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1 Introduction

Newton-Cartan (NC) geometry was originally proposed as a covariant formulation of New-
tonian gravity (see e.g. [1] for a review). In recent times it raised growing interest for
applications to condensed matter systems (see e.g. [2-5]), such as fermions at unitarity and
quantum Hall effect. The background fields of NC gravity provide a natural set of sources
for operators in the energy-momentum tensor multiplet of theories with non-relativistic
Schrédinger invariance.

Many theoretical difficulties in dealing with these systems are due to the strong cou-
pling nature of the interaction. Strong coupling may drastically change the infrared (IR)



degrees of freedom coming from a given ultraviolet (UV) description. Renormalization
Group (RG) trajectories may interpolate from weak to strong coupling changing the na-
ture of the physical spectrum and of the degrees of freedom. In relativistic theories there are
general results which formalize the intuition that information is lost when coarse graining
is implemented from UV to IR, namely Zamolodchikov’s c-theorem in d = 2 [6], the F-
theorem in d = 3 [7-9] the a-theorem in d = 4 [10-15]. For condensed matter applications,
it would be interesting to establish similar results in non-relativistic systems.

With these motivations, in the last years a certain amount of work has been devoted to
the study of non-relativistic trace anomalies. In general, trace anomalies can be classified
into two classes [16]: type A or B depending if they have non-vanishing or vanishing Weyl
variation, respectively. The relevant ones for RG constraints are the type A, such as ¢ in
d =2 or a in d = 4 relativistic systems.

In the non-relativistic case, at a fixed point space and time may have different relative
scaling, which can be parameterized by the dynamical exponent z:

z' ezt t—e*7t. (1.1)

Moreover one may distinguish between Schrodinger and Lifshitz systems, whose main dif-
ference relies on the presence of Galilean boost invariace. So far, in all the known cases,
the Lifshitz trace anomalies (see [17-23]) turn out to be of type B and so they do not
give interesting candidates for monotonic quantities. In the Schrodinger case, in d = 2+ 1
dimensions and for dynamical exponent z = 2, if one couples the theory to a curved NC
background, it exists a type A anomaly [24].! The structure of this anomaly is the same as
the trace anomaly for d = 4 relativistic theories, and so it includes a type-A and a type-B
part, parameterized by a and c¢ coefficients:

A=—aBEj+cW?*+.... (1.2)

In this equation E4 and W? are the Euler density and the Weyl tensor squared of the
null reduction metric in eq. (2.4); these quantities are completely determined in terms of
2 + 1-dimensional NC geometry data. The use of the extra dimension is a formidable
trick to conveniently keep track of the Milne boost symmetry. Cohomological analysis and
general properties were studied in [21, 24-26]. The first explicit calculation of anomalies
for a physical system was performed in [27] with the Heat Kernel (HK) method, for the
case of a free scalar. Later this result was confirmed in [28] using Fujikawa approach.? On
the other hand, both the calculations in [27, 28] disagree with [29].

Fermions are a fundamental ingredient in Nature; the purpose of this paper is to study
conformal invariance and anomalies for a free non-relativistic spin 1/2 fermion coupled to a
generic curved Newton-Cartan background, using null reduction from a 3 4+ 1 dimensional
relativistic action. First of all, we show that it is possible to couple the fermion to the

!An interesting subtlety is that, in order to get a type-A anomaly, gravity backgrounds which do not
satisfy Frobenius condition must be considered [21, 25].

In [28] an extra term is present, which could not be detected with the background chosen in [27]; this
issue deserves further study which goes beyond the purpose of the present paper.



geometry in a Weyl invariant way; this is not trivial, due to the different scaling properties
of the components of frame fields, spin connection and dynamical fermionic fields. Our
analysis specializes to the case where the gyromagnetic ratio g is twice the spin s; the
generic case requires modified Milne boost transformations [5] on the sources and can not
be studied by null reduction.

The other issue that we address is the computation of the anomaly coefficients a and
c using Heat Kernel. In the bosonic case, these coefficients turn out to be proportional to
the corresponding ones in relativistic systems in 3 + 1 dimensions. We find that the same
property still persists also in the fermionic case.

The paper is organized as follows. In section 2 we derive the fermionic action from
the null reduction of the Dirac one and we discuss the gyromagnetic factor. In section 3
we show in detail that the action is Weyl invariant. In section 4 we compute the trace
anomaly using HK method. We conclude in section 5, tecnical details are in appendices.

2 Null reduction for fermions

2.1 Metric and frame fields

We will consider the coupling of non-relativistic fermions in 2 + 1 dimensions to a back-
ground NC geometry. In order to make the implementation of the local version of the
Galilean symmetry (Milne boost invariance) more covenient, we use the null-reduction
method [30] from an extra-dimensional relativistic 3+ 1 dimensional theory. We will some-
times refer to null-reduction method as Discrete Light-Cone Quantization (DLCQ). Useful
references about NC geometry include [31-40]. Galilei invariance for fermions was first
studied in [41]. For other approaches to couple non-relativistic theories to background NC
geometry see [5, 42]. Other applications of null reduction to fermions were discussed in [43].

In our conventions late latin capital indices, like M, N, ..., correspond to 3 + 1 dimen-
sional curved space-time indices, whereas early latin capital indices like A, B, ..., corre-
spond to tangent space indices, where the metric is locally flat. The coordinate x~ denotes
the null direction of the dimensional reduction. The remaining light-cone coordinate, z,
will play the role of time in the lower dimensional non-relativistic theory. Curved space
coordinates will be labelled by lower case latin indices ¢, j, ..., whereas the tangent space
counterparts will be labelled by a,b,.... Collectively, space time indices of the lower di-
mensional theory will be denoted by u,v,... and «,(,... for curved and tangent space
coordinates, respectively. Summarizing, DLCQ indices are

M:(_vﬂ):(_7+vi) (i:1a2)

2.1
A= (—a)=(—,+,a) (a=1,2). 21)

Since the light-cone indices 4 use the same symbols for curved or tangent space indices,
we will use the notations

+, =+, (2.2)
(M) (4)

indicating that they refer to curved (subscript (M)) or tangent space (subscript (A)) light-
cone coordinates.



In order to apply the null reduction, we will consider fields of the form
(M) = lah)eime” (2.3)

and a metric of the form

0 n A2 —20- A vW —h"7A
G — v GMN = 7 . 24
MN <n# nuAy +n, AL+ hw,> ’ (U“ — h*7 A, hHv ) (2:4)

We denote the determinant of the metric as:

Vi = V= det Gap = \/det(hy + nyn,) (25)

The metric tensor Gjsny defines a non degenerate 3 + 1 dimensional metric whose

entrees encode the main ingredients of the 2 + 1 dimensional NC geometry: a positive
definite symmetric rank 2 tensor h*¥, which corresponds to the spatial inverse metric,
and a nowhere-vanishing vector n, (defining the local time direction), with the condition
n,h** = 0. In order to define a spatial metric with lower indices and a connection, one
introduces a velocity field v#, with the condition n,v* = 1. Given (h*,n,,v"), one can
then uniquely define h,,, with:

h**hg, = 08 —vt'n, = P, huav® =0, (2.6)

where P}’ is the projector onto spatial directions. The velocity vector is not unique (it is
only required to satisfy n,v* = 1) and the ambiguity in the choice of v is related to the
last ingredient of the NC geometry: a non-dynamical gauge field A,, whose presence is
necessary to guarantee Milne boost invariance. This gauge field will act as a source for the
particle number symmetry. We introduce, for later convenience, the antisymmetric tensors:

F/.u/ = ap,nu - al/”}t’ F/JJ/ = a/,1,141/ - 8VA;L . (27)

The null reduction is a useful trick to realise the invariance under the following Milne
boost transformations:

v = vk 4 RV,

hiw = hyw — (nu P + 1y Pl )by + npun, W79 10,
1
A = Ay + P, — Sl Yo (2.8)

while n, and h*" are invariant. Modified Milne transformation may also be considered,
but then the null reduction trick can not be used (see e.g. [31]). The following quantities
are Milne invariants but are not U(1) gauge invariants:

UZ = ot — hqug ) (hA)uu = huu + Aunu + Aunu ) (Z)A = A2 —2v- A,
(QA);LVU = (a,u(hA)ucr + au(hA),ucr - aa(hA),ul/) ) (29)

where A2 = h*A,A, and A-v = v*A,. Note that the standard NC index notation in

d + 1 dimension does not specify how objects transform under Milne boost, for example

vY is invariant and v* is not.



The Levi-Civita connection obtained from the metric in eq. (2.4) is:

1 - 1 .
r- =1"_=0, I, = 511;1?“0, e = §h’“F,,U,
_ 1 ”
L = 9 (A (9uny + Ouny) +03(QA) pvo)
1 ag
Fﬁp = ) (vﬁ(@,,np + apnu) + ht (QA)VPO’) . (2.10)

One may wonder about the relation between this symmetric connection and d + 1 dimen-
sional connection f’,fp used in the standard torsional formulation of the NC geometry. The
latter defines a d + 1 dimensional covariant derivative D, with the following properties

Dun, =0,  Duh* =0, (2.11)

a

and with purely temporal torsion, i.e. h,wf[yp

| = 0. The connection %, (which is not

symmetric if F),, is non-zero) is given by:

r 1 o o
F’,fp =v"0yn, + §h” (Ovhpo + Ophye — Oghyp) + RH nwK

p)o s (2.12)

where the two form K, parametrizes an ambiguity which is not fixed by the conditions in

m

eq. (2.11). The simmetric part T* s related to I'%, by the following relation [31]:

(vp)
. 1 .
Fl;p = Fél,/p) + §hﬂ (QA)ypa ) (213)
while T'¥ . is not directly related to I'%,.
[vp] P

Since we are dealing with spinors, the covariant derivative also contains the spin con-
nection term and then it is necessary to introduce an orthonormal frame field (vielbein)
which relates the metric in the curved spacetime with the flat tangent space. The metric
in the flat tangent space is given by

0100
1000
Gap =GB = 0010 (2.14)
0001
As usual, the vielbein are defined by the following relations:
Gun = ey Gapey, Gap = "4 Guney,
eyt =645 eMety = 6% (2.15)

In order to consider the coupling of fermions to 2 + 1 NC gravity, the dreibein will be
defined by dimensional reduction of fierbein. Such operation is not unique. The following
choice turns out to be convenient:

€ e_ e, 1 A,

v=lety =1~ el =10 n (2.16)
a a a a
ey e’_ e 0 ey



We can further simplify our expression by using the consistency relations among fielbein
with different indices

e]\ﬂeBM = (5AB , eAMe]\Ql = 5]\?7, (2.17)

which entail the following constraints:

vte®, =0 (from €™ e®), = 0)

nyuet, =0 (from eMety, = 0)

etet =50 (from e™eb), =0) (2.18)
h’“’e“ueby = b (from e™eb), =0)

e“ue“,, =hu, et e’, = h, et, = el

These relations simplify the vielbein with the inverted indices:

M _ (v v oM\ _ (€ €4 €q)_ (1 —vAs —h"Ase]
caT (e - €+ € a) = <e” e, e“Z) = <0 " v ga 1. (2.19)
- v

The following relation is useful:

hupel = huph?Tel = (6, —v'n,)er = e, . (2.20)
2.2 Dirac action
The Dirac operator is expressed as

Conventions for gamma matrices with lightcone indices are summarized in appendix A.
The covariant derivative takes the form

1 1
Dy¥ = <3M + 4WMAB’YAB> U= <8M + 8wMAB[’YA,’YB]> v, (2.22)

wirAp being the spin connection defined in appendix B. We shall derive the non-relativistic
fermion action in 2 + 1-dimensions from the null reduction of the 3 + 1-dimensional Dirac
action:

S = /d%; qivPV. (2.23)

The connection in the covariant derivative Dj; has no torsion term and so the lagrangian
in eq. (2.23) can be made hermitian by partial integration.

2.3 Flat space-time

We start by considering the simplest flat case:

= (1,0,0),  hy = diag(0,1,1), o= (1,0,0), (2.24)



and A, = 0. The Dirac action is just the flat one. The following notation is used:

My = | ¥ eime” (2.25)

and the Dirac Lagrangian can be written as

L= —vomxtxr — V2mxlyxr — V2ip}0ipor — V2iphdpn+
il (B +id)xL + ixL (01 — i02)pr, — ix (01 +i02)pr — ik (D1 — iD2)XR -

(2.26)
We find the Euler-Lagrange equations of motion for the various components:
Lo o) L0 1 ioy)
= —_—— — 1 5 = - —— VA 5
XL m/3 1 2)PL XR m /2 1 2)PR
1 1
Orpr, = —=(01 + 10 , 0, = — —(01 — 10 . 2.27
oL \/5( |+ 102) XL HOR \/5( | —i02)XR (2.27)

As expected for the Dirac action in the massless case, the left and right Weyl spinors
decouple. The auxiliary fields xr r can be eliminated by the equations of motion and
replaced in the Lagrangian; we obtain a set of decoupled Schrodinger equations for the
fermions ¢, g.

2.4 Curved spacetime

In this section we will write eq. (2.23) in a more explicit way, in order to later establish
the gyromagnetic factor and show that the action is conformal invariant. The left and
right-handed parts of the Dirac spinor decouple:

- (‘I'L> L W = (XL> . Up= (”) . (2.28)
Vg YL XR

In the remaining part of this section we will consider the action £; for just the left com-
ponent ¥y, (Vg is completely analogous):

U, = (X) emrT S = /d4x\/§£1, (2.29)
¢

where

4

+ jemimaT (XT g@T) GtD . | Y] eme (2.30)
(A) ¥

E]_ - Z‘PE&ADA‘IJL = ’L'e_imw_ (XT @T) 6-_D _ !<X> eiml'_]
(4)



For convenience, we renamed (x1,,¢r) as (x, ). An explicit calculation gives:

D _
D_:eM,DM:(lo) on | =D _ |
(A) (A) D# (M)

D
Dy =eM Dy = (—UUAU vu) o0 | = —07A,D _ 4D, (2.31)
(A) (A) D# (M)

D _
D, = eJ\gDM = (eraAU e“a> ( (M)> =—e"AsD _ +¢e",D,.

D# (M)

We can write £ as follows:

L= — \/imXTX — \/§i<pTDtg0 + igOT(lj1 + iDQ)X + Z.XT(IA)I - iD2)§0
() 0 5
; o) . (232

+ % (XT LPT> (5-— _ UUAaa.—i- _ O_aeaaAU) W ABO_AB (X) ,
(M) ¥

where we introduced derivatives which are covariant with respect to the local
U(1) symmetry:

Dy =v" (9, —imA,),  Dg =", (9, —imA,) . (2.33)

The last two lines are more troublesome and require the explicit knowledge of the compo-
nents of the spin connection, because its Lorentz indices are contracted with sigma matrices,
containing also spinorial indices.

We can put the action (2.32) in the following form:

L= (XT goT) (é g) ((’;) : (2.34)

where

~ . = B~

FWUV> : C = (e +ieh) <1D# + ZZFW,U ) ,

. . . 1

E=1+2 [Uu< —iD, — ihpaa#hpa> - %(quuauny +9,0) — 4Fwe’fe§’] . (2:35)
In these expressions Du denotes a partially covariant derivative which includes just the

gauge and the curved space spin connection wyqp built just with the spatial tetrad ej; this
derivative acts on the matter fields ¢ and x as follows:

9 ) ~ i . .
D, = [@L — 5(,«1#12 — zmAl,l 0, D,x = [@L + 5(.%12 — zmAl,l X, (2.36)



where

. 1
Whab = 5 (eya (auebu - 8’/ebu> - eub (aﬂeal/ - 81,6(1“) - eyaepbec,u (aVeCP - apecl/)) :
(2.37)
The auxiliary field x is determined by the equations of motion as follows:
i(ef —ieh) (Du - %UZ’FW> 7
Y = (2.38)

V2 (m + L”Z%;)

Replacing it into the action in eq. (2.34), we could obtain a cumbersome Lagrangian written
only in terms of ¢. In order to keep our calculations simple, we will later specialize to some
specific backgrounds.

2.5 Gyromagnetic ratio

Let us compute the gyro-magnetic ratio of the non-relativistic fermion. We consider flat
background space-time as in eq. (2.24) and a generic particle number background gauge
field A,. Specializing the general results in appendix B, we find the non-zero components
of the spin connection:

1 B 1 B
Witi = —Foi = —F;, Witj = _§Fij =—5 Woij = _in'j =-3- (2.39)
Eliminating y with the equations of motion, we obtain:
iLe 1 . 1
S= | &z |90 — =69 (Dip) (Djp) — ~Beplp| . 2.40
[ @ |56t - 50T D)D) - 1B (2.40)

In this calculation we considered a left-handed fermion; the case of a right-handed one
is completely analogous and gives the same lagrangian, with an opposite sign for the
Byl coupling.

The generic form of the gyromagnetic coupling in 2 4+ 1 dimension is

q i
—B 2.41
:F94 22 ( )

where ¢ is the charge and the F sign refers to left or right-handed spinor, respectively.
Since in our conventions the charge associated to the particle number symmetry is ¢ = m,
we find a gyromagnetic ratio ¢ = 1. This is consistent with the form of the Milne boost
transformations which come from null reduction, which are valid for g = 2s [5]: this is the
simplest way in which Galilean covariance can be realized.

3 Weyl invariance

In order to study the conformal symmetry of the theory, it is useful to determine the Weyl
weights of the fields appearing in the action. Weyl transformations act on the metric in
the following way:

n,—e*n,, hyw—€* hy e 2k R —e 2T B (3.1)



The action on the frame fields is as follows:
ey — e et el e, eyr—eqre’

eM — M) e —elle2 eM Moo (3.2)

It is also useful to know how each element of the spin connection transforms under a Weyl
transformation:

W_agb—W—ab Woggq—e (W_tq +€0,0),

Wy—q—€" (Wy—q + nye,0,0),
Wy —Wy—g — Oyo + 10" 00, Wyta—re 7 (wMJra + (—v”eﬁ + eZA#) 81,0) ,
Whab—Wyab + (eZeZ — eZeZ) 0o . (3.3)
In the usual relativistic case the components of a Dirac spinor have all the same Weyl

weight; this is not true in the null reduction setting that we are considering, because
the tetrads have different Weyl weights. The transformation of the (x, ) components is

as follows:
x—e 27, p—e Tp. (3.4)
This can be derived from dimensional analysis in the flat case, see eq. (2.27): in units of
length, [¢] = —1 and [x] = —2. In the case of a Dirac fermion
XL -2
-1
v=|7r , dimensions are V] = . (3.5)
YR -1
XR -2

We note that this Weyl weight choice is crucial in order to assign to the term ¥V a well-
defined Weyl weight. A conformal coupling term such as R¥V¥ would have mass dimension
5, spoiling conformal invariance.

Promoting o to a spacetime-dependent function in eq. (3.4), one can then verify the
Weyl invariance of the action in eq. (2.32) by direct calculation, using the non-homogeneus

part of the variation of the spin connection (see eq. (3.3)). One can also check that this is

consistent with eq. (2.38): if we insert p—e~ ¢, we indeed find that y—e 27y.

4 Heat kernel for fermions

4.1 General framework

For a complex field ¢, the vacuum functional W is defined by
eV — / Dot D¢ ¢ipl?" 9] (4.1)

where Sp is the classical action specified by a differential operator D. In the bosonic case,
the path integral is evaluated in terms of the functional determinant of the operator D as

iW = —logdet(D) (4.2)

~10 -



In the fermionic case there are two differencies: first the change of sign in the r.h.s. of (4.2)
due to the Berezin functional integration. Second, there is the difficulty that the Dirac
operator ) is not elliptic after a Wick rotation. This problem can be bypassed by evaluating
the determinant of the square of the Dirac operator and inserting a factor 1/2:

iW = %log det (1) (4.3)

In this way the Euclidean version of the squared Dirac operator is elliptic and meets
the requirements needed in order to make the heat kernel computation. In fact, using
anticommutation rules for the product of totally antisymmetric Dirac matrices we find (see
e.g. [44, 45]):

(ip)® :—D+iRE—A, O=DaD™. (4.4)

We need to compute the HK with the imaginary time version of the operator A in eq. (4.4).
To this purpose we decompose it as the flat part A plus curved space perturbation dA:

A=N1+00, A= (-2imd + 7). (4.5)

4.2 The flat case

The computation of the HK is performed in imaginary time space. This is realized by the
substitutions
t— —itg, O — 104, , m — img. (4.6)

The HK operator of an operator O is defined as

K4 (s) =exp(sOg) . (4.7)
We will denote by K Op the matrix elements

K@E(s,x,t,x/,t/) = (xt|f(@E(s)]azlt'> , (4.8)
and by K O the diagonal matrix elements

Ko (s,2,t) = (@t|Kg (s)]at) . (4.9)

In the flat non-relativistic case, with operator A in (4.5):
A = (=2imd, + 07) = <—2m —02 + 63) , (4.10)

the heat kernel has been evaluated in [27] and its matrix elements read

1 ms 1 (x —a’)?
K — (ztlesDlpty = — = =7 4.11
a(s) = (atle™®|2't) = st 4 ETF (s} eXp< » (4.11)

Here a comment is in order: to use the heat kernel machinery with the Schrodinger operator,
we use the formal replacement —2imd; — —2m+/—92. This, by itself, does not render

- 11 -



the Schrodinger operator elliptic, but it makes possible an integral representation in which
the exponential of the Schrodinger operator is written as a sum of exponentials of elliptic
operators, which is precisely what is needed to compute the heat kernel, namely

o0
o—2my/ T _ / do ;267’%26*“*3?), (4.12)
0 Vo

This trick was first introduced in [46], although in a different context, and used in [27] to
evaluate the anomaly in the bosonic case. In its essence, this regularization is not different
from the one normally used in the relativistic case to adapt the heat kernel procedure to
fermions: to make elliptic the Dirac operator, one first considers its square, perform the
heat kernel, and then takes the square root of the resulting determinant.

An alternative way to compute the trace anomaly is by the Fujikawa’s method: this
was recently performed in [28], obtaining the same numerical result for the scalar case.
An alternative treatment of the heat kernel procedure, applied to parabolic operators, was
developed in [29], obtaining a results which disagrees with both [27] and [28].

4.3 The curved case

In order to explicitly compute the functional determinant we work in coordinate represen-
tation with scalar product:

O(x —a")o(t —t)
7 :

In curved background, the HK can be evaluated as a perturbative expansion around (4.11).

(wt|zt), = (4.13)

The trace of the HK in the coordinate basis can be expanded in powers of s as:

K (s) = Tr(wt|e*®|zt), = Sd/lm (ao(A) +as(A)s + ag(A)s? + .. ) . (4.14)

A~

This defines the De Witt-Seeley-Gilkey coefficients agi(A) of the problem. In non-
relativistic 2 + 1 dimensional theories, the trace anomaly is proportional to the a4 co-
efficient [27].
It is convenient to introduce a quantum mechanical space, with flat inner product
(wt]2't') = §(x — 2")o(t —t'), (4.15)
and, for any operator @, to define the operator Mo such that

(xt|O]2't), = (xt|MO

z't') . (4.16)

Thus, one introduces and “effective” operator MO that keeps track of the metric in the
inner product. In our case, if O = A =0 — %R, then

. 1
(xt|M|2't') = g"/*(z,1) <Dz7t — 4R> {9_1/4(:6,75)5(93 —2)o(t — t')} . (4.17)
In this way we can expand the trace of the HK as

Ky (s)=Tr <a:t]e‘9M\xt) = ag(M) + s ag(M) + s2as(M) + .. } = \/gf(A(s) .

1
gd/2+1 {

- 12 —



4.4 A specific perturbation of flat spacetime

To proceed, we specialize to a particular perturbation of flat spacetime:

1 )
= — m— (1=t 5 _
n'“ (1 _ n(xz) ? O’ 0> ) v (1 7](95 )a Oa 0) ) hzj 5” ) AH 0. (419)

Also we remind that the spatial frame field is a Kronecker delta:

el =el =60 . (4.20)
For simplicity, we choose n independent from the time coordinate. The non-vanishing

components of the spin connection and Cristoffel symbols are:

1 Oun Ly 0; Ls dan
w — = — s Wy — = — ZO0y; 5 Wy —a=73 )
oot 21— g 2" - a2 (1= n)?
- 1o O p 1 ;O 1o, aim
P p— = iéuzﬂa F p— = — §5u+5plmg Fp‘u,y = iép 5u+5ylﬁ .
(4.21)
The imaginary time version of operator MO is obtained by using eq. (4.6):
1/4 1 —1/4
g U--R) g v =
4 Jg
. . 1 1 _ 1 _
= [—sz 1+ 2imnl+ 2(8a17)7+“] o0V + [—2(8a77)’y e 577(8a77)’y +] 0,V
+ l(a 21_182 7+_1 82 7+_1 ) 2 7+_} ) fa_l ) —a|
a) ual n(07n)y (Oam)™ m(0an) mn(9an)y
8 4 4 4 2 2
1 1 _
5 01+ @@ v e, (1.22)

We will need the matrix elements of M in coordinate representation; to this purpose,
it is useful to use the following decomposition:

(xt| M2ty =(xt| [ A1+ P(x)s(z—2)o(t —t') + S(x)\/—026(x — 2/)5(t — t)

(4.23)
+ a;(z) 0;0(x — 2')d(t — t/)} |2ty
where
Plr) = S (0m)? 1~ (@) — @)yt — J@m)y
16" 4 4 4"
1 L1 o1 I
- §m(8m)7 - §m77(8m)7 + E(am)(ajn){v Y
. ' (4.24)
S(x) =2mn1+ 5((277)7“ ,
1 ~ _
ai(@) = =5 @m)y™" = 5n@m)y~"
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A more explicit form is:

Pi(z) 0 0 0

(4.25)

(4.26)

(4.27)

. Pgl(l‘) PQQ(:L‘) 0 0
P(ZE) - 0 0 P22($) ng(.l‘)
0 0 0 PH({L‘)
where 5 , 1 1 ,
Pri(z) = Tﬁ(aiﬁ) + Z(a n + 177(8 ),
Poal) =~ (0m)* = (@) = 71(0%n)
Pn(z) = \fm [(O1 + i02)n + 1(01 + i02)n)]
Pua(z) = L2 (=04 + 0+ n(~s + iOu)n]
Moreover:
Sn(x) 512(.%') 0 0
. 0 Sll(x) 0 0
S@=1 0 Su@ o |’
0 O S43($) 511(33)
where

S11(z) = 2mn, Sia(x) = \f(@l — i), Syz(z) = _\f

(0, +idy)n,  (4.28)

and:
1 0 0O
0-1 0 0 1 1
ai(x) = a1 (x) 00 —10|° aji(xz) = 5(&'?]) + 517(8,- ). (4.29)
00 01

4.5 Perturbative expansion

The next task is to obtain the De Witt-Seeley-Gilkey expansion of the HK operator, in

order to find the a4 coefficient and then the trace anomaly. We will split M in a free part

plus a perturbation V:

(wt| M2ty = (zt| A 1+ V]Z't) = gV4 (A1 +61) [9—1/45(1; — )t — t’)] . (4.30)

We can expand perturbatively the HK as a Dyson series:
o
Ky (s) = exp {s (A 1+ Vﬂ = ZKn(s) ,
n=0

where the terms of the sum are

f(n(s)—/ dsn/ndsn_l---/ dsy 83 A 1y olsn—sn1)A 1y,
0 0

52
0

— 14 —

(4.31)

) e(sz—sl)A 1V651A 1 ]

(4.32)



Since we are perturbing around flat space, from [27] we have

/
which gives
Ra(s) = Tr(wtle™®Yat) = —— > Ty(1)= —> (4.34)
m(drs)d/2 1 m(drs)d/2 1
4.5.1 Single insertion
At the first order the Dyson series is
Ki(s) = /O s (xt|e=BV e Bla'ty (4.35)

According to eq. (4.23), we can decompose the expression as

Ki(s) = Kip(s) + Kis(s) + Kiq,(s) = Tr /0 ds' (xt]eC=)5 P(x)e 2 |2't!)

—i—Tr/ ds' (xt|eC™28(2) ]/ —02e5 Bt
; (xt| (z)y/ —0fe” ~|a't)

S
+’I‘r/ ds' (xt|e=) P a;(2)0e¥ 2|2t .
" (4.36)
The contribution Kj,,(s) contains an implicit sum over the index i.

Note that we also introduced in the expression the trace operation, since we are now
dealing with squared matrices and the heat kernel expansion required a trace over the
operator considered.

We can use the following results from appendix A of [27]:

% _ 2 1 292
- 2 S s s
Kig=——7-Tr| — 2 4 R 4.
YT n(ans) @2+ <2m om0 T ) (4.38)

Moreover the contribution K 1a; due to a; is the sum of the trace of various terms propor-
tional to the derivatives of a;; these terms have all zero trace and so Ki,;, = 0.

4.5.2 Double insertion

At the second order the heat kernel expansion is
Ky(s) = /OS ds' /08, ds" (xt]|e=VBV (=AY e B /Y (4.39)
K splits into the sum of several contributions:
Ky(s) = Kyx(s) = Kaopp(s) + Kass(s) + Kaps(s) + Kagp(s) + Kaaa, ()
X

+K2aip(8) + Kgpai(s) + KZa,-S(S) + Kggai(s) , (4.40)

where in each contribution there is an implicit sum over the indices i, j.
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We can use the following results from appendix B of [27]:

~ 2 s 9
Ross = ——2 (2 5o SD,S so's
258 = )2 \gm2 T T 2 %% +120
2 5 5 S 82
i i i i , 4.42
+144 F0PS0°S + o5 OPSOS + 1o 5015045 + . ) (4.42)

Kopg = Kogp = Wﬁ <2';SP+582P+ 825P+—a SO;P+.. )
(4.43)
For the remaining terms, the calculation is performed in appendix C:
2
Koqja;, = (2)d/2+lTr [—zaiai - ;—4(8]-@2-)(&'%)
i(a a;)(0;a;) — 5 a;i(9%a;) — f(aiaj)Z +] , (4.44)
8 12 24
Kaap = 2Tr< i P(8ia;) — ‘SQ(a-P)a»+...> (4.45)
“ m(4ms)d/2+1 3 Yoo ’
Ropy = — 2 my (gai(aip) 5 Ba)P + ) . (4.46)
Y om(dms)d/2H1 6 6

The expressions for Kgaig, IN(QS% involve traces of matrix products of the kind
Tr 0%a;(2)0'S(z),

but these all vanish due to the structure of the matrices a;, S, whose entries sit in orthogonal
subspaces.

4.5.3 Results

Summing the contribution from the single and double insertions, we find a4 up to the
second order in 7, for d = 2:

2

A o 4 4 4 13

31
0;j
(4.47)
We should then express the result in terms of curvature invariants. Up to the second order

S (@) (0:0) +  (Pn) +

in 7, the curvature combinations entering the anomaly are given by:
VID?R = —20"n — 4n(9*n) — 13(8in)(8:0°n) — 2(8%n)* — 7(9m)* ,
1
VIEs = 2(8%n)* — 2(8;m)? VIW? = 5(3277)2~ (4.48)

In our conventions the Euler density E4 and the square of the Weyl tensor W? are, in term
of the Riemann and Ricci tensor of the null reduction metric eq. (2.4):

1
Ey = Ripyn — ARAp + R?, Wisnn = Ripun — 2R4p + §R2 : (4.49)
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Since we are studying a Weyl-invariant operator, we know from the Wess-Zumino
consistency conditions that the R? term cannot enter the anomaly. We can then write the

result as:
1 11 1

PR S G R e T
a4(lDE)—8m7T2 <360E4 5V~ 5P R>. (4.50)

The trace anomaly then can be computed as follows:
1 2
A= —§a4(IDE) : (4.51)

5 Conclusions

In this paper we checked that the action of a non-relativistic spin 1/2 fermion coupled
to NC geometry is Weyl invariant. Then the trace anomaly was computed using the HK
method; the result is for a fermionic spin doublet:

A=T,—2T% = (—aEy+ cW? +bR* +d/ D°R) + ... . (5.1)

where
1 1 11 1 9 , 1 6

= — — — = — b = =
‘T 8mn2360 2 7 Sma?360° O = G260
and the dots stand for possible additional terms, both higher derivatives and of the kind

(5.2)

discussed in [28], which violate the Milne boost symmetry.

Up to an overall 1/m multiplicative factor, the anomaly coefficients turn out to be
proportional to the ones of a relativistic Dirac fermion in 4 dimensions. A similar nu-
merical coincidence happens also in the scalar case [27], where the value of the anomaly
coeflicients is:

11 1 3 11 1N , 1 1-5¢
3 ,a

(5.3)

T Sma2360° T 8ma2360°  Smal2 6 ~ 8ma? 30

where ¢ is the parameter multiplying the conformal coupling.

It is natural to conjecture that an analog of the a-theorem may hold for the E4 co-
efficient of Schrodinger-invariant theories in 2 + 1 dimensions. For example, in the case
where both the elementary and the composite degrees of freedom would be free scalars and
fermions with spin 1/2, it would imply that

M1 X1 &E 1o & o
~ 4 - > ~ 4= - . 4
CLUVO(Zm‘f‘Q Z m_ZerQ Z —OoCaR (5.4)
scalars fermions scalars fermions

In Galilean-invariant theories the mass is a conserved quantity and the mass of a bound
state is equal to the sum of the masses of the elementary constituents: no bound-state
contribution to the mass is present as in the relativistic case. As proposed in [27], the
1/m dependence is consistent with the intuition that bound states form in the infrared: as
energy is added bound states tend to be broken.

Several interesting problems require further investigation:

17 -



e Some new anomaly terms were computed in [28] using Fujikawa approach; they are
present when a non-trivial background U(1) gauge field is added and they violate
Milne boost symmetry. Wess-Zumino consistency conditions for these new terms
should be studied and the computation should be checked using HK method.

e The relation between the anomaly coefficients and the correlation functions of the
energy-momentum tensor multiplet should be clarified. In the case of vacuum cor-
relation function, these correlators have support just at coincident points. It would
be interesting to check if the anomaly coefficients can be related to the form of the
finite-density correlators evaluated at separated points.

e The relation between the anomaly and the dilaton effective action should be investi-
gated; in the relativistic case, this leads to a proof of the a-theorem [14]. The study
of non-relativistic dilaton was initiated in [47].

e It would be interesting to attempt a perturbative proof using Osborn’s local renor-
malization group approach; this was initiated in [26]. The main missing ingredient to
the proof is to control the positivity of some anomaly coefficients whose relativistic
analog turn out to be proportional to the Zamolodchikov metric. Local renormaliza-
tion group for Lifshitz theories was studied in [48].

e In the relativistic supersymmetric case, there is a powerful relation between the trace
anomaly coefficients and R-charges [49]; it would be interesting to check if a sim-
ilar relation exists also in the non-relativistic case. The supersymmetric local RG
approach as in [50] might be a convenient way to investigate these issues. Newton-
Cartan supergravity was studied in [51].

e The anomaly coefficients for anyons coupled to NC backgrounds should be computed.
This may be interesting for condensed matter applications, as the quantum Hall effect.

A Sigma and gamma matrices with light-cone indices

We use the standard conventions:
ot =(1,0%, &4=(-1,0% (A.1)
It is useful to write the explicit expressions in lightcone indices:

e Sigma matrices in 4 dimensions

1 1
ot =—(*+d%), gt = (a3 £,

V2
a_:\/§<00>, ot =2

0-1

10
7T =2 ot =2
; f<00), = A
ol =5l = 01 ’ o2 =52 = Q_Z , (A.2)
10 1 0
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The Lorentz generators are then:

1
UAB — 5 (UA—B o O,B—A) , (A3)
which gives:
1 1
o= — ﬁ(al —io?) =2 <_01 8) , o t= — 5(02 +iol) =V2i (_01 8) )
1 1 1 -1
U+1—\/§(Ul+10—2>:\/§(8 0) y U+2: —ﬁ(zal—UQ) \/§Z (8 0 s

e Gamma matrices in 4 dimensions

000 0 0010

I R 000 —1 L1 0000

SR BN NN — 9

v ﬂ(v %) =v2 Loo o |7 ﬂ(7+7) \foooo’
000 0 0-100

0 o! 0 o2

1 2

= = A5
" (0’1 0) ’ i <0’2 0) ’ ( )

The Lorentz generators are:

1
A
vAB 507 (A.6)
which gives:
-100 0 0 00 0 0 00 O
v o100 —/200 0 o [—=Vv2i00 0
T T loo1o0 0o o0val® T T o o00-vail’
0 00-1 0 00 0 0 00 O
V2 0 0 0-v2i 0 0
+1_ 00 0 0 2 _ [0 0 0 0 A7
v oo o of 7 00 0 0 (A7)
00 —v20 0 0 —v2i0

B Spin connection

The explicit expression for the spin connection is:

—_

wrap = = [ (Omens — Onemp) — €™z (Onena — Onenra)

|

—eMNyels (Onepc — Openc) eCM] . (B.1)
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We thus obtain the components:

1

w(;”AB = —ie“Ae”BFW, Wu@A = —ie”AFuy,
w“&;)a = %v” (8“6% — Gyeau) — %e”aFW
—%v e, [A F,,p +nuF, + eb <8,,ebp — 8peby>} ,
Wab = %el’a (8 b —9,eb ) - %e”b (8Mea,/ — 8,,6“#)
—%e”aepb {Auﬁ’yp +nuFy,+ €€, (0se°, — 89601/)] : (B.2)

Note that w - _g = 0.

(M)

C Some double insertion contributions to the Heat Kernel
Here we consider contributions of the form Ksx, x,(s), where
X1 ={P(z1),ai(z1)} ,  Xo={P(x2),a;(z2)} . (C.1)
whose explicit expression is:
Kox, x,(s / d32/ dsy
(2't'|e” (552 A|1:2752>X2<91:2tz|6 (52— 51)A|x1t1>X1<x1t1|e s180zt) , (C.2)

where

Xy ={P(x1),0ai(21)00, 3}, X2 ={P(2),0;(2)0n,} - (C.3)

The quantity Kopp was already computed in [27].

We can split the integration as follows:

1 1 1
K d d =X5X29 (C4
2X1X2 / 52/ S1 47‘(‘(8—82))d/2 (47_[_( 5o —Sl))d/2 (47T81)d/2 ( )

where ZX1%2 and © correspond to the space and time integrals, respectively. It is useful

to Fourier transform:
d d

=X1X2 = C.5
/ (Qﬂ)d/Q (Qﬂ)d/Q ’ ( )
and to introduce:
, , (2’ —x9)* (w2 —m1)* (21— 2)°
T = — — — . .
exp (zklxl + tkoxo 105 = 59) 4(53 = 51) s (C.6)
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The Fourier transforms of the space part of the integrals are:

ZPP _ /dxl/dszP(kl)P(kz)’

éal = .rz [/dml/deTaz kQ):| ’

doy [ dy |~ F2= 00 YP(ky)aj(ky) |
v= oo o)

2—81)

24 = U dxl/d@ [ 1) ]Ta,(kl)a](kg)] , (C.7)

52 - 51)

[I]z
||

where P(k) and a;(k) are the Fourier transform of P(x) and a;(z). The two basic inte-

grals give:

PP _ (470 (51(5 — 59)(s2 — 81)>d/2

=
= —
=
S

ikisix’ ikosox’  ikisixz ikgsex  k2s? k2s2
xexp<11+22 151 2520 | Rist 253 _ 2,

s s s s
—2k1kgsy — k3so + @ + tkix + ko — f + % - (ZIS)Q) P(k1)P(k2),
ZPO _ oxp (ik‘lslx’ N ikzzzl‘/ B z'/ﬁjlx B ik252$ N k:%ssl k3s3 B k:
—9kyksy — k2sy + @ + ki + ikox + x;: - (22 -~ ‘Zz)

— — d/2 1k181 + tkosy — ikos + z—z'Y
><(47T)d <51 (31 52) (52 5)) ( 2 )ZPUfl)aj(kg).
S s
The expressions for 2% and 2%% can be obtained differentiating =F” and 2F% with
respect to x;. The time part gives:
(s—s m(se — s ms
e = /dtl /dt2 ta —1/)2 b lzt —1;)2 zt —1)2
8—822—1—724 m2(sy — s1)% + 22 m2s? + L

(2m)3
1
?4m252 + (t—t’) ' (C.8)

Combining all the expressions and specializing to = 2/, t = t/, we find eqs. (4.44)—(4.46).

Open Access. This article is distributed under the terms of the Creative Commons
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