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Abstract

Graphical models based on Directed Acyclic Graphs (DAGs) are a very common
tool in many scientific areas for the investigation of dependencies among variables.
Typically, the objective is to infer models from the data or measuring dependence
relationships between variables. The set of all (marginal and) conditional inde-
pendencies encoded by a DAG determines its Markov property. However, it is
well known that we cannot distinguish between DAGs encoding the same set of
conditional independencies (Markov equivalent DAGs) using observational data.
Markov equivalent DAGs are then collected in equivalence classes each one rep-
resented by an Essential Graph (EG), also called Completed Partially Directed
Graph (CPDAG). When the interest is in model selection it is then convenient
to explore the EG space, rather than the whole DAG space, even if the number
of EGs increases super-exponentially with the number of vertices. An exhaustive
enumeration of all EGs is not feasible and so structural learning in the EG space
has been confined to small dimensional problems. However, to avoid such limit,

several methods based on Markov chains have been proposed in recent years.

In many applications (such as genomics) we have both observational and in-
terventional data produced after an exogenous perturbation of some variables or
from randomized intervention experiments. The concept of intervention is strictly
related to the causal interpretation of a DAG. Interventions destroy the original
causal dependency on the intervened variables and modify the Markov property
of a DAG. This results in a finer partition of DAGs into equivalence classes, each

one represented by an Interventional Essential Graph (I-EG). Hence, model se-
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lection of DAGs in the presence of observational and interventional data can be
performed over the I-EG space, thus improving the identifiability of the true data

generating model.

In this work we deal with the problem of Gaussian DAG model selection from
a Bayesian perspective. In particular, we adopt an objective Bayes approach
based on the notion of fractional Bayes factor. We then obtain a closed formula
to compute the marginal likelihood of an I-EG given a collection of observational
and interventional data. Next, we construct a Markov chain to explore the I-
EG space possibly accounting for sparsity constraints. Hence, we propose an
MCMC algorithm to approximate the posterior distribution of I-EGs and provide
a quantification of inferential uncertainty by measuring some features of interest,
such as probabilities of edge inclusion. We apply our methodology, that we name
Objective Bayesian Interventional Essential graph Search (OBIES) to simulation
settings and to the analysis of protein-signaling data, where a collection of obser-
vations measured under different experimental conditions can be interpreted as

interventional data.
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Chapter 1

Introduction

In recent years, Directed Acyclic Graphs (DAGs) have become a very popular and
attractive tool for the investigation of dependencies among variables. Applications
of DAG models in various scientific areas abound, especially in genomics and
biology; see for instance Sachs et al. (2005), Nagarajan et al. (2013). Typically,
the true DAG generating model is unknown and then the objective is to perform
model selection by scoring graphs belonging to a suitable model space.

In this Chapter we introduce two topics which are at the basis of the current
work: graphical models and objective Bayes model comparison. In particular,
in Section 1.1 we give an overview of graphical models both from a non-causal
(observational) and interventional perspective. In Section 1.2 we then introduce
objective Bayes methods for model comparison with reference to the most common
techniques in literature. Finally, we present the structure and the main results of

the thesis in Section 1.3.

1.1 Graphical models

Graphical models are widely used to represent dependency relationships among
potentially many variables. One of the main objectives in graphical modelling is
to discover connections between variables, or “learning a model from the data”,

where such model can be used as an approximation to our past experience (Fried-

1



2 1. Introduction

man, 2004). This process is also called structural learning; see for instance Chick-
ering (2002). From a probabilistic perspective, we can use a graph-based represen-
tation to encode a complex distribution over a high dimensional space (Koller &
Friedman, 2009). A graph is made up of two components: a set of nodes (or ver-
tices) and a set of edges. Nodes are associated to variables, while edges correspond
to direct probabilistic interactions among them. Different typologies of graphical
models are present in literature. Graphical models based on undirected graphs,
also called Markov random fields are particularly used in spatial statistics (Besag,
1974). In the following, we focus on Directed Acyclic Graphs (DAGs). These are
commonly used in many scientific areas, principally in biology and genomics; see
for instance Friedman (2004), Sachs et al. (2005), Shojaie & Michailidis (2009).
A DAG encodes a set of independencies between variables which are of the form
“Y is independent of X given Z”. As an example, consider a set of variables Y =
{Y1,Y5, Y3, Y} measuring four distinct gene expressions. One can be interested in
discovering dependence relationships among them. Let f(-) be a joint probability

distribution over Y and assume the representation through DAG D in Figure 1.1.

Vi — Y i %

[ oo

Y — Y Y — Y
D D!

Figure 1.1: A DAG D representing dependence relationships among four variables and

the intervention DAG D! obtained after an intervention on Y.

As we associate each variable to a node in the DAG D, we constrain the probability

distribution of Y by the edges in D. Hence, we can write

To(yi - ya) = f(y) f (2 lva) fys [ y) f(ya | y2, y3)- (1.1)

All the (marginal and) conditional independencies between variables can be de-
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duced from the DAG using the notion of d-separation (Pearl, 2000) or the moral
graph representation (Lauritzen, 1996). For instance, in D, Y5 is independent of
Y; given Y. Equivalently, we write Yo 1l Y3 |Y]; see also Section 3.1 for details.
The factorization in Equation (1.1) determines the Markov property of DAG
D. Tt is well known that different DAGs can encode the same set of conditional in-
dependencies, and thus one cannot distinguish between Markov equivalent DAGs
using observational data; see Chickering (2002). All DAGs encoding the same
conditional independencies form a Markov equivalence class, which can be repre-
sented by a Completed Partially Directed Acyclic Graph (CPDAG) (Chickering,
2002), also called Essential Graph (EG) by Andersson et al. (1997). An EG is
a particular chain graph whose chain components are decomposable undirected
graphs linked by arrowheads; see Lauritzen (1996). Hence, an EG may contain
both directed and undirected edges. In general, the number of undirected edges
can be used as a measure of complexity of “causal learning” (He & Geng, 2008).
DAGs have also a natural causal interpretation; see for instance Pearl (2000).
In addition, causal inference is strictly related to the concept of intervention. The
causal structure of a DAG can be discovered by means of interventions on vari-
ables from randomized experiments or from exogenous perturbations of the true
data generating model (Eberhardt & Scheines, 2007). In general, an intervention
can be realized by “forcing the value of one or several random variables of the
system to chosen values” (Hauser & Biithlmann, 2012). In doing so, we destroy
the original causal dependency on the intervened variables. Assume for instance
an intervention on Y, in DAG D of Figure 1.1. This results in the intervention
DAG D!. Hence, the post-intervention distribution of Y can be obtained using

the do-operator (Pearl, 1995) as

For(yi - yaldo(Ya = 52)) = f(yn) F(y2) F (s | y1) f(ya | v, u3)- (1.2)

A natural extension of the Markov equivalence property of DAGs, called inter-
ventional Markov equivalence is formalized in Hauser & Biihlmann (2012). They

show that the interventional Markov equivalence property defines a finer parti-
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tion of DAGs into equivalence classes, each one represented by an interventional
essential graph which is still a chain graph with decomposable chain components.
As discussed in Chapter 4, through interventions on variables it is then possi-
ble to identify the direction of undirected edges and then distinguish between
(observationally) Markov equivalent DAGs.

In this work we generally assume that the structure of the DAG governing
the joint distribution of Y is unknown. Hence, when the objective is to infer the
true data generating (DAG) model, modelling jointly observational and interven-
tional data can greatly improve the identifiability of the true underlying DAG.
In this perspective, we perform graphical model selection by learning interven-
tional Markov equivalence classes of DAGs. In particular, we tackle the problem
through the Bayes factor (Kass & Raftery, 1995) by adopting an objective Bayes
approach. In the following section we then give an overview of objective Bayes

model comparison principles.

1.2 Objective Bayes model comparison

Let Yi,...,Y, be a collection of real valued random variables from which we
observe n i.i.d. ¢g-dimensional observations y; (i = 1,...,n) collected in the data
matrix Y. A statistical model M consists in a probability density function fu(+)
assigned to Y,...,Y,. We assume fu(-) belonging to some parametric family and
then write faq(y1,...,yq|Orm) where Opq is a vector parameter taking values in
the parametric space ® . Moreover, a Bayesian model can be expressed through

the joint distribution

F 39,00, M) = (Y1, -+ 4q [ 040 P(Or1)p(M)

which encodes assumptions on the sampling distribution of the data, fa(y1,. ..,
Yq | Om), together with a prior belief on Op, p(Op), and the model itself, p(M).
Such factorization is particularly relevant when the interest is in model selection.

To this end, suppose to have a collection of K different models, M1, ..., M.
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Given the collection of observations Y, we might be interested in computing the

posterior model probability of My, for each k =1,... K,

_ m(Y [My)p(My)

which is proportional to the product of two terms. The first, m(Y | My), is

the marginal distribution of the data Y under model M, (also called marginal

likelihood of My, when the emphasis is on model M) which is defined as

m(Y | My) = / S | 6,)p(65)d6,.

0,0
where f,(Y |0;) =[]\, fx(Y:|0y) is the sampling distribution of the data. The
marginal data distribution typically represents the most demanding element for
the computation of posterior model probabilities. The second term is the prior
probability of model M, which can be set in absence of substantive information to
1/K but is often “modified” in other cases, such as regression variable selection or
graphical modelling; see also Chapter 5. When the objective is the comparison of

two models, M7 and M, we can consider the ratio of posterior model probabilities

p(M1]Y) _ p(My) i HY [ M)
p(M2]Y) p(Ma)  fo(Y [ Ma)

This is made up by two terms; the second one, which is usually the dominant

term especially when the sample size n is large, is the so-called Bayes factor of

model M, against My, BF; 5(Y") for short; see also O’Hagan & Forster (2004).

A Bayesian approach for model selection requires the specification of prior
distributions for each model parameter. If a subjective approach is adopted, these
priors should be based on some prior information gathered from past experience or
from experts’ knowledge. Pericchi (2005) underlines some limits of pure subjective
Bayesian analysis. The first one concerns prior elicitations; when the number
of parameters is large, a huge number of prior elicitations can be problematic
especially in lack of substantive prior information. This problem is not negligible in

graphical modelling where the number of parameters typically grows exponentially
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in the number of variables. The second one is related to model comparison via
Bayes factors which can be “very nonrobust with respect to seemingly innocent
prior”. At last, subjective approaches typically prevent connectivity (and then
compatibility) of the conditional priors. We are now able to introduce the main
principles of objective Bayes model comparison.

Let My,..., My be a collection of K distinct models for the data Y, pY (6y),
k=1,..., K, some ordinary (objective) non informative priors. The correspond-

ing marginal distribution of Y is then

mN (Y | My) = /fk Y | 0,)p" (6.)d0,.

0,€0;
It is well known that objective priors are often improper and then defined only
up to an arbitrary constants. Hence, they cannot be used naively to compute

marginal likelihoods and Bayes factors; see Berger et al. (2001).

In the last decades several objective Bayes methods were proposed. Among
these we mention the Intrinsic Bayes Factor (IBF), the Expected Posterior Prior
(EPP) and the Fractional Bayes Factor (FBF) approaches. The latter is at the
basis of the methodology developed in this work, while the others represent valid
(although not trivial) alternative approaches. Most of the objective Bayes meth-
ods are based on the notion of minimal training sample. Let Y (I) be a subset of
the sample Y. Y (I) is proper if 0 < m™ (Y (I) | M},) < oo for all M; moreover,

Y (I) is minimal if it is proper and no subset is proper.

We start from the intrinsic Bayes factor approach. Let Y (1), [ = 1,...,L,
be a collection of proper and minimal training samples of size ng “as small as
possible”, so that the updated posterior m™(Y (1) | M},) under each model M,
becomes proper. Then, Y (I) are used to convert the improper priors p¥ (6) to
proper posteriors pi (6, | Y (1)). The Bayes factor of model M, against My, for
the rest of the data Y (—!) is then

J fe(Y (=0) [0, Y (I))py (8, | Y (1)) 6

BFpw (Y, 1) = TIe(Y \91« Y ()pN (0 | Y (1))d6)
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BF;. 1 (Y, 1) depends on the choice of [. Hence, BFy, (Y, ) are “averaged” over all
the possible training samples Y (1), [ = 1,..., L, usually by taking the arithmetic

mean or the median. In the first case we get
1 L
BF;»(Y) = 7 Z BFw (Y, 1). (1.3)
=1

The result is the so-called intrinsic Bayes factor; see Berger & Pericchi (1996) for
further details.

We now consider the expected posterior prior approach. Let Y* be an imag-
inary training sample generated by f*(-), so that f*(Y™*) is the density of Y*.
We start assuming noninformative priors pY (), ¥ = 1,..., K. The posterior
distribution of 8, given Y™ is then

fk’(l i ’ Hka Y *)p{cv(gk’ ’ Y *)
p* 0 Y* = .

The ezpected posterior prior (EPP) for model My, is obtained as an expectation

with respect to f*(Y*) of the posteriors pi (0 | Y ™),
6 = [ 51001 Y )1 (Y)Y
where f*(Y*) is common for all models. See Perez & Berger (2002) for details.

The intrinsic prior approach was introduced by Berger & Pericchi (1996). Let
My, k = 1,2, be two nested models, each one consisting in a density fr(Y |6y)
and a conventional, typically improper prior p} (6;). Suppose that fi(-) is nested
in fy(-). We can start by observing that the intrinsic Bayes factor as defined in

Equation (1.3) is not properly a Bayes factor. This means that the condition

1

BFL (V)= ———
) B

is not in general satisfied. Hence, we call intrinsic priors, pL(6), k = 1,2, any

two priors such that

BF} (Y) = BFj(Y)
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as n — 00, being

_ (Y161, Y)p(6|Y)d6;. |
f fk'<Y ’ ok’a Y)pél(ek’ | Y)dek/ ’

BF. 1 (Y)

see also Casella & Moreno (2006) for details.

The fractional Bayes factor approach for model comparison was first intro-
duced by O’Hagan (1995). Let py’ (6y.) be a default prior for model My, b € (0,1).
Basically, the FBF approach uses a fraction of the whole likelihood, {fi(Y | 0x)}°
to make the improper prior pl (6;) proper. The implied fractional prior thus ob-
tained is then combined with the discounted likelihood {f,(Y | 8x)}'~° to compute
the posterior pi(6;|Y) under each model My. A common choice is b = ngy/n,
1 < ng < n, where ng is the minimum training sample size such that the implied
fractional prior is proper. The main difference between the first two approaches is
that the FBF does not use training samples to compute Bayes factors but rather
a discounted likelihood, which requires only the choice of ng, which is typically
equal for each model M. A more detailed exposition of the FBF approach is

given in Section 2.3 of the current work.

An alternative approach, although not “purely objective” but still based on
discounted likelihoods, concerns the so-called power priors, which were originally
proposed by Ibrahim & Chen (2000) in a regression context. Suppose we have
some historical data Yy of size ng from some previous study. The power prior is
defined as the normalized likelihood function based on the historical data raised
to a power ag, where 0 < ag < 1. Typically, as in the FBF approach, aq is
set as small as possible so that the dependence on historical data is weak. The
implied power prior is then combined with the “complete” likelihood based on
Y to compute posterior distributions. A recent approach which combines power
priors and EPP, named power-expected-posterior priors, is presented in Fouskakis

et al. (2015) within the context of variable selection for Gaussian linear models.
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1.3 Structure and main results of the thesis

In this thesis we approach the problem of model selection of Gaussian graphical
models from an objective Bayes perspective. We consider a multivariate setting
where we collect both observational and interventional data, the latter produced
after an exogenous perturbation of the data generating model. To this end, we
directly score Markov equivalence classes of DAGs by deriving a closed formula for
the marginal likelihood of an interventional essential graph. Our approach relies
on the methodology for model comparison of decomposable undirected graphs
developed by Consonni & La Rocca (2012) and Consonni et al. (2017). This is
extended to model comparison of essential graphs in the presence of observational
and interventional data. Then, we propose an MCMC strategy to explore the
interventional essential graph space and perform structural learning of Markov

equivalence classes of DAGs. The rest of the thesis is organized as follows.

In Chapter 2 we first summarize some notation and background on graphical
models. Then, we focus on Gaussian multivariate models. We give closed for-
mulas for the computation of the marginal distribution of Gaussian data using
proper (subjective) priors under different sampling assumptions. Next, we con-
sider the same problem from an objective perspective using the fractional Bayes
factor approach. We pay particular attention to the choice of priors for model
comparison of Gaussian DAG models and show how the previous results can be

used to compute the marginal likelihood of any DAG model.

In Chapter 3 we introduce the Markov equivalence property of DAGs and the
notion of essential graph. We use the results of Chapter 2 to compute the marginal
likelihood of an essential graph given a collection of observational data. In Chapter
4 we discuss interventions on DAGs together with interventional Markov equiva-
lence, as introduced by Hauser & Biithlmann (2012). We extend the methodology
of Chapter 3 for the computation of the marginal likelihood of an interventional

essential graph in the presence of both observational and interventional data.

In Chapter 5 we introduce Markov chains on Markov equivalence classes of
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DAGs based on the proposal of He et al. (2013). These are used for the exploration
of the interventional essential graph space and for the construction of an MCMC
algorithm to perform structural learning of Markov equivalence classes of DAGs.

In Chapter 6 we apply the proposed methodology to simulation settings and to
the analysis of the protein-signaling data of Sachs et al. (2005). Finally, we present
in Chapter 7 some conclusions and possible future developments. In Appendix we

also collect some useful definitions and theoretical results.



Chapter 2

Gaussian Graphical Models

In this chapter we introduce Gaussian graphical models. To this end, we first
resume in Section 2.1 some notation and theory about graphs which must be
intended as supporting material for the topics presented in this work; for an
exhaustive introduction to graphical models see for instance Pearl (2000). Then,
we move to a Gaussian framework (Section 2.2). Here we assume that the normally
distributed random variable Y is the responsible of the data generating process of
a collection of i.i.d. observations. Starting from proper (informative) priors for the
unconstrained model parameters (mean vector and precision matrix), we compute
the marginal distribution of such Gaussian data. Next, we deal with the same
problem from an objective Bayes perspective, relying on the notion of fractional
Bayes factor (Section 2.3). By exploiting the methodology for prior construction
resumed in Section 2.4, the previous results are then used to compute the marginal
likelihood of Gaussian DAG models, that is when the sampling distribution (and

so the precision matrix of Y') is constrained by a DAG.

2.1 Graph notation and background

A graph G is a pair (V, E) where V = {1,...,¢q} is a set of vertices (or nodes) and
E CV xV aset of edges. Let u,v € V, u #v. If (u,v) € E and (v,u) ¢ E we
say that G contains the directed edge u — v. If instead (u,v) € F and (v,u) € F

11



12 2. Gaussian Graphical Models

we say that G contains the undirected edge u — v. Two vertices u, v are adjacent
if they are connected by an edge (directed or undirected). Moreover, if u — v is
in G we say that u is a neighbor of v in G. The neighbor set of v is denoted by
neg(v); the common neighbor set of u and v is then neg(u, v) = neg(u) Nneg(v).
For any pair of distinct nodes u,v € V we say that u is a parent of v if u — v.

Conversely, we say that v is a son of u. The set of all parents of u in G is denoted

by pag(u).

A graph is called directed (undirected, UG) if it contains only directed (undi-
rected) edges. A sequence of distinct vertices {vg,vy,...,vx} in G is a path from
vy to vy, if G contains v;_y —vj or v;_1 — v, forall j = 1,..., k. A path is directed

(undirected) if all edges are directed (undirected). Moreover, we say that a path
is partially directed if it contains at least one directed edge. If there exists a path
from vy to vy we also say that v, is a descendant of vg. A sequence of nodes
{vo, v1, ..., v} with vy = vy such that v;_y —vjor v,y = v; forall j=1,... k
is called a cycle. A cycle is then directed (undirected) if it contains only directed
(undirected) edges. Let A C V. We denote with G4 = (A, E4) the subgraph of
G = (V, E) induced by A, whose edge set B4 = {(u,v) € V|u € A,v € A}. An
undirected (sub)graph is complete if its vertices are all adjacent.

A particular class of undirected graphs is represented by decomposable graphs,
also called chordal or triangulated; see for instance Lauritzen (1996). An undi-
rected graph is decomposable if every cycle of length | > 4 has a chord, that is
two nonconsecutive adjacent vertices. For a decomposable graph G on the set of
vertices V', a complete subset that is maximal with respect to inclusion is called a
clique; see for instance graph G in Figure 2.1. Let C = {C4,...,Ck} be a perfect
sequence of cliques of the decomposable graph G (Lauritzen, 1996, p.18). We
introduce for k = 2,..., K the three types of sets

H, = CiU---UC,,
Sy = CpNHy_,
Ry = Cp\ Hi,
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g g=

NN

W e =

1
3

Figure 2.1: A decomposable graph G on the set of vertices V' = {1,2,3,4}; the cycle
{1,2,4,3} of length | = 4 contains the chord 1 —4. G has the perfect sequence of cliques
{01,02}, with Cq = {1,2,4},02 = {1,3,4}, and then Hy =V, S5 = {1,4},R2 == {3}

G< is the perfect directed version of G.

which are called history, separators and residuals respectively, and set Ry = H, =
C1,51 = 0. Note that C; URy U ---U Rk =V and also R, N Ry = . Moreover,
it is possible to number the vertices of a decomposable graph starting from those
in (', then those in Ry, Ry and so on. In doing so we obtain a perfect numbering
of vertices; see again Lauritzen (1996). Given a perfect numbering of the vertices
in G we can construct its perfect directed version G< by directing its edges from
lower to higher numbered vertices; see also Figure 2.1.

A graph with only directed edges is called a Directed Acyclic Graph (DAG
for short, denoted by D) if it does not contain cycles. Let u,v be two distinct
vertices of a DAG. If there exists a (directed) path from u to v but no paths from
v to u, we say that u is an ancestor of v; conversely, v is a descendant of u. We
then denote with an(v) and de(v) the set of all ancestors and descendants of v
respectively.

A graph with no semi-directed cycles that may contain both directed and
undirected edges is called a chain graph (CG) or simply partially directed acyclic
graph (PDAG). For a chain graph G we call chain component T C V a set of nodes
that are joined by an undirected path. The set of chain components of a CG is
denoted by 7. See for instance Figure 2.2. A subgraph of the form v — z + v,
where there are no edges between u and v, is called a v-structure (or immorality).

See for example 5 — 6 < 7 in Figure 2.2. The skeleton of a graph G is the
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Figure 2.2: A chain graph G with set of chain components 7 = {7, 72, 73,74}, 71 =

{1,2}, 9 = {3,4,5}, 73 = {6}, 74 = {7}; G, is the subgraph induced by 75.

undirected graph on the same set of vertices obtained by removing the orientation

of all its edges.

2.2 Marginal data distribution

In this section we focus on Gaussian models. We consider a multivariate frame-
work where Y = (Y1,...,Y,)" is a ¢-dimensional random variable and Y a
n x q data matrix of i.i.d. observations from Y. y; denotes the i-th row in Y,
1 =1,...,n. We analyse three cases. In the first one we consider Gaussian data
with zero expectation, where the only parameter on interest is the covariance (or
precision) matrix of Y. In the second the approach is extended to Gaussian data
with non-zero mean, while in the last we consider a multivariate linear regression
model and then allows for the presence of explanatory variables (covariates) too.
In all the cases we assume that the precision matrix governing the distribution of
Y ~ N(-) is unconstrained, that is it has no zero entries; equivalently, there are
no conditional independencies between the Yjs. This corresponds to the case in
which € is Markov with respect to a complete DAG; see also Chapter 3.

The objective is the computation of m(Yy), the marginal data distribution of
the n x |A| matrix Y, containing columns indexed by A C {1,...,¢} in Y, which
is of particular interest for the current work. All the results are obtained using
conjugate priors for model parameters based on Wishart and Normal-Wishart

distributions. For references see Geisser & Cornfield (1963) or Gelman et al.
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(2004). General definitions and detailed proofs are also reported in Appendix..

Gaussian data with zero expectation

Assume first that
(Yla ce vY;J) | ,u,’Q ~ Nq(07 Qil)a

where € is a symmetric and positive definite (s.p.d.) but otherwise unconstrained

g X q precision matrix. Assume
Q~W, (a, R),

witha € R, a > ¢ — 1, and R a ¢ X ¢ s.p.d. matrix. Let A C {1,...¢} and A its
complement. Then
e D () Rl

La (Q_QW) |Raa+ SAA|¢ ,

where S = Y"1 | y;y;' and Sa4 denotes the |A] X |A| matrix containing rows and

m(Ys) = (m) (2.1)

columns indexed by A in S; similarly for R44. See also Appendix B.1.

Gaussian data with non-zero expectation

Assume now that
(Vi) V) | 1 2 Ny (1, 271,
where p is the ¢ X 1 mean vector and €2 the ¢ X ¢ unconstrained precision matrix.
Assume
p|Q ~ Nq(m07 (auﬂ>_1)’
Q ~ Wq(aQaR)7
with mg a ¢ x 1 vector, a,,aq € R (ag > ¢ —1) and R a ¢ X ¢ s.p.d. matrix.

Given A C {1,...q} and A its complement, we have

[A]

= aq—|Al+n
a4l a > Ty aq—|Alt+n
m(Yy) = (m) 2 .<a in) . (GQ:A' )
Z - T (=57)
|RAA‘GQ;\A|

(2.2)

ag—|A|+n

|Raa+ San+ —2=Soaa| 2

ap+n
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where S = Y7 (yi —9)(yi —9)',So = (¥ — mo)(y — my)" and g the ¢ x 1
vector of sample means. Sy 44 is then the |A| x | A| matrix with rows and columns

indexed by A in Sy; similarly for R44 and S44. See also Appendix B.2.

Gaussian multivariate linear regression

Let Y be a n x ¢ matrix of responses from Y3,...,Y,, X an x (p+ 1) matrix of
observations from a set of p explanatory variables (including the unit vector for
the intercept) and B a (p+1) x ¢ matrix of coefficients describing the effect of the
explanatory variables on the responses. A Gaussian multivariate linear regression

model can be written as
Y=XB-+E,

where E is a n X ¢ matrix of error terms, E ~ N, ,(0,1,,Q7"), I, the n x n
identity matrix, {2 the unconstrained column precision matrix and 0 is the n X ¢

null mean matrix. Equivalently, we can write using the matrix Normal notation

(Appendix A.2)
Y |B,Q~N,,XB,I,Q").
Assume now
B|Q ~ N, ,(B,CLQ™),
Q ~ W,(a,R),
with B a (p+1) x ¢ matrix, C (p+1)x (p+1),a € R (a>qg—1)and Ragxgq
s.p.d. matrix. Let A C {1,...q}, A its complement. Then
CI7 |[Raa| # T, (=1g1m) 25"

n|A| a—|Al|+n

(QW)T|C+XTX|%|RAA+EAZEAA+DAA| > F|A|(a—2|fi|)>

(2.3)

m(Ya| X) =

where

E-Y-XB, B=(X'X)"'X'Y
and E, =Y.~ XB 4, being B, the nx |A| submatrix of B with columns indexed
by A. See Appendix B.3 for details.
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2.3 Fractional Bayes factor

In this section we briefly resume the Fractional Bayes Factor (FBF) as originally
introduced by O’Hagan (1995); see also O’Hagan & Forster (2004). We then
adopt the FBF approach to compute the marginal likelihood of the three Gaussian

models described in Section 2.2, starting from objective (default) priors.

2.3.1 General setting

Let M1, M5 be two distinct models for the data Y. In a Bayesian model com-
parison framework (Section 1.2), we might be interested in computing the Bayes
factor of My over M,

Y [My)  my(Y)

PHM M) = 567y T ()

where

- / (Y 6,)p(6,)d6,

is the marginal likelihood of model M, (k = 1,2) given the data Y. To this end
we focus on the computation of mg(Y'). In lack of substantive prior information,
we would like to set p(@;) = p”(0;), where the latter is some objective default
(non-informative) parameter prior. As mentioned in Section 1.2, objective priors
are often improper and cannot be naively used to compute marginal likelihoods.
Let b = b(n), 0 < b < 1, be a fraction of the number of observations n. The
fractional marginal likelihood of model My, is defined as
J fu(Y | 0x)p" (61,)d0)
J (Y 00)pP(6)d6y”

where f2(Y | 0;) = {fx(Y | 6;)}" is the sampling density under model M;, raised

to the b-th power (fractional likelihood) and the two integrals are assumed to be

finite and non-zero. Equation (2.4) can be rewritten as

(YD) / bY | 0,)p" (B | b, Y6,
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where p' (6, |0,Y) oc f2(Y |0;)pP(0;) is the implied fractional prior (actually
a “posterior” based on the fractional likelihood and the default prior). In other
terms, we first consider a fraction b of the data Y which is used to make the default
prior proper. The latter is then combined with the residual (1 —b) fraction of the
likelihood to compute the posterior. The fractional prior depends on the choice
of b, that we would like to take as small as possible so that the dependence of the
prior on the data will be weak. O’Hagan suggests the default choice b = ngy/n
where ng is the minimal training sample size such that the fractional marginal
likelihood is well defined. Other choices are possible, but Moreno (1997) argues
in favor of the default choice. For general properties of the fractional Bayes factor

see also O’Hagan (1995).

2.3.2 FBF for Gaussian data

Of particular interest for the current work is the use of the FBF to compute the
marginal distribution of Gaussian data. To this end, we analyse the three cases
presented in Section 2.2 from an objective Bayes perspective where parameter
priors are obtained using the fractional Bayes factor. Default priors p”(-) herein
adopted assure the implied fractional priors to be conjugate to the Gaussian mod-
els. The objective is again the computation of m(Y},), the marginal data distribu-
tion of the n x |A| matrix Y, containing columns indexed by A C{1,...,¢} in Y.
For a detailed discussion about the use of FBF's in the more general framework of
exponential families see Consonni & La Rocca (2012). Detailed proofs reported in
Appendix C can also be found in Consonni & La Rocca (2012) and Consonni et al.
(2017) within the context of Gaussian data with non-zero mean and multivariate

regression respectively.

Gaussian data with zero expectation

Consider the case in which

(Yi,..., Yg) [ Q ~ NG(0,27Y),
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where €2 is the ¢ X ¢ unconstrained precision matrix. We start assuming the

default prior for €2,

ap—q—1

PP (Q) o Q7
(Geisser & Cornfield, 1963) and setting the fraction b equal to ng/n, ny < n.

Given A C {1,...,q} and A its complement, we obtain

) [Al(ap—|A|+ng)
ap—|Al+n 0D T2
~eomgial Ty (eo=5) (no ’ n-ng

—% — [Saalm 7, (2.5)
Py (*2=5H2) )

n
2

m" (Ya) = ()

where S = > | y;y;' and Saq4 is corresponding |A| x |A| submatrix; see also
Appendix C.1.
Gaussian data with non-zero expectation

Assume now
(Yh SR 7Yt]) ‘ Q~ Nq(ll’a Q_l)v

where p is the ¢ x 1 mean vector and €2 the ¢ X ¢ unconstrained precision matrix.

Assume the default prior for (u, €2),

ap—q-—1

PP (1, Q) o Q=

and set b = ng/n, ng <n. Given A C {1,...,q}, we obtain

|Al(ap—|Al+ng)

o I (W) n 3 S
Fyy) = (r)" o2 AT (o ARaal” 2.6
m ( A) (7T> : F|A|(ap—|A|2+no—1) n ’ AA‘ ? ( )

where R = " ee],e; = y; — g, and Ry, is the corresponding |A| x |A]
submatrix; see Appendix C.2 for a detailed proof.

Gaussian multivariate linear regression

Consider now the multivariate linear regression model described in Section 2.2,

Y |B,Q~ N, (XB, I, Q")
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where B is a (p+ 1) x ¢ matrix of coefficients and E a n x ¢ matrix of error terms,

E ~ N, ,0,I,,97"). Assume the default prior for (B, ),

ap—q—1

p”(B,Q) x Q| =

Setting b = ng/n, ng < n, the marginal likelihood of Y4, A C {1,...,q}, is given
by

2 n—ng

|ELE4| = .

ap—|A|+n—p—1 [Al(ap—|A|+ng)
(g4l F\A|( D—| \2 p ) N Alen=lAling
2

F 0
m” (Ya| X) = (m) — -~
P|A|( D |A|-g 0—p 1) n

(2.7)
with E as in Equation (2.3). See also Appendix C.3 for detailed results.

2.4 Priors for graphical model comparison

Geiger & Heckerman (2002) propose a method to construct parameter priors for
model choice among DAG models. To this end, they introduce a set of assumptions
that permits the construction of parameter priors for every DAG model starting
from a small number of assessments. Such assumptions are “naturally” satisfied
by discrete DAG models with conjugate priors (Multinomial-Dirichlet models)
and Gaussian DAG models with Normal-Wishart priors. They then derive a
formula to compute the marginal likelihood of any DAG model given a set of i.i.d.
observations. The main consequence of their approach is that Markov equivalent
DAGs have the same marginal likelihood. In this section we show how the general
results of Section 2.2 can be used to compute the marginal likelihood of any DAG
model by taking advantage of these assumptions. We then extend such approach

to the case of decomposable graphs.

2.4.1 Comparison of DAG models

The approach of Geiger & Heckerman relies on five assumptions. The first three
(complete model equivalence, regularity, likelihood modularity) concern the sam-

pling distribution of the data. From these it follows that, in the presence of



2.4 Priors for graphical model comparison 21

observational data, we cannot distinguish between two complete DAG models
since they have the same marginal likelihood. Assumptions 4 and 5 concern in-
stead the parameter distribution. Let 8; be the model parameter indexing vertex
j in any DAG model; see also Chapter 3. Assumption 4 (prior modularity) says
that, given two distinct DAG models with the same set of parents for vertex j,

the parameter prior for 8; should be the same in both. Equivalently,
p(8; | Dn) = p(6; | D)

for any pair of distinct DAGs D, and Dy, such that pap, (j) = pap, (j). Finally,
Assumption 5 (global parameter independence) states that for every DAG model
D, the parameters 0, should be a priori independent, that is

q
p(8|D) =]]r6; D).
7j=1

As a consequence of such conditions, it is then sufficient to specify a prior for
the parameter of a complete DAG model; the parameter prior for each other
(not complete) DAG model can be derived automatically. For instance, with
reference to Gaussian DAG models with non-zero mean we only need to set the
hyperparameters of a complete DAG model, that is pg,a,, aq, R in the priors
for model NV, (p, 271) (Section 2.2). This result is summarized by the following

theorem.

Theorem 2.4.1 (Geiger & Heckerman (2002)). Let D¢ be any complete DAG
model. The marginal likelihood of any DAG D given the data Y is given under
assumptions 1-5 of Geiger € Heckerman (2002) by

where fap(j) = pap(j) U j is the family of node j in D.

Proof. See Theorem 2 in Geiger & Heckerman (2002). O
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As an important consequence of Theorem 2.4.1, Markov equivalent DAGs have
the same marginal likelihood and so they are score equivalent. It follows that
model selection of DAG models satisfying such assumptions can be performed in
the space of representative models rather than in the whole space of DAGs; see for
instance Madigan et al. (1996). This is at the basis of the methodology presented
in Chapter 3, where model selection is performed by searching over the space of
Markov equivalence classes of DAGs. Therefore, we can use Formulas (2.1), (2.2)
and (2.3) of Section 2.2, which hold (only) for complete DAG models (equivalently,
when € is unconstrained), to compute the marginal likelihood of any Gaussian
model, that is when the sampling distribution is constrained by a DAG. The
assumptions of Geiger & Heckerman are in fact satisfied by the Gaussian models

with Normal-Wishart priors presented in Section 2.2.

2.4.2 Comparison of decomposable UG models

We are now interested in evaluating the marginal distribution of the data when
the sampling distribution is Markov with respect to a decomposable UG; see
Section 2.1. Recall (Lauritzen, 1996) that the density under a decomposable UG

G factorizes as

_ [eee, f(Ye|6g)
HSeSg f(YS | 99) ’

where Cg is the set of cliques and Sg the set of separators of G. Moreover, it is

fo(Y | 6g) (2.8)

well known that any decomposable UG G is Markov equivalent to some DAG D.

Lemma 2.4.1. Let G = (V, E) be a decomposable undirected graph, Cg and Sg
its sets of cliques and separators; G< a perfect directed version of G and Og< its

parameter. Let m(Y') be the marginal data distribution of Y under any complete

DAG. Then
_ Hcgcg m(Yc)
HSesg m(Ys)'

where Y, denotes the submatriz of Y with columns indexed by A C V.

mg<(Y) (2.9)
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Proof. For a decomposable undirected graph G, let {C,...,Ck} be the corre-
sponding perfect sequence of cliques, Ry, ..., Rg the residuals and Sy,..., Sk the
separators, such that Ry = C;,S; = @ and Cy = RyUS,, ..., Ck = R,US). Then

(Ye, |0g)
v o) = TTESE00

fo(Yr,us, | 0g)
H fg YSk ’09)

= H fg(YRk | Ysk; 09)
k=1

Consider now G<, a perfect directed version of G. Then

K
fg< (Y ’ 09<) = H H fg< (YRk,j ‘ Ysk, YRk,l’ e 7YRk,j71; 09<),

k=1j€Ry
where Ry, ; is the j-th element in Rj. Then, under Assumptions 1-5 of Geiger &
Heckerman (2002) we obtain

K m<YSkURk,1U"'URk,j)
mg<(¥) = ]I

m(YSkURk,IU"‘URk,j—l)

]

Lemma 2.4.1 gives a formula to compute the marginal likelihood of a decomposable
UG model, when the assumptions of Geiger & Heckerman hold, starting from
the marginal data distribution obtained under a complete DAG; see Consonni &
La Rocca (2012) and Consonni et al. (2017). Starting from proper (informative)
priors for the parameter of a complete DAG model, we then obtain the marginal
data distribution of any subset Y, as in the more general setting of Section 2.3.2.
Then, since the marginal likelihood of a decomposable UG is equal to the marginal
likelihood of any of its perfect directed versions G<, we can use Formula (2.3) to

compute (2.8). This is summarized in Proposition 2.4.1.
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Proposition 2.4.1. Let Y | B,Q ~ N, (X B, I,,, Q7)) with Q Markov with re-
spect to a decomposable undirected graph G. Then, under the assumptions 1-5 of
Geiger & Heckerman (2002),
HCGCQ m(YC | X)
mg(Y | X) = ks
Hsesg m(Ys | X)
with m(Ye | X),m(Ys | X) as in Formula (2.3).

2.4.3 Objective comparison of decomposable UG models

We now use the FBF approach to compute the marginal likelihood of a decom-
posable UG model. Under a complete DAG, consider the multivariate linear

regression model of Section 2.2,
Y |B,Q~N,,XB,I,,Q"), (2.10)

with € unconstrained. Starting from the default prior for (B, ),

ap—q—1
)

p”(B,Q) x |Q| =

one obtains the implied fractional prior as in the FBF setting of Section 2.3,

ap+ng—p—q—2

PP (B, Q) o |0 L exp {—%u«(g{(fz ~BC(B-B)+ R})} :
(2.11)
see also Appendix C.3. The distribution (2.11) is a matrix normal Wishart, which
is conjugate to model (2.10). It follows that to evaluate the marginal likelihood of
the decomposable UG G we can adopt the same approach of Section 2.4.2. Specif-

ically, we start computing the fractional marginal likelihood under any complete

DAG model,

n—mnm

mF(Y|X)://[f(Y|X;B,Q)} wpf (B, Q)dBd. (2.12)

Then, we use (2.12) to compute the fractional marginal likelihood of the decom-

posable UG model G,

B [eec, m" (Yo | X)
H5esg m”(Ys| X)

mg (Y | X)
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with m? (Yo | X), m"(Ys | X) as in Formula (2.7).

An alternative objective Bayes method for model selection of Gaussian decom-
posable UGs is presented in Carvalho & Scott (2009). They consider a zero-mean
normally distributed random vector, Y ~ N, (0,Xg) where 3¢ is the covariance
matrix constrained by the decomposable UG G. Their approach is based on
an Hyper-Inverse Wishart (HIW) distribution for 3 (Dawid & Lauritzen, 1993),
3 |G ~ HIWg(b, D), which naturally resembles the factorization over cliques and
separators in (2.8),

. HCGCQ p(Ec | ga da DC)

b = .
p( | g) HSESQ p(ES |g7d7 DS)

Then, they develop a default version of the HIW prior for constrained covariance
matrices, called hyper-inverse Wishart g-prior, which corresponds to the implied
fractional prior obtained using our FBF approach; see Consonni & La Rocca

(2012) for a detailed discussion.
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Chapter 3

Model Comparison of Gaussian

Essential Graphs

A Directed Acyclic Graph (DAG) is a graphical model encoding a set of condi-
tional independencies between ¢ random variables (Pearl, 2000). Given a set of
multivariate observations, we assume that the data generating model is faithful
to a given DAG. DAGs encoding the same set of conditional independencies are
called Markov equivalent and are uniquely represented by an Essential Graph
(EG), also called Completed Partially Directed Graph (CPDAG). When the ob-
jective is model selection of graphical models it is then convenient to explore the
EG space rather than the space of DAGs (Andersson et al., 1997), although the
number of EGs still increases super-exponentially with the number of vertices

(Gillispie & Perlman, 2002).

In this Chapter we introduce the Markov equivalence property of DAGs. We
then focus on EGs which represent one of the model space of interest for the model
selection problem described in the current work. Hence, we consider a Gaussian
framework and compute the marginal likelihood of an EG adopting an objective
Bayes approach based on the notion of fractional Bayes factor. For a concise

background on graphical models please refer to Section 2.1.

27
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3.1 Markov equivalence and essential graphs

Consider ¢ random variables Yi,...,Y, with joint probability density function
fy) = f(y1,...,y,) and a graph G = (V, E). As we associate each variable Y; to
a vertex in V' € G, we constrain f(y) by the edges in £ € G and then write fg(y).
Consider now the case in which G is a DAG D on the set of vertices V. Then,

o) = T f Wil Ypan(i))- (3.1)
jev
fp(y) encodes a set of (marginal and) conditional independences among Y7, ...,Y;

that can be read off from the covariance and (conditional) precision matrices of
the random vector (Yi,...,Y,) or directly from the DAG using the notion of
d-separation; see Pearl (2000) for details. Le ¥p be the covariance matrix of
Yi,...,Y,, with (k,j) element equal to Cov(Y},Y;) and Qp = X' the corre-
sponding precision matrix. We remark that a zero entry at (k, j) in Xp implies a
marginal independence between Y), and Y}, while in £2p corresponds to a condi-
tional independence between Y}, and Y given all the remaining variables. For any
two DAGs D; and Dy, we then say that D; and Dy are Markov equivalent if and

only if they encode the same (marginal and) conditional independencies.

Example 3.1.1. Consider the following DAGs D1, Dy, D3 on q = 3 nodes and

three random variables Y1, Ys, Y3 with joint density f(y).

D, D, Ds
1 — 2 1 — 2 1 — 2

/ / /

3 3 3

The corresponding implied factorizations of f(y) under each DAG are then

foi(y) = fy)f(v2ly)f(ys|y),
Io.(y) = f(y2)f(yrly2) f(ys]ye),
fos(y) = fly)f(ws)f(y2 |y, y3)-
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Assume now for each DAG D the following set of linear equations

Y| D= Y B,Yi+e, =123,

kepap(4)
with €5 ~ N(0,07) and Cov(ey,e;5) = 0 for k # j. Equwalently, we assume
Brj # 0 if and only if k — j. For each DAG we can derive the corresponding

covariance and precision matrices (we only highlight the non-zero entries with *):

* i 0 * = | | 0 % 0 ]
X, 0 . 2p, x 0 x|, Xp, x 0 %
* * o« 0 0 %= 0
* i 0 = 0 ] [ 0 * x ]
Qp, 0 , Qp, =1 % 0 x|, Q=% 0 =
* 0 = 0 x *x 0

In the simple case ¢ = 3, the only conditional independencies we can derive are
“among two variables given the third” and so Xp and Qp contain all the possible
independence relations among pairs of variables. We observe that Dy and Do
encode the same marginal and conditional independencies, while D3 implies the
additional marginal independence between Yy and Yo, Y1 1LY, while Yy and Y3
are not conditionally independent given Ys, YVH‘/Y},|Y2 Hence, Dy and Dy are

Markov equivalent, while D3 s not.

All the (marginal and) conditional independencies between variables can be also
read from the DAG itself using the notion of d-separation (Pearl, 2000); an al-
ternative approach is proposed by Lauritzen (1996) and based on the concept of
moral graph. Let D = (V, E) be a DAG. The moral graph of D, D™, is the undi-
rected graph with the same vertex set of D and u — v if and only if either u — v

or u < v are in D or u and v are involved in a v-structure v — z < v.

Lemma 3.1.1 (Lauritzen (1996)). Let D = (V, E) be a DAG. Then A1 B|S
whenever A and B are separated by S in (Dan(aupus))™, the moral graph of the

smallest ancestral set containing AU B U S.
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Consider for instance Figure 1.1 in Section 1.1 We observe that Y, and Y5 are
separated by Y; in the moral graph of Y5 < Y; — Y3 and so Y5 1lY3|Y;. On
the contrary, Y5 and Y3 are not separated in the moral graph of Y5 — Y, « Yj.
Hence, Yo Y3 | Yy. Alternative formulations of Markov properties are also present
in literature; see for instance Drton (2009) and Roverato (2005) for a detailed
discussion. The following Theorem by Verma & Pearl (1991) provides a graphical

criterion to establish whether two DAGs are Markov equivalent.

Theorem 3.1.1 (Verma & Pearl (1991)). Two DAGs Dy and Dy are Markov

equivalent if and only if they have the same skeleton and the same v-structures.

For example, in Figure 3.1 we have three Markov equivalent DAGs, Dy, Dy, Ds.

They have in fact the same skeleton and v-structures (2 — 4 < 3).

Let [D] be the Markov equivalence class of D, that is the set of all DAGs that
are Markov equivalent to D. Starting from a DAG D, the objective is now to
construct [D]. We know from Theorem 3.1.1 that all DAGs in the equivalence
class [D] have the same skeleton and the same v-structures of D. However, other
directed edges might occur in each member of [D]. As an example, starting from
DAG D, in Figure 3.1, we construct its Markov equivalence class [D;]. Since
2 — 4 + 3 is a v-structure, we have that 2 — 4 and 4 < 3 must occur in each
DAG in [Dy]. Next, we can reverse 1 — 3 in 1 <— 3 and obtain Dy € [D;]. Then,
changing 1 — 2 in 1 < 2 is only possible in D; (giving D3 € [Dy]) since in D,
would create an additional v-structure 2 — 1 <— 3. Moreover, reversing 1 — 4
would create a cycle in Dy, Dy and D3. Therefore, there are no other possible
orientations for the edges in D;. The Markov equivalence class of D; is then

[D1] = {D;, Dy, D3}. This kind of reasoning leads to the following definitions.

Definition 3.1.1. Let D be a DAG. An edge u — v is essential in D if it occurs
in all D* € [D].

Definition 3.1.2. Let G be a graph. An arrow u — v s strongly protected in

G if it occurs in at least one of the following four configurations as an induced
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subgraph of G:

NENNVAN
TSNS N

(4) (i) (ii1) (iv)

Consider for instance Figure 3.1; it is easy to see that 2 —+ 4, 3 — 4 and 1 — 4 are
strongly protected in D; since they occur in configurations (i7), (i4) and (iiz) of
Definition 3.1.2 respectively. Moreover, 1 — 2 (1 — 3) is also strongly protected
in Dy (Ds) for configuration (i). We can now introduce the notion of essential

graph (Andersson et al., 1997).

Definition 3.1.3. Let D be a DAG and [D] its Markov equivalence class. The
essential graph of D is defined as G(D) := Up.cip D"

D, D, Ds G(Dr)
1 — 2 1 — 2 1 — 2 1 — 2
ING N N TN
3 — 4 3 — 4 3 — 4 3 — 4

Figure 3.1: An equivalence class with three Markov equivalent DAGs Dy, Do, D3 and
the representative EG G(Dy).

For a given Markov equivalence class [D], the corresponding EG G(D) is defined as
the union of all DAGs D* € [D], where such union is to be intended with respect
to the edge sets of each D* € [D]. An EG then might contain both directed as
well as undirected edges. From Definition 3.1.1 all the essential edges of D are
directed in G(D) while the others undirected, since their orientation can vary from

a DAG to another within the same equivalence class [D]. In Figure 3.1, G(D;)
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is the EG associated to the equivalence class [D;] = {D;, Dy, D3}. The following
Theorem by Andersson et al. (1997) gives necessary and sufficient conditions for

a graph G = (V, E) to be the EG of some DAG D.

Theorem 3.1.2 (Andersson et al. (1997)). A graph G is the essential graph of a
DAG D if and only if

1. G is a chain graph;

2. for each chain component T € T, G, is chordal;

3. G has no induced subgraphs of the form v — v — z (flags);
4. every arrow u — v 1§ strongly protected.

For a chain graph G = (V, E) with set of chain components 7 (see Section
2.1), the joint p.d.f. of Y3,...,Y,, f(y), factorizes as

fg(y) = H fgq— (yT ’ ypag(T))7 (32)

TET
where y, denotes the subset of y = (y1,...,y,) indexed by 7 C V; see for example
Andersson et al. (2001). Such factorization will be useful for the computation of

the marginal likelihood of an EG (Section 3.2 and 4.2).

In this work, the set of all EGs with a given number of nodes q is generally taken
as the model space of interest. For instance, in Figure 3.2 we have the set of all
EGs with ¢ = 3 nodes. When the objective is model selection of graphical models,
it is well known that searching based on equivalence classes of DAGs can be more
efficient than exploring the whole space on DAGs; see for instance Chickering
(2002). However, an exhaustive enumeration of all possible Markov equivalent
DAGs is computationally infeasible since the number of possible orientations of
all edges that do not participate in the v-structures of a DAG grows exponentially
in the number of such edges and superexponentially in the number of vertices
(Andersson et al., 1997). The exact enumeration of all EGs with a given number

of nodes is infeasible as well. Indeed, only EGs with a small number of nodes
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G1 Ga s s
1 2 1 — 2 1 2 1 2
/ /
3 3 3 3
s o Gr Gs
1 2 1 — 2 1 — 2 1 2
N/ /N /
3 3 3 3
g9 glO gll
1 2 1 — 2 1 2
NN \/
3 3 3

Figure 3.2: The set of all EGs on ¢ = 3 nodes.

have been studied in detail in the literature; see for instance Gillispie & Perlman
(2002). Nevertheless, in order to study properties of larger sets of EGs, Markov
chain based algorithms were developed in recent years; see for instance He et al.

(2013). We will discuss Markov chains on EGs in Section 5.1.
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3.2 (Gaussian Essential Graphs

In this section we consider Gaussian graphical models. The objective is to perform
model selection of DAGs by scoring EGs using a Bayesian approach. To this end,
we introduce objective priors for model selection based on the notion of fractional
Bayes factor (Section 2.3) and compute the marginal likelihood of an EG given a
set of observational data. The main ingredient of the current methodology is the
result for Bayesian comparison of Gaussian multivariate regression models (Sec-
tion 2.3.2) applied to decomposable UG models (Section 2.4.3); see also Consonni
et al. (2017). The closed formula for the marginal likelihood thus obtained can be
used to perform structural learning of EGs as described in Section 5.2. In Section

4.2 we extend the current approach to an interventional setting.

3.2.1 Likelihood and prior factorization

Let G = (V, E) be an EG. We consider a multivariate setting comprising g variables
Yi,..., Y, from which we collect n multivariate observations y, . . ., Yy, where y; =
(Yids - Yig) s © = 1,...,n. We assume that these g-dimensional observations
are i.i.d. from a parametric family of sampling distributions. From the theory
presented in Andersson et al. (2001) and Drton & Eichler (2006), the joint density

of y; relative to the chain graph G factorizes as

fo(wil0g) =[] fo. (Wi

TET

Yipag(r)s OQT)v (33)

where G, is the (undirected) subgraph induced by G on 7 (Section 2.1), while
Yir = (yij, 7 € 7)" denotes the (column) subvector of y; whose components are
indexed by the vertices in the chain component 7 C V7; similarly for y; ya,(r), where
pag(7) denotes the parents in G of nodes contained in 7. Moreover, 8 is the global
parameter indexing the graphical model G, while 6g_ is a local parameter for chain
component 7 indexing the conditional sampling distribution of y; , given y; pa(r)-
If we let Bg € ©g and 0, € O, we find Og = X, O, i.e., the components Og_s

of B¢ are variation independent (Drton & Eichler, 2006). We now collect all n



3.2 Gaussian Essential Graphs 35

observations yi, .. ., ¥y, into the (n,¢q) data matrix Y,
Yyl
Y = : (3.4)
Yo

and then denote with Y, the n x|7| matrix containing selected columns indexed by
7 in Y; similarly for the n x |pag(7)| matrix Y. (-). Recall that the observations,

conditionally on G, are i.i.d.; hence we obtain

n

fo¥10g) = JI1I fo. Wir | Yinagir) 6a.)

i=1T1€T

= [ fo. (Y2 | Yiagr). 63.). (3.5)
TeT

Since the 6¢_s are variation independent, we can further assume that the prior on
0; factorizes as

p(0g) = [ »(6.); (3.6)

TET

see also Castelo & Perlman (2004). Condition (3.6) extends the assumption of
global (parameter) independence, which is typical for DAG models (Cowell et al.,
1999, p. 193), to CG models. In this way we obtain
mg(Y) = ; fa(Y | 8g)p(6g)dbg
g

= 11 ; J6. (Y2 | Yoag(r), 06, )p(0g, )dOg,
TET ¥ F9r

= [ me. (Y2 | Vougr). (3.7)
TET

From (3.7) it appears that the marginal distribution for the data matrix Y admits
the same chain graph factorization that holds under the sampling distribution

(3.5).

3.2.2 Marginal likelihood

Consider now a set of observations y,...,y, which, conditionally on their mean

vector p and their precision matrix p (inverse of the covariance matrix Xp), are
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iLid. Ny (p, 951), with Qp Markov with respect to a DAG D. Let G be the EG
for the equivalence class of D. Then, we can write the factorization in the first

display of (3.5) as

fgf (yi,T | Yipag(r); 0%) = MTI (yi,T | My + FT(yi,pag(T) - Ni,pag(T))7 Qé.,.l)u (3'8)

or equivalently, letting a; = pr — T p; pag (1),

fQT (yi,T | Yipag () 097) = MTI(yi,T | o + FT'yi,pag(T)v Q;})’ (3'9)

i = 1,...,n, being a; + DrYipagr) = EWir | Yipag(r), @r, Qg,), T'r the ma-
trix of regression parameters and €2g_ the conditional precision matrix, Q;j =
Var(Yir | Yipag(r)> @r, g, ); see also Appendix A.2. Recall from Theorem 3.1.2
that Qg, is Markov with respect to a decomposable (chordal) graph G.. Collect-

ing terms we can write

fg‘r (yi,f ’ yi,pag("r)a ng) = MT\ (yi,T | B;rwi,ﬂ ng)a (310)
where
1 al
i, = CB.—| | (3.11)
Yi,pag(7) r;

Notice that the matrix B, consists of unconstrained components; this follows
from Theorem 3.1.2 since G, has no flags and then all nodes within the same

chain component have the same parents. Letting

],
X, = : , (3.12)
x),
we can write
Y;—|X7'7BT7QQ7— NNTL,|T|<XTBTJITL7Q§T1>7 (313)
so that
foY | X, Q) = [[Noyr (Y2 | X, B: I, Q5)), (3.14)

TET
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where X is the collection (column binding) of the X s.

Because of global parameter independence (3.6), we only need to specify priors
separately for each chain component 7. Let €2, denote the precision matrix of the
variables in 7 under a complete graph. A default prior on (B,,€2;), with Q.
s.p.d., is

PP (B, Q) o |9, (3.15)
see also 2.3.2. Using the prior (3.15) and setting the fraction b equal to ng/n,
no < n, the fractional prior for model (3.13) is given by

ap+tng—|Ipag(r)|—|7[-2

P (B,.Q,) x | 2

exp {—%tr(QT{(BT — BT)TC’T (B, — BT) + 1%7})}@3.16)

where B, = (X]X,)"'X1Y., E, = (Y, — X,B,), C, = n'X'X,, and
R, = n ' EE,. The distribution (3.16) is a matrix normal Wishart, which is con-
jugate to the sampling model (3.13); see also Appendix C.3. Distribution (3.16)
is proper under two conditions: i) ap +no — [pag(7)| > |7|; ii) n > |7| + |pag(7)|;
Condition ii) is a sparsity condition on the graph structure. Condition i) becomes
no > |pag(7)| + 1, upon setting ap = |7| — 1.

To evaluate the EG G we need to compute the marginal likelihood for each
Gr, 7 €T, mg, (Yr | Ypag(r) in Formula (3.7). For the decomposable graph G, let
C. be its set of (maximal) cliques and S, be the corresponding set of separators.

Then

_ HcgcT mg, (Yo | X-) )
HSeST mg, (YS,T | XT) ’

mg, (Y7 | X-) (3.17)

see Dawid & Lauritzen (1993). Hence, from the theory resumed in Section 2.4.3,
to compute the marginal likelihood mg_(Y; | X)) we need a formula for the density
of Y;,, the submatrix of Y, containing the columns indexed by J. The result is

obtained from the marginal likelihood of a Gaussian multivariate regression model
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(Consonni et al., 2017); see also Section 2.3.2. Hence

ap+n—|pag(r)|=1-|J]|
_(n=ng)|J| Ly < 2
2

F|J| (GD+n0—|Pag(T)|—1—\j\>

mg (Y | X;) = 7

2

[/](ap+no—|J])
n—ng
7

n A ~
(%) 7 BB

n

(3.18)

where J = 7\ J, so that |J| = |7| — |J|, and E;, = (Y;, — X.B;,), with
B, = (X'X)'X]Y],.

We compute m(Ye,r | X;) and m(Ys, | X;) in (4.10) by setting J = C' and
J = S, respectively, in (3.18). Finally, using (3.7), we can recover the overall

marginal likelihood of G given Y, by multiplying each element in (4.10),

mg(Y) = [ [ me. (Y| X:). (3.19)
TeT

In the following we report a simple four-node example to emphasize the likeli-
hood factorization with respect to an EG. The same example is recalled in Section
4.2 to show how a similar factorization can be obtained in an interventional set-

ting.

Example 3.2.1. Consider the following EG G with ¢ = 4 nodes and set of chain
components T = {rm, 1}, 1 = {1,2,3}, » = {4}.

1 — 2
3 — 4
Observations Y, ..., Y, from (Y1,...,Ys) are then collected in the n x 4 data

matriz Y . We are interested in evaluating model G by scoring it. From equation

(3.5) we obtain the factorization with respect to graph G,

fg(Y | 0(}) = ngl (YTl | Yl-)ag(Tl)7 071) ' ngQ (Y;? ’ Yl-Dag(T2)7 97’2)‘
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Then, assuming yi, . .., Yn i-i.d. Ny(p, le), with Qg Markov with respect to the

EG G we can write

fgﬁ (K'l | 1fpa‘g(Tl)’ 07'1) - Nn,|7—1\ (K'l ‘ XTlB7'17 Ina Q§Tl1)’
fgv (YvT? | Y;ag(‘@)’ 072) - NnvlTQ‘ (}fm | XTQBTQa Ina 9532)a

with

X71:[1}7 Ble[/Jl 2 PJS]’

Ha
B4
szz[l Y1 Yo yg}, B’7'2: )
52,4
| Baa
W Wiz Wiz
QQTI = | W21 W2 0 ) ngz = [ Wy ] .

w13 0 w3
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Chapter 4

Model Comparison with
Observational and Interventional

Data

In many areas, such as biology, we may have both observational and interventional
data, the latter produced after a perturbation of the unknown data generating pro-
cess. Interventions can be realized by forcing one or several variables of the system
to “chosen values”. In doing so, we destroy the original causal dependency on the
intervened variables and modify the Markov property of the DAG model. This
results in a finer partition of DAGs into equivalence classes, each one represented
by an interventional essential graph. Hence, modelling jointly observational and
interventional data can greatly improve the identifiability of the true data gener-

ating model.

In this chapter we extend the methodology for model comparison of Gaussian
essential graphs (Chapter 3) to an interventional setting. After a short background
on interventions on DAGs and interventional Markov equivalence, we present our
approach to compute the marginal likelihood of an interventional essential graph

given a collection of observational and interventional data.

41
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4.1 Interventional essential graphs

The concept of intervention on DAGs goes back to Pearl (1995) and it is strictly
related to the causal interpretation of a DAG model. A natural extension of the
Markov equivalence property (interventional Markov equivalence) is then formal-
ized in Hauser & Biithlmann (2012). They show that the interventional Markov
equivalence property defines a finer partition of DAGs into equivalence classes,
each one represented by a chain graph called Interventional Essential Graph (I-
EG). In this section we introduce interventions on DAGs and resume the main
results concerning I-EGs developed by Hauser & Biithlmann (2012). Of particular
interest for the current work is the characterization theorem of an I-EG, which
represents an extension of Theorem 4.1 in Andersson et al. (1997) for essential
graphs. Such result has important consequences both for the computation of the
marginal likelihood of an I-EG in the Gaussian setting of Section 4.2 and for the
construction of a Markov chain on the I-EG space (Section 5.1), the two main

components of the model selection problem we deal with in this work.

4.1.1 Interventions on DAGs

Let Y7, ...,Y, be a collection of random variables whose sampling distribution is
constrained by a DAG D = (V, E)). This implies the factorization (see also Section
3.1)

Fo@) =TT | Ypanii))- (4.1)

jev
where pap(j) is the set of parents of node j in D. Let now I C V and Y; =
{Y},j € I} the corresponding subset of random variables. Following Pearl (2000),
we define an intervention on I as the action of setting or forcing Y7 to the value
of a random variable U; with density f(-) such that U; is independent of Y;, for
each j € pap([); see also Hauser & Biihlmann (2012). We call I an intervention
target. For a given DAG D, an intervention on I destroys the original causal

dependence between Y; and its parents in D and leads to the following definition
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D D2} Di24}
1 — 2 1 2 2
NI\
3 — 4 3 — 4 4

Figure 4.1: A DAG D and two intervention DAGs for the targets {2} and {2,4}.

of intervention DAG.

Definition 4.1.1. Let D = (V, E) be a DAG, I CV an intervention target. We
call intervention graph of D the DAG D! = (V, EY), with E' := {(u,v) : (u,v) €
Ev¢lI}.

Consider for instance Figure 4.1. Starting from DAG D we assume an intervention
on I = {2} and then obtain the corresponding intervention DAG D{? by removing
all edges u — 2. Similarly, assuming I = {2,4} we obtain D{>* by removing edges
u — 2 and v — 4. The post-intervention joint distribution of Yi,...,Y, is then

obtained using the truncated factorization

For( | Yr < Up) = [T £ @i l9panii) [T £ (w)- (4.2)

J¢l Jel
Equivalently, we say that the sampling distribution of Y1, ..., Y, is constrained by
DAG D!. With I = @ (no interventions are performed) and using the convention
fpo(y| Yy < Up) = fp(y), Equation (4.2) reduces to Equation (4.1), which holds

in the observational setting.

4.1.2 Interventions and Markov equivalence

Consider now a set of intervention targets Z = {[;,k = 1,..., K}, also called a
family of targets. Each target is associated to a random variable U, with density
fk() assigned to the corresponding set of random variables Y7, . We also assume

Ur, independent of Uj,, for each k # h. From the previous section we have
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that, for a given DAG D, an intervention on the target I destroys the original
dependencies on Y; encoded by D. Therefore, if we want to infer the complete
structure (skeleton) of D we must require each edge in D to appear at least in
one of the intervention DAGs D!. This property is formalized in the following

definition.

Definition 4.1.2. Let 7 be a family of targets. We say that T is conservative if
for each j €V there is at least one I € T such that j ¢ 1.

We only remark that if () € Z, that is we have observational data as well, then Z
is conservative. The Markov equivalence property of DAGs is now extended to the
interventional setting. We know that two DAGs D; and D, are (observationally)
Markov equivalent if fp, (-) and fp,(-) encode the same conditional independencies
(Section 3.1). Markov equivalence with respect to a family of intervention targets
T states that Dy and Dy are interventionally Markov equivalent if fD{(-) and
fpi() encode the same conditional independenicies for each I € Z. Theorem
4.1.1 provides a graphical criterion to establish if D; and Dy are Markov equivalent

under the conservative family of targets Z.

Theorem 4.1.1 (Hauser & Biithlmann (2012)). Let Dy and Dy be two DAGs
and I a conservative family of targets. We say that Dy and Dy are T-Markov
equivalent (Dy ~1 Ds) if for each I € I, DI and DI have the same skeleton and

v-structures.

Theorem 4.1.1 is a generalization to the interventional case of Theorem 1
of Verma & Pearl (1991) (see also Section 3.1); when Z = {@} the two results
coincide and we also say that D; and Dy are Markov equivalent in the observational
sense. As a consequence, D; and D, are Z-Markov equivalent if the corresponding
intervention DAGs Df and D) are Markov equivalent in the observational sense
for each I € Z. From Theorem 4.1.1 it also follows that D; and D, are Z-Markov
equivalent if they have the same skeleton and the same v-structures (they are
Markov equivalent in the observational sense) and D! and D! have the same

skeleton for each I € Z. See also Theorem 10 in Hauser & Biihlmann (2012).
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D, Dy Dy
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Figure 4.2: An equivalence class with three Markov equivalent DAGs Di, Ds, Ds.
Assuming Z = {0, {2}}, D3 is no longer Z-Markov equivalent to D; and Ds.

Let now [D]z be the Z-Markov equivalence class of D, that is the set of all
DAGs that are Z-Markov equivalent to D. As a consequence of Theorem 4.1.1
we have that interventions based on a conservative family of targets define a finer
partition of DAGs into equivalence classes. This is not true in general when Z is

not conservative as discussed in Hauser & Buihlmann (2012).

4.1.3 Interventions and essential graphs

Each interventional Markov equivalence class can be uniquely represented by a
special chain graph called interventional essential graph. In the following we
introduce the notion of interventional essential graph (Z-EG) together with the

corresponding characterization theorem.

Definition 4.1.3. Let D be a DAG and T a conservative family of targets. The
T-essential graph of D is defined as 1G(D) = UD*E[D]I D*.

Clearly, 7G(D) =7 G(D*) for each D* € [D]z. In the sequel we often use 7G to
identify an Z-EG without making explicit its originating DAG.

In Figure 4.3, we have two Z-EGs for the family of targets Z = {0, {2}}, defining a
partition of the equivalence class {D;, Dy, D3} of Figure 4.2 which was represented

by G.

Definition 4.1.4. Let D be a DAG. An edge u — v € D is I-essential in D if it

occurs in all D* € [D]z.
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g Zgl IQZ
1 — 2 1 — 2 1 — 2
NN N
3 — 4 3 — 4 3 — 4

Figure 4.3: An EG G and two Z-EGs 7G; and 7G, for Z = {0, {2}}. G is the representa-
tive of the Markov equivalence class {D1, D2, D3} in Figure 4.2 which is partitioned into
two Z-Markov equivalence classes: {Dj, Ds} represented by 7G; and {Ds} represented
by 7G1 = Ds.

It is easy to show that for a given edge u — v, if there exists an intervention
target I € Z such that [{u,v}NI| =1 then u — v is Z-essential. This means that
if in some EG we have an undirected edge u — v, with an intervention on a target
I such that [{u,v}NI| =1 (for example I = {u}) we can identify the orientation

of u — v and then distinguish between u — v and u <+ v.

Definition 4.1.5. Let G be a graph. An arrow u — v € G is strongly L-protected
in G if there is some I € T such that |(u,v) N I| =1 or the arrow u — v occurs

in at least one of the following four configurations as an induced subgraph of G:

ARV,

z z z z

(7) (i) (ii7) (iv)

Consider for instance DAG D, in Figure 4.2. It is easy to see that 2 — 4, 3 — 4,
1 — 4 are strongly Z-protected since they occur in configurations (ii), (i) and (ii7)
respectively. Moreover, assuming Z = {0, {2}}, 1 — 2 is strongly Z-protected
as well and then results in the Z-EG 7G; of D; in Figure 4.3. For simplicity of
notation, in the following we will denote an Z-EG (7G) by G when the family Z
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is clear from the context. We can now give the characterization theorem of an

Z-EG.

Theorem 4.1.2 (Hauser & Bithlmann (2012)). Let D be a DAG on the set of
vertices V. and I a conservative family of targets. A graph G is the T-essential

graph of D if and only if
1. G is a chain graph;
2. for each chain component T € T, G, is chordal;
3. G has no induced subgraphs of the form u — v — z (flags);
4. every arrow u — v 1§ strongly L-protected;
5. G has no line u—v for which there exists some I € T such that |IN{u,v}| = 1.

While Conditions 1,2,3 are the same as in Theorem 3.1.2 of Section 3.1, Con-
dition 4 is a natural extension of the corresponding one. Condition 5 is instead
specific to the interventional setting and of particular interest for this work. It
says that, given a family of targets Z, each Z-EG 7G is such that it has no chain
components containing nodes on which at least one intervention was performed
together with nodes on which no interventions were done. As mentioned, this re-
sult has important consequences both for the derivation of the marginal likelihood

of a chain graph in Section 4.2 and for the construction of a Markov chain on the

Z-EG space (Section 5.1).

4.2 (Gaussian interventional essential graphs

In this section we extend the methodology for the computation of the marginal
likelihood of an essential graph (Section 3.2) to the interventional setting described
in Section 4.1. In doing so, we derive a method to perform model selection of
Gaussian graphical models in the presence of interventional data. To this end

we first introduce the data structure together with the likelihood factorization
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for a chain graph. As for the observational case, all the results are based on the
marginal likelihood of multivariate regression graphical models. We assume again
objective priors and then obtain conjugate priors based on the fractional Bayes
factor for both standard and interventional model parameters that we assume a

priori independent.

4.2.1 Likelihood and prior factorization

In the interventional setting of Section 4.1 a dataset consists in a collection of mul-
tivariate observations each one associated to an intervention target. In particular,
we assume to have, for each target I, € Z (k= 1,...,K) nl* = n®) ii.d. g-variate
observations from the sampling distribution of (Yi,...,Y,)|Ys, < Uy, collected
in the (n®, ¢) matrix Y/ = Y*. By binding the matrices Y*, I}, € Z, we then
obtain the (n,q) data matrix Y, where n = Y, n®). Recall from Theorem 4.1.2
that an Z-essential graph G = (V, E) is a chain graph with set of chain components

T . Therefore we can write the factorization

¢ (Y10g) =] fo. (Y| Yougr), Og.) . (4.3)
TET

where Y, denotes selected columns of the data matrix Y corresponding to the
subset 7 C V. ®g is instead a global parameter indexing the graphical model G
and ®g_ a local parameter for chain component 7.

For simplicity, consider first the case in which |Ix| = 1 for all I} € Z, that
is assume single-node interventions. Let 7S, be the set of all Z-EGs on ¢ nodes.
From Condition 5 of Theorem 4.1.2 we have that each Z-EG G € 7S, contains a
chain component 7 = I, for each I, € Z. Recall that 7 C V indexes columns of
the data matrix Y, while [ refers to subsets of rows. Then, we can write for each

I,eZandTeT

ng(K.le]; T,egf) lfIk#T,
fo. (Y} Yk ), ©g.) = Pl (4.4)

fo. (YF |9k ) if I, =,
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where Y* denotes columns indexed by 7 of Y*. The first case of Equation (4.4)
is the usual factorization for subgraph G, which holds for all Y* such that I, # 7,
that is when no interventions are performed on chain component I, = 7. The
second case corresponds instead to the (intervention) density fg (-), where the
intervention on [ destroys the original dependence between node I, = 7 and its
parents. Moreover, 1/)& is a parameter modelling the effect of the intervention on
chain component 7, while 8¢_ is the chain component parameter of the conditional
distribution of those observations not arising from an intervention on 7. Implicitly
we assume that 8g_ does not depend on I. Assuming now ¥, ..., ¥y, independent
we can write

fo. (Y | Yougr, Og.) = [ fo. (Y 1Y i 60.) - [] for (Y195,

Ik#T Ik:‘l'

= Jo. (Y Yo, 00.) - [] Jo. (VF195),  (45)

Iy=r
being Y* a (n¥, |7|) matrix collecting all the observations Y.* such that I, # 7.
See also the simple example with ¢ = 4 nodes at the end of the current section.
We now extend the likelihood factorization in Equation (4.5) to the more
general setting |Ix| > 1, Iy € Z. Let Z, = {[k eZ:|,nTt|> O} be the set of all
the intervention targets that act on chain component 7. We can write for Y,

fo. (Yr | Yiuyr), ©g,) = H fo. (YF1 Y ), 00.) - H fo. (YF98)

1. ¢Z, I.€Z,

= Jo. (Y | Y 00.) - [ fo. (VF1966,),  (4.6)

I,eZr
where again Y* is a (n?, |7|) matrix collecting all the observations Y;* such that
I ¢ Z,. As for the observational setting we assume that the prior on ¢ factorizes

as

~ I »©q.). (4.7)

TET
while for each chain component parameter ®¢_we assume O¢_ a priori independent

of ngT, for all I, € Z,. Hence, we obtain

p(©g.) =p(0g,) - [ p(¥5,), (4.8)

Iy €T,
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which extends global parameter independence (Equation (3.6) in Section 3.2) to
the interventional setting. The marginal likelihood for the Z-EG G given the data
Y is then

me(¥) = [[ / fo (Y | Yoy ), O, )p(O, ) O,

TET

= H mg, (Yo | Yoag(r)- (4.9)

TET
From Theorem 4.1.2 in Section 4.1 recall that G, is a decomposable (chordal)
graph. Let C, be its set of (maximal) cliques and S, the corresponding set of

separators. Then

HCGCT mg, (YC,T | X7)
HSeST mg, (YS,T | XT) ’

where
mg, (Y- | X:) =mg, (Y5, 1 X7) - [ me. (YF)
I.€Z

and J C 7 refers to a generical clique or separator of G,.

4.2.2 Marginal likelihood

Let Z be a conservative family of targets, G an Z-EG. Recall that for each 7, all
the observations Y* such that I}, ¢ Z, are collected in the (nZ,|7|) matrix Y*.

For each observation y;_in Y assume

fgr (y;k,T | y;pag(7)7 Ogr) - MT| (y;:T | o+ I‘Ty;:pag(ﬂ-ﬁ Q;})ﬂ (411)

denotes the conditional mean, o, +I',y* =

1=1,...,n, where a,+I';y; i,pag(r)

i,pag(T)

E(y;, | Y, pag(r) O Qg ), I'; is the matrix of regression parameters and g, the

conditional precision matrix, Q;Tl = Var(y;, (r)» Or Qg_); see also Section

| Y, b
3.2.2. Now, letting

w* = y BT = T y (412)
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we can write
fg‘r (y:,‘r ’ yZpag(7)7 Gg‘r‘) = MT| (yZT ‘ B;rw;k,T? ng) . (413)

As for the observational case, the matrix B, consists of unconstrained component
since the Z-EG G has no flags (Condition 3 of Theorem 4.1.2). In matrix notation

we can write

o (¥ 1% 000) = Noo o (Y | KB L5 . (414)
being
X = :
wﬂﬁ

Because of global parameter independence (4.8), we can specify priors sepa-
rately for each chain component 7. Let €2, denote the precision matrix of the
variables in 7 under a complete graph. Under the fractional Bayes setting de-

scribed in Section 2.3 we start assuming the default prior on (B,,€2;),

ap—|t|-1

p(B;, ;) < Q] 2 . (4.15)

The implied fractional prior is then obtained as in the Gaussian multivariate
regression model resumed in Section 2.2 by setting b = b* = nf/n*. Then, the
marginal data distribution of Y* can be computed accordingly. In particular, for
any subset J C 7 (selected columns indexed by J of Y.*) we obtain from Formula

(2.7) in Section 2.3.2,

2

' a nt—|pag(7)|—1—|J]
Fm( o= lpng (r)|—1-] |)

T, (2otnizlpag(ni-1-|J]
. . _mi—np)ls) -
mg, (YJ,T | XT) = (ﬂ-) 2

. [Jl(ap+ng—1JD ..
2o L EE 4.16
s BB : (4.16)

n*

We remark that Formula (4.16) holds provided that ap + n§ — |pag(7)| > |7],

n: > ||+ |pag(7)|. Focus now on the densities fg, (-) of Formula (4.6). Assuming



52 4. Model Comparison with Observational and Interventional Data

for each yng, I, €1,

fgr (yzk,r ‘ wéf) = MT\ (yzk,r | 57]?7 ((I)ﬁ)il) ’ (417)
we obtain
fo. (YFI9E) = Nyw oy (Y| AE T, (5)71), (4.18)

where F = (Aﬁ, @’ﬁ) is the chain component parameter modelling the effect of

the intervention with target I on the chain component 7 and
AF = 1,00, (4.19)
being 1,4 the unit vector of length n®). A default prior for (Af, q)lj) is then

akDf\T\fl

p (AL, ®F) oc |®F] 7=

Setting b = b*) = n[()k) /nsk), we obtain from Formula (2.6) the marginal data

distribution of YJ’fT, for I, € Z,,

ag)+n5-k)—l—\j|

() Ty ()
mg,(Y}) = (m)™ = -

171(a) +n8 -191)

n(()k) i kT -
W |YJ,7' YJ,T - 2 ) (420)

where Y}, =Y} — 1,0 YF and Y}, is the 1 x |.J| mean vector of Y. Observe
that in such case we don’t have a conditional structure any longer due to effect of
the intervention on 7. Equivalently, Formula (4.20) can be derived from Equation
(4.16) by setting pag(7) = @. We remark that Formula (4.20) holds provided that

(k) (k)

ap +ny’ > |7l n&k) > |7].

Example 4.2.1. Under the family of targets T = {,{2}}, consider the following
Z-EGG. The set of chain components of G is T = {m, e, 13} withm = {1,3}, 72 =

{2}, 7 = {4}.
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N

1
3

Given the family of targets I, a dataset consists in a pair (Y2, YT where we
denote with Y2 the n? x 4 matriz of observational data, with Y2 the n{# x 4
matriz of interventional data with target {2} and n = n® +n1%. We are interested
i evaluating model G by scoring it. Given the likelihood factorization

¢ (Y10g) =[] fo. (Yr|Youyr), ©:),
TET

we obtain from Equation (4.5)

ngl (K—l | pag (1) @7’1) = fg-rl f ( {2} p{a2g}(7'1)’ 07'1)

= ngl pag 1)

(Y7
(Y-,
for, (Yo | Youg(2), ©) = faory (Yo | Yoo ()
(¥
(Yx,

0.) -

),0-),

10, - Jo., (Y12 |2,
0.,)  fo., (VY 6,)
) 07,)-

Pag T1)?

f973(1,7'3’ pag(73) @Ts) = fg‘r3
= Ja.,

pag 73)? pag(r3)? ~ T3

pag 73)s YUrs

According to the notation used in Formula (4.5), we have Y = Y., Y = Y®
and Y =Y.,. From Equation (4.14) we obtain for fg, (-)

Jar, (Yo | Yoag(r), ©n) = N | (Ve | X, Bry L, 1),
where
XTIZ[ln}; BTIZ[M ug}-
Then, for fg, () we can write according to Equations (4.14) and (4.18),

ng (K’z | pag(72) 67'2) = Nn®,|7’2|(}[’r® | XgBma L, 9;21)
Nn{2} |7-2\(Y{2} | A;{_?}, In{2}7 (@j?})il)
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where
XT%:[ln@ y?}; B, =
Finally, for fg,,(-) we have
fory (Yo, | Yong(r): ©n) = Nujry (Yo, | X, Bry, I, Q),

with

Ha
Bia
B2
B34

X=11, v1 y2 y3|; Brn=




Chapter 5

MCMC Methods

In this chapter we introduce the Markov Chain Monte Carlo (MCMC) methods
that we adopt to perform structural learning of (interventional) essential graphs (I-
EGs). To this end, we first construct a Markov chain on (interventional) Markov
equivalence classes of DAGs that we use to explore the I-EG space and study
related properties of interest (Section 5.1). The same is at the basis of the MCMC
algorithm presented in Section 5.2 which allows for posterior inference on the

model space. All the algorithms herein presented are implemented in R (7).

5.1 Markov chains on equivalence classes of DAGs

Markov chains represents a fundamental tool in model selection problems both
from a Bayesian and a frequentist perspective. Once we collect a set of observa-
tions that we assume to be faithful to some statistical model (e.g. a DAG), we
might be interested in evaluating all possible models belonging to a given space
in order to “identify” the true data generating model or approximate the poste-
rior distribution across models; see also Chapter 1.2. However, this is infeasible
in many cases since the enumeration of such models is not possible or compu-
tationally demanding. Furthermore, in a Bayesian setting, the construction of a
Markov chain on the model space is even fundamental when the objective is the

approximation of posterior model probabilities (or related features) via MCMC

95
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procedures. In this section we resume Markov chains on EGs as introduced by
Chickering (2002) and He et al. (2013) and then provide a coherent extension to

the interventional setting described in Section 4.1.

5.1.1 Operators on graphs

From our perspective, a set of EGs can be taken in general as the model space. We
can consider for instance the set of all EGs on ¢ nodes (denoted by S,) or a proper
subset. In the following we will often refer to the concept of sparsity. Let |G| be
the number of edges (directed or undirected) in the EG G. Given a threshold M
we say that G is sparse if |G| < M. M is usually a small multiple of the number
of nodes ¢, for instance M = rq with r € [1,3] (He et al., 2013). We then denote
with S; the set of all EGs on ¢ nodes satisfying the sparsity constraint |G| < rq.
Observe that if rq¢ > q(q¢ —1)/2, §; and S, coincide; when not specified S will
include the case S, as well. Our definition of sparsity is the same of He et al.
(2013); other definitions of sparsity concern the maximum number of adjacent
nodes in the graph, that is the maximum neighbourhood size.

To construct a Markov chain on EGs we first need to define the transitions
among them. Chickering (2002) introduces a set of operators that can modify
locally an EG. In other words, each operator involves a pair (or a triple) of nodes
only. We consider six types of operators: inserting an undirected edge (InsertU for
short), deleting an undirected edge (DeleteU), inserting a directed edge (InsertD),
deleting a directed edge (DeleteD), making a v-structure (MakeV) and removing
a v-structure (RemoveV). Each operator is then determined by two parts: the
type and the modified edges. Therefore, the modified graph of an operator on G
is the same as G except for the modified edges.

The modified graph of an operator on G is not in general an EG. For example
in Figure 5.1, starting from the EG G, the modified graphs G;, G, and G4 are not
EGs. Anyway, such operator can be valid as well in the sense that might result in

a transition to an EG (He et al., 2013); see Definition 5.1.1. This is substantially
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g G1 Go Gs
1 — 2 1 — 2 1 — 2 1 2
LN L
3 — 4 3 — 4 3 — 4 3 — 4

G4 Gs Gs
1 — 2 1 «— 2 1 — 2
[ N .
3 — 4 3 — 4 3 — 4

Figure 5.1: An EG G and the six corresponding modified graphs of the operators
InsertU 1 —4 (Gy), InsertD 2 — 3 (G2), DeleteU 1 —2 (G3), DeleteD 2 — 4 (G4), MakeV
2 — 1+ 3(Gs), RemoveV 2 — 4 < 3 (Gg).

different from other authors, for instance Madigan et al. (1996), that admit only
operators whose modified graph is an EG, which significantly reduces the number
of possible transitions from each state (EG) of the chain. A valid operator is then

defined as follows.

Definition 5.1.1. Let G be an EG. An operator on G is valid if (1) the modi-
fied graph of the operator is a PDAG and has a consistent extension and (2) all
modified edges in the modified graph occur in the resulting EG.

Recall that a consistent extension of a Partially Directed Acyclic Graph (PDAG)
G is a DAG on the same underlying set of edges, with the same orientations on
the directed edges of G and the same set of v-structures (Dor & Tarsi, 1992). The
two conditions of Definition 5.1.1 guarantee that a valid operator on the EG G
brings about another EG (1) and the operator is effective (2), that is the modified
edges of the operator appear in the resulting EG. In Figure 5.2, starting from the
EG G© we obtain the modified graph G* of the operator RemoveV 2 — 4 < 3.
G* is not an EG but admits a consistent extension (G**) and then condition (1)

is satisfied. Moreover, since the modified edges 2 — 4 — 3 occur the resulting EG
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g(O) G* G g(l)
1 — 2 1 — 2 1 — 2 1 — 2
NN NN
3 — 4 3 — 4 3 — 4 3 — 4

Figure 5.2: A graph G(©, the corresponding modified graph of the operator RemoveV
2 — 4 < 3 (G*), a consistent extension of G* (G**) and the resulting EG G(1).

Operator Sparsity conditions
InsertU x — y (tuy) |G| <M
InsertD z — y (idy) |Gl <M

Table 5.1: Sparsity conditions for operators InsertU, InsertD.

GW | the operator is valid.

Chickering (2002) and He et al. (2013) introduce a set of conditions that guar-
antee the validity of each operator. Such conditions are based on graphical features
of the EG and the modified edges of each operator. We summarize them in Table
5.2, where II, = pag(z), Qy = II, N Ny and N, = neg(z); see also Section 2.1.
Observe that in order to guarantee that the resulting EG of an operator is in S,
which generally depends on a sparsity constraint, the condition |G| < M where
M = rq must be satisfied as well for the operators InsertU and InsertD on the
EG G. In other terms, if the number of edges in G is equal to the upper bound
M an edge addition is no longer possible. Such conditions are denoted by iu; and
1d; and reported in Table 5.1.

For each EG G € &7, let now Og be the corresponding set of valid operators.
The set of all valid operators on & is then

0= 0. (5.1)
Gesy

Hence, we can define a Markov chain {G®} on 8! as follows.
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Operator Validity conditions
InsertU o —y (tugr) 1l =1I,
(tuge)  every undirected path from x to y con-
tains a node in IV, ,
DeleteU = —y (duy) Nz, is a clique
InsertD x — y (idyy) I, # 11,
(ida2) gy is a clique
(ideg)  every partially directed path from y to z
contains a node in 2, ,
DeleteD z — y (ddy) N, is a clique
MaveV z — 2z —y (mvy) every undirected path between z and y
contains a node in IV, ,
RemoveV & — z <y (rvyy) I, =11,
(rvie) I, NNy, =1L\ {z,y}
(rvig) every undirected path between z and y

contains a vertex in IV,

Table 5.2: Six types of operators with the corresponding validity conditions.

59
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Definition 5.1.2. The Markov chain {G®} determined by a set of valid operators
O is generated as follows: start at an arbitrary EG G ¢ S, and repeat the
following steps fort =0,1,...:

1. at the t-th step we are at an EG G

2. we choose an operator ogw uniformly from Ogw ; if the resulting EG G* of
Ogt) 18 1N Sg, we move to G* and set GV = G*; otherwise we stay at G

and set Gt = g

5.1.2 Markov chains and related properties

In this paragraph we resume some properties of finite discrete-time Markov chains.
Let pggr be the one-step transition probability from G to G’ for any EG G and
G' in 8I. A Markov chain {G®} on S} is irreducible if starting at any state it
can reach any EG in 87. If {G"} is irreducible, there exists a unique distribution

™ = (7g,G € §;) satisfying balance equations

Tg= Y TgPag (5.2)
GeSy

see for instance Norris (1997), Theorems 1.7.7 and 1.5.6. Then, an irreducible
Markov chain {G®} is reversible if there exists a probability distribution 7 such

that

TgPgg = Tg'PG/g- (5.3)

In addition, 7r is the unique stationary distribution of the discrete-time Markov
chain {G®"} if it is finite, reversible, and irreducible. In our case, a Markov chain
on a set of EGs is reversible if the operators that determine the transitions among
its states are reversible. He et al. (2013) introduce further properties of O with
related conditions that guarantee that the Markov chain {G®"} is irreducible and
reversible. These properties are distinguishability, irreducibility and reversibility.

According to distinguishability, for each G € §; and each of its direct successors
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Operator Perfectness condition

InsertU x —y  (iug) for any u that is a common child of z,y in G, both
x — uw and y — wu occur in the resulting EG of
InsertU « — y

InsertD x — y  (id3) for any u that is a common child of z, y in G, y —
u occurs in the resulting EG of InsertD x — y

DeleteD © — y (ddy) for any v that is a parent of y but not a parent of
x, directed edge v — y in G occurs in the resulting

EG of DeleteD x — y

Table 5.3: Perfectness conditions for operators InsertU, InsertD and DeleteD.

G, there is a unique operator that transforms G in G'. It follows that, for each
g € §;, different operators in Og result in different EGs. Equivalently, there is a
one-to-one correspondence between operators in Og and resulting EGs (the direct
successors of G). Trreducibility states that, starting from G € S7, there is a positive
probability to reach any other EG in &) via a sequence of operators. Finally,
according to reversibility, if G’ is a direct successor of G, then G is also a direct
successor of G'. A collection of valid operators satisfying these three properties is
said to be perfect. In Table 5.3 we report three conditions for operators InsertU,
InsertD, DeleteD which guarantee that Og is perfect. See also the original paper

for further details about these properties.

To prove such conditions in an efficient way, three algorithms based on the
notion of strong protection (see Definition 3.1.2) are also provided by the authors

(He et al. 2013, Supplement).

One of the main advantages of the above mentioned properties is that the
stationary probabilities mg can be calculated efficiently if the Markov chain is

reversible. Let |Og| be the number of operators in Og; the transition probability
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pgg is given by

1/|Ogl, if G"is a direct successor of G;
Pggr = (5.4)
0, otherwise.

An important result is summarized in Proposition 1 of He et al. (2013) which

characterizes the stationary distribution of {G®}.

Proposition 5.1.1. For the Markov chain {G®} on S, generated according to
Definition 5.1.2, if O is perfect then:

1. the Markov chain {G®} is irreducible and reversible;
2. there exists a unique stationary distribution m of {G®} and 7g x |Og].

In Figure 5.3 we have the one-step transition matrix P for a Markov chain on
Ss, the set of all EGs on ¢ = 3 nodes (see Figure 3.2 in Section 3.1). It is easy
to prove that the corresponding Markov chain is irreducible and reversible. Its

stationary distribution is then

m o (3,3,3,3,4,4,4,1,1,1,3)".

5.1.3 Exploring the EG space

The Markov chain summarized in the previous section can be used to describe
properties of a set of EGs. This is the main objective of He et al. (2013). A sample
of EGs is obtained as the result of a Markov chain and a feature of interest (for
instance the number of undirected edges) is calculated for each EG. The aim is
then to approximate the distribution of such feature. In this case the stationary
distribution of the chain, 7, plays an essential role in the sense that samples thus
obtained if re-weighted according to 7 can be considered as uniformly generated
from the EG space under consideration. Without going into the details we simply

obtain some results that are particularly relevant when model selection of EGs
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Figure 5.3: One-step transition matrix for a Markov chain on Ss, the set of all EGs on

q = 3 nodes (labelled as in Figure 3.2 of Section 3.1). Each probability pg,g, is obtained

from Equation (5.4) according to conditions of Tables 5.2 and 5.3.
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Figure 5.4: Box-plots of the proportion of undirected edges in the EG space with
q = {5,10,20} nodes and sparsity parameter r = {1, 1.5, 2}.

is performed in an interventional setting (Chapter 4). In Figure 5.4 we have
the distribution of the proportion of undirected edges in the EG space S, for
q € {5,10,20} and r € {1,1.5,2}. The number of undirected edges in an EG can
be used in general as a measure of complexity of causal learning (He & Geng,
2008). Intuitively, if most EGs in the space have a large number of undirected
edges, many interventions may be needed to direct them and then improve the
identifiability of the true data generating DAG. From Figure 5.4 it appears that
the proportion of undirected edges is relatively small and decreasing in ¢q. Hence,
it seems to be possible to infer the directions of the undirected edges via a “small”

number of interventions.

5.1.4 Extension to the I-EG space

We now discuss how to extend the Markov chain above resumed in the interven-

tional setting of Section 4.1. In such a case we are interested in exploring a set
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of interventional essential graphs (Z-EGs). Please recall that the Z-EG space de-
pends on the family of intervention targets Z (see Section 4.1). For a given Z we
then denote with 7S5, the set of all Z-EGs 7G on ¢ nodes, with 7S, the set of all
Z-EGs satisfying the sparsity constraint on |7G| (see Section 5.1.1). We introduce
a novel definition of validity, called Z-validity, which is a natural extension of
Definition 5.1.1 to the interventional setting. Related conditions that guarantee

Z-validity (iuZ,id%,rvd) are then provided.

Definition 5.1.3. Let Z be a conservative family of targets, G an Z-EG. An
operator on 7G is T-valid if (1) the modified graph of the operator is a PDAG and
has a consistent extension and (2) all modified edges in the modified graph occur

in the resulting Z-EG.

Similarly to Definition 5.1.1, the two conditions guarantee that an Z-valid operator
on 7G brings about another Z-EG and the operator is effective. Recall now the

following proposition from Theorem 4.1.2 in Section 4.1.

Proposition 5.1.2. Let T be a conservative family of targets, 7G an Z-EG. Then
7G has no line x —y for which there exists some I € T such that |{z,y}NI| = 1.

We first focus on the operator InsertU.

Let x,y be two non adjacent vertices and suppose to have I = x for some
I € Z, so that [{z,y} NI| = 1. Suppose then to apply the operator InsertU = — y.
We know from Proposition 5.1.2 that x —y does not occur in any 7G € 7S,. Hence,
the modified edge x — y cannot occur in the modified graph of the operator and
then InsertU x — y is not Z-valid.

It follows that an additional necessary condition to insert the undirected edge
x —y is that [{z,y} NI| # 1 for all I € T (iuys), which means that x and y are
not singularly involved in any intervention. The Z-validity condition for InsertU

is then the following.

Definition 5.1.4. Given the family of targets I, the operator InsertU x —y on
the T-EG 1G is T-valid (iv) if and only if (iugr) [{z,y} N1I| # 1 for all I € T,

(iugr) I, =11, (iuge) every undirected path from x to y contains a node in N, ,,.
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79
1 2 — 3

N

Figure 5.5: An Z-EG G for 7T = {0, {1,2},{4}}. Operator InsertU 1 — 2 is Z-valid

according to Definition 5.1.4, while InsertU 2 — 4 is not since (iuzy) does not hold.

For instance, in Figure 5.5, given the family of targets Z = {O, {1, 2}, {4}}, the
operator InsertU 1 — 2 is Z-valid according to 5.1.4. However, InsertU 2 — 4 is
not since condition ‘uqr is not satisfied.

Consider now the operator InsertD. As a consequence of Proposition 5.1.2, we
now have “more” directed edges (less undirected) in addition to the ones that we
had in the (observational) EG space. The insertion of a directed edge z — y is
also possible when [{z,y} N I| = 1 for some I € T (idys) provided that such an
insertion results in an Z-EG. More specifically, for two non adjacent vertices x
and y, suppose that |[{z,y} N I| =1 for some I € Z. In such case condition idy;
(Table 5.2) is not necessary anymore for InsertD x — y. See also Figure 5.6. We
only need to assure that the insertion of x — y results in a chain graph with the
features of an Z-EG which is guaranteed by conditions i¢dss and ids3; see He et al.
(2013) for details. Hence, the Z-validity condition for the operator InsertD = — y

can be stated as follows.

Definition 5.1.5. Given the family of targets Z, the operator InsertD x — y on
the T-EG 1G is T-valid (id%) if and only if one of the following statements holds:

1. InsertD x — y is valid according to Definition 5.1.1 (or equivalently ids
holds);

2. (idoy) {x,y} N I| =1 for some I € I, (idyw) Quy is a clique, (idag) every

partially directed path from y to x contains a node in €y .
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G

1l —— 2 — 3
|
4 «— 5

Figure 5.6: An Z-EG zG for T = {0, {1,2},{5}}. Operator InsertD 1 — 4 is Z-valid

according to Condition 2 of Definition 5.1.5, while InsertD 3 — 4 is not.

Consider for instance Figure 5.6 and the family of targets Z = {0, {1,2},{5}}.
The operator InsertD 1 — 4 is Z-valid, since Condition 1 of Definition 5.1.5 holds
for the target I = {1,2}, while InsertD 3 — 4 is not.

At last, consider the operator RemoveV x — z <— y. Such operator basically
converts two directed edges x — y < z into the undirected v-structure r —y — 2.
Suppose first that [{z, z,y}NI| = 1 for some I € Z. Then, the operator RemoveV
r — y < z cannot be Z-valid because it would result in x — y — z which does
not occur in any 7G € 7§, according to Proposition 5.1.2. Hence, condition
{z, z,y} NI| # 1is necessary. Moreover, suppose that [{z, z,y} N I| = 2 for some
I € Z. As before, the operator cannot result in a valid transition to any 7G for
Proposition 5.1.2. Then, condition |{x, z,y} N I| # 2 is also necessary. Suppose
now that [{x,z,y} NI| = 0 for all I € Z, which means that no interventions
are made on the three nodes. Since Proposition 5.1.2 is satisfied, we obtain that
the insertion of x — z — y is allowed (provided that rv; holds as well). Similarly,
if {z,z,y} NI| = 3 for all I € Z, then Proposition 5.1.2 is satisfied for both
(x,z) and (z,y). Therefore, a necessary condition for the Z-validity of RemoveV

xr — z <y is that [{z,z,y} N I| € {0,3} for all I € 7.

Definition 5.1.6. Given the family of targets I, the operator RemoveV x — 2z <—
y on the I-EG 1G is T-valid (rv) if and only if (rvyy) |{z, z,y} N I| € {0,3} for
all 1 € Z, (rvn) I, =10, (rvi) Iy N Ny, =11\ {z,y}, (rvis) every undirected

path from x to y contains a node in Ny, .
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76

= N

Figure 5.7: An Z-EG zG for Z = {0, {1,2}}. Operator RemoveV 2 — 4 < 3 is not
Z-valid according to Definition 5.1.6.

For the remaining operators, DeleteU, DeleteD and MakeV, validity condi-
tions are exactly the same as in the observational setting. In fact, the first two
operators do not involve any intervention target; they change the skeleton of the
Z-EG they are applied to, which always results in a different Z-EG, provided that
validity holds. Instead, the operator MakeV introduces a v-structure, which is a
distinguishing feature of Z-EGs and then brings about a different Z-EG. In the fol-
lowing six definitions we also extend the reversibility conditions of He et al. (2013)
(Table 5.3) to the interventional setting. Recall that an operator is perfect if and
only if it satisfies four conditions: validity, distinguishability, irreducibility and re-
versibility. For a given Z-EG G (we skip for simplicity the Z subscript from 7G) on
which the six types of operators are defined, let [Ug, DUg, I Dg, DDg, MVg, RVg
be the corresponding sets of perfect operators. These are constructed according

to the following definitions.

Definition 5.1.7 (Perfect set [1Ug). For any two vertices x,y that are not adjacent
in G, the operator InsertU x —y on G is in IUg if and only if

-9l <M (iwy),
— InsertU x —y is Z-valid (iu}),

— for any u that is a common child of x,y in G, both x — u and y — u occur

in the resulting Z-EG of InsertU x —y (iug).
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Definition 5.1.8 (Perfect set DUg). For any undirected edge © — y in G, the

operator DeleteU x —y on G is in DUg if and only if DeleteU x —y is valid (duy).

Definition 5.1.9 (Perfect set I Dg). For any two vertices x,y that are not adjacent
i G, the operator InsertD x — y on G s in [ Dg if and only if

— 19l < M (idy),
— InsertD x — vy is Z-valid (id%),

— for any u that is a common child of x,y in G, y — u occurs in the resulting

Z-EG of InsertD x —y (ids).

Definition 5.1.10 (Perfect set DDg). For any directed edge x — vy in G, the

operator DeleteD x — y on G is in DDg if and only if
— DeleteD x — y is valid (dd, ),

— for any v that is a parent of y but not a parent of x, directed edge v — y in

G occurs in the resulting T-EG of DeleteD x — y (dds).

Definition 5.1.11 (Perfect set MVg). For any subgraph x — z — y in G, the
operator MakeV x — z <y on G is in MVg if and only iof MakeV x — 2z <y is
valid (mwy ).

Definition 5.1.12 (Perfect set RVg). For any v-structure x — z <— y in G, the

operator RemoveV x — z <—y on G is in RVg if and only if RemoveV x — 2z <~y
is T-valid (rv¥).

Consider now the distribution of the proportion of undirected edges in the
Z-EG space 7S;. As mentioned, this feature is particularly interesting in an inter-
ventional setting because in principle we can improve the identifiability of the true
data generating DAG by performing interventions on nodes. As a consequence,
we “‘reduce” the number of undirected edges in the model space. Consider for in-

stance the Z-EG space with sparsity parameter r = 1, ZS;, which corresponds to
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Figure 5.8: Box-plots of the proportion of undirected edges in the Z-EG space with ¢ €
{5, 10,20} and sparsity parameter r = 1 under three scenarios: p = 0 (no interventions),

p = 0.2 (interventions on 20% of nodes), p = 0.4 (interventions on 40% of nodes).

the setting in which interventions appear to be more effective; see Figure 5.4. Let
p € [0, 1] be the proportion of intervened nodes. For each ¢ € {5,10,20} we then
consider three scenarios. In the first no interventions are performed, p = 0, in the
second (third) we randomly assign to distinct single-node interventions (that is
|I| =1 for each I € Z) the 20% (40%) of the nodes, p = 0.2 (p = 0.4). Figure 5.8
shows that the proportion of undirected edges rapidly decreases as we increase the
number of intervened nodes. Moreover, since the proportion of undirected edges
is decreasing in ¢, interventions are particularly effective for a moderate number

of nodes.

5.1.5 Algorithms and further details

In the following we describe the implementation of the Markov chain on Z-EGs
introduced in the current section together with some illustrative examples. For a

given Z-EG G, we first need to construct the corresponding perfect set of operators
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Og. To this end we introduce five sets. Let Ig be the set of all non adjacent pairs
of vertices in G, Ug, Dg, VgD , VgU the set of undirected edges, directed edges,
directed v-structure and undirected v-structures in G respectively. We use them
to construct the set of all possible operators we are are going to test; see also
the example in Table 5.4. Then, for a given Z-EG G, the corresponding perfect
set of operators is constructed according to Algorithm 2. Algorithm 1 returns a
Markov chain of size T on the set of all Z-EGs on ¢ vertices satisfying the sparsity
constraint |G| < M (M = rq).

Algorithm 1: Construction of a Markov chain on the Z-EG space

Data: ¢ (number of vertices), M (maximum number of edges),
T (length of the Markov chain), Z (family of intervention targets)
Result: A Markov chain {G", |Og |}

Start from G (e.g. the empty graph);

2 fort=1,...,T do

jun

3 Construct the set of operators Qg according to Algorithm 2 and
compute |Ogw |;
4 Randomly sample an operator ogw in Ogw;

5 Apply ogw to G and obtain GV as the resulting Z-EG of the

operator

6 end

Consider for instance the EG G in Figure 5.9. We first construct the five
sets ]g(o),Ugm),Dg<o>,Vg%),Vgl{0> (first column of Table 5.4) and then check the

corresponding operators to construct the perfect set Ogw). We obtain

Og = {InsertD 1 — 4, DeleteU 1 —2, DeleteU 1 —3, DeleteD 2 — 4,

DeleteD 3 — 4, RemoveV 2 — 4 < 3, MakeV 2 — 1 + 3}

and then |Og)| = 7. Hence, the transition probability from G to any of its

direct successors G’ is pgw g = 1/7. Next, we randomly sample an operator
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Algorithm 2: Construction of the perfect set of operators Og

10

11

Data: An Z-EG G, a family of intervention targets Z

Result: The corresponding perfect set of operators Og

Set Og as empty set;

For each undirected edge x — y in Ug, consider the operator DeleteU
x —y and add it to Og if duy holds;

For each directed edge  — y in Dg, consider the operator DeleteD = — y
and add it to Og if dd,, dds hold;

For each directed v-structure xr — y < z in VgD , consider the operator
RemoveV x — y < z and add it to Og if rvf holds;

For each undirected v-structure r —y — z in VgU, consider the operator
MakeV z — y < z and add it to Og if muy;

if |G| < M (idy,iu;) then

for each pair of vertices (z,y) in Ig;

consider InsertU z — y and add it to Og if iuZ, iuz hold;

consider InsertD x — y and add it to Og if id%, ids hold;

consider InsertD z < y and add it to Og if id%, ids hold.

end
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Figure 5.9: A step of a Markov chain on the EG space S;. We start from the EG G(©);
from the perfect set of operators Ogo) we randomly sample og©) = DeleteD 3 — 4 and

obtain the resulting EG G of the operator.

Set G -G

Ig {(1,4),(2,3)} {(1,4),(2,3)}

Ug {(1,2),(1,3)} {(1,3)}

Dg {(2,4),(3,4)} {(1,2),(2,4),3,4)}
Vg’ {(2,4,3)} {(2,4,3)}

%3 {(2,1,3)} %)

Table 5.4: Five sets of nodes involved in the construction of the sets of possible operators

on GO and IQ(O) to be tested.

ogw € Og, for instance ogo) = DeleteD 3 — 4, and obtain GW as the resulting
EG.
Given Z = {0, {2}}, consider now the Z-EG 7G© in Figure 5.10. From the

five sets listed in the second column of Table 5.4 we obtain

O_go = {InsertD 1 — 4, DeleteU 1 — 3, DeleteD 1 — 2,

DeleteD 3 — 4, InsertD 2 — 3, InsertD 3 — 2}

by checking the corresponding conditions. We randomly sample operator DeleteD

3 — 4 and obtain 7G() as the resulting Z-EG.

Algorithm 1 can be adapted for an accelerated version. For a given Z-EG G let O
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Ig(O) Ig(l)
1 — 2 1 — 2
I R
3 — 4 3 4

Figure 5.10: Two steps of a Markov chain on the Z-EG space 7S;. We start from
the Z-EG 7G©); from the perfect set of operators O_g() we randomly sample operator

DeleteD 3 — 4 and obtain the resulting Z-EG 7GW) of the operator.

be the set of all possible operators obtained from Ig, Ug, Dg, V', V§ and |Of
its cardinality. We are interested in computing |Og|. Instead of testing all the
operators in OF we consider a sample without replacement OF*** of size [a|Og|],
a € (0,1), where [z] denotes the closest integer value to x. We then check all the

operators in 0! and construct the perfect set Og. Let |Og| be the number of

perfect operators in Oéh“k ; an appropriate estimate of |Og| is then
Og|
O est _ ‘ 5 O* ]
‘ g | |O§heck| | g‘

The accelerated version of Algorithm 1 provides an approximation of the quan-
tity |Og| which depends on the value of . Details for the choice of the acceleration
parameter o and the implementation of such algorithm in the EG space can be
found in He et al. (2013).

This is easily adapted to the Z-EG space and substitutes step 3 in Algorithm

est

1, where instead of computing |Og) | we estimate it through |Ogew |*.
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5.2 MCMC for structural learning

In this section we illustrate the MCMC algorithm that we adopt to perform struc-
tural learning of Gaussian graphical models. In doing so, we focus on the Inter-
ventional Essential Graph (Z-EG) space described in Section 4.1 and then perform
model selection and posterior inference of graphical models by directly scoring Z-
EGs; see Section 4.2. To this end we first define a proposal distribution based on
the Markov chain on the Z-EG space of Section 5.1. Next, we specify a prior on
the Z-EG space through a beta-binomial distribution on the number of edges in
the graph. These two quantities are then combined with the marginal likelihood
of the Z-EGs to compute the acceptance rate of a standard Metropolis Hastings

algorithm which approximates the posterior distribution over the Z-EG space.

5.2.1 Markov chains on I-EGs for model selection

In the previous section we introduced Markov chains on Markov equivalence
classes of DAGs together with an extension to the interventional setting based
on the proposal of He et al. (2013). The objective was to explore the Z-EG space
under sparsity constraints on the maximum number of edges and describe some
features of interest (for instance the proportion of undirected edges).

The set of operators presented in Section 5.1.1 satisfies some optimality con-
ditions. Among these, it guarantees that starting at any graph G there is a non
zero probability to reach any other graph in the space (reversibility). However,
when the objective is “model selection using scoring criteria to identify models”
(Chickering, 2002), such set of operators can not be sufficient to guarantee an
efficient exploration of the model space.

Let GO represent the graph visited at time ¢. In an MCMC setting, a new graph
G’ is then proposed and accepted with some probability a (Section 5.2.2) which
“strongly” depends on the score (marginal likelihood) assigned to graph G’. It
follows that even if pgw g is not negligible, the transition from G® to G’ can be

accepted with a very small probability if there is a little evidence from the data
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in favour of model G’. Anyway, this can be very problematic if the transition to
a “high score” model G” passes through G’. In addition, the convergence of the
MCMC can be very slow and even difficult to be reached. To avoid this kind of
problem, we “reinstate” from Chickering (2002) the operator ReverseD =z — y
which is not needed for the Markov chain to be irreducible and reversible but it
adds “extra connectivity” to the model space. We also highlight that such operator
does not affect the properties of distinguishability, irreducibility and reversibility
of the resulting Markov chain (Section 5.1.2). Validity conditions for the operator
ReverseD « — y are given in Table 5.5; see also Chickering (2002).

Operator Validity conditions

ReverseD z — y (rdy) €, is a clique
(rds)  every partially directed path from z to
y that does not include the edge v — vy

contains a node in €2, , U N,

Table 5.5: Validity conditions for the operator ReverseD x — .

Moreover, when the operator is adopted in an interventional setting under the
family of targets Z, no additional validity conditions are required. This happens
because the operator ReverseD x — y applies to a directed edge whose presence,
conditionally on the information about the intervened nodes enclosed in Z, has

already been tested in InsertD x — y.

5.2.2 MCMC scheme

Let Z be a family of intervention targets, 7S, the set of all Z-EGs on ¢ nodes and
G € 18, any Z-EG belonging to the space 75;. 7S5; is then the set of all Z-EGs on
q nodes satisfying the sparsity constraint |G| < rq (see Section 5.1.1). For a given
Z-EG G we first need to construct the corresponding perfect set of operators Og

which is used to compute the transition probability pgg = 1/|Og|. In a standard
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MCMC scheme we then randomly sample an operator og € Og and obtain G' by
applying og to G. This corresponds to sampling from a proposal distribution for

G| G. We assign coherently
9(G'1G) = 1/|0g|.

Let Dg be the set of all directed edges of G. Then, a sample from the proposal
distribution of G’ given G is obtained according to Algorithm 3.

Algorithm 3: Sampling from the proposal distribution of G’ | G

Data: An Z-EG G, a family of intervention targets Z
Result: A direct successor of G, G’, and the transition probability
q(¢'19)
1 Set Og as empty set;
2 Construct the perfect set of operators Og as in Algorithm 2;
3 For each directed edge x — y in Dg, consider the operator ReverseD
x — y and add it to Og if rdy, rds hold,;
4 Randomly sample an operator og € Og;
Apply og to G and obtain G’ as the resulting Z-EG of the operator;
Compute ¢(¢'|G) = 1/|0g].

<)

=]

Let mg(Y') be the marginal likelihood of graph G given the data Y, p(G) a prior
on G and ¢(G | ) a proposal distribution. In order to have an appropriate posterior
sample of Z-EGs, the transition from G to G’ proposed by Algorithm 3 is accepted
with probability

a:mm{l-mg’ﬂ’) (G q(g|g’>}. (5.5)

"mg(Y)  p(G) ¢(']9)

As the prior on G, p(G), a common assumption is a beta-binomial on the adiacency
matrix of G*, where G* is the skeleton of G (same arcs as in G, but with no
orientation),

“ iid :
g(j)|7r ~ Ber(?r), jzl,...,q(q—l)/Q,

m ~ Beta(a,b), (5.6)
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being gé) the j-th element of the vectorized lower triangular part of the adjacency
matrix of G* and ¢(¢—1)/2 the maximum number of edges in an Z-EG on ¢ nodes;
see also Bhadra & Mallick (2013). Notice that the prior on G only depends on
the skeleton of the graph: two Z-EGs with the same number of edges (directed
or undirected) will be assigned the same prior probability. More elaborate priors,
specifically targeted to EGs, to our knowledge are not available in the literature,

and are beyond the scope of the present work. The ratio between the priors on

G’ and G is then

p@) (g +@ T(“52-191+0)
p(G)  T(Gl+a) (@ g +b) ’

(5.7)

where |G| denotes the number of edges in G. A common choice for a and b is
a =b =1 so that m ~ Unif(0,1). However, to favor sparsity, we can set a < b
which implies E(7) < 0.5. Further details for the choice of a and b are given in the
simulation setting of Chapter 6. Finally, an MCMC on 7S, can be constructed as
in Algorithm 4.

Algorithm 4: An MCMC on the Z-EG space 7S5

Data: G (an arbitrary initial graph), 7' (length of the chain)
Result: A sample {G"} from p(G|Y),G € 1S

Start from G (e.g. the empty graph);

2 fort=1,...,7 do

3 set G = GU-1:

=

4 sample G’ and compute ¢(G'|G) as in Algorithm 3;

5 compute the probability of acceptance « in Formula (5.5);

6 update G = G’ with probability a, G = G~ with probability
(1—a);

7 end




Chapter 6

Experiments

In this chapter we apply our methodology, that we name Objective Bayes In-
terventional Essential graph Search (OBIES), to simulation settings and to the
analysis of protein-signaling data (Sachs et al., 2005). In addition, we compare
OBIES with the Greedy Interventional Equivalence Search (GIES) method intro-
duced by Hauser & Biihlmann (2012) and implemented in the R package pcalg
(?); see also Hauser & Bhlmann (2015). To this end, we start with some con-
siderations about the need to choose a single model estimate (even in a Bayesian

setting) for comparison purposes.

6.1 Preliminaries

For a collection of distinct models, {My,k = 1,..., K}, and given the data Y,
assume to have computed the posterior probabilities p(My | Y'); see also Section
1.2. We accept the general thinking that “in principle, all inference and predic-
tion should be based on the overall joint posterior distribution”, like in Bayesian
model averaging techniques (Pericchi, 2005). However, in many cases a single
model estimate is required. Barbieri & Berger (2004) highlights that the highest
probability model, that is the model with the highest posterior probability asso-
ciated, is not in general an optimal choice from a predictive viewpoint. Instead,

in a Gaussian linear regression setting, it was shown that the median probability

79



80 6. Experiments

model is predictively optimal. In such context, the median probability model is
obtained by including all variables whose posterior inclusion probability is greater
than 0.5.

In an MCMC framework, once we observe {M© . . M™T)} as the result of an
MCMC algorithm on a specific model space, the objective is typically to approxi-
mate the posterior distribution across models or equivalently to estimate posterior
model probabilities; see again Section 1.2. The number of visits of each model
over the total number of iterations 7T is generally used as such approximation.

In model selection of graphical models, the median probability model can be
naively constructed by including all edges whose probability of inclusion is greater
than 0.5. More specifically, we start defining the marginal posterior probability of
incluston of the edge u — v given the data Y as

Puso(Y) = D p(G|Y), (6.1)

GESu—sv

where S,_,, is the set of visited Z-EGs containing the directed edge u — v (recall
that an undirected edge u — v is equivalent to v — v and v — ). The median
probability (graph) model is then defined as the graph containing only those di-
rected edges u — v such that p,,(Y) > 0.5. In general, the median probability
model thus obtained is not guaranteed to be an Z-EG, but it is a partially directed
acyclic graph (PDAG). From the median probability model G, which may contain
both directed and undirected edges, we first obtain a directed version (DAG) as
follows. We start taking all the directed edges in G. Then, for each undirected
edge u — v in G we take u — v if and only if p,_,(Y) > py—.(Y'). Finally, from
the DAG D thus obtained, we construct the corresponding Z-EG, that is the rep-
resentative of the interventional equivalence class of D. This is done through the
function dag2essgraph in the R package pcalg (7). We call such result projected
median probability (graph) model. We then use the projected median probability
model for comparison purposes, typically when a single graph estimate is required
to compute distance-based indexes between models (e.g the structural Hamming

distance with respect to the true DAG).
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The median probability model specifies a threshold for edge inclusion k£ = 0.5.
Alternatively, it is possible to choose k by looking at the expected false discovery
rate (FDR) (Benjamini & Hochberg, 1995).

Set for simplicity py_o(Y) = pu_s; see Equation (6.1). Then, we can define
the expected FDR for a given threshold k € [0, 1] as

q* 1 - u ’U]I U ’UZk

23:1 Zu;év ]I(pUﬁU = k) ’

being I the indicator function. More specifically, we can start constructing for a

(6.2)

grid of thresholds a collection of projected quantile probability models. Each one,
being associated to a value of k € [0,1], is obtained by including all edges such
that p,_., > k and then constructing the corresponding projection over the Z-EG
space (as for the median probability model). Assuming that the projected quantile
probability model of order k is the true model, FDR(k) provides a measure of
evidence against such assumption. The denominator of (6.2) corresponds to the
number of edges in the projected quantile probability model of order k. The
numerator is instead the sum of the “probabilities of non inclusion” (1 —p,_,,) for
those edges that are included in the estimated graph, thus representing a measure
of false positiveness. One can show that FDR(k) is a non decreasing function of
k. Hence, one can select k so that the expected FDR is below a desired level,
typically 0.05. See also Peterson et al. (2015) for the adoption of the FDR in

multiple Gaussian graphical model selection.

6.2 Simulations

In this section we apply OBIES to simulated data sets. We first describe the data
generating process of a collection of observational and interventional data under a
given DAG D and a family of intervention targets Z. We then set the parameters
of the MCMC algorithm described in Section 5.2 and present our results on a
variety of simulation scenarios. At last, we compare OBIES with the Greedy

Interventional Equivalence Search (GIES) method.
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6.2.1 Simulation setting

A simulation framework is characterized by the triple (¢,n?, p), where ¢ € {5, 10,
20,40} is the number of nodes, n? € {100,200,500,1000} the number of obser-
vational data and p € {0,0.2,0.4,0.8} the proportion of intervened nodes. For
simplicity we consider multiple but single-node interventions, that is |[[| = 1
for each I, € Z. As an example, for ¢ = 5 we will consider scenarios with no
interventions (observational case, p = 0), interventions on one node randomly
chosen, Z = {0, {u}}, v € {1,...,5} (p = 0.2), interventions on two nodes
T = {0, {u},{v}}, u,v € {1,...,5}, u # v (p = 0.4) and similarly for p = 0.8.
For each target of intervention I, we then set the number of interventional data as

n®(g,n?) = n?¢/100. Table 6.1 summarizes the simulation setting parameters.

n? =100 n? =200 n? =500 n? = 1000
qg=>5 n*) =5 n® =10  n =25 n*) =50
¢g=10 2®W =10 n® =20 k=50 n®) =100
¢g=20 n® =20 n®=40 n® =100 n® =200
g=40 n® =40 n®W =8  n® =200  n® =400

Table 6.1: Simulation setting parameters; number of interventional data for each target

I;, n'®) | as a function of the number of nodes ¢ and the number of observational data

n?.

6.2.2 Data generation

For each scenario, 40 datasets, corresponding to 40 true DAGs, are generated.
Each dataset, which contains both observational and interventional data, is ob-
tained as follows. For a given ¢, we randomly generate a topologically ordered
DAG D with probability of edge inclusion pegge = 3/(2¢ —2) (Peters & Biihlmann,
2014). The DAG thus obtained is the responsible of a data generating process
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and implies the set of equations

Yij = pi + Z BriYik + €ij (6.3)
kepap(4)
fori =1,...,n%, j =1,...,q, where g;; ~ N(0,0?) and Y;; are independent

with respect to i. For each j we fix pu; = 0 and 032- = 1, while regression coeffi-
cients [ ; are uniformly chosen in the interval [—1, —0.1] U [0.1, 1], still following
Peters & Biihlmann (2014). An observational dataset of size n? is then generated
accordingly.

Next, for a given p (proportion of intervened nodes) we randomly sample
without replacement [pg] nodes in {1, ..., g} which represents intervention targets
of size one, I, ..., I,,. For each I} we first obtain the corresponding intervention

DAG D’ (see Section 4.1) which implies the set of equations

pi+ Do BrgYir +eiy if §# I,
Y, = kepap(j) (6.4)

6j+€i,j 1f] :]ka

fori=1,...,n™ j =1,... ¢, where again ¢;; ~ N'(0,0?), ¢;; ~ N(0,¢?) and
Y; ; are independent with respect to 7. For each j we fix §; = 0 and quz =0.1. n

interventional data are then generated accordingly.

6.2.3 MCMC parameters

For the MCMC algorithm of Section 5.2 we need to choose the hyperparameters a
and b of the prior p(G) which is involved in the acceptance probability o (Formula
5.5). Wefix a=1,b=(2¢—2)/3 — 1, so that E(r) = 3/(2¢ — 2). In this way the
expected prior edge inclusion probability resembles the sparse simulation setting
as defined in Section 6.2.2. We note however that all the results are generally
insensitive to the choice of a and b, because the ratio of marginal likelihoods
mg (Y)/mg(Y) is by far the leading factor in the acceptance probability of the
proposed Z-EG.
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As describe in Chapter 5.1 we can also constrain the Z-EG space 7S5, to a
subspace 7S; with no more than a given number of edges (rq), so that sparsity
can be introduced to improve structural learning. Specifically, we fix r = 2, that
is we require that the number of edges is not higher than 2 the number of nodes.
This threshold is well above the number of edges expected in the true DAG in
each simulation scenario (3.75, 7.5, 15 and 30 edges respectively for 5, 10, 20 and
40 nodes). For each scenario, an MCMC is then implemented in the following
way: on the basis of pilot runs, we choose the total number of iterations 7" and
the initial burn-in period to remove from the calculation of the final estimate
of the graph. The pilot runs are also used as a diagnostic tool of appropriate
MCMC convergence and mixing. We choose T' = {5000, 25000, 50000, 100000} for
q = {5,10,20,40} respectively.

6.2.4 Results

In the following we present some results from the application of OBIES to the sim-
ulation scenarios described in the previous paragraphs. To understand how much
interventions can improve the identifiability of the true data generating DAG, we
measure the Structural Hamming Distance (SHD) between the projected median
probability model and the true DAG. The SHD represents the number of edge
insertions, deletions or flips needed to transform the estimated I-EG into the true
I-EG. Please note that, under each setting defined by ¢, the benchmark of our
comparison is represented by the same set of (40) true DAGs. In Figure 6.1 we
report the boxplots of the SHD values over the 40 replicates under the simulation
settings defined by ¢, n? and p. For each ¢ and n? we observe that as the propor-
tion of intervened nodes p increases, the SHDs between estimated graph and true
DAG become smaller. Moreover, such reduction is all the more effective as n?
(and so n!, see Table 6.1) grows. As ¢ increases, modelling jointly observational

and interventional data produced under p = 0.2 results in a substantial reduction

of the SHDs with respect to the true DAG. With reference to the ¢ = 20 setting,
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we observe that interventions on the 40% of nodes randomly chosen are sufficient
to strongly reduce the uncertainty around the true DAG estimate, especially for
large sample sizes. This means that we have hope to discover the true DAG model
via a small number of interventions selected according to an optimal design of ex-
periments. In Table 6.2 we also report summary statistics (mean and standard
deviation) of the SHDs represented in Figure 6.1. The behaviour observed in
Figure 6.1 is confirmed by the average SHDs too.

As mentioned, our Z-EG estimate is the projected median probability model.
The median probability model specifies a threshold for edge inclusion of 0.5. By
varying this threshold one obtains distinct projected quantile probability models.
Each such model can be used as an Z-EG estimate. Let TP denotes the number
of true positive, that is the number of edges in the true DAG that are estimated
correctly, and FP the number of edges in the estimated graph that are not present
in the true DAG (false positive). Remember that an undirected edge u — v is
equivalent to u — v and v — u. Figure 6.2 reports for the setting ¢ = 40, n? =
{200,500} and p € {0,0.2,0.4}, the Receiver Operating Characteristic (ROC)
plots for the projected quantile probability models, obtained by “averaging” with

respect to the 40 simulations.
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g=>5 n? =100 n? =200 n? =500 n% =1000
p=0 4.95 (2.06)  4.45 (1.95) 4.28 (1.84)  3.79 (2.05)
p=02 3.30 (1.45)  3.05 (1.43)  2.00 (1.50)  1.90 (1.35)
p=04 2.88 (1.73)  2.25 (1.74)  1.91 (1.35)  1.80 (1.18)
q=10 n? =100 n2=200 n2=500 n?=1000
p=0 6.78 (3.69)  5.78 (3.58)  5.20 (3.32)  5.08 (3.25)
p=02 3.70 (2.03)  3.35 (1.90)  3.17 (2.31)  2.88 (2.21)
p=04 3.10 (1.85) 217 (1.74)  2.13 (1.51)  1.50 (1.13)
qg=20 n? =100 n? =200 n? =500 n? =1000
p=0 11.07 (3.11)  9.57 (2.16)  8.40 (2.09)  8.00 (2.04)
p=02 547 (2.72)  4.80 (2.43)  3.70 (1.91)  3.05 (1.52)
p=04 4.25 (2.06) 3.25 (1.75) 1.32 (1.27)  1.15 (0.98)
q = 40 n? =100 n2=200 n?2=500 n?=1000
p=0 21.75 (3.30) 18.75 (2.93) 16.45 (2.43) 15.35 (3.37)
p=02 13.18 (3.74) 11.97 (3.48) 12.07 (3.27)  9.98 (3.30)
p=04 8.40 (3.49)  8.00 (3.54) 7.12 (4.77)  6.38 (3.73)

Table 6.2: Mean (standard deviation) of the structural Hamming distances between
OBIES estimate and true DAG over 40 data sets for number of nodes g € {5, 10, 20,40},
n? € {100,200, 500,1000} and p € {0,0.2,0.4}.
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Figure 6.2: ROC plots (averaged over the 40 simulations) of the projected quantile

probability model estimates for ¢ = 40, n? = {200,500} and proportion of intervened

nodes p =0 (+), p=0.2 (o), p= 0.4 (o).
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6.2.5 Comparison with GIES

The Greedy Equivalence Search (GES) algorithm is a search-and-score method,
based on maximum likelihood estimation, which provides an estimate of the true
EG using the greedy equivalence search algorithm of Chickering (2002). Through
additions and deletions of single edges, GES maximizes a score function in the
space of the EGs. An extension of the GES algorithm, named Greedy Interven-
tional Equivalence Search (GIES) algorithm, for structural learning of interven-
tional essential graphs, was then introduced by Hauser & Bithlmann (2012). GES
(and also GIES) can be implemented with different optimization criteria. Orig-
inally, it was proposed with the Bayesian Information Criterion (Schwarz, 1978)
because of consistency. Anyway, any score equivalent and decomposable function
can be adopted (Hauser & Bithlmann, 2012). In the following, we implement GIES
for three different optimization criteria: the Bayesian Information Criterion and
the Extended Bayesian Information Criterion with tuning coefficient v € {0.5, 1}
recommended in Foygel & Drton (2010); see also Chen & Chen (2008). We then
refer to these three benchmarks as GIES 0, GIES 0.5 and GIES 1 respectively.
For each scenario and method we evaluate the performance in learning the
graphical structure of the true DAG in terms of misspecification rate, specificity,

sensitivity, precision and Matthews correlation coefficient, defined as

_ FEN4FP _ _TN _ _ TP
MISR = 055, SPE = 73755, SEN = 7255,
_ _ TP — TP.-TN—FP-FN
PRE = TP+FP’ MCC \/(TP+FP)(TP+FN)(TN+FP)(TN+FN)’

where TP, TN, FFP, FFN are the numbers of true positives, true negatives, false
positives and false negatives (respectively). The results in the simulation settings
with number of nodes ¢ = 20, n? € {100,200, 500, 1000} and p € {0,0.2,0.4}
are summarized in Tables 6.3 and 6.4: with the exception of MISR, better per-
formances correspond to higher indicators. We can observe that for all indicators
and scenarios, OBIES is better than GIES 0.5, GIES 1 most of the time and it is
almost uniformly better than GIES 0.
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Figure 6.3: Computational time (in seconds) of 1000 MCMC iterations of OBIES, as
a function of the sample size n? for fixed number of nodes ¢ = 10 (left panel) and
as a function of ¢ for n? = 100 (right panel), averaged over 40 simulated datasets

corresponding to the p = 0.2 scenario.

We investigate the computational time of the proposed methodology as a func-
tion of the number of nodes ¢ and of the sample size n?: in the left panel of Figure
6.3 we report the time in seconds spent by our algorithm to perform 1000 MCMC
iterations for ¢ = 20, p = 0.2 and n? between 50 and 10000, whilst in the right
panel we show the computational time for n? = 100, p = 0.2 and ¢ between 5 and
100 (all the results are averaged over the 40 simulated datasets). Algorithms were
run on a Intel Core i7-8550U machine. The results suggest that the dependence

of time on n? and q is, respectively, approximately linear and exponential.
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6.3 Protein-signaling data

In this section we apply OBIES to the protein-signaling data set of Sachs et al.
(2005). Data consist in a collection of observations measured under different ex-
perimental conditions and then can be considered as purely interventional. In the
original work of Sachs et al. (2005) the objective was to infer a single DAG, whilst
Friedman et al. (2008) used the same dataset to learn a single undirected graph.
More recently, Peterson et al. (2015) analyzed the dataset from a multiple graphs
perspective. In particular, they infer an undirected graph for each experimental
condition, allowing for the possibility of shared structural features among graphs.

We adopt the methodology developed in the interventional setting of Section
4.2 to perform structural learning of interventional essential graphs. We then

compare OBIES with the Greedy Interventional Equivalence Search method.

6.3.1 Data set

The data set, provided as a supplement to Sachs et al. (2005), is based on si-
multaneous measurements of multiple phosphorylated proteins and phospholipid
components in individual primary human immune system cells. Observations are
obtained from intracellular multicolor flow cytometry, which allows for simulta-
neous measurements in individual cells and then turns out in a large number of
observations. Flow cytometry can also be used to measure protein modification
states which from our perspective are interpreted as interventions on observed
variables. Measurements of ¢ = 11 phosphorylated proteins and phospholipids
are collected after a series of stimulatory cues and inhibitory interventions ob-
tained from the administration of reagents, each one being the responsible of the
perturbation of a signaling node. This results in a collection of nine datasets,
each containing observations measured under the same experimental condition.
In Figure 6.4 we have a signaling network with different points of intervention.
Signaling nodes in colour are measured directly, while in grey are not. See Sachs

et al. (2005) for further details.
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! I

MEK4/7 [MEK3/6 | rk1/2.

Figure 6.4: From Sachs et al. (2005). A classic signaling network with points of inter-

vention. Signaling nodes in color are measured directly, while signaling nodes in grey
are not. The interventions classified as activators are colored green and inhibitors are

colored red.
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YF | Y Y2 Yy3? YvY! Y?® Y¢
I, | Mek PIP2 Akt PKA PKC PKC
n®) | 723 707 913 810 911 799

Table 6.5: Intervention targets and sample sizes for the six datasets included in the

study.

Since our method cannot deal with interventions on latent variables, we con-
sider the six datasets associated to interventions on observed variables, that is
nodes representing variables which are measured directly. In Table 6.5 we report,
for each dataset Y* included in the study, the corresponding intervention target
I}, and sample size. Please observe that we have two different datasets with the
same target (PKC). For simplicity of notation variables included in the dataset

are also numbered from 1 to 11 according to the original dataset of Sachs et al.

(2005).

6.3.2 Model searching and results

We apply OBIES to learn the structure of an Z-EG from the dataset ¥ =

{Y! ..., Y%} see Table 6.5. The corresponding family of intervention targets is

T = {2} {43 {7}, {83, {9}, {9}

Please observe that 7 is conservative according to Definition 4.1.2. We explore the
7Z-EG space 757, with sparsity parameter r» = 2, which corresponds to a maximum
number of edges of 22; see also Section 5.1.1. For the prior distribution p(G)
(Section 5.2.2) we set a = 1,b = (2¢ — 2)/3 — 1. We use an accelerated version
of the Markov chain step described in Algorithm 1, by fixing the acceleration
parameter o = 0.5 (proportion of tested operators to compute p(G'|G)). We then
run 7" = 100000 iterations of Algorithm 4 with a burn-in period of 20000. This
results in the MCMC output {G®}, ¢ = 20001, ...,100000, that we use to make

posterior inference on the Z-EG space.
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Figure 6.5: MCMC traceplot of visited Z-EGs log-scores.

In Figure 6.5 we have the traceplot of the visited Z-EGs log-score, which corre-
sponds to the logarithm of mgw (Y)p(G®) and it is proportional to the poste-
rior probability of G, p(G® |Y). Figure 6.7 contains the heat map with the
marginal posterior probabilities of edge inclusion computed according to Formula
6.1 in Section 6.1. In Table 6.6 we also report the marginal posterior probabil-
ities of inclusion of the “top” 14 edges, p,_.., that is those edges that are most
often present in the MCMC output. We can use such information to construct
the median probability graph model, by including those edges u — v such that
Pu—so(Y) > 0.5. Alternatively, we can compute for a grid of thresholds k € (0, 1)
the expected false discovery rate FDR(k) as defined in Equation (6.2) and then
choose the maximum value of & such that FDR(k) < 0.05. In doing so, we obtain
kE* = 0.480. See Figure 6.6.

Hence, we obtain the corresponding Z-EG estimate by including all edges such
that p,_,(Y) > 0.480. We observe that the resulting graph of Figure 6.8 is an

Z-EG and then no projection to the Z-EG space is required; see also Section 6.1.

Finally, we compare OBIES estimate of Figure 6.8 with the Greedy Interven-
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Figure 6.7: Heat map with marginal posterior probabilities of edge inclusion py_s,

under OBIES.
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u = v Pu—sv U = Pu—sw
Mek — Raf 1.000 JNK — Mek 1.000
PIP2 — PLC 1.000 Akt — PKA  0.993
PIP2 — PIP3  1.000 PKC — Mek 0.906
Erk — PKA  1.000 PLC — PIP3 0519
Akt — Erk 1.000 PIP3 — PLC 0.481
PKC — p38 1.000 JNK — PIP2  0.376
PKC — JNK 1.000 Akt — JNK 0.188

Table 6.6: Marginal posterior probabilites of inclusion for the top 14 edges.

Mek

PKC

Figure 6.8: OBIES estimate obtained from the FDR criterion.
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Figure 6.9: Estimated Z-EG under GIES 0 (a), GIES 0.5 (b) and GIES 1 (c).

tional Equivalence Search method (Hauser & Biihlmann, 2012). GIES is again
computed for three different optimization criteria: the Bayesian Information Cri-
terion (GIES 0) and the Extended Bayesian Information Criterion with tuning
coefficient v € {0.5,1} (GIES 0.5 and GIES 1 respectively); see also Section 6.2.5.
Results with Z-EG estimates are reported in Figure 6.9. As we can see, the tuning
parameter can be used to intensify sparsity of the resulting graph. If compared
with the GIES 0.5, our OBIES estimate of Figure 6.8 exhibits 9 edges in common.
Instead, it appears that edge JNK — Mek is reversed in GIES 0.5, while PKC —

Mek is not present.
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Chapter 7

Conclusions and Further Work

Observational data cannot distinguish among Directed Acyclic Graphs (DAGs)
encoding the same set of conditional independencies, that is among Markov equiv-
alent DAGs. Each Markov equivalence class is represented by a special chain
graph, known as Completed Partially Directed Graph (CPDAG) or Essential
Graph (EG). Inteventional data from exogenous perturbations of variables or ran-
domized intervention experiments lead to a finer partition of DAGs into equiva-
lence classes, each one represented by an Interventional Essential Graph (I-EG),

thus improving the identifiability of the true DAG generating model.

In this thesis we presented an objective Bayes approach based on the notion
of fractional Bayes factor for model selection of Gaussian graphical models in
the presence of both observational and interventional data. In addition, we pro-
posed an MCMC sampler to explore the [-EG space under sparsity constraints and
learning Markov equivalence classes of DAGs. We applied the proposed methodol-
ogy, named OBIES, to simulation settings and to the analysis of protein-signaling
data (Sachs et al., 2005), providing comparisons with the Greedy Interventional
Equivalence Search (GIES) algorithm of Hauser & Biihlmann (2012).

We illustrated through simulations that OBIES is highly competitive with the
Extended BIC GES, here considered for two different optimization criterion, and

it outperforms BIC GES in producing a point estimate of the underlying I-EG. On

101
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the other hand, being fully Bayesian, our method yields a posterior distribution
on the I-EG space. Accordingly, it can provide not only single estimate of the
[-EG, but also an uncertainty evaluation of other features of interest, such as
probabilities of edge inclusion. Finally, being objective, it is virtually free from

prior specifications.

Randomized intervention experiments can be used to improve the identifiabil-
ity of the true data generating model (He & Geng, 2008). By extending the family
of intervention targets, (at least in principle) one can reduce each (observational)
Markov equivalence class to a single DAG, because all edges that were undirected
in the original essential graphs become directed. Ideally, one can identify the true
underlying data generating model (rather than a large equivalence class) by means
of a small number of interventions selected according to an optimal experimental
plane. The analysis of such problem from a design of experiments perspective is
currently under investigation.

The protein-signaling dataset was collected under distinct experimental con-
ditions. From the theory presented in Sachs et al. (2005) each experimental con-
dition can be interpreted as an intervention on some variables, both observed
or latent. We analyse jointly all the datasets corresponding to interventions on
one of the observed variables to infer a unique graphical structure (I-EG). An-
other possibility is to analyse all the datasets jointly in order to exploit potential
shared features among single graphs (one for each dataset) from a multiple-graphs
perspective. Joint structural learning for multiple Gaussian undirected graphical
models is carried out in Peterson et al. (2015) through a suitable Markov random
field prior which encourages common edges, as well as a spike-and-slab prior on
the parameters that measure network relatedness. More recently, Tan et al. (2016)
apply multiple Gaussian graphical models based on G-Wishart priors to metabo-
lik association networks, using a logistic regression structure to link probability

of edge inclusions among graphs.



Appendix A

Some multivariate distributions

In the following we briefly resume some theory about the multivariate random
variables involved in this work. For further details see for instance Gelman et al.
(2004), Lauritzen (1996) or Geisser & Cornfield (1963). As a matter of notation,
we use bold characters for both vectors and matrices; however, just to avoid
confusion, we use standard capital letters for random vectors while bold capital

letters for the corresponding matrices of observations.

A.1 Multivariate Normal distribution

Let Y be a g-dimensional random vector. We say that Y = (V;,...Y,)" has
a multivariate Normal distribution conditionally on the mean vector p and the

covariance matrix X,
Y, X~ Ny(p, %),
where p is a g-dimensional vector and 3 a g X ¢ symmetric and positive definite
matrix, if its probability density function is given by
Fwl®) = o = e - Ly - w S - 0,
Equivalently, we can express f(y|X) in terms of the precision matriz € = X1

Y[~ Ny(p, 71,

103
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fly|Q) = (2n)"¢|Q) exp{ - %(y —p)' Qy - u)}-

Let now A C {1,...,q}, A= {1,...,q} \ A and Yy, Y}  the corresponding sub-
vectors of Y with components indexed by A and A respectively. Accordingly, we

partition g, 3 and €2 as

by bIPEH Q Q.x
= KA  n- AA AA Q- AA AA ’
7%, Ypa Xia Qia Qaa

where X 47 = E} qand Qy5 = QE 4+ For the marginal and conditional distribu-

tions of Y4 we have the two following results:
Yalp, X ~ Na(pa, Zaa),
Vil Yiip, 2~ Na(paaaja)
where
pai=pa+ 34205 (Ya— 1), Zaa=Zas — B 524

see Lauritzen (1996, p. 254). Moreover, recall that

Yaa= Q= aa — BaaX5Taa = Qi

Q=30 = Qaa — D440, Qa4 = 23
Therefore, €244 corresponds to the precision matrix of the conditional distribution
Ya|Y;. Tt follows that, for each pair of disjoint subsets I, J C {1,...,q}, Q5 =
0 implies a conditional independence between Y; and Y, given the remaining

variables, while 32;; = 0 corresponds to a marginal independence between Y; and

Y.

A.2 Matrix Normal distribution

Let Y be a n x ¢ random matrix. We say that Y has a matriz Normal distribution

with mean matrix M, row covariance matrix ® and column covariance matrix 3,

Y |M,® 3~ N, (M,® %),
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if its probability density function is given by

f(Y M 2,%) = (2m) %@ 3[S|2

1
exp { — 51;r(§3—1(Y -~ M)"® (Y - M)) }
where M is a n x ¢ matrix, ® a n x n symmetric and positive definite (s.p.d.)
matrix and 3 a ¢x ¢ s.p.d. matrix. Please observe that in such case we do not make
distinction between capital and lowercase letters to specify the random variable
Y and its realization (both are of course matrices). Equivalently, in terms of
Q = X! (the column precision matriz) and K = &~ (the row precision matriz)
we can write
Y |IM.K.Q) = (2r) 7|K[*|Qf
1
exp { — §tr(Q(Y —~M)'K(Y - M)) }

Let now A C {1,...,q} and Y, the corresponding n x |A| submatrix of ¥ con-

taining columns indexed by A in Y. Similarly for A = {1,...,¢} \ A and Yy . If
M, 3 and Q are partitioned accordingly,

by bIPEH Q Q.x
M:[MA MA]7 E: AA AA 7 Q: AA AA :
Y4 Xia Qis Qaa

we can write for the marginal and conditional distributions of Y,
Yi| M, 8% ~ Npyja(Ma, ®,344),
Yi|Yi; M, 8% ~ Npyja(Mys, ®,3,4),
where
Myg=Ms— (Yi—Mz)Q1495;5, Zaja= Qs

AA

A.3 Wishart distribution

Let © be a ¢ x ¢ s.p.d. matrix. We say that € has a Wishart distribution with

parameters a € R (a > ¢ —1) and R a ¢ X ¢ s.p.d. matrix,

Qla,R~W,(a,R),
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if its probability density function is given by

a

-1
f(a,R) = 2—"5{@(%)] |R|;|Q|aglexp{—%tr(RQ)}
x |Q|%_1 exp{—%tr(RQ)}.

A useful result is then contained in the following theorem.

Theorem A.3.1. Let 2 |a, R ~ W,(a, R), with R a s.p.d. matriz anda > q—1.
Given A C {1,...,q},A={1,...,q} \ A and the corresponding partitions of §

and R,

Q Q45 R R, i
Q _ AA AA R _ AA AA
Qs Qaa R, Rjx

we have that

QAM ~ W|A\(a - |A|7 RAA)'

See also Lauritzen (1996, p. 261) for further properties of the Wishart distribution.



Appendix B

Marginal distribution of Gaussian

data: conjugate analysis

In the following we report some results about the marginal distribution of Gaussian
data under three different settings: Gaussian data with zero-expectation, Gaussian
data with non-zero mean and the Gaussian multivariate linear regression model.
In all cases we assume standard (informative) conjugate priors based on Wishart
and Normal-Wishart distributions. Given the n x ¢ matrix of observations Y,
we then obtain a formula to compute the marginal data distribution of Y, the
n x |A| submatrix of Y containing columns indexed by A C {1,...,q}. For details
see for instance Gelman et al. (2004) and Geisser & Cornfield (1963).

B.1 Gaussian data with zero mean

Consider n g-variate observations y; = (yi1,...,¥iq) ,4=1,...,n, from (Yy,...,Y,) | Q ~

N,(0,9271) collected in the n x ¢ matrix Y. The likelihood function can be written

107
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as

fY|Q) = H (i | €2)

= H 2IQIQeXP{——yZ ﬂy}
= (2m) 2 |Q|2 exp{ — §tr(SQ)},

with S = >0 vy,
A standard conjugate prior for £ is Q@ ~ W,(a, R),

a a—q— 1
pR) = el IR0 ep { - u(rO) |
where

aq) — 2% {rq(g)} -

The prior normalizing constant is then

C(av Q) : |R|%

B.1.1 Posterior
The posterior distribution of €2 is obtained as
p(QY) o p(Y[9Q)-p(2)
n 1 a—q—1 1
x |22 exp{ - §tr(SQ)} -2 2 exp{ — Etr(Rﬂ)}
= ’Q‘Hn;q_l exp{ — 1tr[(R + S’)Q}
- p 2 )
from which we get
QY ~W,(a+n,R+S).
The posterior normalizing constant is then

cla+n,q) -

cla+n,q) =27 5" {rq(“;”)}

-1
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B.1.2 Marginal likelihood

The marginal likelihood for the Gaussian model N, (0,Q271) given the data Y can

be obtained, up to the constant term (27?)_%, as the ratio of prior and posterior
normalizing constants,

ng R|:

cla+n,q) |R+S|*

a+n
(ﬂ_)—% FQ( ) |R| 2
n()!R+ﬂ

a+n

(B.1)

a+n °

Given A C {1,...,q} and Y, the corresponding n x |A| submatrix of Y we are
also interested in computing m(Yy,), the marginal data distribution of Y. From

the theory resumed in Paragraph A.1 we know that
Yalp, 2~ Na(pa, Q;”lg)-
Moreover, from Theorem A.3.1, we have
Qup ~ Wia(a — |B|, Raa),

where R 44 is the |A| x |A| submatrix of R with rows and columns indexed by A

and |A| = ¢ — |A|. Hence,

- af\A\
_nj4] cla—|A| |A Raqal 2
m(YA) = (27T> 2 : (_ A| | ‘ |1)4. ’ | A| \AH»'IL
c(a —|A[ +n,|Al) IRAA+SAA|
ap () Ry

= (m)” (B.2)

\AH»'IL

FIAI( |A|) |Raa + SAA|

where S 4,4 is the submatrix of S with rows and columns indexed by A in S.

B.2 Gaussian data with non-zero mean

Assuming p and € unknown, we consider n ¢g-variate observations y; = (Y1, .- -, Yiq)s

i=1,...,n, from (Yy,..., V)" |, ~ N(p, 271) collected in the n x ¢ matrix
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Y . The likelihood function is then

fY Q) = Hp(yi\ﬂ)

being

Standard conjugate priors for p and €2 are

M|Q ~ Nq<m0a(auﬂ)_l)a
Q ~ W,(a0. R)

and then

1 1
pus ) = clanana) 190 exp { — Syl mo) - m) |

a 1

a —q— 1
|R|Z|Q|F exp{ - 5tr(RQ)},

where

-1
clay,a0,q) = (27r)’%a3~2’¥ [Q(%)} .

The prior normalizing constant is

C(a’,LLJ aq, Q> : |R‘GTQ

B.2.1 Posterior
The posterior distribution of (p, €2) is

pIY ~ Ny(m. [0+ )] ),

QY ~ Wq<ag+n,R—|—S+ Gl 50)7
a,+n
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where

R L
“"_au—l—n ’ a,ﬂ—ny’

§= Z(yi Wi —y)', So=(y—mo)(y—mg)'

=1

and y the ¢ x 1 vector of sample means of Y,...,Y,; see for instance Gelman

et al. (2004). The posterior normalizing constant is then

an+n
2

a,n

cla, +n,a0+n,q) - [R+ S+ nSO

ay

D

-1
C(aM + n,aq + n, q) = (277-)—%(&“ + TL) ) 2_(a9;n)q [Fq(aQ;— TL>:| '

B.2.2 Marginal likelihood

The marginal likelihood for the Gaussian model N, (p, 271) given the data Y is

obtained as

ng R|#
m(Y) = (2m) 2 - c(ay, ag, ) ) R —
C(aﬂ+n7aﬂ+n7Q) |R_|_S+ akf SO{T
na % r ag+n Rm
_ (ﬂ)—2.< Ty ) . q(_fg ) | RL - (B3)
Qp + 1 Ty(%) [R+ S+ 258 2

Let now A C {1,...,q} and Yy the corresponding n x |A| submatrix of Y. From

Paragraph A.1 we know that

Y4 | M, Y o~ MA| (H’Aa Q;ﬁfj)a
palQ ~ Naj(moa, (a,Q42)7").

Moreover, from Theorem A.3.1 we have

Qap ~ Wia(a — |Bl, Raa),
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where R4, is the |A| x |A| submatrix of R with rows and columns indexed by A

and |A| = ¢ — |A|. Hence,

- ag—|A|
v (gl (e a0 — A A]) [Raal >
m(Ys) = (2m) ) _ 1A AN ag—|A[tn
(@, aq = Al +n, |4]) |Raa+ Saa+ 80,44
ap+n )
141 aq—|Al4+n ag—IA|
— (W)_# . Ay : A FM‘(%) A |RAA‘ 2 R /1)
a,+n T (2=lAl an ag =ML
" \A|( 2 ) ‘RAA—FSAA-F%’;”SO’AA‘ 2

where S44 and Sy a4 are the submatrices of S and S, containing rows and

columns indexed by A in S and S, respectively.

B.3 Multivariate linear regression

Let Y be a n x ¢ matrix of responses from the ¢ random variables Y7,...,Y,, X a
n X (p+ 1) matrix of observations from a set of p explanatory variables (including
the unit vector for the intercept) and B a (p+1)x ¢ matrix of coefficients describing
the effect of the explanatory variables on the responses. A Gaussian multivariate

linear regression model can be written in matrix notation as
Y=XB+E,

where E is a n X ¢ matrix of error terms, E ~ N, ,(0, I,,, Q7 !), with I, the n x n
identity matrix, €2 is the s.p.d. (unconstrained) column precision matrix and 0

the n x ¢ null matrix. Equivalently we write
Y | B, Q -~ Nn,q(XB7Ina Q_l)
and then

f(Y|B,Q)=(2m)" 7

. 1
Q|7 exp { — gt (Y - XB)' (Y - XB)] }
Letting B = (XTX)_lXTY, we can write
fY|B,Q) = (2n) 7|
1 ~ A At A
exp { - gt Q{(B-B)'X'"X(B-B)+E'E}] }

where E=Y — XB.
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B.3.1 Prior
A conjugate prior for (B, ) is given by
B|Q ~ N, (B,ChQ™),
Q ~ W,(a,R),
whose probability densities are
pBI) = (o iiClel Y e { - julaB - BTCE - B |

-1
a _aq a a—qg—1 1
p(Q) = [111(5)} o~ % |R|3 Q| F exp{ - 5tr(RQ)}
The joint prior p(B, Q) «x p(B|Q2)p(2) is then

Q2P+ +Ha—g-1)]
exp {

nB.) o K(C,R,a)

~Su[Q((B-B)C(B-B)+ R)] }

where
(2m)"% Ty (5)2%

MR = o)

is the prior normalizing constant.

B.3.2 Posterior
The posterior distribution of (B, €2) is

B|QY ~ Ny (B, (C+XTX) QY
QY ~ W,(a+n R+E"E+D),
where
= (C+X'X)"(X"Y +CB)

A

= (B-B)(C™'+(X"X)") (B~ B);

O W

see also Geisser (1965). Hence,

q(p+1)

p(BIQY) = (2m) % |C+ X X[|3|Q"F

exp { = %tr [((B-B)(C+X'X)(B- B))]}
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a+n

R+ETE+D whn—g- 1 A2
R+ DI Q"7 exp{ — ~tr|Q(R+ ETE + D)
g(a+n) a+n 2
27 Ty (%5")

p(QY) =

The joint density is then

p(B,Q|Y) = K (C+X'X R+E"E+D,a+n)

p+1 1 _

Q% exp{ —5tr [Q((B -B)'(C+X'X)(B- B))”

at+n—qg—1

Q" exp{ - %tr[Q(R+ E'E+ D)]}

where

a(p+1)

(2m) 2T, (am ) 2" ™
a+n

IC + X"X|?}|R+ ETE + D|%

K(C+X'" X, R+E'E+D,a+n) =

is the posterior normalizing constant.

B.3.3 Marginal likelihood

The marginal data distribution is obtained (up to a constant term) as the ratio

between prior and posterior normalizing constants,

_ng

(27)" % K~Y(C, R, a)
K- (C+XTX,R+ETE+D,a+n)
CIEIRIET, (55)2%

= — - 2 2 —— . (B.5)
(2m)%|C + XTX|?|R+ ETE + D|*3"T,(2)

Let now A C {1,...,q}, Y4 the corresponding n x |A| submatrix of Y and By

m(Y | X) =

the (p+1) x |A| submatrix of B, whose columns contain the regression coefficients
for the selected responses in Y. From the theory resumed in Paragraphs A.2 and

A.3, we obtain for the regression model restricted to the subset A,
Yy |B,Q~ N, 4 (XBa, I, Q54),
with the corresponding priors

BalQ ~ Nppija(Ba, €' Q).
Qui ~ Wa(a—|A],Raa),



B.3 Multivariate linear regression 115

where B, is the submatrix of B with columns indexed by |A| and |A| = ¢ —
|A|. The marginal likelihood of Y, is then obtained by coherently updating the
normalizing constants involved in m(Y"). Hence,

nlA| -
m(Ya| X) = (2m) "5 K~(C, Ras,a— |A|) (B.6)
K71(0+XTX,RAA —{—EXEA —|—DAA,CL — |/_1| —|—7’L)

[CJ8 [Ras 5T, (15H) 2%
- n|A| A )

(27T)T|C + XTX’%l’RAA + EA;‘FEA -+ DAA|G_‘3|+HF‘A|(a_2|A|)

where E A1=Y1—X B 4, while n, C and X are unchanged.
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Appendix C

Marginal likelihood of Gaussian

models: FBF setting

In the following we adopt an objective Bayes approach based on the Fractional
Bayes Factor (FBF) (Section 2.3) to evaluate the marginal likelihood of the Gaus-
sian models presented in Section B. As before, we are interested in computing the
marginal likelihood with respect to the n x |A| matrix Y4 which contains columns
indexed by A C {1,...,¢} in Y. The same results can be found in Consonni &
La Rocca (2012) and Consonni et al. (2017) with reference to Gaussian data with

zero expectation and multivariate Gaussian linear regression.

C.1 Gaussian data with zero mean

Consider the case in which (Y7,...,Y,)|Q ~ N,(0,Q7!) (Paragraph B.1). The

likelihood function given the n x ¢ data matrix Y can be written as
_ng, in 1
Y1) = @il o] - jusa)],

with § =370 vy

117
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C.1.1 Fractional prior
We start assuming the default prior for €2,
PP () o |9 7
The implied fractional prior (see Section ?7?) is then
PF@IbY) x (Y[ (@)

< |(27)"7|Q|? exp{ — %tr(SQ)H b|ﬂ|aDifq*1

Setting b = ng/n we obtain
pP(Q0Y) x (2r) QI exp{ - %tr(nOQS)}

where S = %S so that the fractional prior is

QoY ~ Wq(ap + no,nog).
The prior normalizing constant (see Section A.3) is

ap+ng

C<a’D + No, Q) ’ |n0‘§| 2,

ap —|—7’Lo>:|1

(ap+n0)
C@D"‘”O’Q) = 2 D;Oq[rq< 9

C.1.2 Posterior

The posterior distribution of €2 is obtained in the FBF setting of Section 2.3 as

PRIBY) x Y@ (R]5Y)

- {(zw)’?;m’% exp{ - %tr(SQ)H QR exp{ - %H(noﬂg)}

ap+n—qg-—1

x 105 o { - Julas +ms)

being
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Moreover, S + noS = nS = S so that

n—ng)q a n—q— ]_
p(2|ng,Y) (27?)*( 72 || e exp{ — 5’51‘(95)}.
Hence,
Q|no, Y ~W,(ap +n,S).

The posterior normalizing constant is

aD+n

clap +n,q)-|S| 2

(ap+n)q ap +n -1
clap+n,q) = 27 = [Fq( D2 )} :

C.1.3 Marginal likelihood

The fractional marginal likelihood for the Gaussian model A, (0, 27') is obtained

in analogy with the standard conjugate case described in Section B.1 as

m-n)a  c(ap +no,q) |n S|aD+nO
_{n=n0)q D 0y 0
mF(Y) = (27T) 2 ’ aD+n
clap +n,q) S|
T N e N T
- (ﬂ-) ' T ap+no “D+n
(25) ||
a(ap+ng)
_ (n=ng)g F aptn Mo 2 _n—ng
= (7-(-) 2 . % . (g . ‘S‘ 7, (Cl)
a7

The fractional marginal likelihood with respect to Y4, the submatrix of Y with

columns indexed by A is obtained accordingly as

ap— |A\+"0

(n*n20)|A\ ) C((ID — |A| + nyg, |A|) |n()SAA|
clap — |Al 4+ n,|A]) 1,04 2R [Al+n

|Al(ap—|Al+ng)

. r ap—|Al+n - 2
(e Da(®5 ),(@) 1S4

DM(W) n

mF(Yy) = (21)" (C.2)

where Sa4 is the submatrix of S with rows and columns indexed by A and |A| =

q—|A].
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C.2 Gaussian data with non-zero mean

Assume now (Yq,...,Y,) | p, 2 ~ N, (p, Q71) as in Section B.2. Given the n x ¢
data matrix Y, the likelihood function can be written as

n

fY 1) = Hp(yilﬂ)
= (2n) 7|2 exp{ — %tr(QSM)}
= el e { - Julo{u -0 -9+ Y e}

where e; = y; — y; see also Gelman et al. (2004).

C.2.1 Fractional prior

We start assuming the default prior for (u, ),

ap—q—1

PP (1, Q) o 9]
The implied fractional prior is then

pr(2bY) o« Y |p Q)p"(p Q).

Setting b = ng/n we obtain
ng n _ _ — ap—g—1
P, Qno,Y) o [Q7 eXp{—ftr[ﬂ{(u/—y)T(u—yHR}]}-IQ\ ?
no n _ _
= 192 exp{ — ftr[ﬂ{(u—yﬁ(u—y)}]}

ap—q—1 n _
Q= exp{ - ?Otr(QR)},

where

_ ] 1 «
R=-R-- el
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Multiplying and dividing by |n09|% we obtain
2 | 97 No, Y ~ Nq (gﬂ (n09>71)7

Q’no,Y ~ Wq(aD+n0 — 1,710R).

The prior normalizing constant is then

— ap+ng—1
clap +no—1,q) - |noR)| Bt ,

4 (aptng=1) ~-1\1"
clap +mno—1,q) = (2m) $ng -2 2% lq[rq(—aD+;° )] .

C.2.2 Posterior

The posterior distribution of (u, 2) under the FBF setting is obtained as

P 2]DY) x PV Qp (2 [bY)
~ [(2@’?19\%‘ exp{ Lufofn -9 -9+ R} H

|noﬂ|% exp { - %tr [noﬂ{(u —9) " (- g)}] }

ap+ng—q— 1 _
|2 prg=t=t exp{ - Etr [noQLR] }

Setting b = ng/n we obtain
n—mn, n—n _ _ _
sl ¥) o j0 5 e { =25 [0 (-9 (u -9+ RY]}

[nf2|% exp { - Be[o{n-9)" (-9} }

|Q|%07(F2 exp { — %tr[Q(R—i— S)}}

and so
s 7,0) o it { = Gofr{ a9 - 9]}

|2 S exp { - %tr [QR)] }
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Therefore we get

plQ0Y ~ Ny(@, (n)7)
QLY ~ Wq(aD+n—1,R).

The posterior normalizing constant is then

clap+n—1,q)-|R|” =

‘ 2_<aD+2n_nq {Fq (aD —|—2n — 1)} 71.

9
2

ok

clap+n—1,q9) = (2m) 2n

C.2.3 Marginal likelihood

The fractional marginal likelihood for the Gaussian model N, (u, 271) given the

data Y is obtained as

aD+n071
2

(n=na)a clap+no—1,9) |noR)

F _
m (YY) = (2r -
(¥) (2m) clap +n—1,q) ’R|7GD§”_
 (n=ng)a Fq(apgnfl) no % |’I‘L0n71R| aD+2n()71
- (ﬂ—) 2 ) r (aD+no—l) g ) ap+n—1
q 5) |R|™ 2

g(ap+ng)

ap+n—1 5 g
M(%> JRITTEY,(C.3)

since R is a ¢ X ¢ matrix and so

1 ap+ng—1 no w ap+ng—1
Inon~'R| >3 :(ﬂ IR

In analogy with the standard conjugate case described in Section B.2, we obtain
the fractional marginal likelihood with respect to Y, as

_mengial clap — |A| +no — 1,]A4]) ’nORAA’w
2 . ' ap—|Bltn—1

clap — A+ n—LIA) Ry,

m"(Ya) = (27)

|Al(ap—|Al+ng)

(nenial Ty (2=l n : i
_ (7'[')7#0 . \A|( 2 ) . (_0) . ‘RAAliiﬁil)

Dpy (22=Ate=ty \n
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C.3 DMultivariate linear regression

Consider now the Gaussian multivariate linear regression model of Section B.3,
Y |B,Q~N,,(XB,I,,9")
and assume the default prior for (B, ),

PP (B, Q) o |05

C.3.1 Fractional prior

The fractional prior is obtained as
p'(B,2b,Y) < f°(Y | B,Q)p"(B,Q).

Setting b = ng/n we obtain

no
n

Y |B,Q) = [(zw)"imy’% exp { - %tr [Q{(B ~B'X"X(B-B)+ ETE}] }]

- <2W>”8Wﬂ|"2°exp{ - ulQ{(B-B)' X X(B-B) +E‘TE}H
x |97 exp{ - %tr [Q{(B -B)'C(B-B)+ R}} }

where
1

~ 1 ~ A oA
C=-X'X, R=-E'E.
n n

Therefore we can write the fractional prior for (B, ) as

ap—q—1

pF(B,QneY) o Q> \Qy"z‘)exp{—%tr[ﬂ{(B—B)Té(B—B)}}}

exp { ~MuloR }

Hence, by multiplying and dividing by |Q[P™! we get

B|Q,bY ~ Ny (B, (neC)™, Q™)
QLY ~ Wq(ap—l—no—p—l,noR).

The prior normalizing constant is

(2r) a(pd1) Fq(aD—l—no—p—l ) 2%

2
ap+ng—p—1

K(noé,noR,aD+no—p—1): a2 ~_ -~
Inon !X TX|2|ngn ' ETE|™ 2
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C.3.2 Posterior

The posterior distribution of (B, €2) is obtained from

p(B,Q|Y)x f1UY | B,Q)p" (B, Q|ny,Y),

where

Y| B = |(21) 7% exp { — St [Q{(B -B)'X"X(B-B) + ETE}] }] '
x Q2 exp{ Doy [n{(B ~B)'C(B-B)+ R}] }

Hence,

p(B.QY) « |97 exp{ -S| {(B-B) C(B-B)+ R}”

1025710 % exp { - %tr [Q{(B -B)'C(B-B)+ R}} }

N

ap—q—1

x Q7> |sz|’5exp{——tr[n{(B—B)Té(B—BHR}}}

Ll V]

ap—q—1

- i e { - Julo(@ - B x x(B-B))] |

exp{ - lulo(EB)] }

Again, by multiplying and dividing by |Q[P, we get

B|QY ~ Ny (B, (XTX)' Q1)

QY ~ Wq(aD—l—n—p—l,ETE).

The posterior normalizing constant is then

(QW)%F(](&D—H’L_p_I)Qw

2
ap+n—p—1

XX ETE["

K(X'"X,E'"E,ap+n—p—1) =
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C.3.3 Marginal likelihood

The fractional marginal likelihood is obtained as

_(n=mq)a K~ '(noC,noR,ap +mno—p—1)

mf(Y|X) = (2n) ——
K'Y XTX,ETE,ap+n—p-—1)

@ )_(nf;o)q |TL07”F1XT)(|%|nOn*1ETE|aDJrngipi1
- ﬂ- : A A a n—p—
XX} BT
Fq(aD‘H"bQ—P—l) 2<1<aD+;—p—1)
Fq(aD+”§_p_1) ' 261(ap+n207p71>'
Moreover, since X ' X is a (p+ 1) x (p + 1) matrix, we have
q n q(p2+1) q
nen ' X7 X3 = <—°> IXTx|
n
and similarly for the ¢ X ¢ matrix ETE. Hence,
 (n—ng)a @ a(p+1) nng Fq<aD+T;—P—1)

Py |X) = (2n) "3 ()2 ETE-S
m ( | ) ( 7T) n | | ]-—\q(aD+n07p71)

(ap+ng—p—1)
no % a(n—ng)
- 2 2
n

and then

—p-1 (ap-+ng)
nongg Do (22H5E=) <n0 e neng
2 . —

m" (Y | X) = (n)” == ) T IETE (C)

n
Let now A C {1,...,q}, Ya the corresponding n x | A| submatrix of Y and B, the
(p+ 1) x |A| submatrix of B, whose columns contain the regression coefficients
for the selected responses in Y. In analogy with the standard conjugate case

described in Section B.3, we obtain the fractional marginal likelihood with respect

to Y, as

K(XTX,EJEj,ap—|Al+n—p—1)

m" (Y| X) = (nng)[A] s -
(2m) =2  K(nogC,noRaa,ap — |Al +ng—p—1)
and then
» ap—|Al+n—p—1 Allap—|Aling
(v ) = (- TR e ) 10y T e,
[ (t2=5gmet=) A n
(C.6)

being |A| = ¢ — |A| and B4, =Yy — X "By,
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