ASYMPTOTIC EXPANSIONS AND UNIQUE CONTINUATION
AT DIRICHLET-NEUMANN BOUNDARY JUNCTIONS
FOR PLANAR ELLIPTIC EQUATIONS

MOUHAMED MOUSTAPHA FALL, VERONICA FELLI, ALBERTO FERRERO, AND ALASSANE NIANG

ABSTRACT. We consider elliptic equations in planar domains with mixed boundary conditions of
Dirichlet-Neumann type. Sharp asymptotic expansions of the solutions and unique continuation
properties from the Dirichlet-Neumann junction are proved.

1. INTRODUCTION

The present paper deals with elliptic equations in planar domains with mixed boundary condi-
tions and aims at proving asymptotic expansions and unique continuation properties for solutions
near boundary points where a transition from Dirichlet to Neumann boundary conditions occurs.

A great attention has been devoted to the problem of unique continuation for solutions to partial
differential equations starting from the paper by Carleman [5], whose approach was based on some
weighted a priori inequalities. An alternative approach to unique continuation was developed
by Garofalo and Lin [14] for elliptic equations in divergence form with variable coefficients, via
local doubling properties and Almgren monotonicity formula; we also quote [18] for quantitative
uniqueness obtained by monotonicity methods.

The monotonicity approach has the advantage of giving not only unique continuation but also
precise asymptotics of solutions near a fixed point, via a suitable combination of monotonicity
methods with blow-up analysis, as done in [9H13]. The method based on doubling properties
and Almgren monotonicity formula has also been successfully applied to treat the problem of
unique continuation from the boundary in [1}2,/9,[19,[27] under homogeneous Dirichlet conditions
and in [26] under homogeneous Neumann conditions. Furthermore, in [9] a sharp asymptotic
description of the behaviour of solutions at conical boundary points was given through a fine
blow-up analysis. In the present paper, we extend the procedure developed in [9-13] to the case of
mixed Dirichlet/Neumann boundary conditions, providing sharp asymptotic estimates for solutions
near the Dirichlet-Neumann junction and, as a consequence, unique continuation properties. In
addition, comparing our result with the aforementioned papers, here we also provide an estimate
of the remainder term in the difference between the solution and its asymptotic profile.

Let © be an open subset of R? with Lipschitz boundary. Let I',, C 9Q and I'y C 95 be two
nonconstant curves (open in d€2) such that T',, NTy = {P} for some P € 9. We are interested in
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regularity of weak solutions u € H*(£2) to the mixed boundary value problem

—Au = f(x)u, in
(1.1) ou=g(x)u, onl,,

u =0, on I'y,

with f € L>(Q) and g € C1(T,,), see Section [2| for the weak formulation. Our aim is to prove
unique continuation properties from the Dirichlet-Neumann junction {P} = I',, N Ty and sharp
asymptotics of nontrivial solutions near P provided 99 is of class C?7 in a neighborhood of P.
We mention that some regularity results for solutions to second-order elliptic problems with mixed
Dirichlet-Neumann type boundary conditions were obtained in [16}[25], see also the references
therein.

Some interest in the derivation of asymptotic expansions for solutions to planar mixed boundary
value problems at Dirichlet-Neumann junctions arises in the study of crack problems, see e.g. [6,20].
Indeed, if we consider an elliptic equation in a planar domain with a crack and prescribe Neumann
conditions on the crack and Dirichlet conditions on the rest of the boundary, in the case of the crack
end-point belonging to the boundary of the domain we are lead to consider a problem of the type
described above in a neighborhood of the crack’s tip (which corresponds to the Dirichlet-Neumann
junction). We recall (see e.g. [6]) that, in crack problems, the coefficients of the asymptotic expan-
sion of solutions near the crack’s tip are related to the so called stress intensity factor.

In order to get a precise asymptotic expansion of u at point P € I',, N[, we will need to assume
that 99 is of class C?% near P. The asymptotic profile of the solution will be given by the function

- 2k —1
(1.2) Fy(rcosf,rsinf) = 5 cos < 5 9) , r>0,0¢e(0,m),

for some k € N\ {0}. We note that Fy, € H _(R?) and solves the equation

AF, =0, in R2,
(1.3) Fi(x1,0) =0, for z; <0,
O, F:(21,0) =0, for 21 > 0,

where here and in the following R? := {(21,22) € R? : 25 > 0}.

The main result of the present paper provides an evaluation of the behavior of weak solutions
u € HY(Q) to at the boundary point where the boundary conditions change. In order to
simplify the statement and without losing generality, we can fix the cartesian axes in such a way
that the following assumptions on 2 C R? are satisfied. Here and in the remaining of this paper,
I',,,Tq C 9Q are nonconstant curves (open as subsets of ) such that I',, "y = {0} with 0 € 9.

(i) The domain € is of class C2° in a neighborhood of 0, for some & > 0.
(i1) The unit vector e; := (1,0) is tangent to 02 at 0 and pointed towards I',,. Moreover, the
exterior unit normal vector to 9Q at 0 is (0, —1).

We are now in position to state the main result of the present paper.

Theorem 1.1. We assume_that Q satisfies the assumption (i)-(ii) above. Let u € HY(Q) be a
nontrivial weak solution to , with f € L>(Q) and g € CH(T',,). Then, there exist ko € N\ {0},
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B € R\ {0} and r > 0 such that, for every o € (0,1/2), there exists C > 0 such that

2kg—1

(1.4) lu(z) — BFk, (p(z))| < Clz| "z T2, for every x € Q NB;f.

Here, the function ¢ : QN By, — @ is a conformal map of class C2, for some rq > 0 only
depending on 2.

Remark 1.1. Here and in the sequel, we identify R? with the complex plane C; hence, by a
conformal map on an open set U C R? we mean a holomorphic function with complex derivative
everywhere non-zero on U. We notice that, if Q satisfies (i)-(ii) and ¢ : QN B,, — R is
conformal, then Dp(0) = ald and ¢'(0) = « for some real a > 0, where Dy denotes the jacobian
matriz of p and ¢’ denotes the complex derivative of o.

As a direct consequence of Theorem we derive the following Hopf-type lemma.
Corollary 1.2. Under the same assumptions as in Theorem let u € HY(Q) be a non-trivial
weak solution to , with uw > 0. Then
(i) for everyt € [0,m),
. u(rcost,rsint) oy (1
}11}% T = ,BOL COs 5 > O7

where a = ¢’'(0) > 0 and ¢ is as in Theorem|1.1};
(ii) for every cone C C R? satisfying (1,0) € C and (—1,0) € R?\ C, we have

()
(1.5) llin:}ng > 0.
zeQNC
A further relevant byproduct of our asymptotic analysis is the following unique continuation
principle, whose proof follows directly from Theorem

Corollary 1.3. Under the same assumptions as in Theorem let w € HY(Q) be a weak solution
to such that uw(z) = O(|z]™) as x € Q, |x| = 0, for any n € N. Then u = 0.

We observe that Theorem provides a sharp asymptotic expansion (and consequently a unique
continuation principle) at the boundary for %—fractional elliptic equations in dimension 1. Indeed,
if v € HY2(R) weakly solves

{(A)l/Q’U = g(z)v, in (0, R),
v=0, in R\ (0, R),

for some g € C'*([0, R]), then its harmonic extension V € Hlloc(@) weakly solves
—AV =0, in R%,
(1.6) 0,V =g(x)V, on (0,R) x {0},
V=0, on (R\ (0, R)) x {0},
see [4]. Theorem d Corollaryapply to (1.6). Hence, V (and in particular its restriction v)

satisfies expansion (1.4)) and a strong unique continuation principle from 0 (i.e. from a boundary
point of the domain of v). We mention that unique continuation principles from interior points for
fractional elliptic equations were established in [§].
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We do not know if the C?9 regularity on  and C' regularity of the boundary potential g in
Theorem can be weakened in order to obtain a unique continuation property. On the other
hand, we can conclude that a regularity assumption on the boundary is crucial for excluding
the presence of logarithms in the asymptotic expansion at the junction. Indeed, in Section [§] we
produce an example of a harmonic function on a domain with a C'-boundary which is not of
class C?9, satisfying null Dirichlet boundary conditions on a portion of the boundary and null
Neumann boundary conditions on the other portion, but exhibiting dominant logarithmic terms
in its asymptotic expansion.

The proof of Theorem [I.1] combines the use of an Almgren type monotonicity formula, blow-up
analysis and sharp regularity estimates. Indeed regularity estimates yield the expansion of u near
zero as follows:

2kg—1
2

< Cr +Q’

(1.7)

ko
u— Zak(r)Fk op
k=1

L>(B,)

JF . .
%. Now, if u is
IE500ll72 g,
nontrivial, a blow-up analysis combined with Almgren type monotonicity formula allows to depict

a ko > 1 for which ag,(r) — S # 0 and ax(r) — 0 for every k < ko as r — 0. The proof of (1.7))
uses also a blow-up analysis argument inspired by Serra [24], see also [22}23].

for every o € (0,1/2), for some C > 0, kg > 1 and where a; =

Remark 1.2. The extension of our results to higher dimensions are the object of current inves-
tigation. First of all, the implementation of the monotonicity argument for Dirichlet-Neumann
problems exhibits substantial additional difficulties due to the positive dimension of the junction
set and some role played by the geometry of the domain. Moreover, further technical difficulties
appear in higher dimension since, in such a situation, we can no more make use of conformal
transformations like the ones employed in Section [ which are based on the Riemann mapping
Theorem.

Remark 1.3. For the sake of simplicity of the exposition, in the present paper we considered an
elliptic problem with the Laplacian and a linear term with a bounded potential; a possible extension
to more general elliptic problems with variable coefficients and first order terms could be obtained
with a more sophisticated monotonicity approach like in [9].

The paper is organized as follows. In Section [2] we introduce an auxiliary equivalent problem
obtained by a conformal diffeomorphic deformation straightening By NAS2 near 0 and state Theorem
2:1] giving the sharp asymptotic behaviour of its solutions. Section [3|contains some Hardy-Poincaré
type inequalities for H'-functions vanishing on a portion of the boundary of half-balls. In Section
M we develop an Almgren type monotonicity formula for the auxiliary problem which yields good
energy estimates for rescaled solutions thus allowing the fine blow-up analysis performed in Section
and hence the proof of Theorem [2.1] Section[7]contains the proof of the main Theorem [I.1] which
is based on Theorem and on some regularity and approximation results established in Section
[l Finally, Section [§ is devoted to the construction of an example of a solution with logarithmic
dominant term in a domain violating the C?°-regularity assumption.

2. THE AUXILIARY PROBLEM

For every R > 0 let Br = {(21,22) € R?: 2} + 23 < R?} and B}, = {(z1,22) € Br : 22 > 0}.
Since 09 is of class C?*? near zero, we can find 7o > 0 such that T' := 9Q N B,, is a C% curve.
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Here and in the following, we let B be a €% simply connected open bounded set such that B C Q
and 0B N0 =T'. For some functions

(2.1) ferL>®B) and geCYT,),
let u € H(B) be a solution to

—Au = f(z)u, in B,
(2.2) ou=g(x)u, onl,,
u =0, on I'y.

We introduce the space H&Fd (B) as the closure in H*(B) of the subspace
Co%,(B) :={ue C*(B) :u=0onTyndB}.
We say that u € H'(B) is a weak solution to if
u € Hyp, (B),

/Vu YWVo(z)de = / f(z z)dx —I—/ guvds for any v € Cg%p p (B)
: OB\,

n

where Cgp p, (B) = {u € C>®(B) : u=0o0n 0B\ T,}. Since B is of class C?*?, in view of the

Riemann mapping Theorem and [177 Theorem 5.2.4], there exists a conformal map ¢ : B — B
which is of class C*. Let N = ¢(0) € 9By and let let S be its antipodal. We then consider the map

¢ : R2\ {S} — R2\ {S} given by 5(z) := 2= S|2 + S, where, for every z € R? ~ C, Zz denotes

the complex conjugate of z. This map is conformal and (N) = 0. In addition $(B; \ {S}) C P
where P is the half plane not containing S whose boundary is the line passing through the origin
orthogonal to S.

Then the map @ o ¢ is a conformal map which is of class C? from a neighborhood of the origin
BN B, into P for some r > 0. It is now clear that there exists a rotation R ~and a real number
R > 0 such that, letting Ur := ¢~ 1(B},), the map ¢ :== Ro o @ : Ug — B} is an invertible
conformal map of class C? with inverse =1 : B} — Ug of class C2. Moreover ((0) = 0.

Since ¢ is a conformal diffeomorphism, in view of Remark [L.1I| we have that, under the assump-
tions of Theorem

(2.3) D(0) =ald, with a=¢'(0) >0,
being ¢’ (0) the complex derivative of ¢ at 0, which turns out to be real because of the assumption
that (1,0) is tangent to 9 at 0 and strictly positive because of the assumption that the exterior
unit normal vector to 99 at 0 is (0, —1). In addition, implies that, if R is chosen sufficiently
small, o~ 1((=R,0) x {0}) C Ty and = 1((0, R) x {0}) C T,..

Therefore letting w = uo@~!: B — R and ¥ := ¢!, we then have that w € H*(B},) solves

—Aw(z) = p(z)w(z), in B,
(2.4) Oyw(z1,0) = g(x1)w(x1,0), x1 € (0,R),
w =0, on (—R,0) x {0},

with

p(z) = [V (2)]*F(2(2)), q(z1) = (9(¥ (21, 0)) ¥ (21, 0)].
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It is plain that p € L>(B}) and ¢ € C([0, R)). Here and in the following, for every r > 0, we
define
(2.5) I, :=(0,r) x {0} and ni=(—r,0) x {0}.

The following theorem describes the behaviour of w at 0 in terms of the limit of the Almgren
quotient associated to w, which is defined as

fBi |Vw|?dz — fBi pwidz — for q(x)w?(x,0) dx
B Jo w?(rcost,rsint)dt )
In Section {4 we will prove that A is well defined in the interval (0, Ry) for some Ry > 0.

N(r)

Theorem 2.1. Let w be a nontrivial solution to (2.4). Then there exists ko € N, ko > 1, such
that

%o — 1
2.6 lim N(r) = ——.
(26) A N =5
Furthermore
e w(rz) — Bz 5 cos (2’“’2_1 Arg z> asT— 0"

strongly in H*(B}) for all r > 0 and in C&f(@\ {0}) for every p € (0,1), where 8 # 0 and

2 ™ 2kg—1
(2.7) ,6:7/ R4 w(Rcos s, Rsin s) cos (4-1s) ds
0

™

™ R
+ */ [/ t7k0+3/2_Qﬁ)ljkotkoﬂ/zp(t cos s, tsin s)w(t cos s, tsin s) dt] cos (%OT*IS) ds
o LJo

9 (R 41/2-ko _ Rl-2kopho—1/2
+ /0 g — 1

q(t)w(t,0)dt.

In particular

(2.8) R w(T cost,Tsint) — Beos (2£8=2t)  in CO#([0,7]) asT — 0T,

The proof of Theorem is based on the study of the monotonicity properties of the Almgren
function N and on a fine blow-up analysis which will be performed in Sections [4] and

3. HARDY-POINCARE TYPE INEQUALITIES

In the description of the asymptotic behavior at the Dirichlet-Neumann junction of solutions to
equation (2.4) a crucial role is played by eigenvalues and eigenfunctions of the angular component
of the principal part of the operator.

Let us consider the eigenvalue problem

_11[},/ = /\1/’7 in [03 77]7
(3.1) ¥'(0) =0,
() = 0.
It is easy to verify that (3.1]) admits the sequence of (all simple) eigenvalues

1
/\k:Z(Qk—l)Q, keN, k>1,
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with corresponding eigenfunctions
Yi(t) =cos (E-1t), keN, k>1

It is well known that the normalized eigenfunctions

(3.2) {\/Ecos (2’62115)}

form an orthonormal basis of the space L?(0, 7). Furthermore, the first eigenvalue \; = i can be
characterized as

k>1

1 T (t)|* dt
(3.3) AM=-= min 7foﬂw ( )‘2 .
4 ver 0m\0) Jo @) dt

For every r > 0, we let (recall (2.5]) for the definition of I'})
H, ={we H(Bf):w=00nT7}.
As a consequence of (3.3) we obtain the following Hardy-Poincaré inequality in H...

Lemma 3.1. For every r > 0 and w € ‘H,, we have that

1 lw(z)|?
2dz > 7/ dz.
/B:r |[Vw(z)|* dz ) z

Proof. Let w € C*(B,) with w =0 on I'; = [-7,0] x {0}. Then, in view of (3.3),

/|Vw(z)|2dz
B
2
/ / (; w(pcost, psmt))‘ = |6t w(pcost, psmt))| ) dtdp
// (/ |2 (w(pcost, psint))| dt> dp
o P \Jo
171/ 1 ?
;7/ (/ |w(pcost,psint)|2dt> dp:,/ |w(22)| &
1) p\Jo 4 Jpr |7

We conclude by density, recalling that the space of smooth functions vanishing on [—r,0] x {0} is
dense in H,, see e.g. [7].

Lemma 3.2. For every r > 0 and w € H,, we have that x7 'w?(x1,0) € L'(0,7) and

o2
/ Mdan < 7r/ |Vw(2)|? dz.
0 Bt

T
Proof. Let w € C*(B;t) with w = 0 on [-7,0] x {0}. Then for any 0 < 21 < r

w(z1,0)| =

T d
/0 dtw(xlcost,xlsint)dt'

s
/ x1Vw(zy cost,zqsint) - (—sint, cost) dt
0

U
< ﬁ\// 23| Vw(xy cost,zy sint)|? dt.
0
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It follows that

T 2 T e
/ del < 7r/ / x1|Vw(zy cost, xysint)|[? dt duy = 7T/ |Vw(z)|* dz.
0 Z1 0o Jo B

We conclude by density. O
4. THE MONOTONICITY FORMULA

Let w € H'(B}) be a non trivial solution to (2.4). For every r € (0, R] we define

(4.1) D(r):/ |Vw|2dz—/ pwzdz—/ q(z1)w?(x1,0) day
B Bf 0

and

1

(4.2) H(r)= 7/ w? ds:/ w?(r cost, rsint) dt,
rJst 0

where S/ = {(z1,22) : 23 + 23 = r? and x5 > 0}.
In order to differentiate the functions D and H, the following Pohozaev type identity is needed.

Theorem 4.1. Let w solve (2.4]). Then for a.e. v € (0, R) we have

r 27,
(4.3) Z/Si|VW| als-r/s:r

1 ‘s
- 5/ (q(a:l) + xlq’(xl))wz(xl,O) dzi + gq(r)wz(n 0) + / oz Vwdz
0 B

2

ow ds

w

7

and

a T
(4.4) / |Vw|?dz = / pw?dz —|—/ 90w ds —|—/ q(z1)w?(x1,0) duy.
B B st Ov 0
Proof. We observe that, by elliptic regularity theory, w € H*(B;F \ Bf) for all 0 < ¢ < r < R.
Furthermore, the fact that w has null trace on '} implies that g—;“l has null trace on T'%. Then,

testing (2.4) with z - Vw and integrating over B, \ BX, we obtain that

(4.5) z/ |Vw|2dsfg/ |Vw|2ds:/ pwz - Vwdz
2 /st 2 st BB

2

/ ow
+r
Chy

ds—s/ dw
s+

ov

An integration by parts, which can be easily justified by an approximation argument, yields that

2
" 0
” ds—&—/s q(xl)w(xl,O)xla—z(xl,())dxl.

@6) [ aleryulen, 0 5 (w1.0) ey = Sa(r)u(r,0)

€ 1/ ,
_ 5q(a)w2(e€, 0) — 5/ (q + z1¢)w?(x1,0) day.

We observe that there exists a sequence €, — 07 such that

lim lenwz(sn,O)ann/ |Vw|2ds] =0.

En
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Indeed, if no such sequence exists, there would exist g > 0 such that

w?(r,0) —l—/ |Vw|?ds > ¢ for all r € (0,g9), for some C > 0;
S+ T

r

integration of the above inequality on (0, g9) would then contradict the fact that w € H'(B}) and,
by trace embedding, w € L?(I'¢?). Then, passing to the limit in (4.5 and (4.6 with ¢ = ¢,, yields
(4.3). Finally (4.4)) follows by testing (2.4)) with w and integrating by parts in B;. O

In the following lemma we compute the derivative of the function H.

Lemma 4.2. H € I/Vli’cl(O,R) and

i 2
(4.7 H'(r) = 2/ w(rcost,rsint)a—'l’j(rcost,rsint) dt = ;/ w‘g—ly“ ds,
0 st
in a distributional sense and for a.e. r € (0, R), and
2
(4.8) H'(r)= ;D(r), for a.e. 7 € (0, R).

Proof. Let ¢ € C2°(0, R). Since w, Vw € L?(B};) and w € CY(B};), using twice Fubini’s Theorem
we obtain that

/ORH(T)QO/(T‘) dr = /OR </07r w?(r cost, rsint) dt)go’(r) dr
_ /OW (/ORw2(rcost,rsint)<p'(r) dr) dt — /Oﬂ (/ORi(wQ(rcost,rsint))w(r) dr> dt
_ _/07r </OR (2w(r cost, rsint) 22 cost, rsint) ) o(r) dr) dt

R ™
= _/ (/ (2w(r cost,rsint) 2% (r cost, rsin t)) dt) o(r) dr
0 0
thus proving (4.7). Identity (4.8) follows directly from (4.7) and (4.4). O

Let us now study the regularity of the function D.

Lemma 4.3. The function D defined in (4.1) belongs to W1(0, R) and
2

ow
T —
(4.9) D'(r)= 2/5:r £y ds
1 " / 2 2 2
- - (q(xl) + x1q (xl))w (21,0)dzy + = pwz - Vwdz — pw” ds
rJo T JBF S

in a distributional sense and for a.e. r € (0, R).

Proof. From the fact that w € H'(B}) and w|FR € L*TE), we deduce that D belongs to
WL(0,R) and '

(4.10) D'(r) = /s+ |Vwl|?ds — /S+ pw?ds — q(r)w?(r,0)

for a.e. r € (0, R) and in the distributional sense.
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The conclusion follows combining and . (]
Lemma 4.4. There exists Ry € (0, R) such that H(r) > 0 for any r € (0, Rp).
Proof. Let Ry € (0, R) be such that
(4.11) 4Hp||Loo(Bj;)Rg + gl Lo (rry Ro < 1.

Assume by contradiction that there exists rg € (0, Rg) such that H(rg) = 0, so that w = 0 a.e. on
St . From ((4.4) it follows that

To
/ |Vw|?dz —/ pwidz —/ q(z1)w?(z1,0) dry = 0.
BY B 0

70
From Lemmas [3.1] and [3:2] we get
To
0 :/ |Vw|?dz —/ prdz—/ q(z1)w?(z1,0) day
B B 0
> (L= 4lpl e g8~ Tldlmemyro] [ | (Vuli
which, together with (4.11)) and Lemma implies w = 0 in B;,t) . From classical unique continu-

ation principles for second order elliptic equations with locally bounded coefficients (see e.g. [28])
we can conclude that w = 0 a.e. in B;, a contradiction. O

Thanks to Lemma [£.4] the frequency function

D(r)

H(r)’

is well defined. Using Lemmas and we now compute the derivative of A/
Lemma 4.5. The function N defined in belongs to WL (0, Ro) and
(4.13) N'(r) = vi(r) + va(r)

in a distributional sense and for a.e. v € (0, Ry), where
2
27‘{ (fs+ |g—’;’|2ds) : (f5+ wzds) - (f5+ w%ds) }
- 2
<f5+ w? ds)

(4.12) N:(0,Ro) = R, N(r) =

(4.14) vi(r)

and
(4.15) o) = Iy (a(2) + 2¢' () w?(z,0) dx N 2fBi pwz - Vw dz - Tfs:r pw? ds
' 2 fs:, w2 ds fs:r w? ds fsi w2ds

Proof. From Lemmas and it follows that A~ € W,-'(0, Ry). From (&8) we deduce

that
N () = DOHE) = D@H') _ DH ) = 5r(H'(1)?
(H(r))? (H(r))2
and the proof of the lemma easily follows from and _ 0

We now prove that A'(r) admits a finite limit as r — 0%.
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Lemma 4.6. There erists v € [0, +00) such that lim,_o+ N(r) = .
Proof. From Lemmas and it follows that

2 2
D)2 [1= Al gr® = Flallcrgyr] [ 19w
hence there exist 7 € (0, Ryg) and Cy > 0 such that

D(r) > C’l/ |Vw|?dz, for all r € (0,7).
B
In particular
(4.16) N(r) =0, forallre(0,7).
Moreover, using again Lemmas and we can estimate v in (0,7) as follows
g+ 24| Lo omymr [+ [Vw]?dz
Jsr w?ds
Pl oo gy (L +472) [+ [Vw(2)[* dz ]
Jg w?ds WPl )

(4.17) |va(r)| <

1 ! —
< c <||q + 24 || o (rmym + Hp”Loo(BE)(l + 41"2)) N(r) + erHLOQ(B;).

Since vy > 0 by Schwarz’s inequality, from Lemma and the above estimate it follows that there
exists Cy > 0 such that

(4.18) N'(r) = —Co(N(r)+1) forall r € (0,7),
which implies that
dii (€% (1 4+ N (1)) > 0.

It follows that the limit of » — e“2"(1 + N (7)) as 7 — 01 exists and is finite; hence the function
N has a finite limit v as » — 07. From ([4.16)) we deduce that ~ > 0. O

The function H defined in can be estimated as follows.
Lemma 4.7. Let y := lim,_,o+ N(r) be as in Lemmal[{.6f Then
(4.19) H(r)=0@r*) asr—0".
Moreover, for any o > 0,

(4.20) r?7T = O(H(r)) asr—0T.
Proof. From Lemma [4.6| we have that

(4.21) N is bounded in a neighborhood of 0,

hence from ([4.18)) it follows that A/ > —Cj5 for some positive constant Cs in a neighborhood of 0.
Then

(4.22) N(r)—~= /OT N (p)dp = —Csr
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in a neighborhood of 0. From 7 , and we deduce that, in a neighborhood of 0,
H'(r) _ 2N (r) o 2y
H(r) ro
which, after integration, yields .
Since v = lim, _,o+ N (r), for any o > 0 there exists r, > 0 such that N (r) < v+ ¢/2 for any

?II/((T’")) = QAi(r) < 27:”’ for all € (0,7,). By integration we obtain 1) O

r € (0,7r,) and hence

5. BLOW-UP ANALYSIS FOR THE AUXILIARY PROBLEM

Lemma 5.1. Let w € H'(B},) be a non trivial solution to (24)). Let v := lim, o+ N (r) be as in
Lemmal[{.6 Then there exists ko € N, ko > 1, such that

2k —1

==
Furthermore, for every sequence T, — 0%, there exist a subsequence {1, }ren such that
(5.1) W(Tw2) @(z)

H(Tn,)
strongly in H*(B,") and in C&f(?f\ {0}) for every p € (0,1) and all r € (0,1), where
~ 2 zmg-1 2ko — 1
(5.2) w(rcost,rsint) = +4/=r = cos ( 02 t), for allr € (0,1) and t € [0, 7].
™
Proof. Let us set
(5.3) w(z) = 202
H(r)

We notice that, for all 7 € (0, R), w™ € Hy and [¢+ [w™|*ds = [ |w™ (cost,sint)[*dt = 1. More-
1
over, by scaling and (4.21]),
1

(5.4) /+ (V™ () — P2p(r2)lw™ ()2) dz — 7/ g(ra)|w™ (2, 0)|% dz = N'(7) = O(1)
B 0
as 7 — 07, whereas from Lemmas and it follows that

1 2 2
(5.5) N 2 g5 (L= Wl oy = Tl o) /B , [Vul’d:

= (1= 4ol gy = laleeiryr] [ (V0P
1
for every T € (0, Rg), being Ry as in (4.11). From (5.4), (5.5), and Lemma we deduce that
(5.6) {w™} e(0,r,) is bounded in H'(By).

Therefore, for any given sequence 7, — 0%, there exists a subsequence 7,, — 0T such that
wT — @ weakly in H!(Bj") for some w € H*(B;). Due to compactness of trace embeddings, we
have that w = 0 on I'}; and

(5.7) / |w|*ds = 1.
Ch
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In particular w # 0. For every small 7 € (0, Ry), w” satisfies
—Aw™ = 72p(t2)w”, in B,

(5.8) o,w™ = 7q(T21,0)w”, on 'L
w” =0, on Fé,

in a weak sense, i.e.
1
/ Vw™(z) - Ve(z)dz = 7'2/ p(rz)w™ (2)p(z) dz + 'r/ q(tz)w™ (x,0)p(x,0) dx
Bf Bf 0

for all ¢ € HY(Bf") s.t. ¢ =0 on S;7 UT}L. From weak convergence w™+ — w in H'(B"), we can
pass to the limit in (5.8]) along the sequence 7, and obtain that w weakly solves

—Aw =0, in B,
(5.9) d,w=0, onl},
w =0, on I'}.

From (5.6) it follows that {rq(rz)w™(x,0)},c(0,r,) is bounded in H/2(I'}). Then, by elliptic

regularity theory, for every 0 < r1 < ry < 1 we have that {w"},¢ (o, r,) is bounded in H? (B}, \B%).
From compactness of trace embeddings we have that, up to passing to a further subsequence,
Quk — 90 in L2(S;}) for every r € (0,1). Testing equation (5.8) for 7 = 7,,, with w™ on B we
obtain that

/ Ve ()2 dz = / O 7o ds
B}t

St v

T
47 [ pn e @ ds [ () (0,0 do
B 0

ow JUPEIS
kﬁ—jroo/sj a—ywds = /Bi [Vw(z)|* dz,

thus proving that [[w™= ||z 5y = |W[| 1 (54 for all v € (0,1), and hence
(5.10) w™ —w in HY(B;)

for every r € (0,1). Furthermore, by compact Sobolev embeddings, we also have that, up to
extracting a further subsequence,

w™ — @ in O (B \ {0}),
for every r € (0,1) and p € (0,1).
For any r € (0,1) and k € N, let us define the functions
D)= [ VwrPdz=ad [ pr e @ d -, [ gl @0 d
B B 0
1

Hy(r) = — /S+ [w™ |* ds,
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and Ny (r) := 2: E:; Direct calculations yield that Ny (r) = N (7,,r) for all » € (0,1). From 1)
it follows that, for any fixed r € (0, 1),

D(r) — D(r) ::/

~ 1
Val2d: and  Hy(r) — D(r) ::7/ |2 ds.
B St

r

From classical unique continuation principles for harmonic functions it follows that 5(7") > 0 and
H(r) > 0 for all r € (0,1) (indeed D(r) = 0 or H(r) = 0 for some r € (0,1) would imply that
w =0 in B and, by unique continuation, @ = 0 in Bfr, a contradiction). Hence, by Lemma

(5.11) N(r) = fl(r) = klirgloNk(r) = lerr;ON(TnkT) =7

for all € (0,1). Therefore N is constant in (0,1) and hence N”(r) = 0 for any r € (0,1). By (5.9)
and Lemma [£.5] with p = 0 and ¢ = 0, we obtain

ow Y 0w, \
N ds | - LW ds ) — - wads =0 forallre(0,1),
S7 Sr "

o
which implies that w and % are parallel as vectors in L?(S;). Hence there exists n = n(r) such
that 22 (rcost,rsint) = n(r)w(rcost,rsint) for all r € (0,1) and ¢ € [0, 7. It follows that

(5.12) w(rcost,rsint) = p(r)yY(t), re€(0,1), t€[0,n],
where o(r) = eJi 7945 and 4 (t) = @(cost,sint). From (5.7) we have that Jo ¥* = 1. From (5.9)
and (5.12) we can conclude that

@ () (t) + 1o () e(t) + Ze(r)y”(t) =0, r€(0,1), tel0,1],

P(m) =0,

¢'(0) = 0.
Taking r fixed, we deduce that 1 is necessarily an eigenfunction of the eigenvalue problem (3.1)).
Then there exists kg € N\ {0} such that ¢(t) = j:\/gcos(%oz;lt) and ¢(r) solves the equation

1 (2ko — 1)2

1 A _
® (T)Jrr@ 02 o(r)=0.

Hence ¢(r) is of the form

—1 _ 2kg—1

o(ry=cr— 2z +cor” 2

for some ¢, co € R. Since the function 7~ 5 Y(t) ¢ HY(B]), we deduce that necessarily cg = 0
2kg—1

and ¢(r) = ¢yr~— 2z . Moreover, from ¢(1) = 1, we obtain that ¢; = 1 and then

~ 2 - 2k — 1
(5.13) w(rcost,rsint) = +4/— ro% cos ( 02
™

t), for all » € (0,1) and ¢ € [0, 7).

From (b.13) it follows that

s
H(””):/O 1172(7"cost,rsint)dt:r%ofl.
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Hence, in view of (4.8)),

~ r PNI/(T) r r2ko=2 9k, —1
= =—— = —(2ko — 1 = .
v =N(r) 2 H(r) 2( 0 )r2k0—1 2
The proof of the lemma is thereby complete. O

We observe that at this stage of our analysis we cannot exclude that the limit function w found
in Lemma depends on the subsequence. In order to prove that the convergence in (5.1)) actually
holds as 7 — 0% we need to univocally identify the limit profile w.

Lemma 5.2. Let w # 0 satisfy -, H be defined in , and v := lim,_o+ N(r) be as in
Lemma- Then the limit lim,_,q+ r—2YH(r) exists and zt is finite.

Proof. In view of (4.19) it is sufficient to prove that the limit exists. By (4.2, (4.8]), and Lemma
we have that

d H(r)
dr r2v

= 2 D)~ ) = 210 [N .

and then, by integration over (r, Ry),

R /fo B ([ vwa)apa [7 50 ([ ) ap

where v and v9 are as in and (| - Since, by Schwarz’s inequality, 1 > 0, we have that
lim, o+ f ;f27 1H (fo vy (t dt) dp exists. On the other hand, from Lemma J\f is bounded
and hence from we deduce that 15 is bounded close to 07. Hence, in view of - the
function p p72'y 1 H(p ( fo vo(t dﬁ)ounded and hence integrable near 0. We conclude that
both terms at the right hand side of ((5.14)) admit a limit as r — 0T thus completing the proof. [

The following lemma provides some pointwise estimate for solutions to (2.4)).

Lemma 5.3. Let w € Hl(BE) be a nontrivial solution to (2.4). Then there exist Cy,C5 > 0 and
7 € (0, Ry) such that

(i) supg+ lw|? < C4 fs+ lw(2)|*ds for every 0 <r < 7,
(ii) |w(z)| < C’5|z\’y for all z € BY, with v as in Lemma 4.0 .

Proof. We first notice that (ii) follows directly from (i) and ([.19). In order to prove (i), we argue
by contradiction and assume that there exists a Sequence Tn — 0T such that
sup

Tn 2 T,
w(— cost, — smt)‘ > nH(—")
te[0,m] 2 2 2
with H as in (4.2)), i.e., defining w” as in (5.3))
(5.15) sup |w™(2)|* > 2n/ |w™ (2)|%ds.
S+

1651/2 1/2

From Lemma [5.1} there exists a subsequence T, Such that w™r — @ in 00(51/2) with @ being as
in (5.2)), hence passing to the limit in a contradiction arises. O
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To obtain a sharp asymptotics of H(r) as r — 0T, it remains to prove that lim,_,o+ 727 H(r) is
strictly positive.

Lemma 5.4. Under the same assumptions as in Lemmas[5.9 and [5.3, we have that
lim »~ H(r) > 0.

r—0+

Proof. From Lemma there exists kg € N, kg > 1 such that v = 2’“027_1 Let us expand w as

(5.16) w(rcost,rsint) = Z or(r) cos (2E-1t)
k=1

where
2 s

(5.17) wr(r) = f/ w(rcost,rsint) cos (2£-1t) dt.
m™Jo

The Parseval identity yields

(5.18) H(r) = gz ©2(r), forall0<r<R.

k=1
From (4.19) and (5.18) it follows that, for all £ > 1,
(5.19) or(r)=0(") asr—0t.

Let n € C2°(0, R). Testing (2-4) with the function n(r) cos (25-1t), by (5.16) we obtain

R R 5 R
| ek yar+ 3 [T B ) de = [ gty o) dr

(5.20) 5

0ol

R T
+/ rn(r) (/ p(rcost,rsint)w(rcost,rsint) cos (251 ¢) dt) dr.
0 0

Integrating by parts in the first in integral on the left hand side of (5.20]) and exploiting the fact
that n € C$°(0, R) is an arbitrary test function, we infer

, 1 1 T .
)~ Lk pek -2 ) o,m),
where
2 2 [ . . 2k—1
(5.21) C(r) = p— q(r)w(r,0) + = [ p(rcost,rsint)w(rcost,rsint)cos (251t dt.
™ m™Jo

Then, by a direct calculation, there exist c’f, c’;f € R such that

R 1—2k +1 R 2k—1 +1
2k—1 t2 1-2k t— 2
(5.22) or(r)=r":2 (c’f +/T o k() dt) 2 (c’g +/r o &(®) dt).

From Lemma [5.3] it follows that
(5.23) Cro (1) =0 (r%ozil*l) asr — 0%,

and hence the functions
1— 2kg—1

2k
test— 2 TG, (H) and testT T TG (1)
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belong to L(0, R). Hence

R 1= 2k0+1
Lo t _
P (c’f“ +/ Cko() ) zo(rl ’fko) asr — 0T,
ko =

and then, by (5.19), there must be

Qko 1y

. R
0 =
AL
From ([5.23), we then deduce that
R ,2k0=1 g r o 2ko=1 g

1—2kg k t 1—2kg t— 2 kot L
5.24 2 0 = 2 e T t)dt = O(r®T2
2 (4 +/T g G0 d) = [T g 0= ok
as 7 — 0%. From (5.22) and (5.24), we obtain that

R ,1=2ka 4
2kg—1 k t— 2 4
(5.25) Oro(r) =172 <01° +/ ﬁgko (t)dt + O(r)) asr — 07,
r 0 —
Let us assume by contradiction that lim,_,q+ r=2YH(r) = 0. Then (5.18)) would imply that
lim 7~ Vi (1) =0,

r—0+

and hence, in view of (5.25]), we would have that

. R tl 2ko |
© t)dt =
Cl +A Qko _ 1 CkO( ) 07
which, together with (5.23]), implies
R ,1=2ko 4 r 1z 2k0+1
2kg=1 [ 4 t™ 2 2kg—1 t g
5.26 2 0 _— tYdt | = 2 = O(rztko
G26) (+/ 0] = [ g @ = ot
as r — 07. From and -, we conclude that oy, (r) = O(rzt*0) as r — 0T, namely,
vH / 7(cost, sint) cos (2£e=11) dt = O(T%H“") as T — 0T,

where w7 is defined in . From 1) there exists C' > 0 such that \/H(7) > Cr+s for 1

small, and therefore

SIS

(5.27) /0 w (cost,sint) cos (259=1¢) dt = O(r2) as 7 — 0%

From Lemma for every sequence 7, — 07, there exist a subsequence {7,,, }ren such that

2 2k — 1

(5.28) w™k (cost,sint) — :I:\/> cos ( 02 t) in L*(0, 7).
7r

From (5.27) and (5.28)), we infer that

™ 2 ™
0= kEI—QI—loo ; w™ (cost, sint) cos (22=1¢) dt = :I:\/; /0 cos? (22=1¢) dt = &, / g,

thus reaching a contradiction. 0
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Proof of Theorem[2.1 Identity follows from Lemma thus there exists kg € N, kg > 1,
such that v = lim,_,o+ N(r) = 289=1

Let {7 }nen C (0,4+00) be such that lim,,— 1o, 7, = 0. Then, from Lemmas and scaling
and a diagonal argument, there exists a subsequence {7, }ren and 5 # 0 such that

(5.29) M B|z| "~ cos (2’“0 L Arg z)
nk
strongly in H'(B;}) for all 7 > 0 and in C)#(R2 \ {0}) for every u € (0,1). In particular
2ky — 1
(5.30) T w(Ty, (cost,sint)) — B cos ( 02 t)

in C%#([0, ]). To prove that the above converge occurs as 7 — 07 and not only along subsequences,
we are going to show that S depends neither on the sequence {7,},en nor on its subsequence

{Tnk }kGN

Defining ¢y, and (g, as in and (| , from ([5.30) it follows that

(5.31) L‘)(f”’“) =2 / w(T”k COS:’ e S00) o (271 gy
T, T Jo T

—>gﬁ/ cos2(2k°T*1t) dt =0
T Jo

as k — 400. On the other hand, from (5.22)), (5.24) , and (5.25) we know that that

2k0 1

539 2kg—1 ko R t1722k0 +1 0 di 1-2kg Tt +1
= 2 - 2
63 )= (dor [ GE g amar) + 0 [ o w
2kg—1 Rtl_z%oJrl

=72 (ko —|—/ (o () dt +O(7) | asT—07.
s 2ko—1

Choosing 7 = R in the first line of (5.32), we obtain

R M+1
_ 2kg-—1 _ t— 2
k= R™T5 pp, (R) — R 2k / (i (D) dt
Hence, from the second line of (5.32)), we obtain that
o R 20141 R yi=2R0 41

T Yok, (T) > R~ 2 g, (R) — le%(’/o o 1 7 Cko(t )dt+/0 %07_1@0@) dt,

as 7 — 0%. Then, from (5.31)) we deduce that

2k0 1

R t +1
2ko —

R tl 21€D+1

T [ ma

0

2kg—1

(5.33) B=R" "7 @ (R)— R0 /
0

In particular 8 depends neither on the sequence {7, },cn nor on its subsequence {7, }ren, thus
implying that the convergence in (5.29)) actually holds as 7 — 07 and proving the theorem. We
observe that (2.7) follows by replacing (5.17) and (5.21)) into (5.33). O
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6. SOME REGULARITY ESTIMATES

In this section, we prove some regularity and approximation results, which will be used to
estimate the Holder norm of the difference between a solution u to (|1.1)) and its asymptotic profile
BFy,-

Proposition 6.1. Let f € L=(B), g € L=(I'}) and let v € H'(By) N L= (B solve

~Av=f, inBJ,
(6.1) dv=g, onTp,
v =0, on T4.

Then, for every € > 0, there exists a constant C > 0 (independent of v, f, and g) such that

(6.2) 10l ensece iy < C (1l poe gy + lglloe oy + 10l e g ) -

Proof. In the sequel we denote as C' > 0 a positive constant independent of v, f, and g which may
vary from line to line. We consider a C? domain € such that By € Q' € B and 'S UT3 C o).
We define the functions (obtained uniquely by minimization arguments) v; € H'(Q') satisfying

—Avy = f, in Y,
(6.3) O,v1 =0, on I3 |
v =0, on O\ T3 |

and ¥, € H'/2(R) satisfying

Therefore by (fractional) elliptic regularity theory (see e.g. [21, Proposition 1.1]), we deduce that
(6.4) [V2]lc1/2@y < CllgllLoe (ra)-

Consider the Poisson kernel P(z1,z2) = %xz |#| =2 with respect to the half-space Ri, see [4, Section
2.4]. We define

~ 1 ’172(t) 1 / 52(131 —7'132)
= (P(- * =— ———dt=— | —————>d
va(1, w2) = (P(-, 22) % U2) (1) 7T332/Rx§+(£1 — )2 T g 1472 "
where with the symbol x we denoted the convolution product with respect to the first variable.

One can check that vy € H} (@) (see for example |3 Subsection 2.1]) and

loc
—Avy =0, inRZ,
(65) aVU2 =9, on Filz )
vy =0, on R\ (0,4).
It is easy to see that

[v2] oo r2 ) < Cl[O2]| oo R)-
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Moreover by (6.4)), for z,y € @ we get

1/2 max(1, Ir\l/z)

v2(2) = v2(y)| < Cllgll Lo rg)lz = vl 132

< Cllgllpe syl —y['/2.
It follows that
(6'6) ”’U?HCl/z(@) < C”g”LO"(Fﬁ‘L)'

By |25, Theorem 1] and continuous embeddings of Besov spaces into Holder spaces, we get
lor2a ey < Clloallzs @y (1l gy + loallisan)
Multiplying (6.3]) by v1, integrating by parts and using Young’s inequality, we get
CllvilZz oy < IVurlliz@y < lorllze@)F e sy < llvilizzon + CellfIlfw 5y

where in the first estimate we have used the Poincaré inequality for functions vanishing on a portion
of the boundary. We then conclude that

(6.7) ||v1||cl/2fe(ﬁ) < CHf”Loo(BI)-

Now, thanks to (6.1)), (6.3)) and (6.5]), the function V := v — (v1 +v2) € H(£)') solves the equation
—AV =0, in ¢/,

(6.8) 9,V =0, onl3,
V=0, on I'3.

By elliptic regularity theory, we have that

(6.9) I\l S ClWVlgsy)

C2(BJ,\B)

where 7 is a fixed radius satisfying g <r < 3and C > 0is independent of V. Let n a radial cutoff
function compactly supported in Bj satisfying n = 1 in B,.; testing with V', we infer that
VIl gty < ClIVIz2(e) for some constant C' > 0 independent of V. Hence by we obtain

(6.10) ||V||Cz(m) S OV lpee (o)

Let 77 € C2°(Bs)2) be a radial function, with 77 = 1 on By. Then the function V=7V e H! (R2)
solves B

—AV =-VAp—-2VV -V7, in R%r,

0,V (x1,0) =0, x1 € (0,400),

V(z1,0) =0, x1 € (—00,0).
Then by [25] Theorem 1], the arguments above, , and , we deduce that

||U - (Ul +U2)HC1/275(372+) < HVHcl/Q—s(@) < C||V||L°°(Q’)

<C (Il + lglocsy + 10 o) ) -
This, combined again with and (6.7) completes the proof. O
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Recalling (1.2, for every k € N with k£ > 1, we consider the finite dimensional linear subspace
of L*(B,"), given by

k
Sy = ZCL]’F]‘ : (al,...,ak)ERk
j=1

For every 7 > 0, k > 1, and u € L*(B;}), we let

Fy', = Argmingcg, /+(u(x) — F(x))?dz
B

T

be the L?(B,)-projection of u on Sk, so that
: _ 2 — _ u 2
pin [ 0o~ @)= [ ) B @) de

and
(6.11) / (u(z) — Fg, () F(z)de =0, forall F € S.
B ’

Next, we estimate the L norm of the difference between a solution of a mixed boundary value
problem on Bj" and its projection on Sy.

Proposition 6.2. Let u € H'(B{") N L>=(R%) solve
—Au=f, in Bf,
(6.12) dyu=g, onTL,
u =0, on F}l,
where, for some k € N\ {0} and C > 0,
|f(x)] < 5|x|max(7k*%’0), for every x € B,
lg(x1)| < €|x1|max(7’€_%’o), for every 1 € (0,1),

and v, = 251, Then, for every o € (0,1/2), we have that

(6.13) 51>1187'*7"‘*a\|u7F,;‘,THLOQ(Bj) < 0.

Proof. In the sequel, C > 0 stands for a positive constant, only depending on o, C and k, which
may vary from line to line. Assume by contradiction that, there exists « € (0,1/2) such that

(6.14) iggriwkiaHU*Fﬁr”Loo(Bj) = o0.

We consider the nonincreasing function

(6.15) Or) = sup7 7 = Fpl o .
T>T

It is clear from our assumption that
O(r) /' +oo as r — 0.
Then there exists a sequence r, — 0 such that
O(rn)
2

L T e e
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We define
u(rpx) — FY . (rpz)
— Yk yT'n
vp(x) =7 o) ,
so that
1
(6.16) ||Un||Loo(Bfr) 2 9"
Moreover, by a change of variable in (6.11)), we get
(6.17) / vp(z)F(x)de =0 for every F € S.
Bt

Claim: For R =2™ and r > 0, we have

1 . o
(6.18) WHFI@,TR Fil ol poe gty < CR™F

Indeed, by definition, for every 7 > r > 0, we have

|lw — Flg,?HLOO(B;r) < 771«+oc@(r)
and thus, using the monotonicity of ©, for every x € B;} we get
(6.19) ‘Flgzr(x) - Flgr(‘r” < lu - Fz?,erLqu;,) + [Ju — Flg,rHLoc(B:f)

L M metaptag () < OreteQ(r).

Letting Fy!, = 2?21 a;(r)Fj and v; = 21 by taking the L?(B;})-norm in (6.19), we get
(6.20) laj(2r) — a;(r)|r7 < Cr*TeO(r) for every r > 0.
Then

1 u u m i
WHFk,er - Fk,rHLw(B,,gm) = Tyﬁa@ Z |a;(r2™) — a;(r)|(r2™)"

< e o3 ) a2 ]2

J 11:=1
< ¢ s 9vimo(k—vita)(i=1), mtaggi—1
= pwteQ(r) Z Z r ( r)
j=11i=1
kK m
< CZZQ%WQ ey te)(i=1) CZQ%mQ(’Yk vj+e)m
j=1i=1 j=1

< com(veta)

This proves the claim.
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From the definition of ©® and (6.18]), for R = 2™ > 1, we have

1
sup [vn(2)| = — gl = By, | L (7
weBh O (r,) LBy )

1 1
<— |u-—F" gt o+ ———— | F, p— F
X Tszroé@(rn) || k,rnRHL (BrnR) T%k+a9(7'n) || k,rnR k,rn
< 1
A r%k'm@(rn)
< CR™ e,

L>=(B} )

(raR)*2O(r,) + CRY:H®

Consequently, letting R > 1 and mg € N be the smallest integer such that 2™° > R, we obtain
that

(6.21) sup |vn(x)] < sup  Jun(z)| < C2mo(veta) < C(2R)ste
z€BY; zE€BJm,
< CR'Yk"rOé’

with C being a positive constant independent of R. Thanks to (1.3)) and (6.12)), it is plain that

2—71@—)0‘ f(rn.)’ in B+

Tn
O(rn 1/rn?

—Av, =

l—vyp—a 1 n
Oyvp = %g(rn')a on Fn/r )
vy =0, on FZ/T".

By assumption, we have that %f(rnx) and %y(rnm) are bounded in L>(Bj,) and
L>=(T'M) respectively, for every M > 0. Hence, by Proposition and (6.21), we have that v, is
bounded in C? (@) for every M > 0 and ¢ € (0,1/2). Furthermore, it is easy to verify that v, is
bounded in H'(B};) for every M > 0. Then, for every M > 0 and § € (0,1/2), v, converges in

C%(B?;) (and weakly in H'(B7;)) to some v € CJ, (R2) N H}..(R2) satisfying
—Av =0, in R?,_,
O,v=0, onl%,
v =0, on 'Y,

and by (6.21)), for every R > 1,
R’YkJra.

||’U\|Loo(B;) <0
By Lemma [6.3] (below), we deduce that necessarily
v € Sg.

This clearly yields a contradiction when passing to the limit in (6.16]) and (6.17]). O

The following Liouville type result was used in the proof of Proposition [6.2
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Lemma 6.3 (Liouville theorem). Let v € C(R2 )N HE (R%) satisfy

—Av =0, in Ri,
d,v =0, on I'S°,
v =0, on I',
and, for some a € (0,1/2) and C > 0,
(6.22) [0l Lo (1) < C Rt for every R > 1,
where vy, = 2221k € N\ {0}. Then
(6.23) v € Sy.

Proof. Arguing as in the proof of Lemma we expand v in Fourier series with respect to the
orthonormal basis of L2(0,7) given in (3.2) as

v(rcost,rsint) = Zgoj ) cos (211)

where @;(r) = 2 [ v(rcost,rsint) cos (2327_%) dt. From assumption (6.22) and the Parseval iden-
tity we have that

ngof(r) = / v2(rcost,rsint) dt < nC?r2%+) - for all 7 > 1.
- 0

It follows that
(6.24) loj(r)] < constr™+® forall j > 1 and r > 1,

for some const > 0 independent of j and r.
From the equation satisfied by v it follows that the functions ¢; satisfy

) - 2+ i - 02 0 i (0, 400),

and then, for all j > 1, there exist c]17 c] € R such that

p;(r) = c{r# + c%r% for all » > 0.
The fact v is continous and v(0) = 0 implies that goj( r) =o(1) as 7 — 07. As a consequence we
have that 67 =0 for all j > 1. On the other hand ([6.24]) implies that ¢] = 0 for all j > k. Therefore
we conclude that

k
- (2=1h) = j .
v(rcost,rsint) = E r #2 cos () = E e Fj(rcost,rsint),
Jj=1

ie. v € S. O
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7. ASYMPTOTICS FOR u

We are now in position to prove Theorem [1.1

Proof of Theorem[I_ Let w =wuo ¢!, with ¢ : Ug — being the conformal map constructed
in Section [2 Let v = 251 with ko being as in Theorem We define (recalling (5.3))

w(z) =7 Yw(rz) =7 "VH(T)w(2).
From Theorem we have that there exists 8 # 0 such that @™ — BF}, in H*(B;") for all » > 0

and in C)#(R2 \ {0}) for every u € (0,1).

loc

Claim 1: We have
(7.1) w(y) = BFy(y) +o(lyl”)  asly| = 0andy e By.
If this does not hold true then there exists a sequence of points y,, € (Bf UTE)\ {0} and C > 0
such that y,, — 0 and
Ym |0 (Ym) = BFro (Ym)| = [0 (2m) — BFk, (2m)]| = C >0,
Ym

where 7, = |ym| and z,, = -k If m is large enough, we get a contradiction with (2.8)). This
proves ([7.1]) as claimed.

Let o € (0,1/2) and let p and ¢ be the functions introduced in (2.4]). By (7.1), by the fact that
p € L>®(B}) and ¢ € C([0,R)), and by Proposition applied to w, we have that, for every
r € (0,R),
(7.2) lw(z) — F (x)] < Cr7*e, for every x € B,
for some positive constant C' > 0 independent of r, which could vary from line to line in the sequel.

From (|7.1)) and (7.2) we deduce that

(7.3) sup 77| BFg,(x) — F (2)] =0, asr —0F.
zeB;

Claim 2: We have
(7.4) |BFk, (x) — F ()] < CrY*e,  for every z € B,
Once this claim is proved, then according to , we can easily deduce that for any r € (0, R)
lw() — BFk, (2)| < |w(x) — B (@)| + |F . — BFr,(x)] < Cr7*e,  for every z € B/
In particular,
lw(x) — BF), ()| < Clz|"te,  for every x € Bf;
which finishes the proof of Theorem [[.1]
Let us now prove Claim 2. Writing Fy?  (z) = 250:1 a;(r)F;(z), by we have that

(7.5) 1B —ar,(r)| =0, asr—0%.
Moreover by taking the L?(B;")-norms in (7.3)), we find that
ko—1

(ar, (r) — 5)27"%” + Z a?(r)r2”+2 < Cr?t2, for every R >1r > 0,
7j=1
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with v; = 23—;1 This yields, for j =1,...,ky — 1,
(7.6) la;(r)| < Cr7™% =0 asr — 0.
From ([7.2), we get, for every x € B and R > r > 0,

o)~ 300

we have that

< Croty.

Hence, for every = € BT /20

ko
> (aj(r) —a;(27'r)Fy(x)
j=1

Taking the L2(B+/2) norms in the previous inequality, we find that, for every r € (0, R)

< |y (@) = w(@)| + [ Fig p1,(2) — w(@)] < Cre™.

Z |aj(r) —a; (27 1) < e,

This implies that
la;(r) —aj(27 )| < Cret = forall 1 < j < ko and r € (0, R).
From this, (7.5) and (7.6, we obtain

1B = ao (r)lr=* + Z Jaj (r)rme= <ZZ|% (r277h) = aj(r27")rm e
Jj=1 =0
(o)

<0y 2
1=0

This implies that, for every x € B;F,

ko—1
1BFy, (z) — FE (@) < |8 — an, (r)|r” + Z la;(r)|r7 < Crite

That is (7.4]) as claimed. O
Remark 7.1. (i) Since ¢ is conformal, we have that F := Fy, o satisfies F € H*(Ug) and

solves the homogeneous equation
AF =0, inlUg,
(7.7) F=0, onDynodUr
O, F =0, onT,NdUg.
(it) Let T : Ut := BNU — B} define a C? parametrization (e.g. given by a system of
Fermi coordinates), for some open neighborhood U of 0, with Y(0) = 0, DY(0) = Id,

Y(T,NU)CTI? and Y(IqnU) CTY. By Theorem for every o € (0,1/2), there exist
C, po > 0 such that

(7.8) [u(Y=1 () — B ¥ Fi, (y)] < Cly]

2k0 1

e for everyy € Bpo,
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with a > 0 as in (2.3)). Indeed, to see this, we first observe that (7.8)) is equivalent to
(7.9) lu(z) — BFy, (aY(2))| < cl| 5 *2,  for every z € T71(B},),

for some constant ¢ > 0. We then further note that

2kg—1

|DEy, ()| < cla| 7= 7

and thus
—1

|Fiy (a7 (2)) — Fi, ((2))] < clo| 4 T (@) — ()]

< a7 af?

< C|$| 2)(:0271

+1
)

in a neighborhood of 0, where ¢ > 0 is a positive constant independent of x possibly varying

from line to line. This, together with (1.4) and the triangular inequality, gives (7.9)).

Proof of Corollary[1.3 From Theorem and (7.§)) it follows that, if u € H(£2) is a non-trivial
solution to (1.1)), then there exist ko € N\ {0} and 5 € R\ {0} such that, for every ¢ € [0, 7),

2kg— 2k —
(7.10) lim & u(rcost, rsint) = fa~ £ cos (ZEo=1t) .
r—0

Therefore, if u > 0, we have that necessarily ko = 1 so that statement (i) follows. Moreover, (7.8))
implies that
u(rcost,rsint) > Ba'/?rt/? cos (L) — Crl/2te,

which easily provides statement (ii). O

Proof of Corollary[1.3 Let us assume by contradiction that u # 0. Then, Theorem and (7.8
imply that ((7.10) holds for every ¢ € [0,7) and for some kg € N\ {0} and 5 € R\ {0}. Taking
n > 2ke=1 (7.10) contradicts the assumption that u(z) = O(|z|") as |z| — 0. O

8. AN EXAMPLE

In this section we show that the presence of a logarithmic term in the asymptotic expansion
cannot be excluded without assuming enough regularity of the boundary.
Let us define in the Gauss plane the set

A:=C\{z;eRCC:z; <0}
and the holomorphic function 7 : A — C defined as follows:
n(z) :=logr+i0 forany z =re’ € A, r>0,0 € (—n, ).
Let us consider the holomorphic function
v(z) == 212 (—iz) for any z € C\ {izy : z2 < 0}
and the set
(8.1) Z:={ze€C\ {izg: 22 <0} : S(v(2)) = 0}.
If z=re? withr >0,0 € (—%,25)\{-%,0,%,%,3 7,57} then z € Z if and only

(8.2) r = p() = exp | — Ze - g) cot(29)] .
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For some fixed o € (O, %), we define the curve I'y C Z parametrized by

(8.3) r,: {x (8) = p(0) cos 0

1(0) =p
z3(0) = p(0) sin 6 0 € (=0,0).

If we choose o > 0 sufficiently small then I'; is the graph of a function h; defined in a open right
neighborhood U, of 0. Moreover h is a Lipschitz function in Uy, hy € C?(Uy) and

. hy(x .
(8.4) lim hel@) =0, lim A/ (z1)=0.

r1—0Tt T r1—0Tt

Then we define the harmonic function
(8.5) u(z1,z2) == —S(v(2)) for any z = x1 +ixg € C\ {iy : y < 0}.

In polar coordinates the function u reads
(8.6) u(r, ) = r? [(1og ) sin(20) + (0 - g) 005(29)] .

From (8.148.2) and we deduce that u vanishes on I'y.

The next step is to find a curve I'_ on which % = 0 where v = (v1,15) is the unit normal to
T'_ satisfying v < 0. We observe that

u(zy, x2) = x129 log(x? + x3) + [arctan (x2> + g] (3 —22) for any z; <0, 29 € R.

T
:|I17

2 {arctan (i—f) + g} To
log(xf + 23)

From direct computation we obtain

0
—u(atl, T3) = wolog(x? + x3) + x9 + 2 [arctan (x2> +
0x1 X1

IV

13
—u(a:l,xg) =z log(23 + 23) + 21 — 2 [arctan (5@) +
0xo Z1

[V

We now define
2 {arctan (LZ) + 3
x1
log(z7 + 23)

Jon
Hiy(z1,22) = and Hy(zy,22) =
on the set By NII_ where IT_ := {(x1, acg) € R? : 71 < 0}. One can easily check that Hy, Hy admit
continuous extensions defined on By NII_ which we still denote by H; and H» respectively. We
also observe that Hy, Hy € C*(B; NII_). Therefore H;, H» may be extended also on the right of
the zs-axis up to restrict them to a disk of smaller radius. For example one may define

H1($1,$2) = 3H1(—JJ1, 332) — 2H1(—21‘1,Z‘2) and Hg(xl,xg) = 3H2(—1‘1, 332) — 2H2(—2l‘1,1‘2)

for any (z1,72) € By N1II; where we put I, := {(z1,22) € R2: 27 > 0}. One may check that
the new functions Hi, Hy belong to C*(By /2).
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We can now define the functions V1, V5 : By, — R by

Vl(xth) — $2+bg(;’%+H1(IL‘1,(E2) lf (1’1,1’2) 7é (0,0)
0 if (.131,1‘2) = (0,0),

Va(r, aa) 1= 4 71 T Togwtep — Hal@n @) i (m,2) 20,0
0 if (xhﬂjg) = (0,0)

One may verify that V7, V5 € C’l(Bl/Q). Moreover we have

ovy oV Vs Vs

— = — =1, —= =1, —= =0.

G (0:0)=0. FR0.0=1, F20.0=1, F2(0.0)=0

Then we consider the dynamical system

Vi(z1(t), z2(1))
Va(z1(t), x2(1)) -

i (t)

(8.7)
z5(t)

After linearization at (0,0), by [15 Theorem IX.6.2] we deduce that the stable and unstable
manifolds corresponding to the stationary point (0,0) of , are respectively tangent to the
eigenvectors (1, —1) and (1,1) of the matrix DV (0,0) where V is the vector field (V7,V3).

We define the curve I'_ as the stable manifold of at (0,0) intersected with B, NII_ where
e € (0, %) can be chosen sufficiently small in such a way that I'_ becomes the graph of a function
h_ defined in a open left neighborhood U_ of 0. Combining the definitions of hy and h_ we can
introduce a function h : Uy UU_ U {0} — R such that h = hy on Uy, h = h_ on U_ and h(0) = 0.

Then we introduce a positive number R sufficiently small and a domain 2 C Bpg such that
O = {(z1,22) € Br : 2 > h(x1)}. One can easily check that the function u defined in
belongs to H'(Q). From the above construction, we deduce that u = 0 on I'y N 9Q and % =0on
I'_ N o We observe that 9) admits a corner at 0 of amplitude %”.

The presence of a logarithmic term in u can be explained since the C?%-regularity assumption
is not satisfied from the right, i.e. hjy, ugop € C*°(Us U {0}) for any § € (0,1). To see this, it is
sufficient to study the behavior of h(z1) — z1h'(21) in a right neighborhood of zero.

By we know that 6 € ( — %,O) and hence, if x; belongs to a sufficiently small right
neighborhood of 0, by we have

(8.8) %log (22 + (hy (21))?) tan {2 arctan (h+(m1)>} + arctan (}”(xl)) ~Too.

X1 X1 2

By (8.4) and (8.8) we have that, as z; — 07,

h+($1)>} 2arctan(%fl))—7r T 1 O( 1 >
Skt A 5 )

(8.9) tan |2 arctan =
1 log x4 log x4

o log(af + (ha(@1)?)
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Differentiating both sides of (8.8) and multiplying by 2% + (h4 (21))? we obtain the identity

(8.10) (w1 + hy (1), (1)) tan [2 arctan (’“(Il)ﬂ

T

log (27 + (h4(21))?)

+<¢1+
cos? [2 arctan (%fl))}

(xlh;(xl) — h+(1‘1)) =0

and hence (8.4) and yield

(8.11) 21l (1) — by (21) ~ ——
4 log? 2y
This shows that hy & C?(U, U {0}) (and a fortiori cannot be extended to be of class C??).

We observe that the reason of the appearance of a logarithmic term is not due to the presence
of a corner at 0; indeed we are going to construct a domain with C''-boundary for which the same
phenomenon occurs. In order to do this, it is sufficient to take the domain € and the function u
defined above and to apply a suitable deformation in order to remove the angle. We recall that
exhibits a corner at 0 whose amplitude is %’T.

For this reason, we define F': C\ {izy : x5 < 0} — C by

Z1
as 1 — 0.

F(z) := ri e'3i?  for any z=re'?, r>0,0¢ (—g, 3;) .
We observe that, up to shrink R if necessary, the map F : Q — F(Q) is invertible so that we may
define © := F(Q) and @ : Q@ — R, U(y1,y2) := u(F~ Yy1,y2)) for any (y1,y2) € Q.
We also define the curves I'; := F(I';) and I'_ := F(I'_). Up to shrink R if necessary, we may
assume that I‘+ and T'_ are respectively the graphs of two functions h+ and h_
It is immediate to verify that w = 0 on F+ We also prove that 8“ = O on I'_. To avoid
confusion with the notion of normal unit vectors to I'_ and I'_ we denote them respectively with
vp_ and v . Since w is still harmonic, af: =0on I'_ and F is a conformal mapping, for any

$ e Cx(QUTI_), we have

/ O s = /ﬁvmww(y) dy = /QWF-l(y))(DF(F-l<y>>>-11v¢<y>dy

r_ Ovp

= /Q [Vu(2)(DF ()~ [ V@(F(2)) | det(DF (x))| do

— [ [Vua)(DF (@) [Vo()(DF @) ] [ det(DF ()] d

:/QVU(I)Vgo(x)dz:/ 88“ pds =0

r_ ovr_

where we put ¢(z) = @(F(x)). This proves that 32 = 0 on r_.
r_
Finally we prove for h an estimate similar to (8.11)).
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From the definition of F' it follows that er admits a representation in polar coordinates of the
type

12 e (02 (V).

Proceeding exactly as for 1} one can prove that

X1 T 3

(8'13) %log (ﬁ + (E+($1)>2) tan lg arctan <h+($1)>

h 2
+ arctan <h+(m1)> AT 0.

As we did for hy, also for the function 7L+ one can prove that

: %-‘r(ajl) : T
8.14 1 ———= =0 1 h =0.
(8.14) S L ACE)
By (8.14) we have
= hi(z)) _ 4x
3 h 2arctan (—==Y) — =&
(8.15) tan | = arctan hy (1) =— ( — )= 3
2 1 log (2 + (h+(21))?)

27T ]. +
—— o0 asxrp — 07,
3 logxy log x1

Differentiating both sides of (8.13) and multiplying by 22 + (A, (21))? we obtain the identity

I

(8.16) (w1 + hy(w1)h) (21)) tan B arctan <E+($1)>1

3log (23 + (hy(21))?)
4 cos? [§ arctan (M)}

2 T

1+ <$17L/+<.’171) —TL+(.’L‘1)) =0

By (B14), (B.15) and (B.16), we obtain
4T a1

(8.17) il (1) = by (1) ~ — -

as x1 — 07,
9 log?x, !

The above arguments show that dQ is of class C* but not of class C'1 (and a fortiori not of class

C29).
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