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Abstract

We consider a Backward Stochastic Differential Equation (BSDE for short) in a Markovian frame-
work for the pair of processes (Y, Z), with generator with quadratic growth with respect to Z. The
forward equation is an evolution equation in an abstract Banach space. We prove an analogue of the
Bismut-Elworty formula when the diffusion operator has a pseudo-inverse not necessarily bounded
and when the generator has quadratic growth with respect to Z. In particular, our model covers
the case of the heat equation in space dimension greater than or equal to 2. We apply these results
to solve semilinear Kolmogorov equations for the unknown v, with nonlinear term with quadratic
growth with respect to Vv and final condition only bounded and continuous, and to solve stochastic
optimal control problems with quadratic growth.
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1 Introduction

In this paper we deal with Markovian BSDEs whose generator has quadratic growth with respect to
Z, and we generalize to this framework the Bismut-Elworthy type formula introduced in [10], where
the Lispchitz case was studied. More precisely, our BSDE is related to a forward stochastic differential
equation of the form

dXb* = AXE%dr + F(X5%)dr + (—A)~%dW,, 7€ t,T],
o (1.1)
X, =x€eFE,

where F is a Banach space which is continuously and densely embedded in a real and separable Hilbert
space H. The operator A is the generator of a contraction analytic semigroup in H, which turns out
to be strongly continuous or analytic in E, and {W,, 7 > 0} is a cylindrical Wiener process in H. We
assume that the stochastic convolution

wa(r) = / (T8 A(— A) "W,
0

is well defined as a Gaussian process in H, and that it admits an E-continuous version.
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The presence of the diffusion operator (—A)~® in (1.1) allows us to deal with stochastic heat equations
in 2 and 3 space dimensions, while stochastic heat equations in one space dimension can be considered
without any regularization of the white noise, that is in the case with o = 0. Moreover, we consider
dissipative maps F' in (1.1) in order to have more generality in the structure of the equation. Notice that,
under this latter assumption, F' is well defined only on the Banach space E, while it is not even defined
on the whole Hilbert space H; this is a natural situation arising in many evolution equations, see e.g. [0]
and [4].

The solution of equation (1.1) will be denoted by X, or also by X%, to stress the dependence on the
initial conditions, and the transition semigroup related to X%® will be denoted by

Prr[¢l(z) :=E¢(X7"), ¢ € By(E).

At least formally, the generator of P, is the second order differential operator
1 —« *\ —o
(L)) = S(Tr((-A)*(=A") 7"V f)() + (A2, Vf(2)) + (F(2), V f(2)).

This is the link with the solution, in mild sense, of the semilinear Kolmogorov equation in E (see e.g.

[5]):
{ %(t,x) =—Lvu(t,z)+ ¢, z,v(t, x), Vo(t,x)(—A)~%), te[0,T], z €E, (1.2)

v(T,z) = ¢ ().

We recall that by mild solution of equation (1.2) we mean a bounded and continuous function v :
[0,T] x H— H, once Gateaux differentiable with respect to x, and satisfying the integral equality

T
v(t, ) = Pr (4] (x) +/t Prs [(s,0(s,), Vo (s, ) (ZA)"")] (z)ds, t€[0,T], z€E. (L3)

Second order differential equations are a widely studied topic in the literature, see e.g. [5]. In the case of
¥ only locally Lipschitz continuous, we cite [15], [22], [20] and also [21], where in particular the quadratic
case is studied with datum ¢ only continuous. We also mention the monograph [3], where semilinear
Kolmogorov equations related to forward equations of reaction diffusion type more general than the one
considered here are studied, but requiring Lipschitz continuity of the final datum.

We will consider equation (1.2) under the assumptions that the final datum ¢ is bounded and con-
tinuous, and that 1 has quadratic growth with respect to the derivative Vo(—A)~%. In order to prove
existence and uniqueness of a mild solution of the form (1.3) for the Kolmogorov equation (1.2), we aim
at representing this mild solution in terms of a Markovian BSDE of the form

(1.4)

ay; = —’L/J(T, XT)YT’ZT) dr + Z; dWT’
Yr = ¢(X7).

We recall that, in order to solve partial differential equations by means of BSDEs, one of the crucial tasks
is the identification of Z with the derivative of Y taken in the directions of the diffusion operator. In
this regard, we refer to the seminal paper [23] for the finite dimensional case, and to [11] for the infinite
dimensional extension in Hilbert spaces: in both papers the driver ¥ is Lipschitz continuous in ¥ and in
Z, and 9 and ¢ are differentiable. We also mention [19], where an extension to the Banach space case is
studied with the same assumptions of Lipschitz continuity and differentiability on the data.

In the present paper we do not make differentiability assumptions on the coefficients: thank to a
variant of the nonlinear Bismut-Elworthy formula for BSDEs introduced in [10], we are still able to
prove that the solution of the BSDE (1.4) gives the mild solution of the Kolmogorov equation (1.2).
Bismut-Elworthy formulas for the transition semigroup of equations of type (1.1) with invertible diffusion
operator are a classical topic in the literature, see e.g. [5]. In [3] the case of an operator like the one



in (1.1), with pseudo-inverse which is not necessarily bounded, is also considered. According to these
classical Bismut formulas, for every 0 <t <7 < T, x € H, h € H, and for every bounded and continuous
real function f defined on H, one has

(VaPer[fl(z), h) = Ef (X27) UM, (1.5)
where (G(r, X»*) being the general diffusion operator)

1
T—1

vrts = L [G7 0 X v ),
t

In [10] a nonlinear Bismut-Elworthy formula for the process Y solution of the BSDE (1.4) is proved when
1 is Lipschitz continuous with respect to Z and the process X takes its values in a Hilbert space H.
According to this formula, for 0 <t <7 < T, x € H, for every direction h € H,

T
B[V veon] = B[ [0 (X v 2 Ukt ar] cE [prolt] . )

Formula (1.6) is used in [10] to solve a semilinear Kolmogorov equation of the form of (1.2). When the
Hamiltonian function % is Lipschitz continuous with respect to the derivative of v, semilinear Kolmogorov
equations of the type of (1.2) can be solved also by using the estimates coming from the classical Bismut
formulas (1.5) and by a fixed point argument, see e.g. [3], [5], [14]. In the quadratic case this procedure
does not work anymore: for this reason, nonlinear versions of Bismut-Elworthy formulas, that give an
alternative way to solve equations like (1.2), are particularly interesting in such a framework. In [21], a
nonlinear version of the Bismut-Elworthy formula has been provided and has been applied to semilinear
Kolmogorov equations of the type of (1.2), with quadratic hamiltonian, and in a Hilbert space.

In the present paper, we generalize (1.6) to the Banach space framework, and to the case of diffusion
operator (—A)™® that has unbounded pseudo-inverse operator. In this context, the nonlinear Bismut
formula (1.6) has its own independent interest, and moreover it allows to solve the Kolmogorov equation
with Hamiltonian function quadratic with respect to Vo(—A)~“. We first provide an analogous of the
nonlinear Bismut formula given in [10] in the case of Banach space framework and Lispchitz continuous
generator. Then, we prove a nonlinear Bismut formula in the quadratic case when ¥ and ¢ are differen-
tiable. To this end, denoted by (Y%, Z%*) a solution to the Markovian BSDE (1.4) and assuming that
¢ and v are differentiable, the two main ingredients are the identification

ZPT =V, Y} (-A)™Y, tel0,T],z€E, (1.7)

and an a priori estimate on Z%® of the form (C being a constant depending on ¢, T, A, F, ||¢]|)
Zp" |y < C(T — )7V, (1.8)
which is obtained with techniques similar to the ones used in [21], see also [7] and [26]. Both (1.7) and

(1.8) are new in the Banach space framework and in the case of quadratic generator with respect to z.
Finally, differentiability assumptions are removed by an approximation procedure, obtained by suitably
generalizing the one introduced in [25].

Our results can be applied to a stochastic optimal control problem consisting in minimizing a cost
functional of the form

J (t, @ u) = [E/tTl(s,Xg,us)ds—i—Eqb (X%)} (1.9)

over all the admissible controls u taking values in H and not necessarily bounded. Here [ has quadratic
growth with respect to u, and X" is the solution of the controlled state equation

{ dX¥ = AXYdr 4+ F(X¥)dr + Qu.dr + (—A)~*dW,, 7€ [t,T)

X —u (1.10)



with @ =T or @ = (—A)~“. The aim of this latter part of the work is to characterize the value function
as the solution of the associated Hamilton Jacobi Bellman (HJB in the following) equation, and to provide
a feedback law for optimal controls. If @ = (—A)~%, namely when the controls affect the system only
through the noise (the so called structure condition holds true), the optimal control problem (1.9) can be
completely solved, see Theorem 6.10. When @) = I, the optimal control problem can be completely solved
by restricting ourselves to the class of more regular controls taking values in D((—A)~%), see Theorem
6.15. In the general case of Q = I and H-valued controls, we are able to provide an “c-optimal solution”
of the problem in the sense that the value function can be approximated by a sequence of functions which
are solutions of approximating HJB equations, and we can obtain an e-optimal control in feedback form,
see Theorem 6.25.

The paper is organized as follows: in Section 2 we fix the notations and we give the results on the
forward process. In Section 3 we introduce the forward backward system: here the main results are the
identification (1.7) of Zp* with VY;"*(—A)~, which is new in the case of 1 quadratic with respect to z
and in the Banach space framework, and the a priori estimate (1.8) on Z not involving derivatives of the
coefficients of the BSDE. In Section 4 we give the nonlinear Bismut formula (1.6) in the Banach space E
and with ¢ Lipschitz continuous with respect to z, then in Section 5 we extend formula (1.6) to the case
of ¢ quadratic with respect to z. In both Sections 4 and 5, the Bismut formula is applied to solve the
corresponding semilinear Kolmogorov equation (1.2). Finally in Section 6 we apply the previous results
to solve the stochastic optimal control problem (1.9).

2 Notations and preliminary results on the forward process

We assume that F is a real and separable Banach space which admits a Schauder basis, and that F is
continuously and densely embedded in a real and separable Hilbert space H. E and H are respectively
endowed with the norms | - |[g and |- |z. We fix a complete probability space (§2,.%,P) endowed with a
filtration {.%#;, ¢t > 0} satisfying the usual conditions.

We list below some notations that are used in the paper. Let K be a given Banach space endowed
with the norm | - |k. For any p,q € [1,00) and any t € [0, T], we set

e LP(0,T; K) the space of K-valued measurable functions defined on [0, 7], normed by

T » 1/p
I fllze o, k) = (/0 |f5|de) )

o LI(8%; LP(0,T; K)) the space of adapted processes (us)se[o, 77, defined on [0, 7] and with values in
K, normed by

T » a/py1/q
||U||Lq(Q;L:D(07T;K)) = [E(/ |u5|de) :| .
0

o SP((t,T]; K) (resp. ZP([t,T]; K)) the space of all adapted processes (X)sep,7], continuous on
(t,T) (resp. on [t,T]) and with values in K, normed by
»14/P
1Xllnqe i) = 1 X lmeimrsrey = E| sup [ Xff] ™
s€t,T]
If K =R we simply write #?([¢t, T)).

o /*([t,T]; K) the space of all predictable processes (Zs),c[s, 7] with values in K normed by
T 9 p/291/p
1 Z||.ar (2, 77:5) ;:E[(/ |Z5|de) ] )
t
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If K =R we simply write .#?([t,T]).

We denote by L(FE, K) the space of all bounded linear operators from E to K, endowed with the usual
operator norm. E* denotes the dual space of E, and (-, ) gx g+ denotes the duality between E and E*.
We say that a function f : E — K belongs to the class 41 (E, K) if f is continuous and Gateaux
differentiable on E and if the gradient Vf : E — L(F, K) is strongly continuous. If K = R we simply
write 41(E). We say that f : [0, T] x E — R is in 9% ([0,7] x E) if f is continuous and Gateaux
differentiable with respect to every x € E and the gradient Vf : [0, T] x E — L(E,R) is strongly
continuous. For more details on this classes of Géteaux differentiable functions see [11, Section 2.2].

2.1 The forward equation

We are given the Markov process X in E (also denoted X%® to stress the dependence on the initial
conditions) solution to the equation

dXb* = AXY%dr + F(XY%)dr + (—A)~%dW,, 7€ [t,T], 2.1)
X" =z€E, '
where (W) cjo,7] is a cylindrical Wiener process with values in H, see e.g. [0] for details on cylindrical

Wiener processes in infinite dimensions. From now on {.%;,7 > 0} will be the natural filtration generated
by the Wiener process and augmented in the usual way.
We assume the following on the coefficients of equation (2.1).

Hypothesis 2.1. 1. A is a linear operator which generates a contraction analytic semigroup (etA)tZO
on the Hilbert space H and there exist c,w > 0 such that |e!h|g < ce™“!|h|g for any h € H and
any t > 0. Further, the restriction of A to E generates a contraction Cy (or analytic) semigroup
on E.

2. The stochastic convolution
t
wh(s, t) := / e(t_“)A(—A)_aqu, 0<s<t<T,

admits an E-continuous version, and, for any p > 2, Elsup,c(o 1 lwA(t)|%] < +oo (when s =0 we
write w(t) instead of w(0,t)).

3. F:D(F)C H — H is a measurable and dissipative map, and E C D(F).

4. The restriction Fg of F to E is a map from E to E which is measurable and dissipative (where
no confusion is possible, we simply write F instead of Fg). F € 9Y(H,H) and Fg is Fréchet
differentiable. Further, there exist a,c,y > 0, m € N and for any z € E an element z* € 0|z|g,
such that, for any x € E, h € H,

|Fp(2)|p < e(1+ ||z,
IVF(2)| 2 < (14 |x|3"),
(F(z+2) = F(2),2")pxpe < —al2|5" + (1 + J2[}),
IVE(x)hlg < ¢ (1+[2]E") |hla-

5 ae(0,1/2).

By Hypothesis 2.1-1. and the Kuratowski theorem, see e.g. [24], Chapter I, Theorem 3.9, it follows
that F is a Borel set in H.



Remark 2.2. Since by Hypothesis 2.1-3.-4. F is differentiable and dissipative, we get
1>|z—aDF(x)z|lg, x,z€FE, |zlg=1 a>0.

In particular, from the Hahn-Banach theorem, there exists z* € O|z|g such that |z — aDF(x)z|p =
(z — aDF(x)z,2*)gpx g+, and therefore (DF(x)z,z*Ypx g+ < 0. Further, from [0, Appendiz D] we have

D_|z|py = min{{y, 2"V px g+ : ©* € J|z|p}. (2.2)
Remark 2.3. Since A generates a contraction semigroup on E, then A is dissipative, and for any
x € D(A) we have (Ax,2*)gxpx <0, * € 0|z|g, see Example D.8 in [0].

We now give an example of spaces E and H and of operator A satisfying Hypothesis 2.1-1.-2.
Example 2.4. Let d,n € N with d < 3, 0 C R? be an open bounded set, H := L?>(0;R"™) and E :=
C(O;R™). Further, let A be the realization in H of the operator

g —(p+ DI =A—-(p+1)I,....,.A=(p+ 1)),
with boundary conditions Bu = 0, where B = (B PBy) and

€€cdb, k=1,...,n,

)
2

Tyeees
¢ d

By, =1d, or By = Zyi(f)g
=1

where v; is the normal vector to the boundary of €. As shown for example in [17], A satisfies Hypothesis
2.1-1. Moreover, [7, Lemma 6.1.2] with Q = (—A)™* shows that Hypothesis 2.1-2. is satisfied with this
choice of H, E and A.

In the following proposition we collect important results on the solution of the forward equation
(2.1). We recall that, given x € E and t € [0,7], a mild solution to (2.1) is an adapted process
X% [0,T] x Q — E which satisfies

Xhe =m0, +/ eTIAR (XY ds —|—/ T, T e [t,T), P-as. (2.3)
t t

Proposition 2.5. Let Hypothesis 2.1 hold true. Then the following hold.

(i) For any x € E, t € [0,T], the problem (2.1) admits a unique mild solution X*"* € #P((t,T]; E),
for any p > 1. If A generates a strongly continuous semigroup on E, then the process X% is also
continuous up to t. Moreover, there exists a positive constant ¢ such that, for any T € [t,T],

| XL\ g <e|z|g + h(t,T), P-as., (2.4)

where

h(t,7) := ceC(T_t)/ (L+[w?(t, )7 ) ds + sup |w?(t, s)|p.
t s€(t,7]

(ii) For any xz € E, t € [0,T], the mild solution X*% to (2.1) is Gateauz differentiable as a map from
E to s?([t,T); E), and

sup |V XY"2|p <|z|lg, 2€E, P-as. (2.5)
z€E,T€[t,T)

Moreover, X*® is Gateauz differentiable as a map from E to ?([0,T]; H), and

sup |V XY"h|g <|hlg, he€H, P-as. (2.6)
z€E,T€[t,T]



(1ii) For any x € E, t € [0,T] and 7 € [t,T],

Vo X0h = 7704 4 / eTIAVF(XET)V,XE%hds, he H, P-as. (2.7)
t

Proof. Ttem (i) can be proved arguing as in [6, Theorem 7.13].
The first part of (i4) and inequality (2.5) follow from [19, Propositions 3.10 & 3.13]. We claim that

sup |V XYzl <|zluy, 2€ E P-as. (2.8)
z€E,7€[t,T)

If the claim is true, since E is densely embedded into H, by approximation we immediately deduce
(2.6) for any h € H. In order to prove (2.8), we consider z € F and the approximating processes
G"z :=nR(n,A)V,X5%2 n € N, where R(n, A) := (nl — A)~!. Then, G"z is a strict solution to

%sz = AGI2+ VF(XI")G"2, 1€ (t,T], G}z=nR(n,A)z.

The dissipativity of F' and A implies %|G’T’z|§{ < 0, which gives |G?z|g < |nR(n,A)z|g. Letting
n — +o0o we get (2.8).

It remains to prove (iii). To this end, we recall that (see e.g. [19]), for any z,z € E, the process
V. X572 is a mild solution to

d¢, = A(rdT + VF(XE"Y, 7€ t,T), (2.9)
Ct =zc E7 .
and therefore
Vo Xz =em=84, 4 / eTTIAYR(XEN)WV, X2 ds,  P-as. (2.10)
t

Let h € H and let (h,) C E be an approximating sequence of h in H. If we replace h,, to z in (2.10),
from (i¢) we deduce that the left-hand side of (2.10) and the first term in the right-hand side of (2.10)
converge respectively to V,X%*h and to e™DAh as n — 400. As far as the integral in the right-hand
side of (2.10) is considered, with z replaced by h,, again from (i7) we infer that

TTIAYR(XENWV, X5Th, — TTIAVR(XEY)V,XETh,  P-as.,

as n — +oo. Thanks to Hypothesis 2.1-4., estimate (2.4) and (2.6), we can apply the dominated
convergence theorem and therefore

/ TTIAV (XY, XD, — / TTIAVR(XEN Y, XEh,  P-as.,
¢ ¢
as n — +oo, which gives (2.7). m|

Now we show that for any z,z € E and any ¢ € [0, T, the process VX "%z belongs to D(—A)/? a.e.
in (¢,T) and P-a.s., and satisfies useful estimates.

Proposition 2.6. Let Hypothesis 2.1 holds true, and let v € E, 2 € H and t € [0,T]. Then, V,X"%z €
D((=A)Y?), a.e. in (t,T) and P-a.s., and there exists a positive constant C' such that, for any e € [0,1/2],

/ |(—A)°V, XE2|5ds < Ot — )23, T€[t,T], P-as. (2.11)
t



Proof. Let x € E. We prove (2.11) for t = 0, the case t € [0, 7] can be proved by analogous computations.
We first assume that z € E. Let V, X7z be a strict solution to (2.9), otherwise we can approximate it
by smooth processes, as in the proof of Proposition 2.5, item (ii). The dissipativity of F' in H gives

d
TV XT2ll = (AVeX(2, Vo X02)n + (VE(X])Vo X72, Vo XT2) i < (AVL XT2, Vo X(2) i,
for any s € [0,T]. Integrating between 0 and 7 € [0,T] we get
V. XZ2|% +/ (—AV, X%2, V. X 2) grds < |2|3.
0

Since (—AV,X%2,V,X%2)g = |(—A)'/?2V,X?2|% for any s € [0, 1], from (2.6) we deduce that V, X%z €
D((—A)'/2) for any 7 € [0, T]. Thus (2.11) holds for e = 1/2, ¢t = 0 and any z € E.
Let us now consider € € [0,1/2). From interpolation estimates (see e.g. [17, Section 2.2])

(~A)ealy < Celaly > |(=A)Palif,  x € D(-A)Y?). (2.12)

By replacing « by V, X%z in (2.12), we get
|1 Vaxzafds <02 [ A) T XX s
0 0
of [T 1/2 2 20 (7 2 1m2e 1-2¢1 12
gca(/ [(—A)/2V, X223 ds ) (/ Vo XIHfhds) <O,
0 0

with C':= sup.¢(0,1/2) C2. We conclude that (2.11) holds for t = 0, € € [0, 1/2] and any z € E.
Let us now consider z € H, and let (z,) C E be an approximating sequence of z in H. Then, from
(2.6), for any 7 € [0,T] we get

Vo XZ2y - Vi X7z P-as. in H, as n — +o0. (2.13)

Since (2.11) holds for any z € E, it follows that ((—A)Y/?V,X*2,) is a Cauchy sequence in .#>2([0,T]; H),
and therefore there exists a process ¢ € .#2%([0,T]; H) such that (—A)'/2V, X%z, — ¢ in .#>([0,T]; H).
Since (—A)~1/2 is a bounded operator on H, it follows that

VoXT2 = (—A) V2 A2V, X2, — (—A)"V2¢,

in .#?([0,T); H). Therefore, also by (2.13), (—A)~Y/2¢ = V, Xz a.e. in (0,T) and P-a.s., which means
that V, X%z € D((—A)"?) a.e. in (0,T) and P-a.s., and (—A)Y/?V, X%z = ¢ a.e. in (0,T) and P-a.s. In
particular, we get

t
[ 1A 29,5 < Oy
0

Again, by applying interpolation estimates we see that (2.11) holds for € € [0,1/2], t = 0 and any z € H.
O

We end this section by giving pointwise estimates of (—A)*V,X5%z. In particular, we improve the
result of Proposition 2.6, by obtaining that V,X%* belongs to D((—A)%) for any 7 € [t,T], P-a.s.

Proposition 2.7. Let Hypothesis 2.1 holds true and let x € E, z € H and t € [0,T]. Then, for any
reF and z € H,

E| sy (—A) Vo Xty | <Claln (=7 + (r =07 (23 +Cr)), (219)
TE(t,



and if in addition z € D((—A)®), then (2.17) gives

E[ st ] |(*A)anXﬁ*rz|H} <C (|(=A)*2|g + (T — )= (Je|2+ + Cp) |2]w) (2.15)
TE[t, T
where CT = E[SupTE[O,T] |wA(7_)|2E’m+1]‘

Proof. We prove estimate (2.16), then (2.17) follows from analogous arguments. Fix z € E, z € H and
let us consider ¢ = 0. We recall that A generates an analytic semigroup on H and therefore etz belongs
to D((—A)*) for any k € N and any h € H, and |(—A)Pe!4h|y < Cst=P|h|y for any B > 0 and some
positive constant Cjz. This means that V, X*z € D((—A)%) for any 7 € [0, T] and, recalling (2.7),

(—A)OV, X2 = (—A)%e™ 2 +/ (=AY F(XT)V,X%2dz, P-as.
0
From Hypothesis 2.1-4. and (2.6) we deduce that
[(—A)*V, X z|g <Cor™ |2l + cCa/ (1 —8) V(X V. X2 2| pds
0

§C|2|H(T_a+7'1_o‘(|x|2Em+1+ sup |wA(T)|2Em+1)), P-a.s.,
7€[0, 77

for some positive constant C' independent of x, z. Then, for any 7 € (¢, T},

(= A)*V, X5 g g0|z|H((T ) (r— t)lfa(|x|§;l+1 + sup |wA(T>|%Em+1)), Pas., (2.16)
TE[L,T)

for some positive constant C' independent of x, z,t. Further, if z € D((—A)%), then

[(—A)* Vo X2 gc(|(_A)az|H +(r— t)l-a(|x|§5m+1 + sup |wA(T)|§5m+1)|z|H), Poas.  (2.17)
Tet,T

Taking the expectation in (2.16) and (2.17) we get respectively (2.14) and (2.15). m|

3 The forward-backward system

We consider the following forward-backward system of stochastic differential equations (FBSDE for short)
for the unknown (X,Y,Z) (also denoted by (X% Y%® Zt%) to stress the dependence on the initial
conditions ¢ and x): for given ¢t € [0,T] and = € E,

dX, = AX.dr + F(X,;)dr + (—A)"*dW,, 7e€lt,T],

Xy =ux, (3.1)
dYT:*w(TvXTaY'erT) dT+ZT dW"" TE [t’T]’
Yr = ¢(Xr).

The second equation is of backward type for the unknown (Y, Z) and depends on the Markov process X.
Under suitable assumptions on the coefficients ¢ (the so-called generator of the BSDE) and ¢ we look
for a solution consisting of a pair of processes (Y, Z) € #2([t,T]) x .#*([t,T); H). More precisely, we
will assume that 1) is Lipschitz continuous with respect to y and locally Lipschitz continuous and with
quadratic growth with respect to z, as stated below.

Hypothesis 3.1. The functions ¢ : E = R and ¢ : [0,T]x ExRx H — R in (3.1) satisfy the following.



(i) ¢ is continuous, and there exists a nonnegative constant Ky such that |¢p(z)| < Ky for every x € E.

(i) v is measurable and, for every fixed t € [0,T], the map ¥(t,-,-,-) : E x R x H — R is continuous.
Moreover, there exist nonnegative constants Ly and K, such that

[(t, w1, 91, 21) = Y(t, T2, Y2, 22)| < Ly (|51 — 2|5 + [y1 — ya| + |21 — 225 (1 + |21]5 + |22|H)
|1/)(t,1',0,0)| SKdM
for every t € [0,T], 1,22 € E, y1,y2 € R and 21,22 € H.

Theorem 3.2. Assume that Hypotheses 2.1 and 3.1 hold true, and for any (t,x) € [0,T] x E, let
(X2 Y02 Z8%) be a solution to the FBSDE (3.1). Then, there exists a unique solution of the Markovian
BSDE in (3.1) such that

Y5 2o,y + 127 Lz e,y < C

where C' is a constant that may depend on T, A, F, Ky, Ly, K4.. Moreover, setting v(t,z) := Ytt’m,
Yh® = o(s, X07), P-as., s€t, T), (3.2)

and there exists a Borel function u : [t, T] X E — H such that

70 = u(s, X5"), P-as., ae. s€[t, T). (3.3)
Proof. The first part of the result substantially follows from [16]. Identities (3.2)-(3.3) are a consequence
of the Markov property of X, see for instance Theorem 4.1 in [8] or the proof of Theorem 5.1 in [12]. O

We recall some further estimates for the solution (Y, Z) of the forward-backward system (3.1). In
particular, Z € .#?([t,T]; H), for any p > 1. The corresponding proof can be found e.g. in [21].

Proposition 3.3. Assume that Hypotheses 2.1 and 3.1 hold true, and for any (t,x) € [0,T] x E, let
(X2 Y02 Z8%) be a solution to the FBSDE (3.1). Then, for all p > 1,
1Y%l son (e + 125 aw .73,y < C,

where C' is a constant that may depend on T, A, F, Ky, Ly, Kg.

At this point, we aim at proving a stability result for the BSDE when the final datum and the
generator are approximated by sequences of Fréchet differentiable functions (¢, )n>1, (¢r)e>1, converging
pointwise respectively to ¢ and v, and such that, for all t € [0,T], z,z1,22 € E, y1,y2 € R, 21,20 € H,

|on(2)] < K¢,  |the(t,2,0,0)| < Ky, (3.4)
[Ve(t, w1,y1,21) — Ye(t, 22, Y2, 22)| < Ly(|z1 — 22| + [y1 — 2| + |21 — 22|l (1 + 21|15 + |22]m)).  (3.5)

To provide such approximations we extend the result in [25] valid for Hilbert spaces: by using Schauder
basis, the approximation performed in that paper can be achieved also in Banach spaces, along the lines
of what is done in [18]. We start by introducing the following objects.

Definition 3.4. i) Denote by (en)n>1 the normalized Schauder basis in E and by (hy,) an orthonormal
basis of H. For any n € N, we define the projections Q. : H — R" and P, : E — R" as follows:

Qnz = (21,...,2n), Pox:=(x1,...,2p),

for any z € H and x € E with z = 220:1 Zphy and x = 220:1 Tnen, Zn, Tn € R.
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i) We consider nonnegative smooth kernels ¥ € C°(R) and p,, € CZ(R™), m € N, such that
supp (9) € {CER I/ <1}, supp (o) C{E € R el <Yy [9l1ae) = lomllzscam) = 1.

iii) For any n, L € N, we set ¥¢(¢) = L3(¢C) for any ¢ € R, and
6ul@) = [ pule = Pua) (Zelez)dg, (3:6)

vtz = [ [ o€~ P o= @2ty = Zszel,c Zm ) )G di e
(3.7)

It is not hard to prove the following lemma.

Lemma 3.5. Le ¢ and v satisfy Hypothesis 3.1. Then the following hold.
(i) For any n € N, the function ¢, in (3.6) is Fréchet differentiable, satisfies estimate (3.4), and

lim ¢,(z) = ¢(z), =€k

n—-+o0o

(i) For any ¢ € N, the function 1, in (3.7) is Fréchet differentiable with respect to x,y, z, satisfies
estimates (3.4)-(3.5), and

Jm pe(t 2y, 2) =9t 2,y,2), (Loy,2) €[0,T] x ExRx H.
A

We can now give a stability result for the Markovian BSDE in (3.1) related to a forward process
X taking values in the Banach space F, when the final datum and the generator are approximated
respectively by the sequences (¢, )n>1 and (¢¢)¢>1. Notice that a similar result is proved in [21], where
the forward process X takes its values in a Hilbert space H: there the final datum and the generator are
approximated in the norm of the uniform convergence by means of their inf-sup convolutions. Clearly,
the following result holds true if we approximate only ¢ or ¢.

Proposition 3.6. Assume that Hypotheses 2.1 and 3.1 hold true. For any (t,x) € [0,T| X E, let (X,Y, Z)
be a solution to the FBSDE (3.1). Let (Y™, Z™!) be the solution of the BSDE in the forward-backward
system
dX; = AX dr + F(X;)dr + (—A)"“dW_, T € [t,T],
Xt =,
Ayt =~y (1, X, YU 200 dr 4 20 aw,, T e [t T,
Yyt = on(Xr),

that is, the FBSDE (3.1) with final datum equal to ¢y, in (3.6) in place of ¢, and with generator v in
(3.7) in place of 1. Then, for all p > 1, the unique solution of the Markovian BSDE in (3.1) is such that

(3.8)

||Y — Y’n”l”y;?([t’T]) + ||Z —zmt ([t,T];H) — 0 as n,l — oo.

Proof. Thanks to (3.4), (3.5) and to Proposition 3.3, the pair of processes (Y™ Z™!) is bounded in
SP([t, T)) x AP([t, T); H), uniformly with respect to n,l. The BSDE satisfied by the pair of the difference
processes (Y™ —Y, Z% — 7) is

{ d(YTn’l -Y;) = (7/}(7_7 X Yo, Z7) — hi(7, Xr, YTnJ’ Z:—l’l)) dr + (Z:—Ll = Z7)dW;, T€elt,T],
Yl = Yr = ¢u(X1) — ¢(X7).
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Writing the previous equation in the integral form, we get

N Y.
}an o
T

= an(XT) - ¢(XT) - / (Z:ql - ZS) dWS +/ (w(saXSvySa ZS) - T/JI(S,XS,YS,ZS)) dS

T T

T

T
+/ (18, X, Yo, Zs) — (s, Xo, Y, Z0°0)) ds

T
+ / (s, Xa, Yo, Z00) — iy (s, X, Y2, Z00)) ds

T
:¢N(XT) - ¢(XT) +/ (Q/J(SaXSaYSaZS) - wl(S)XS)YS) Zs)) ds

T

+ /T ’l/)l(saXSa}/Sa ZS) - ¢I(S,X57Ysa Z;l’l

T
) (Zs — 2z ds 7/ (Zh = Zg) dW

Zo— 70
T l n,l  7n,l
Xs;YSaZn’ - aXsa}/s ’ aZS’
+/ Ui, SY) iﬁg‘j )(Y; _st,l) ds
T

T
—pn(Xr) — S(Xr) + / (5, X, Yar Zo) — n(5, X, Yo, Z)) ds — / (20— Z,) dw

T

N /T Vi(s, X, Ys, Z00) — i (s, X, Y, Z00)
. Y; _ szn,l

(Y; _Y'Sn,l) dS,

where in the last passage we have used that

T _ n,l
Wf’l :Wq—_/ wl(S;Xsa}/saZs) Q/Jln(‘?;XsaY;;ZS )dS, TZt,
t Zs - Zs ’
which, by the Girsanov Theorem (see, e.g., [6, Theorem 10.14]), is a cylindrical Wiener process under an
equivalent probability measure Q™'. Taking the Q™!-conditional expectation Egﬁ,z [] :=Egn.[|#7], we
get

T
Y =Yy =EJ7[0n(Xr) - 6(X0)] + EJL | / (U0, X, Yo Z) = (5, X, Ve, 22) ds]

a1 [T (s, Xs, Ys, Z00) — (s, X, YU Z000)
E
+ Qn,l - }/S _ }/Sn’l

(Yo = v ds|.

By taking the absolute value, the expectation and by applying the Gronwall lemma, we deduce that, for
all p > 1, Y™ - Y in .#P([t,T]) as n,¢ — oo, with respect to the probability measure Q™! and also
with respect to the original probability measure.

For what concerns the estimate of Z — Z™!, by applying the It6 formula to |[Y™! — Y|? we get

T
e[t —vie] ] [ 122 - 2]
t

T
B[6,(Xr) = (X)P] = 2B[ [ (V21 = Y:) (0 X Yo Z2) =l X, Y, 20
< B[on (1) ~ 6602|428 [ I < Vol X, Yo 22) =, X Yo )

T
2B [V -Vl X, Y, 22) — il X Y2, 22 dr
t
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T
<E[[6a(Xr) = 6(Xr)*| + 28| sup [¥7" V| | 1 XY 2) = i X Y, 20 ]
TEL,T t

T
+OE[ sup |YT”LYT|/ (1+|YT—YT"J|+|ZT—ZMH(1+|ZT|H+|Z¢J|H))dT]
TEL,T] t

Let us consider the right-hand side of the above inequality. Thanks to estimates (3.4), (3.5) and to
the boundedness of Y and Y™! in .#?([t, T|; E), the first two terms converge to 0 as n,l — oo by the
dominated convergence theorem. For what concerns the third term, by applying Holder’s inequality with
P, q conjugate exponents, we get,

T
E[ sup [y - Y] / (U4 [¥e =Y 4120 = 20 (L4 | 2ol + 122 |w)) |
TE[t,T) t
1 T 1

<C(E] sup |YT"J—YT|PDE(E[(/t U+ 12, + 120 Bar)]) = 0

TE[t,T)

as n,l — co. The stability result for p = 2 follows, and we can pass to the case of general p in a usual
way. O

We now state a result on differentiability for the solution of a Markovian BSDE with generator with
quadratic growth, with respect to the initial datum z.

Proposition 3.7. Assume that Hypotheses 2.1 and 3.1 hold true, and for any (t,x) € [0,T] x E, let
(Xte yhe Z6%) be a solution to the FBSDE (3.1). Assume moreover that ¢ is Gateauz differentiable
with bounded derivative, and that ¥ is Gateauz differentiable with respect to x, y and z. Then the triple
of processes (X1®, Y12 74) s Gateauz differentiable as a map from E with values in /2((t,T]; E) x
S2([t, 1)) x A?([t, T); H) and, for any h € E,

—dV,YETh = V(r, X4 YE 28V, X5 hdr + Vo (r, X0, VI, 265V, Y hdr
+V(r, XEe Ve Z8 , Zbhdr — Vo Z85ChdW,, T € [t,T),
VoY7'h = Vep(XE )Vl X5h, (3.9)
dV.Xb"h = AV, XL%hdr + VE(XL)V,Xb%hdr, 1€ [t,T),
V.X/"h = h.

Moreover, there exists a constant C, only dependent on T, A, F, Ky, Ly, K4, such that
T
E| sup |VY!"h[? +/ |V Z0%h|% dr| < C|hl%. (3.10)
TE[t, T] t

Proof. In the case of a Markovian BSDE with generator 1) quadratic with respect to Z and related to
a forward process taking values in a Hilbert space, the result is given in Theorem 4.5 of [2]. Since in
Proposition 2.5 we have proved the differentiability of X** with respect to € F, the same conclusions
hold when the forward process takes values in the Banach space E, namely

T
E[ sup |V1Y5t’””h|2+/ V. Zbh|2, dr| < C|hl3.
TE[t, T] t

The stronger estimate (3.10) comes from Proposition 2.5, estimate (2.6). O
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3.1 Identification of Z and a priori estimates on (Y, 7)

We now prove an a priori estimate on Z%* depending only on the L°°-norm of the final datum. The
novelty towards [21] is that we work in a Banach space and the pseudo-inverse of the diffusion operator
is the unbounded operator (—A)®. In order to get this estimate and also for the subsequent results of
the paper, it will be crucial to prove the identification

ZyT =V YT (—A)7,

which is new in the Banach space framework and in the case of quadratic generator with respect to z.
We have to make the following assumption:

Hypothesis 3.8. There exists a Banach space Ey C D((—A)%) dense in H such that (—A)"*Ey C E
and (—A)™*: Ey — E is continuous.

Remark 3.9. Notice that if 2 C R? is a bounded open domain with smooth boundary, H = L?*(2)
and A is the Laplace operator in dimension 2 with Dirichlet boundary conditions, then we can take
Ey = D((fA)%) and all the requirements of Hypothesis 3.8 are verified.

Theorem 3.10. Assume that Hypotheses 2.1, 3.1 and 3.8 hold true, that ¢ is Gateaux differentiable with

bounded derivative, and that i is Gateauz differentiable with respect to x, y and z. For any (t,z) € [0,T] %

E, let (X4*,Y4® Z8%) be the solution to the FBSDE (3.1). Then the triple of processes (Xt*,YH* ZH®)

is Gateauz differentiable as a map from E with values in *((t,T); E) x S*([t,T)) x #*([t,T]; H).

Moreover, setting v(t,x) = Ytt’m, then, P-a.s.,

YEY =w(s, XE"), st T], (3.11)

Z8h = V,u(s, X0V X0 (—A)"*h, ae.s€[t,T], h € Ep. (3.12)

Proof. The differentiability properties of (X** Y% Z%%) and the identification formula (3.11) directly
follow respectively from Proposition 3.7 and formula (3.2) in Theorem 3.2.

Let us now prove identification formula (3.12) for Z. Since we are in a Banach space framework, we

will follow the lines of the proof of Theorem 3.17 in [19]. However, a substantial difference with respect to

[19] is that here we deal with a generator ¢ with quadratic growth with respect to z, instead of Lipschitz
continuous. Fix ¢ € [0, T']. By the definition of the function v, we can write

v (T, Xﬁz) Jr/ Zb AW, = v(t, ) +/ Yodo, 0<t<7<T, (3.13)
t t

where we have used the notation ¢, := (o, XL, V1" Z1*). Notice that towards [19] we do not have
v € #*([0,T]), but we only know that v € LP(Q, L'(0,T;R)) for any p > 2. As in [19], we define a
family . of predictable processes with real values in the following way:

S = {predictable processes 7 : for any k=0,...,2" —1,
k kT
T]tl kT (k+1)T (t):T] (th,...,th ) fOI'OStlS"'StlkS—,
{271 T om ) k 2n
7" bounded functions in C'*° (Rl’“,R) with bounded derivatives of all orders}.

We will briefly write 1, = n:(W.), where by W. we mean the trajectory of W up to time t.

Let us set & := ns for ¢ € Fy. From now on we fix s > ¢, and § > 0, small enough such that s—9 > ¢.
We also identify H with its dual H*, and we write £ for £*. Multiplying both sides of (3.13), with 7
replaced by s, by fss_ sSodW, and taking the expectation, we get

E[v (s, Xt) /;ggdwg} E[/t bodo /;ggdwg} HE[/: ZL5 4w, /S;g(,dwg}. (3.14)
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It is immediate that

E[/tS—éwgdU/siéfgde} =0, E[/:Z;Zdwa/siéfgdwa} = E[/siész’mg"da}’

so (3.14) simplifies in

]E{v (s, X1) /:Sggdwg} :E{/:Jwada/:afade} —|—IE{/:§Z§’I£UCZU]

By dividing both sides of the previous equality by § and letting § — 0, we get
E{ngs} _ lim EE[U (5, X5%) / gadwa} — lim EE{/S bodo / §UdWU}. (3.15)
s 6—0 5 ’ 8 s—& 6—0 5 s—§ s—§

We will prove that

lim %E{v (s, X1) s;ggdwg} = E[vz (v(s,Xﬁ’z))(—A)’o‘gs}, (3.16)
lim %E{/;w,,da s;&,dWa} —0. (3.17)

If (3.16) and (3.17) hold, then, by (3.15), for every n € ., E[ZL%n;s] = E[Vu(o, XL")(—A)~%mn,]
for almost every o € [¢t,T]. By the arbitrariness of 1, we would have, for almost every o € [t,T],
287 = Va(v(o, XE®)) (—A) =, P-as. for all ¢ € Ey, and the formula (3.12) would follow.

Let us thus show that (3.16) and (3.17) hold true. We start by proving (3.16). One proceeds as in
[1], following also [19]. In particular, for 0 <t < o < T, we define

WE =W, E/U@ (W#) dr, (3.18)
t

where &,.(WF) depends on the trajectories of W up to time r, and the dependence is given by the
definition of 7. The process (W¢), is defined as the solution of (3.18), which is not considered as a
stochastic differential equation, as specified in [1, p. 476]. Equation (3.18) can be solved step by step in
each interval

kT (E+1)T
[—,(Jri)» k=0,...,2" 1.
2n 2n
(W), is well defined for every 0 < o < T, see [19] for more details. Moreover, W¢ is a function of the

trajectories of W up to time o, that is, W = W2 (W.), and we can write
W;ZWU*E/fr(WE(W))dT, 0<t<o<T.
t

Now we define a probability measure (). such that

W op (o[ & e aw, —5 [ e v vy ao).

By the Girsanov Theorem, under Q., Wt = W, — ¢ j;a«ET (W=(W.))dr is a cylindrical Wiener process in
H. By this construction of (W¢),, it is also clear that for every 0 < o < T, W¢ is pathwise differentiable

with respect to € and %|€:OW§ = —/ &-(W.)dr, see also [1, p. 476].
t

15



By (3.13), the random varaible v(s, X!'*) is square integrable and

S

E[v? (s, X'%)] Sc{l +E[(/:ggdwg)2} +]EH /t %daﬂ}
Sc{l —HE[/: |£a|§qdo} —HEH /tS Q/Jadam} < 00.

Therefore, by the Cauchy—Schwarz inequality the expectation of v(s, X!%) / &,dW, is well defined.
s—0
We claim that

s d
E[u (s,Xﬁvm)/SiafgdW,,} = 5o [0 (5 X17). (3.19)

As a matter of fact,

i t,x _ i t,x /s . i /S 2
d€|€:OEQE [U (S,Xs )] = ds\g:oE[U (S,XS )exp (5 - §edW 5 >/, ||€<T|‘Hd0-)}

_ Elig%E[v (s, Xt é{ exp (g/;gadw,, - ?/_6 1%, da) - 1}} - E[u (s, X1) /Sif"dw"}’

where in the last passage we have used the dominated convergence theorem being ¢ bounded.
Now notice that, in (Q,.%,Q.), X¥® is a mild solution to the equation

dXE® = AXDPdr + F (X2%) dr 4+ (—A)"%e& (Wo)dr + (—A)"“dW:, 1€ [s—6,T].
On the other hand, in (2,.%,P), we consider the process X¢ which is a mild solution to the equation

{dX;f = AX:dr + F(X8)dr + (—A) %e& (W)dr + (—A)~%dW,, T1€[s—46,T],
Xis= Xzfa-

Then the process X»% under Q. and the process X¢ under P have the same law, so (3.19) yields

s d
]E{v (s,Xﬁ’ﬂ”)/ gadwa} =2 Ehu(s,X9)]. (3.20)
s—0 de le=0
Let us set X, = %‘8:0Xj and A® X, = Xf;X77 P-a.s. for any 7 € [s — 4, T]. Arguing as in [19], one can
prove that
lim |A° X, - X, p=0, X,= / Vo X2 (CA) ¢ do, Te[s—6,T], P-as. (3.21)
E— s—§

Formula (3.21) in turn allows to show that

d

B[, XD)] = B[Voo (X)) = E[Vav (5. X07) [ 9,30 (2 a)2gedo],

so that formula (3.20) gives

E[v (s,XﬁvI)/s ggdwg] :E{VIU (s, X57) / szgvxi'm(fA)—aggdo] (3.22)
s—6 s—6
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By (3.22) we have

° o1 3 Xbe _
lim LE Xbe — lim =E Xt X7 (—Ayeg,
lim [ (s, K ) L fgde] lim [va (s, . )/5_6 Va (—A)~«¢ do]

= E[ Vv (s, X07) VX0 ()78 ] = E[V. (o5, X09)) (-4) ¢

50 (3.16) is proved.
It remains to prove (3.17). Recalling identifications (3.2)-(3.3), we have

1 * T T xT
EE{ - 61/)(0 Xte ybe gte) da/ §gdW
1
_ SIE (0 X, 0(0, Xo) (o,XU))da/_JEUdWU}
= %di /5751/)(0—, Xg,’U(O’, Xg)au(o—a X;))d0:|a (323)

which is the analogous of formula (3.20) with f5 := / 1,do in place of v. Now we notice that
5

1d ‘ ' .
5de| Yo X5, 0(0, X5), u(o, X2)) = aﬂ/)a Z + Vya/)g 2+ V.t —, oels—6,T], (3.24)

where we have used the notation
(Y, 2) (d y, & Z) (Vao(o, X)X, Vou(o, XE)X)
= — ,— = (Vgu(o, X5)X, Vyu(o, X2 .
’ dele=0  deje=0

By (3.21) and (2.5), we have

X 1 T o Xt®
z < / Ve XTN (CA) o] <O rels—6T) (3.25)
s—0

On the other hand, the pair of processes (Y, Z) is solution to the FBSDE

—dY, = Va(r, XL Y 26X dr + Y b(r, X5®, Y ZEYY dr
VL (r, XE, Y, 250 2 dr — Z,dW,, T € [s — 6,T),
Yr = V.o(XL")Xr, (3.26)
dX, = AX.dr+VF(Xt*)X.dr, 7€[s—261T)
X,5 = 0.

Moreover, taking into account (3.25) and the linearity of the BSDE (3.26), we get that the pair (Y, Z)
satisfies the estimates

<C, P-as., (3.27)



1 T
—E{/ |ZT|§{dT:| <cC. (3.28)
d s—0

By Hypothesis 3.1,
|vm"/)a|E* < C, |vy"/)a| < C, |Vz1/}a|H < C(l + |Z|H)7 o< [S - 5; T] (329)

Therefore, collecting (3.24)-(3.25), (3.27)-(3.28) and (3.29), (3.23) gives

%E[ b(o, Xbe Y, 7ty do/ §gdW
s—0

1 ° d € € €
= 3B[ [ (e Xz 0l0, X2),ute X))o

E[/S: (v o 22 ‘ +vyw0 » AN VTS ;)da}

< 05+01E[/56|vy¢0| D;U'do} +CE[/ Vst 12l "'H do| §05+E[/;|Zg|§,da}

which goes to zero as d goes to zero. This shows that (3.17) holds true and concludes the proof. O
Corollary 3.11. Under the assumptions of Theorem 3.10 we have
ZVh = Vu(s, XE*)(=A)"*h, h € H, for ae. s € [t,T], P-a.s.,

where V,v(s,x)(—A)~% denotes an extension of the operator V,yv(s,z)(—A)~* : Ey — R to the whole
space H. Moreover, there exists a constant C, that may depend also on V¢, Vo1 and Ly, such that

|Zb% g <O, for ae. s € [t,T], P-as. (3.30)

Proof. Since Ejy is dense in H, by (3.12) in Theorem 3.10, for almost every s € [0, T'] and almost surely
with respect to the law of X, the operator V,v(s,x)(—A4)~% : Ey — R extends to an operator defined on
the whole H, which we still denote Vv (s, z)(—A)™“.

Moreover, from (3.12) and by the Markov property, we get

U,Xf,’”c

Z* =723 =V YR | _yee (mA)7%, for ae. o €[0,T], P-as.

The conclusion (3.30) follows from the fact that sup, |V,Y.%"*| < C by (3.10), where C is a constant that
does not depend on k. 0
Now we use the previous result to give a priori estimates on Z7,

Proposition 3.12. Assume that Hypotheses 2.1 and 3.1 hold true, and for any (t,z) € [0,T] x E, let
(Xte yhe Z6%) be the solution to the FBSDE (3.1). Then there exists a positive constant Cp only
depending on T, A, F' Ky, Ly, Ky such that

|ZLh| < Cp(T —t)"Y2|h|y, P-as., h e H, (3.31)
V.Y, h| < Op(T —t)"Y*=|h|y, P-as., he H. (3.32)
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Proof. In the following Cr will denote a positive constant which may depend on T', Ly, Ky, Ky but not
on V¢, and that may vary from line to line. We fix (t,2) € [0T] x E.

We start by proving estimate (3.31). We first take ¢ and 1 differentiable. By Proposition 3.7, the triple
of processes (X% Yh® 7Z4%) is Gateaux differentiable as a map from E with values in .#?((t,T]; E) x
S2([t,T)) x #*([t,T); H), and for any h € Ey, the triple of processes (VX% V,Y"*h V,Z4*h) is
solution to (3.9), and satisfies estimate (3.10).

Let us now introduce the process

we.=w, 7/ V(s X0* YE* Z6%Yds, T € [t,T),
t

where Q is the probability measure such that W is a Brownian motion in (2, %, (% )i>0, Q).
Let us fix h € Ey. Arguing as in [21, Proposition 3.6] it follows that

- , Xt yte gte
Fi’mh::eft Vyd(s, X" Y0, 2, )dsvzijh

.
+/ eli Vupr XY 2 dng (s, XEP VIR, 250\, X EPhds, T € [t, T).
t

Therefore, (|F2"h|?),cp, 1) is a Q-submartingale, which implies, thanks to identification formula (3.12),
that

E@[/t |Fst’””h|2ds} > (1= t)|F/7h) = (1 —t)|Z;°(=A)*h|, 7€t T). (3.33)

Further, since v is differentiable and Lipschitz continuous with respect to z and y, and V,X%? is bounded
(see (2.6)), we deduce that

|[FE2h? < Cr (Vo YE h)? + |[hE) . 7€ t, T), P-as. (3.34)
It remains to estimate |V,Y*h|. To this aim, we recall the well-known estimate
Q R p/2
BO[( [ 12 pds) | < Clolt, el T, (3.35)
t
for some C' > 0 and any p < +o00. Formulas (3.35), (3.12) and (2.15) give
B9[ [ (wvienpas] <B[ [ 120~ AP X e ds] < oIl A i, e T,
t t
which, together with (3.33) and (3.34), allows us to conclude that

x o C’T a
|2y (= A)*h[* < 7 (=A)hlE, ke Eo.

Let now fix h € H. We notice that in this case we can write h = (—A)*(—A)~“h. Therefore,

Or
T —t

C
|27 =12 (—A) (—A) P <

< (A (= A) bl <

|, heH,

which provides (3.31) in the case of ¢ and ¢ differentiable.
Finally, the case ¥ and ¢ non differentiable can be obtained by approximating ¥ and ¢ with ¥, and ¢,
in (3.7) and (3.6), respectively. For the proof we refer to [21, Proposition 3.6].
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Let us now prove estimate (3.32). Again, at first we prove the result when ¢ and ¢ are differentiable
and then we generalize it by approximation. Let us fix h € Ey. For any t < n < 7 < T, the submartingale

property of (|FL%|3) e gives

E@[/ (L] :/ EO[|Fh|2ds > / EC(|FLhf2]ds = (v — )ES[|FLoh[2) (3.36)
n n n
Moreover, for any 7 € (t,T] we split
T (t+71)/2 T
E@[/ |F;f@h|2ds} :E@[/ |F;@h|2ds} +E@[/ \Ftoh)2ds| =: I} + L. (3.37)
¢ ¢ (t47)/2

Let us evaluate separately I; and . Concerning I, identification formula (3.12), (3.35) and (2.14) give

E@[/T |VY;th|2ds}
77 T
B[ [ 120 (- A) VX by
n

2 T
+Cnlr =07 (ol + B2 s [wA @) e [ 1z s
Tet,T n

< Cr|| @[ IRl (n — )~ (3.38)
Hence, from (3.34), (3.36) and (3.38) it follows that

(n—t)—>
(r—mn)

By applying Fubini’s theorem and (3.39), we infer that

B[y hf] < Crl|@) % hf +1), t<n<T<T (3.39)

(t+7)/2 (t+7)/2
n<Crleln[r-07 [ - e oo [ a
= Cr|h|5[(r =) + (7 —tt)] < Crlh|f(r =), t< :7 <r<T. (3.40)
As far as I is concerned, we take advantage from (3.34) and (3.38). Then, for t < n <7 < T we get
L <Crlh|g [(r=t) + (1 — )72 = Cr|h|3[(r — ) 7> + (1 = t)] < Cr|h[H (T — ). (3.41)
Thus collecting (3.36), (3.40) and (3.41), we have

(r — )EQ[ Fboh|?] < E@/ \FLoh2ds < COplhl%(r — )2, t<q<7<T,
t

so that
1

EQ) Ft,z 2 < 2
H n h| ]_CT(Tfﬁ)(Tft)2a|h|H,

heEy, t<n<t<T. (3.42)
Let us now fix h € H, and let us consider a sequence (h,,) C Ey such that h, — h as n — 400 in H.
Taking (3.42) with h replaced by h,, and letting n — +o0, it follows that

Cr )
T

Inequality (3.32) follows from (3.43) by taking 7 = T and n = ¢. O

EC[|Fp7h|?] < heH, t<n<Tt<T. (3.43)
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4 The Bismut-Elworthy formula and the semilinear Kolmogorov
equation: the Lipschitz case

Recall that we deal with a process X taking values in a Banach space and solution to equation (2.1),
with special diffusion operator (—A)~% with pseudo-inverse (—A)® which is not bounded.

In the present section we adequate to our framework the results in [10]. More precisely, in Subsection
4.1 we present a nonlinear version of the Bismut-Elworthy formula in the case of Lipschitz generator,
which extends the one provided in [10] in the case of a process X taking values in a Hilbert space, and
with a bounded diffusion operator with bounded inverse. Providing the Bismut-Elworthy formula in
the case of Lipschitz generator is a fundamental step in order to obtain the analogous formula in the
quadratic case. Moreover, it allows us to give an existence and uniqueness result in the Banach framework
for the semilinear Kolmogorov related to the process X, and with coefficients ¢ and 1 not necessarily
differentiable, see Subsection 4.2.

For 0 <t < s<T and h € H we define the real valued random variables

1

Ut = —/ (—A)*V XE%h, dW,.). (4.1)
t

s—1
Notice that, for any h € H, the process U™*® is well defined thanks to formula (2.11) in Proposition 2.6.
In what follows we prove some useful estimates on the process U"?.

Lemma 4.1. Assume that Hypotheses 2.1 hold true. For any (t,x) € [0, T] x E, let X" be the unique
mild solution to (2.1). Then, for any h € H and for any ¢ > 1,

(E[UL19) T < € (s — )35 |n]y, (4.2)
and also Y
q 1
(E[ sup |Us’“t’I|QD < O(T — £)~ G+ | . (4.3)
se[T 1)

Proof. We compute

Sit q} < ﬁﬂﬂ{(/j|(—A)“V1Xf_’xh|2dr)q/2}

Cl(s =)' h[3)** = Cs — £) 9@ n|Y,

E[U"Y = E|

/ (—A)*V,XE"h, dW,.)
t

<1
~ (s —1t)e

where in the latter inequality we have used formula (2.11) of Proposition 2.6 with ¢ = a.. Analogously,
we have

E| sup IUsh’t’zlq}SC

s€[¥,T]

1 T o N q/2 Cv(lia
(T——t)qE[(/t (AT X dr) ] < O - T,

4.1 The Bismut formula

We can now give a version of the Bismut-Elworthy formula in the case of Lipschitz generator and in the
Banach space framework. We consider only the case of final datum ¢ and generator 1) bounded with
respect to z, since we aim to treat such a model in the quadratic case. We start with the case when the
coefficients are also differentiable. An analogous result is proved in [10] in the Hilbert space framework
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using the Malliavin calculus. Since here the process X takes its values in a Banach space, we avoid the
use of the Malliavin calculus, by exploiting instead techniques similar to the ones used in the proof of
Theorem 3.10.

In the rest of the section we will assume the following, that substitutes Hypothesis 3.1.

Hypothesis 4.2. The functions ¢ : E = R and ¢ : [0,T]x ExRx H — R in (3.1) satisfy the following.
(i) ¢ is continuous, and there exist a nonnegative constant K4 such that |p(x)| < Ky for every x € E.

(i) 1 is measurable and, for every fized t € [0,T], the map ¥(t,-,-,+) : E x R x H — R is continuous.
Moreover, there exist nonnegative constants Ly and K, such that

[(t, 21,91, 21) = U(t, 22,92, 22)| < Ly (|21 — 226 + [y1 — 42| + |21 — 22|n) ,
|’l/)(t,$,0,0)| S K’va
for every t € [0,T], 1,22 € E, y1,y2 € R and 21,22 € H.

Theorem 4.3. Let Hypotheses 2.1 and 4.2 hold true, and for any (t,z) € [0, T|x E, let (Xt*,YH* Z4o)
be a solution of the forward-backward system (3.1), and let UN5% be the process defined in (4.1). Assume
moreover that ¢ is Gateaux differentiable with bounded derivative, and that ¢ is Gateauz differentiable
with respect to x, y and z. Then fort < s<T,x € E, he H,

T
B (0, v h] < [0 (nXpr v 2 Ukt ar] B o]

Proof. Let £ be a given square integrable Ey-valued predictable process, and X% be a mild solution to
the equation

dXeh® = AXSH dr + F (XS0®) dr + (—A) el dr + (—A)~dW,, 7€t T],
(S (45)
We also consider the pair of processes (Y4 Z&%%) solution to the Markovian BSDE
—dYEHT = qf(r, Xob® YEaLT zetaydr — ZzebeqiW, e [t,T),
Arguing similarly to the proof of Theorem 3.10, we define
;o= %|€:OXf’t’l, Y, = diik:oyf,tw’ Z, = d%?k:ozi,t@’ T€etT], (4.7

which are solution to the forward-backward system (3.26) with s —§ = ¢t. We already know (see formula
(3.21) with s — § = t) that

X, = / V. XOX (LA e do, 7€ [t.T), P-as. (4.8)
t

Now we want to prove a similar identification for the pair (Y, Z). To this aim, for any o € [t,T], we
consider the Markovian BSDE in (3.1) on the time interval [o, T], and with initial condition y given at
time o; from Proposition 3.7 we know that the derivative with respect to y € E in the direction h € E
satisfies the following BSDE, that we write in integral form: for any 7 € [t,T], P-a.s.,

T T
Vo Y7Vh = V(X7 )V XT7Yh — / V. ZS hdW, + / (Voo (r, XOU, Y2, ZTV)V, XTVh

FV U (r, XTV, V.00, Z0VN YOV hdr + N (r, XSV, V.0V, ZOV)V , Z3VR) dr-.
(4.9)
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Let us take y = X5% and h = (—A) ™%, in (4.9), and let us integrate both sides with respect to o € [t, 7].
By inverting the order of integration where necessary, and using the Markov property, it is immediate to
get

/ VY2 X (L A) e, do
t

T t,x t,x T T t,x
_ / Vad(X25 Y, X0 (—A) e, do — / ( / v, 20X (fA)"‘fgda)dWT
t T

t

. /T (/T V.u (r, Xg,X,?w’YTg,Xf;w,Zg,X;m) VIX;;,X;I(_A)_%U do) dr
B t

+/T (/T 0 Xf’X't’wm,Yrg’X‘t’ymaZS’XEWE)VIYTU’X‘W(*A)_O‘fg do)dr
¢ ¢

+ /T (/T V(. XE’XZ’I,YTG’X‘?I, Zf’X‘?I)VIZf’Xf’I(fA)*agg da) .
t t

By (4.6) and (4.7), together with (4.8), we can conclude that
Y, = /T Vme’Xf”I(—A)*“«Egda, Z, = /T VmZ?’Xf"I(—A)*C‘g,,da, T € (t,T], P-as., (4.10)
t t

since these two pairs of processes satisfies the same BSDE. By density, arguing as in Corollary 3.11, we
infer that formulas (4.8) and (4.10) hold true for any square integrable H-valued predictable process .
Now, let n € E, and let us take

& = (=AY X0, 1€ (,T). (4.11)

Notice that, since (—A)*V X5y € D((—A)'/?~%) P-a.s., thanks to Proposition 2.6, (—A)*V,X5%*n € H
for any 7 € (¢,T], P-a.s., and so

/e(T“’)A(—A)_a(—A)O‘VIXﬁ’Inda:/ DAY XEndo, T € (t,T), P-as.,
t t

which belongs to E. Therefore, for all 7 € (¢,7] we have X r € E P-a.s., where X denotes the mild
solution to the forward equation in (3.26) with s — J = t with & given by (4.11). With this choice of £
equalities (4.8) and (4.10) can be rewritten as

) T o, Xbe t.x t,x ’ T o, Xb® t,x t,x
X, :/ V. X777 Vo X ndo = (1 — )V, X%, Y, :/ V.Y "7 V. X %ndo = (1 — )V, Y, n,
t t
(4.12)
ZT = / Vsz’X‘?IVIXf,’zndJ = (1 —t)V.Z%, T1€t,T), P-as.
t

Let us now set

Y(1,t,2) =Vaah(r, XE2, YT ZE) X 5P dr + Vb (r, XE*, YET Z85)Y 2 dr
+ VZ’(/)(T, X'?zv Y'rt’zv Z‘iyx)Zﬂtjsza

H(XE") =V, p(XET) XH".
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By (4.12), w and qﬁ can be rewritten as

¢(T, t,x) = (1 —t) (Vzw(r, Xbe yhe ZUY X0 ndr + Vb (T, X5, YT Z85)V, Y ndr
+V (T, X2, Y P, ZE )\, Z0 P ndT) (4.13)

B(X5") = (T — )V p(X3") Vo X325, (4.14)

Notice that the right-hand sides in (4.13) and in (4.14) are nothing else (modulo a renormalization) than
the terms appearing in the right-hand sides of the first two equations in (3.9). Now we aim at finding an

expression for 1 and ¢ that does not involve the derivative of 1, ¢, X, Y and Z: this in turn will furnish
an expression of V,Y that does not involve the derivatives of ¢, ¢, X, Y and Z, as in formula (4.4). To
this end, let us consider the process

We=W, — 5/ (—A)*V, X ndr, 0<t<o<T, (4.15)
t

and let us define a probability measure (). such that

an _ T «a t,x ‘52 r @ tx |2
= — e (s/t (—A)*V, XEon, de>f§/t |(—A)*V, X n\Hda).

By the Girsanov theorem, under Q. (Wg),c[:, 1) is a cylindrical Wiener process in H. Arguing as in the
proof of Theorem 3.10, we also notice that the process X under Q. and the process X¢ under P have the
same law. Therefore,

T
BV} = EIVL (XX + B[ [ (Talo, Xim ¥0 259X

T

+ Vy’l/)(O', X(trwa Y;Ja Zi,m)vzyj,mn + qu/}(o—a X?I’ Y;Ja Z(g,I)VCEZ(tI’mT]) dO’i|

! t¢(a, t,x) da} .

o —

= e Ebl +E[ [

By differentiating inside the expectation with respect to € and changing the order of integration, we get

d
o, Xg’t’z,YE’t’z,ZE’t’z :| _ =
’l/)( o o o ) d€|6:O

= B[u(0, X7 Y37, 287) [ (A VXt aw)|,
t

E[¢(o,t,2)] = E B [0, X057, V", Z57)]

[

and so, recalling (4.1),

T 1

E{/TT ﬁﬁ)(o,t,z) da} :E[/T —(/ta«A)avaﬁ’mnadWr>)¢(U,X§’I,YJ’I,Z};@)C[U

o—t

T
E [/ Um0, X0 YT Z;vf)da} .

Similarly, E[¢(X%")] = E[¢p(X5")U""], and this proves (4.4) when 1 € E. The general case with € H
follows by density, thanks to estimates (3.32) and (4.2). O

In the next result we remove the differentiability assumption on ¢ and ¢ in Theorem 4.3.
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Theorem 4.4. Let Hypotheses 2.1 and 4.2 hold true, and for any (t,z) € [0, T| X E, let (Xt*,YH* Z4o)
be a solution of the forward-backward system (3.1), and let UMY be the process defined in (4.1). Then,
fort <s<T,xz€E, he H, the Bismut formula given in (4.4) holds true.

Proof. The proof follows the same lines of the one of Theorem 3.10 in [10]. The main ingredients are
formula (3.12) in Theorem 3.10 and Proposition 3.6, which provide respectively the identification of
Z in the Banach space case and with the diffusion operator (—A)~®, and the stability result for the
BSDE in (3.1) when the generator and the final datum are approximated by (3.7)-(3.6). We underline
that approximations (3.6)-(3.7) preserve the boundedness and the growth, and are only of pointwise
type. Notice that in [10], the final datum and the generator are approximated by means of their inf-sup
convolutions, and so the approximation is uniform. However, thanks to the aforementioned stability
properties for the BSDE, our pointwise approximations (3.7)-(3.6) are sufficient to obtain the desired
result. O

4.2 The semilinear Kolmogorov equation

By means of Theorem 4.4, we can give an existence and uniqueness result in the Banach framework for
the semilinear Kolmogorov related to the the process X, and with coefficients ¢ and v not necessarily
differentiable, as it is assumed in [19].

Let P, ,,t < 7 < T, be the transition semigroup related to the process X** solution of the forward
equation (2.1), namely, for every bounded and measurable function ¢ : E — R, P; -[¢](x) := E p(X57).
We consider the following semilinear Kolmogorov equation

{ 9u(t,0) = —Lv(t,2) + 0 (Lo, v(t,0), VOV u(ta)),  te[0.T], € B, (4.16)

o(T,x) = ¢ (x),

where .Z is the generator of the transition semigroup (P s)o<t<s<T, that is, at least formally,
1 -« *\—Q
(Zf)(@) = 5 (Te((=4)7*(=47) V2 ) (@) + (Az, Vf(2)) + (F(2),Vf(x)), =€E.

We introduce the notion of mild solution of the nonlinear Kolmogorov equation (4.16), see e.g. [11].

Definition 4.5. A function v : [0,T] x E — R is a mild solution of the semilinear Kolmogorov equation
(4.16) if v € %1 ([0,T] x E), and

T
v(t,z) = P.r 4] () —I—/t P s {w(s, Su(s, ), VEY (s, )| (x)ds, te0,T], z € E. (4.17)

Theorem 4.6. Let Hypotheses 2.1 and 4.2 hold true. Then the semilinear Kolmogorov equation (4.16)
has a unique mild solution v given by the formula

o(t,z) =Y, (t,2) €[0,T] x E,

where, for any (t,z) € [0, T x E, (Xt®, Y4 Z4%) denotes the solution to the FBSDE (3.1). In addition,
we have, P-a.s.,

YE® = (s, XET), seft,T), ZL"=V,u(s, X))V, X05(—A)", ae st T).

Proof. If the data ¢ and ¢ are also differentiable, the result can be proved as in [19], Theorem 6.2. When
the data are not differentiable, the Bismut formula (4.4) is still true, see Theorem 4.4, and the result can
be proved arguing as in [10], Theorem 4.2. m|
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5 The Bismut-Elworthy formula and the semilinear Kolmogorov
equation: the quadratic case

We are ready to state and prove the main result of the paper, which is a nonlinear Bismut-Elworthy

formula as the one in Theorem 4.4, but in the case of quadratic generator. This in particular will give

an existence and uniqueness result for the Kolmogorov equation (4.16) in the quadratic case and in the
Banach framework, see Theorem 5.4.

Theorem 5.1. Let Hypotheses 2.1 and 3.1 hold true. For any (t,x) € [0, T] x E, let (Xt®,Yt® Z6%)
be the solution of the forward-backward system (3.1) and let UMY be the process defined in (4.1). Then,
fort<s<T,xe€FE andh e H,

T
E [V, Y}*h] = E[ / b (r, XET, Y0 Zbw) ghite dr} +E {qﬁ(X;Z)U;’W} . (5.1)

Proof. We split the proof into two steps: we first prove the statement when 1 is differentiable with respect
to x,y and z, and then we remove this additional assumption.

STEP 1. We start by considering v differentiable with respect to x, y and z. For all n > 1, let us denote
by (Xb* Ymbhe Znte) the solution of the Markovian BSDE in (3.1) with final datum equal to ¢, in
(3.6) in the place of ¢:

{ dY’rnyt’z = 71/)(7—) X_f_’I7 Y‘rni’za Z;z,t,m) dr + Z‘?’LI dW‘h TE [tv T]a (5 2)

Yt = on(X7").

By estimate (3.30) in Corollary 3.11, for any n > 1, there exists a constant C(n), depending on n, which
is bounded for every n and blows up as n — oo, and such that

|Zm0% g < C(n), P-as., ae. s€[t,T]. (5.3)
In particular,
|U(s,2,y,21) —U(s,2,y,22)| < C(n)|z1 — 22|lg, 21,20 € H: |zlg <C(n),i=1,2.

Therefore, the generator 1) acts as a Lipschitz generator with respect to z in the BSDE (5.2), so the
Bismut-Elworthy formula stated in Theorem 4.4 holds true for the BSDE (5.2): for every s € [t, T,

T
E [V, Y/"'%h] = E[/ W (r, XEo, Y mbw | gnite) hte dr} +E {qsn(X;z)Uj’EW . (5.4)

At this point we aim at taking the limit as n — oo in (5.4).

We start by considering the right-hand side of (5.4). By the properties of the approximations (¢ )n>1
together with (4.2), by the dominated convergence theorem and the pointwise convergence of ¢,, to ¢ we
have

E[ll6n(X5") — o(XFNUE| < (Ellon(X5") - o(X5") )2 BT 2) /2
<C(T =) WP (Bl g (X57) — (X572 = 0 as n — o0,
Therefore,

lim [, (XE")UF""| = B[o(XE")U7"].

n—oo
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In order to compute the limit of the remaining term in the right-hand side of (5.4), we will show that

n—o0

T
lim E{/ |¢ (T, Xﬁvl, Y;’ﬂ,t,m, Z;l,t,z) Uﬁﬂf,m — ) (7“, Xﬁ,w, Y;t’m, Zﬁ’m) Uf,t,z| d?“} =0.
t

‘We notice that

T
E{/ I (T7 X:,z, YTn,t,z7 Z:z,t,z) Urh,t,z — 9 (7,, Xf_,x7 Yrt,z7 Z:I) Urh,t,z| dr}
t

t+T

2

[ (1, XL, Yo, 200 U — i (7, X1, V10, Z87) U |
T
+ ]E[/ o (r, X7, Y000 Zmbm) UlbT —ap (r, XD Y05, ZE5) U dr} =T +1I.

We start by estimating the term I. We have

t+T

T=B[ [T 0 (X0 Y, 2Pt U g (X Y0, 207 U
t
4T

2
<L [ (vpte - i) ar
' T

2
FLB[ [ (200 = 20t (L4 1200+ 12071) 0P ] = Lt T
t

We recall that, by estimate (3.31) in Proposition 3.12, and since ||¢n||co < Ky, there exists a constant C,
not depending on n, such that

|Z0 g < O(T — )72, P-as.

So, since Zmt =z and zb® = 20 for v € [t, EL]
|Zmte | g + |25 g <O sup (T —r) Y2 <C(T—t)7Y2, P-as. (5.5)

TE[t,#]

We only show the convergence of I since the convergence of I, follows in a simpler way by the boundedness
of Y% and of Y™"® (uniform in n), and by the convergence of Y™ to Y** in .#P([t,T]), p > 2. Using

Hélder inequality with p = ﬁ and ¢ = ﬁ, for some 2o < 8 < 1, together with estimate (4.3) in
Lemma 4.1, we get

t+T

<O -ty T - B[ [ 7 zp0e -z Ut ]
t

=T 1-8 =T , Lip
<c-o - (e [ iz zegal) ([T st
t t
T 15 4T 1 18
§C’(Tft)*§(1+ﬁ)(IE{/ |zt — Zb R ar]) (/ e dr)
t t (r—t)1+e
t+T

< C’(Tft)_%(“rﬂ)(Tft)(l_%)#(E{/ Cgnte —Z}E’Iﬁ{dr})T
t

4T 15

2
< C(T_t)—%—a(E[/ Zptn — Zbe ] ) T =0
t
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as n — oo, since Z™H% — Z4% in #?([t,T]; H).

Let us now estimate the term I7. To this end, we recall that, by Theorem 3.3, Y™»%® Y*%% are bounded
in ?([t,T]) and Z™%®, Zt* are bounded in .#?([t,T]; H), by a constant independent on n. Moreover,
by Proposition 3.6, Y™"® converges to Y is #P([t,T]) and Z™"* converges to Z%* in .#?P([t,T]; H),
for any p > 1. By using again Hoélder’s inequality for some p,q > 1, % + % = 1, and estimate (4.3) in
Lemma 4.1, we get

T
Il = E{/ W (r, X", Y0 ZmbT) Uhte (r, X2, V", Z5") uhte dr}
t

LT
2
< E{ sup Uh,t,z|/ Xﬁ,m, an,t,ac7 Z;Lt,m) — (T, Xﬁ,m, Yrtw, Zﬁ’m) |d7":|
e[ 1)
1 T p 1
<(E sup Juitep) q (| / [ (r, X0, Y00, Z0) = 4 (r, X0, Y00, 200 | )
se[*5E.T) =
1 r Py 2
< O (B[ [ (V2 = v 200 - 20 (1 |22+ |20 ) ] )
(T —t)zte s
1 T—t 5
<O———— (B[ swp_|yrte—viep])
(T —t)zte 2 relt,T)
T 2 T 2 z 1
( K/ |Zmte _ gt dr) (/ (1 |Znte |y + |Z§I|H) dr) D }
T
1 T—t %
<S5 el )
(T —t)ztol 2 ret,T)
t t,x|2 P\ 3 g t t 2 1P\
+ (IE[/ 2zt =zt ar”) (E[/ (141220 + 12000 ) ar]7) 7} =0,
4T 4T
2 2
as n — oco. Collecting all the previous results, we deduce that, for every s € [t, T,
T
lim E [V, Y"""h] = E[/ W (r, XE2, Yo, Zbe) ghte dr} +E {gb(X;z)U’;tﬂ . (5.6)
n— o0 s

In particular, by taking s = ¢ in (5.6),

T
lim V, Y, = E[/ b (r, X0, Y5, Z0) Ul dr| + B |o(xXg0)Upt]
t

n—oo

which shows that lim,, ., V, Yt"’t’mh exists. Moreover, arguing as in the end of the proof of Theorem
4.1 in [21], we deduce that lim,, o Vi Y"""h =V, Y;""h for all h € H.

STEP 2. Let us now remove the differentiability assumptions on ¥. For any k > 1, let 1; be the function
defined in (3.7). From Lemma 3.5 we know that v, is differentiable and it preserves the Lipschitz constant,
so that

|vm"/)k

Moreover, from Lemma 3.5 we have ¢ (t, z,y, 2) = ¥(t,2,y,2) as k — +oo for any (¢,2,y,2) € [0,T] x
ExRx H,and forany t € [0,T],x € E, y € R, 21,22 € H,

B < Ly, |Vytr| < Ly.

[n(t, 2,91, 21) — Yr(t, @, 92, 22)] < Ly(|yr — y2| + |21 — 22|lm (1 + |21]m + [22]H)), (5.7)
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for any k € N. We consider the BSDE with generator equal to v in the place of :

AY PP = =y (7, X2 YO Z00T) dr + ZP5 aW,, T € [t,T), (5.8)
Yj}f,t,z _ Qb(X;—zI) .
By the first part of the proof, for any k > 1,
T
B[V, Yi0oh] =B[ [ (Xl v 2B Ut a] 1B [00GNUR]. 69)

We aim at taking the limit as k — oo. We start by considering the first term in the right-hand side of
(5.9), and we will show that

T
i B[ [ o (n X070, ZE) R (X0, YE, 207) U dr] =0
— 00 +
We start by splitting the integral above as follows:

T
E{/ I (7,, Xf_,x7 Yrk,t,z, Zf,t,z) UTh,t,x — 9 (7,, X:.‘,x7 Yrt,ac7 Zix) Urh,t,z| dr}
t
t+T

B[ [ o (X0 YR 2B U g X0V 2 U ]
t

T
+ E[/ |wk (T, X;Ew’ Y;k,t,z, Zfﬂf,m) Urh’t’l _ w (T, Xﬁ’l, Y;_t’l, Zﬁ,m) UTfL,t,zl d?‘} = T+ II.
t+T

In order to estimate the term I, we notice that

t+T

I<E| / [n (1, X7, V1000, ZEE) IS~y (r, X2, Y00, 20 U5 di |
t
t+T

+ E{/T ohr, (r, X7, Yo" ZEF) URD™ —p (r, X2 Y07 ZE7) U dr} =: 1o+ Ip.

t
Concerning I,,, by (3.4)-(3.5) we can argue as for I in Step 1, and get that I, — 0 as k — +o0.
Let us now consider the term I,. From Hypothesis 3.1 and formulas (3.4) and (3.5) it follows

[ (r, Xp2, Y00, Z07) = (r, X, Y00, Z07) | SCOL+ V27| + 1207 [y, (5.10)

where C' is a positive constant depending on L, and K. Arguing as for [ is Step 1, it is possible to
prove that

t+T
Fe (L4 Y] 28 Ut € L (90 (1,5 R) ).

On the other hand, recalling that v, — 1 pointwise as k — +o0o, we get that I, — 0 as k — +oo by the
dominated convergence theorem.
Let us now estimate II. To this end, we notice that

T
II gE[/ |, (r, X0, Y be | ghto) ghte _ gy (p Xbo Yo gte) hte) dr}
T

2

T
B[ [ 1 (X0 Y0 2B URT (5, X Y0, 207 U] dr] = I+ T
T

t+

2
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Arguing as for the term I7 in Step 1, we deduce that I1, — 0 as k — 0. As far as I}, is considered, we
get

ht /4 T t t t t t t p\1/p
1, < (B[ sup (Uit ) B (r, X0,V 28— (r, X0, v, 20 Jar| )
se[ET T “r

Arguing as for I in Step 1 it follows that
t+7T
re (L4 V|4 ZE By |Utte| € 17 (9 T (o= TiR) ).

Since 1, pointwise converges to 1, we can again apply the dominated convergence theorem which gives
IT, — 0 as k — +o0o. We can thus conclude that, for every s € [t, T,

T
lim E [V, Y}*"h] = E| / b (r, X0, Y0, 200 ) Ul dr| 4+ B (X5 U]

k—o0

As in the end of Step 1, arguing as at the end of Theorem 4.1 in [21] we can show that, for any s € [t, T,
limy—yo0 E [V, YP07R] = E [V, Y7R]. ]

We now state two corollaries: the former is about integral estimates of V, Y%%, the latter is about

the identification of V, Y*® with Z%% without differentiability assumptions. Notice that, by means of
the Bismut formula (5.1), we can also recover estimate (3.32) on V,Y**.

Corollary 5.2. Let (t,z) € [0,T] x E. Under the assumptions of Theorem 5.1, the process V,YH*
belongs to #?([t,T)), and there exists a constant C depending only on Ly, Ky, K, such that

T
IE[/ V. Y;@Fds} < O(T — )2, (5.11)
t
Proof. Integrating (5.1) between ¢t and T we get
T T T 9
/ B[V, Y5 ds :/ ’E[/ O (1 X2, Y 20 U dr] 4B (XU | ds
t t s

T T 9 T 9
< C/ ‘E[/ W (r, X070, 27 Ulte dr” ds +/ ‘IE {qﬁ(X;Z)U;W} ‘ ds = I+ 11.
t s t

We have

T
1
II< ————dr = O(T — )2
— /t H¢||00 (T* t)1+20‘ dr C( t)

For what concerns I, we split it as

T T 9
I:C(/ IE[/ b (r, Xbo, Yo Zhe) ghte dr] ds
ST T 2
+/ ’E[/ O (r, X0, Y0, 20 Ul dr || ds) = L+ 1.
t s

From (4.3) and Proposition 3.3 we have

2

T T 9
L=c [ (B s juree [ oy 2 ) s
T ] s

t+ t+T
r€[7+2 s
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co ol _gm B v o) o

S SrelTT)

T
<oy |

4T
2

T 2
E[(/ (1+ [V + [ 257(%) dr) }ds < O(T —t)~2.
On the other hand, we consider the function under the integral sign in I, and we split it as follows:

T
E| / b (r X7 Y, 207) U ]
° t+T T

E[/T o (r, X0T Y00, Z0T) Ulhe dr} + E{/

U (r XY 20 UL di]
t+T
2

=1

We argue as in the proof of Theorem 5.1, Step 1. In particular, arguing as for the estimate of I we infer
that |I;| < C(T —t)~'/27 for some positive constant C. On the other hand, as far as I} is considered,
arguing as in the estimate of 1T, we get that |I}/| < C(T —t)~/2= for some positive constant C. Hence,

t+T

I < c/ ’ (T —t)"'722ds = C(T — t)~2,
t

and this concludes the proof. O

In the following we prove that the identification of Z with the directional derivative of Y remains true
also when ¢ and 1 are not differentiable.

Corollary 5.3. Under the assumptions of Theorem 5.1, for every (t,z) € [0,T] x E,
ZIT =V, YT (—A) . (5.12)

Proof. Let ¢ and 1 be respectively approximated by ¢,, and 1, in (3.6) and (3.7), and let (Y"™t® Zmt.2)
be the solution of the BSDE with final datum ¢,, and generator v,,. By Theorem 4.6 we already know
that Z;""* = V,Y;""*(—A)~®. On the other hand, we have shown in Theorem 5.1 that z ~ Y* =
v(r, X&*) is differentiable and that V,Y™"* — V,Y5* dt ® dP a.e. and a.s., as n — oo. Moreover,
by computing the joint quadratic variation between the process v" (7, Xt%) := V4% ¢ < 7 < T, and
[; &sdWs, € € A*([t, T]; H), it turns out that

/ Vo' (s, XEP)(—A) "¢ ds :/ Zmbre ds, P-a.s., ae. T € [t,T).
t t

By taking a subsequence (that for simplicity we call again n) and letting n — oo in both sides, from
Proposition 3.6 we get

/ Vo(s, XEP)(—A) "¢ ds :/ Zb ¢ ds, ae. T € [t,T)], P-as.,
¢ ¢

which gives formula (5.12). O

Using Theorem 3.10, we can give an existence and uniqueness result for the Kolmogorov equation
(4.16) and we can provide a Feynman-Kac formula in the quadratic case and in the Banach framework.
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Theorem 5.4. Let Hypotheses 2.1 and 3.1 hold true. Then there exists a unique mild solution v(t,x) of
the semilinear Kolmogorov equation (4.16) given by the formula

o(t @) =Y,
where (XH*, Y% Z6%) s the solution to the FBSDE (3.1), and P-a.s.,
YE* =w(s, X0"), Z0% = V,u(s, XEP)V X0 (—A)™, ae. s€[t,T)].
In particular,
o(t,2)| <C,  |[Voolt,a)| < C(T —t)" @),

If in addition ¢ is Gateaux differentiable with bounded derivative, and 1 is Gateaux differentiable with

respect to x, y and z, then
1Zo%|n < C.

Proof. For the first part without differentiability assumptions on ¢ and %, it is enough to apply Theorem
5.1 and Corollary 5.3 to get existence of the solution, as well as the estimate for v. The uniqueness
follows from the uniqueness of the solution of the related BSDE. The estimate for V,v(t, ) is a direct
consequence of Proposition 3.12. The second part of the result can be proved in a standard way by means
of Proposition 3.7 and the identification of Z proved in Theorem 3.10, see e.g. the proof of Theorem 6.2
in [11]. m|

6 A quadratic optimal control problem

In this section we deal with the controlled state equation

{ dX" = AX dr 4+ F(X%)dr 4+ Qu.dr + (—A)~*dW,, 7€ [t,T],

(6.1)
Xt=z€cE,

where @ = (—A)~% or Q = I, and u is the control process belonging to a suitable space % of H-valued
functions. We will study the optimal control problem associated to equation (6.1) with cost functional
J:[0,T] x E x % — R defined by

J(t,z,u) == E{/tT ﬂ(s,X;‘,us)ds} +E[®(XY)], (6.2)

that we are going to minimize over all admissible controls. We define the value function of the optimal
control problem as

V(t,x) = ulélﬂg/ J(t,z,u), x€H, tel0,T]. (6.3)
For any p > 1, we introduce the spaces of admissible control processes
Uy = {u € L*(Q; LP(0,T; H)) : u is adapted} ,
Uy = {u I= LQ(Q; LP(0,T; D((—A)"))) :u is adapted} ,
where D((—A)%)) is endowed with the norm
%o = |z|a + [(—A)*2|H.

We first prove some results about well posedness of the controlled equation (6.1). The main novelty
towards Section 2 and the known results in the literature is that the controls w are not necessarily
bounded, together with the fact that X evolves in a Banach space E.

Beside Hypothesis 2.1 we assume the following.
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Hypothesis 6.1. There exists 8 > 0 such that D((—A)?) C E with continuous embedding.

Remark 6.2. Let A be an operator satisfying Hypothesis 2.1-(i). If Hypothesis 6.1 holds true, then we
have the following.

(i) For anyt >0 and h € H, e"*h € E and there exists a positive constant ¢ such that

"R < ct P |h|g. (6.4)

(i) For anyt >0 and h € H, there exists a positive constant ¢ such that

|etA(— A)~h|p < ctFTONOp 5. (6.5)

(i1i) For anyt >0 and h € D((—A)%), there exists a positive constant ¢ such that

e h|p = e (—A) (= A)*h|p < ctTPTON|(—A)*h| gy < et TPFINO
Remark 6.3. Hypothesis 6.1 may be replaced by the weaker condition in Remark 6.2-(i). However, this
condition would not imply Remark 6.2-(ii)-(iii).

Example 6.4. Let 2 C R? be a bounded domain with smooth boundary. Set H = L*(2), E = C(2),
and let A be the Laplace operator with Dirichlet boundary conditions. Then, Hypothesis 6.1 is satisfied
with 8> 1/2.

We will deal with mild solutions to (6.1), namely adapted processes X“%* : [t,T] x Q — FE such that
Xhou = e Ar + /T e(Tfs)AF(Xz’z’“)ds + /T T AQu,ds + /T e(T*S)A(fA)*O‘dWS, (6.6)
t t t
for any 7 € [t,T], P-a.s. For any ¢ € [0,T], u € %, we set
I‘(t,7) := /T e 4Quyds, T elt, T). (6.7)

t

Lemma 6.5. Let A be an operator satisfying Hypothesis 2.1-(i), and assume that Hypothesis 6.1 holds true
for some positive constant B. Let p > 1, and set p’ be the conjugate exponent of p, i.e., p~* + (p') ! = 1.
Then the following hold.

(i) Case Q@ = (—A)"* and p'[(f —a) VO] < 1.
For any w € %,, I*(t,7) € E for any 7 € [t,T], P-a.s., and there exists a positive constant cq,gp 1
such that

[1“(t,7)|e < capprllulieorm, T€IT], P-as. (6.8)

(ii) Case Q=1 and p'[(8 —a) V0] <1.
For any u € %, I"(t,7) € E for any 7 € [t,T], P-a.s., and there exists a positive constant ca,gp T
such that

[t T)|e < capprllullLeorpi(—ayy), T€I[T] P-as.

(i1i) Case Q@ =1 and p'8 < 1.

For any u € %,, I(t,7) € E for any 7 € [t,T], P-a.s., and I“(t,T) satisfies estimate (6.8) for
some positive constant co g,p,T-
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Proof. Let us prove item (i), items (i4) and (4i7) follow from similar arguments. From Hypothesis 6.1,
we have

eI A) "y g < e(r — )TNy |y ae. s € (t,7),P-as.

Therefore,
‘/ e(Tfs)A(—A)fo‘usds‘ S/ ‘e(Tfs)A(—A)f’lus ds < c/ (1 — ) TAFIN0 | ds
t E t E t

T p 1/p'
SC(/ (r — s)l(=B+a)n0lp ds) ]l oo,
t

<c(r — t)(*ﬁJra)/\OJrl/P, lulleo, 1y, P-as.

a

Thanks to Lemma 6.5, arguing as in [0, Theorem 7.11] we deduce the following result, which is the
counterpart of Proposition 2.5-(i) for the controlled equation.

Proposition 6.6. Let Hypothesis 2.1 holds true, and assume that Hypothesis 6.1 holds true for some
positive constant 8. Lett € [0,T], p > 1, and set p’ be the conjugate exponent of p. Then the following
hold.

(i) Case @ = (—A), p[(— ) V0] < 1.
For any * € E and u € ,, there exists a unique mild solution X4** to (6.1) belonging to
S2((t,T); E). Moreover, there exists a positive constant ¢ such that, for any T € [t,T],

5 < cJole + [l Zih + sup [wAE DR, Pas (69)
TE|(L,

(it) Case @ =1, p'[(B—a) VO] <1
For any x € E and u € %", there exists a unique mild solution XE®u to (6.1) belonging to
S2((t,T); E). Moreover, there exists a positive constant ¢ such that, for any T € [t,T],

X254 < e(lel + Il by pg—ayey + el wAE D), P (6.10)
TE(L,

(i1i) Case @ =1, p'B < 1.
For any x € E and u € %,, there exists a unique mild solution X4** to (6.1) belonging to
S2((t,T); E). Moreover, there exists a positive constant ¢ such that, for any T € [t, T],

X5 e < effele + i + sup [0t ¢ 0E), Pas (6.11)
TEL,

Proof. We show item (i), the proof of items (i7) and (iii) being analogous. Since by Lemma 6.5 the
convolution defined in (6.7) is a well defined E-valued process for any u € %,, it is possible to argue as in [0,
Theorem 7.11]. Therefore, by applying the fixed point theorem we infer that for any ¢t € [0,T], z € F and
u € %,, there exists a unique mild solution X **** to (6.1) with F replaced by its Yosida approximations
F,, a > 0, such that X% gatisfies (6.9). Further, the sequence {X*"%%} ¢ converges as a — 0 to
the mild solution X»*“ to (6.1). In particular, estimate (6.9) holds true also for X%, O
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6.1 The structure condition: the case Q = (—A)™“

In this section we deal with control processes u € %, and with the controlled equation

(6.12)

dX¥ = AX¥dr + F(X¥)dr + (—A)"*udr + (—A)"*dW,, 7€ [t,T],
Xt=z€cE,

satisfying the so called structure condition: the control affects the system only through the noise.
We make the following assumptions on the cost functional (6.2).

Hypothesis 6.7. Let ¢ : E - R and £:[0,T] x E x H — R be two measurable functions satisfying the
following properties.

(i) ¢ is continuous and bounded.

(ii) For allt € [0,T], u € H, the function x — £(t,z,u) is bounded and continuous from E onto R. For
allt € [0,T], x € E, the function u +— £(t,x,u) is continuous from H onto R. Further, there exist
¢, C, R positive constants such that, for allt € [0,T], x € E, u € H,

0 < l(t,z,u) < c(l+ |ulg)?, (6.13)
((t,z,u) > Clul?, |ulg > R. (6.14)
(iii) There exists a positive constant L > 0 such that, for allt € [0,T], 1,22 € E, u € H,

|e(t, 1, u) — £(t, x2,u)| < L|z1 — 22|,

Remark 6.8. Under Hypothesis 6.7-(ii), it is easy to see that there exist ¢, R positive constants such that
((t,z,u) > c(|ulf — R?), t€[0,T], r€FE, uecH.
We introduce the Hamiltonian function
Y(t,x,z) = ulg}fq {(t,z,u)+ (z,2u)yg}, te€[0,T], z€E, z€ H. (6.15)

Arguing as in [13, Lemma 3.1] we deduce an analogous result.

Lemma 6.9. Let Hypotheses 6.7 be satisfied. Then, the function ¢ in (6.15) is Borel measurable, and
there exists a positive constant C such that

—C(1+|213) < ¥t 2, 2) < L(t,z,u) + |2z|lglulg, t€[0,T], x€E, z,uc H. (6.16)
Further, if the minimum in (6.15) is attained, it is attained in a ball of radius C(1 + |z|n), i.e.,

t,x,z) = inf
w( ) weH,|u|lp<C(1+|z|u)
Ut 2) < Utz u) + (zw)n,  |ulp = C(1+ [2]m).

{(t,z,u) + (z,u)g}, t€[0,T), x€FE, z€ H, (6.17)

Finally, there exists a positive constant C' such that, for any x1,x2 € E, 21,20 € H,

[Y(t, 1, 21) — Y(t, 22, 22)| < C(lz1 — 22| + |21 — 22|5 (1 + |21|m + |22lH)), t€]0,T]. (6.18)
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The HJB equation associated to the control problem (6.3), related to the controlled state equation
(6.12), is given by

(6.19)
o(T,x) = ¢ (x),
where 1 is defined in (6.15). The HJB equation (6.19) turns out to be a semilinear Kolmogorv equation
as (4.16), with ¢ and ¢ satisfying Hypotehsis 3.1. So by Theorem 5.4 its mild solution can be represented
in terms of the solution (X** Y4 Zt%) of the forward-backward system (3.1).
In the following Theorem we state and prove the fundamental relation, and we characterize the optimal
control with a feedback law.

{ Ge(t,a) = —2v (o) + v (ta,v(t,o), VOV "t a), te[0,T], v e B,

Theorem 6.10. Let Hypotheses 2.1, 6.7 hold true, and assume that Hypothesis 6.1 holds true with a
constant B such that f —a < 1/2. Let Xt%" be the mild solution of (6.12),V(¢,x) be the value function
of the control problem (6.3), and v be the mild solution of the HJB equation (6.19). Then, for any
(t,x) € [0,T] x E and u € %, the so called fundamental relation holds true:

T
v(t,x) = J(t,x,u) + E{/ (V(s, XD Z0%) — U(s, XD™Y, Z0") — Z0"uy) ds]
In particular, v(t,x) < V(t,x), for all (t,x) € [0,T] x E. Moreover, if there exists a measurable function
v:[0,T) x E x H— H satisfying
Ytz z) =Lt x,v(t, 2, 2)) + (z,7(t,x,2))g, t€[0,T],z€E, z€ H,

then
o(t,z) = V(L x)

and, thanks to (6.17), the process @ defined by
s = (8, X2 Vov(s, X2V, XD"(—A)~) for-a.e. s € (0,T), P-as.,
belongs to U and it is optimal.

Proof. The proof is standard and follows the same lines of [13, Proposition 4.1]. We notice that, by
Proposition 6.6-(7), problem (6.12) admits a unique mild solution X*%* for any u € %. Further, for any
u € %, we introduce the family of stopping times 7,, defined by

Tn::inf{TG[t,T]:/ |us|?qu>n}, n € N.
¢

Then we proceed as in [13, Proposition 4.1], by applying the Girsanov Theorem and using the fact that
1 satisfies Hypothesis 3.1-(ii), and that the pair of processes (Y%, Z%%) solution to the Markovian
BSDE in (3.1), are identified respectively with the solution v of the HJB equation (6.19) and with

its directional derivative V(=4 “y. Namely, by Theorems 5.1 and 5.4, Y2* = v(s, X5*) and Z/® =
Vav(s, X2V, X5U(—A)~. O

6.2 The case () = [ with a special running cost

In the present section we deal with control processes u € %, and with the controlled equation

{ dXY = AX dr + F(XY)dr + urdr + (—A)~dW,, 7€ [t,T], (6.20)

Xt =xze€ k.

The controlled equation (6.20) has a different structure towards (6.12) considered in Subsection 6.1, so
the problem is different, and we need different assumptions on the cost functional (6.2).
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Hypothesis 6.11. Let ¢ : E — R and £ : [0,T] x E x H — RU {400} be two measurable functions
satisfying the following properties.

(i) ¢ is continuous and bounded.

(ii) For allt € [0,T], u € D((—A)%), the function x — £(t,z,u) is bounded and continuous from E
onto R. For allt € [0,T], x € E, the function u s £(t,x,u) is continuous from D((—A)*) onto R.
Further, there exists ¢, C, R positive constants such that, for allt € [0,T], x € E andu € D((—A)%),

0 < l(t,x,u) <c(l+ |ula)?, (6.21)
Ot z,u) > Clu2,  |ula > R. (6.22)
(iif) There exists a positive constant L > 0 such that, for any t € [0,T], u € D((—A)*), x1,22 € E,

[0(t, x1,u) — £(t, 22, u)| < Llzy — z2| 5.

Remark 6.12. Condition (6.22) in Hypothesis 6.11 implies that, if u does not take values in D((—A)%),
then J(t,z,u) = +oo. In particular, inf,eqpe J(t,r,u) = infyew, J(t,r,u), so we can limit ourselves to
consider here the space of admissible controls Uy .

Remark 6.13. Under Hypothesis 6.11-(ii), there exist positive constants ¢, R such that, for any t € [0,T],
r € E, u€ D((—A)%), we have £(t,z,u) > c(Ju]? — R?).

We introduce the Hamiltonian function

v (t,x, 2) = D%?fA) ){E(t,x,u) +(z,(=A)uyy}, te€l0,T], x€E, z€ H. (6.23)
ue —A)>
Arguing again as in [13, Lemma 3.1], we infer the following properties of 1.

Lemma 6.14. Let Hypotheses 6.11 be satisfied. Then, the function v* in (6.23) is Borel measurable and
there exists a positive constant C such that

—C(+|2lf) v (tz,2) < Ut z,u) + |2lulula, t€[0,T), z € E, 2 € H, ue D((-A)%). (6.24)
Further, if the minimum in (6.23) is attained, it is attained in a ball of radius C(1 + |z|u), i.e.,

t,x,z) = inf Lt,x,u)+2z(—A) %}, te€[0,T], xr€FE, z€ H. 6.25
P (t,x, 2) ueD((fA)a)y|u‘a§0(1+|z|H){( )+ z2(—=A)%u} (0,77 (6.25)

Finally, for any x1,x2 € E, 21,20 € H, ¢, there exists a positive constant C' such that
[V (¢, 21, 21) — V(L w2, 22)| < Cloy — 22|p + [21 — 22|p (1 + |21]m + [22|m)), t€[0,T].  (6.26)

The HJB equation associated to the control problem (6.3), related to the controlled state equation
(6.20), is given by

{ 8 (t,2) = =L (t,2) + v (ta,0(t,2), VOO "u(t,2)), te[0,T], 2 € B, (6.27)

o(T,x) = ¢ (z),

where 1* is defined in (6.23). Again, the HJB equation (6.27) turns out to be a semilinear Kolmogorv
equation as (4.16), with ¢ and ¢ satisfying Hypotehsis 3.1. So by Theorem 5.4 its mild solution can be
represented in terms of the solution (X%, Y% Z%%) of the forward-backward system

dX, = AX.dr + F(X,;)dr + (—A)"*dW,, 7¢€lt,T],
Xt =z,

dY, = =1, X, Y;, Z;.) dr + Z. dW,, 7€ [t,T],
YT = ¢(XT>5

(6.28)
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which is nothing else than the forward-backward system (3.1) with 1 instead of ).
As in Subsection 6.1, in the following Theorem we state and prove the fundamental relation, and we
characterize the optimal control with a feedback law.

Theorem 6.15. Let Hypotheses 2.1, 6.11 hold true, and assume that Hypothesis 6.1 holds true with
a constant 3 such that B —« < 1/2. Let X»®" be the mild solution of (6.20), V(t,z) be the value
function of the control problem (6.3), and v be the mild solution of the HJB equation (6.27). Then, for
any (t,x) € [0,T] x E and u € %5,

T
v(t,x) = J(t,x,u) + IE/ (W (s, XD™Y, Z0") — 0(s, X0™¥, ZL") — ZDP(— A)uy) ds.
In particular, v(t,z) < V(t,x), for allt € [0,T], x € E. Moreover, if there exists a measurable function
v :[0,T] x E x H— D((—A)%) satisfying
v (t,x,2) =Lt z, v (t, x, 2)) + (2, (—A)*v*(t, 2, 2) ), t€[0,T],z€E, z € H,

then
o(t,z) = V(L x)

and, thanks to (6.25), the process
a% = %(s, X5 V,u(s, XU )V, X5 (—A)™) for-ae. s € (0,T), P-as., (6.29)
belongs to s and it is optimal.

Proof. Notice that by Proposition 6.6-(ii), for any u € % there exists a unique mild solution X%
to (6.20) which satisfies (6.10). The proof is similar to the one of Theorem 6.10. The main difference
consists in the fact that, for any given u € %4*, we introduce a family of stopping times depending on
the norm | - |:

Tn;:inf{TE[t,T]:/ |us|id5>n}, n € N.
t

Then, we set u? 1= u; L <, +uolrsr,, uo € D((—A)%), and we introduce the process
wr=Ww, —|—/ (—A)*ulds.
¢

Afterwards, we apply the Girsanov Theorem: writing us = (—A)~%(—A)%u, in (6.20), we get that X"
is mild solution to

dX, = AX,dr + F(X,)dr + (-A)~*dW", 7¢€]lt,T],

Xt =x € k.

By (6.26) in Lemma 6.14, we see that Hypothesis 3.1-(ii) is verified by ¥*. We conclude by arguing again
as in [13, Proposition 4.1] and in Theorem 6.10. |

6.3 The case () = [ with a general running cost

In this subsection we deal with the general controlled equation (6.20) under Hypothesis 6.7 on the
coefficients of the cost functional, and we consider control processes u € %,. Unlike the two cases just
treated, in this framework the HIB equation would not have the structure of equation (4.16 ) since the

Hamiltonian function would depend on Vo, not only on the directional derivative V(=4 "0, see e.g. [9],
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formula (6.67) and the discussion related to formulas (4.278)-(4.279). Up to our knowledge, when ¢ in
only continuous, the well posedness of such an equation is an open problem: in [3] an equation of this
type is solved in mild sense with Lipschitz type assumptions on the final datum ¢.

For this reason, we will not end up identifying the value function (6.3) with the solution of the HJB
equation, but instead we will approximate it. The following result will be used in the aforementioned
approximation of the value function.

Proposition 6.16. Assume that Hypothesis 2.1 holds true. Lett € [0,T], x € E and u,@ € %. Then,

T
sup |XbLow — xbouZ < / lus — @s|3; ds, P-as., (6.30)
Telt,T] t

where X4%% and X% are respectively the mild solutions to (6.20) with control u and .
Proof. Let us set L(7) := Xb®% — Xt%% and let us assume that L(7) is a strict solution to

LL(r) = AL() + F(Xb®) — F(XL%") +uy, — @r, 7€ [t,T],
L(t) =0,

otherwise we can use an approximation argument as in the proof of Proposition 2.5(ii). Then, the non-
positivity of A, the dissipativity of I, the Cauchy-Schwartz inequality and the Young inequality give

1d

1
5@ |U5 — asﬁ{ + §|L(S)|%{, S € [t, T], P-a.s.

N =

L(s)[7 < (us — tis, L(8)) i <

Integrating between ¢ and 7 and applying the Gronwall Lemma, we get

|L(T) | g/ lus — @s|%ds, V1€ [t,T], P-as.,
t

and we immediately deduce (6.30). O

Thanks to Proposition 6.16 we deduce that, up to a subsequence, we can approximate X»®% in H
by means of mild solutions X*®%" of problem (6.20), with u replaced by u™, where (u,) C %, satisfies
u"™ = u in %,. In the following Proposition we prove that a similar approximation holds true in E.

Proposition 6.17. Let Hypothesis 2.1 holds true. Let t € [0,T], p > 2, and set p’ be the conjugate
ezponent of p. Assume that Hypothesis 6.1 holds true for some positive constant 3 such that p’3 < 1. Let
u € %, and (u™) C %, be such that u™ — w in %,. Then, for any z € E,

lim |[XEu™ — Xbeu =0, Yrelt,T], Pas., (6.31)

n—-+o0o
where (uFr) C (u™) be such that u*» — ugs P- a.s. for a.e. s € (t,T).

Proof. As usual, we limit ourselves to consider the case ¢t = 0. For any n € N, let us set L" :=
Xou'" _ Xou where XU and X® are mild solutions to (6.20) with initial datum 2 and control
processes u*" and u, respectively. Further, let us denote by N the subset of 2 such that P(N) = 0 and
ukn — ug on Q\ N for a.e. s € (¢, T). Then, for any ¢ € 0,7

¢ ¢
L} :/ e(t’S)A(F(Xf’“kn) — F(XZ")ds —|—/ = A(ykn — 4 )ds, P-as.
0 0
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which gives
t X t
LY e < / |eCINP(XTT) = F(XP")|pds +/ |9 (b —ug)|pds =1 17 (t) + I3 (t), P-as.
0 0

Let us estimate I and I} separately. As far as I? is concerned, from the boundedness of ¢4 on E,
Hypothesis 2.1-4. and (6.11), it follows that

e AF(XT) = F(X5)|p < o0, s € (0,T),
on \ N. Further, from (6.4) it follows that
= DAF(X2) = F(X2)|p < et — 8) P IF(XE) = F(X5)| g,

on Q\ N, for any s € (0,T). Since F is continuous on H, from (6.30) we infer that |F(XZ*") —
F(X2") g — 0on Q\ N as n — +oo for any s € (0,7'). The dominated convergence theorem implies
that I7" — 0 as n — 400 on O\ N.

Concerning 7', from (6.4) and arguing as above we get

¢
B(t) e [ (=)l — wluds < TP b~ o 0, 0 oc,
0
on \ N. This concludes the proof. |

6.3.1 The approximate optimal control problem

We will consider the Hamiltonian function ® in (6.23) under Hypothesis 6.7. This prevents us to obtain
directly estimates as those in Lemmas 6.9 and 6.14, since we don’t have the structure condition and
the assumptions on ¢ are not sufficient to bound the term (—A)*u. For this reason, for any n € N we
introduce the function ¢, : [0,7] x E x H — R defined by

ln(s,z,u) == L(s,x,u) + l|(—A)’3‘u|?q (6.32)
n

Lemma 6.18. Let A be an operator satisfying Hypothesis 2.1-(i). Then the function £,, in (6.32) satisfies
the following conditions: for any (t,x) € [0,T] x H,

0 < tult, z,u) < a1+ [u2) we D((—A)%),
Jen, R>0: Ly(t,z,u) > colul2 —cR?,  ue D((—A)%).

Proof. The first inequality directly comes from (6.32). On the other hand, for any t € [0,7], € E and
u € D((—A)%), by Remark 6.8 we have

1
Cn(t,z,u) > c(luffy — R?) + = |(=A)*ulfy > cnul}, — cR”.
n

For any n € N, we introduce the approximate Hamiltonian function

Un(t,x, 2) := {ln(t,z,u) + {z,(—A)*u)g}, t€l[0,T], z€E, z€ H. (6.33)

inf
u€D((—=4)%)

Estimates in Lemma 6.18 give the following result, which is analogous to Lemma 6.14.
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Lemma 6.19. Let Hypothesis 6.7 be satisfied, and let A be an operator satisfying Hypothesis 2.1-(i).
Then, for any n € N, the function 1y, in (6.33) is Borel measurable, and there exists a positive constant
C,, such that

—Crn(1+ |2|H) < Yn(t,z,2) < otz u) + |2|g|ula, t€[0,T], € E, 2€ H, uc D((—A)*). (6.34)
Further, if the minimum in (6.33) is attained, it is attained in a ball of radius Cp(1 + |2|g), i.e.,

Pnlt, 7, 2) = {balt,x,u) + 2(~A)u}, te[0,T], 2 € B, z€ H.

inf
u€D((—A)¥),|ula<Ch(1+|2]H)
In particular, there exists a positive constant C,, such that, for any x1,x2 € E, 21,20 € H,
[Un(t, @1, 21) — Yn(t, 22, 22)| < Cn(lzy — 22|E + [21 — 22|lm (L + |21|m + [22|m)), t€[0,T].  (6.35)

For any n € N, we introduce the approximate cost functional defined by
T
T (t, @, 1) = E[/ En(s,X;L,us)ds} +E[®(XY)], (6.36)
t

and the associated approximated optimal control problem

Vo(t, z) := érga Jn(t, ), te0,7], x € E. (6.37)
uey

The HJIB equation associated to the control problem (6.37), related to the controlled state equation
(6.20), is given by

{ 2u(t,a) = —Lv (@) + " (La,o(t,2), VO "ot ), te[0,T), 2 € B, (6.38)

U(T’ 'T) =9 ('T) )
where ¢" is defined in (6.33). The HJB equation (6.38) is the analogous of (6.27) in Section 6.2. So
again by Theorem 5.4, its solution can be represented in terms of the solution (X% Y& Znt.2) of the
forward-backward system
dYHT = b, (r, XE7, Z000)dr 4 Z0bmdW,, 7 € [1,T),
YTT’LLI = (I)(X%z)’
dXb® = AXb%dr + F(X5%)dr + (—A)~“dW,, 1€ [t,T),
X" =z €E,

(6.39)

which is nothing else than the forward-backward system (6.28) with ™ instead of .
We consider the following assumptions.

Hypothesis 6.20. For any n € N, there exists a measurable function v, : [0,T] x E x H — D((—A)%)
satisfying

n(t, x,2) = 0t v (b, 2, 2)) + (2, (—A) (b2, 2))w, t€[0,T],x € E, z€ H. (6.40)
We state now the analogous of Theorem 6.15 for the approximate optimal control problems (6.37).

Theorem 6.21. Let Hypotheses 2.1, 6.7 hold true, and assume that Hypothesis 6.1 holds true with 8 < %
Let X*5% be the solution of equation (6.20) and for any n € N, let V,, be the function defined in (6.37),
and vy, be the mild solution of the HJB equation (6.38). Then, for any (t,x) € [0,T] x E and u € %",

T
on(t,x) = Jp(t,z,u) + IE{/ (n (5, XEB™, ZM02) — 0, (5, X2, Z007) — Zmobe (— A)y,) ds},

T
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where (X5H® Y™be ZmbT) s the solution to (6.39). In particular, v,(t,z) < V,(t,x), for all (t,z) €
[0,T] x E. Finally, if Hypothesis 6.20 holds true, then

v (t, ) = Vi (t, x) (6.41)
and, thanks to (6.25), the process
" = (5, X5 V(s X2 )V, XTW (—A)™%) for-ae. s € (0,T), P-as. (6.42)

belongs to " and it is optimal.

6.3.2 A characterization of the value function

In the present section we show that the value function V of the optimal control problem (6.3) can be
approximated by the sequence (v,,) of mild solutions to (6.38), that are identified with the approximated
value functions (V},), see formula (6.41) in Theorem 6.21. As a byproduct, we deduce that the sequence
(@) defined in (6.42) is a minimizing sequence for (6.3), and it is a bounded sequence in %,.

We start by introducing the Yosida approximations of u € %, namely a suitable sequence (ux)r>1 C
U5* which converges to u in %. Since " € %> for any n € N, this would allow to approximate V (¢, x)
in terms of J(¢, z, a").

Definition 6.22. For any e > 0,
(i) we denote by u. € % any admissible control such that J(t,z,u.) <V (t,x) + €.
(i1) we denote by u.y the Yosida approzimations of ue, i.e.,

) {kR(k,A)(uE(t,w)), if uc(t,w) is well defined,
Ug, kL, W) =

0 otherwise.

Lemma 6.23. Let A be an operator satisfying Hypothesis 2.1-(i). Let € > 0 and ue, ue k, with k € N, be
the processes introduced in Definition 6.22. Then, for any k € N, § € [0,1] and (t,w) € [0,T] x Q,

|ue k(t,w)|m < Clue(t,w)|u, (6.43)
(= A) ek (t,w) i < sk [ue(t,w)]a, (6.44)

for some positive constants C, cs not depending neither on k nor on u.. In particular, u. ) € U,
Uy — Ue P-a.s., a.e. in [t,T] as k — +o0, and

Uey —> Ue In % asn — +oo. (6.45)

Proof. Estimate (6.43) directly follows from the properties of R(k, A). Further, the fact that ue, — ue
P-a.s., a.e. in [t,T] as k — +oo follows from the properties of Yosida approximations. Then, convergence
(6.45) follows from the dominated convergence theorem, Finally, it easily follows that

[(=A)uek(t, )| < kCluc(t,w)|m,

for any (t,w) € [0,T] x Q and any k € N, where C is the same positive constant as in (6.43). Interpolation
estimates give (6.44). |

Proposition 6.24. Let Hypotheses 2.1, 6.7, 6.1 hold true. Let € > 0 and let u., u. p, withn € N, be the
processes introduced in Definition 6.22, and let J, J,, be respectively the cost functionals in (6.2), (6.36).
Then for any (t,z) € [0,T] x E we have

In(t, 2, Uen) = J(E, x,ue), N — +00.
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Proof. Since u. , pointwise converges to u, a.e. in (0,T), P-a.s., from (6.45) in Lemma 6.23 and Propo-

t,T,Ue

sition 6.17 it follows that X7 " — XL®us Pas. in E as n — 4oo for any 7 € [t,T]. By dominated
convergence theorem we deduce that

E[@(X2")] — E[B(X%)], n — +oc.

To estimate the convergence of the approximate running cost ¢, in (6.32), we consider separately the two
terms in (6.32). We stress that

Bl [ 6o X e )0) = €5, X2 ()l

<g[ | 6o X2 o) = B, X2 )+ E] / 6o X2 e )0) = B, X5 (). )]

Arguing as above, from Hypothesis 6.7-(iii) and (6.31) we get
[€(s, X o (e m)s) — (s, X2, (Uen)s)| <L| XYoo — X¥e|p — 0, n— +oo, P-as.
Further, from (6.13) in Hypothesis 6.7-(ii) and (6.43) we infer that
|00, X7 (en)s) = 0(s, X7, (ue)s)] < e(1+ | (ue)slz),

for any s € (t,T), P-a.s. By dominated convergence theorem we get
T
E[/ [€(s, X o, (Uem)s) — (s, X, (ue,n)s)|ds} -0, n— +oo.
t
Moreover, the continuity of ¢ with respect to v and the dominated convergence theorem give
T
/ 1€(s, X<, (uen)s) — £(s, X<, (ue)s )| ds — 0, n — +o0.
t

Finally, since a € (0,1/2), from (6.44) with ¢ = o we have

1 T
VB[ 1A ey ds] < On2 el =0, 0 o
t

and this concludes the proof. O

The following theorem constitutes the main result of the section.

Theorem 6.25. Let Hypotheses 2.1, 6.7, 6.20 hold true, and assume that Hypothesis 6.1 holds true with
B8 > % For any n € N, let u™ and v,, denote respectively the process in (6.42) and the mild solution to
(6.38). Let V', J be respectively the functions in (6.3), (6.2). Then, for any (t,z) € [0,T] x E,

V(t,z) = ngrilm vp(t,z) = lim J(¢,z,a"). (6.46)

n—-+oo
Moreover, (a™) is bounded in Y.

Proof. Let (t,z) € [0,T] and € > 0. For any n € N, let u., u.,, be the processes introduced in Definition
6.22. By Proposition 6.24, there exists @ € N such that |J,, (¢, z, ue ) — J(¢, 2, u:)| < &, for any n > 7,
which in turn gives

In(t,zuen) <V(t,x)+2, n>n. (6.47)
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Notice that, from the definitions of V', V,, in (6.3), (6.37), it follows that
V(t,z) < V,(t ). (6.48)
Further, from (6.44) with 0 = o we get that u. , € %", and therefore the definition of V;, implies
Vo(t,x) < Jo(t, z,uern), n>T. (6.49)

Then, collecting (6.47), (6.48) and (6.49), V(t,z) < V,,(t,z) < J,(t, 2, us ) < V(t, )+ 2¢ for any n > 7.
Hence, V(t,x) < limsup,,_, ., Va(t,z) < V(t,x) + 2¢, and the arbitrariness of ¢ gives

lim V,(t,z) =V(t, ). (6.50)

n—-+o0o

Then the first equality in (6.46) follows from (6.50), recalling that, by Theorem 6.21, V,, (¢, z) = v, (¢, x)
for any n € N.
On the other hand, since V,, (¢, z) = J,(t,x,a") for any n € N,

V(t,x) < J(t,@,a") < Ju(t, @, a") = Vo(t,z),
so that, taking into account (6.50), the second equality in (6.46) follows.

Finally, let us prove that (@") is bounded in %. Assume by contradiction that there exists a subse-
quence (uy, ) C (@") such that [lug, |3, > n for any n € N. Then,

T T
n <k, |12, :/ (/ |ukn(5)|2dP)ds+/ (/ |ukn(5)|2dP)dS
t {luk, ()|lH <R} t {ltr, (s)| g >R}

T
gTR2+/ (/ |ukn(s)|2d]P’)ds.
£ N un, l5>R)

On the other hand, since ¢ is nonnegative and satisfies (6.22),
T
IE{/ E(S,Xf",ukn(s))ds}
t
T

T
:/ (/ E(S,Xf",ukn(s))d]P’)der/ (/ E(S,an,ukn(s))dﬂl’)ds
t {luk, () <R} t {lug, (s)|a>R}

T
z/ (/ |ukn(s)|2dP)ds.
t N {un, (9> RY

Therefore E[ftT U(s, X uy, (s))ds] > n — TR?, which contradicts (6.46). O
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