theories. We can prove the validity of also for infinite fam-
ilies of quiver gauge theories. The first family that we consider is X5 = YP4. These
models has been derived in [28]. They are quiver gauge theories with 2p gauge
groups and bifundamental matter. For generic values of p and ¢ the models have a
SU(2) x U(1) flavor symmetry and one non-anomalous baryonic U(1) symmetry.
At the 2d fixed point this baryonic symmetry generically mixes with the R-current.

The general prescription to obtain the exact 2d central charge after twisted
compactification has been given in [18] and detailed explicitly there for some cases
of particular interest. Knowing the field content of these theories as summarized in
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Table (3.51)), at large N we can use the general formula (3.22)) to write

¢ =3N?ng (2pl€ + i di(ng, — k)(Rg, — 1)2) (3.49)

i=1

We now show how to reproduce this expression from our geometric formulation
(13.29).

For generic values of p and ¢ the toric diagram has four external corners. There
are also internal lattice points, associated to the anomalous baryonic symmetries,
that do not play any role in our analysis. The corners of the toric diagram are
associated to the vectors

‘/1:(07071)7 ‘/2:(1a071)7 ‘/3:(07]),1) V4:(_17p_Q71) (350)

The parameterization of the R-charges and fluxes for the various fields in terms of
the toric data can be read from the following table

multiplicity Ry, N,
¢1=Y p+q Ar, Ny
¢)2 = Ul p Aﬂ'g Ny
¢3=2 pP-q Ary Ny (3.51)
¢4 = U2 p Am; UZN
¢5 = ‘/1 q Aﬂ'g + Aﬂ'g Ny + Npg
o6 = Vo q ATrs LAV Ny + Ny

The charges are subject to constraints (3.9). This parameterization satisfies the
constraints Y, Re, =2 and Y, ng, = 2k at each node of the dimer.
It is now easy to check that substituting these expressions for the R-charges

and the fluxes in (3.49)) and taking into account constraints (3.9) and (3.23) we
reproduce exactly what we would obtain from (3.29).

3.3.7. LP?" theories. We now consider a second infinite family, corresponding
to X5 = LP9" for p # r (the degenerate case p = r will be treated in Section .
These models have been derived in [97) [98), [90]. They can be described in terms
of a necklace quiver, i.e. a set of p+¢q SU(N) gauge groups such that each node is
connected to its nearest neighbors by a bifundamental and an anti-bifundamental
fields. In general there may be also additional adjoint chiral multiplets, depending
on the value of p and ¢ and on the Seiberg dual phase that we are considering.

The central charge at large N can be easily obtained from taking into
account the field content of these theories in their the minimal phase, as summarized
in Table (|3.54)):

6
¢ = 3Ny ((p Fa)s s Y diCna, 1) (Ro, - 1)2) (3.52)

To check the equivalence with the geometric prescrition (3.29)) we first assign the
external corners of the toric diagrams to the following vectors:

Vl = (0707 1)? ‘/2 = (1507 1)7 V3 = (Pa87 1) V4 = (_k7q? 1) (353>
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where r— Ps—kqg=0and p+¢g=r+sand p<r <q<s. R-charges and fluxes
parametrized in terms of the PM’s are:

multiplicity Ry, Ng,
(bl =Y q A7T1 Ny
¢2 =Wy S A‘n’z Ny
¢3=27 P An, Moy (3.54)
¢4 = Xl r A‘ﬂ'4 Ny
o5 = W1 q-s Any, +Any Ny + Ny
¢6 =X, q-r Aﬂ"g + A7r4 Npg + Ny

with the constraints Y7_, Ar, =2 and Y Ng, = 2k. This parameterization satis-
fies the constraints Y,y Re, =2 and Y e g, = 2.
Substituting this parameterization in (3.52)) we directly obtain an expression

equivalent to (3.29)), once constraints (3.9) and (3.23) are taken into account.

3.3.8. XP? theories. Finally we consider the infinite family of models corre-
sponding to X5 = XP9. They have been constructed in [96]. In this case there
are 2p + 1 gauge groups and taking into account the spectrum of fields and their
multiplicities as given in Table , the 2d central charge as read from is

10
cr = 3N?ny ((2p+1)m+2di(n¢i - k)(Rg, —1)2) (3.55)

To check it against the geometric calculation (3.22]), we first label the external
corners of the toric diagrams as (we take p > q)

V1:(13p71)7 V2:(07p_q+171)7 VBZ(Oap_Qal) ‘/;1:(17031) ‘/:5:(27031)

The R-charges and fluxes parametrization in terms of the PM’s is given by

multiplicity Ry, Ng,
d)l p+q- 1 A7r1 Ny
¢)2 1 Aﬂg nﬂg
¢3 1 A7r3 Nyg
o P—q Ar, Ny
b5 P Ar, Ny (3.56)
o p-1 An, +An, Moy + Ny
b7 1 An, +Ar, Ny + Ny
o qg-1 Any, +Any +Ap, Ny + Ny + Ny
N 1 A +Ap, Ny + Moy
d)lO q Aﬂ'4 + Aﬂ's Ny + N

with the constraints ¥7_; Ay, =2 and ¥5_, ny, = 2k. Once again, this parameteri-
zation satisfies the constraints Y, R, = 2 and Y e ng, = 25.
Using this parameterization it is easy to check that result (3.55) is equivalent

to (3.29)), once constraints (3.9) and (3.23)) are imposed.

3.4. Singular horizons and lattice points lying on the perimeter

In this section we discuss the case of toric diagrams with some external lattice
points that are not corners but lie along the perimeter. These diagrams are asso-
ciated to theories with non-smooth horizons, usually arising from the action of an
orbifold.

In this case, as discussed in [10], the geometric procedure to extract the central
charge a from the toric diagram needs some modification. The reason is that the
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lattice points lying on the perimeter are associated to a multiple number of PM’s.
Therefore, this requires a change in the prescription for assigning R-charges to the
fields in terms of the charges of the PM’s.

The prescription that we propose follows the one described in [38] and it works
as follows. First divide the PM’s in two sets, the ones associated to corners of
the toric diagram and the degenerate ones lying on the perimeter, namely 7¢ and
7 respectively. Then we associate a R-charge Are to the PM’s at the corners,
as done before. For the PM’s on the perimeter, observing that at each point on
the perimeter only one of the degenerate PM’s enters the definition of the zig-zag
paths, we assign a non-zero charge AW? to this PM and set the charge of all the
other PM’s associated to the same I-th lattice point to zero. With this modification
of charge assignments we can then parameterize the R-charges R; and the fluxes n;
unambiguously as described in Section [3.3

We have checked in a large set of examples that by applying this prescription
the 2d central charge computed from the field theory analysis, eq. , matches
with the one computed using formula . In the following we report the explicit
check for a couple of examples in the LP class.

3.4.1. L??2 model. For this particular representative of the LP9" family the
quiver diagram, the dimer with the zig-zag paths and the toric diagram are depicted
in Figure [§] The superpotential of this model is:

W = X12X23X32 X017 — X3 X34 Xy3X 30 + X34 X1 X14Xy3 - Xy1 X12X01 X104 (3.57)
The central charge can be obtained from formula (3.22)) once we take into account

ot N [
1 3 1
. — I
(a) (b) (c)

FIGURE 8. Quiver, Dimer with zig zag paths and toric diagram of L?22

the specific field content of the theory that can be read from the quiver diagram or
in Table (3.61)). We obtain

8
¢ = 3N?ng (4/{ + > (ng, — k) (Rg, — 1)2) (3.58)
i=1
In order to match this expression with (3.29) we first observe that the PM’s
are related to the lattice points as follows

PM Lattice point
m = {X12, X34} | V1=(0,0,1)
7T2:{X21,X34} ‘6:(170,1)
m3 = {X12, Xuz} | V2=(1,0,1)
T4 = {X21,X43} V3 = (2,0, ].) (359)
7T5={X32,X14} V4=(2,1,1)
me = {Xs2, Xa1} | V5=(1,1,1)
7T7:{X23,X14} ‘/:5:(1,1,1)
7T8:{X23,X41} V6:(O,1,1)
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The two points on the perimeter, identified as V5 and Vs, are degenerate since they
correspond to two different PM’s. According to our prescription in Section [3.3.1]
we set A, = Ay, =0 and ng, = Ny, = 0. The other non-vanishing charges and
fluxes are constrained by the relations

Ap, + A0, + A, + A, +Ar, +An, =2

(3.60)
Ny, + Ny + Ny + Ny + N + Nig = 28
From here we can read the charges and the fluxes of every single field
Ry, Mg,
¢1 = Xi2 Az, N,y
¢2 = X21 Aﬂ4 + Aﬂ'Q Ny + Ny
¢3 = X23 Aﬂ‘g Nrg
¢4 = X32 Aﬂ—S + AWG Ny + Ny (361)
¢5 = X34 A7r1 + Aﬂ'z Ny + Ny
P6 = Xu3 Az, Ny
¢7 = X41 Aﬂ-ﬁ + Aﬂ-s Ny + Ny
¢8 = X14 A7r5 Nry

This parameterization satisfies the constraints ). i Rg, =2 and X,y 1o, = 2K.
By substituting this parametrization in (3.58) we can easily prove that it is
equivalent to (3.29) once constraints (3.60|) are imposed.

3.4.2. L'3! model. As a second example, we consider the L'3! model associ-
ated to the quiver, dimer and toric diagram drawn in Figure [9] In this case the
superpotential reads

W = X190X01 X154 Xy1 - X120 X020 X01 + X32X22X03
~X23X33X30 + X43X33X31 — X14X43 X34 X 41 (3.62)

Given the particular field content, the central charge computed from ([3.22)) reads

2
o9, ) = 2
‘ 1 3 1
D ? 4
3
(b)

FIGURE 9. Dimer, zig-zag paths and toric diagram of

O =

~ O

(a) (c)

L131

¢ = 3N?nx (4/<; + 1203(71@ -k)(Rg, - 1)2) (3.63)

i=1
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In this case the PM’s are related to the lattice points as follows

PM Lattice point
71 = {X12,Xo3, X34} | V1=(0,0,1)
o = {Xo1,Xo3, Xaa} | V2=(1,0,1)
g = {X12, X532, Xaa} | V2=(1,0,1)
7y = {X12, Xo3, Xuz} | V2 =(1,0,1)
Ty = {Xgl,ng,X34} Vzg = (270, ].) (364)
76 = { Xo1, Xo3, Xu3} | V3=(2,0,1)
77 = {X12, X532, Xu3} | V3=(2,0,1)
7T8:{X21,X32,X43} V4:(3,0,1)
7o = {X14, Xo2, X33} | V5=(1,1,1)
10 = {X41,X227X33} Ve = (07 1, 1)
There are still two perimeter points, this time with degeneracy three. We set

An, =Ar, = Ay, = Ay, =0 and correspondingly, ny, = gy, = Ny, = Ny = 0. The
remaining charges and fluxes satisfy:

A, + A0, + A +Ar, + A +An =2

Ny + Ny + Ny + N + Ny + Ny = 2K

10

(3.65)

The R-charges Ry, and the fluxes ngy, of the fields can be expressed in terms of the
charges A;, and the fluxes n,, of the PM’s as

Ry, s
d1 = X192 Ar, +Ar, +Ars N, + Ny + Ny
¢2 = X21 Aﬂ'g Nrg
¢3 = X22 Aﬂ'g + Aﬂ'lo Mg T Ny
¢4 = Xo3 An, +Ag, Ny + Ny
¢5 = X32 Aﬂ-7 + Aﬂs ’rlﬂ.7 + Tlﬂ-s (366)
¢6 = X33 A'rrg + Aﬂ'lo Mg + Ny
¢7 = X34 A, N,y
¢3 = X43 Aﬂ-4 + Aﬂ-7 + Aﬂ-s Ny + Ny + Ny
¢9 = X41 ATrlg N7y
(blO = X14 ATrg Nrg
This parameterization satisfies the constraints:
Z Ry, =2 and Z Ng, = 2K (3.67)

aeW aeW

It is now easy to substitute this parameterization in (3.63|) and check that the
resulting expression is equivalent to (3.29) once we take into account constraints
(13.65)).

3.5. Mixing of the baryonic symmetries

In this section, by studying the twisted compactification of some of the 4d A/ = 1
toric quiver gauge theories discussed above, we provide further evidence that both
flavor and baryonic symmetries mix with the R-current at the 2d fixed point. We
compute the central charge with the formalism reviewed in Section showing
its positivity for many choices of curvature and fluxes.
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3.5.1. dP2 theory. We begin by identifying the global currents of the dPs
model. There are a UV R-current Ry, two flavor currents Fj o and two non-
anomalous baryonic currents B 2. Having the model five gauge groups, to begin
with we have five classically conserved baryonic currents, associated to the decou-
pling of the gauge abelian factors U(1); c U(N);. As usual one of such currents is
redundant. Among the other global baryonic U(1)’s some of the combinations can
be anomalous at quantum level. After the identification of the two non-anomalous
baryonic currents the charges of the fields respect to all the global currents are

Ysi X1 Xog Xzs Xun Xzy Xz Xou Xus Xip Yoo
Ry 2 0 2 0 2 0 0 0 0 0 0
Fy | -2 1 -3 1 1 0

1 1 1
Fy 1 1 -1 1 0 2 -2 1 -3 1 -1 (3'68)
By | -1 -1 -1 1 0 0 0 -1 1 1 1
By 1 1 -1 0 -1 2 -1 1 -2 0 0
Any linear combination
Rivial = Ro + €1Tr, + €217, + mTp, + 1213, (3.69)

is still an R-current. Such an ambiguity is fixed by maximizing the central charge
with respect to the mixing parameters ¢; and 7; [9]

Oa 3

o = 33T (Ria ) = Tr(F)] =0 (8.70)
da 3
e~ 55 9T (R Bi) = Tr(B:)] = 0. (3.71)

By using the relations Tr(B;B;By) = 0 = Tr(B;) equations reduce to a linear

system in the n; variables. Substituting the solution back into we are left

with two free mixing parameters. Therefore, one can always linearly combine the

global symmetries in such a way that at the fixed point 77 = 772 = 0. This signals

the fact that the baryonic symmetries do not mix with the 4d exact R-current.
Solving the remaining equations we obtain:

€ = % (V33-1), &= %6 (3v33-19) (3.72)

We can proceed by twisting the theory on ¥. The partial topological twist is
performed along the generator:

T= K)TR + bll_rF1 + b2TF2 + b3T31 + b4T32 (373)

and the central charge ¢, of the 2d theory can be obtained from ([2.74]).
The general results are rather involved, so we restrict to some simple choices
of fluxes by for the case k # 0. We have the following cases:

° b1 +0
7b% + 85b3 — 180063 — 45006, + 60000

a 13b% + 31063 - 637502 + 7000b;1 + 100000
o - 116 + 11063 - 225b% — 3250b; — 10000

13b% + 31003 - 637502 + 700061 + 100000
- 3b% — 2063 — 525b% + 2000,

1301 + 31063 - 637562 + 7000, + 100000

18b} — 1063 - 60062 — 5000,
Py 3 3 (3.74)
13b% + 31063 - 637502 + 70006 + 100000
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° l)g +0

€1 =

€2

m =

N2 =

° l)g +0

o l)4 +0

€1

€2

2

12

8b3 — 27063 + 260062 — 1250, — 45000

18063 — 3825b3 + 45005 + 75000
8b3 — 175b3 + 525b5 + 500

1263 — 25562 + 300D + 5000
Ab% — 13553 + 85062 — 1000b,

18063 — 382502 + 4500b5 + 75000
8b3 — 27063 + 200002 + 2500,

18003 — 3825b32 + 450004 + 75000

1 b3

©@=-70 M= 1o n2=0

95b3 — 90053 + 45000

3b3 — 195062 + 150004 + 75000

4b3 + 5b3 — 100063 + 1000b4 + 5000
~ 2b3 — 130062 + 1000b4 + 50000

12b7 + 175b3 + 75063 — 15000,
662 - 390062 + 30004 + 150000

6b7 + 80b3 — 180003 — 60000,

3b3 — 195062 + 150004 + 75000

47

(3.75)

(3.76)

(3.77)

It is interesting to observe that in each case all the mixing parameters are non-
vanishing, showing the generic fact that the baryonic symmetries have a non-trivial
mixing with the R-current in 2d.

We conclude by showing in Figure[I0] [[1] and [I2] the central charge for different
values of the discrete fluxes for dPy compactified on ¥ = T?, ¥ = S? and ¥ = H?,
respectively. The scale of colors represents the value of the central charge in units

of N2.

S\Q

-15
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FIGURE 10. Central charge of dPy on ¥ = T? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = z, by = y and b3 = by = 0. In the second case we have
fixed b3 = x and by =y and by = by = 0. In the third case we have
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FI1GURE 11. Central charge of dPy on ¥ = S? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = z, by = y and b3 = by = 0. In the second case we have
fixed b3 = x and by = y and by = by = 0. In the third case we have
fixed bg =, b3:y and bl =b4=0.
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FIGURE 12. Central charge of dPy on ¥ = H? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by =z, by = y and b3 = by = 0. In the second case we have
fixed b3 =z and by =y and by = by = 0. In the third case we have
fixed by = x, b3 =y and by = by = 0.
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3.5.2. dP3 theory. We now consider the quiver gauge theory living on a stack
of D3 branes probing the tip of the complex cone over dP3. The global currents of
the model are a UV R-current Ry, two flavor currents Fj 5 and three non-anomalous

baryonic currents By s 3.

We can identify the baryonic currents as follows. The model has six gauge
groups and classically there are six conserved baryonic currents. Two of them are
anomalous and one is redundant. One is left with three non-anomalous baryonic
symmetries. We can choose the charges of the fields with respect of the global

symmetries as

X2 X1z Xog Xog X34 X3z Xus Xy Xs6 Xs1 Xe1 Xeo

Ry | 2 0 0 0 0 2 0 2 0 0 0 0

| -1 1 0 -1 1 -2 1 -1 0 1 -1 2

| 3 0 -1 -4 1 0 1 2 -1 0 -3 2

By| 2 1 -1 -1 0 0 0 1 1 -1 -2 0

By | 1 0 -1 -1 0 1 1 -1 -1 0 1

Bs | -1 -1 0] 1 1 0 -1 -1 0 1 1 0
(3.78)

Any linear combination:

Rtrial = R() + 61TF1 + 62TF2 + anBl + 772T132 + 7’]3TB3 (379)
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is still an R-current. The mixing coefficients in (3.79)) are fixed by maximizing the
central charge, and in this case we find:

2 1
€1 = 57 €g = _g, ni = 0 (380)

Again we chose a parameterization such that at the superconformal fixed point the
contribution of the baryonic symmetries vanishes. The partial topological twist on
3. is performed along the generator:

T = IiTR + blTpl + b2TF2 + bgTBl + b4TB2 + b5T33 (381)

and the central charge ¢, is obtained from (2.74]).

The final expressions are rather complicated and we do not learn much in
writing them out explicitly for the most general choice of fluxes. In the following
we consider only the case k # 0 and we only fix one non-vanishing flux for each
choice. We have the following cases:

e b1 #0
.. 16979h; - 698267k — 740b3 + 171360k
YT 52098b; — 441662 — 110467 + 235116k
o . __ 816501 - 844b3 K — 188b3 + 42840k
? 26499b; — 220862k — 552b3 + 117558k
_ 105b, + 16b%k + 4b3 + 630k
T T8833D, — 736b2k — 18407 + 39186+
~ 920b; — 1948b2 K — 464b3 — 630k
T 564000, — 22082k — 55263 + 117558k
~ 60501 — 19963k — 476b3 — 2520k (3.82)
BT 52008 — 441662k — 11046 + 235116 ‘
o b2 +0
4(5640by — 41298b3x + 840b3 + T37b3k — 52b3 + 514080k )
€1 = -

3 (43536bg + 1164522k — 195263 — 2053b3k + 104b3 — 940464k )
199452by — 177054b3k + 176703 + 4138b3k — 338b5 + 1028160k

2 T 130608b; + 349356b3r — 5856b3 — 6159bixk + 312b5 — 2821392k
514200, + 15446b3k — 86493 — 1289b3k + 156b3 + 15120k
T 43536by + 116452b2k — 195263 — 2053b3k + 10453 + 940464+
9600, + 66888b3 K — 39906b3 — 4054b3k + T28b3 + 15120k
T 130608bs + 349356b3k — 5856b3 — 6159b3k + 312b5 — 2821392k
- 79500by + 63198b3 K — 30447b3 — 4835b3k + 364b3 + 30240k

3 (43536by + 11645262k — 1952b3 — 2053b3x + 1043 — 940464 )
(3.83)
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e b3+0
_ 15660b3k — 19524b% + 1857b3k — 41b4 + 2056320
T T 3 (25344bsr + 27384b2 — 41D — 940464)
. - 18180b3k — 21588b3 + 3729b3 K + 41b3 + 1028160
3(25344b3k + 27384b2 — 41b3 — 940464)
_ 107484bsk — 3564b3 — 32453k + 2b3 + 15120
e 25344b3k + 27384b2 — 41b3 — 940464
. 2 (11340b3x + 3663 + 1749b3 K — 164b3 — 7560)
, = -

3(25344b3k + 27384b3 — 41b3 — 940464)

4(21690b3 + 246b3 — 357b3k + 44b3 + 7560)

= 3.84
G 3(25344bgk + 27384b2 — 4154 — 940464) (3.84)

° b4 +0
34504k - 15095b3 + 1028160
U T T27288byr + 2501402 — 1410696
3450b4% + 7645b2 — 514080
2T T27288byr + 2501402 — 1410696
3330b4% — 653 + 7560
n 9096b4r + 83382 — 470232
_ 62178by — 1894b3k — 113763 + 3780k
T T13644bsk2 + 1250702k — 705348k
7410b4k + 565b2 + 7560
BT 13644bys + 1250707 — 705348 (3.85)
e b5+ 0
.. B430bsk + 1500562 ~ 1028160
27288bs 5 — 2501402 + 1410696
 3450b5k + 3725b2 - 257040
2 T 13644bsk — 1250702 + 705348
) 60bsk — 65b2 + 3780
T T T 4548bsr - 416902 + 235116
_— 75905 K — 760b3 + 3780

13644bsk — 12507b2 + 705348
3593b2k — 22743 + 114366b5 + 15120k

_ 3.86
s 25014b2r — 272885 — 1410696 (3.86)

As in the dP5 case we observe that the mixing parameters 7;, that were vanishing
in the 4d case, are non-zero in two dimensions.

We conclude by showing in Figure and [T5] the central charge for different
values of the discrete fluxes for dPy compactified on ¥ = T?, ¥ = S? and ¥ = H?,
respectively.

3.5.3. LP% theories. As a last example we consider models with a higher
number of baryonic symmetries, i.e. LP% models [97), 98], [90]. In order to have
a comprehensive discussion we pick up a particular (Seiberg dual) phase, that can
be easily visualized by the description of the system in terms of D4 and NS branes
in type ITA string theory (the other phases are obtained by exchanging the NS
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FIGURE 13. Central charge of dP3 on ¥ = T? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. The variable z is plotted
on the horizontal axis while y on the vertical one.
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FIGURE 14. Central charge of dP3 on ¥ = S? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = x, by =y and b3 = by = b50. In the second case we have
fixed b3 = x and by =y and by = by = b50. In the third case we have
fixed bQ =x, b3=yand b1=b4=b5=0.
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FIGURE 15. Central charge of dP3 on ¥ = H? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = x, by =y and b3 = by = b50. In the second case we have
fixed b3 = x and by =y and by = by = b50. In the third case we have
fixed bg = x, bg =y and by = by = b5 = 0.

branes). We consider a stack of N D4 branes extended along zp123 and wrapping
the compact direction xg. Then we consider two sets of p NS and ¢ NS’ branes.
The NS branes are extended along x12345 and the NS’ along xg12389. We order the
NS branes and then the NS’ branes clockwise along xg.

Each gauge group is associated to a segment of N D4 branes on xg, suspended
between two consecutive NS branes. The resulting field theory is a U(N) necklace
quiver gauge theory with different types of nodes. By counting clockwise on x¢ we
have
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a set of p—1 nodes with an adjoint of type C;
a node without any adjoint;
a set of ¢ — 1 nodes with an adjoint of type C;
a node without any adjoint.

The 2p bifundamental matter fields crossing a NS brane are of type A or B de-
pending on their orientation and the second set of 2¢ bifundamental fields, crossing
a NS’ brane, are of type A and B. We can visualize the situation in the quiver of
Figure |16 for the case or p =2 and ¢ = 4.

Cl él 02 (73
By By B B, By By

FIGURE 16. Quiver of the L?*2 model. The first and the last node
are identified.

These theories are characterized by one R-current, two flavor currents and p+gq
baryonic currents [97, (98], [90]. One baryonic current is redundant, being the quiver
necklace. The vector-like nature of the field content ensures that the other p+¢—1
currents are all conserved at quantum level. The charge assignment of flavor and
R-currents is summarized in the following tableﬁ

field mult F; Fy Ry

A P 0 1 0
B p -1 0 0
A ¢ 1 0 1 (3.87)
B g 0 -1 1
c p-1 1 -1 2
C ¢-1 -1 1 0

The baryonic currents are associated to the U(1); c U(N); gauge factors and the
charges are read from the representation of each field under the gauge groups. Fun-
damental fields of SU(N); have charge +1 and anti-fundamental fields of SU(N);
have charge —1 under the baryonic U(1);.
The 4d R-charge mixes with the global symmetries through the combination
p+q-1
R=Ry+e1F +eTp,+ Y. nTg, (3.88)
i=1

with mixing parameters

VPP -pa+ @ -2p+
(o VPPoprrd=2prg p =0 (3.89)
3(p-q) VPE-pg+¢*+2p—q

determined by the a-maximization.
When the theory is partially topologically twisted on ¥ along the generator

p+g-1
T= KTR + b1TF1 + b2TF2 + Z bﬂ_gBi (390)
i=1
the central charge ¢, is obtained from ([2.74) and extremized respect to the €; pa-
rameters. The final formulas are too involved and we do not report them here. The

3We refer to Ry as a trial R-charge obtained after the maximization on the baryonic charges,

as described after (3.71)).
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mixing parameters are non-vanishing for generic choices of the curvature and of the
fluxes by. This signals the fact that the baryonic symmetries mix with the 2d exact
R-current.

In the following we show some numerical results for the 2d central charge of
the L222 and the L'3! gauge theories. In both cases there are four gauge groups
and three non-anomalous baryonic symmetries and we observe that the baryonic
symmetries mix for generic values of the with the R-current at the 2d fixed point.

In Figure [17] and [18| we represent the central charge for different values of the
discrete fluxes for L??2 compactified on ¥ = H? and ¥ = S?, respectively.
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FIGURE 17. Central charge of L??2 on ¥ = H? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = x, b =y and bg = by = b5 = 0. In the second case we have
fixed b3 = x and by = y and by = by = b5 = 0. In the third case we
have fixed by = x, by =y and by = bg = b5 = 0.
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FIGURE 18. Central charge of L???2 on ¥ = S? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = x, by =y and b3 = by = b5 = 0. In the second case we have
fixed b3 = x and by = y and by = by = b5 = 0. In the third case we
have fixed by = x, by =y and by = b3 =b5=0

In the case of the torus reduction (x = 0) the formulae are simpler and we
can provide the analytical expression for ¢, extremized with respect to the mixing
parameters, in terms of the b; fluxes:

CT(L222)T2 —

3.91
6(b2+b1b3+babz—2b4b3+2b2+b2 +2b1 bo—(by +bo+2b4)bs ) (b2 +b2 +ba (bs—b3)+b1 (2b2—bz+bs)) ( )
(bl—b2 ) (bi—b3b4+b1 b3 +b2 bg—(bl +b2+b4)b5)

The parameters €; are generically non-vanishing for both the flavor and the bary-
onic global symmetries.
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For the case of L'3! we represent the central charge for different values of the
discrete fluxes on ¥ = H? in Figure [19/and on ¥ = S? in Figure
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FIGURE 19. Central charge of L'3* on ¥ = H? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = x, b =y and bg = by = b5 = 0. In the second case we have
fixed b3 = x and by = y and by = by = b5 = 0. In the third case we
have fixed by = x, by =y and by = bg = b5 = 0.
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FIGURE 20. Central charge of L'3! on ¥ = S? for different values
of the integer fluxes. We plot the regions of fluxes b; in which the
central charge assumes a positive value. In the first case we have
fixed by = x, b =y and bg = by = b5 = 0. In the second case we have
fixed b3 = x and by = y and by = by = b5 = 0. In the third case we
have fixed by = x, by =y and by = bg = b5 = 0.

As in the previous case, the formulae are simpler for the case of the torus
reduction (k = 0) and we can provide the analytical expression for the extremized
central charge ¢;:

CT(L131)T2 —

(3.92)

6 (b2 -3baby +b2 b2+ (b +b2)b3)? b +4byby —2b3by—b3+2b3—2b2bs
(bl—b2)(b%+bg+bi+b§+b3b1—b2b1+b2b3—b3b4—b4b5) bl—bg

Also here we observe that the parameters €; are generically non-vanishing for both

the flavor and the baryonic global symmetries.

3.6. Conclusions

In this chapter we have studied c-extremization for 2d A = (0,2) SCFTs ob-
tained by applying the the twisted compactification described in Chapter [2| to infi-
nite families of 4d quiver gauge theories holographically dual to D3 branes probing
the tip of CY3 cones over a base 5-manifold X5 admitting a U(1)? toric action. In
such cases we have been able to develop a simple geometric formulation for the 2d
trial central charge c,, which in the large N limit turns out to be expressible in
terms of combinatorial information associated to the toric diagram of the 4d parent
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theory (see ) Our result represents the field theory dual of the holographic
formula found in [11, 12} [20].

This formulation borrows many ideas and constructions developed in the 4d
parent theory, in which it has been demonstrated that the conformal anomaly a
is proportional to the inverse of the volume of the SE manifold X5. The geo-
metric analogy with the 4d formulation that we have discussed may be helpful in
understanding the possible relation between ¢, and the volume of the 7-manifold
[24}, 25] in the conjectured AdSzx My correspondence (or 8-manifolds in M-theory).
Progress on the subject has been recently made in [99].






CHAPTER 4

Circle Reduction of 4d Dualities

4.1. Overview

Up to now we have been concerned with compactifications of 4d theories to
2d and correspondingly we have been able to discuss the role of background fluxes
in the reduction of (conformal)supersymmetry as well as anomalies and central
charges. In this chapter we turn our attention to a different aspect of compactifica-
tion which is the reduction of supersymmetric dualities. The compactifications we
will consider are of the type of circle compactifications to 3d effective field theories.
The geometry of the internal manifold does not allow in this case to perform the
twists previously discussed however it has been shown that other non-perturbative
effects do contribute to the dynamics of the 3d theory. One particular example
is the appearance of KK monopoles coming form the reduction of 4d instanton
configurations wrapping around the compact dimension. As we will show, such
contributions turn out to be fundamental in establishing the duality at the level of
the 3d effective theory.

The theories we consider are USp(2N.) SQCD,4 with one antisymmetric matter
field. The 4d dualities involving this gauge and matter content have been originally
discussed in [I00], in the presence of a power law superpotential for the antisym-
metric field. The generalization of Seiberg duality for such models was obtained
and many tests have been performed. The dynamics of these theories in the ab-
sence of the tree level superpotential for the antisymmetric field has been discussed
originally in [I01], in the presence of six fundamentals. It was shown that this
theory confines in the IR without chiral symmetry breaking. More recently the
analysis has been extended to USp(2N,) gauge theories with eight fundamentals,
an antisymmetric and a set of extra singlets. Making use of exact mathematical
identities for A = 1 superconformal indices the authors of [102] constructed a large
number of magnetic duals of this theory, all of which are related by the action of a
reflection group of the type of the E;-root system Weyl group. In [65] it was then
shown that in the rank-1 case these dualities can become a self-duality of a single
theory that exhibits an IR global symmetry enhancement to the full E; algebra
and in [103] this result was generalized to arbitrary rank also showing that the
symmetry actually enhances to E7 x U(1).

Motivated by this discussion we study the dimensional reduction of these 4d
models, finding large classes of new relations and dualities. In Section [£.2] we study
the reduction of USp(2N,) theories with 2N, fundamentals (), an antisymmetric
A and superpotential W = Tr A¥*!. We generalize the structure of RG flows and
3d dualities already worked out for the case without antisymmetric matter. The
main results obtained there are highlighted in red in Figure In Section 4.3| we
study the reduction of the 72 dual phases involving USp(2N.) gauge groups, eight
fundamentals and an antisymmetric. We show that the Weyl group of E7 is still at
work, preserving the 4d dualities. Moreover we show that by real mass flow we can
generalize the result of [65] where the Weyl group of Dg relates two classes of dual

57
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theories. On one hand one has USp(2N,.) theories with six fundamentals and one
antisymmetric. On the other hand there are U(N.) gauge theories with four pairs
of fundamentals and anti-fundamentals and an adjoint. By further real mass flow
a large web involving USp/U dualities can be constructed. We have summarized
this construction in Figure It is interesting to observe that a generalization of
the SU(3) global symmetry enhancements, discussed recently in [104), 105, [106]
for U(1) with two fundamentals, is obtained here for U(N,) with two fundamentals
and one adjoint. In Section [£:4] we study the dimensional reduction of the confining
USp(2N,.) gauge theory with one antisymmetric and six fundamentals. We obtain
new 3d confining theories with both USp(2N.) with fundamentals and one anti-
symmetric and U(N.) gauge group with fundamentals, antifundamentals and one
adjoint.

4.2. 2N; fundamentals, one antisymmetric A and W = Tr A**!

In this section we study the reduction to three dimensions of 4d theories with
USp(2N.) gauge group, 2Ny fundamental fields @ and one antisymmetric field A,
with superpotential

W =Tr AL (4.1)

This theory has a Seiberg-like dual description [100], corresponding to a USp(2(k(N¢-
2) — N.)) gauge theory, with 2N dual fundamentals ¢ and one antisymmetric a.
In this case the superpotential of the dual theory is
k=1
W =Tra"! + > Tr My_j-1qa’q, (4.2)
§=0

where the generalized mesons M; are identified with the gauge invariant combina-
tions QA7 and the contractions with the symplectic forms are left implicit. While
the reduction on S! for this model has already been discussed in the literature
[61], [62], here we will study some further flows, constructing dualities involving 3d
U(N.) gauge theories with fundamental flavor, adjoint matter and monopole su-
perpotentials. These flows are triggered by large real masses and large expectation
values for the real scalars in the 3d N = 2 vector multiplet (a.k.a. Higgs flows).
When k = 1 they reduce to the flows studied in [64] for USp(2N.) SQCD. In Fig-
ure [1| we present the various steps of the dimensional reduction, the real mass and
Higgs flows studied in the literature for the cases without and with matter fields
in tensorial representations. We highlight in red the flows and the models that we
are going to study in this section in order to complete the classification. Observe
that here we are not considering dualities with CS terms, as the ones discussed in
[107, 108, 109, 110].

4.2.1. The 3d duality with a monopole superpotential. The reduction
to three dimensions of this model has already been discussed in the literature in
[61], [62]. This consists of the stepwise procedure introduced in [63] and reviewed in
Appendix Observe that in this case the matter content allows the generation
of the KK superpotential even in the absence of superpotential interactions (see
Appendix for details). This generates an effective duality on S'. This effective
duality can be deformed into a 3d duality between USp(2N,.) gauge theories as
discussed in [61], [62], by a real mass flow. There is another interesting flow that
can be performed, consisting of a mixing between a real mass and Higgs flow, of
the type introduced in [65] and thoroughly investigated in [66), [64]. Such a flow
can be triggered by splitting the real masses u, of the 2Ny fundamentals into
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4d Intriligator Pouliot
duality, USp(2n) SQCD
circle reduction
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FIGURE 1. In figure (a) we represented two different strategies,
appeared in the literature, that starting from 4d dualities led to
Aharony duality. In the first case one starts from Seiberg duality
[111], reduces on the circle obtaining a new effective duality [63]
and then, by a real mass (and a Higgs flow in the dual phase),
one recovers Aharony duality [I112]. In the second case one starts
from the duality of [T13], reduces on a circle and then flows to a
new duality [64], in the presence of monopole superpotentials. It is
then possible to either flow to the duality with a single term in the
monopole superpotential or to the conventional Aharony duality
by a real mass flow. In figure (b) we consider the same type of
reductions for theories with two-index tensor matter. The first
reduction connects the 4d duality of [57] to the 3d duality of [114]
and it has been studied in [60]. In the second case we observe that
the 3d duality of [114] can be recovered also starting from the 4d
duality with USp(2N,.) gauge group, with fundamentals and an
antisymmetric [LI00]. This duality has been already reduced on a
circle in [61), [62], while the other steps have not been performed
yet in the literature. We highlight in red these new steps, as they
are the subject of the current analysis.

Ny components m, and Ny components n, and considering the following shift of
parameters in the 3d partition function:

(4.3)
with s - oo H At the same time one needs to consider the Higgs flow o; - o; + s,

with 4 = 1,...,n. This leads to a 3d duality between a U(N,) theory with Ny
fundamentals (), Ny anti-fundamentals () and one adjoint X with superpotential

W=Tr X" + T, + T (4.4)
and a U(k(Ny -2) - N.) theory with Ny fundamentals ¢, N; anti-fundamentals §

and one adjoint z, with superpotential

k-1
+ Z Tr Mk_j_lqa:J?jJr to +%

7=0

g = Mg + S, Ha+N; = Na + 85, a=1,...,Ny

W = Trazh*? (4.5)

LThis is the procedure that is needed to trigger the flow at the level of the partition function
on the squashed 3-sphere. On flat space the situation is slightly different, in fact it is sufficient to
turn on a non-zero real mass for the fundamental flavors which then, being massive, decouple in
the infrared.
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where the generalized mesons are M; = QXIQ. Turning on the linear monopole
superpotentials in and in breaks the topological and the axial symmetry
and it fixes the R-charges of the fundamentals. Furthermore this is consistent
with the duality map: imposing in the electric theory the monopole and the anti-
monopole R-charge as Ag, = Az =2 fixes the R-charge of the fundamentals as

Ny-2-Ax(N,-1)

Ag=Apxz= 4.6
@ Q Ny ( )
In the magnetic theory a similar computation gives
2-N¢+ Ay (N, +N¢-1
Ag=Ag= AR ) (4.7)

Ny

The duality map A, = Ax — Ag is satisfied by and .

We conclude this discussion with a remark on the linear monopole superpoten-
tials in and in . The generation of such a superpotential for a U(N,)
gauge theory with adjoint matter may appear incorrect, because the adjoint field
adds two further zero modes to the ones carried by the gaugino. Nevertheless we
claimed that the linear superpotential for the bare monopole and anti-monopole
can be generated. This is motivated by the nature of the UV completion of our
theory: indeed the U(N,.) theory that we are describing so far is UV-completed by a
USp(2N,.) gauge theory with an antisymmetric field. By performing the counting of
the zero modes in this setup (see Appendix |C.2)) one can observe that the antisym-
metric field does not lead to any further zero mode in the monopole backgrounds
that we are considering, and this signals the presence of the linear monopole super-
potentials. In other words the linear monopoles are inserted in the UV USp(2N,)
theory, where they are perfectly consistent with the zero mode counting, and they
modify the Coulomb branch of the IR U(N.,), treated as an effective theory.

4.2.2. Flowing to Kim-Park duality. Starting from the duality above we
can flow to the duality of [I114] as follows. First we consider a U(N,) gauge theory
with Ny + 2 flavors and one adjoint with the superpotential . The dual theory
has U(kNy — N.) gauge group, Ny + 2 flavors, one adjoint and the superpotential
coincides with . Then we trigger the flow by shifting the real masses as

MN;+1 > MNp+1 TS, MNp+2 > MNg42 — S, (4.8)
NNg+1 > NMNp+1 — S, NN;+2 > NN+2 TS,

with s - co. In the electric theory we obtain a 3d theory with U(N.) gauge group,
Ny flavors, an adjoint and superpotential W = Tr X**1. In the dual theory the
situation is more involved. Indeed in this case some of the components of the
original mesons remain massless even if they are not associated to the massless
mesons of the electric theory. These are the (Ny + 1)-th and the (N; + 2)-th
diagonal components of M;. These fields are light gauge singlets in the magnetic
theory and their quantum numbers are compatible with the following superpotential
interactions

k-1 k-l .
W = to Z (Mj)Nf+1,Nf+l Tra’ + to Z (Mj)Nf+2,Nf+2 Tra? (49)
j=0 j=0

where to and %, are the bare monopole and anti-monopole of the U(kN; — N,)
theory. The dressed monopoles of the dual theory can be defined as t; = to Tr 2’
and #; =%y Trz?. On the other hand the singlets (M;)N;41,n;41 and (Mj) N, 12,8, 42
can be identified with the dressed monopoles of the electric theory, i.e. T =Ty Tr X J
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and IN“J =Ty Tr X?. The final form of the superpotential of the dual theory is then

k-1 k-1 o )
W=Tra" !+ 3 Tr My_jqa?q+ Y. (4,79 + 3,717 (4.10)
3=0 j=0

reproducing the dual superpotential of the Kim-Park duality.

4.2.3. Duality with a single monopole superpotential. This case can be
studied starting with Ny + 1 flavors and monopole superpotential (4.4). The dual
theory in this case has rank U(k(Ny —1) — N.). We consider the real mass flow

MN;41=N+8, NNp1 =08 (4.11)
In the electric theory this real mass flow reduces the number of flavors, and removes

the contribution of Tp to the superpotential (4.4). This gives a U(N,) electric theory
with Ny flavors and superpotential

W=Tr X1 4T, (4.12)

Observe that at the level of global currents this superpotential restores a combina-
tion of the axial U(1) 4 and the topological U(1); symmetries.

On the dual side the real mass deformation reduces the number of flavors,
while it leaves the rank of the dual group invariant. The deformation removes
the contribution of 7y to the monopole superpotential and it reduces the number of
singlets, from k(Ny +1)? to k(N? +1). The first ka2 components correspond to

the generalized mesons of the electric theory, M; = QX7 @ The last k components
correspond components of the generalized mesons that remain light despite (4.11])).
We refer to these k components as S;, with j =0,...,k-1. Their quantum numbers
are compatible with the superpotential

k-1 k-1
W = Trsck+1 + Z Terqx]fj-i— to + Z SJ’t\; (413)
3=0 j=0

where t; = #o Tr X7 are the dressed anti-monopoles of the magnetic theory. It is
then natural to identify S; with the dressed monopoles of the electric theory.

4.2.4. Partition functions. The sequence of reductions and dualities dis-
cussed above can be studied at the level of localization, where the partition function
is obtained as a certain kind of hyperbolic hypergeometric integral which depends
on the complex variables fi € C™/ being the mass parameters associated to the
fundamental fields, and 7 € C being the mass parameter of the antisymmetricﬂ
The 4d/3d reduction can therefore be analyzed by reducing the identity between
the superconformal indices relating the 4d duality (see Appendix for details).
This provides a relation between the 3d partition functions leading to the integral
identity:

k-1 -
Zuspenoy(BT) =TT TI  Talm+pa+m) Zuspen.) (@7) (4.14)
j=0 1<a<b<2N;
We remark that the identity only holds when the parameters of the electric
theory satisfy the balancing condition:
2N
3 i = 2(@(Ny =2) - (No=1)7) (4.15)

a=1

2Physically speaking, the real part of the parameters fi and 7 represents the real masses,
i.e., the fugacities associated to the Cartan of the flavor symmetry, while their imaginary part
correspond to the R-charges (up to a constant factor depending on the squashing).



62 4. CIRCLE REDUCTION OF 4D DUALITIES

which is to be regarded as a constraint on the global charges of the matter fields,
coming from the presence of a non-trivial monopole superpotential . Sim-
ilarly, the parameter 7 is fixed by the superpotential to the value 7 = =5, and
indeed the antisymmetric field in this case is not charged under any non-R global
symmetry because of the superpotential. The parameter 7 is purely imaginary and
corresponds to the R-charge of the antisymmetric field. The rank of the dual group
is N, = k(Ny—2) - N.. The parameters fi, are related to the electric ones by the
duality map Jig =7 — pg.-

Starting from the relation we can shift the scalars o; — o;+s and consider
the real mass flow g =mg + 5, plarn; = ng — s for 1 <a < Ny. This does not affect
the balancing condition but it leads to the relation

k-1 Ny
Zuny (s i;7) = [T TT Ta(r +ma+m) 2y, (7575 7) (4.16)
§=0a,b=1
where Mg = T—myg, Ty = T —Ny. Relation represents the equivalence between
the partition functions of the models discussed in The presence of the mono-
pole superpotential is encoded in the constraint . Observe that the presence of
this constraint breaks the otherwise non-anomalous axial symmetry. The breaking
of U(1); is encoded in the absence of an FI.

We can also reproduce the flow to the Kim-Park duality on the partition func-
tion. The final relation was originally proved in [115] by considering the reduction
of KSS duality on S'. The flow from the effective duality on S' to the Kim-Park
duality required a Higgsing in the dual phase. This Higgsing led to a product of
gauge groups. One of them represented the dual gauge group while the other needed
to be dualized to set of singlet, corresponding to the electric monopoles acting as
singlets in the dual phase. On the partition function this dualization was possible
because of an exact relation at the level of the 3d partition function, discussed in
[116]. Interestingly this relation played a relevant role recently in [I17], in the
reduction of AD theories to 3d.

Here we arrive at the same final identity proven in [I115] by following a different
strategy. First we consider the monopole duality with N +2 flavors. Then, on the
electric side we shift the flavors as discussed in . The final identity is

e A N Mg +n
Zyvy (M T A) = T Th :t5+wa+(j—Nc+1)7_Zu %
§=0

2
a=1
N, N (4.17)
x [T (7 +ma +m) 25, (57575 -A)
a,b=1
Observe that the balancing condition becomes

Ny
Y (ma +n4) +2(muy, 1 +my;+2) = 2(wNy = (N - 1)7) (4.18)
a=1

The parameters MN+1 and m Ny+2 are free, signaling the absence of a balancing
condition on the mass parameters m, and n,. On the physical side the combinations
MN,;+1 + M, +2 Tepresents the presence of an axial symmetry while the parameter
A=2(my ) Nf+2) represents the Fayet-Iliopoulos (FI) term. It indeed appears
as "™ X% on the LHS of and with an opposite side on the RHS. The first
term on the RHS of represents the contribution of the dressed monopoles of
the electric theory acting as singlets on the dual side.

We conclude the analysis by considering the real mass flow studied in [£:2.3]
leading to the theory with a single monopole superpotential. In this case we consider
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the electric theory with Ny + 1 flavors and deform it as in (4.11). The balancing
condition becomes

27(N0—1)+%(ma+na)+2n:2w(Nf—1) (4.19)

a=1

The presence of 7 in signals the fact that an extra abelian symmetry has
been generated by the real mass flow. To understand the origin of this symmetry
one can look at the final identity relating the partition functions of the electric and
of the magnetic theory. In this case case we have

o ilkZNf(mZ_nz) Nf .
Zyny (it Tiw = n) = e 2 P ZasMa ) TT Ty (7 + mg +np)
a,b=1
k1 1M 4.20
><HFh(n+w(Nf—1)+T(j—Nc+1)—2Z(ma+na) X ( )
7=0 a=1

xZ0 () (75757 —w = 1)

where M, = 7 — Mg, Tiqg = T —ng and N, = E(Ny —1) = N.. The result matches
the expectations from the field theory analysis. Indeed one can read the charges
of the singlets from the partition function and check that they coincide with those
obtained for the singlets S; in the superpotential .

4.3. Eight fundamentals and E; symmetry

In this section we re-consider the gauge and field content discussed above, i.e.,
supersymmetric gauge theories with a symplectic gauge group, fundamentals @
(here we restrict to 2Ny = 8) and one anti-symmetric tensor matter field A. How-
ever, here we have models without a power law superpotential for the field A. These
theories have been analyzed in [102, [65], [103] where it has been shown that these
models present an IR enhancement of the global symmetry to E; x U(1). In the
following we will study the reduction of these models to 3d, showing the appear-
ance of monopole superpotentials and constructing an intricate web of dualities.
These new dualities generalize the 3d SU(2)/U(1) duality discovered in [65] to
a USp(2N,.)/U(N,.) duality. We also emphasize the key role played by monopole
superpotentials in the analysis and check many of the claims by testing them with
the three sphere partition function.

4.3.1. The 4d theory. The 4d theories have been largely discussed in [102],
103] and here we will just briefly review some of the main aspects of these models
necessary for our analysis. One can divide the 4d theories into 4 classes, depending
on the global symmetry and on the presence of singlets that can be added without
further breaking of the flavor symmetry. The first two classes, (A) and (B) have a
classically unbroken SU(8) global symmetry, while the other two classes, (C) and
(D) have a smaller SU(4) x SU(4) classical global symmetry. In the following we
discuss some of the salient features of these theories.

(A) The theory has a global SU(8) x U(1) x U(1) g symmetry group and the
fields transform under the gauge and global symmetries as in the following
table:
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USp(2N.)  SU(8) U(1) U(1)r
Q 2N, 8 L Ry

A|N.(2N.-1)-1 1 1 Ra

The anomaly freedom of the R-symmetry imposes the constraint
(Ne+1)+(Ne—1)(Ra-1)+4(Rg-1)=0 (4.21)

This is a Seiberg dual phase, the global symmetry group visible in the
lagrangian is maximal, i.e. SU(8) x U(1) x U(1)g. This dual theory has
N, mesons in the two index antisymmetric representatiton of the non-
abelian SU(8). These 28 dimensional mesons act as singlets in the dual
phase and they can be expressed in terms of the matter fields of the electric
phase as

MY = Q,Q AN (4.22)
with 1 <r<s<8and j=0,...,N.—1. The eight dual fundamentals ¢
and the dual antisymmetric a interact with the meson through the super-
potential

No-1
W= > Tr MD gga? (4.23)
§=0
In this case the global SU(8) symmetry is explicitly broken to SU(4) x
SU(4)xU (1), where the subscript B in the abelian factor indicates that
this symmetry acts like a baryonic symmetry giving an opposite charge to
the fundamentals of the two SU(4) factors. There are N, mesons M)
in the 4 x 4 representation of the non-abelian symmetry group and there
is a superpotential

Ne-1
We= ). Tr M9 gpa? (4.24)
§=0
where the four anti-fundamentals g refer to the first SU(4) factor and the
four fundamentals p refer to the second SU(4) factor. Up to permutations
there are %(i) = 35 inequivalent theories, having the same field content in
terms of gauge group and charged matter. All these models are claimed
to be dual to the ones presented in (A) and (B).
There is a second family of theories with an SU(4)? manifest global sym-
metry group. This theory has two types of mesons, each one in the an-
tisymmetric representation of one of the two SU(4) factors. Referring to

these mesons as M) and NU) the superpotential becomes

NC71 . . . .
Wp= > Tr (M(J)qqaj +N(J)ppa]) (4.25)
=0

Also in this case there are 35 inequivalent theories and they are claimed
to be dual to the ones discussed in (A), (B) and (C).

The duality among these 72 models has been claimed in [102], by use of the in-
tegral identities of [I18] between their superconformal indices. These identities
correspond to the action of the Weyl group of E; on the chemical potentials as-
sociated to the global symmetries. One can then imagine that the set of 72 dual
theories forms an orbit for the action of the Weyl group of E; with stabilizer the
parabolic subgroup Sg 2 W(A7) corresponding to the manifest global symmetry of
the lagrangian which acts by permutation of the fundamental fields. The size of the
orbit is then given by the ratio of the orders of the two groups, which is precisely



4.3. EIGHT FUNDAMENTALS AND E; SYMMETRY 65

the number 72. In the case of even N, it has been also observed [103] that all the
models can be deformed in such a way that one deals with 72 self dual phases. In
such cases the (self)-duality group enhances the SU(8) x U(1) global symmetry to
E7 X U(].)

4.3.2. Reduction to 3d. The models described above can be reduced to 3d
by a circle compactification. The prescription of [63], reviewed in Appendix
is necessary in order to preserve the duality among the different 72 phases. We
reduce the spectrum and the interactions of each phase and then add the KK
monopole superpotential (see for details). The presence of the KK monopole
superpotential imposes further constraints on the 3d real masses of the matter
fields. In this case the constraint is:

(No+1)+(Ne-1)(As-1) +4(Ag - 1) =0 (4.26)

where Ag and A 4 are the 3d R-charges of the fundamentals and of the antisymmet-
ric respectively. Observe that the constraint is equivalent to the one imposed
in 4d by the anomaly freedom of the R-current. The KK monopole superpotential
constrains the global symmetries as well, preventing the generation of possible axial
symmetries.

This procedure preserves the duality among the 72 USp(2N,) theories with
eight fundamentals and an antisymmetric. This can indeed be thought of as a
duality between 3d effective theories. This claim can be tested by reducing the
identities between the superconformal indices to identities between the three sphere
partition functions. The final identities already appeared in the literature in [116]
(see [119] for a seminal work). Here we translate in a physical language many of
the results of [116], deriving an interesting set of new 3d N = 2 dualities. The
starting point consists of considering the exact mathematical identity

Ne-1
Zuspeny (i) = [T TT Ta(ir+pe+ ps)x
j=0 1<r<s<4 (427)
x [T Ta(7+pr+ps) Zuspen.) (157)

5<r<s<8

where we defined 7 = {u + (, ptrpa =€} for r=1,...,4 and

8 4
20=Y pr—2w+(Ne=1)7 == pp +2w— (N = 1)1 (4.28)
r=5 r=1
This identity holds provided the constraint
8
2(Ne = )T+ > pty = 4w (4.29)
r=1

is imposed on the mass parameters p, and 7. The relation together with
the invariance of the integral under permutations of the eight p, variables provides
the invariance under the action of W (E;) [119), 1T16]. Observe that can be
viewed as a master relation and that all possible other dualities can be proved by
alternating and permutation.

For example the duality between the two models with a manifest SU(8) global
symmetry follows from . It is obtained by alternating the transformation
and three permutations. More precisely one first applies to the u; or-
dered as above. Then one permutes the i variables exchanging fis and iy with fis
and fig and apply again. The last permutation corresponds to exchange 7is
and Jiy with iz and fis and apply (4.27) for the third time. Observe that each time
we apply the transformation (4.27) we generate 12N, new mesons, corresponding
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to N, times the two antisymmetric representation of each SU(4) global symme-
try group. However the duality with the manifest SU(8) global symmetry has N,
mesons in the antisymmetric representation of SU(8) corresponding to 28N, com-
ponents. One can observe explicitly that the extra 8 N, components are pairwise
massive and eliminate them on the integral identity by iterating the relation .
The final relation that one obtains is:
Ne-1 -
Zuspeny (i) = [T TIThUT + e + 115) Zuspen. (75 7) (4.30)

7=0 r<s

with 11, = w - N“'2_17' - Ly

It is interesting to observe that this last duality reduces to one of the cases dis-
cussed in Section if we add to the superpotential the deformation W = ANe*1,
This superpotential deformation corresponds on the dual side to the contribution
W = a™e*! for the dual antisymmetric field. This deformation breaks the U (1) sym-
metry and it forces 7 = ]\,20‘11 It corresponds to the reduction of the duality of [120]
studied in [62]. Indeed in this case the dual mode must have USp(2(k(Ny-2)-N,))
gauge symmetry, where here k = N. and Ny = 4. The identity corresponds to
the one obtained in [62] if the actual value of 7 is inserted in the balancing condition.

We conclude by observing that the global symmetry of the integrals can enhance
to W(Er) if N, is even, similarly to the 4d case. First one adds the superpotential:

-t Ne
AW = Y TrMPDQQAT + Y B;Tr A (4.31)
J=0 J=2
Then one observes that all the theories are self dual if this deformation is provided.
At the integral level this signals the fact the we must have an integral identity in
which each phase is just a re-parametrization of the real masses, without further
uncharged matter fields distinguishing the different phases. This corresponds to an
enhanced symmetry and not to a duality. This can be proven on the partition func-
tion by showing that the generator of the Weyl reflection that does not correspond
to a permutation is just a re-parametrization of the masses. The further generator
is the one generating the identity . The addition of the superpotential
corresponds to multiplying the identity by the terms

%_1 N,
[T I1 Ta@w=j7—pr —ps) x [[Tn(2w - j7) (4.32)
r<s 3=0 J=2

On the LHS some of the terms simplify against the contributions of the mesons in
(4.27). The mesonic contributions that do not simplify correspond to the term

N.-1
H H Th (2w — jT = por — 1) H Tn (2w — j7 — por — p1s) | %
j=% 1<r<s<4 5<r<s<8
N, (4.33)
214 8
X H Hrh(2w_.j7—_,ur_,ufs)
j=0 r=1s=5
We can substitute in this expression the real masses fi, = u. —( for r=1,...,4 and

Iy = pbr + ¢ for 7 = 5,...,8 and when necessary plug in the condition (4.28). The
final result is that in the dual theory we remain with the same pre-factor added to
the LHS of (4.27) in terms of the & masses.

Ne 4

2 Nc
H I_I Fh(QW_jT_ﬁr_ﬁs)XHrh(Qw_jT) (434)

r<s j=0 J=2



4.3. EIGHT FUNDAMENTALS AND E; SYMMETRY 67

Recalling that the identity together with the permutations of i generates
the group W (FE?7), proves that this is a symmetry of the integrals and supports the
claim that the model with the superpotential enhances the global symmetry
group to E7.

4.3.3. Real mass flows: USp(2N,.) models and the action of Dg. The
next step consists of removing the KK monopole superpotential to obtain conven-
tional 3d N = 2 models. This is done by integrating out some flavors, i.e. by
assigning a large real mass to them. When this procedure is done consistently on
a pair of dual theories such a duality can be preserved in the 3d limit [63]. In the
case discussed here we have a set of dual phases connected by a larger symmetry
group than the one expected from the action. The concepts of global symmetry and
of duality are here strongly connected, and depending on the details of the model
the action of a duality group can become the action of a global symmetry group.
The group underlining this web of theories is the Weyl group of Fr.

We have just reviewed its action on the complex combinations p, representing
the real masses and the R-charges of the matter fields. By a real mass flow the
W (E7) symmetry group is generically broken to a subgroup. This subgroup is asso-
ciated to the action of the global symmetry group of the IR theory. In the following
we study an explicit realization of such a mechanism by assigning an opposite large
mass to two fundamentals in the USp(2N,.) theory with one antisymmetric and
eight fundamentals. This assignment must be done consistently with the dual-
ity map . For example we can assign the large masses as uy = M + &7 and
pg = —M + &g, with M > 0. The parameters {7 g can be eliminated after using
the original constraints between the real masses , signaling the fact that we
will be left with a set of unconstrained real masses at the end of the flow. This
is consistent with the generation of an extra symmetry, constrained before by the
presence of the KK monopole superpotential. This is similar to the generation of
the axial symmetry in the reduction of 4d Seiberg duality to 3d Aharony duality.
This signals the fact that the monopole superpotential vanishes as well.

Let us consider the effect of such a mass deformation in one of the dual phases
introduced above. We proceed as follows: we pick up a pair of dual models, treating
them as a representative of the duality. We discuss the real mass flow for this pair
of dual models and then extract the necessary informations to reconstruct the full
duality symmetry. We first study the following reduction between a pair of dual
models:

e On the electric side we consider 3d N = 2 USp(2N,) gauge theory with
an anti-symmetric and eight fundamental quarks. In this case the electric
theory, after the real mass flow, becomes USp(2N,) with six fundamentals
and one antisymmetric. The real mass parameters are unconstrained.

e On the magnetic side we consider 3d N = 2 USp(2N,) gauge theory
with an anti-symmetric, eight fundamental quarks and superpotential Wp
in . The situation in this dual theory is more interesting. The
mesons M) are light and survive in the low energy spectrum. The other
mesons that survive are the components 1V, éé) and Néé). While the first set
corresponds to the N, generalized mesons of the SU(2) c SU(4) original
flavor symmetry, the second set is associated to N, new singlets, that we
denote as 1. By looking at the charges of these singlets, they correspond
to the dressed electric monopoles, combinations of the bare monopole
Ty of the electric theory with powers of the antisymmetric field X, i.e.,
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T; =TyTr A7. This is consistent with a superpotential of the form

N, '
Wr, = 3 Tn,—; Trpspea’ ™! (4.35)
j=1
The interaction with the other meson Néé) vanishes, because the fields

pr and pg are massive in the dual phase. Nevertheless the charges of this
meson are consistent | with the interaction

N, .
Wise = 2, NPt (4.36)

j=1

where t; represents the dressed monopole of the magnetic theory t; =
toTra’. The final structure of the superpotential of the dual theory is

NC . . . .
2 (Tr MWD gga’™ + Tn.—j Trpspea’  + Néé)tj,l) (4.37)
iz

W =

One can also follow this real mass flow on the partition function. The duality is
preserved if the divergent terms coincide in the relation (4.27) after the infinite
shifts are performed. The real mass flow is performed by using the relation (C.54).

The divergent term in the electric partition function is a phase e=wz % with

$e = 2N (2M + &7 — &) (&7 + &g — 2w) (4.38)

In the dual model there are two phases contributing to the divergent term. The
first comes from the mesons and the second one from the dual fundamentals, ¢, =

¢mes. + Qbfund.- They are

¢mes. = 2Nc(2M+§7_£8) (,LL5+,LL6+(NC_1)T+£7+£8_2W)
¢fund_ = —2NC (2M + 57 - fg) (/,1,5 + e + (]Vc - 1)7’) (439)
One can check that ¢, = ¢, leading to the equality
Ne-1
Zuspengo(7)= [ TI Ta(m+ e + ps)Th(GT + ps + p6) %
7=0 1<r<s<4

) (4.40)
xI'p, (4w - (2N, -2+j)T- ), Mr) Zyspen.)o (B T)
r=1

where 1t = .+ for r=1,...,4 and @, = pt, — ¢ for r = 5,6 and 2C:2w—2f:1ur—
(N.—1)7. Observe that this relation corresponds to Theorem 5.6.11 of [116] after
applying the identity I'y, (2w — )T, (x) = 1 on the last term in . As explained
there, the integrals have an W (Dg) symmetry, generated by the combined action
of the permutation of the parameters p,- and by the transformation .

One can also study the real mass flow triggered by pu7 = M +&7 and pg = -M +&g on
the dual model that preserves the whole SU(8) flavor symmetry, identified by the
superpotential Wp in . In this case some of the components of the mesons of
the dual theory are massive, while there are N, singlets, associated to the combina-
tion Q7QgA’, massless in the dual theory, that do not give rise to any generalized
meson in the dual theory. They correspond to the dressed monopole operators of
the electric theory, Ty Tr A7, acting as singlet in the dual phase. By looking at
the charges of these singlets under the global symmetry one can observe that there

30Observe that further checks are necessary to prove the existence of such an interaction.



4.3. EIGHT FUNDAMENTALS AND E; SYMMETRY 69

is a superpotential interaction compatible with the presence of these fields. The

interaction is
N.-1

W = Z Titn,-1-5 (4.41)
§=0
where t; = to Tr a’ are the dressed monopoles of the dual theory. We can perform
some checks of this duality.

e As a first consistency check we observe that if the antisymmetric acquires
a mass term and it is integrated out, the superpotential corresponds
to the one expected for the Aharony duality for USp(2N,) with six fun-
damentals and N, = 1.

o Another check of the duality just stated consists of studying the real mass
flow on the partition function. Proceeding as above we arrive at the

relation:
N-1
Zuspeny (@)= TT TT TaGr+pe+ps)x
j=0 1s;<556 (442)
xI'p (4w - (2Ne-2+7)7- ) Mr) Zyspan.) (5G7)
r=1
with i, =w- "T’lT—ur, forr=1,...,6. From this relation we can read the

real mass mfje? of the j-th electric dressed monopole mi{g = 4w - (2N, -

2+ )T - 2221 tr. The j-th magnetic dressed monopole has real mass
e = 4w (2N, =2+5)7 - 8, i, Tt follows that ) +mine ™) = 2w,
corresponding to the constraint imposed by the superpotential .

e As a last check we can show that also in this case the duality reduces
to the one studied in [62] if we add a superpotential W = Tr A**! to
the antisymmetric field in the electric side and an analogous one on the
dual side. In this case the dual theory is expected to have USp(2(k(N; -
1) - N.)) gauge symmetry, where Ny = 3 and k = N.. The identity
coincides with the one derived in [62] after the actual value of T is inserted
in the balancing condition.

We can modify this duality to a self duality if IV, is even. On the field theory side
this can be done by flipping half of the singlets T; and M (). On the partition
function this is done equivalently by multiplying both sides of the identity (4.40))
by

j=0 Tli<res<e Lr(J7 + por + ps)Th, (4W (2N -2+ )1~ Z?=1 Mr)
and then using T'y(2)T', (2w — x) = 1 together with the balancing condition. By
proceeding in a similar fashion one can work out the explicit matter content and
superpotentials of the other possible phases. We can also count the number of
dual phases: there are |[W(Dsg)|/|W (As)| = 32 dual phases. This corresponds to the
calculation performed in [65]. We will further comment on this number in Section
where we will explain its algebraic origin and study further real mass flows,
constructing a full duality web.

(4.43)

4.3.4. Higgs flow and new U(N,)/USp(2N,) dualities. The action of the
Weyl group of Dg on the real mass parameters can be also obtained by engineering
a different flow on the original duality. This is essentially the same type of flow
studied in [65], that led the authors to conjecture an SU(2)/U(1) duality. Similarly
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here we will claim the existence of an USp(2N,.)/U(N,) duality. In this case the
real mass flow has to be supplemented by an Higgs flow, that has indeed the effect
of breaking the USp(2N.) gauge symmetry to U(N.). In order to study such a
flow here we first order the masses u; as (mi, me, ms,ng,n1,n2,n3,mq) and then
we consider the infinite shifts m, + M and n, — M for r=1,...,4 and M > 0. The
change in the labels of the masses is done only to match with the notations of [116].

The Higgs flow is triggered by assigning a vev to the scalar ¢ in the vector
multiplet. This is equivalent to consider the shift o; - o; + M. This shift breaks
USp(2N.) with eight fundamentals and an antisymmetric into U(N.) with four
flavors and one adjoint. The mass parameters are still constrained by the relation

2(N.-1)T+ i(mr +n,) = 4w (4.44)

r=1

signaling the presence of a superpotential
W =Ty +Tp (4.45)

This is the type of flow from symplectic to unitary gauge groups studied in [65], [64],
and indeed the superpotential is the generalization of the one obtained in
the case without antisymmetric matter. As already observed in Section this
superpotential is generated because the UV completion of this model is a U Sp(2N,.)
gauge theory with an antisymmetric matter field. Such a matter content does not
induce further zero modes allowing the generation of (4.45).

We then study the R charges and the global charges of the monopoles to infer
the constraints on the real masses induced by the superpotential . For the
R-charges we have

Ar,

[¢]

:ATO :2(1—AQ)+2(1—AQ’)—A)((NC—1) (446)

Similar relations can be written down for the other global charges. By imposing
Ar, = Az =2 (and Q(Tio) = Q(Tfo) = 0 for the other global symmetries) we observe
that the constraint is recovered . This analysis can be performed in all of the
dual phases, leading to the same constraint . It has been shown in [116] that

also in this case W(Dg) is a symmetry of the three sphere partition function. We

can also count the number of dual phases: there are [W (Dg)|/|W (A3)|* = (2%512 =40
dual phases; again this corresponds to the calculation performed in [65].

We now have two different theories in which W (Dg) acts as a symmetry on the
mass parameters. It is tempting to conjecture a duality among such theories. Such

a duality can be proven at the level of the partition function.

4.3.4.1. USp(2N.)/U(N.) dualities from the partition function. Let us apply
the Higgs and real mass flow just discussed on the LHS of , performing the
large M limit on the various terms in both sides of the duality enconded in .
We can simplify the calculation as explained in [64] by using the symmetries of the
integrand. This is necessary also to obtain the correct dimension of the Weyl group
when flowing from USp(2N,) to U(N,.).

Then we need to compare the divergent terms and only if they coincide we can
read the equivalence between the finite parts. We will now just compute their phases
by using . In the electric theory there are three sources of divergences, the
contribution from the fundamental quarks, the contribution from the antisymmetric
field and the contribution from the gauge sector. After using the balancing condition
the contribution ZZ 5 0; vanishes. It signals the absence of an FI in the final
result, as expected. This is consistent with the presence of the superpotential .
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The phase is

4 4

pe = —AMN, (2w +T(N, = 1)) =2New > (my —n,) + No Y. (m2 —=n2)  (4.47)

i=1 r=1

Next we need to study the phase corresponding to the divergent pre-factor in
the partition function of the dual theory. In this case there is no Higgsing taking
place and we have just two sources generating the large shift in M, the dual quarks
and the mesons. The dual quarks generating the shift are the one parameterized
by v4+(¢ and pg—(. Their contribution to the phase together with the contribution
of the massive mesons cancels after imposing the balancing condition .

Summarizing: all the phases cancel and one remains with the identity of Theo-
rem 5.6.15 in [116] with the same constraints on the masses and the same duality
map. The identity is

Ne-1 3
Zunoo (M 7) = T TITh(T +my +na, j7 +my + 0, ) x
i (4.48)
* 20 5p(2N.)o (He; T)
where
,uc:{m1+C,m2+C,m3+C,n1—C,nQ—C,ng—C} (449)
There is a constraint
2¢ = mg+ni+ng+ng—2w+ (N.-1)7
= 2w—(N.-1)T—ng—my—mg—ms (4.50)

This shows that one can obtain the duality between the U(N,) and the USp(2N,)
theory discussed above flowing from the W ( E7) invariant case on the partition func-
tion. The electric theory has superpotential , coming from the Higgs flow from
USp(2N,) to U(N,).

In the USp(2N,) dual theory the monopole superpotential is set to zero because
of the real mass flow and we are dealing with a set of unconstrained real masses.
The correct constraints are imposed by the dual superpotential, involving the gauge
singlets, identified with some of the mesons of the U(n) theory. The superpotential
of the USp(2N,.) dual theory E| corresponds to the one discussed in [103] and it is

Ne
W= Tr(MPqggAT™ + NDppait) (4.51)
j=1
where M and N are gauge singlets, ¢ and p are the quarks of the two SU(3)
global symmetries, and A is in the antisymmetric of USp(2N,). The real masses
of the quarks ¢ correspond to the first three entries in while the ones of the
quarks p to the last three entries. The duality then identifies the singlets M) and
NG with the mesons Q,Qs XN/ and Q4Q, X N7 respectively, where r = 1,2,3
and j = 1,...,N.. This imposes the constraints on ( discussed in , break-
ing a baryonic-like symmetry. It is interesting to observe that while the monopole
superpotential of the electric theory breaks the topological symmetry, the
superpotential of the dual theory, involving the mesonic operators, breaks
the baryonic symmetry. This behavior is reminiscent of mirror symmetry and may
play a crucial role in a deeper understanding of this duality.

4.3.5. The general scheme. In this section we study the general web of du-
alities and enhancement of the Weyl group symmetry that can be derived from the

40Observe that this superpotential has already appeared in the literature in [121]. The duality
discussed here can indeed be reduced to the one conjectured in [121] through a real mass flow.
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FIGURE 2. Weyl group symmetry enhancements obtained from
USp(2N,.) with eight fundamentals and antisymmetric defined on
R3 x S'. The rectangles represent the partition function of sets
of 3d NV = 2 models, with gauge group USp(2N.)o or U(N.)-k,
where k refers to the CS level. In the symplectic case there is one
antisymmetric matter field A and F' fundamentals, while in the
unitary case there is one adjoint and a pair F = (Fy, F) of fun-
damentals and anti-fundamentals.. The numbers appearing in a
square on the left of each box correspond to the degeneration of
integrands with the same gauge and charged matter content (up to
spacetime parity and charge conjugation). They can in principle
differ by the presence of hyperbolic gamma functions correspond-
ing to extra singlets, i.e. that do not appear in the integrands.
These degenerations are obtained by modding the enhanced Weyl
group symmetry of the integrands, defined in the grey column on
the left of the picture, by the manifest Weyl group symmetry, spec-
ified by the value(s) of F. The red arrows in the figure specify the
RG flow connecting the UV to the IR models in the diagram.

reduction of 4d A =1 USp(2N,) with eight fundamentals and one antisymmet-
ric. This web is obtained generalizing the real mass and Higgs flows that led to
the dual models with the W (Dg) enhancement. In order to do that let’s discuss
formally the flow from the case with W (E7) enhancement to the case with W (Dsg)
enhancement.

In that case we reduced the manifest global symmetry by assigning real masses.
The partition function had a reduced discrete symmetry group, corresponding to a
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W (Dg) subgroup of W(E?7). There are different ways to construct such subgroups,
corresponding to new dualities, transforming for example USp(2N..) into U(N,).

The discussion was made mathematically precise in [I16] by showing that the
symmetry of the new integrals is a subgroup of W (E7). This subgroup acts as
a discrete symmetry on the IR partition functions and it is obtained by letting
the variables p of the F; case go to infinity in the direction of a vector in eight
dimensional Euclidean space. This vector corresponds to by = (0,0,0,0,0,0,1,-1)
in the first case and to by = (1,1,1,1,-1,-1,-1,-1) in the second case (up to nor-
malizations). Observe that the vectors b; are defined modulo permutations. These
permutations explore the degenerations of the 32 USp(2N,) models with six fun-
damentals and of the 40 U(N.) models with four flavors. The vectors orthogonal to
b; form two different embeddings of the root system of Dg. The discrete symmetry
of the IR partition functions corresponds to the reflections in these roots. It is
possible to transform the system defined by by to the system defined by by by act-
ing with the “broken” elements of W (E7): this is the mathematical interpretation
of the USp(2N,)/U(N.) duality that we discussed above at physical level. The
classification scheme has been completely carried out in [I16] and here we report
the results, translating them in a physical language.

In order to classify the other possible Weyl group symmetry enhancements we
need to iterate the flow, by further real mass and Higgs flows. In this way we
can construct models with USp(2N, )2 and U(N. ), gauge groups, antisymmetric
matter and a lower amount of fundamentals. These flows preserve the dualities and
this translates in a possible enhancement of the Weyl group symmetry for some of
the IR theories. For example starting from the W(Dg) case one can flow to a case
with enhancement of the Weyl group symmetry to W (As). In terms of the gauge
group and of the charged matter content we have two possibilities (counted up to
parity transformations).

e USp(2N.); with five fundamentals and an antisymmetric. The Weyl
group symmetry in this case enhances to W(As). Accordingly, there are

el = 6 dual models.

e U(N.)o with three fundamental flavors and an adjoint. Also in this case
the Weyl group symmetry enhances to W(As) and there are % =20
models.

In Figure [2] we reported the full structure of the RG flow, by iterating the
procedure. At each level we specify the degeneration of the models, and we can
observe that is it always consistent with the ratio of the orders of the enhanced
Weyl group and that of the Weyl group of the naive global symmetry of the classical
action.

From the figure we can extract some physical consequences.

Each row represents a set of models with the same three sphere partition func-
tion. This is the first step to claim a duality between these models. The equivalences
among the various partition functions hold if the correct duality maps, the CS con-
tact terms and the balancing conditions are specified. These constraints can be
obtained by studying the flows from the UV models. We refer the interested reader
to [I116] where these results have been computed and listed.

Moreover each box in the figure is associated to a degeneration of integrals, and
consequently of models. The manifest global symmetry in each of these models can
enhance to a larger symmetry group. This can happen by consistently deforming
the superpotentials, in the various dual phases, transforming the duality into a
self duality. In this way the Weyl group symmetry enhancement of the integrands
becomes a discrete symmetry enhancement of the full partition functions. This is a
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necessary condition for the global symmetry enhancement. More refined analyses
(for example the analysis of the operators counted by the superconformal index, or
the study of the Hilbert series) are then necessary in order to see if the Weyl group
symmetry enhancement can be promoted to an enhancement of global symmetry
to the full group/algebra.

We conclude with an observation about the U(N,)o model with two funda-
mentals and an adjoint. In this case one can observe an enhancement of the Weyl
group symmetry to W(Asz). In the limit of N, = 1 this model coincides with the
model discussed in [104), 105}, 106], where the global symmetry has been indeed
conjectured to enhance to SU(3). Here we observe El, at the level of the partition
function, that the model is also dual to a U(1)_3/, gauge theory with three fields
at charge 1 (see also [122]). This last theory has a non-trivial monopole super-
potential and it corresponds to a self dual case of the duality studied in [64] with
U(N¢)r/2 gauge groups, Ny fundamentals and Ny — &k anti-fundamentals.

Finally, we also observe that the enhancement of U (N,) with two pairs of funda-
mental flavors to Az x A; corresponds to the SO(6) enhancement discussed in [106].

4.4. Six fundamentals and confining theories

In this section we study the dimensional reduction of a USp(2N,.) gauge theory
with an antisymmetric and six fundamentals. This model can be obtained from the
one with eight fundamentals by a superpotential mass deformation. It has been ob-
served in [102] that in this case the superconformal index supports an enhancement
of the global symmetry to Fg H Here we will not comment on the enhancement of
the global symmetry for this case. We will rather study the consequences of this
mass deformation in the dual model with the maximal amount of global symmetry,
which becomes a confined WZ model. The 4d theory was studied in [101], and it
was indeed shown that, in the IR, this theory confines without breaking the chiral
symmetry. The confined degrees of freedom are expressed in terms of gauge in-
variant combination of the matter fields. They correspond to the gauge invariant
operators

Sy oc T AM2 My, o< QA*Q, k=0,1,...,N.-1 (4.52)

There is also a superpotential interaction in the confined description, with a number
of terms rapidly growing with N.. For N, = 2,3, 4 these superpotentials have been
given in [10T].

This theory can be reduced to 3d, in both the confining and in the confined
phase. In the first case one has a 3d effective USp(2N,) gauge theory with an
antisymmetric and six fundamentals. This theory has also a KK monopole super-
potential, W = nY. The confined theory on the other hand has the same fields
and interaction of the 4d parent. This is consistent with the results of [124), 125],
where the reduction of U(N,) confining gauge theories was discussed in details.

The 3d duality obtained by this reduction has a well studied mathematical
counterpart in the analysis of hyperbolic integrals. Indeed the matching between the
partition function relating the two theories was already proven by [126), 127, 128].
The explicit relation is

N. N.-1
Zuspeny (@) = [ITa(m) ITT I1 TaG7+ pa+ ) (4.53)
j=2

j=0 1<a<b<6

SFurthermore in [122] it has been shown that this model is dual to an SU(3)5/2 gauge theory
with a manifest SU(3) global symmetry.
6See also [123] for related discussions.
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with the relation among the mass parameters

2(N.-1)T+ 26: g = 2w (4.54)

a=1

This relation, that corresponds to impose the anomaly free constraints on the 4d
R-current, signals the presence of the KK monopole superpotential in the confining
theory. In the confined case it is consistent with the superpotentials of [107].

For concreteness let us analyze the dynamics of the USp(4) case. Higher ranks
can be studied in a similar fashion. First we need to obtain the R-charges at the
fixed point. This calculation is performed by extremizing the three sphere partition
function. We obtain A, ~0.184 and A; . ¢~ 0.272. The R-charges of the singlets
are Ag, =0.369, Ay, =0.544, and Apy, = 0.728. This shows that the singlet Sy hit
the bound of unitarity, A < % The WZ superpotential in this case is

W = SoMj + Mo M} (4.55)

and it implies that the first term is irrelevant and flows to zero in the IR. One can
take care of the presence such an accidental symmetry also in the electric theory
by adding a new singlet, 35, with a superpotential interaction ~ 3, TrA2. A similar
argument applies for higher ranks, and this modifies the electric superpotential,
that eventually becomes

N, )
W=> 5, TrA? + Y (4.56)
j=2

On the other hand the dual superpotential is cubic and corresponds to

W =3 MiM;Mpdisjik2(N,-1) (4.57)

ijk

where M3 corresponds to the contraction of the SU(6) indices with an ¢ tensor.
This procedure can be easily carried on from the point of view of the partition
function. Indeed one can just divide both members of by the contributions
of the Sy singlets and then use the relation 'y, ()T, (2w —x) = 1. The final equality
is

N. N.-1
Zuspeny)(BT) [[Thw-j7)= [T TI Talir+pa+m) (4.58)
j=2 §=0 1<a<b<6

We can summarize the duality as follows

e In the electric side we have a USp(2N,.) gauge theory with six fundamen-
tals, one antisymmetric and NN, -1 singlets 3;. The superpotential is given
in .

e In the magnetic side we have a WZ model, with singlets M; = QA7Q,
j=0,...,N. -1, interacting through the SU(6) invariant superpotential
(14.57)).

The field content of the electric and of the magnetic theory is:
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USp(2N.) SU(6)  U(1)r Uy
1-N,
Q 2N, 6 A LN
1-3A
A | N, (2N.-1) 1 25 1
Bj 1 1 2- j}\f’_Al -j
1 2(1-N, .
M; 1 15 2A+j ks 2N,

It is possible to study a 3d conventional limit by real mass and Higgs flow. We
consider these two cases separately in the following sections.

4.4.1. Real mass flow. In this case we assign a large mass to two fundamen-
tals reducing the theory to USp(2N,) with four fundamentals and an antisymmet-
ric. In such cases the meson M;;, in the antisymmetric representation of SU(6)
splits into an antisymmetric meson of SU(4) and a monopole. For example, if we
consider the case N, = 2, the superpotential of the confined phase, before turning
on the real mass, is

. 1 . )
W = Soeijktmn My ME MI™ + ggijklmnj\@ﬁ] ME A (4.59)

In the IR we have
W = SoYoeiim MY MF Ly ok Ly g 4.60
=02Y0&5k1 M 0 +3 0€ijkl My 1 +3 1€i5ki VL 1 ( . )

where the fields Y; = Y Tr A* corresponds to the dressed monopoles of the confining
theory acting as singlets in the confined phase. It can be indeed checked that
the charges of Y; obtained from the superpotential correspond to the ones
obtained by using the quantum formula for the monopole charge in the
electric theory. This claim can be corroborated by studying the partition function.
Indeed in this case we arrive at the identity

N.-1 4
Zuspen.) (5 T) [T Ta(2w - @Ne=2-7)7= 3" o)
J=0 a=1

X

Ne
Hrh(jT) H Fh(jT+,LLa+,UJb) (461)
j=2 1<a<bsd
where the mass parameters are unconstrained. The first term in the RHS of
corresponds to the contribution of the dressed monopoles Y;, for i =0,..., N, — 1.
Again we can study the dynamics of the models and observe that the superpo-
tential terms involving the singlet Sj are irrelevant. Proceeding as above we end
up with the following duality:

e In the electric side we have a USp(2N,) gauge theory with four funda-
mentals, one antisymmetric and V. — 1 singlets 3;. The superpotential is
given by

N. _
W = Z B; TrA? (4.62)
j=2
¢ In the magnetic side we have a WZ model, with singlets M; = QA’Q and
Y;, with j =0,..., N, — 1, interacting through the superpotential

W= > YiM;Mi0isjik 2(N.-1) (4.63)
gk
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The field content of the electric and of the magnetic theory is:

USp(2N:)  SU(4) U(L)r Uy U(1)a
Q 2N, 4 A 0 1
A | N,2N.-1) 1 Ay 1 0
B 1 1 2-jA4 ~j 0
M; 1 6 2A + jA, j 2
Y; 1 1 2-4A+(j-2(N,-1))As j-2(N,-1) -4

4.4.2. Higgs flow. A second interesting 3d limit can be taken by shifting the
scalars o; by a large real quantity s. If this flow is supported by a real mass flow
fa = Mg + 8 and pige3 = ng — s for a = 1,2, 3, the final theory has U(N,) gauge
group, three pairs of fundamental and antifundamental quarks and a monopole
superpotential

W=Ty+Tp (4.64)
This theory is dual to a set of singlets interacting through a superpotential. For
example if N, =2 we have
W = SgEilijmnMélMgmMgn + %EijkflmnMélemen (4.65)
where the mesons M ng = Q,X7Qy are in the bifundamental representation of the
SU(3) non-abelian flavor symmetry group. Here X represents the adjoint matter
field and 7 =0,..., N.—1. In this case there are no monopoles of the electric theory
acting as singlets in the magnetic dual. Indeed all the massless components of the
original (antisymmetric) mesons become components of the new (bifundamental)
meson in the theory with the reduced flavor. It is possible to reproduce this behavior
on the partition function. Indeed this duality corresponds to an exact identity
obtained in [I16]. The identity is

N, N.-1 4
Zy(n), (M 13 7) = [1TwG7) TT T1 Ta(r +ma +ny) (4.66)
j=2 3=0 a,b=1

where the parameters satisfy the relation

3
2(Ne=1)7+ > (g +ng) = 2w (4.67)
a=1
Observe that the symmetries of the integrals in (4.61)) and (4.66)) are consistent
with the D5 enhancement [129]. It would be interesting to further study this
enhancement along the lines of section |4.3
The IR dynamics of this model can be obtained after decoupling the irrelevant
superpotential terms in the dual phase. We end up with the following duality:
e In the electric side we have a U(N.) gauge theory with three pairs of fun-
damentals ) and anti-fundamentals (), one adjoint X and N, - 1 singlets
Bj. The superpotential is given by

Nc . ~
W = Z BJ TrX7 + TO + TQ (468)
j=2

¢ In the magnetic side we have a WZ model, with singlets M; = QXJQ
interacting through a cubic SU(3)r x SU(3)g invariant superpotential.
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The field content of the electric and of the magnetic theory is:

U(Ne) SUB)r SUB)L  U()r u()
Q| N 3 1 A 3(N.-1)
Q| N 1 3 A (N, -1)
X | N2-1 1 1 LA 1
B; 1 1 1 2-jl=3a -j
M; 1 3 3 20+ 138 2(N. - 1)+

4.5. Conclusions

In this chapter we have considered 4d theories with antisymmetric matter fields
and we have performed their reduction to 3d, finding interesting new relations and
dualities. We summarize here our main results.

In Section 4.2| we completed the picture in Figure [I} showing that the general
aspects of the reduction of USp(2N.)/U(N.) dualities with fundamental matter
persist when adding anti-symmetric/adjoint matter with a power law superpoten-
tial. We have provided arguments from field theory and localization to confirm our
claims.

In Section we obtained a family of 3d effective USp(2N,..) theory with eight
fundamentals and one anti-symmetric matter field in which the action of the F;
Weyl group is manifest on the real masses, leading to the generalization of the dual-
ities of [102] to 3d. Furthermore we constructed a whole web of USp(2N,)/U(N,)
dualities, generalizing the SU(2)/U(1) results of [65] to higher ranks and to lower
symmetry groups, as summarized in Figure

In Section [4.4] we reduced 4d confining USp(2N..) theories with six fundamen-
tals and an antisymmetric matter field. Also in this case we obtained new relations
for both USp(2N.) and for U(N,.) theories.



CHAPTER 5

Discussion and Future Directions

In this thesis we have been concerned with various non-perturbative aspects of
supersymmetric gauge theories in dimensions 2,3 and 4. More specifically we have
studied twisted compactifications of 4d SCFTs by methods of conformal super-
gravity, 't Hooft anomaly computations and toric geometry as well as aspects of
reduction of supersymmetric dualities. In this chapter we discuss some open ques-
tions and possible implications of our results for future lines of research.

In Chapter [2] we have provided a classification of 2d supersymmetric field the-
ories obtained by partial topological twist and compactification along a Riemann
surface of 4d theories with minimal or extended supersymmetry. We have shown
that several degrees of supersymmetry can be obtained in 2d by appropriately tun-
ing the parameters of R-symmetry and flavor symmetry twists.

A first generalization of the program of constructing 2d SCFTs from four di-
mensions consists of decorating the Riemann surfaces with codimension 2 defects,
i.e., punctures. A possible way to study such a problem consists of exploiting the
doubling trick discussed in [130}, 131]. In this case one can gain information on the
effective number of 2d chiral fermions by gluing a Riemann surface with a copy of
itself (with the opposite orientation), thus obtaining a closed surface. This direc-
tion of research is particularly stimulating because, following the analogy with the
six dimensional case, one could hope for an almost-lagrangian description of the 2d
solutions in terms of more tractable blocks similar to the trinions of [132].

Another straightforward generalization is the case of partial topological twist in
other dimensions, as was considered for instance in [I33]. In particular it is inter-
esting the case where the compactification manifold is larger than just a Riemann
surface as this would allow for non-abelian holonomy and therefore a richer variety
of topological twists. Especially the case of flows between even and odd dimensions
proves to be a non-trivial generalization because in this case one cannot study the
reduction by following the behavior of the anomaly polynomial as this quantity is
not defined in odd dimensional field theories.

From the gravity side of the story one could study the problem from the AdS
dual setup along the lines of [I8], reconstructing the central charge from the grav-
itational perspective. The solution in this case should correspond to D1 branes
probing a type IIB warped AdS; x,, M7 geometry, where My is a U(1) bundle
over a 6d Kahler-Einstein manifold. It should be possible to formulate the central
charge and its extremization in terms of the volumes of My, in the spirit of [35].

It would also be interesting to study models arising from the compactification
of 6d theories, such as class S theories [132] or theories with lower supersymmetry,
as the S models [134] or the models of [135]. Finally, the analysis of N = 3 the-
ories is an interesting novel development of the subject, and it would be especially
fruitful to consider given that the central charges a and ¢ can be computed as in
[78]. The analysis of the gravitational dual mechanism of the topological twist in
this case can be performed by studying the consistent truncation of [84] in gauged

79
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supergravity. The twisted compactification of those theories would require to fur-
ther truncate the N = 6 theory to a A/ = 2 subsector once the fluxes are turned
on. In such a setup it might be possible to compare the field theory and the super-
gravity results.

In the analysis of Chapter [3]we have shown that the 2d central charge, expressed
in terms of the mixing parameters, can be reformulated in the language of the toric
geometry underlining the moduli space of the 4d theory. Nevertheless we did not
give a general discussion on the extremization of this function. This point certainly
deserves a separate and deeper analysis. Indeed, the existence of an extremum is not
guaranteed, as discussed in [4]. The main obstructions are due to the absence of a
normalizable vacuum of the 2d CFT and to the presence of accidental symmetries at
the IR fixed point. The study of this problem would be simplified by the knowledge
of the spectrum and the interactions of the 2d models. Progresses in these directions
have been made in [73], 13}, [17]. On the geometric side, the dual of c-extremization
was recently studied in [99]. It would also be interesting to see if some of the tools
developed in 4d (e.g. the zonotope discussed in [40]) can be fruitfully applied to
the analysis of the extremization properties of the 2d central charge.

We would also like to mention that infinite families of 2d SCFTs have been
recently obtained by exploiting the role of the toric geometry [136], 137]. These
so called brane brick models are expected to describe the worldvolume theory of
stacks of D1 branes probing the tip of toric CY, cones in type IIB. It has been
shown that in such cases the techniques of toric geometry can be used to obtain the
elliptic genus [I38]. It would be interesting to further explore the role of toric ge-
ometry in these 2d SCFTs and look for possible connections, if any, with our results.

In Chapter 4| we reduced 4d USp(2N,) theories with antisymmetric matter
fields to 3d. There are some general lessons that we can extract from our analysis
there. One of them regards the structure of the monopole superpotentials in the
presence of unitary gauge groups and adjoint matter. If such a theory is considered
as UV complete then the zero modes counting does not allow the generation of
any monopole superpotential, because each adjoint field carries two additional zero
modes. Nevertheless, as we widely discussed there, we claim the existence of linear
monopole/anti-monopole superpotentials. Such terms correspond to monopoles
of the UV completion, i.e., USp(2N,) models with anti-symmetric matter, where
the zero mode counting allows the generation of the monopole superpotentials. It
would be interesting to further investigate this phenomenon, finding other examples
of its possible application and discussing its relation to the index theorems that in
general prevent the generation of the superpotentials that we have constructed.
The problem of finding an UV completion should be analyzed together with the
study of accidental symmetries. This requires the minimization of the partition
function [139] similarly to the analysis of [140), [141], 142].

Another result that requires further investigation is the generalization of the
flows considered in Figure [I] to the case of Brodie duality [143], involving two
adjoints and a non-trivial superpotential. Recently, this duality has been reduced
to 3d in [I44]. The main difference that emerged from the analysis is the presence
of superpotentials involving monopoles with charge 2. It would be interesting to
study how this behavior modifies our analysis and if a structure similar to the one
in Figure [1| does appear for this case as well. Moreover, one might also consider
the possibility to investigate the existence of 3d dualities between orthogonal and
unitary gauge theories as well as whether one can find 4d analogs of these dualities.
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We conclude with a comment on global symmetry enhancements. In this thesis
we have observed the fact that, thanks to localization, it is possible to prove that
the action of the Weyl group is larger that the one expected from the classical
global symmetry. This is in itself an indication of the possibility of a global sym-
metry enhancement but further investigations are usually necessary for a complete
understanding. One is nevertheless led to think that this mechanism can be used
as a general guideline for recognizing the existence of this sort of enhancements.






APPENDIX A

Spinors and Supersymmetry in 2,3 and 4
dimensions

In this appendix we review some general notions about Clifford algebras, spinors
and supersymmetry.

A.1. Clifford algebras and spinors

Let us start by defining the notion of real Clifford algebra associated to an
inner product space. Let V be a real vector space of dimension d endowed with a
non-degenerate quadratic form Q(+) : V' — R. An inner product (-,-) can be defined
via the polarization formula for Q:

(.9) = 5 (Qw +9) - Q) - Q) (A1)

for z,y € V. We allow for indefinite signature (s,t) where s is the number of
positive eigenvalues and t is the number of negative ones, so that d = s +¢. The
tensor algebra of V is defined as the N-graded vector space:

T(V):éVm:ReaV@(V@V)@... (A.2)
n=0

where the grading is given by the number of factors in the products. The structure
of graded associative algebra is given by the product ® El

The real Clifford algebra over (V, Q) is defined as the quotient:

Cl(s,t) =T(V)/Ig (A.3)
by the proper ideal Iy generated by elements of the form:
r@x+Q(z)l (A.4)

for z € V. The N-grading of T(V) is not preserved by the quotient because the
ideal is not generated by homogeneous elements, however, since Ig is homogeneous
mod 2, there is a Zs-grading on Cl(s,t) compatible with the product of the algebra.
As a vector space, Cl(s,t) is isomorphic to the exterior algebra A*V and we can
decompose it according to the degree mod 2 as:

Cl(s,t) = Cl(s,t)o ® Cl(s, )1 (A.5)

where we call Cl(s,t)o the even subalgebra.

We denote the Clifford product of two elements x,y in V as:
TY=x-Y+ITAY (A.6)

where x -y and x Ay are the symmetric and antisymmetric parts, respectively. One
can check that by definition, z-y = —(x,y)1 is a scalar while z Ay is a bivector, i.e.,
an element of degree 2 in the algebra.

IBecause we are working with real vector spaces, the tensor products are also taken w.r.t.
the base field R.
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Given vectors a,x € V we can compute the reflection of z in the hyperplane
orthogonal to a by use of the Clifford product as:

P.(x) z-22%,
a-a

ar +zxa
a

= €T —
a-a
axra

a-a

= -a'za (A7)

By Dieudonné’s theorem all rotations in V' are generated by compositions of an
even number of reflections, therefore given two vectors a,b € V' the rotation of z in
the plane generated by a and b is:

Rap(z) = Py(Py(2)) = (ab) ™ z(ab) (A.8)

W where 6 is the angle between vectors a and b, then B? = -1

and we can use the power series formula for the exponential to write:

Rap(z) = e 9B B (A.9)

If we write B =

One can then prove that this provides a linear representation of the double cover of
the rotation group, i.e., the spin group Spin(s,t) - SO(s,t). Moreover, since its
generators are the bivectorsEI, there is an isomorphism between the even subalgebra
and the universal enveloping algebra of the spin group Lie algebra. This implies
that all irreducible representations of the spin group are also irreducible representa-
tions of Cl(s,t)o. We then define spinors to be the smallest non-trivial irreducible
representation(s) of this algebra.

In order to classify all possible representations of Spin(s,t) we first need to
classify all the Clifford algebras Cl(s,t) and their even subalgebras. This can be
done by noting the following recursion relationﬁﬂ

Cl(s,t)=Cl(1,1) g Cl(s-1,t-1) (A.10)
Cl(s,0) =Cl(2,0) ®g CI(0,s - 2) (A.11)
Cl1(0,t) = C1(0,2) ®g Cli(t - 2,0) (A.12)
together with the initial isomorphisms:
Cl1(0,1) 2R(1) ® R(1) ClI(1,0) = C(1) (A.13)

Cl(1,1) = CU(0,2) = R(2)  CI(2,0) 2 H(1)

where by A(k) we mean the algebra of k-by-k matrices with entries in the division
algebra A = R,C,H. The even subalgebras can also be obtained by using the
isomorphisms:

Cl(s,t)o 2 Cl(s-1,t) and Cl(s,t)o = Cl(t,5)0 (A.14)
All the possible cases are summarized in Table
Finally we introduce the notion of pseudoscalar element of a Clifford algebra.

Suppose we pick an orthonormal basis of V' given by vectors 7, such that the inner
product (-,-) becomes diagonal in that basis:

Y Y = _<7u77V>1 = _77;u/1 (A15)

2The Lie bracket of the Lie algebra is given by the commutator of bivectors in the Clifford
algebra.
3See [145), [1486] for proofs of these statements.
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TABLE 1. Clifford algebras and spinors. In even dimensions there
are two inequivalent choices of spinor representations, one for each
eigenvalue of the pseudoscalar.

s—t mod 8 Cl(s,t)o spinors k
0 R(k)®R(k) | RF or RF | 27
1,7 R(k) RF 27
2,6 C(k) CkorCk | 2%
3,5 H(k) H* 2%
4 H(k) ® H(k) | H* or HF | 2%

The pseudoscalar of the algebra is defined as the (ordered) product of all the basis
vectors:

Ve =V1V2 -+ Vd (A.16)

and up to a scalar coeflicient it is the only element of degree d in the algebra. By

definition ~, satisfies:
dd=1) |

=) (A.17)

In odd dimensions v, is in the center of Cl(s,t), hence it acts as multiplication
by a scalar in all irreducible representations.

In even dimensions v, anti-commutes with the generators of degree 1, hence
it is in the center of Cl(s,t)o and it acts as multiplication by scalar on the spinor
representations. For s —¢ = 0 mod 4, 42 = 1 and the two spinor representations
correspond to the eigenvalues +1. For s —t = 2 mod 4, 42 = -1 and the two
spinor representations correspond to the eigenvalues +i (they are complex conjugate

representations and v, is the complex structure).
. , d(d=1) " o
By defining v441 = (4 v+ (so that 'y§+1 =+1), we can call positive chirality

spinors those that are in the representation of eigenvalue +1 and negative chirality
spinors those in the representation of eigenvalue —1.

+s

Now that we have defined spinor representations we can also define spinor fields
as follows. Consider a spacetime manifold X with pseudo-Riemannian signature
(s,t) and apply the previous construction to V' = T, X for every point p in an open
subset U c X. This defines a vector bundle & — U in which each fiber is a spinor
representation of the Lorentz group. S is called the spinor bundle and it can be
considered as the vector bundle associated to the lift of the structure group of
the tangent bundle from SO to its double cover Spin. In general there might be
topological obstructions to defining S globally on X, in fact one can show that this
can only be done if the second Stiefel-Whitney characteristic class of T X vanishes.
When this is the case, X is said to be a spin manifold and the sections of S are the
spinor fields.

A.2. Supersymmetry in low dimensions

A superalgebra is a Zs-graded vector space g = go ® g1 together with a graded
Lie bracket:
[2,y] = ~(-1)E=dEV ]y, 2] (A.18)

which satisfies the super-Jacobi identity:
(-1t [, [y, 2]+ (~1) 4BV BTy, [z, 2]]+ (1) B2V [z, [2,y]] = 0 (A.19)
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Elements of gg are called the even generators and they form a bosonic subalgebra,
while elements of g; are called the odd or fermionic generators and they form an
irreducible module for gg, i.e., go acts on g; by derivations.

In applications to physics one usually requires that the even part contains the
Poincaré algebra and that the odd part is a spinor module for it, so that the odd
generators transform in the spinor representation of the Lorentz group. These
generators are then called the supercharges @, and they anti-commute to give the
generators of the translations P,:

[Qos Q] =ThsPu+... (A.20)

where T 5 are structure constant of the algebra. Observe that this is only possible
if the symmetric product of two spinors representations decomposes into irreducible
representations of the Lorentz group, one of which is the vector representation. For
(s,t) = (d—1,1) this is always the case, but other signatures also have this property.
Generators for all the other representations that appear in the decomposition can
be introduced and correspond to the so called central charges Z, which we are not
going to discuss.

If the odd part g, contains multiple copies of the basic spinor representation,
then one says that the algebra is an extended superalgebra. For example, if there are
N copies of the odd generators, then the supercharges QY carry an extra index I =
1,...,N labeling each copy. In this case we can think of them as being in the tensor
product of two representations, the spinor one and a A/-dimensional representation
of the so called R-symmetry algebra. By definition this is a subalgebra of Der(g;)
which commutes with gg. In general it only acts as an outer derivation but it can be
made part of the actual superalgebra by taking the semidirect product of the two.
Let us remark here that even when N = 1, the R-symmetry might be non-trivial;
this is the case for example when the spinor representation is a vector space over
some field (division algebra) A such that Der(A) is non-empty, e.g., for A = C there
is always a U(1) R-symmetry while for A = H there is a USp(2) R-symmetry.

Finally, if go contains the algebra of the conformal group SO(s+1,t+1) and g,
transforms as a spinor representation under it, then the superalgebra is a supercon-
formal algebra. By restricting to the Lorentz subgroup SO(s,t), the supercharges
decompose as the direct sum of the usual supercharges () and the conformal super-
charges S EL While superalgebras exist for any value of d, superconformal algebras
only exist for d < 6. They are also special in that the R-symmetry is always a
an inner derivation of the algebra, which means that the R-symmetry generators
appear in the superbracket of two supercharges.

Similarly to how Einstein gravity is the Cartan geometry of the inclusion of
the spin group in the Poincaré group, i.e., the gauge theory for the Lorentz and
translation symmetries of a pseudo-Riemannian manifold and its tangent bundle,
supergravity (conformal supergravity) is the super-Cartan geometry for the inclu-
sion of the spin group in a supersymmetric extension of the Poincaré group (con-
formal group).

For a detailed introduction to supergravity and conformal supergravity we re-

fer the reader to the standard references [71, 147, 148]. For a treatment of the
subject in terms of Cartan geometry see [149].

40ne can show this by using the relations in 1i and 1}
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A.2.1. Two dimensions. For d = 2 and signature (s,t) = (1,1) the even
Clifford algebra CI(1,1)¢ is R @ R, therefore the spinors are real vectors of length
1. Moreover we see that they are chiral and the chirality is given by the eigenvalue
of v3 = =y« = =y0y1. The full Clifford algebra is Ci(1,1) 2 R(2) and we can find a
basis of generators given by the real matrices:

0 1 0 -1
The double cover of SO(1,1) is Spin(1,1) 2z GL(1,R).
Because spinors are chiral and real, supersymmetry in two dimensions can be
generated by an arbitrary number of supercharges of both chiralities. One then

denotes the amount of supersymmetry as A = (p,q) and the R-symmetry can be
as large as O(p) x O(q).

A.2.2. Three dimensions. For d = 3 and signature (s,t) = (2,1) the even
Clifford algebra C1(2,1)¢ is R(2), therefore the spinors are real vectors of length
2 with no chirality. The full Clifford algebra is C1(2,1) = C(2) and we can find a
basis of generators given by the complex matrices:

0 1 0 -1 i 0
= [1 0] m= [1 0 ] 2= [0 —i] (A.22)
The double cover of SO(2,1) is Spin(2,1) 2 SL(2,R).
Because spinors are real but not chiral, supersymmetry in three dimensions can
be generated by an arbitrary (even) number of real supercharges. One then denotes
the amount of supersymmetry as N' = n and the R-symmetry can be as large as

O(n).

Under dimensional reduction to d = 2, a 3d spinor decomposes as the direct
sum of two 2d spinors of opposite chirality:

3d 2d

R?2 - R,oR. (A.23)

A.2.3. Four dimensions. For d = 4 and signature (s,t) = (3,1) the even
Clifford algebra C1(3,1) is C(2), therefore the spinors are complex vectors of
length 2. Moreover we see that they are chiral and the chirality is given by the
eigenvalue of v5 = iv, = iv0717273. The full Clifford algebra is CI(3,1) 2 H(2). By
taking the tensor product with C we can represent the generators by the complex
4-by-4 matricesﬂ

0010 0 0 -1 0
1o oo 1 o o o0 1
=11 0 0 0 M= 0 0 o0
0100 0 -1 0 0

(A.24)
0 0 01 0 0 0 —i
1o 0o 10 lo 0o i o
%o -1 0 0 B=lo i 0 0
-1 0 0 0 40 0 0

The double cover of SO(3,1) is Spin(3,1) 2 SL(2,C).

5Here we use the isomorphism of algebras H(k) ®r C = C(2k).
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Because spinors are chiral and complex, in four dimensions equation
makes sense only if there is an equal number of positive and negative chirality su-
percharges, which must also be complex conjugate of each other. Therefore super-
symmetry is non-chiral and it is denoted as A = n for a total of 4n real supercharges.
The R-symmetry in this case can be as large as U(n).

Under dimensional reduction to d = 3, a 4d chiral spinor decomposes as the
direct sum of two 3d spinors:

4d 3d 2d

C? - R?’e@iR? - (R,eoR.)ei(R,®R.) (A.25)
By further reducing to 2d one can re-assemble the 2d spinors as:
R+®iR+ER+®R@ (A.26)

R_goiR_2R_erC

so that they can be seen as the tensor product of spinors of Spin(1,1) and spinors
of Spin(2) 2 U(1).



APPENDIX B

The Anomaly Polynomial

In this appendix we review the general formalism of the anomaly polynomial
that has been used in section We refer the reader to the seminal paper [150]
for the original construction. For a detailed review see also [I51] and references
therein.

B.1. Gauge anomalies

We consider a gauge theory on a 2[-dimensional manifold X which for simplicity
we assume to be a sphere S?. A gauge theory with gauge group G is specified by
a principal G-bundle on X with connection A and some associated vector bundle
whose sections are to be regarded as the matter fields of the theory. In what follows
we will consider fermionic matter fields i transforming as spinors under the Lorentz
group and as vectors in some irreducible representation R under the gauge group G.
If we define S, the chiral spinor bundles over X and E the vector bundle associated
to the representation R then the fields v are sections of the tensor product of the
two:

Y. eI(S:® E) (B.1)

Let us choose for definiteness a left-handed Weyl fermion v, whose partition
function in the background of the gauge connection A is given by:

Z(A)=e WA :/dwd@ﬁ exp(—fxdx zzimw):det(im) (B.2)

where V. = v#(0,, +w, + A,,) is the covariant derivative on S, ® E. The partition
function can therefore be computed as the regularized product of the eigenvalues of
the operator V.. However this operator maps positive chirality spinors into negative
chirality spinors hence it does not make sense to ask what are its eigenvalues. In
order to compute its determinant we introduce an auxiliary fermion of opposite
chirality ¥_ not coupled to the gauge background and consider the Dirac operator
D acting on the Dirac fermion :

o~ [o o Vs
0 ] ef] 5

The new Dirac operator can be diagonalized however one finds that its spectrum
is not gauge invariant and the determinant is invariant only in modulus:

|det(iD)|? = det(iD(iD)1) = det(i0-18, ) det(iV,iv_) (B.4)

which means that if we perform a gauge transformation g on A the partition function
picks up a non-trivial anomalous phase §,WW(A) = iw(g, A). If this happens we say
that the theory has a quantum gauge anomaly which manifests itself as a failure in
the conservation of the corresponding gauge current:

ow L
H6A,

We give now a topological description of the anomalous phase of the determi-

nant in (B.2)). Let us define A the space of all possible gauge connections A, and

D, (J") =D 0 (B.5)

89
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G the group of all (finite) gauge transformations of the gauge bundle E. Then A is
an infinite dimensional affine space on which the infinite dimensional group G acts
as:

g-A=A=g'(A+d)yg for ge G, Ae A (B.6)

and Feynman’s path integral prescription says that we have to integrate over A
the partition function of the system in order to make the gauge field dynamical
and properly quantize the gauge theory. If the fermionic partition function Z(A)
is constant along the orbits of G then one should be able to split the integral over
A first by integrating along the orbit and then over the quotient A4/G:

fAZ(A):L/gng(A):vol(g)A/gZ([A]) (B.7)

where [A] is the gauge equivalence class of A in A/G and we assumed that the
action of the group of gauge transformations is free, i.e., there are no reducible
connections so that the orbits are all isomorphic to G. We remark that A is a
principal G-bundle over the space of orbits and that the function Z being constant
along the fiber means that it can be “pushed down” to a function Z, on the base
of the fibration:

G A—2cC (B.8)
| -2
//Z¢
AlG

As we have seen before however, the phase of Z has non-trivial variation w(g, A)
as we move along the fiber hence it will not define a function on the quotient but
rather a section of a complex line bundle £ over it, the determinant line bundle.
This is the rank-1 vector bundle on A/G associated to the principal bundle A via
the cocycle w: A x G — U(1). The cocycle condition on w reads:

w(hg, A) =w(h,g-A) +w(g,A) (B.9)

and it expresses the compability with the group action of G H

When the function Z is constant along the orbits the cocycle w is trivial as well
as the line bundle £ so that its sections are just complex functions over the base
and it make sense to compute their integral. When the cocycle is non-trivial one
cannot find covariantly constant global sections of £ and it does not make sense to
integrate over the base. We can therefore say that the gauge anomaly is precisely
encoded by the non-triviality of the determinant bundle £, i.e., the non-vanishing of
the cocycle w whose homotopy class in H?(A/G,Z) corresponds to the first Chern
class of L. The precise form of the cocycle can be computed via the index of a
Dirac operator as we will review in the next section.

B.2. The Atiyah-Singer index theorem

In order to compute w we restrict to an embedded 2-sphere inside of A/G and
consider the pullback of £ to this S?. By doing so the pullback of w, i.e., the first
Chern class, becomes a class in H?(S?,Z) =~ Z hence we can canonically identify it

"n more abstract terms w is a functor from the action groupoid A//G to the delooping of
U(1) obtained by composition of the cocycle u classifying the principal fibration and the complex
character x specifying the representation of G on the fibers of L:

AlJG L Bg—X3BU(1)
\_/r

w
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with an integer number.

If we locally trivialize the bundle by choosing two patches being the disks
covering the two hemispheres and intersecting on the equator, the first Chern class
of the bundle is given by the winding number of the transition function A : S* — U(1)
that identifies the fibers at the intersection of the patches. By definition of the
pullback bundle on S?, the map A is given by:

A() = exp(iw(g(0). A)) (B.10)

for g : S' — G the transition function of the pullback of the principal bundle A —
A/G, so that:

1 _ 1 27 ow(g(9),A)

) =5 [ atan- o [T EREEE g B.11

«((8°]) 2mi Jst 2m Jo 00 ( )

In [150] it was shown that the winding number of A can be computed as the
index of an elliptic Dirac operator iVg,o over S? x S

a([8%) = ind(iV22) = [ chia(E) (B.12)

where ch(E) is the Chern character of the extension of the bundle E to S? x §%
defined by using ¢ : S' x S - G as transition function H Then iVg;42 is the cor-
responding Dirac operator in 2[ + 2 dimensions and the equality in between
its analytical and topological index is the content of the Atiyah-Singer theorem.

More generally, in [152, [153] it was shown that a curvature and connection
on the bundle £ - A/G can be defined canonically in terms of the curvature and
connection on a generic spacetime X. One needs to consider not just the product
of X with an S? inside of A/G but rather the total space of the fibration:

X——7 (B.13)

l

A/G

where Z = A x X/G. The bundle E can be canonically extended to the total space
Z and the push-forward of its Chern character to the base A/G is the curvature
characteristic class of L:

Cl(‘c) = I:f A(TvertZ)Ch(E)] (B14)
X (2)
where the A-roof genus has also been introduced to keep track of the contribution
of the curvature of the tangent bundle of X or more precisely, the vertical part of
TZ. For convenience we write the first few terms in the power expansion of A in
terms of the Pontryagin classes p;:

. 1 1
A=1-— — % -4 B.15
Pt 5760[ Py —4p2] + (B.15)

The integrand in (B.14) is an invariant polynomial of degree [+ 1 in the curvatures
of E and Tyt Z, and it is called the anomaly polynomial Io;,5:

sz = [A(Tvere Z)ch(E)] (B.16)

(21+2)

2Here we used the isomorphism Hom(S',G) = Hom(S! x X, @) for G = Hom(X,G). If we
restrict to the group of pointed gauge transformations, the product S* xS? becomes the (reduced)
suspension S' A §2 & §2+1 50 that [g] € w41 (G).
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B.3. Anomaly polynomial for abelian symmetries

We consider here the special case in which the structure group G is abelian.
This is the case of study of section [2.7]

Let us start by considering G = U(1). In this case all the irreducible repre-
sentations are 1-dimensional and every vector bundle E can be decomposed as a
Whitney sum of line bundles E = L) @ - @ £(™)| where n is the rank of E. If we
call F' e Q?(X) the curvature of the associated charge-1 bundle, then the curvature
of E can be written as:

QB =TeF with T =diag(¢?,...,q™) (B.17)

where ¢(") € Z are the charges with which the structure group acts on each eigen-
bundle £, We write « = [F/2r] € H?>(X,Z) for the Chern class of the principal
bundle so that:

e (L) = My (B.18)
c(E)=Tr[T]z (B.19)
By the additive property of the Chern character we then find:
_ P j2r _ w T"[Tk] k
ch(E)=Tre = ;;o o (B.20)

More generally we can consider a family of n particles charged under m abelian
symmetries G = [];2; U(1);. In this case the gauge bundle is:

E=PL"  with £O=£"g..eLl) (B.21)
r=1

where each £ is a tensor product representation for the group G, labeled by the

set of charges (qir), e, qg)). If as before we define x; to be the Chern class of the
principal U(1)-bundle associated to the i-th symmetry, then we can write:

1
che(E) = E[01(£(1))k+~~~+cl(£("))k]
_ (r)
S Y
s r=1 \i=1
1 m n r .
R > (Zqi(l)“'qi(k))xil“mk
Sy \r=1
1 m
= o 2 TrlTa-T e, (B.22)

LRI

where T; = diag(qi(l), ey qgn)) is the matrix generator of the i-th symmetry.

Using formula (B.14)) we can compute the anomaly polynomial in 4 dimensions
as:

. 1 .
IG Ch3(E) - ﬁpl(TvertZ)Chl(E)

1 1
30 Z T[T, Ty Jxixjay, - ﬂpl(TvertZ) ZTr[Ti]ZEi (B.23)
ik i

where by abuse of notation we write x; for both the classes on X and those on Z.
The coefficients Tr[T;T;T},] and Tr[T;] are called the 't Hooft anomaly coefficients.
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Similarly, in 2 dimensions the anomaly polynomial is:

. 1 ~
n ChQ(E) - 2*4[)1(,ZjvertZ)ChO(E‘)

1 n
i %:Tr[Tln]xixj - ﬂpl(TvertZ) (B24)

with 't Hooft anomaly coefficients Tr[T;T;] and n = rankE the gravitational anom-
aly coefficient.

Observe that for a Weyl fermion of negative chirality the anomaly polynomial
gets a minus sign in front. This means that for a theory with many fermions of
both chiralities one should compute the 't Hooft anomaly coefficients by inserting
the chirality operator 4.1 inside of the traces so that contributions from opposite
chirality fermions are counted with the appropriate signs.

B.4. Dimensional reduction of the anomaly polynomial

Let us call Q%) the curvature 2-form of the determinant line bundle £ - A/G,
Q(Tvert2) the curvature of Tyert Z in 1) and Q) the curvature of E, so that:

Q) = [m f A(Q(Tver@)ch(ﬂ(@))] (B.25)
X 2
If we assume that X is itself a (possibly trivial) fibration:
y¥—X (B.26)
‘);L/

of a Riemann surface over a 2! — 2 dimensional manifold X', then we know that the
anomalies of the theory on X and those of the theory on X’ (after compactification
of the Riemann surface X) will coincide because the compactification only discards
massive KK modes that do not contribute to the anomaly. We therefore expect
that the curvature Q*) is unmodified by the compactification. However we can
ask: what is the anomaly polynomial of the compactified gauge theory on X'?

In order to see this we observe that the fiber integration on X in (B.25) can
be performed in two steps. First one integrates out ¥ and obtains the differential
form:

Iy = .[z Io1i2 (B.27)
defined over the sub-bundle Z’ of Z whose fiber is just X':
Yy>—X— 7 Ioio (B.28)
| d
X —7 IR
]
AlG QL)

The form I5; then should be interpreted as the anomaly polynomial of the gauge
theory on X’ because, by construction, it reduces to Q%) when it is integrated over
the reduced spacetime X':

Q(L):/ IQl:f f121+2:f 121+2 (B'29)
’ XJx X






APPENDIX C

Aspects of 3d NV =2 Theories

In this appendix we collect some relevant results on 3d N = 2 theories. We
focus on the reduction of 4d dualities to 3d dualities and its realization via the
technique of localization.

C.1. 4d/3d reduction and KK monopole

Preserving a 4d supersymmetric duality in 3d can be done by compactifying the
dual phases on a finite size circle. The procedure consists of dimensionally reduce
the field content and to add the effective 3d dynamics due to the finite size. This
lifts possible 4d anomalous symmetries that can potentially become non-anomalous
in 3d. Such symmetries are indeed broken by the presence of superpotential terms
involving the KK monopoles. The KK monopoles contribute to the effective su-
perpotential if in the spectrum there are only two fermionic zero modes, coming
from the gaugino in the adjoint representation, while the matter fields do not carry
further fermionic zero modes[] The counting of these zero modes follows from an
application of the index theorem. Essentially the circle compactification splits the
4d instanton in a set of BPS monopoles, counted by the Callias theorem, and in
one KK monopole. The total amount of zero modes for these configurations cor-
responds to the number of zero modes of the original 4d instanton, obtained from
the Atiyah-Singer index theorem. The difference between the two indices counts
the number of zero modes in the KK monopole. A more direct result follows from
[154], where an index theorem on R3 x S! was derived (see also [155]). In this case
the counting of the zero modes in the KK monopole background from each matter
fields associated to the affine root. For example the presence of fundamental matter
fields does not modify the number of zero modes and the KK monopole is gener-
ated. Here we have been interested in USp(2N,) gauge groups with antisymmetric
matter. The index of [154] has been computed for this representation in [156], and
one can see that also in this case the KK monopole superpotential is generated,
because no further fermionic zero modes associated to the affine root are present.

C.2. Counting of zero modes

In this section we review the counting of zero modes of fermions in a mono-
pole/instanton background. Our derivation will closely follow that of [157] and
[154].

C.2.1. Lie algebra conventions. We start by collecting a few well known
facts about root systems of Lie algebras which are useful in the counting of zero
modes. For a standard reference on the subject see [158].

Let G be a connected, simply connected and semisimple Lie group with Lie
algebra g. The rank r of G is the dimension of any of its maximal torus subgroups
or equivalently the dimension of the corresponding Cartan subalgebra. Having

1Actually this condition can be made milder in the presence of potential interactions involving
the fermions carrying the extra zero modes.
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chosen a particular such Cartan subalgebra h c g we pick a basis of commuting
generators {h;}7_; c b that satisfy:

Trn[hihj] = T(R)(SU (Cl)
for any irreducible representation R of g.
dim(G)-r

We denote the roots of the algebra as A = {«a;},_; c b, the simple roots
as {B;}i_; ¢ A and the inverse of any root « in the root system A as:

a'=22 et ara=zYa(h)a(h) (C.2)

We define the co-roots H; to be the duals of the inverse simple roots ,BJV, i.e., those
elements of the Cartan algebra that satisfy the relation:
w(H;) = B -w (C.3)

for any weight w € h* of the algebra.
A particular choice of simple roots defines an associated fundamental Weyl

chamber corresponding to the convex subset {v € h|B;(v) > 0,Vi =1,...,r} c bh.
Moreover one can split the root system A into two components:
A=ATUA” (C.4)

where A* (A7) are the positive (negative) roots, i.e., those that are positive (neg-
ative) integer combinations of the simple roots. The Weyl vector p is then defined
as the half-sum of all the positive roots:

r=3 >« (C.5)
aeAt
Given a root system A and a choice of simple roots {§;} one can define a partial
order on A* as follows. For any positive root o = 3.;_; m;3;, define the degree (or
level) of « as:

T
deg(a) = > m; € Z (C.6)

i=1
then the degree map endowes A* with the structure of a partially ordered set, the
root poset. The highest root is the root with the highest degree and it is unique
with respect to this property. It is customary to write the highest root and its

inverse as:
T

0= Z kif; and 0¥ =Y kYBY (C.7)
=1

i=1
where k; are called the Kac labels of the algebra and k) are the Dynkin numbers.
We will refer to the lowest root —6 as the affine root and define its dual co-root Hy
as:

Ho=- k/H; (C.8)
i=1
so that w(Hp) = -6" - w for every weight w.
The weights of G form a lattice in h* generated by the fundamental weights
{\;} defined by the relation:
Bi - Ni = Aj(Hi) = 6i; (C.9)

By definition then the weight lattice and the co-root lattice are integral dual to each
other. It is a well known result that the sum of all fundamental weights coincides
with the Weyl vector:

p=2\ (C.10)

r
=1
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which then implies that p(H;) = ) - p = 1 for every co-root H;.

Finally, we recall the useful formula:
A-(A+2p)=Cy(R) (C.11)

where A is the highest weight of the representation R and C3(R) is the value of
the quadratic Casimir element in that representation.

C.2.2. Callias index theorem. Consider a Euclidean theory on R3 xS! with
a massless Dirac fermion v in the representation R of the gauge group G. Coor-
dinates are chosen as {l’i}i=1}2’3 on R? and z* on S'. We look for solutions of the
Dirac equation for 1, i.e., zero eigenfunctions of the Dirac operator:

sz:y“(aﬁAﬂ)w:[ g _OVT ][ ii ]:0 (C.12)

where V and V' are Fredholm operators acting on spinors of definite chirality and,
on an anti-selfdual background, satisfy:

viv=-D,D"+2y™B,, and vV'=-D,D" (C.13)

where B,, = %emlkFlk = F},, is the magnetic field on R3.

What we are interested in computing is the difference in the number of zero
modes of V and those of V. This quantity is a topological invariant and is called
the index of V:

Iz =ind(V) = dimker(V) - dimker(v') (C.14)

Using the fact that ker(V' V) = ker(V) and ker(V V') = ker(v'"), the index can be
conveniently computed by the formula:

M? M?
Ip = lim Ti ——— |- _ C.15
R MI‘EO rR[vTerM?] rR[vaJrM?] ( )

Observe that the trace in is both over the representation R and over the
Hilbert space on which the differential operator v*0,, acts, i.e., the Hilbert space
of sections of the spinor bundle.

In terms of the 4d Dirac operator we can write:

D+M
-D? + M?

2

2y _
IR(M )—T"R[%M

J-sm B

-D+M
(C.16)
Observe that in the previous formula it appears the propagator of the Dirac fermion

1 as:
()i} = (1| 52

corresponding to the Euclidean action (=D + M )1 where the mass M has been
introduced as an auxiliary parameter. Hence we can write:

In(M?) = -MTrg[35(w)] = [ do® [ d% MTer(rs0) (C.18)

The r.h.s. of (C.18) can be expressed using the Atiyah-Singer index theorem for
the abelian anomaly of a 4d theory with a massive Dirac fermion :

Oy = 0, (Y1 y59) = ~2Mepyst) - cha(F) (C.19)

IQ) (C.17)
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where the second term on the right of (C.19) is the second Chern character of the
bundle associated to the representation R:

1
chy(F) = —=Trr[F A F] (C.20)
82
Substituting (C.19)) in (C.18)) the index can finally be rewritten as:
1 ; ; 1
PANE 4 o % J k_ =
In(M?) == fs dz nge (i) dadda* = fRsxsl cha (F) (C.21)

C.2.3. BPS monopole background. The first type of background for which
we are interested in counting fermionic zero modes is that of a static 4d monopole
solution of 't Hooft-Polyakov. For a more general gauge group G we consider the
embedding of the SU(2) solution into the group G as in [159, 160]. These are
usually referred to as BPS monopole backgrounds.

Because the solution is “static”, the fourth component A4 of the gauge con-
nection behaves effectively as a Higgs field ® for the connection A; on R3. The
theorem of Callias then states that the index of depends on the topology
of the Higgs field by counting the winding number of the map |®|1® as it goes
around the 2-sphere at spatial infinity.

In this set up we have that the Higgs field ® ~ A, is constant in 2* but varies
along R3. Finiteness of the energy of the solution imposes the following restrictions:

|®| -1, F-0, D®->0 for |z|]-> o0 (C.22)

so that the connection is asymptotically pure gauge. Because, the Higgs field is
covariantly constant on the sphere at spatial infinity, we can write:

where ®,, = ®(p) is the value of the Higgs field at some fixed reference point p € S2,
and g :S% — G. This corresponds to a global trivialization of the adjoint bundle
of which ® is a section and can always be done since the bundle is topologically
trivial on R3.

The field ® is then equivalent to the pair (P, g) and defines a map to the orbit
of the VEV &, in the Lie algebra g under the adjoint action of G. We assume
that the VEV breaks the gauge group maximally, i.e., we choose ®,, such that
its stabilizer in G is a maximal torus 7' = U(1)"” ¢ G. This implies that orbit is
isomorphic the coset space G/T and:

®:S2 - GJT (C.24)

The homotopy class of the Higgs field then specifies an element of the second
homotopy group of this coset, which for G simple and simply connected is:

m(G[T) 2 Z" (C.25)
With this choice of VEV the BPS solution can be written explicitly as:
Adlgz, = Poo (C.26)

n Eijkxidzjdxk
Flgy = DSk AT
oo 2 |:L‘|3
where we have performed a patch-wise gauge transformation to make the Higgs
field constant.

i=1

The solution is described by the following parameters:
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e &, €l parametrizes the choice of asymptotic VEV for the Higgs field Ay4.
We choose @, such that:

Bi(Pos) >0 (C.28)

for any simple root 8; € h*. It follows that ®., is reqular with respect
to the chosen basis of simple roots 3; and lies into the fundamental Weyl
chamber (other choices are possible but are all related by the action of
the Weyl group).

e n; € Z is the magnetic chargeﬂ of the fundamental BPS monopole associ-
ated to the simple co-root H; € b; these integers describe the topology of
the Higgs field and formally correspond to elements of mo(G/T).

Substituting (C.26)) and (C.27) in (C.21)), the first contribution to the index is

given by:

f gijpridrda® S Tre [n (@ . <I>°o) A3k 1 ]
s =z L & (2m)% (k2 + M2 + (32 + oo )2]?
(C.29)
where we expanded in Fourier modes along the circle S* so that Jar da?t - > pez, and
-iDy — 2% + Ay. Here L is the length of S*.
In the M — 0 limit the momentum integral can be computed using the following
formula:

2
oo

: Pk 2, ,27-2 : k2dk o o 2, 27-2
lim ——[k*+M*+a"]"" =47 lim ——[k"+M*+a"]" = (C.30)
M-0Jr3 (27m)3 M-0JRr3 (27m)3 8rlal
which substituted into (C.29)) gives:
2mp
1 -+ ¢c0
~Trr|n)] ;pi (C.31)
2 pe [T + Do
The series can now be regularized using the n-invariant:
B L
sgn (p+ = )
n(s)= Y —— s (C.32)

peZ |p + 27

and we obtain:

BS0) = STrelnn()]-

Trr [(_%JF{Q;LJ)n]_%fRsXsl cha (F) (C.33)

5 st ChQ(F)

where |z| = max{m € Z|m < x} is the floor function.

The second contribution to the index can be computed by observing that
H*(R3xS!,R) = 0 so that the Chern character is trivialized by the globally defined

2For each fundamental monopole to be properly quantized as an SU(2) BPS solution embed-
ded into the larger gauge group G we need n to be a vector in the co-root lattice of G. In fact, if n
is an integer linear combination of co-roots then its eigenvalues are integers in all representations.
This can be shown by considering that every weight w is a linear combination of fundamental
weights \; with integer coefficients, so that, using we have w(n) € Z.
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Chern-Simons form which can then be integrated over the asymptotic boundary:

1
_z - J

3 o = f f Trr[A4Fy]dad da*

L eiiprtdad dak

. Tre [@wn] [ S22 CEEE

Tor2 R P=n] o, T
b L
= TrR[ n] (C.34)
2w
Combining the two contributions gives the index in the BPS monopole background:
oL dim(R) oL

IBPS Tre “ 2w Jn]: ; {wz( 27 )sz(n) (C-35)

where w; are the weights of the representation R.

In the small radius limit we have |w; (%) | < 1 for every weight w; so that:

[wi (@;TL)J B { —01 izi —01S<l:;(( L))< 1() (C.36)

Then we can rewrite (C.35)) as a sum over the “negative” weights:

dim(R)[_1 4 son Wi (Poo
IBPS - > w(n)= ) [ & (2 (Pe)) w;(n) (C.37)
{w|w (P )<0} i=1

and, using the fact that the weights of any representation sum to zero, we get the

final formula:
dim(R)

1P =3 san(wi(®)) wi(n) (C.38)

i=1

Observe that because of the static nature of the solution, the counting of zero
modes on R?xS! gives the same result as that of a 3d theory obtained in the limit of
vanishing radius for S!. That might not be the case for KK monopole backgrounds
coming from 4d instanton configurations.

C.2.4. KK monopole background. When the theory lives on R? xS! there
is also a second type of topologically non-trivial background called winding instan-
ton or KK monopole. This type of solution is the compactification of a standard
4d instanton on R* and can be obtained from a BPS solution by applying an anti-
periodic “gauge transformation”ﬂ along the z* direction [161, 162]. In this case
the fourth component of the gauge field cannot be taken to be constant along the
compact direction and in fact it defines a non-trivial Wilson line that wraps the S*.
A similar computation to the one in yields the index of the Dirac operator
in a KK monopole background as:

P L 1
I%K = TI’R H‘ B JnoHo] + *noTrR[HoHo]
s 2
dim(R) 1 T(R
= Z isgn(wi(q)w))wi(noHo) +27L0 9( 9) (039)
i=1 ’

where Hj is the “affine” co-root (C.8), T(R) is the Dynkin index of the represen-
tation and ng € Z is the KK monopole charge.

3The quotation marks here are due to the fact that because the transformation is not periodic,
it does not define a proper gauge transformation. In fact, the transformed solution is not gauge
equivalent to the BPS one.
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C.2.5. Adjoint representation. Here we show that, for a suitable choice of
adjoint scalar VEV, a fermion ¢ in the adjoint representation of any gauge group
G carries exactly two zero modes for every unit of BPS or KK monopole charge.

The counting of BPS zero modes is given by the index of which can be

written as:
dim(G)

IBPS > %sgn(ai(fbm))ai(n) (C.40)

Because we have chosen the VEV of the Higgs field to lie in the fundamental Weyl
chamber , the sum ranges over the negative roots with a minus sign and over
the positive roots with a plus sign and the 1/2 in front takes care of the double
counting, therefore we can write:

Ifdi')s = > a(n)=2p(n) =) 2n, (C.41)
aeAT =1

where p is the Weyl vector (C.11)). The computation of the index for a KK monopole
goes as follows:

Ly = —2n0p.9v+2n0Téf‘?)
=20 - p+T(adj)
= 2 _—
"0( 0.0
- 2n0(1+_9'(9+29'01)+T(adJ)) (C.42)

where 6 - (6 + 2p) is the value of the quadratic Casimir element Cy(adj) on the
adjoint representation. Using the fact that Co(adj) = T'(adj) we finally obtain the
desired result:

IEK —op, (C.43)

adj

C.2.6. USp and U case. In section we consider USp(2N) theories with
matter in the fundamental and antisymmetric representations as well as U(N') the-
ories with matter in the fundamental and adjoint. Here we give the result for the
counting of zero modes for those groups and those representations.

In the case of a USp(2N) gauge group we have one zero mode contribution
coming from the BPS monopole associated to the long simple root:

Ifund. =NN (044)

and one for every unit of monopole charge associated to the short simple roots
coming from the antisymmetric representation:

N-1
IantisymmA = Z 2ni (C45)
=1

In particular, we observe that in both representations there are no contributions to
KK monopole zero modes.

In the case of a SU(N) gauge group we have:
Ifund. =1y (046)

for i the largest integer such that w;(®s) > 0 where w; is the i-th weight of the
fundamental representation of SU(N). Therefore there is one contribution coming
from the i-th BPS monopole and none coming from the KK monopole. Similarly,
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for the case of a U(N) gauge group there are no fundamental zero mode contribu-
tions to the KK monopole [63].

C.2.7. Monopole superpotentials. Once a 4d duality is reduced on S* we
are in the presence of a new 3d effective duality. Such a duality has the field and
gauge content of the 4d theory and in addition an extra superpotential involving
the KK monopole. These effective dualities can then be transformed into more
conventional 3d dualities, by real mass and higgs flow. Actually, richer structure
of RG flows have been more recently analyzed in [66], leading to families of new
3d dualities with non-trivial monopole superpotentials. For example it has been
shown that the 4d duality of [I13], that relates USp(2N,) gauge theories with fun-
damentals, can be reduced in this way to a duality between unitary theories with
linear monopoles in the superpotential. Many of the salient features of these re-
ductions can be captured reducing the 4d superconformal index to the 3d partition
function. This reduction gives indeed the 3d identities between the 3d dualities
obtained from the field theory side. An important aspect of these reductions re-
gards the constraints between the fugacities in the superconformal index. These
constraints are necessary in 4d to enforce the constraints imposed by superconfor-
mality, i.e. the vanishing of the beta function or equivalently the anomaly freedom
of the R-symmetry current. The constraints translate in a constraint on the param-
eters of the 3d partition functions (the real masses of the associated field theory).
These constraints signal the presence of monopole superpotentials and are usually
referred to in the mathematical literature as balancing conditions. We encounter
such conditions often in our analysis.

Observe that the presence of a monopole in a superpotential fixes the R-charge
and the abelian flavor charges of such a superpotential term, R[W] = 2 and F,[W] =
0 where the index k runs over the abelian non-R global symmetries. The charge of a
monopole operator with magnetic charge n as in under any global symmetry
can be computed in terms of the charges of the fermions of the theory by a one
loop computation. The quantum correction to the monopole charge is obtained at
one loop and it is

Q a[monopole] = —% ZQA[w,-]|w,;(n)| (C.47)

where w; is the weight of the i-th fermion v; under the gauge group and Q 4[;] is
its charge under the abelian symmetry A.

C.3. Squashed three sphere partition function

Here we provide some more formulas used in Chapter[d] The partition function
of a 3d N = 2 gauge theory, with gauge group G, on a squashed three sphere is
given by the general formula [163, 139 164, 165]

ooz v
N Moce, Tn (2a(0))
(C.48)
where the hyperbolic gamma function T'y, (see for example [116]) correspond to the
contributions of the one loop determinants and are defined as

1 G do; kmio?  2ridg; T A D
z@;k(A;ﬁ):WfHL R i

) i i
zm(w2_w)e 77:«112]

2 2
(e-w)*- 52 pr Loe

Tp(z;wi,we) =Th(z) = s (C.49)

2mi _ 27miwg g

=0 1-—e w27¢e @2
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We denote as b the squashing parameter of the ellipsoid defined by the relation

2, .2 2, .2
x]+x5 x5+

Ry
and define wy = ib, wy = ib~! and 2w = wy + ws. In formula o and p are real
quantities, in the Cartan of the gauge and of the flavor symmetry. We denoted with
an « the positive roots of the gauge group and with p(c) and p(u) the weights of the
gauge and of the flavor symmetry respectively, necessary to parameterize the one
loop contribution of each chiral field. The parameter A corresponds to a possible
FI term, while the R charge of each chiral field is identified by A;. The Gaussian
factor in the integrand corresponds to the contribution of the classical action and
it is identified with the CS term at level k. Possible CS terms involving the flavor
symmetries can be turned on and are associated to the contact terms as discussed
in [166, [167].

In the Chapter 4| we mainly studied the partition function of USp(2N,) gauge
theories with 2V; fundamentals and one antisymmetric matter field. By calling jq
(a=1,...,2Ny) the mass parameters of the fundamentals and 7 the mass parameter
of the antisymmetric, the three sphere partition function becomes

DO s, Mot Tn(Fla £ 0)

2Ne Nt (~wywo)Nel2 J 137" Tp(+20)

Lh(r+0;+0;)
Fh(:i:O'i + O'j)

=1 (C.50)

Zuspen (i T) =

(C.51)

<[]

i<j

We also used the partition function of U(N,) gauge theories with N, fundamental

flavors and an adjoint. In this case the partition function has the general form In
this case we define two mass parameters for the flavor, m, and n, (i = a,...,Ny),
for the fundamentals and the anti-fundamentals respectively. We denote as 7 the
mass parameter of the adjoint. The three sphere partition function in this case is

o Fh(T)NC_l N, rido, Ny
ZU(NC)(mm?T?A):Wf EdUz‘e Hrh(maJrUi)x
“ ) (C.52)

Ny 5
x [ Th(na - Ui)) [I Talr i - ;)
a=1 1<i<j<Ne Cp(x(oi - 05))
where the parameter A refers to the FI term. Observe that we did not consider pos-
sible constraints among the parameters. Such constraints have to be added in the
presence of non-trivial superpotential interactions, like monopole superpotentials.
In the analysis we made use of two relevant formulas relating the hyperbolic
gamma function. The first formula

(2w —2)Tp(x) =1 (C.53)

allows to integrate out pairs of fields associated to superpotential mass terms. The
second formula

lim T (z) = e 2 5en(@) (@)’ (C.54)

xr—>+00
allows to integrate out fields with a large real mass. The gaussian factor in this
formula reproduces the CS terms generated on the field theory side.
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