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THE ERDOS-KO-RADO THEOREM FOR THE DERANGEMENT GRAPH OF THE
PROJECTIVE GENERAL LINEAR GROUP ACTING ON THE PROJECTIVE SPACE

PABLO SPIGA

ABSTRACT. In this paper we prove an Erdés-Ko-Rado-type theorem for intersecting sets of permutations. We show
that an intersecting set of maximal size in the projective general linear group PGLy+1(q), in its natural action on
the points of the n-dimensional projective space, is either a coset of the stabiliser of a point or a coset of the stabiliser
of a hyperplane. This gives a positive solution to [I5] Conjecture 2].
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1. INTRODUCTION

The Erdés-Ko-Rado theorem [5] is one of the most fundamental theorems of extremal combinatorics; this result
determines the cardinality and also describes the structure of a set of maximal size of intersecting k-subsets from
{1,...,n}. This theorem consists of two parts: the first part determines the maximal size of intersecting k-subsets;
the second part classifies the sets attaining this maximum. There are various applications of the Erdés-Ko-Rado
theorem, for example to qualitatively independent sets, problems in finite geometry and in statistics. The importance
of the Erdds-Ko-Rado theorem is mainly due to its ubiquity: there are many different proofs and extensions of this
theorem and we refer the reader to [3l[7] for a full account. In fact, the book [7] is dedicated primarily to various
incarnations of the Erdds-Ko-Rado result.

In this paper, we are concerned with an extension, due to Erdés, of the Erdés-Ko-Rado theorem to permutation
groups. Let G be a permutation group on ). A subset S of G is said to be intersecting if, for every g, h € S, the
permutation gh~! fixes some point of 2. This definition is very natural: writing Q = {w,ws,...,w,} and identifying
the permutations g and h with the n-tuples (w{,wj,...,wd) and (W, wh ... w"), g and h are intersecting if their
corresponding tuples coincide in some coordinate, that is, wf = wf, for some i € {1,...,n}. As with the Erdés-Ko-
Rado theorem, in this context we are interested in finding the cardinality of an intersecting set of maximal size and
classifying the sets that attain this bound.

As in most Erdés-Ko-Rado-type of results, this problem can be formulated in a graph-theoretic terminology.
We denote by I'¢ the derangement graph of G, the vertices of this graph are the elements of G and the edges
are the pairs {g, h} such that g~'h fixes no point. (A fixed-point-free permutation is sometimes referred to as a
derangement, this term goes back to the 1708 teasing question of Montmort at the end of his book [I8] page 185]
concerning the “jeu du treize”.) An intersecting set of G is simply an independent set of T'¢.

The finite symmetric group Sym(n) of degree n is possibly the most interesting permutation group for com-
binatorialists. Here, the natural extension of the Erdds-Ko-Rado theorem for Sym(n) was independently proved
by Cameron and Ku in [I], and by Larose and Malvenuto in [13]. These papers, using different methods, showed
that every intersecting set of Sym(n) has cardinality at most (n — 1)!. They both further showed that the only
intersecting sets meeting this bound are the cosets of the stabiliser of a point. (Actually, the results in [I3] are
slightly more general.) The same result was also proved by Godsil and Meagher in [6] using the character theory of
Sym(n). The Godsil-Meagher proof is of paramount importance in this area; in fact, the proof is entirely algebraic
and flexible, in the sense that it can be used as a “template” and it can be applied to any permutation group where
the character theory is either sufficiently easy or sufficiently well-understood (the symmetric group is a perfect
candidate for meeting both requirements). Recently, this method was used in [I7] to prove a weak form of the
Erdés-Ko-Rado theorem of every 2-transitive group; to the best of our knowledge this is the only result concerning
the Erdés-Ko-Rado theorem for groups covering simultaneously a large class of permutation groups.

Currently, it is not clear for which families of permutation groups the complete analogue of the Erdés-Ko-Rado
theorem holds.

In this paper we are interested in the g-analogue of the Erdds-Ko-Rado theorem proved in [1L[13]:

Theorem 1.1. The independent sets of maximal size in the derangement graph of PGLy,11(q) acting on the points of
the projective space PG™(q) are the cosets of the stabiliser of a point and the cosets of the stabiliser of a hyperplane.
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This result was first conjectured in [I5, Conjecture 2] and hence Theorem [l gives a positive solution to this
question. Prior to this paper, the only evidence towards the veracity of [I5, Conjecture 2] was given in [I5] settling
the case n = 1, and in [I6] settling the case n = 2.

It is said that “the work of the righteous is done by others” and, to some extent, we feel that this citation fits
our proof of Theorem [Tl Indeed, our proof uses all the ideas in [I5HI7], specifically we combine the character-
theoretic arguments developed in [I5] with the combinatorial arguments used in [16]. The role of [I7] is slightly
more marginal. It is remarkable that by combining both methods our proof here works only when n > 3, hinting
to the fact that possibly the cases n € {1,2} show peculiar behaviour and had to be treated separately. Actually,
we could adapt our proof to include the case n = 2, but this would make our arguments unnecessarily long, and we
opted for a shorter and more unified proof for n > 3 (for clarity, in the course of our argument we point out where
our proof breaks when n = 1 and when n = 2).

1.1. Comments on Theorem [[.Tland structure of the paper. We thank Alex Zalesski for some discussions on
this paper and for proving [T9, Theorem 1.1] for us. Our approach in proving Theorem [[T] (and hence settling [15]
Conjecture 2]) was adapting the Godsil-Meagher proof for Sym(n) to PGL,+1(q), and Theorem 1.1 in [19] is the
natural g-analogue of one of the tools used in [6].

Recently, Long, Plaza, Sin and Xiang [14] have proved the Erdds-Ko-Rado theorem for the derangement graph
of PSLy(q) in its action of on the projective line: this result was conjectured in [I5]. In their work, these authors
have developed some new ideas and they posed a beautiful conjecture [I4], Section 6] concerning the stability of
extremal intersecting families in PSL3(q), in the same spirit as the results proved by Ellis [4] on the stability of
the extremal intersecting families in Sym(n). Now that [15, Conjecture 2] is proved, we remark the relevance and
importance of the work in [I4] for a possible strengthening of Theorem [Tl and we encourage investigations on the
stability of extremal intersecting families for general projective linear groups.

The structure of this paper is straightforward. In Section ] we set some notation that we use throughout the
whole paper. In Section [3] we prove Theorem [[LT] assuming the veracity of two facts: Propositions[3.1] and The
rest of the paper is dedicated in proving Propositions 3.1l and In Section [ we gather some information on the
characters of PGL,,4+1(q), here the result of Zalesski [19] is fundamental. We prove Proposition [31lin Section Bl and
we prove Proposition 3.2 in Section

2. NOTATION AND PRELIMINARY COMMENTS

We let ¢ be a power of a prime, we let n > 3 be an integer, we denote by GF(q) a field of size ¢, and by GF(g)"**
the (n + 1)-dimensional vector space over GF(q) of row vectors with basis (£1,€2,...,en41). We denote by PG"(q)
the desarguesian projective space over GF(q)"™!, by P its set of points, by £ its set of lines and by H its set of
hyperplanes. Recall that PG"(q) is the collection of all subspaces of GF(q)"*! with incidence relation given by the
usual set inclusion. Thus P, £ and H consist of the 1-, 2- and n-dimensional subspaces of GF(q)"*!, respectively.
In what follows, for denoting the points we will use Greek letters, and for the lines roman letters.

Given two distinct points o and ', we denote by aV o the line spanned by « and o/, that is, the line of PG"(q)
containing both a and /. Moreover, for simplicity, given two distinct lines £ and ¢’ with £ N ¢’ # (), we denote by
¢ A ¢ the point of the intersection of £ and ¢'.

For not making the notation too cumbersome to use, we denote the projective general linear group PGL,,11(q)
simply by G; however, sometimes we break this rule when we want to emphasise some property of PGL,,1(g). The
subgroup of G that fixes the point a € P is denoted by G; similarly, given £ € £ and m € H, we denote by G, and
G the setwise stabiliser of ¢ and 7 in G.

As usual, C[G] is the group algebra of G over the complex numbers C. For the first part of our argument, we
only need the vector space structure on C[G]: a basis for C[G] is indexed by the group elements g € G. Given a
subset S of G, we denote by 1g € C[G] the characteristic vector of S, that is, (15)y =1if g € S, and (15), =0
otherwise. Observe that when S is a subgroup of G, we may consider 1g as the class function of .S mapping each
element of S to 1, that is, we view 1g as the principal character of S.

There is a natural duality [2] between the points and the hyperplanes of PG™(¢) and this duality is preserve by
G = PGL,,4+1(q). Hence, for each g € G, the number of elements of P fixed by g coincides with the number of
elements of H fixed by g. In particular, we have the equality

(2.1) S lg, =) 1a,.

a€EP TEH
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3. PROOF OF THEOREM [ 1]

Let P2 := P x P be the set of ordered pairs of projective points. Let A be the {0, 1}-matrix where the rows are
indexed by the elements of G, the columns are indexed by the elements of P? and

1 ifa? =3,
Ag (a,p) = {

0 otherwise.

In particular, A has |G| rows and |P|? columns. Of course, some ordering must be chosen for the rows and columns.
We fix a particular ordering of the rows of A so that the first rows are labelled by the derangements D of G, and
the remaining rows are labelled by the elements of G \ D. With this ordering, we get that A is the following block

matrix
M
(¥,

In particular, the rows of M are labelled by elements of D and the columns of M are labelled by the elements of
P2. Since the columns of A have coordinates indexed by the elements of G, we can view each column of A as an
element of C[G]. Similarly, the rows of A can be viewed as characteristic vectors in a suitable vector space, which
we now introduce.

Define V' to be the C-vector space whose basis consists of all e,3, where (a, ) € P?. Given two subsets X and
Y of P, we write

(3.1) exXy = Z €ap-
(a,B)EX XY

When X has cardinality one, say X = {a}, we write simply e,y, a similar comment applies when Y has cardinality
one.

We now state two pivotal properties of the matrices A and M; we postpone the technical proofs of the two
properties to Sections [B and

Proposition 3.1. If S is an independent set of mazimal size of I'q, then 1g is a linear combination of the columns
of A. Moreover, given & € P, the subspace

(eap — €ap,epa — €pa | @ €P)
of V' is the right kernel of A.
Proposition 3.2. Given @ € P and ® € H, the subspace
(EansCaP — €aP,€Pa — €Pay €rr — Cnn | € P, € H)
of V is the right kernel of M.

Before proving Theorem [[LT] using these two yet unproven propositions, we need to show an elementary fact
about PGLy,4+1(q).

Lemma 3.3. For every a € P and for every w € H, there exists g € G with g firing only the element a of P and
only the element © of H.

Proof. Observe that G acts transitively on the sets {(a,7) € PxH | a € 7} and {(o,7) € Px H |a ¢ w}. In

particular, replacing a and 7 by o/ and 7" for some h € G, we may assume that either o = (g;) and 7 = (¢1,...,¢€5),
or = {e1) and ™ = (g2,...,&n41). In the first case, the unipotent regular element
1
1 1
g= L1 eG
1 1

fixes only the element o of P and only the element 7 of . In the second case, let C € GL,(q) be a Singer cycle,
that is, an element of GL,(q) of order ¢ — 1. Then

[IC}EG

fixes only the element « of P and only the element 7 of H. a
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Proof of Theorem [Tl Let S be an independent set of maximal size of I'¢. We aim to prove that S is a coset of
the stabiliser of a point or of a hyperplane of PG"(g). Up to multiplication of S by a suitable element of G, we
may assume that the identity of GG is in S. In particular, we have to prove that S is the stabiliser of a point or of a
hyperplane of PG"(q).

From Proposition Bl the characteristic vector 1g of S is a linear combination of the columns of A, and hence,

for some vector z € V', we have
M Mz
1lg = Az = (B>:v— (B:z:)

As the identity of G is in S, there are no derangements in S. Hence, by our choice of the ordering of the rows of A,

we get
0
= (1)

and thus Mz = 0 and Bx = t. Hence x lies in the right kernel of M. Therefore, by Proposition B.2] given & € P
and 7 € ‘H, we have

T = Z CaCaa T Z Ci (6&77 - eaP) + Z 0(21 (67307 - ePa) + Z Cr (eﬁﬁ - 871'77);
a€EP aceP\{a} aceP\{a} TeH\{7}

2
- CoyCn € C.

From Proposition[3] the vectors ezp —eqp and epg —ep,, are in the right kernel of A, and hence B(esp —eqp) =
B(epa — epq) = 0. In particular,

for some scalars cq, cl

t=Bx=DB Z CaCan + Z Cﬂ—(eﬁ'?r - eﬂ'ﬂ') 3

a€eP TeH\{7}

and hence we may assume that ¢}, = ¢2 = 0, for every a € P.
For a € P, we have
Be(m = lGa'
Moreover, for 7 € ‘H and g and element of G that is not a derangement, we have
q" -1 :

“1 — if g € Gr,
(3.2) (Berr)g = Z By (a,p) = Z l=Haern|aden}t=|rAr? | = {q‘%%l fgéG
i

a,BeET aEm,adET q—1

For the last equality observe that = A 79" has co-dimension 2 in GF(¢)"*! when 7 # 79. Thus

n—l_l

Bewrr - qn_llc,, + qi

1
q—l G

and it follows from ([B2)) that
B(eﬁ'fr - eﬂ'ﬂ') = qnil(lG;r - 1G7r)-
Putting these two facts together, we get
(3.3) t=Br=Y cila, +¢"" > cxle, —1c,).
a€EP TeH\{7}

As the identity of GG is in S, the coordinate of ¢ corresponding to the identity of G is 1 and hence, using the formula

in (B3]), we get
(3-4) Z co = 1.

Applying Lemma to a € P and to the hyperplane 7, we get g € G that fixes only the point o and only the
hyperplane 7. As t is a {0, 1}-vector, the coordinate of ¢ corresponding to g is either 0 or 1; by taking the coordinate
corresponding to g on the right-hand side of ([B.3]), we get

(35) Ca + qn_l Z Cr € {Oa 1}7
TeH\{7}
for every « € P. Applying this argument to « € P and to # € H \ {7}, we obtain
(3.6) Ca — q"ter € {0,1},
for every a € P and for every m € H \ {7}.
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Write ¢ := Zﬂey\{ﬁ} ¢r. From B3), we have cq = —¢" !¢ or co = —¢" !¢+ 1, for every a € P. Define the sets
Pogntei={a€P|ca=—q¢"""c}, P11 ={a€P|ca=—¢""tc+1}.

CaSE 1: Suppose that both P_;n-1, and P_jn-1,4; are non-empty.
Let a € P_gn-1.41 and let § € P_ n-1.. Applying (B.6) to o and 3, we get

—" e+ 1-q¢"er €{0,1}, —¢"'e—q" er €{0,1},

for each m € H\ {7}. If =¢""te+1—¢"tep =0, for some m € H \ {7}, then —¢" e — ¢ te, = —1 ¢ {0,1},
but this is a contradiction. Thus —¢" !¢+ 1 — ¢" !¢, = 1 and hence ¢, = —¢, for every 7 € H \ {7}. Since
€= rcw\(x) Crs We obtain
c= Z (—c) = —c(JH| = 1).
TeH\{7}

This implies ¢ = 0, and hence ¢, = 0, for each m € H \ {7}. This shows that t = ) p calc,. Now, (B3) gives
co € {0,1}, for every @ € P, and hence ([B:4) implies that there exists a unique o € P with ¢or = 1 and all other
scalars are zero. Thus t = 1g_, and S is the stabiliser of the point /. m

CASE 2: Suppose that P_gn-1,3 = 0.
Thus P =P_gn-1. and co = —q" " te, for each a € P. In particular, (3.4) gives —¢" 'c|P| = 1, that is,

1—-n
(3.7) c=-1

Moreover, ([3.8) gives —¢"1c — ¢ le, € {0,1}, that is,
Cr € {_Cu —C— ql—n}7

for each m € H \ {7}. Let a be the number of hyperplanes 7 € H \ {7} with ¢; = —c and let b be the number of
hyperplanes m € H \ {7} with ¢, = —¢ — ¢'~". Thus a + b = |H| — 1. Moreover, by the definition of ¢, we have

a(—c)+b(—c—q¢'™™) =c.

Putting these together, we have —c(|H| — 1) — bg' ™™ = ¢, which implies b = —cq" |H| = 1 by 7). In particular,
there exists a unique ' € H \ {7} with ¢, = —c — ¢'™" and all other hyperplanes 7 € H \ {7} have ¢, = —c.
Therefore, using (1)) and B1), we get

t=—cg" 'Y 1o, +q¢" (—) Y. (g, —1a)+q¢" " (¢ (e, —1a,,)

aeP TeH\{7}
T <Z 6. =3 1G,,) —0 e Y 16, - (16, ~ 1)
a€EP TEH TEH

=—c" YH1e, — (1, —la,) =1la, — (1g, — la,) = 1,
In this case, S is the stabiliser of the hyperplane 7’. g
CASE 3: Suppose that P_n-1, = 0.
Thus P = P_gn-1041 and ¢q = —cq™ ' + 1, for each a € P. In particular, B4) gives (—¢" 'c+1)|P| =1, that is,
Pl
Pl
Furthermore, 3.6) gives —¢" e+ 1 —¢" le, € {0,1}, that is,

(3.8)

cr € {—c,—c+q'"™"},

for each m € H\ {7}. Let a be the number of hyperplanes 7 € H\ {#} with ¢; = —c+¢'~™ and let b be the number
of hyperplanes m € H \ {7} with ¢, = —c. As in CASE 2, we have the equations

a+b=H|-1, a(—c+¢ ™) +b(—c)=c,
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and hence —c(|H| — 1) + ag*™™ = c. Thus, by B8), a = c¢" '|H| = |H| — 1 and b = 0. Therefore, using (ZI])
and [B.8), we get

t=(—cg" '+ 1)) 1o, +¢" (—c+¢"™) > (e, —1a,)

acP TeH\{7}
e (Tt - e ) s Carten T,
acP TeEH TeH
= (—an71 + 1)|P|1Gﬁ =1¢..
In this case, S is the stabiliser of the hyperplane 7. O

4. PERMUTATION CHARACTERS

We let Irrc (G) be the set of the irreducible complex characters of G and we denote by (-, ) the Hermitian form
on the C-space of the class functions of G. Given a subgroup H of G and a character n of H, we denote by 7 the
induced character.

4.1. Natural actions. We turn our attention to the permutation character 7 of the action of G = PGL,,4+1(q) on
the projective points P of PG™(g). Since G acts 2-transitively on P, we have

(4.1) = 1a + Xo,

where Yo is an irreducible complex character of G of degree |P| —1 = (¢"*! —q)/(q — 1).

We let PP := {(a, B) € P? | a # B} be the set of distinct pairs of points from P. Let 7(?) be the permutation
character of the action of G = PGL,1(¢q) on P(). We are interested in decomposing 7(?) as a sum of irreducible
complex characters of G. (This could also be inferred by the work of Green [§], but we prefer a more elementary
approach.) To this end, observe that since G is transitive on P from Frobenius reciprocity, we have

(4.2) (7@ 7o = (7?2, 1) = <(7T(2))2\GQB’ 16.,)Go s

where (o, 8) € P® and 1g,, is the principal character of Gos. From the orbit counting lemma and ([@.2), we

deduce that (7(?), 7(?)) equals the number of orbits of Gap on P®). An easy computation, using the geometry of
PG"(gq) and the action of G = PGL,11(q) on PG"(q), shows that

q+ 14 when n > 3,
(4.3) (7@ 7V = g+13 whenn =2,
q+4 whenn=1.

Indeed, the orbits of Gup on P are (compare also with Figure [)):

Case

H
—
°

=
nat

Case
Case
Case
Case

0 ¢ aV [} (this arises when n > 2),

6 eaVvp\{a,p}},

0 ¢ aV [} (this arises when n > 2),

o) [v€avB\{a,B}},

{(v:B8) [ v€aVp\{apB}},

fix y € avB\{a,pB}, for each 6 € aV B\ {w, 8,7}, {(7*,0%) | € Gup} (there are ¢ — 2 orbits of this type,

in particular, when ¢ = 2, there are none),

)

) |
,Oé)},

) |

Case ) |
Case
Case

Case

© 00 ~NO O WN

Case
Case
Case
Case
Case
Case
Case
Case

: {(1,0) |vy€eaVvp\{a,8},0 ¢ aV B} (this arises when n > 2),

v,a) | v ¢ aV B} (this arises when n > 2),

,0) | v ¢ aV B} (this arises when n > 2),
vy¢aVvp,deaVp\{aF}} (this arises when n > 2),
vy¢aVvp,oeaVy\{a,v}} (this arises when n > 2),
vyé¢aVp,oeBVy\{B,v}} (this arises when n > 2),
vyE¢aVvpdeaViVy\{(aVB)U(aVy)U(BV~y)}} (this arises when n > 2),
vyé¢aVp,0¢aVpVy} (this arises when n > 3).



O©CO~NOOOTA~AWNPE

EKR THEOREM FOR PGL,14(¢) IN ITS ACTION ON PROJECTIVE POINTS

Case 1 Case 2 Case 3
Case 4 Case 5 Case 6

4
a=90 (67 «

Case 7 Case 8 Case 9 Case 10
Y
5 = ) ﬁ
B Case 11 Case 12 Case 13

ﬂ - 2B

B

Case 14 Case 15 Case 16

Case 17

FIGURE 1. Configurations for the orbits of G5 on ordered pairs of distinct points

Let o and 8 be two distinct points of P, let H := {g € G | (o V 8)9 = aV 8} be the setwise stabiliser of the line
aV p, let K :=Gqps and let
V=11
Then v is the permutation character of the action of H on the right cosets of K. By definition of H and K, the
permutation group induced by this action is permutation isomorphic to PGLy(¢) in its natural action on the ordered
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pairs of distinct points of the projective line PG!(q). Therefore, using the character table of PGLy(q) (see [12]), we
see that, when ¢ is odd, 1) decomposes as

Y =18+ (201, + ¥2,0) + (Y191 + - + w%l,q—l) + (Wrgr1+-F w%,qﬂ)
and, when ¢ is even, ¥ decomposes as
=15 +2¢10+ Wrg1 4+ +Vgq-1) + Wrgrn + -+ Vg 1441)-

Here, (1 )i,; denote irreducible complex characters of H having the pointwise stabiliser of the line a V § in their
kernel and having degree j. Observe that this is consistent with (£3)) when n = 1, because regardless of whether ¢
is odd or even, we have (¢, ¥}y = q + 4. To include both cases in our argument, we write

(44) ¢:1H+2n+¢1++wq_17
where 7 is the only irreducible component of 9 having multiplicity 2, 11, ..., 1,1 are distinct irreducible characters
and 7(1) = q.

From (&4, we have
(4.5) 7@ =1 + 2% +9F + - 498

Recall n > 3. As 1% is the permutation character of the action of PGL,+1(g) on the projective lines of PG"(q)
and since this action has rank three (when n > 3), we have

1% =1l¢+ X + X/a
for some y, X' € Irre(G). Elementary considerations yield that the degrees of the constituents of 1§ are

" —q (" - 1" —q)

g—1 " (¢—-1)(¢*-1)
Replacing x by x’ if necessary, we may assume that y has degree (¢"*! — ¢q)/(q¢ — 1). Observe that G, has two
orbits on lines and hence ((1§)c.., 1¢.)c.. = 2. Therefore, from Frobenius reciprocity, (1§, )¢ = 2 and we deduce

X = xo from [@I)). Thus

1

)

15 =1o+x0+x"
Now, for every i € {1,...,q — 1}, using again the character table of PGLy(q), we deduce

(4.6) W&, xo)a = (i, (X0) )1 = 0.
Since G acts transitively on P(?)| we have
(4.7) (7 1g)q = 1.

From Frobenius reciprocity, (7(?),7)g = <1Gaﬁ’ﬂ—|Ga5>Gaﬁ' Since Gop has four orbits on P (namely, {a}, {8},
aV B\ {a,f} and P\ aV B), we get

(4.8) (7@ g =4.
Now, from (@1)), [@7)) and [&S8]), we deduce
(49) <7T(2)7 X0>G =3.

From ([&F), [@EG) and [@J), we deduce that xo is a constituent of 7% and hence n% = xo + x” for some
X" € Irre(G). Since n has degree ¢, ¢ has degree q|G/H| = ¢|L] = (¢"*' — 1)(¢"*! —q)/((g — 1)(¢*> — 1)). Since
Xo has degree (¢"™ —q)/(q — 1), we get

" G 3 (qn — 1)(qn71 — 1)
X'(1) =n7(1) = xo(1) = ¢ :
(¢—1(¢* - 1)
Moreover,
T =1g+3x0+ X + 2" +Uf + -+ 07 .
Since (7, 7)) = ¢ + 16 from @3I) and since 12 + 32 + 12 + 22+ (¢ + 1) - 12 = ¢ + 16, we deduce that
1, x0, X', X", ¢, . .. ,1/)(?_1 are distinct irreducible complex characters of G and are the constituents of G.
We sum up in the following lemma what we have shown so far.
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Lemma 4.1. Let 7 be the permutation character of the action of G on P, let ©2) be the permutation character
of the action of G on P and let m, be the permutation character of the action of G on L. Then, m, 73 and
decompose as the sum of irreducible complex characters as follows:

T = 1g + Xo,
7 =1g+3x0+ X +2x" + v +uF + -+ 05,
e =1a+ x0+ X,

where 1, xo0, X's X", v, ¥§, . .. ,wgil are distinct irreducible complex characters. The characters 1§, ¢S, ... ,wgil
are induced from irreducible complex characters of the setwise stabiliser of a line. Moreover, X" has degree ¢*((¢" —

D(g" ' =1))/((¢g — 1)(¢* = 1)).

4.2. Permutation character induced from a Singer cycle. We let ¢ be an element of order £
G, that is,

(4.10) c is a Singer cycle of the projective general linear group PGL,,11(¢) and C := {¢).

= |P| in

The proof of the following lemma is rather short, but it uses a deep result of Zalesski on lg. (The author wishes
to express his gratitude to Alex Zalesski for proving [19, Theorem 1.1], our argument for proving Theorem [Tl
heavily depends on [I9] via Lemma [12])

Lemma 4.2. Suppose (n,q) # (2,2). Let n € Irrc(G) with (18 — 1g,n)q = 0. Then either n(1) = 1 or n = xo
(recall that xo is the non-principal constituent of the permutation character of G in its action on the points of

PG"(q))-

Proof. From [19, Theorem 1.1], we see that, when (n,q) # (2,2), if (14 — 1g,n)¢ = 0, then n(1) = 1 or n(1) =
(¢t —q)/(g—1). In particular, to conclude the proof of this lemma, we need to consider the case that (1) = (¢" ™ —
q)/(q — 1) and we need to show that n = xo. Note that all irreducible characters of G of degree (¢"** —¢q)/(q — 1)
differ by a multiple which is a linear character, see [19, page 524] or [9, Table II]. Therefore, n = £xo, where £ is a
linear character of G.

Suppose £ # 1g. As 1¢ is not a constituent of the irreducible character £xg, we have

1 (¢! —¢q
(18 - 1a,éx0)a = (18, &x0)a = (1o, (x0)jc)e |C| Zﬁ z)Xo(z el e Z ()
zeC ¢ zeC\{1}
1 qn+1 1 <qn+1 -1 ) 1 qn+1 -1
= 1 ¢ =—1 —“ 20 O
|c|( RN ) e\ o1 Sl ) =Tt 7

Proposition is yet another technical result concerning characters that we need to prove. This result seems
out of context, but it will be useful for computing the eigenvalues of a certain matrix. Let («, ) € PR We are

interested in 1)
Ui Z -1
G| gGGagc

where 1) € Trre(G). Here, the results in [I1], Section 4] are relevant. For the reader’s benefit, we report some results
from [I1] tailored to our application.

Lemma 4.3. Let x be a character of G and let H be a subgroup of G with (1), 1g)g = 1. Let X' be a representation
affording x such that X restricted to H has the form:

W= (o 30n):

for every h € H, where Y is a representation of H. Let x € G and suppose that the entry in row 1 and column 1

of X(z) is a € C. Then
S x(@h) = [Ha.
heH
Proof. This is Corollary 4.2 in [11]. O

Lemma 4.4. Let x be a character of G, let H be a subgroup of G with (1), 1)y = 0 and let x € G. Then

> x(@h) =0

heH
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Proof. This follows from the proof of Lemma 4.1 and the proof of Corollary 4.2 in [I1]. O

Proposition 4.5. Let 1 be a constituent of 72 having multiplicity 1 with n # X' (see LemmaBl for the definition
of X'). Then

X a2

G| QGGQBC

Proof. Fix (a, ) € P?). Observe that (1), n)g = <1gaﬁ,n>g and hence (1G4, 1Gas)Gas = 1 from Frobenius
reciprocity. Moreover,

(4.11) % )3 n<g1>—%2 S neh)

gEGQgC zeC hEGag

Therefore we are in the position to apply Lemma 3 with x = n and H = G,3. Before doing so, observe that
the statement of the lemma is obvious when n = 1¢. Now, we assume 1 # 1¢ and we let X’ be a representation
affording 7.

We now use Lemma Il Suppose n = ¢, for some i € {1,...,q— 1}. Tt is clear from the definition of induced
character applied to ¥¢ and to its representation X' that the (1, 1)-entry of the matrix X (z) is zero, unless z = 1.
Therefore, from (£11)),

“(1 “( “(1)|Gq “(1)|Gq
1/}1 ( ) Z le(gfl) — 1/}1 ( ) Z sz(h) _ wz ( )| 5| <(wiG)|Ga571Ga5>Ga5 _ wz ( )| 5|< iG,7T(2)>G # 0,
a2, a2 el el

where in the last equality we have used, as usual, Frobenius reciprocity. O

We were not able to prove Proposition when 1 = X/, although we have strong computational evidence that
the result holds also in this case. We pay this deficiency by having an ad-hoc argument for x’ in Section [6l

5. PROOF OF PROPOSITION [3.]]
We start with an elementary observation.
Lemma 5.1. Let S be an intersecting set of mazimal size of G. Then |S| = |G|/|P|.

Proof. Let C be as in {@I0). Then C is a clique and S is an independent set of I's. From the clique-coclique bound,
|G| > |S]|C| = |S||P| and hence |S| < |G|/|P|. Since a point-stabiliser is an independent set of cardinality |G|/|P]|,
the proof of the lemma follows. O

It is elementary to see that A has rank (|P| — 1) + 1, for instance, this can be shown exactly as in [15]
Proposition 3.2]. Here we present a slightly longer and difficult proof, however this detour has the advantage of
proving also the stronger statement in Proposition B.1]

Let J be the subspace of C[G] spanned by the characteristic vectors 1g of the independent sets S of maximal
size of T', and let Z be the subspace of C[G] spanned by the columns of A.

As each column of A is the characteristic vector of a coset of the stabiliser of a point, and hence the characteristic
vector of an independent set of maximal size by Lemma [5.] Z is a subspace of .J, that is, Z < J.

We now use the algebra structure of C[G]. We claim that

J and Z are ideals of C[G].

Indeed, for every independent set S of maximal size of I'¢ and for every g € G, we have 159 = 1g4 and glg = 145.
Since Sg and ¢S are both independent sets of maximal size of ', we deduce 1g¢, gls € J. Therefore, J is an ideal
of C[G]. A similar argument yields that Z is also an ideal of C[G].

We now recall some basic facts on group algebras, see [I0]. The minimal ideals (1)), e (c) of C[G] are indexed
by the irreducible complex characters Irrc(G) and we have the direct sum decomposition

(5.1) clal= P I,
nelrre(G)
For each n € Irre(G), we have dimc(Z,,) = n(1)? and the minimal ideal I,, contains the principal idempotent element

(5.2) ey = % S n(g g

geaG
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In particular, for each 0,7 € Irrc(G), we have
e, when n=r1,
En€y = ,
0 whenn#7n.

Since C[G] is a semi-simple algebra,

(5.3) J=P1,

neJ

Z=Prn,

nez

for some subset J of Irre(G). Similarly,

for some subset Z of Irrc(G).

Lemma 5.2. Z = {1,x0} and A has rank (|P| —1)2+1. In particular, (eap — €ap,epa — €pa | @ € P) is the right
kernel of A.

Proof. Fix a € P and x € G. Let n € Irre(G). We have

(5.4) N DI D ST I DY

geG geG hegGax

—%Z > g™ h—%z ORI R

heG \gehGax heG \gcehxGy

where in the last equality we used the fact that 7 is a class function and hence n((hyr)~!) = n(z~ty~th™1) =
n(y~ 'z~ th™t) = n((hay)~"), for every y.

If 6., 1c.)c. = 0, then from Lemma[d.4land (5.4), we deduce e, -1¢,» = 0. As 1g,, is an arbitrary generator
of Z, we deduce Z C {n € Irrc(G) | (n¢.,,1c.) # 0}. From Frobenius reciprocity and (1)), Z C {1¢, xo0}-

When 1 = 1¢, we have e, - 1g,» = |Gale1, # 0. Finally, when n = xo, an application of Lemma 3] to (4]
yields

€xo " LGz = Xfé? > > xolgH|h= |P||T_|1 S D0 x|

hexG, \gex—1hG, hexGqa \9€Ga

_ Pt

= > h= @ 1.q, #0.

Thus Z = {1¢, xo} and dim(Z) = deg(1g)? + deg(x0)*> = 1+ (|P| — 1)2.

Since A has |P|? columns, the right kernel of A has dimension |P|?> — ((|P| —1)2 + 1) = 2(]P| — 1).

An elementary computation shows that (ezp — eap, epa — €pa | @ € P) is contained in the right kernel of A and
has dimension 2(|P| — 1); thus the lemma is proven. O

The argument for determining 7, and hence J, is similar to the argument in Lemma [5.21

Proof of Proposition 3.1l From Lemma and the discussion above, it remains to show that Z = I.
Let I be the ideal of C[G] generated by 1& — 1. From [10, Chapter 1], we have

(5.5) I= b 5

nelrre(G)
(18—1¢,m)c#0
Let S be an independent set of maximal size of G. Then, from Lemma [5.1]
S 1 1
(5.6) (15,18 — 1a)e = (15,18)¢ — (1s, 1) = ((1s)|c. Lc)e 11 =0.

16 el el
In particular, from ([E3]), (55) and (B6), we deduce
J S {nelme(G) | (1¢ - 1,1) = 0}.

Now, Lemma 2 gives J C {x0,¢ | £ € Irrc(G), &(1) = 1}.
Let £ € Irre(G) with € # 1¢ and £(1) = 1, and let S be an independent set of maximal size of G. Let
T :=PSL,,+1(q), let Txq,...,Txq be the right cosets of T in G, where d := ged(n, g — 1), and let S; := Tx; NS for
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i € {1,...,d}. Observe that S; := (SN Tx;)x; ' are intersecting sets for T = PSL,,+1(q), for every i € {1,...,d}.
From [I7], an intersecting set of maximal size of T has cardinality |T'|/|P|. Therefore,

T _ 1G]
| = Q.| < 1= = 1

[SNTz| =|5;| < Rk

As § =51 US3U---USg, we deduce |S;| = |S]/d for each i, that is, S is equally distributed among the cosets of

PSL,+1(q) in PGL,41(g). Since £ contains T in its kernel, an easy computation yields (£,1s)¢ = 0. Since this

argument is independent on £ and S, we obtain J C {1, xo} and hence J <= I, & I,, = Z. Since Z < J, we

finally have Z = J. O

6. PROOF OF PROPOSITION
For simplifying some of the notation later, we define
G| G|
(6.1) U= yi= .
PI(IP] 1) PI(P]=1)(Pl—q¢—1)
Recall that from (I0), ¢ is a Singer cycle of the projective general linear group PGL,,+1(¢) and C = (c¢). We

let C denote the PGL,,11(g)-conjugacy class of c.
Since C' acts transitively on P, from the Frattini argument, we have

G =CGq =G0,
for each @ € P. Moreover, since C is abelian, C5(C) = C and so CN G, = Cg(C) NG, = 1, that is,
G|

(6.2) C={e" |2 €Ga}, [C]=[Gal = 5.

Given two distinct points a and S of PG"(q), we define
Cap:={g9€C|a? =0}
Clearly, Cop # 0. In fact, given g € C, since G, is transitive on P\ {a}, there exists € G, with (a?)* = (3, that
is, o 9T = B and 27 gz € Cop. Fix, once and for all, an arbitrary element
Jas € Ca,@
and let x € G. Then, Jop € Cup if and only if ades = B; as a® = «, this happens only when g% = 3, that is,
x € Gop. Combining this with (G.I) and ([6.2]), we have
G|
(6.3) Cap =A{gap | 7 € Gas},  [Capl = |Gapl = Zrmmr—y = v
’ PI(IP[ 1)

6.1. Two important matrices. We now introduce two matrices .#Z and € of paramount importance for our
argument. The rows of .# are index by the elements of C (or by the elements of G, in view of ([62])) and the
columns of .# are indexed by the elements of P(?) and, given g € C and (a, B) € P2, we have

1 ifad =4,
My () = {o if a9 # 3.

Then we define

C=H" .
Therefore € is a symmetric matrix with |[P()| = |P|(|P| — 1) rows. Moreover, given (a, 3), (7,8) € P?), we have
(6.4) o)1) =g €Cla? =B,77 =6} = [{g € Cap [ 77 = 6}

In the rest of this section, we are interested in computing the entries of ¢’. Before embarking in this task, some
remarks are necessary for simplifying some of the computations. It is clear from the definition that

(6.5) C0,6),(1.0) = C(1,6),(a,8):
Although, C is not closed by inversion, that is, ¢ is not necessarily conjugate to ¢=! in G, we still have

(6.6) C08),(1,6) = €(8,0),(6,7)-

1

This can be shown observing that c is conjugate to ¢™" via the inverse-transposed automorphism of G. Set

Gaprs = {x € Gap | 4™ 9257 = §}. Then, by (63), we have
(6.7) Ca,8),(,8) = |Gapysl-
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An easy computation gives GagysGagys = {92 | 9 € Gapys, T € Gapys} = Gapys and hence

(6.8) Gapys is a union of left G p4s5-cosets.

There is one more elementary fact we aim to observe:

(6.9) if x € Gapgys, then 2Gagys = Gapy N Gapys = 2Gaps N Gapys = TGavs N Gapys = TGays N Gapys-

Proposition 6.1. Let (a, 8) and (v,0) be two pairs of distinct points of PG"(q), and consider Figure[ll Then we
have

when a, 8,7,0 are as in Case 1,

when «a, 3,7,6 are as in Cases 2, 3, 4, 5, 7, 8, 9, 12,

when «, B,7,6 are as in Cases 6, 10, 11, 13, 14, 15, 17,

v when a, B,7,6 are as in Case 16.

Ca,8),(1,6) =

e < O

—2
prn
Proof. When a, 8,7, are as in Case 1, the proof follows from (E3]).

When «, 3,7,0 are as in Cases 2, 3, 4, 5, 7, 8, 9, 12, the proof is clear because in each of these cases,
every element g of G, with a9 = 3 and 9 = §, fixes a 1- or a 2-dimensional subspace of GF(q)" ", but every element
of C acts irreducibly on GF(q)"*! (observe that we are using n > 2).

Suppose that «, 3,7, are as in Cases 6, 10, 11, 13, 14, 15, 17. The fact that in all of these cases
6 (a.,B),(v,6) €quals v is a miracle in our opinion and we do not fully understand the reason of this behaviour.
We first consider Case 6. Let G(avp) = {z € G | £&* = £,V € aV B}. We claim that, for every x € Gup, there
exists y € G(qvp) With zy € Gapys. Then, let € Gog. If 792% € aV B, then (aV )98 = (aVy)9=8 = qd=s Vydes =
BV 98 =V [ and hence gop fixes a V [ setwise, a contradiction. Therefore 49=# ¢ oV 3. Since z € Gug,
fixes setwise a V 8 and hence *yzflgaﬁ”” ¢ aV B. As G(qvp) is transitive on P\ aV 3 and § ¢ oV 3, there exists

y € G(avp) With a® '9as7Y = §. Tt is now immediate to check that 2y € Gapys and hence our claim is proved.
From the previous claim, there exists a set z1,..., 2,1 of representatives for the cosets of G(,vp) in Gap with
Z1,...,Tq—1 € Gagys. Therefore

=

q—1 qg—1 qg—1
Gapys = Gap NGapys = (U IiG(a\/B)> NGapys = U (2iG(avp) N Gaprs) = U 2;Gapys,

i=1 =1 =1

where in the last equality we used ([@9). Therefore

Gass
Clap)(v,6) = Gapysl = (¢ = 1)|Gapysl = (¢ — 1)—[G ;5 \ [é;'ﬁ N
afBs - Uapy

Gapl — _ _ |Gapl  _ G|
(Gap : Gags]  [Pl=(¢+1) [PI(IP]-1)(P|-q—1)
When «, 8,7, 8 are as in Case 11, the proof follows from Case 6 and (G.6]).
Suppose that «, 3,,d are as in Case 10. The argument in this case does follow the argument above, but with

some slight differences. We claim that, for every x € G,g, there exists y € Gagy With 2y € Gagys. Then, let
x € Gap. Arguing as above, v928 ¢ o V (3, because otherwise g fixes a V f setwise, which is a contradiction.

= |Gaps|

Therefore 7928 ¢ aV . Since x € Gqog, x fixes setwise a V 5 and hence 71719&31 ¢ aV B. As Gapy is transitive on

P\aVpand 0 ¢ aV B, there exists y € Gqvg) With a® '9a57Y = §. Tt is now immediate to check that Y € Gagys
and hence our claim is proved. The rest of the argument follows verbatim the argument in Case 6.
When «, 8,7, are as in Cases 13, 14 and 15, the proof follows from Case 10 applying (G.H), or (6.6), or (E.35)

and (6.0]).

It is remarkable (and in our opinion mysterious) that also in Case 17 %(q4,3),(v,s5) equals v. We denote by L the
set of lines of PG"(¢) and we define Lo :={f € L | LA L96 =0} and Ly :={£ € L | LA L£95 #£(}. We claim that

(@' = 1)(g" —q)
(¢—1(¢*-1)
To this end, consider S := {(§,£) € P x L | £ = N {9=5}. Observe that, if (£,£) € S, then £ = £V 98 and hence £
is uniquely determined by &. This shows |S| = |P|. On the other hand,
S1= S len | =)
teL
Thus |Lo| = |£] — |£4] = |£] — [P] and (6.10) follows.

(6.10) |Lo| =
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Write Loo = {€ € Lo | @ € £}. Since each line contains ¢ + 1 points, an elementary double counting argument
on the set {(§,£) € P x L | £ € £} yields (g + 1)|Lo| = |P||Lo,| and hence
n __ q2

—1

An explicit computation with the matrices in G, shows that, for every £,£',e,e’ € P with (aVE) A (BVe) =0
and (V&) A (BVe) =0, there exists x € Gop with £* = ¢ and e = €',

Let & € Gagys. Then (aV4)® 957 = BV . As (aVy) A(BVE) = 0, we deduce ((aVA)® )95 A(aVy)* =10,
that is, (o Vy)®  is a line, let us call it £, in L. From (B.II) we have (¢" — ¢%)/(q — 1) possibilities for £. Next,
79”71 € ¢\ {a} and hence we have ¢ possibilities for the point 7””71. From the previous paragraph, we deduce

Gap| G|
q= = Ga == =

PI-@+a+D a-1 P T PR —a- D

Suppose finally that a,3,7,d are as in Case 16 and define x := €4 g),(,5)- Clearly, Cop = Ugep{ggﬁ@ | x €
Gapve} and hence

Casl = 1Gapel =|Gapyal

Eep
+ >

é€avp\{a,p}

+ Z |ga67a|

E¢avpVy

+ 2

feaVvpvy\(aVvpUaVvyUpBVy)

q

(6.11) Lol =

no__ q2 qn+1 _ qS

q
Gaprs| = 1Gapysl 1

|ga[3voz| + Z

geavy\{a,v}

|ga67a| + Z

£eBVY\{B,7}

|ga67a|

|gaﬁ'y5 | .

The summands that we have singled out in the first three lines correspond to Cases 11, 13, 14, 15 and 17,
whereas the summand in the fourth line correspond to the configuration in Case 16. Thus

u=|Casl =v(1+ (@@= +(@=1)+(g—1)+ (Pl = (¢* +q+1))) +rlg—1)*
and the result follows by expressing x using the remaining terms. O

6.2. Eigenvectors of 4. We determine some eigenvectors of %. Since the rows and the columns of % are indexed
by the elements of P(?), just for this section, for simplifying some of our equations, we slightly modify the definition
in (3I). Given two subsets X and Y of P, we write

EXy ‘= E Exy-

(z,y)eX XY
TAY

Lemma 6.2. Let £ € L and let v € £. Then

Ceqr =ues + quleop + e hP\0) =V D (Ca(ave) — €a(av))-
acP\L

Proof. Let «, 8 be two distinct points of P and define r := a VvV 5. We have

Z Ceys

sel\{~} (a,B)

= Z Cg(avﬂ))('yvls)'
sei\{r}

(Cest)ap) =

The value of this sum depends on the geometric configuration of the lines £ and r. Geometrically, that is, up to
G-conjugation, we have one of the ten cases depicted in Figure 2l Now, from Figure[ll Proposition[G.Iland Figure 2]
we deduce

U in Case (i),
0 in Cases (ii), (iii), (iv),
6.12 € =
(6.12) (€ert)as) qu in Cases (v), (vi), (vii), (x),
(g—1v in Cases (viii), (ix).

These computations are straightforward and we do not include them all here, we only discuss Case (ix), that is,
¢ and 7 meet in a point different from «, 8 and . Let § € £\ {v}. If § € r, then «, 3,7,d are as in Case 13 of
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Figure [l and hence %4 g),(y,5) = v by Proposition 61l If 0 ¢ 7, then «, 3,7, are as in Case 16 of Figure [l and
hence (q4,8),(v,5) = (¢ — 2)v/(q — 1) by Proposition 6.1l Therefore, when £ and r are as in Case (ix), we find

q—2
(Ceve)(ap =v+(g—1) 1 (g — .
All other cases are similar.
The proof now follows easily from [B.1]) and (G.12)). O
{=r {=r {=r
P e e
=7 « «
i Case (ii) Case (iii)

14

8=

«
Case (v)

Case (vii) Case (viii) Case (ix)
Y4
0
r
T
o
Case (x)

FIGURE 2. Figure for the proof of Lemma [6.2]

Corollary 6.3. Let ¢ € L and let v and v be two distinct points in £. Then
E(eqe — eye) = t(eye — eyr0) + qu(es(prey = €4(Pr0) =V D (Cafav) — Eafavy))-
acP\L
Proof. From Proposition [6.1] we have
(et — eqer) =u(eqe — eqrp)

+ queP\op + €@\ (1) (P\0) — EP\OP ~ €@\ [y })(P\0))

- Z (ea(avl) - ea(a\/’y)) - Z (ea(a\/f) - ea(aV'y/))

aeP\L aEP\¢

Let us call the summand in the second row A and the summand in the third row B. From B.II), we immediately
have

A =qu(e\ (11 (P\o) — €\ (v H(P\0) = qU(ey (Pre) — E4(P\0))-
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In B many summands readily cancel:

B=-v Z (ea(a\/v/) - ea(aV'y))'
acP\L

We are now ready to obtain some eigenvectors of . For each a« € P, f € P\ {a} and vy € P\ aV 3, define

6(1167 ‘= Ca(avp) T EB(avp) + €B(BVy) — Ex(BVY) + Cy(avy) ~ Ca(avy); Wl = <ez116'y | a, ﬂa 7>7

2 - 2 . 2
€aBy = ElavB)a ~ €(av)8 T €(Bvy)8 ~ €(BVy)y T E(avy)y ~ E(avyar W= (eap,y [ @, B,7).

Proposition 6.4. The subspaces W' and W? are two eigenspaces of the matriz € for the eigenvalue u + (g + 1)v
and WNnWw?=0.

Proof. We first consider eiﬁ,y; we apply Corollary [6.3] three times: to the line a vV 8 and to the points o, 8 € a V (3,
to the line a V =y and to the points o,y € a V v, and to the line 8V v and to the points 5,y € 8V . We obtain:

1 1
(feaﬁ,y =UE4 5.

+ qu(esPravs) — Ea(P\avB) T Ex(P\Bvy) — EB(P\BVA) T Ea(P\avy) — Ex(P\avy))

—v | Y (ecevs) —eceva) + D (eeevm —eeva) + D (eeteva) — Ee(evy))
ceP\avpi EeP\BVy EeP\avy

Let us call the summand in the second row A and the summand in the third row B.
From (31]), we immediately have

A =qu((egPravs) — €8(P\Bv)) T (€a(P\avay) — Ea(Pravp)) T (Ex(P\BVy) — Ex(P\avy)))
=qv((ep(pvn) — €s(avp)) T (Catavp) — Catavy) + (Ex(avy) = Ex(avy))) = QUegg, -

In B, many summands readily cancel. Indeed, if £ ¢ (aV 8)U (8 V7)) U (aV ), then

(ec(evp) — €e(eva)) + (eg(eva) — ee(evp)) T (€g(eva) — ee(evqy)) = 0.

Therefore, the only summands in B that potentially can give a non-zero contribution arise when £ € (aV 8)U (8 V
¥) U (a V7). Thus, we may write

B=-w Z (eg(evp) — €geva)) + Z (eg(evp) — €eeva))
t¢eavy\{a} EEBVA\{B,7}

+ D (eeevy —ecevs) + DL (eetevy) — €e(evs)
ccavp\{B} ccavy\{a,v}

+ D (eceva —eeevn) T DL (eeteva) — ecev)
¢cavp\{a} £epvy\{B.v}

With this new expression for B, we see now that all summands with £ € {a, 8,7} cancel. For instance, when
§ € aVp\{a}, the term eg¢yp) in the first sum cancels the term —egeyp) in the fourth sum. Using this
observation, we find

B = = v((e4(yv8) ~ Ex(3vay) + (Cafavy) ~ Catavp)) T (¢a(ava) — €a(av1))) = Veag,-

Therefore ‘56}167 =(u+(¢g+ 1)1})6(11[% and hence e(llm is an eigenvector for € for the eigenvalue u + (¢ + 1)v.
From (6.4), we deduce that also 6367 is an eigenvector for € for the eigenvalue u + (¢ + 1)wv.
We skip the proof that W7 N W5 = 0; in fact, now that we have shown that W7 and W5 are eigenspaces of %,

the argument follows the ideas in the proof of the analogous statement in [16, Lemma 5.9]. O
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6.3. Proof of Proposition From Proposition Bl (eap — €apr,epa — €pa | @ € P) is the right kernel of A
and hence is contained in the right kernel of M. If a € P, then Me,, = 0 because no derangement of G fixes a.
Therefore (€40 | @ € P) is contained in the right kernel of M. Let 7 € H and let g be a derangement of G. Then,
the definition of M gives
- - m—1 " —1
(Mesn = exn))y = 17 A7 | = fr | = L5 L= o
Hence (ezz — €xn | @ € P, m € H) is also contained in the right kernel of M.
We have shown that

<eozou €ap — €aP,€Pa — €Pa,E€aw — Enn | a < P,?T S H>
is contained in the right kernel of M. Moreover, it is easy to prove that this subspace of CP? has dimension 4|P|— 3.
By definition, .# is a submatrix of M; namely, .# is the submatrix of M obtained by considering the rows of
M labelled by the elements of C and the columns of M labelled by the elements of P(2). Therefore, to conclude
the proof, it suffices to show that .# has rank at least |P|? — 4|P| + 3. Observe that .# and € = .#T.# have the
same rank.
Consider the permutation modules CP(?) and CC for the natural action of G on P(®) and for the action of G' on
C by conjugation, respectively. Moreover, consider the function:
m: CcpR —  CC
€Yo b My = Y. €4

gec
9=

As Mge (ar o)) = My (a,p) for every g € C and for every (o, ) € P2 m is a CG-module homomorphism and the
rank of .# is the dimension of the image of this mapping.

From (&) and (&2),
(6.13) CG= P L= P CG-ep

ne€lrre(G) ne€lrre(G)
Now, fix (a, ) € PP with 8 = a, recall the definition of ¢ in @I0). As CP?) is generated by s as a CG-module,
we have CP() = CG - e4s, and from (6.13) we deduce

CPP = P CG-eheas= P CG-epeap,
nelrre(G) nelrre(G)
(n,72)g#0
where in the last equality we used some standard facts on G-modules, see [10, Chapter 1 and 2]. Analogously, we
have
Im(m) = m(CP®?) = @ CG - m(eqeap).
ne€lrre(G)
(n,m @) a0
From (5.2)), we have

n(1 _
enap = % > nlgeasps

geG
and hence
1 _ 1 _ 1 _
m(eneap) = % Z (g~ ") M eqspa = % 277(9 b Z en = % Z Z n(g~") | en
geG geG g}zicﬁg hecC gng;}g

Therefore the e.-coordinate of m(eyeqg) is

n(1 _
(6.14) % > ol
geG
ad°=pB9
Consider the set S := {g € G | a¥9° = (} indexing the summation in ([GI4). Since a® = §, we have 1 € C. Since
C = Cg(c) is transitive on P, we have G = GoCqg(c). Let g € S. Then, we may write g = xy, for some z € G,
and some y € Cg(c) = C. Thus
ﬂ = agc = awyc = ayc = QCy = /By
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and we infer y € G,3. This shows that S = G,3C and the e.-coordinate of the vector m(e,eqg) becomes

(6.15) 1) > nlg™h).

|G| gEGagc

We now refer to Lemma F.I] for the constituents 1 of 7(2) and their multiplicities.

CASE 7 = x0. From what we have shown at the beginning of this proof, we deduce that {(egzp — eap,epa —
ePaseri—e, . | @ € P,m € M) has dimension 3(|P| — 1) = 3xo(1), is contained in the right kernel of .# (and hence
in the kernel of m), and equals CG - ey,eqg. Therefore, CG - m(ey,eap) =0. m

CASE = 1¢ OR 1 = 9¢. As 1) has multiplicity 1 in 7(?), the module CG - eneap is a simple CG-module. Therefore,
from Schur’s lemma, either m(e,eq3) = 0 or m maps injectively CG - e,eqp into CC. We deduce from Proposition 5]
that m(e,eqa) # 0 because its e.-coordinate is non-zero from (6.15). This shows that dimc(CG-m(eyeqas)) =1(1). m

CASE 1 = x’. Since we were not able to prove Proposition L5l when 1 = ¥/, we need an ad-hoc argument here. For

each line ¢ € L, define
gp = Z eys € (07208

v,0€L
Y#S6

Then, define L := (g, | £ € L) < CP®). As usual, let CL be the permutation module for the action of G' on P with
standard bases (e¢)¢ec . indexed by the elements of £. The mapping
CL———CP®@
G ———— €&y
is an injective CG-module homomorphism and hence CL = L. Therefore, from the decomposition of the permutation
character 7, in Lemma ] we deduce L = CG - e1,€08 ® CG - ey, @ CG - eyreq3. Thus
m(L) = CG - m(e1s€a8) & CG -m(ey,eap) ® CG -m(eyreqap) = CG - m(ergeap) ® CG - m(eyeas).

As x’ has multiplicity 1 in 7(?), the module CG - ey €eqp is a simple CG-module. Therefore, from Schur’s lemma,
either CG - e,y eqs is contained in the kernel of m or m maps injectively CG - e,reqg into CC. If the first possibility
happens, then m(L) equals the one-dimensional trivial module CG - e1,eq3. However this is impossible; in fact, a
computation shows that, given ¢ € L, the vector m(e;) is not a scalar multiple of the all ones vector in CC. Thus
m maps injectively CG - eyreqp into CC, that is, dimc(CG - m(eyreqap)) = x'(1). m

CASE n = x”. Consider the eigenspaces W' and W?2 in Proposition 6.4l From their definition, we see that
W' and W? are isomorphic CG-submodules of CP(?). From the decomposition of the permutation character 7(?)
in Lemma EI] we are forced to have W' @ W2 = CG - eyveqp (no other CG-submodule X of CP®?) allows a
decomposition X =Y & Z with Y = 7).

Since W' @ W? is an eigenspace for ¢ = .# 7 .4 for a non-zero eigenvalue, we deduce that W' @ W? is mapped
injectively by m to a submodule of CC, that is, dimc(CG - m(eyreqp)) = 2x"(1). m

Summing up,

dime (Tm(m)) =16 (1) +x'(1) +2x" (1) + ¢ (1) + -+ + 0, (1) = 7% = 3x0(1)
=[P@| = 3(|P| - 1) = [P|* — 4|P| + 3

and the proof is completed.
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