LOCALIZATION FOR RIESZ MEANS ON COMPACT
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ABSTRACT. The classical Riemann localization principle states that if
an integrable function of one variable vanishes in an open set, then
its trigonometric Fourier expansion converges to zero in this set. This
pointwise localization principle fails in higher dimensions. Here we study
the Hausdorff dimension of the sets of point where localization for Riesz
means for eigenfunction expansions of the Laplace-Beltrami operator on
compact rank one symmetric spaces may fail.

INTRODUCTION

This article deals with spherical harmonic expansions on spheres and
projective spaces. Let M be a d-dimensional compact rank one symmetric
space and denote by 0 = )\% < )\% < A3 < ... the eigenvalues and by
H,, the corresponding eigenspaces of the Laplace-Beltrami operator A, the
spherical harmonics of degree n. To every square integrable function, and
more generally tempered distribution, one can associate a Fourier series:

+oo
fl@) = > Yaf(x),
n=0

where Y, f(x) is the orthogonal projection of f(z) on H,. These Fourier
series converge in the metric of L?(M) and in the topology of distributions,
but in general one cannot ensure the pointwise convergence. For this reason
a number of summation methods have been introduced. One of these are
the Cesaro means

L
Cyflz) = A Z AN_p Yo f (),
n=0

where A% are the binomial coefficients (a4 1)(a+2)...(a+n)/n!. Another
one are the Bochner-Riesz means

saf) = 30 ( —jj;)aynf(x).

An<R

In particular, in both cases when o = 0 one obtains the so-called spherical
partial sums. The Cesaro and the Bochner-Riesz means of the same order
give rise to equivalent summability methods. In what follows we shall con-
centrate on the latter. The classical Riemann localization principle states
that if an integrable function of one variable vanishes in an open set, then
the partial sums of its trigonometric Fourier expansion converge uniformly
to zero in every compact subset of the open set. More generally, if a function
is smooth in an open set, then the associate Fourier series converges to the
26
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function in this open set. It has been known that there is no direct analo-
gue of the Riemann localization principle in higher dimensions, and there
are examples of the failure of localization in Holder, Lebesgue and Sobolev
spaces. See [1], [2], [4], and [5], [20], [25] for the role of antipodal points for
spherical harmonic expansions. See also the examples below. Despite the
negative results, it has been proved in [3] and [26] that there is an almost
everywhere localization principle for square integrable functions on M; that
is, if a function in L?(M) vanishes almost everywhere in an open set, then

20 Y, f(x) = 0 for almost every  in this open set. See also [8], [9], [13]
and [31] for the corresponding result on the Euclidean spaces. The works
of Bastis and Meaney deal with almost everywhere localization of Bochner-
Riesz means of order o = 0 for square integrable functions. On the other
hand, it is known that for square integrable functions localization holds eve-
rywhere above the so-called critical index o = (d —1)/2, while for integrable
functions the critical index is & = d — 1. See [5] and Theorem 2 below.
Finally, in [10], [11] and [15] the dimension of sets for which localization
fails is studied.

In this paper we continue this line of research in the area of exceptional
sets in harmonic analysis. In particular we prove that for Bochner-Riesz
means of order « of p integrable functions on compact rank one symmetric
spaces localization holds, with a possible exception in a set of point of suit-
able Hausdorff dimension. More generally we consider localization for distri-
butions in Sobolev spaces. The Bessel potential G7 f(z), —oo < v < 400, of
a tempered distribution f(z) = 320 ¥, f() is the tempered distribution

defined by
+o00o

@) =Y (1+22) 7 Yaf(a).
n=0
Our Sobolev spaces are the spaces of potentials of functions in LP(M).

Our first result is an exact analogue for Bochner-Riesz means of the result
of Meaney in [26] for spherical sums.

Theorem 1. Assume that f(x) is a tempered distribution on M, with spher-
ical harmonic expansion Y20 Y, f(x). Also assume that f(z) =0 for all x
in a ball {|z — o| < e}, with radius € > 0 and centre o. Then the following
are equivalent:

(1) limp 100 {SEf(0)} =0,

(2) limpy— 400 {n"*Y,f(0)} =0.

As shown by Bochner in [4], see also [31], the critical index for pointwise
localization of Bochner-Riesz means on Euclidean spaces of dimension d
is (d —1)/2. On the other hand, as shown by Kogbetlianz in [20] and
Bonami and Clerc in [5], spheres and projective spaces are different, since
antipodal points come into play. See also the paper of Hormander [19] for
the study of asymptotic properties of the spectral functions and summability
of eigenfunction expansions for elliptic differential operators. In our second
result we revisit this problem of pointwise localization.

Theorem 2. Assume that:

—00<y< 400, a=0, 1<p<+oo.
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Also assume that
(1) M is the sphere S¢ and

a+vy>d/p—1 if p<2d/(d+1),
a+y > (d-1)/2 if p=2d/(d+1),
a+y > (d-1)/2 if p>2d/(d+1).

(2) M is the real projective space P4(R) and, for every p,
a+y > (d-1)/2.

(3) M is the complex projective space P*(C) and

aty > (d—4)/2 + 2/p if p<4/3,
at+vy > (d—1)/2 if p=4/3,
at+vy > (d—1)/2 if p>4/3.

15 the quaternionic projective space an
4) M s th ternions jects PYH d

a+y > (d—6)/2 +4/p if p<8/5,
a+y > (d—1)/2 if p=28/5,
at+y > (d-1)/2 if p>8/5.

(5) M is the Cayley projective space P'6(Cay) and
a+vy>3+8/p if p<l6/9,
a+vy > 15/2 if p=16/9,
a+vy > 15/2 if p>16/9.

Under the above assumptions, if f(x) is in LP(M) and if G7 f(x) = 0 in an
open set ), then for every x € Q)

Jim (SR (@) = 0.

The result in the above theorem for the sphere S¢ is slightly better than
the corresponding in [5], where only the case v = 0 is considered and the
condition for localization is & > (d —1)/2 and o > d/p—1. When p =1 the
critical index for a + v has a geometric interpretation:

1
{dimension of the space} — 3 {dimension of the antipodal manifold} — 1.

Our third result revisits and extends the almost everywhere localization
result of Bastis [3] and Meaney [26].

Theorem 3. Assume that:

1 1
>0, —oco<y<+4o0, a>0, 1<p<2 0<p<aty—(d-1) (—2>.
p
Then there exists a positive constant C with the following property: If f(x)
is in LP(M) and if G7 f(x) = 0 in an open set ), then there exists F(x) with
|E|lr < C|fllzr and such that for all x € Q with distance {x,00Q} > ¢,

sup {|SHG7f(2)|} < GPF(x).
R>0



LOCALIZATION FOR RIESZ MEANS 29

By this theorem, since the set where a potential G F(z) = +o00 has Haus-
dorff dimension at most d — Bp, the set of point where localization fails has
a small dimension.

Corollary 4. Under the above assumptions on p, o and v, if GYf(x) =0
in an open set ), then the following hold:

(1) Ifa+~v=(d—1) (% — %), then for almost every point in €,

M
i {SRG7f(2)} = 0;

2) Ifa+y>(d-1) (%—%), then

li SEG =0
pim {SRGTf(2)}
at all points in this open set (), with possible exceptions in a set with

Hausdorff dimension at most § =d —p (a +y—(d-1) (% — %))

The case a = v =0 and p = 2 of the corollary is the above quoted result
on the almost everywhere localization for spherical partial sums of square
integrable functions. Indeed when p = 2 a more precise result holds.

Theorem 5. Assume that one of the following conditions holds:

(1) a>0, 0<a+vy<d/2, §=d—-2(a+7);
(2) a>0, (d=1)/4<a+y<(d-1)/2, d=d—2(a+7)—1;
3)a>0, a+y>(d-1)/2, §=0.

Assume that f(z) is in L2(M) and that G7 f(z) = 0 in an open set Q, and let
dv(z) a non-negative Borel measure with support in QN{distance {x, 00} >
e} for some € > 0. Then there exists a positive constant C' such that

1
o dv(z) dv(y) |2

| swp (867 @) dote) < e { [ [ AT

M R>0 Mim |z =yl

By this theorem, the maximal function supg.o {|SEG? f(x)|} cannot be

infinite on the support of a measure of finite energy, and this implies the

following.

Corollary 6. Under the above assumptions on p, a, v and 6, if GYf(x) =0
in an open set §2, then

Jim (SR ()} = 0

at all points in the open set £, with possible exceptions in a set with Haus-
dorff dimension at most ¢.

The above Theorem 5 and Corollary 6 extend to compact rank one sym-
metric spaces the results in [15] for the Euclidean spaces RZ. Tt is likely
that some of the above results can be further extended to eigenfunction
expansions of elliptic differential operators on Riemannian manifolds.

Finally, we want to point out that while the first two theorems on point-
wise localization are sharp, we do not expect that in the other theorems
the indexes on the dimension of sets where localization may fail are best
possible.
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1. HARMONIC ANALYSIS ON COMPACT RANK ONE SYMMETRIC SPACES

In what follows we shall denote by |z—y| the geodesic distance between the
two points x and y in a Riemmanian Manifold M. A two-point homogeneous
space is a Riemannian manifold with the property that for every two pairs
of points x1, 2 and y1, y2 with |x1 —z2| = |y1 —y2|, there is an isometry g of
M such that z1 = gy; and zo = gys. Birkhoff has called this property two-
point homogeneity. Wang in [34] has shown that any compact two-point
homogeneous space is isometric to a compact rank one symmetric space,
that is:

i) the sphere S = SO(d +1)/SO(d)

d=1,2,3,...;
ii) the real projective space P4(R) = SO(d + 1)/0(d)
d=2,3,4,...;

iii) the complex projective space P4(C) = SU(I +1)/S(U(l) x U(1))
d=4,6,8,... and | =d/2;

iv) the quaternionic projective space P¢(H) = Sp(I + 1)/Sp(l) x Sp(1)
d=8,12,16,... and | = d/4;

v) the Cayley projective plane P16(Cay).

Here d denotes the real dimension of any one of these spaces. Without loss
of generality, one can renormalise the metric and the measure so that the
total measure of M is 1 and the diameter of M is 7. If o is a fixed point in
M, then M can be identified with the homogeneous space G/K, where G
is the maximal connected group of isometries of M and K is the stabilizer
of 0 in G. The measure dzx is induced by the normalised left Haar measure
dg on G: For any fixed point o in M and any function f(z) integrable on
M7

jM f(2) dz = L; f(g0) dg.

In particular, the convolution on the group G induced a convolution on the
manifold M. A function f(g) on the isometry group G is right K-invariant
if, for every g in G and k in K,

f(kg) = f(g).
A function f(g) on G is bi-K-invariant if, for every g in G and k in K,

f(kg) = f(gk) = f(g)-

Functions and distributions on M = G/K can be identify with right K-
invariant functions and distributions on G. It suffices to put f(g) = f(z)
whenever go = z. A function is radial around o if f(x) only depends on
|z — o]. Radial functions on M correspond to bi-K-invariant functions on
G. Indeed, by the two-point homogeneity, K fixes o and acts transitively
on the set of points at a given distance from o. The points with distance
from o equal to the diameter of M are the antipodal manifold of o. If A(t),
0 <t <, is the surface measure of a sphere of radius ¢ in M, then

At) = C <sin ;)M (sint)V .
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The constant C' > 0 is chosen so that [§ A(t)dt = 1, M + N + 1 is the
dimension of the manifold, M is the dimension of the antipodal manifold,
and these parameters are as follows:

M M N M M N

S? 0 d—1 PI(H) d—4 3
PY(R) d—1 0 P'(Cay) 8 7
PY(C) d—2 1

If f(t) is integrable on [0, 7] with respect to the measure A(t)dt then, for
any o € M,

J f(lz — o) dz = r F(t) At) dt .
M 0

The compact rank one symmetric spaces admit an isometry invariant
second order differential operator, the Laplace-Beltrami operator A. The
spectrum of this operator is discrete, real and non-negative. One can arrange
the eigenvalues in increasing order: 0 = )\% < A? < A3 <.... More precisely:

M o= sn(sn+a+b+1).

The index n ranges over all non-negative integers and s = 1 if M = S%
PY(C), P4H) or P'%(Cay), while s = 2 if M = P%(R). The parameters a
and b and the eigenvalues A2 are given by the following table:

M a b A2
sS4 a2 a2 n(n+d—1)
P%(R) =2 =2 2n(2n +d —1)
P4(C) =2 0 n(n+ %)
PA(H) d-2 1 n(n+1+9)
P16(Cay) 7 3 n(n+ 11)

The eigenspaces H,, corresponding to the eigenvalues A2 are finite-dimensional,
invariant and irreducible under the group action, and they are mutually or-
thogonal with respect to the inner product

(frg) = JM f(z) g(x) dz .

Moreover L2(M) = @.> H,. For each integer n > 0let d,, = dimension{H,}
and {Y}, ; (x)}?;l be an orthonormal basis of H,,. The dimensions of these
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eigenspaces can be computed explicitly, but here it suffices to say that there
exists two positive constants ¢ and C' such that, for every n,

cl+n)t <d, < CA+n)¥t.

The Fourier expansion of a square integrable function, and more generally
of a tempered distribution, is given by

+0o0 +00 dn
flo) = > Yaf(x) = (n,7) Ynj(x) o
n=0 n=0 j=1

with
Finj) = j f(2) Vo (@) da
M

It is convenient to rewrite the orthogonal projection Y,, f(x) of f(x) onto H,
as a convolution:

dp,
Yof(x) = > f(n,]) Yo,(@)
=1
dn
— jM f() Z Yius(2) Yoy (9) ¢ dy

= J fly) Zn(z,y) dy .
M

The functions Z,(x,y) are the so called zonal spherical functions of degree
n with pole z, and they are related to a system of Jacobi polynomials: If
t = |z — y|, then

dn P,&“’b) cos(t/s
(1.1) Zn(z,y) = 32:31 Y (@) Yoi(y) = dn Pr(z(mb)((l)/ ) :

For all these properties of symmetric spaces and Jacobi polynomials see, for
example, [18], [21] and [31].

The following lemma gives an estimate for the size of these zonal spherical
functions, and play a crucial role in the problem of localization.

Lemma 7. With the notation Z,(x,y) = Zp(cost), if |z —y| = t, the
following estimates hold:

(1) For every x and vy,
Zn(z,y)| < Zn(2,3) = dn < C(1+n)d_1§
(2) If 0 <t < 7/2, then

Zn(z,y)] < C(1+n)4 (1+4nt)"@D2,
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(3) If m/2 <t <m, then

C+n)®1 (1+n(m—1t) V2 4 M=s,

C (14 n)d=1/2 if M=PiR),
|Za(z,y)] < C(+n)¥2 (14n(r—1)? if M=PYC),

C(1+n) a2 14nx—t)3? if M=PiH),

C(1+n)" (14n(r—t) 72 if M= P¥%(Cay);

Proof. The proof of (1) follows from (1.1).

The Jacobi polynomials P,(La’b)(cos t) have an asymptotic expansion, as n —
00, in terms of the Bessel functions:

inf “ t quga’b)(cost)
sin 5 cos 5 7}#7(’)(1)

1
I'(a+1) t 2
= 1)/2
(n+(a+b+1)/2)" <sint> Ja((n+(a+b+1)/2)1)
N 920 (1) if 0<t<en!,
t1/20 (n_a_3/2) if en!<t<m—e.

Here ¢,e > 0 are fixed and J,(x) is the Bessel function of order a. See
[32] p.197. On the other hand, the Bessel functions (see [22]) satisfy the
estimate:

Ja(@)| < C min {Jal?, o712} .
In particular, if 0 <t < 7/2,
pie? (cost)
P (1)

This gives the estimate for 0 <t < /2 in (2) . Observe that this estimate
depends only on the dimension of the symmetric space.

The estimates when 7/2 < ¢ < 7 in (3) are similar and they follow from the
symmetry relation

<C(14nt)y @

P (—z) = (=1)" P (x)
and the estimate
pieb (cost)

@) < CA+n)t (L4n(r—1) "2,
P(1)

g

Observe that the exponent of n in the estimate of Z,(x,y) when z = y is
{dimension of the space} — 1,

while the exponent of n when ¥ is in the antipodal manifold of x is

1
{dimension of the space} — 3 {dimension of the antipodal manifold} — 1.
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We conclude this section by recalling the definition and some properties
of the Bessel potential and the associated Bessel kernel,

G f(x) = jNiCTWw,y)f(y)dy,

“+o0o
—v/2
GV (z,y) = Z (14+A2) v/ Zn(x,y) .
n=0
The Bessel potentials on Euclidean spaces are presented in [30]. The prop-
erties on a manifold are essentially the same.

Lemma 8. If v > 0, then the Bessel kernel G7(x,y) is positive and inte-
grable, and it is smooth in {|x — y| # 0}. Moreover, if 0 < v < d, then
GV (x,y) ~ |x —y["~¢ when |z —y| — 0.

Proof. 1t follows from the definition of the Gamma function that, for v > 0,

- 1 oo, 2
14+22)772 = J ta 1o tHN) gt
e = 1) by
Therefore G7(x,y) can be subordinated to the heat kernel:
+00 /2
Glay) = 3 (1420 Zu(a,y)
n=0
1 J+Oo 31—t — —X2¢
= tz e e " Zo(x,y dt .
672 by 2 (@)

The heat kernel is smooth and positive and it satisfies some Gaussian esti-
mates. More precisely, there exists smooth functions ug(x,y) such that, if ¢
is small,

+00 n
0<d ey (a,y) = (4mt) e ltmu/40 (Z t* up(z,y) + O(t”“)) .
n=0 k=0

See [12]. The estimates for the Bessel kernel follows by integrating these
estimates. O

2. PROOF OF THEOREM 1

In what follows we consider operators of the form

+oo dn

Tfx) = >3 m) f(n,j) Yo,(@).

n=0 j=1

We shall always assume that m(\) is an even function on —oo < A < 400
with tempered growth, i.e. |m(\)| < C(1+ A)* for some k. The multiplier
m(A) is the Fourier transform of a tempered distribution and, formally,

+o0
Tf(z) = JM (Z m(An) Zn(wvy)> f(y) dy.

n=0
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Hence, the convolution of a zonal kernel T'(z, y) = >_.20 m(\,) Z, (v, y) with

a tempered distribution f(z) is that tempered distribution whose Fourier
transform is the pointwise product between the Fourier transform of T'(z, y)
and f(x). An example of such operators are the Bochner-Riesz means of
complex order a:

)\2 a dn R
sife) = ¥ (1-33) [ X oy | = [ stensma.
j=1

An<R

where
A2\
S = X (1-33) Zlen).
A <R
Then, with the above notations,
A2\
mR()\n) = < _n) .
R2) |

The main tool in our localization result is a decomposition of S%(z,y)
into a kernel with small support plus a remainder. A natural decomposition
is

SE(x,y) = SH(@,Y)X{jo—y|<} (@, ) + SH@,Y) (1 = X{jz—y|<c}(2,9)) -

This decomposition has been exploited for example in [17]. Here we exploit
a sort of smoothed version of the one above, and we decompose S%(x,y) into
a kernel with small support {|x — y| < e} and a kernel with small Fourier
transform. Let € > 0 and let () be an even test function with cosine
Fourier transform

O(r) =1 i |r| <e/2,
P(r) =0 if |7 >e¢.

Denote by mp * ¢(\) the convolution on R, i.e.

mpg *Y(\) = J mpr(A — 7)U(r) dr.

R
Then
+oo dp
D> ma(A) f(n,5) Ya,(@)
n=0 j=1

+00 dn
n=0 J=1
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The operators Ar and Bpg are associated to the kernels

+o0
Ar(z,y) = > mr () Zu(z,y)
n=0

+oo
Bg(z,y) = Z (mr(An) —mg * Y(An)) Zn(z,y) .

n=0
The kernel Ar(z,y) has small support.

Lemma 9. The kernel Ag(x,y) has support in {|xz—y| < e}. In particular,
if a tempered distribution f(x) vanishes in an open set Q then, for all x € Q
with distance {x,00} > ¢,

Arf(xz) = 0.

Proof. Let cos(7v/A)f(x) be the solution of the Cauchy problem for the
wave equation in R x M,
2

ﬁu(ﬂm) + Au(r,z) = 0,
u(0.) = f&), ~u(0.2) = 0.
Solving the wave equation by separation of variables, one obtains
+oo dn
cos (T\/Z) flx) = Z Z cos(TAn) f(n,j) Yo (x).
n=0 j=1
Hence, in the distribution sense,
+oo dn N
Apf(x) = > > mrxp(An) f(n, ) Yo (x)
n=0 j=1
= Z Z (J mp * (7)) cos(TAy) dT> f(n,j) Yn ()
n=0 j=1 >70
too foo dn —~
= | e [ XY cos(ran) Flnd) Yas(o) | dr
0 n=0 j=1

= J+OO me(r) ¥(7) cos (T\/K) f(z)dr.

0

By assumption 1)/[)\(7') = 0 if |7| > . Moreover, by the finite propagation of
waves, if f(z) = 0 in Q, then also cos(7v/A)f(z) = 0 for every z € Q and
T < distance {x,0Q}. Then the lemma follows. O

The Fourier transform of the kernel Br(z,y) is small.

Lemma 10. Ifmgr(\) = (1—-A\?/R?)%, then for every k > 0 and A > 0 there
exist C > 0 and h > 0 such that for every complex o with 0 < Re(a) < A
and every R > 1,

mr(\) = mp* (V)] < C (1+]a)* R7R4 (1 4+|R - A)7F .
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Proof. First observe that for every 7,

R—|A=71| < |R=)X + |7].
So we can write

ma(A—7)| = R8O (R4 | — 7))R®) (R — |x — 7§
< oRel@) R=Re(@) (IR — \| + | )R .
Since () is a test function, if |R — A| < 1 then
imr(A) —me*PpN)| < |mrA)| + [mpr* (A

< 2Rl o) R A s [ (R 4 ) (o) ar |
R
< gRe(®) p=Rele) {1 + J (1 + |r[)Re |¢(T)|d7} = C R~ R
R

Now consider the case |R — A| > 1. Observe that for every [ € N there exists
a polynomial P;(\) of degree [ such that

() = (3) (o)
2 (1-2) =rip(2) (1-2) .

on\" " R?), R R?),
The coefficients of P;()\) are dominated by (1 + |a|)!, therefore

al — Rela e(a)—
‘me(A)' < C (14 o))t RRe@ |R — yRe(e)=l

By assumption () has mean one, so

Imr(X) —mpg*p(A)| =

jR (ma(A— 1) — mp(N) $(r) dr

Since the positive moments of 1(\) are zero, for this last integral we can
write

JR (ma(A— 1) — ma(N) ¥(r) dr

-1 (—r) &
_ JR <mR(A7) -y = wm(») W(r) dr .

=0
Splitting the integration on R into {|7| < |R — A|/2} and {|7| > |R — A|/2},
one gets

M) — mg s H(V)| = j mp(\ — )| [$(r)] dr
{I7|>|R—=A|/2}
o l
— |— A d
" z; o e )‘ L|T>|RA/2} | e o

1 oL
+ — sup {‘m A—T }J L P(7)| dr.
L! par A=) {I7<IR-/2} I ol

*AITI<IR=Al/2}
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We have the following estimates:

j ima(A— )| ()] dr
{IT|=|R—X|/2}
< o) i) | (1R = A+ 7)) fi(r)] ar
{I7|=|R—\|/2}
< 6Re(a) RfRe(a) J |T’Re(a) |¢(T)| dr
{IT|>|R—AX|/2}

< CR—Re(a) |R_)\|fk

al
meH Al (o) dr
‘W {|T|zRA|/2}‘ ’

< C (1+|af)t R™Ee@) |R — yRe(e) 17 [(r)| dr

J{ITzRAW}
< C (14 |a)) R7Re@ |R—\7F

oL ;
sup { ‘mR()\—T) } J 7] [(r)| dr
(Ir1<IR=alz2y L [OAF {Ir|<IR-Al/2)

< O (14 |al)t RFel@ |R — y[Ree)- Lj 7] [(r)| dr
R

< C (1+ |a)f RRe@) g — yRe(0)—L
The thesis follows by taking L > Re(a) + k and h = L + 1. O

We are now ready to prove the theorem.
A necessary condition for the pointwise Bochner-Riesz summability of

S3f0) = 3 (1—2;) Y, (o)

An<R

is that {\,*Y,f(0)} — 0 when n — oo. See [36] for the corresponding
result for Cesaro means. Hence (1) implies (2).

Conversely, assume that f(z) = 0 in {Jz — o] < ¢}. By Lemma 9,
Agrf(o) =0. By Lemma 10,

|Brf(o)| < C Z R (1+A)* (L4 |[R= M) 7" [T+ X)) Yo f(0)] -

Observe that 37 R (14 X\,)* (1 +|R—\|) % < € < 400, with C
independent on R. If {(1+ \,)"*Y,f(0)} — 0, then also {Bgrf(o)} — 0.
Hence (2) implies (1).

3. PROOF OF THEOREM 2

Fix x € M, € > 0 and assume that G7f(y) = 0 if |z —y| < ¢, and
decompose SEG7 f(x) into ARG” f(x)+BrG" f(x) as in the previous section.
By Lemma 9, ArG" f(xz) = 0. Since BRG" f(x) converges to zero when f(x)
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is a test function, in order to prove the theorem it then suffices to show that
these linear functionals are uniformly bounded on LP(M). Recall that

+o0
BrG f(z) = JM f(y) <Z (mr(n) — me *v() (1+A2) 72 Z,(z,y) ) dy.

n=0

The norms of the functionals on LP(M) are the norms on LY(M), 1/p+1/q =
1, of the associate kernels. In particular, if G f(y) = 0 when |z — y| < ¢,
S (mR() = M = Y ()

|BRG" f ()]
q o i
n=0 (1+A2)"/2 dy} { JM [f ()P dy}

~+o0 1 1
M) = mp () ERL Rt
< nz:;) 1+ )\%)7/2 {nyzs | Zn(z, )] dy} {JM |f(y)] dy} .

By Lemma 10,

Zn(,y)

IN
—N
—
7
<
V
o

ma(An) —mr * )] (1+A2) 72 <CR 1+ |R= M) 1+ A) 77

This implies that in the above sum only a finite number of terms come into
play, the ones with A\, & R. Then the theorem follows from the following

1/
estimates for {J‘|x*y‘>5 | Z (2, 9)]? dy} q.

Lemma 11. Let e > 0.
(1) If M =S, then

{j Zo( )" dy}
lz—y|>e

Q=

(1 +n)d-1-d/a if q>2d/(d—1),
<C { (1+n)@D/2 (log(2+n)) VD yr g =2d/(d—1),
(14 n)d=0/2 if q<2d/(d-1).

(2) If M = P4R) then, for every q,

1

{J | Zn(, )| dy} < C (1+n)2,
|z—y|>e

(3) If M = P4(C), then

1 (1 +n)¥/?=2/a if g>4,
J Za(wy) dy s <C{ (14 n)@D2 (g2 + )Vt if g=4,
lz—y|>e (1 +n)d=1/2 if g<4.

(4) If M = P(H), then
(14 n)(d+2)/2=4/q if q>38/3,

{ J | Za(z, )" dy}q : C{ (1+n) D72 (log(2 +n))*® if ¢=8/3,
|z—y|>e (14 n)d-1)/2 if q<38/3.
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(5) If M = P'(Cay), then

1 (14 n)11-8/a if q>16/7,
{ J | Zn (2, y)|! dy} <OQ (1+n)'92 (log2+n)"" if q=16/7,
lo—yl>e (14 n)'5/2 if q<16/7.

Proof. The zonal spherical functions Z,(z,y) are radial around x and, with
the notation |x — y| = ¢t and Z,(x,y) = Z,(cost), an integration in polar
coordinates gives

{Lybg | Z(z, y)| dy}; _ {

If M = S% then A(t) = C (sint)?"!. Moreover, if 0 < ¢ < ¢t < m, by parts
(2) and (3) of Lemma 7,

| Zu(cost)| < C(1+n)"" (1+n(r—t) @2,

Jﬂ | Zn(cost)|? A(t) dt}}z :

£

Hence

{ r Zn(cos )| A(t) dt} ’

£

Q=

T—

< CO(1 Jrn)d”*g +Oo(1+n)T {J —Fratd-1 dt}

1/n
(1 +n)d-1-d/a if ¢>2d/(d—1),
< C{ (14 n)@ D2 (log(2 4 n)) " V/CD 5 g =2d/(d—1),
(1+n)d=1/2 if g<2d/(d—1).

This proves the lemma for S?. The proof for projective spaces is similar. [

Examples. The indices in Theorem 2 are best possible. As shown by
Bochner [4], the critical index for pointwise localization of Bochner-Riesz
means of functions in LP(RY) is a = (d — 1)/2 for every 1 < p < +o0. The
Bochner-Riesz kernel in R? is a Bessel function,

SRF@) = | 7 Tlat 1) RYZ2 2 gy (2mRly) Fla =) dy.
Hence, by the asymptotic expansion of Bessel functions, S% f(x) is approxi-
mate by

(o + 1) RE-1/2=e o 20 +d+1)7
: )a+1 J Jy| @2 cos <27TRy| _Qatdt D 1 ) )f(x—y)dy-
T R4

From this approximation it easily follows that a necessary condition for local-
ization is the boundedness of the term R(*~1/2=< that is o > (d—1)/2. This
result of Bochner has been extended by Il'in [1] to spectral decompositions of
self-adjoint elliptic operators: If a+v < (d—1)/2, then for any point z € M
there exists a function finite and in the Hélder class C*(M), which vanishes
in a neighbourhood of z, and such that limsupg_, ., {|SFG” f(z)|} = +o0.
In particular, for every 1 < p < 400 the assumption o +v > (d — 1)/2
is necessary for pointwise localization. By Theorem 1, another necessary
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condition for the pointwise Bochner-Riesz summability of S§%f(x) is that
{N Y, f(x)} — 0 when n — oo. Fix 0 < e < d, o € M, and define

—+00

f(z) = G°(z,0) = Z (1+Ai)_8/2 Zn(x,0).

n=0

By Lemma 8, this function is smooth on M —{o} and it behaves as |z —o|~¢
when z — o. In particular, this function is in LP(M) for every p < d/(d—¢)
and, by subtracting a suitable smooth function with fast decaying Fourier
expansion, it can be put to zero in {|z —o| > 7/2}. Finally observe that,
when |z —o| =,

(1+n)d-t=s if M=89,
(1+n)d=D/2== if M= PYR),
(1+22)"°2 Z,(z,0)| ~ { (14n)¥/2—= if M= PiC),
(1+n)d+2/2== if M= PiH),
(14 n)tt== if M = P%Cay).

These estimates imply that the indices in Theorem 2 are best possible for
every p when M is the sphere S? or the real projective space P%(R), and
also for p = 1 when M is the complex projective space P(C), or P(H), or
P16(Cay). Indeed, Gigante and Jotsaroop [16] have shown that the theorem
is sharp for every p and every compact rank one symmetric space.

The problem of convergence of eigenvalue expansions on compact Riemann-
ian manifolds has also been studied in [6], [7], [27], [28], [29] and [33]. In
these papers it is proved that localization for spherical sums may fail for
piecewise smooth functions on three dimensional manifolds, the so-called
Pinsky phenomenon, while it is proved that a sufficient condition for the
pointwise Bochner-Riesz summability of order « for piecewise smooth func-
tion is o > (d — 3) /2.

4. PROOF OF THEOREM 3

From Lemma 9 we know that ArG" f(xz) = 0 if distance {x,00} > «.
Then we only need to control BRG” f(x), which can be factorized as

SAGf(z) = GP SYGT P f(x).
When 3 > 0 the operator G? is positive, and this gives

sup B (o)} < 67 (Z‘i% {1BRGW—5f\}) (x).

Then, in order to prove the theorem, it suffices to prove that the maxi-
mal operator suppso {|BrG? 7 f(z)|} is bounded on LP(M). It suffices to
consider two cases:

(1) p=1and Re(a) =B+~ > (d—1)/2;

(2) p=2and Re(ar) =+~ >0.
The intermediate cases will follow by Stein’s interpolation theorem for ana-
lytic families of operators (see [31], Chapter V).
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Lemma 12. If f(z) is in LY(M) and Re(a) — B+~ > (d —1)/2, then

JM sup {’BRG’Y_B](.(-TJ)’} de < C (14 |a)! JM ) de

Proof. Let BRG7_6($, y) be the kernel associated to the operator BrG7 P,
- (8-)/2
BrG" P (z,y) = > (1+20)"77 (m(A\n) = mxp(An)) Zal(z,y).

n=0

The maximal operator supg-q {}BRGV_Bf(:E)‘} is dominated by

sup {|BeG? 1)} < | sup {|BaG @)} I o

R>0 M R>0

By Lemma 10,

0 (1 4 A2)(B-0/2
- — Re(a 1 An v Zn xr,Yy
(BRG” 5(9:,11)) < C (14 |af)r TR )" ( (1> ‘ A’ D’E )|

By part (2) of Lemma 7, with ¢t = |z —y| and 0 <t < 7/2,
’BRGw_ﬂ(%y)‘

+o0o _ _ —(d—
L+ X)) 77 (14 X)) (14 Apt) (@712
< C(1+‘a|)hR7Re(a)Z( +)‘) ( +)‘) ( + )

n=0 (14 |R— A\ )F
+oo d— 2 B 3
= C(1+a]) R~ Rel@) (172 37 (HH)( D2 (1A,
0 1+Ant (1+’R_)\n’>k
X% (1 4 Ap)BrHE-1)/2

< C (1 + |Oé|)h R—Re(a) t—(d—l)/2 Z

n=0

(1+|R = A])"
< C(1+ |al)t R~ Re(@)+B=yH{d=1)/24=(d=1)/2

This implies that, if Re(a) = f+~v > (d—1)/2and 0 < |z —y| < 7/2,

sup {|BrG ()|} < € (1t fal) | —y| 02
!

Similarly, by part (3) of Lemma 7, if Re(a)) — S+ > (d —1)/2 and /2 <
|IL' - y| s,

C( ) M=s?,
C ( ) if M= P
sup {|BrG7 P (@.y)|} < CO+la) (m=le—y) ™ if M= PY
f=0 C(+la) (r—la—y)** it M=PY

O ( ) if M =P
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By these estimates, supg~q {‘BRGV*[g(x, y)|} is integrable with respect to
x for every y, and

JM sup {‘BRG’Y_ﬁf(SC)‘} dx

R>0

< JM <JM sup {‘BRGV_ﬁ(:B,y)‘} dx) [f ()l dy
< sup {[ s {[Bec | act} [ il

yeM R>0

Actually this proof shows that supg.g {’BRGV Bf(x {} can be controlled
by a fractional integral of order (d — 1)/2 of f(z). In particular, if f(z) €
LY (M), then supgpso {|BRGY P f(2)|} is in LP(M) for all p < 2d/(d+1). O

Lemma 13. If f(x) is in L2(M) and Re(a) — 3+~ > 0, then

JM sup {]BRGV-ﬁf(x)f} dz < C(1+|a])? JM () da

R>0
Proof. By Lemma 10,

[BrG 7 f (@)
+oo dn ~
SN T @WH ) (mp(An) — me * (M) F(n,]) Vo)
n=0 j=1
< —Re(a) B W/ -
C (1+[a])" Z 1+|R WiG g

dn
2 fn
>}.
2}%

2
()| -

“+00 % [o'e}
¢ ol AT {Z (1(41-TR)\ Anl) Qk} {Z

+oo

dn
C (1 +[al)t R™Re@+57 {Z Yo Jng)y,

n=0 | j=1

Hence, if Re(a) — B+~ > 0,
sup {‘BRGvfﬁf(x)‘} < C (14 |a))t {Z
n=0

R>0

Zn:fnj
7j=1

and

JMsup {(BRGV—ﬂf( )) }dx < C(1+|al)? Zjé f

R>0
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Lemma 14. If f(z) isin LP(M), 1 < p < 2, and a—pF+v > (d—1) (% — %),
then

JM ;lil()) {‘BRG"/_ﬁf(iv)‘p} de < C(1+ |a|)Ph JM |f(2)]P da .

Proof. The lemma follows from the previous two lemmas via Stein’s inter-
polation theorem for analytic families of operators. O

5. PROOF OF COROLLARY 4

The Bessel («, p) capacity of a Borel set E' in M is defined as
Bop(E) = inf {||f|}, : G’fa) > 1on B} .

See [35], Chapter 2.6, for the definition on the Euclidean spaces R?. The
definition and properties of Bessel capacity in a manifold are similar. For
e>0andt>0,let

E = {3: € Qn{distance {x,00} > e} : limsup {|SEG" f(z)|} > t} .
R—+o00

Theorem 3 and an approximation of f(x) with test functions show that the
(a, p) capacity of E is zero for every ¢ > 0 and ¢ > 0. On the other hand, if
a set has («, p) capacity zero, then it also has d — Bp + n Hausdorff measure
zero for every 7 > 0. This implies that the d — 8p Hausdorff dimension is
Zero.

Examples. In [25] it is shown that there exists radial functions in L% (@+1) (M),
vanishing on half of M, with spherical harmonic expansions diverging al-
most everywhere on M. Actually a small modification of the argument gives
divergence everywhere. See [14] for the two dimensional case of the expan-
sion in Legendre polynomials. On the other hand, by an application of the
Rademacher-Menshov theorem on orthogonal series, in [24] it is shown that
the spherical partial sums of functions in L? Sobolev spaces of positive order
converge almost everywhere.

As mentioned at the end of the proof of Lemma 12, we suspect that some
of the indexes in Theorem 3 and Corollary 4 can be improved.

6. PROOF OF THEOREM 5

If G” f(z) vanishes in an open set Q and if a ++ > 0, by the positivity of
the Bessel kernel, for every x in Q N {distance {z,0Q} > ¢} one has

sup {|SpG7f ()|}
R>0

= sup {|BrG" f(z)|} = sup {|G*"VBrG™[(z)|}
R>0 R>0

<0 (g (B} ) )
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By Lemma 13, if a > 0, then

JM sup {‘BRG*O‘f(x)‘Q} dr < C J/\/t 1f ()| da .

R>0

Then part (1) of Theorem 5 follows from the following lemma and the esti-
mate G2 (z,y) < C |z -yt~ in Lemma 8.

Lemma 15. For every F(z) € L?*(M), for every non-negative finite Borel
measure dv(z), and for every n > 0,

1
2

| terr@avw) < 171 { [ [ @) dute) avt |
M MIM
Proof. Since the Bessel kernel is positive, it follows that
IG"F(z)| < G"[F|(z).
Then it suffices to assume F(x) > 0. We get

+00 dn

) dv(z) = 272 By i v(z
JMG”F()d() jM ;)];(Hxn) F(n,j) Yo, (@) | do(@)
+00 dn 9 2 400 dn 2 :
<33 B SY (1422)7 J Y, ;() do(z)
n=0 j=1 n=0 j=1 M
- 2\~ (x ; v(z) dv
= |IF| JM jM go (1+22) ;Ym( ) Yas (@) | do(z) do(y)

=17l { [ [ @ avie) avi }5 |

To prove part (2) and (3) of Theorem 5 it suffices to replace the maximal
operator supp~q {|S3G" f(x)[} with a linearised version g(x)Bpr(,)G" f(z),
where g(z) and R(z) are arbitrary Borel functions with |g(z)] < 1 and
R(x) > 1. Moreover, possibly splitting the measure dv(z) into a finite sum
of measures with small support, one can assume that the diameter of the
support of the measure is smaller than half of the diameter of the manifold
M. In particular, if a point x is in the support of the measure, then the
antipodal points are far from this support. Set

BR(x) Gvf(x)

9le) = | B GV f(x)|
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Then, with the notation Br(A) = mz(X) — mp * (),

J | BroyG7f(z)| dua)

+oo dp
J (ZZ (1+X2)7" Brgy() J(n,)) Yo <x>) dv(z)

n=0 j=1

< || fllz2 { f dZ 1+A2)7"

n=0 j=1

Lemma 16. Assume that dv(x) is a nonnegative measure with support
smaller than half of the diameter of the manifold M, and that

5 — { d—2a+7y)—1 if (d-1)/4<a+vy<(d—1)/2,
10 if a+vy=>(d-1)/2.

Also assume that |g(x)| < 1. Then

S - — ? dv(z) du(y)
2 K x i\ VT —_— .
3. () | 00 Br ) Vs o) < | S

Proof. By the addition formula Z,,(z,y) = 2?21 Y, j(x)Y, ;(y), we can write

+oo dpn 2
>3 )7 | [ 06e) B () Yaslo) do(o)| =
n=0 j=1 M
+o00
[ ] (Z (14+22) ™ By () Brggy ) zn<x,y>) 9(x) g(y) dv(x) du(y)
MIM \ =0
Define
+oo - .
I(z,y) = Z (14 22)"7 Brw)(An) Brey)(An) Zn(z,y)
n=0

Using the estimates for Z,(z,y) in part (2) of Lemma 7 and the estimate
on Br(A) in Lemma 10, if t = |z — y| with 0 <t < 7/2,

+0o0
I@,y) < C > (L4 M)" 27 (14 A) @D [ By (A
n=0

[Brgy ()

+o0 d—2v—1 —(d—1)/2
— —« (1 + )\n) 7 (1 + Ant)
CR(z)™™R
= G ) Z::O (L+ [R(z) = Mal)" (14 |R(y) = Au])

Observe that in the last sum only a finite number of terms come into play,
the ones with |R(z) — A\p| S C and |R(y) — A\| S C. This gives

I(z,y) <CR(y)™ R(x)*"271 (14 R(x)t)"“"V? 1 +|R(z) - R(y))*
+ C R(z)™® R(y)4 =271 (1 + R(y)t) "2 (1 + |R(x) - R(y)|)* .
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If k is large and if R(x) and R(y) are close to each other, R(z) < R(y) <
3R(z), then (1 + |R(z) — R(y)]) ™" can be bounded by one and this gives
I(w,y) <CR(y)™ Ra)71 (14 Rajt) 02

+ C R(x)™ R(y)* 77" (L+ R(y)) D2
< C R(z)%20-2-1 (1 4 R(x)t)~@D/2
If R(x) and R(y) are far from each other, 3R(z) < R(y),
then (14 |R(z) — R(y)|)™" can be bounded by R(y)~* and this gives
I(,y) <C R Ry (1+ Ry~
+ C R(x) ™" Ry)" "7 (1 R(y)t)” D7
< C R(z)%20-2-1 (1 4 R(x)t)~ @D/

+ C R(y)* =271 (1+ R(y)t) D2,

In both cases, when (d —1)/4 < a+vy<(d—1)/2,

Iw,y) < C sup { RI2-271 (14 Ry~ -0/2 )
R>1

< Ct—d+2a+2'y+1 sup { (Rt)d—Qa—Q’y—l (1 +Rt)_(d_1)/2}
R>1

A similar computation shows that, if a+~ > (d—1)/2, then I(z,y) < C. O

This concludes the proof of Theorem 5. By this theorem, the Bochner-
Riesz means cannot diverge on the supports of measures with finite energy.
Hence, by the relation between energy, capacity, and dimension, these means
cannot diverge on sets with large dimension.

7. PROOF OF COROLLARY 6

It suffices to show that the maximal function sup g~ {|S3G” f(x)|} cannot
be infinite on subset of Q with Hausdorff dimension greater then §. Consider
7,0,7 € R and recall that the 7-energy of a finite Borel measure v on a metric

space M is defined by
J' J dv(z) dv(y)
MImo lz—ylm

If o < n, it follows directly from the properties of the Hausdorff measure
that every set of dimension 7 has infinite o-dimensional measure. Besides, by
Frostman’s Lemma (see [23], Theorem 8.17), there is a finite and nontrivial
Borel measure supported on one of these sets with v{|z — p| < r} <r? for
each p € M and r > 0. In particular, this measure has finite 7-energy for
every 7 < o. To obtain the corollary it then sufficient to apply Theorem 5
with d <7 <o <.
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