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ABSTRACT. In this paper, we investigate the behavior of the eigenvalues of a magnetic Aharonov-
Bohm operator with half-integer circulation and Dirichlet boundary conditions in a bounded
planar domain. We establish a sharp relation between the rate of convergence of the eigenval-
ues as the singular pole is approaching a boundary point and the number of nodal lines of the
eigenfunction of the limiting problem, i.e. of the Dirichlet Laplacian, ending at that point. The
proof relies on the construction of a limit profile depending on the direction along which the
pole is moving, and on an Almgren-type monotonicity argument for magnetic operators.

1. INTRODUCTION

This paper is concerned with the behavior of the eigenvalues of Aharonov-Bohm operators in
a planar domain with poles approaching the boundary. For a = (a1, a2) € R?, we consider the
so-called Aharonov-Bohm magnetic potential with pole a and circulation 1/2

1 —(z2 — a2) T — ay ) )
Aa - = , : _ 7 c R ,
. 2 ((xl —a1)? + (z2 — a2)?’ (1 — a1)? + (22 — a2)? z = (21,22) \ {a}
which gives rise to the singular magnetic field B, = curl A, = wd.k, where k is the unit

vector orthogonal to the zixo-plane and J, is the Dirac delta centered at a. Such a magnetic
field is generated by an infinitely long and infinitely thin solenoid intersecting the plane xjxo
perpendicularly at a. By Stokes’” Theorem, the flux of the magnetic field through the solenoid
cross section is equal (up to the normalization factor 27) to the circulation of the vector potential
A, around the pole a, which remains identically equal to 1/2.

We consider the magnetic Schrédinger operator (iV + A,)? with Aharonov-Bohm vector
potential A, which acts on functions u : R? — C as

(iV + Ag)?u == —Au + 2iA, - Vu + | A4y, (1.1)

and study the properties of the function mapping the position of the pole a to the eigenvalues
of the operator (|1.1)) on a bounded domain with homogeneous Dirichlet boundary conditions.
As highlighted in [7], the case of half-integer circulation features a relation between critical
positions of the moving pole and spectral minimal partitions of the Dirichlet Laplacian. It was
proved in [I4] that the optimal partition (i.e. the partition of the domain minimizing the largest
of the first eigenvalues on the components) corresponds to the nodal domain of an eigenfunction
of the Dirichlet Laplacian if it has only points of even multiplicity; the optimal partitions with
points of odd multiplicity are instead related to the eigenfunctions of the Aharonov-Bohm oper-
ator, in the sense that they can be obtained as nodal domains by minimizing a certain eigenvalue
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of an Aharonov-Bohm Hamiltonian with respect to the number and the position of poles, see
[13]. We also refer to [4, 0] 6], 1T, 12} 22] for the study of the eigenfunctions, their nodal domains
and spectral minimal partitions.

The present paper focuses on the behavior of the eigenvalues of the operator when the
pole a is moving in the domain reaching a point on the boundary. Our analysis proceeds by
the papers [I], 2], [7], which provide the asymptotic expansion of the eigenvalue function as the
pole is moving in the interior of the domain. On the other hand, the study of the case of a
pole approaching the boundary was initiated in [2I]. In this case the limit operator is no more
singular and the magnetic eigenvalues converge to those of the standard Laplacian. In [21I] the
authors predict the rate of this convergence in relation with the number of nodal lines that the
limit eigenfunction possesses at the limit point. More precisely, let us denote as A%, the N-th
eigenvalue of the operator in a planar domain € with Dirichlet boundary conditions and
as Ay the N-th eigenvalue of the Dirichlet Laplacian on the same domain; in [2I] it is proved
that if Ay is simple and the corresponding eigenfunction ¢y has at a point b € 9€) a zero of
order j > 2 (so that ¢n has j — 1 nodal lines ending at b) then

2 — Ay < —Cla—b% (1.2)

for @ moving on a nodal line approaching b, where C' > 0 is a positive constant. In particular,
estimate implies that, if the pole stays on a nodal line, then the magnetic eigenvalue
is strictly smaller than the standard Laplacian’s one, thus showing that a diamagnetic-type
inequality is not necessarily true for eigenvalues higher than the first one. In the case of the pole
approaching a boundary point b where no nodal lines of ¢ end, in [21] it is proved that

4 — Ay > C(dist(a, 00))? (1.3)

as a — b, where C' is a positive constant. Estimate (1.3]) was shown to be sharp in [23] Theorem
2.1.15], where the following exact asymptotics was obtained:

g —A
m — c(Von(b) - v)? (1.4)
as a converges to some b € 02 where no nodal lines end, where c is a positive constant.

In the present paper, we describe the asymptotic behavior of the eigenvalue \§; as the pole a
approaches a point on the boundary of € moving on straight lines (not necessarily tangent to
nodal lines of the limit eigenfunction), with the aim of sharpening and generalizing the results
n [2I]. Our main theorem states that, if 9 is sufficiently smooth, Ay is simple, and ¢x has
j—1(j €N, j>1)nodal lines ending at b € 9€, then the limit of the quotient

Ay — A%
la —b|%

as a approches b on a straight line, exists, is finite and depends continuously on the line direction;
furthermore such a limit is strictly positive if the line is tangent to a nodal line of @y, while it is
strictly negative if the moving pole direction is in the middle of the tangents to two nodal lines
(Theorem [2.1). This establishes, in particular, that a diamagnetic-type inequality A% > Ay
holds for eigenvalues higher than the first one, when a lies in the middle of the tangents to
two nodal lines of ¢x (or in the middle between a tangent and the boundary). The opposite
inequality Ay, < Ay holds when a belongs to the tangent to a nodal line of ¢y. Thus, the
diamagnetic inequality for this specific operator can be seen as a particular case of Theorem [2.1]
due to the fact that ; does not have nodal lines.

Furthermore, we provide a variational characterization of the limit of the quotient , by
relating it to the minimum of an energy functional associated to an elliptic problem with a crack
sloping at the moving pole direction (Theorem .

(1.5)
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Theorem implies that estimate is optimal, thus generalizing the sharp estimate
to any order of vanishing of the limit eigenfunction. Furthermore, our result answers a question
left open in [2I, Remark 1.9] about the exact behavior of the eigenvalue variation A%, — An as
the pole a approaches a boundary point b, being b the endpoint of one or more nodal lines of
the limit eigenfunction and a not belonging to any such nodal line; indeed, as a byproduct of
Theorem we have that A%, increases as a is moving from a boundary point on the bisector of
two nodal lines of the Dirichlet-Laplacian, or on the bisector of one nodal line and the boundary,
as conjectured in [21] 23].

2. STATEMENT OF THE MAIN RESULTS

Let Q C R? be a bounded, open and simply connected domain. We assume that Q € C?7 for
some 0 < v < 1, and that

0 € 09.
Furthermore, it is convenient to suppose that there exists R > 0 such that
QN Dp=DE, (2.1)
where D;—g is defined as
Df:=DpNR3,

being Dy the open ball of radius R centered at 0 and
R2 := {(21,72) € R? : 21 > 0}.

We stress that this assumption is not restrictive provided that a weight is considered in the
eigenvalue problem. Starting from a general domain of class C?7, we can indeed perform a
conformal transformation in order to obtain a new domain satisfying : the counterpart
is the appearance of a conformal weight (real valued) in the new problem, whose regularity is
C1(9) thanks to the regularity assumptions on the domain (see [15, Theorem 5.2.4]). More
specifically, the weight verifies

q(z) € C*(Q), q(x) >0 forz € Q. (2.2)

For more details, we refer the [21], Section 3].
For every a € (2, we introduce the space H%(Q, C) as the completion of

{u € H(Q,C) N C>(Q,C) : u vanishes in a neighborhood of a}

9 1/2
) . (2.3)
)

L2(Q,C

with respect to the norm

u

2
]l rago,c) = <||vu|yL2(Q,Cz) +lullZ2oc) + e —a

For every a € ), we also introduce the space Hé’a(Q, C) as the completion of C°(2\ {a}) with
respect to the norm [ - || g1.( c)- In view of the Hardy-type inequality proved in [I7] (see (A.1]))

and of the Poincaré-type inequality (A.3]), an equivalent norm in H& (0, C) is given by

. 2 1/2
lull e = (1GY + AdulFgen) - (2.4)
As a consequence of the equivalence between norms (2.3) and ([2.4)), by gauge invariance it follows
that
if a € 01, then the space Hé’a(Q, C) coincides with the standard H{ (€2, C)

2.5
and the norms (2.3, (2.4) are therein equivalent to the Dirichlet norm [|[Vu| 720 c2)- (2:3)
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For every a € Q and any weight ¢(z) verifying (2.2]), we consider the weighted eigenvalue problem

(iV + Ag)*u = Ag(z)u, in Q, (E,)
u =0, on 012, “

in a weak sense, i.e. we say that A is an eigenvalue of (E,)) if there exists an eigenfunction
u € Hy"(Q,C) \ {0} such that

/ (iV + Ag)u - GV + Ao da = )\/ ¢(z)uvde, for all v € H(,C).
Q Q

From classical spectral theory, (E,) admits a diverging sequence of real eigenvalues {Af}y>1
with finite multiplicity (being each eigenvalue repeated according to its own multiplicity). To
each eigenvalue A{ we associate an eigenfunction ¢f suitably normalized (see (2.23) and (5.2))).
When a € 05, hence in particular when a = 0, Aj = A, being A;, the k-th weighted eigenvalue
of the Dirichlet Laplacian (with the same weight ¢(x)); moreover, if
by : R2\ {0} = [-m, @), 6Og(rcost,rsint) =t ifte [—m, ),

is the polar angle centered at 0 and discontinuous on the half-line {(z1,0) : z1 < 0}, we have
that e~2% gpg = @}, is a weighted eigenfunction of the Laplacian associated to A, i.e.

{_A‘Pk = \eq(@) i, in Q, (2.6)
wr =0, on 0f).
From [7, Theorem 1.1] and [I8, Theorem 1.2] it is known that, for every k € N\ {0}, there holds
Ay — A asa— 0. (2.7)
Let us assume that there exists N > 1 such that
Ay s simple. (2.8)

We observe that, in view of [20], assumption (2.8)) holds generically with respect to domain (and
weight) variations. Let pn € Hg(,C)\ {0} be an eigenfunction of problem (2.6]) associated to
the eigenvalue Ay such that

| a@len@)de =1 (2.9)

From [10] and [I4] (see also [§]) it is known that
©n has at 0 a zero of order j for some j € N\ {0}; (2.10)

more precisely, there exists § € C\ {0} such that
rJpn(r(cost,sint)) — Bipj(cost,sint) = Bsin (j (5 —t)), (2.11)

in CV7([-%,%],C) as r — 0T for any 7 € (0,1). Here, for every j € N\ {0}, ¢, is the unique
function (up to a multiplicative constant) which is harmonic in Ri, homogeneous of degree j
and vanishing on 8R3_, more explicitly

¥;(rcost,rsint) = 7 sin (j (5-1), r=>0, te[-5,5]. (2.12)

We notice that 1; has exactly j — 1 nodal lines (except for the boundary) dividing the 7-angle
in equal parts. Moreover, via a change of gauge,
the function e2%4); is a distributional solution to (iV + Ag)?(e2%1;) = 0 in RZ.
Let N
ox = pner”,
so that (Y is an eigenfunction of problem (Ejp) associated to the eigenvalue .
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FiGURE 1. The j—1 nodal lines FIGURE 2. The sign of the
of pn ending at 0 dividing the eigenvalue variation Ay — A4
m-angle into j equal parts; a positive tangentially to nodal
approaches 0 along the straight lines, negative on bisectors of
line a = |a|p, p = (cos a,sin ). nodal lines.

As already mentioned, we aim at proving sharp asymptotics for the convergence (2.7) as the
pole a moves along a straight line up to the origin, see Figure [Il More precisely, we fix

p €St = {(z1,22) € R* : 2] + 23 = 1 and 27 > 0},

and study the limit of the quotient as a = |a|p — 0, giving a characterization of such a
limit in terms of the direction p, which allows recognizing directions for which it is nonzero (and
possibly positive or negative).

We are now in position to state our first main result.

Theorem 2.1. Let Q C R? be a bounded, open and simply connected domain of class C* for
some 0 < v < 1, such that 0 € 92 and holds. Let q satisfy . Let N > 1 be such that the
N-th eigenvalue A\ of problem is simple and let o € HE(Q,C)\ {0} be an eigenfunction
of ([2.6) associated to Ay satisfying ([2.9). Let j € N\ {0} be the order of vanishing of ¢n at 0

as in (2.10)—(2.11). For a € Q, let X} be the N-th eigenvalue of problem (Eqf).
Then, for every p € S}F, there exists ¢, € R such that

AN — A%
|al*/

with 8 # 0 being as in (2.11)). Moreover

(i) the function p — ¢, is continuous on St and tends to 0 as p — (0, £1);
(ii) ¢, > 0 if the half-line {tp : t > 0} is tangent to a nodal line of pn in 0, i.e. if, for some
k=1,...,j—1,p=(cos(§ — k%5),sin(g — k%)),
(iii) ¢, < O if the half-line {tp : t > 0} is tangent to the bisector of two nodal lines of pn
or to the bisector of one nodal line and the boundary, i.e. if, for some k =0,...,j — 1,

p = (cos(§ — 3;(1+2k)),sin(§ — 5 (1 + 2k))).

— ]ﬂ]Z ¢, asa=lalp—0, (2.13)

The sign properties of ¢, imply in particular that, as |a| is sufficiently small,

AN — A% > 0 if a is tangent to a nodal line of ¢y in 0,

AN — Ay < 0 if a lies in the middle of the tangents to two nodal lines of ¢ in 0,
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see Figure |2 in agreement with the preexisting results ((1.2)) and (|1.3)). This fact, together with
the continuity property of ¢,, implies that ¢, vanishes at least two times between two nodal lines
of pn in 0, and then Ay — A% = o(|a|¥) as a — 0 straightly at least along 2(j — 1) directions.

2.1. Variational characterization of the function p — ¢, and of the limit profile. Our
second main result is a variational characterization of the function p — ¢, appearing in Theorem
[2.1] for which the following additional notation is needed.

Let us fix a € (— Z,%) and p = (cosa,sina) € S}. We denote by T, the segment joining 0
to p, that is to say

us
272

I, ={(rcosa,rsina):r e (0,1)},

and define the space H,, as the completion of
{u € H'(RZ\T,): u=0on dR? and u = 0 in a neighborhood of oo}
with respect to the Dirichlet norm
[l = [Vull 2@z \r,)- (2.14)

From the Hardy-type inequality for magnetic Sobolev spaces proved in [I7] (see (A.2)) and a
change of gauge, it follows that functions in H,, also satisfy a Hardy-type inequality, so that #,
can be characterized as

Hy = {u € Lio(RY) : Vg, u € LA(R3), 4 € LA(R2), and u =0 on IR} |,

where VRi \r, u denotes the distributional gradient of u in R2 \ T

The functions in H, may clearly be discontinuous on I',. For this reason, we introduce two
trace operators. Let us consider the sets U;r = {(z1,22) € RL : 29 > zitana} N Df and
U, ={(z1,32) € R} : 13 < x1 tana} N DY, First, for any function u defined in a neighborhood
of UZ;L , respectively U, we define the restriction

RS (u) = u\U;, respectively R, (u) = u|U;. (2.15)
We observe that, since 72;[ maps H, into H 1(USE) continuously, the trace operators
vEL Hpy — HYA(T,), ur— 4 (u) == RE(w)lr, (2.16)

are well defined and continuous from H, to H 1/ 2(T',). Furthermore, by Poincaré and Sobolev
trace inequalities, it is easy to verify that the operator norm of 7;& is bounded uniformly with
respect to p € SL, in the sense that there exists a constant L > 0 independent of p such that,

recalling (2.14]),

H’ypi(u)HHl/z(Fp) < Lljul|y, for all u € Hp. (2.17)

Clearly, for a continuous function u, ;i (u) = v, (u).
We will give a variational characterization of the limit of the quotient (1.5) by relating it to
the minimum of the functional J, : H,, — R defined as

Jp(u) = % T, \Vul|? dz + j cos (j (3 —a)) /Fp |:L‘|j_1('y;(u) =, (u))ds (2.18)
on the set
Kp:={ueHt,: v (u+v;)+, (u+;) =0} (2.19)

The following theorem relates the value ¢, appearing in the limit (2.13) with the minimum of
Jp over .
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Theorem 2.2. The minimum of J, over K, is uniquely achieved at a function w, € K.
Furthermore, letting

my, = min Jp(u) = Jp(wy), (2.20)
uekly
we have that
¢p = —2m,,

with ¢, being as in Theorem[2.1]

The proofs of Theorems and rely on the exact determination of the limit of a suitable
blow-up sequence of the eigenfunctions ¢, in the spirit of [I, 2]. We emphasize that the
boundary case presents some significant additional difficulties, due to lack of local symmetry and
unavailability of regularity results of the function a — A%; up to the boundary. The overcoming of
these difficulties requires a nontrivial adaptation of the techniques developed in [I} 2] for interior
poles. Being this blow-up result of independent interest, it is worthwhile to be stated precisely.
To this aim, let us define, for every o € [0,27) and b = (b1, b2) = |b|(cos a, sin @) € R? \ {0},

Oy R*\ {b} = [,a+27) and 63 :R?\ {0} = [o, o + 27)
such that

0p(b+ r(cost,sint)) =t forall r >0 and t € [a,  + 27),

b . (2.21)
0p(r(cost,sint)) =t forall r >0 and ¢ € [a,a + 27).

We observe that the difference function 6§ — 6y is regular except for the segment {tb: t € [0,1]}.
Moreover, we also define 6y : R%\ {0} — [0,27) as

Oo(cost,sint) =t for all ¢t € [0, 27).

For a € Q, let % € HS (22, C) be an eigenfunction of (E,]) related to the weighted eigenvalue
a )
4> i.e. solving

(iV + Ad)?of = Aja(z) o, in Q, (2.22)
oy =0, on 0,
and satisfying the normalization conditions
[a@lei@) o =1 and [ XG0 (@) (o) R (@) dw € R (2.23)
Q Q

The following theorem gives us the behavior of the eigenfunction ¢%; for a close to the boundary
point 0; more precisely, it shows that a homogeneous scaling of order j of ¢%; along a fixed
direction associated to p € S} converges to the limit profile ¥, € |, H'*(D;",C) given by

W, 1= 2O+ (), + ), (2.24)
with wy, as in (2.20)) and v; as in (2.12).

Theorem 2.3. Let Q C R? be a bounded, open and simply connected domain of class C*? for

some 0 < v < 1, such that 0 € 02 and (2.1)) holds. Let q satisfy (2.2), N > 1 be such that ([2.8))
holds, and j € N\ {0} be the order of vanishing of a N-th eigenfunction ©%; of (Eo) satisfying

(2.9). Let 0% € H&’a(Q, C) solve (2.22)-([2.23). Then, for every p € St

¢ (lalx) B,

ol as a = |alp — 0,

in HYP(D},C) for every R > 1, almost everywhere in R% and in Cic(@\ {p},C), with 5 # 0
as in (2.11)).
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We notice that the rate of the convergences in Theorems and is related to the nodal
properties of the limit eigenfunction, see (2.11), as already highlighted in [2| [7, 21]. From the
results in [8, Theorem 1.4] we know that the asymptotic behavior in (2.11)) is in turn related to
the so-called Almgren quotient (for a precise definition see . More precisely,

1 (1GV + Ag)ely 2 — Ana(a) o) [?) do
lim z B =J. (2.25)
B Tos [P T2 ds

2.2. Organization of the paper and main ideas. In §3| we treat the variational characteri-
zation of the limit profile described above. This extends the one obtained in [2I], Proposition 1.6]
for the case j = 1 and the one constructed in [2, Proposition 4.2] for a general j when the pole
a approaches a fixed point (which in this case lays in the interior of the domain) tangentially to
a nodal line of the limit eigenfunction.

On one hand, the case j = 1 is considerably easier because the growth at infinite of the limit
profile is the least possible: this allows characterizing immediately the limit profile through
its Almgren frequency, since the liminf and the limsup of the Almgren quotient at infinity
are the same. On the other hand, the construction presented in [2] holds for general j, but
only for a moving tangentially to a nodal line of the limit eigenfunction: this restriction forces
the limit profile to vanish on a half-line, so that the authors are able to construct the limit
profile first on a half-plane solving a minimization problem, then reflecting and multiplying by
a suitable phase jumping on the half-line. Finally, we remark that the sharp estimates obtained
in [I] for a approaching an interior point along a general direction don’t make use of an explicit
construction of the limit profile: in that case, the sharp estimate on nodal lines is enough
to compute the leading term of the Taylor expansion of the eigenvalue variation, thanks to
symmetry and periodicity properties of the Fourier coefficients of the limit profile with respect
to the direction.

In the present paper we are dealing with general j as a approaches a boundary point along
a general direction (not even perpendicular to the boundary of ), so that we cannot take
advantage of any remarkable bound for the Almgren quotient nor of any symmetry property.
This requires a completely new approach, based on the construction of the limit profile by solving
an elliptic crack problem prescribing the jump of the solution along the crack I'y, rather than
its value, see f.

In §4| we describe the properties of the function m, defined in .

Next we turn to study a suitable blow-up of the eigenfunctions ¢%;. Due to the difficulties in
proving a priori energy bounds for the blow-up sequence

o (lal) 2.26)

laf

we introduce the following auxiliary blow-up sequence

" Klal
(Pa(x) = a (pa (’a‘$)7 (2'27)
\l Jon g, 1¢5 1 ds :

for a suitable K > 0. In §5| we take advantage of the Almgren’s frequency function to obtain
a priori bounds on , see . We recall that the frequency function in the context of
magnetic operators was first introduced in [16] for magnetic potentials in the Kato class and
then extended to Aharonov-Bohm type potentials in [9].

§|§| and provide preliminary upper and lower bounds for the difference Ay — A%, which
are then summarized in Corollary [7.3] These preliminary estimates are obtained by considering
suitable competitor functions, and by plugging them into the Courant-Fisher minimax charac-
terization of eigenvalues. More precisely, to obtain an upper bound for Ay — A% we use the
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Rayleigh quotient for Ay, and to get a lower bound for Ay — A4, we use the Rayleigh quotient
for A

At this first stage, the estimate from above of Ay — A}, is given in terms of the normalization
factor appearing in ; in order to determine the exact asymptotic behavior of such normal-
ization term, in §8| we obtain some energy estimates of the difference between approximating and
limit eigenfunctions after blow-up, exploiting the invertibility of the differential of the function
F defined in . As a consequence, in §9| we succeed in proving that

a7 [ el ds
Kla|
tends to a positive finite limit depending on p € S as a = |a[p — 0, and in turn the equivalence
of the two blow-up sequences (2.26) and (2.27). This allows us to conclude the proofs of Theorem
2:3]in §9] and those of Theorems [2.T], 2:2] in §10]
Finally, in the appendix, we recall a Hardy-type inequality for Aharonov-Bohm operators and
some Poincaré-type inequalities used throughout the paper.

2.3. Notation.

e Forr >0and a € R?, D.(a) = {x € R? : [z — a|] < r} denotes the disk of center a and
radius 7.

For all r > 0, D, = D,(0) denotes the disk of center 0 and radius r.

R? = {(21,22) € R?: 21 > 0} and R = {(z1,22) € R? : 21 < 0}.

For all r > 0, D;” = D, NR? denotes the right half-disk of center 0 and radius r.

For f € L(0), |l = | l=(0)

3. LIMIT PROFILE
Keeping in mind the definitions of Rff (2.15) and of 'y;)t (2.16)) given in the we introduce

the following further notation. For p = (cos a,sina) € S}, let

+ (g - _ 4t
v, = (sina,—cosa) and v, = -y,

be the normal unit vectors to I'y. For every u € CH(Df \ I'p) with R} (u) € CHU,}) and

R, (u) € Ct (UT?), we define the normal derivatives % on I', respectively as
p

otu 0~ u
—+=VRI(u)-v}| , and —— :=VR, (u)-v,| .
8V3_ P p r, ayp P p r,

For a function u differentiable in a neighborhood of I',, we get

otu 0" u
—_— = r,. 3.1
ovf vy on e (31
We remark that since v; is differentiable, it verifies (3.1f), so that
ot O s .
8;? (rcosa,rsina) = — 8;? (reosa,rsina) = jr' "t cos (j (5 — a)) .
Hence the functional J, : H, — R defined in 1) can be equivalently written as
1 _
B = [ IVl o +/ a *(u) — 5 (u) ds
p

1 ot -
:7/ |Vu|2dx—|—/ 7;( wjd +/ ¥y (u w]d
2 Jr2\r, Ty
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In the following lemma we prove that J, admits a unique minimum point in the set K, defined
in ([2.19).
Lemma 3.1. The minimum m, = ming, J;, is uniquely achieved at a function w, € Kp. Fur-
thermore, wy, is the unique solution to the variational problem

wy € KCp,

Vw, -V dx+2 % p)ds =0 r every p € KO (3.2)
-V p( ) ds ,  for every D>
3,\?

where

Ky ={u€Hy: v (u)+~, (u) =0} (3.3)

Proof. From (2.17)) and the continuity of the embedding H'/?(T,) < L?(T},), we have that there

exists C > 0 independent of p € S}F such that, for all u € H,p,

OEp; . .

j’yi( )ds| = |jcos (j (5 —oz))/F |71 jE( )ds
P

r, ovyi P
S j/r Iy (w)] ds < J'||V;:>t(u)||L2(rp) < C||7;:(U)HH1/2 ) < CL|lull3,
P

and then, from the elementary inequality ab < % + eb?, we deduce that, for every € > 0, there
exists a constant C; > 0 (depending on € but independent of p) such that, for every u € H,yp,

Oy
Fpa:l:fyin

(u)ds

< €Hu\|3{p + C-.. (3.4)

This implies that J, is coercive in H,. Furthermore K, is convex and closed by the continuity of
the trace operators. Hence, via standard minimization methods, J,, achieves its minimum over
K, at some function w, € K. The Euler-Lagrange equation for w), is .

In order to prove uniqueness, let us assume that w, and v, solve . Then wy,—v, € ICg and,
taking the difference between the equations for w, and v,, we have that w, — v, satisfies

/ V(wp, —vp) - Veodr =0, for every ¢ € ng,
\I'p

which, choosing ¢ = w, — v, yields that fRi \r, [V(wp — vp)|? dz = 0 so that w, = v,,. O

Proposition 3.2. (i) For everyp € SL, the function U, defined in (2.24) satisfies the follow-
ing properties:

W, € H"(D,5,C) for all r > 1; (3.5)
(iV + Ap)?V, =0, inRZ in a weak HP — sense, (3.6)
v, =0, on 8Ri; '

Lo 1G9+ 4T, = 3O 00y)? d < ooy (3.7)
2\,

e300y, = Wy (x) — e300y (2) = O(2[7Y),  as 2] — +oc. (3.8)

(ii) The function ¥, defined in (2.24) is the unique function satisfying (3.5)), (3.6) and (3.7).
Proof. The fact that w, € K, and the relation

RE(0, —05)| =+m
FP
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imply that
W (Tp) =7, (Tp).
As a consequence we have that (iV + A,)¥, (meant as a distribution in R?) is equal to the
L% (R2, C)-function ie%(ep_eg+é°)VRi\pp (wp + 1;), thus yielding (3.5)).
In order to prove (3.6)), we observe that, for any ¢ € C°(R3 \ {p}), we have that ¢ :=
e_%(ep_ngréO)(p € K9 (as defined in (3.3)). Hence, by (3.2),

/ (iV + A, - (iV + Ay)pdr = / i €20 =05H00)7 () + ;) - (— z‘e*%wp*@ﬁ*éo)w) dz

R? RZ\T,

:/ V(wp +15) - Vodr = =2 8er]fﬁ(gﬁ) ds + Vi - Vgdr (3.9)
R\, 7 , v P RI\T, ' '

Testing the equation —A; = 0 by ¢ and integrating by parts in {(z1,22) € R : 25 < 21 tana}
and in {(z1,22) € R? : 15 > x1 tana} respectively, we obtain that the right hand side of (3.9)

is equal to zero. This proves (3.6)).
Property (3.7) is a straightforward consequence of the fact that w, € H,. To prove (3.8), we

observe that the Kelvin transform of w,, i.e. the function wy(z) = w(#) belongs to H(D7),
vanishes in R N Dy, and weakly satisfies —Aw, = 0 in DY. Then from [I0] and [14] (see also
[8]) we deduce that w, = O(|z|) as |z| — 0 and hence w, = O(|z|~!) as |z| — +oo.

Finally, to prove (ii), let us consider some ¥ € |J,-; H'?(D;", C) weakly satisfying

(iV + Ap)?0 =0, inR%,
T =0, on OR?%,
and
/2 (1Y + Ap) (W — e3Cr0h+00) )2 < oo, (3.10)
\Ip

Then the difference ® = U — ¥, weakly solves (iV + 4,)?® = 0 in R2 and ® = 0 on JOR?.
Moreover from (3.7) and (3.10)) it follows that

/ iV + A,)®(z)*de < +oo,

R%

which, in view of (3.6) and (A.2), implies that fRi |z — p|~2|®(x)|? dv = 0. Hence ® =0 in Ra_
and ¥ = W, O

Remark 3.3. Since ¥, solves (3.6)), classical reqularity theory yields that ¥, € C™ (@\{p}, C),
whereas from [9] it follows that W,(x) = O(|z — p|'/?) and V¥,(z) = O(|z — p|~"/?) as x — p.
Therefore we have that w, € C®(U* \ {p}) with UT = {(z1,22) € R% : 25 > z1tana} and
U™ = {(v1,22) € R : 29 < z1 tana}, and that |Vwy,(x)| = O(jz — p|~1/2). Then
OFw,
vy

€ LY(T',) and 88 € LY0D1 NR2)  for allq < 2,
v

where v(x) = denotes the unit normal vector to 0D1. Using a simple approximation argument
\ |

and recalling that HY?( I'y) — LYT,) for all ¢ > 1, we obtain the following formulas for
integration by parts:

otw “w
Vw, - Veod :/ v)d / P () ds, 3.11
/Ri\rp wy - Vodx a+7p s+ a_’yp (3.11)
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for all p € H, and
tw 0~ w
V-Vd:/ d/ PAt(e)d Pry (p)ds, 3.12
Joo, Ve Voo = [ Ghdss [ SRt ds+ [T ) ds, (3.12)
for all p € HY(D{ \T},) such that ¢ =0 on OR?.

Remark 3.4. In view of (3.11)), the weak problem (3.2)) solved by w, can be reformulated as an
elliptic problem with jump conditions on the internal crack I'y as follows:

—Aw, =0, in RZ\T)p, (3.13)

'y;r(wp +95) + 7, (wp + ;) =0, on T'p, (3.14)
O (wp + 1) 0 (wp + )

— =0 r 3.15

81/; 8l/p_ ) on b ( )

where the equality in (3.15)) is meant in the sense of LY(T'y) for any q¢ < 2 (see Remark and
hence almost everywhere. We refer to [19] for elliptic problems in cracked domains with jumps
of the unknown function and its normal derivative prescribed on the cracks.

The following result provides a characterization of m, as a Fourier coefficient of w,. It will be
used to relate m, with the optimal lower/upper bounds for Ay — A\%;, see Lemmas and

Proposition 3.5. For cvery p € S}H let
/2
wp(r) = / wy(rcost,rsint)sin (j (5 —1t)) dt, r>1, (3.16)
—7/2
with wy, defined in (2.20). Then
wp(r) =wp(W)r™7  forallr >1 and m, = —jwy(1).
Proof. By direct calculations, since —Aw, = 0 in Ra_ \ D", we have that wp satisfies
—(rl+2j(r_jwp(r))')’ =0, forr>1.

Hence there exists a constant C' € R such that

1
C,(l.), for all » > 1.
27 r2
From (3.8) it follows that w,(r) = O(r~!) as r — +o0. Hence, letting r — +oc in the previous

relation, we find C' = —2jw, (1), so that wy(r) = w,(1)r~ for all r > 1. By taking the derivative
in this relation and in the definition of wj, (3.16)), we obtain
ow
— juwp(l) = Papid 3.17
(1) /w Sy ds. (3.17)

Choosing ¢ = 9; in (3.12)) and then replacing (3 , we obtain

ow otw, O w
. dx = ZPah:d p P d
/Dj\rp Viep Vo d /8D;r ov Vids+ Ty ( v * ovy ) vy ds

rIwp(r) = wp(1) +

o+ P (3.18)
w
]wp() Fp((%/;_ 8_>¢J S.
Testing the equation —A; = 0 by w, and integrating by parts in D\ I'p, we arrive at
oY oty _
Vw, - Vi, dr = / —Lw,d L (yt — d
»/DT\Fp o QIZ)] ! (9D1+ Oov wp @S + rp 87/17+ (’Yp (wp) ki (wp)) ’ (3 19)

o p;
vy

= jwp(l) +/F (’Y;(wp) - ’Yp_(wp>) ds,

P
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where in the last step we used the fact that wj = j1; on D . By combining (3.18)) and (3.19),
we arrive at

1 otw, 0w 1 Ot
jwy(1) = = L L) apyds — = L (vt — v : 2
Jwp(1) 2 Jr, < o + vy >wj ds 2 Jr, o (v (wp) =7, (wp)) ds (3.20)
On the other hand, taking ¢ = w, in (3.11)), we obtain
ot w, 0~ w
Vw,|? dx = / + d P ds,
Jos, Funltdr= [ Gonf o ds + [ S0, Gy ds

which, by definition of m,, yields

m, = J,(w,) = 1/F <a+(wp+¢j)7;-(wp)+a_(wp+¢j),y—(wp)> ds

2 vy ovp b
2 ), ot (vp (wp) = (wp)) ds. (3.21)
Moreover and ([3.15)) imply that
Ot (wp + 0~ (wp +15) _
(8101/}])’7 (wp +5) + M% (wp +15) =0 on L' (3.22)
vy ovp

Combining (3.21]) and ( we obtain

1 6+(w;v+¢j) O™ (wp + ¢5) Loty | -
m=s ( o o )Tk g (v () 0 () ds. (3:23)
Since v; is regular, it satisfies (3.1). Then the statement follows by comparing (3.20) with
B323). 0

4. PROPERTIES OF m,,

In this section we collect some properties of the map m,, defined in (2.20). The next lemma
ensures that p — m, is not the null function, by providing its sign when p belongs either to the
bisector of two nodal lines of 1);, or to one of the nodal lines of ;.

Lemma 4.1. (i) If p= (cosa,sina) witha =% — (1+ 2/<:) for some k =0,...,5—1, then
1 2
m, = — Vw,|“dz > 0.
P 2 Ra_\l—‘p| P’

(ii) If p = (cos a,sin o) with o = 5 — k% for somek=1,....j—1, then
1
m, = —— |V, |? dx < 0.
RI\Tp
Proof. (1) ffa=7%—(1+ 2k:) T for some k = 0,...,j — 1, then 8i¢j/81/pi =0 on I'y, so
that Jp,(u) = 2Hu||;.15p; since in this case 0 € KCp, (smce Yj # 0 on I'y), we conclude that
m, = ming, Jp > 0.

(ii) In the second case we have that ¢; = 0 and f (rcosa,rsina) = j(—=1)*7=1 on T}, so
Vp
that
1
Jp(u) = = |Vu|* dx + 2(— ]/ |27y (),  for all u € KCp. (4.1)
2 Jr2\1,
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From (4.1)) it follows easily that m, = miny, J, < 0. Furthermore, in this case (3.23) is
reduced to
1 o,

2 r, Ovy
and hence, by definition of J, and m,,

1 1
m,=—-|[(m, — = Yw,|? dz
P 2( P 2 Ri\l—‘p‘ p‘ >

which yields that m, = —3 fRi Ty [Vw,|? dz.

my = (’Y (wp) =, (wp)) ds,

The following proposition establishes the continuity of the map p — m,,.

Proposition 4.2. The map p — m,, is continuous in S}F. Moreover, it can be extended contin-
uously at p = (0,1) and at p = (0, —1) by letting m(g 1) = m( _1) = 0.

Proof. First we claim that there exists C > 0 independent of p such that
Vuw,|?dz < C for every p € SL. 4.2
/Ri Iy [Vwy| = ypPevoy (4.2)

To prove the claim, we consider a regular cut-off function 7 defined in R? such that n = 1 in
D} and n=0in R% \ DJ. Then —ny; € K, for every p € SL and

my, < Jp(—ny;) = ;/RQ IV (=) dex.

This fact, together with the inequality (3.4)) applied with v = w,,, provides (4.2).
Let p, = (cosay,sinay,) — p = (cosa,sina) as n — +oo, for some oy, € (—7/2,7/2),
a € [-m/2,7m/2]. We consider the rotation

R, — ( cos(a — o)  —sin(a — ay,) ) .

sin(a — ay,)  cos(a — ay,)

With a slight abuse of notation, we denote by w,, the trivial extension of w,, in R? (extended
to 0 in the set R = {(z1,72) € R? : 71 < 0}) and we define the rotated functions

Wy (R (2)) = wy, (z), =R
We define the space 7:[p as the completion of
{u € H'(R*\T,) : u =0 on (—o0,0) x {0} and u = 0 in a neighborhood of oo}
with respect to the norm ||u||7_~[p = |Vullr2@2\r,)-
We notice that, for all p € St | Hp ={ue 7:[1, :u =0 a.e. in R? }. For large n, we also define
Hon ={u€Hy:u=0ae. in H,},

where H, = {(x1,22) € R?: 71 < —tan(a — oy, )x2}, and observe that w, € ’Hpn

Let 1/~Jjn( n(2)) = ¢j(z) and H," = {(z1,22) € R*: 1 > —tan(a — ay)z2}. By (B.14) we
have that

'7;_ (wn + Q;j,n) + 'Yp_ (’Lbn + &j,n) = 07 (4'3)
while from (3.2)) it follows that
/ Vi, - Veds+2 / d’]”yg(@) ds = 0, (4.4)
H\T, ovy

for every ¢ € KY,, = {u € Hpp 1 v} (u) + 7, (u) = 0}.
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Moreover, from (4.2)) it follows that
@, <c.

hence there exist @, € H, and a subsequence {1, }x such that w@,, — 1w, weakly in H, and
a.e. in R?. By a.e. convergence, we have that @, = 0 a.e. in R%, hence

W, € Hy if pe S while @, € DM*(RY) if p = (0, £1).
Moreover, and the continuity of the trace embeddings 'ypi defined in imply that
'y;(wp +95) + 7, (Wp + ;) = 0, thus yielding
Wy € K.
Recall the definition of ICg in and let
€ ICIO, N{ue€ C®RL\T,): supp(u) CC R }; (4.5)

then, for n sufficiently large, ¢ € ’ég,n (extended by 0 in H, ), so that (4.4) and the weak
ﬂp—convergence Wp,, — Wy provide

/ thp-V<pdx+2/ %’W(cp)ds:o.
R2\T, r, Oy *

Since the space defined in is dense in ICg, the previous relation holds for every ¢ € ICg.
Hence w, satisfies if p € SL, while @, satisfies —A@, = 0 weakly in Ri if p = (0,£1).
Then the uniqueness result proved in Lemma [3.1] implies that

Wy = Wy iprSl+ and w, =0if p=(0,%1).
From Proposition we have that

w/2
my, =—j /_7r/2 wp,,, (cost,sint)sin (j (5 —t)) dt

7r/2+a—ank
- _j/ Wy, (cost,sint)sin (j (§ —t+a—ay,)) dt. (4.6)

—7r/2+a—ank

The weak ﬁp—convergence Wy, — Wp and continuity of the trace embedding 7:lp < L?(0D1)
allow passing to the limit in (4.6]) thus yielding that

/2
lgli_)n;ompmC =—j /—7r/2 wp(cost,sint)sin (j (5 —t)) dt =m, ifpe S}

and
lim my, = 0 ifp=(0,%1).

k—00
By the Urysohn property, we conclude that lim, oo m,, =m, if p € S}r and lim, o m,, =0 if
p=(0,%£1).
5. MONOTONICITY FORMULA AND LOCAL ENERGY ESTIMATES

For1 <k < N and a € Q, let ¢f be an eigenfunction of problem (£,)) related to the eigenvalue
M. More precisely, let ¢f solve

(iV + Aa)*¢f = Ma(z)ef, in Q,
ey =0, on 012,

and satisfy the orthonormality conditions

/ q(z)|%(x)|*dz =1 and / q(z) P ()3 () du = 0 if k # L. (5.2)
Q Q
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For k = N we choose ¢%; being as in (2.23). From (2.7), (2.8), (2.9), (2.22), (2.23), (A.1), and

standard elliptic estimates, we can deduce that
(iV + Aoy — (iV + Ag)p  in L*(Q,C?) (5.3)

and

0% — ©%  in HY(Q,C) and in C2(Q,C). (5.4)
The asymptotic behavior of the eigenfunctions ¢f, for 1 < k < N, close to the singular point
a was studied in [9, Theorem 1.3], [I1, Theorem 2.1]; in particular it is known that there exist
coefficients ¢, 1, d, 1. € C such that

cit/2
N3
To derive energy estimates for the eigenfunctions ¢¢ in neighborhoods of 0 with size |a|, we use a

monotonicity argument based on the study of an Almgren-type frequency function in the spirit
of [3].

©i(a+ (rcost,rsint)) = r'/2

(ca,k cos (%) + dg 1 sin (%) ) + 0(7’1/2), as r — 0.

5.1. Almgren-type frequency function.

Definition 5.1. Recall the definition of R in (2.1). Let \€ R, b € Ri and u € Hl’b(DE,(C),
with u =0 on {x; = 0}. For any |b| < r < R, we define the Almgren-type frequency function as

E(u,r, A, Ap)
4y) = 2T A L)
N (u,r, A, Ap) Har)
where
1
E(u,r,)\,Ab):/ |(iV+Ab)u|2dx—)\/ o(z) [uf? dz, H(u,r):f/ wl?ds.  (5.5)
D D r JoD;

We first prove that the frequency function of the eigenfunctions (5.1]) is well defined in a
suitable interval. To this aim, we observe that, since a € (0 — A{ admits a continuous extension
on Q as proved in [2T, Theorem 1.1], we have that

A= sup A} € (0,+00). (5.6)
acQ
1<k<N
Lemma 5.2. (i) There exists 0 < Ry < min{R, (2A]|q|loc)™"/?)} such that H(¢$,r) > 0 for

all |a| < Ry, r € (Ja|], Ro] and 1 <k < N.
(ii) For every r € (0, Ry), there exist C, > 0 and o, € (0,7) such that H(§,r) > C, for all
la| < a, and 1 <k < N.

Proof. We skip the proof of (i), which is very similar to that of [2, Lemma 5.2]. In order to prove
(ii), suppose by contradiction that there exist 0 < r < Ry, a,, € Q with a,, — 0, k, € {1,..., N}
such that

lim H (g, r) =0.

n—-+00

From (5.1)), (5.2) and (5.6) we deduce that
169+ Au ez P de = Xz < A
so that, by the Hardy-type inequality (A.1)),
1 12 .0y < C
for a constant C' independent of n. Then, along a subsequence, )\Z: — A€ R and ‘PZZ — © a.e.,

weakly in HE(Q,C) and strongly in L?(2,C), for some ¢ € H}(£2,C). From (5.2)) we have that
Jo q(z)|¢(x)|? dz = 1 and then ¢ # 0.
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By (2.5, ¢ € Hy’(Q,C). We notice that Ag, 03" — Aoy a.e. and, in view of (A.1),
40, agacny <4 [ 16V + Ao, Yol di < 40,

Therefore, up to a subsequence, A, 3" — Agyp weakly in L?(92,C?%). Then we can pass to the
limit in (5.1]), so that A = Ay, for some ko € {1,..., N} and

(iV + A0)%p = Ayq(z)p  in Q. (5.7)
Furthermore, by compactness of the trace embedding H'(D;,C) — L%(0D;,C), we have that
1 1 an |2 _ 1 2
0=tim [ lepPas= [ lePds

which implies that ¢ = 0 on dD;". By testing (5.7) by ¢ in D;, in view of Lemma we
obtain that

0= [ (169 + 406> = Mag(@)l¢l?) da = (1 = Alallor®) [ |16V + Ao}l do.
Dy D}

Since 7 < Ry < (2A]|q]|oe) "2, we deduce that Jp+ 1(EV + Ag)p|?dz = 0. Lemma then

implies that ¢ = 0 in D;". From the unique continuation principle (see [9, Corollary 1.4]) we
conclude that ¢ = 0 in €2, thus giving rise to a contradiction. (I

In the following we let
0 < Ry < min{R, (2A]qls)"**)}
be such that Lemma (i) holds. As a consequence of Lemma we have that the function
r— N(pf,r, ¢, Ag) is well defined in the interval (|a|, Ro] for all |a| < Ry and 1 <k < N.
We recall some results proved in [21I], which will be used in the sequel.
Lemma 5.3 ([21, Lemma 5.2]). For alll <k < N and a € Q, let ¢} be as in (5.1)~(5.2). Then
1 d 2
W%H(go%,r) = ;N((pz,r, My Ag)  foralla] < r < Rp. (5.8)
Lemma 5.4 ([2I, Lemma 5.3]). Let 1 <k < N and ro < Ry. If |a| <r; <ry <rg, then
H(pp72) o 24 llgloer3 (7"2>2
H(sza Tl) o r1

The formula for the derivative of E(pf,r, A}, A,) presents some differences with respect to
[21], since in [2I] the integrals in (5.5]) were taken over half-balls centered at the projection of a
on OR2.

+

Lemma 5.5. Let p € St, 1 <k < N and a = |a|p. Then, for all |a| < r < Ry,

d A¢ 2
B X Aa) =2 [ (Y + Ag)gf - v ds *’“/ |ohl* (2 + Vg - 2) dw — =M,
r oD+ r JD}t r
where v(x) = ﬁ denotes the unit normal vector to 0D, and
1
Ml? = Z (al(cik - dak) + 2a26a’kda7k>.
Furthermore, there exists C > 0 depending on p € S}F such that, for all p > 2,

M? C
|(17k| <. (5.9)
H(pf, plal) — p
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Proof. The expression of M follows by a Pohozaev-type identity in D", proceeding as in [21],
Lemmas 5.5-5.7]. Next, in the same spirit as in [21, Lemmas 5.7-5.8], we can relate the value
M to the function v(y) = ¢¢(|aly? + a) defined in Q := {y € C : |a|y? +a € D;rw}. Such a
domain is fixed (with respect to |a|, but depends on p), since a = |a|p is moving on a straight
line. Therefore, we proceed exactly in the same way as in the proofs therein and obtain a bound

depending on p

a
|]awk | < C.
H{(pg, 2]al)
Expression ([5.9) follows from Lemma O

Lemma 5.6 ([2I, Lemma 5.11]). Let 1 <k < N, p € S%, and ro < Ry. There exists ¢y, such
that, for all p > 2, a = |a|p with |a| < ro/p, and pla] < r < ro,

All29+Va-zlloo .2 Al2¢+Va-zlco .2 cr
e 2—2A792lqlloo (N (@, AL, Ag) +1) < e2-2A792llqllo O (N (0%, 70, AL, Ag) 4+ 1) + %vp‘
o
Proof. The proof proceeds as in [21, Lemma 5.11] (see also [2, Lemma 5.6]), where we can replace
a; with |a| thanks to Lemma [5.5( above. O

Lemma 5.7. For every § € (0,1/4) and p € SL there exist r5 > 0 and Ks, > 2 such that, if
p> Ksp, a=|alp with |a| < r5/p, and pla] < r <rs, then N(o%,r, Ay, Aa) < j+96.

Proof. Let m > 0 be sufficiently small so that m(2+j +m/2) < 1/2. By assumption (2.10]) and
by (2.25) we have that

lim N(go?v,r, A?v,AO) =7,
r—0+

hence we can choose rs > 0 sufficiently small so that

All2¢+Va-zloo .2 0 0
rs < Ry, e22Ars%ldllc ® <1 4+ 6m,  N(op,7s, AN, Ag) < § + dm.

By (5.3)—(5.4) there exists as > 0 such that N (p%,7s, A%, As) < j + 0m for every a with
la| < as. We apply Lemma with rg = rs and kK = N, to deduce that for every u > 2,
|a| < min{as, 22} and pla| <7 <rs it holds

N (% 7 A%, Ad) + 1< (14 6m)(1+j + 6m) + %”
. . Crs.p . 0 Crs,p
S14+j+0m2+j+0m)+—5- <1+j+5+—5.
% 2

To conclude the proof it is sufficient to choose K, > max {2, (2¢,,,/0) 1/2, s/} O
5.2. Local energy estimates. Let us fix § € (0,1/4) and p € S}, and let
F=r;>0 and K = Ks,>2 (5.10)
be as in Lemma For all a € Q such that a = |a|p and |a| < 7/K, we denote
H, = H(pY, Kla)).
As a direct corollary of Lemmas and we obtain the following estimates for H,.
Corollary 5.8. There exists C > 0 independent of |a| such that

H, > Cla?U+9 jf|a| < min {;{,af} : (5.11)

H, = 0O(|a|*) asl|a| — 0, (5.12)
with a; being as in Lemmal[5.4 part (ii).
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Proof. In view of Lemma integration of (5.8)) over the interval (K|al|,7) yields
— 2(j+9) _
K
H, > H(¢%,T) <W> , if |a] <min{;,ar}.
T

Then Lemma (ii) provides (5.11). To prove (5.12) we notice that there exists C' > 0 such
that

H, < CH(SO?Va TO)‘G’|2’
because of Lemma and moreover lim,_,o H(¢%,70) < C because of (5.4). O

From the Poincaré type Lemmas and the scaling property of the Almgren-type
frequency function N, and Lemma it follows that, for all R > K, the family of functions

{@a : a=lalp, |a| < £} is bounded in H'Y?(D},C) (5.13)
where 2 (lalz)
N o% (|alz
a = ) 5.14
alo) 1= 0L (5.14)
see |2 Theorem 5.9] for details in a similar case. In particular, for all R > K, we have that
/ 16V + Ak Pde = O(H), s |a] 0%, (5.15)
DR\a\
/ 0% 2de = O(la|Hy), as |a] — 07,
K] +
R|a|
/+ 0% 2de = O(Jal?Hy),  as |a] — 0*. (5.16)
Rlal|

Lemmas [5.4 and [5.6] imply the following local energy estimates for the eigenfunctions ¢f.

Lemma 5.9. For 1 <k < N and a = |alp € Q, let ¢ € HS’G(Q,(C) be a solution to (5.1)—

(5.2). Let Ry, agr, be as in Lemma . For every p > aRTO’ a = |alp € Q with |a| < %, and
0

1 <k <N, we have that

|, It ds < Clula)®, (517)

D a)

| 169+ Adeif do < Clulal)® (518)
wlal

|, IetPdo < Clula)', (5.19)
plal

for some C > 0 (depending on p).
Proof. From Lemma it follows that, if u > 2 and |a| < % then, forall 1 <k < N,

All2¢+Vg-zlloo p2

a a 2—2ARN21d|loo a a CR B
N((pkau|a|v )‘kvAa) <e? 2ARo%lalloo 0 (N(spkva)‘k?Aa) + 1) + 'uji()?p -1 (520)
From (5.1)), (5.2), and (5.6)) we deduce that
/D+ (1Y + Aa)gl|? do < /Q iV + Aa)ol|? do = A2 < A. (5.21)
Ro

Therefore, in view of Lemma if |a| < ag,,

OV 1 it L A SN
p A S e 5.22
e H (i, Ro) Chr,
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Combining ([5.20) and (5.22) we obtain that, if p > O%’O and |a| < %, then

L. 16V + A de = [ a(a)lgh? do < const H(g ula)

plal wlal

for some positive const > 0. Hence, from Lemmas and

(1 =28 allcrilal?) [ | 16V + Ad)eif do < const H(f. ula)
wlal
which implies
const

iV + AP de < ——————H
/+ ‘(Z + Q)SO]C‘ x—l_zAHqHOOR(Q)

wlal

From Lemma it follows that, if u > 05%70 and |a| < %,
0

(k> plal).

2
!
(ot plal) < M=% (A0 g, o)

On the other hand, Lemma and (5.21)) yield

H(p), Ro) < /D+ |GV + Ao) | da < A.

Ro

(5.23)

(5.24)

(5.25)

Estimate ((5.17]) follows combining (5.24)), and ([5.25]), whereas estimate ([5.18]) follows from (5.23)),

(5.24), and (5.25)). Finally, (5.19) can be deduced from (5.17)), (5.18) and Lemma [A.1]

6. UPPER BOUND FOR Ay — A%;: THE RAYLEIGH QUOTIENT FOR Ay

Let R > 2. For |a| sufficiently small and 1 < k < N, we define

ext : +
o e d ViRar N D
k,R,a -— 'l)int in D+ — Ly ey 4V,
k,R,a’ Rla’

where

ext . _1(02—0 a +
ViR = e2W—0a) 0 in O\ Diap

with ¢f as in (5.1)—(5.2) and 60,4, 6§ as in (2.21)), so that it solves

(I + A0)vh , = Mavih,, i Q\ Dy,
vith, = 30 on (2 D)

whereas U,@"It% . is the unique solution to the problem
{ (iV + Ao)?vi , =0, in Djy,.,

int  _ 1(09—04), .a +
V'R = €200 o, on(‘?DRM.

It is easy to verify that dim (span{vi rga,-..,VNRa}) = N.

]
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Arguing as in [2 Theorem 6.1] and using estimates (5.17)—(5.19)), we obtain that, for every
R > max{Q,fTO}, a = |alp € Q with |a| < %, and 1 <k <N,
0

/ GV + Aok da < C(Rla])?, (6.2)

DRM

[ Wil ds < C(RIa)®,

oD%,

| il de < C(Rpal), (63)
R|a|

for some C' > 0 (depending on p but independent of |a|). For all R > K and a = |a|p € Q with

la| small, we also define

_ orallel)
VH,

As a consequence of (5.13)) and of the Dirichlet principle, arguing as in [2, Lemma 6.3], we can

prove that the family of functions

zZE(z) (6.4)

{ZE :a=|alp,|a| < &} is bounded in H"*(D}, C). (6.5)
In particular, for all R > K,
/ 16V + Aoyl oPde = O(HL).  as |a] = 0%, (6.6)
DR\a\
/ it 2z = O(jalH,), as |a| — 0%,
8D§|a| T
[ oteaPde = O(aPH), s la] - 0. (6.7
Rla
Lemma 6.1. Let p € SL. There exists R > 2 such that, for all R > R and a = |a|p € Q with
la < T,
>WH_G)\N < fr(a)
where

fr(a) :/+ \(N+A0)Zf\2dx—/+ (Y + A)Gal? dz + o(1), as |a] = 07,
DR DR

fr(a) =0(1), asla] — 07,

with pg and ZE defined in (5.14) and (6.4) respectively. In particular Ay — \% < const H, as
a = l|alp — 0, for some const > 0 independent of |al.

Proof. Let us fix R > max{2, K, O%)}. Let us consider the family of functions {x rq}tr=1,..~
0
resulting from {vy g o}r=1..~ by a weighted Gram-Schmidt process, that is

- ZA}]C,R,G
Vk,R,a = k’zl,...,N,

b
\V Jo 4|0k ral? dx

where @N,R,a ‘= UN,R,a>

N
~ R,a .
Vk,R,a ‘= Uk,R,a — E d@,k V¢,R,a> for k = 1,...,N— 1,
l=k+1
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and
gRe Ja @k, R.aVe,R.q dx

bk fQ q ‘@E,R,a|2 dx

By constructions, there hold

/ q\@kyR,a\Q dr =1 for all k& and / q 0k R,aVe,R,qdx = 0 for all k # £. (6.8)
Q Q

From (5.2), (5.16), (5.19)), (6.3)), , and an induction argument, we deduce that

/ q|opral*dr =1+0(la|*) and df,’: = O(la|*) for £ # k as|a| = 0T, (6.9)
Q 7

/Qq lox ral? do = /Qq lon.ral?de =1+ O(Ja?H,)  as |a] — 0%, (6.10)
dﬁ‘,z =O(la]*VH,) asl|a]— 0", forall k< N. (6.11)
From the classical Courant-Fisher minimax characterization of eigenvalues and it follows
that
2
An < max / (1V + Ap) ( a0 > dx,
N (a1,e.,an)ECN JQ 0 Z Wk R
ij:l lag[>=1
so that
AN — A% < max Z mknakan, (6.12)
(a1,...,an)ECN k=1
Zk 1|ak|2 1
where

mjy = / (iV + Ao) Tk, r,a - (iV + Ao)Up, r,a dT — A{Opn,
Q
with 0g, = 1 if &k = n and g, = 0 if &k # n. From (6.10)), (6.4)), and (5.14)) we deduce that

awr A= [oqlvn,Ral? dz)

NN Jaoalvn,Ral? d

(Jog, 167 + Ao)olglyoPde = fpy 167+ Ao e
qu ”UN,R,G‘2 dx
—u, (/ (Y + Ao) ZF|? dar — / (Y + A))@al? d + 0(1)),
Dy, D,
as |a| — 0F. We observe that, in view of (5.13)) and (6.5)),
/ NV + A ZEP do / NGV + A)gadr=0(1) as |a| - 0", (6.13)
DR DR

From , , , , and , we obtain that, if £ < N,

@R _ 1 / / ¢ 2
myy = —AN + 5 | Ak — iV + A, dx + |(iV + Ag)vit |Pda
kk N qu!ka,alzdx k D;‘ !( )‘Pk| R| ‘ 0) kR, |
2

dx

(iV + Ao) ( Z df}f@g’}ia)
1>k

1
-
fQ q |Uk,R,a|2 dx Jo

2
—A%e</(2v+A0)kaa'(lv+Ao d U@Ra d.%')
Jo 10k,R,al* dz <g€ 0k )

= (A — An) +o(1) as|a| — 0.
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We observe that from (2.8)) it follows that Ay, — Ay < 0 for all £ < N.

From (5.15)), (5.18)), (6.6)), and (6.2), we deduce that, for all k < N,

1/2 1/2 R
(/ Q|®k,R,a|2 dI) </ Q|@N,R,a|2 d$> mz N

- / (9 + Aoyl - GV + A0y, — (Y + Ad)pt - IV + Au)oy ) de

R\I

/(ZV+A0 (ngkaa) . (iV+A0)vN7R7ad:1::O(\a|\/Fa),

>k

so that, by and ,
mZﬁ = O(]a|\/Ha) and m‘f\,]z = mk N = O(|a]\/ )

as |a| — 0T. In a similar way, from (5.18)) and (6.2)) we can deduce that, for all k,n < N with
k # n,

migl = O0(lal*)  as |a| — 0.
Thanks to Corollary we can apply |2, Lemma 6.1] to conclude that
N
max S m&Faym = H</ (Y + A9)ZF)? ds — / (Y + Ay)gal? de + 0(1))
(041,...701N)€CN jn=1 ’ D; DE
e lonl?=1
as |a| — 0%. The conclusion then follows from (6.12)) and ([6.13]). O

7. LOWER BOUND FOR Ay — A%: THE RAYLEIGH QUOTIENT FOR A%,

For R > 2,1 <k < N, and |a| sufficiently small we define

ext
Whpa 1= { e mQ\DR'“" k=1,...,N
,R,a -— I )
wk?R@, 1nDR|a‘,

ext _ %(Ga 0%)

where wi, , == ©) in Q\ Dg‘al solves

{(N + Aa)Pwh o = Mquih . 0 Q\ Df

wih = ¢2(0a=08) 0 on J(Q\ Dy, )

whereas w,i”f% . is the unique solution to the problem

int

4
kaa ez

{(ZV + A )Qw,@”}%a =0, in DEM,
0—02)

0)pf  on 8DR|Q|

From (5.2)) it follows easily that dim (span{wi rg4,...,wWN Ra}) = N. From [10] and [14] (see
also [§]) we have that

|16V + Al dz = O(lal), (1)

R|a|

|, 1Rds=0(a®) and [ |ePde=0(al") asla|-0t. (12

Rlal| R\a\
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From estimates ([7.1)—(7.2)) and the Dirichlet principle we deduce that

|16V + Auith 2 dz = O(laP), (73)
Rla|
/ b ds = O(la*) and /+ witt, 2z = O(jal') as |a] — 0F.  (7.4)
D
R|a| Rlal
For all R > 2 and a = |a|p € Q with |a| small, we define
wint alz 0
|a)’ la)’
From (2.11)) we deduce that
W, — Be2%4p; as |a| — 0T (7.6)

in H19(D%}, C) for every R > 2, where v; is given in (2.12)) and 8 € C\ {0} is as in (2.11)). Let
upr be the unique solution to the problem

(iV + Ap)?ug = 0, in D},
L(0p—08) 10 + (7.7)
up = €277 "0)e2"0;, on OD7F.
Using the Dirichlet principle and (7.6]), we can prove that, for all R > 2,
U — Bug, in H'P(D},,C), (7.8)

as a = |alp — 0.
Lemma 7.1. For everyr > 1, ug — ¥, in H'*?(D,;5,C) as R — +o0.

Proof. Let r > 2. For every R > r, let ng : R> — R be a smooth cut-off function such that
nr =01in Dgsy, nrg =1 on R2\ Dg, 0 < nr < 1, and |Vnr| < 4/R in R?. From the Dirichlet
Principle, (3.7)), and (3.8) we deduce that

i ij 2
/D+|(N + Ay)(up — W) 2 dx < /D+ [0V + Ap) (na(exCrBesloy; — w,))[" da
T R

. 1’(9 _910) 1@0 o 2
<2 Dt ’(zV—{—Ap) (62 r~%/)e2%0); \pr)‘ dx
+\MR/2

=y
R? Jpi\n}

R/2

i ig 2
65(9p_98)8560¢j — \I/p‘ de = 0(1)

as R — +o0. N

Lemma 7.2. Let p € SL. Let R be as in Lemma . For all R > R and a = |alp € Q such
that |a| < %, there holds

AN — AL
W > gr(a)
where lim, 0+ gr(a) = i|B|?kR, being B as in and
Rp = (67%(01’703)67%@0 (tV+Ap)ugr -v— (iV); - V)l/Jj ds. (7.9)

oD}

Proof. Let {Wy g q}r=1,.. n be the family of functions resulting from {wy rq} by the weighted
Gram—Schmidt process

Wk, R,a

Wk,R,a = - )
V Jo @1k k.ol de

k=1,...,N,
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~ ~ N R,a .
where Wy R = WN R and, for k=1,...,N =1, Wy Ra := Wk,Ra — Dp—pi1 ok We,R,as with

JRa Jo QW RoWe R dx
bk Jo @i, Rrql? dx

By construction, there hold
/ q]fLT)hR,a\de =1lforalll<k <N and / q Wk, RaWe,Rqdr =0 forall k # 0. (7.10)
Q Q

From (5.2)), , (7.4), (7.6), and (7.8)), and an induction argument,it follows that

/ W =140(a") and o5 =O(a") for ¢ £k as [a] - 0%, (7.11)
Q
/ ¢ fral? dz = /Qq lwn pal>dz =1+ O(la[%72) as |a| — 0%, (7.12)
cf,(,z = O(|a]*™7) as|a| =0T, forall k < N. (7.13)
From the classical Courant-Fisher minimax characterization of eigenvalues and (7.10) it follows
that
A& < max / (iV + Ag) < QW ) dz,
N= (a1, )ECN JQ Z MR Ra
Vi low =1
so that
al R
— Ay < max h$ Yot 7.14
N = (a1,...,an)eCN z; kyn Sk ( )
legvzl lo =1
where

hZ’f = / (lv + Aa)ﬁ)k,R,a . (ZV + Aa)wn,R,a dx — ANOkn,-
’ Q

From ([7.12)), (7.5)), (7.6), and (7.8]) it follows that

B _ An(1— )
NN Joa|lwn,Rr.a|?dz

in . 2
(Jog, 16V + Ayl Pdz = fpy 16V + o)k de)
Jo alwn Rral* dz

_ |ay2j(/ \(N+A,,)Uf|2dx—/ \(iV+A0)Wa|2d:c+o(l)>
D}, D},

R R

= |ay?J'|ﬁ|2(/D+ \(iV—i—Ap)uR\zd:v—/D+ \wj|2dx+o(1))

R
= —ila|¥|B]*(Fr + 0(1))
as |a| — 0T, with &g as in (7.9). From (7.11), (7.13), (7.3), and (7.1)), we obtain that, if k < N,
hi = (/\k - )\N) +o(1) as ya\ - 0.

We observe that from (2.8)) it follows that Ay — Ay < 0 for all £ < N.
From (7.6), (7.8), (7.1), (7.3), (7.11), and (7.12)) we deduce that, for all k < N,

R j R R ]
hiy = O(lal'™) and A = hiy = O(lal'™)
as |a] — 0". Moreover, from (7.1]) and (7.3)) we have that, for all k,n < N with k # n,

hioit = 0(|al?) as |a| — 0.
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Using [2, Lemma 6.1] we can conclude that

N
max Y hpraan = |al¥ (=il PR + o(1))
(a1,...,an)eCN k=1 ’
Z]/::l lovg[2=1
as |a|] — 07. The conclusion then follows from (7.14)). O

A combination of Lemmas [6.1] and [7.2] with Corollary [5.8] yields the following preliminary
estimates of the eigenvalue variation.

Corollary 7.3. Let p € S}F. Then
(i) |Av — Ay = O(1) max{H,, |a|¥} as a = |a|p — 0;
(i) Ay — A% = O(HY™)Y a5 a = |a|p — 0.
Proof. As a direct consequence of Lemmas and we obtain that there exist ¢,,d, € R
such that, if a = |a|p with |a| sufficiently small, then
cpla® < An — Ny < dpH,. (7.15)

We notice that, up to now, we still do not have any indication of the sign of the constants c,, d,,.
Estimate (i) follows directly from ([7.15]). Estimate (ii) follows combining (i) with (5.11)). O

Lemma 7.4. Let kg be as in (7.9). Then,

lim Ar = 2im
R—+o00 R P

with my, as in (2.20)).

Proof. First, for simplicity, we rename

k3

VR = e_i(gp_gg)e_%aouR,

where up is the unique solution of ([7.7). Let’s introduce the function

Qr(r) = /5 vg(rcost,rsint)sin (j (3 —t)) dt, r>1.

_
2

By direct calculations, it is easy to verify that, since —Avg =0 in DE \ Dy, ¢r satisfies

/
— <r1+2j <T_jng(r))/) =0, forre(1,R]. (7.16)
Since vg = 1j on 6DE, we have that
i .
QDR(R) = §RJ

Hence, by integrating ([7.16]) over (1,7), we get

5 —er()R™% i ¢r(l) — 5
1—-R2% 1-R%

By differentiation of the previous identity, we obtain that

¢r(r) = r~, re(1,R].

/ . JR7Y (7 —2j —2j
¢r(R) = P =i (2(1 +R) = 20r(1)R : (7.17)
On the other hand
. o Ovg
ioR(R) = iy /a i i (7.18)
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By combining ((7.17) and (7.18]) we get
CRyds=—9 (2 T 2pp(1)). 1
e s = 7 (57 + 5~ 2en() (7.19)
The second term of the right hand side of ([7.9)) can be calculated explicitly:
. O; T o
i ds — i p2i 2
Z/(?ng ey Ypjds Zj2R (7.20)

From (7.19)), (7.20) and (7.9)) it follows that

. ij
Finally, Lemma and Proposition [3.5 imply that
0 m 7r
li ) =wy(1)+==—--L+-.
im or(l) =wp(l) + 5 PR
This allows passing to the limit in ([7.21)) thus getting the conclusion. (I

8. ENERGY ESTIMATES FOR THE EIGENFUNCTION VARIATION

This section aims at providing some energy estimates for the function vy g, defined in ,
in order to improve the estimates on H, collected in Lemma [5.8

Throughout this section, we will regard the space HZ (2, C) (which coincides with Hy*(Q, C),
see (12.5))) as a real Hilbert space endowed with the scalar product

(u, U)Hé,’]g(Q,C) = Re (/Q(ZV + Ag)u - (iV + Ap)v dx),

which induces on H}(2,C) the norm (2.4) (with a = 0), which is equivalent to the Dirichlet
norm, as observed in (2.5)). To take in mind that here H} (€2, C) is treated as a vector space over
R, we denote it as H&R(Q, C) and its real dual space as (H&R(Q, C))*.

Let us consider the function

F:Cx Hjp(Q,C) - R xR x (Hyp(Q,C))* (8.1)
F(\ o) = (IIUI@,;,O(QC) =, Im( o a(@)ee} de), iV + Ag)%p — Agw),

where (iV + Ag)%p — A\p € (H&R(Q,C))* acts as

(Hé’R(Q7<C))*<(iV + Ao)%p — Mgy, u> = Re (fQ(zV + Ag)p - (iV + Ag)udx —\ [, qcpﬁda;)

H} L (2.0)

for all p € H&R(Q, C). In (8.1) C is also meant as a vector space over R. From (Ep) and (2.9)),
we have that F(Ay, ¢%/) = (0,0,0).

Lemma 8.1. The function F defined in (8.1)) is Fréchet-differentiable at (An, %) and its
Fréchet-differential dF (An, ¢) € L(C x Hyp(€2,C),R x R x (Hy (2, C))*) is invertible.

Proof. The proof follows from the Fredholm alternative and assumption (2.8)) by quite standard
arguments, see [2, Lemma 7.1] for details for a similar operator. [l
Theorem 8.2. Let p € St and R > R, being R as in Lemma . For a = |alp with |a| < %,
let uN o be as defined in (6.1). Then |vn,rq — QD(]JVHHLO(Q 0 =0 (VH,) as |a|] — 0%.

0 )
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Proof. From (6.1)), (5.14])), (6.4), (7.5), we have that
/Q (Y + Ao) (vn,pa — o%)|° da :/Q ez ) (iV + Aoy — (iV + Ao)¢|* da

2
dx

~|—Ha/D§ |6V + 40) (28 ~ 1w,

2

igP_0 V- - all /.
— H, o e200=0) ;7 + Ap)Pa — \‘/;TE(ZV + Ao)Wa) dz.
We can estimate the second term at the right hand side in the following way
. R laff 2
H, /Dg ‘(ZV—FA())(ZG @WG) dz
~ R|? 25 ; 2 2
< 2Ha/ |6V + 40) 28|+ 2al¥ / |6V + A0)Wa| = O(lal?)
Dy, Dy,

as |a] — 0, via (5.12)), (6.5, (7.6). The estimate of the third term is analogous recalling (5.13)
in addition. In view of (5.3, we thus conclude that vy pa — % in H(Q,C) as |a] — 0T.
Therefore, we take advantage from Lemma [8.1] and expand

F(Xy, 08, 10) = AF O, 63 (% A 08w = 0% +0( X~ An [+ 0w ra— X o)) (8:2)

as |a] — 0. In view of Lemma the operator dF (A, %) is invertible (and its inverse is
continuous by the Open Mapping Theorem), then from (8.2)) it follows that

AN = AN] A+ l[ow,re = €N 3 @.0)
< [|(dF(An, 90(])\7))_1HLZ(]RXRX(H&’R(Q,(C))*,CXH&R(Q,(C))||F()‘(Jl\f7 N, Roa) IR (a1 (@) (1 + 0(1))
as |a| — 0T. Tt remains to estimate the norm of
F(AY, vN,Ra) = (s Bas Wa)

= (HUN,R,QH%,O(Q’C) — An,Jm (fg QN R0 dx) ,(iV + A0)*vN Ra — A € UN,R,a>

in R xR x (H&R(Q))*. As far as a, is concerned, using (6.5)), (5.13)), and Corollary (part
(ii)), since § < 1 < j we have that

aa=</D NGV + Aot = [ |<iv+Aa>so7V|2dx>+<A7v—AN>

Rlal DRlal

=H, (/ |(N+A0)Z§|2dx—/ |(iV—|—Ap)g5a|2dx> + (A% — An)
Dt Dt

R R

= O(HI/U+)) = O(\/H,), as|a|—0T.
As far as 3, is concerned, by the normalization in (2.23)), (2.2), (6.7), (5.16)), and (2.11)), we have

that

B, = Tm (/ qUNRa % do — / N qe2 %0 o0 da +/Qq6;(08_9“)907v809vd95>

Rlal DRjal
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Let p € C°(Q,C). Then, if |a| is sufficiently small, e%(ea_eg)gp € HS’“(Q,C) and then, in view
of (5.1),

0= / e%(eg_ea)ﬁv + A)ey - (1V + Ag)pdx — X}V/ qe%(eg_e“)cp‘}vadaz.
Q Q
Hence, by (6.1)),
/Q(Z'V + Ag)uN,Ra - (IV + Ag)pdr — Ny /Q qUN,R,P dT

= [ GV AR GV AJpde =X [ | ol pde

Rlal DRjal

[, AT 4 A GV Apdr + X [ qed g,
D

D
R|a| Rlal
which, in view of (5.15)), (5.16]), , (6.7), yields

(HgR(Q,C))*<(iV + A0)*vN,Ra — A qUN, Ra; <P>H1 @.0)
’ 0,R\*® o

O(v'Ha),

sup
pEC=(Q,0)\{0} lell o)

as |a| — 0. By density of C2°(Q2,C) in H&’O(Q, C) we conclude that
lwall 00 = O(VHa), asla| =07,
thus completing the proof. O
As a consequence of Theorem [8.2] we obtain the following improvement of Corollary
Theorem 8.3. We have that |a|* = O(H,) as a = |a|p — 0.
Proof. Directly from scaling and Theorem we obtain that, for every R > R,

</(iﬂ)\D§

. _ 2\ 1/2
(iV + Ap) (Balz) - eé<9p—9€>%wa)’ dx) =0(1), asa=lalp—0, (83)
from which it follows that

} 2 1/2 2 1/2
lal? ; L(0,—0D)
Vi (/D;R\D; (07 4 Ap) (3718 Wa)‘ dx) = o </D dx)

as a = |a|p — 0. Via (7.6) and (5.13)), this reads \';I% = O(1) as |a] — 0T, thus concluding the

proof. O

(iV + Ap)pa(2)

+\pt
2R\DR

9. BLOW-UP ANALYSIS

Theorem 9.1. Forp € St and a = |a|p € Q, let ¢4 solve [2:22)). Let @, be as in (5.14), K be
as in (5.10), 5 be as in (2.11) and ¥, be the function defined in (2.24). Then

) lal? 1 K
lim =— | — 9.1
a=lalp—0 VH, || faDE |Wp[? ds 51)
. B K
Po—— | ————V,, asa=lalp—0, (9.2)
¢ 8] faD}; [Wp[? ds ?

in H'P(D7},,C) for every R > 1, almost everywhere in R, and in C? R2 p}, C).
R loc\™™+

and
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|al?

Proof. From Theorem we know that il O(1) as a = |a]p — 0. Furthermore, we

have that the family {3, : a = |alp, |[a| < %} is bounded in H'P(D},C) for all R > K, see
(5.13). Then, by a diagonal process, for every sequence a, = |a,|p with [a,| — 0, there exist
c € 10,400), ® € Upoy HYP(D, C), and a subsequence a,, such that

J
lim || =c
L—+00 Hanl

and
Pan, — ®  weakly in H"*(D},C) for every R > 1 and almost everywhere.

By (5.14)) and compactness of the trace embedding, we have that
1 -
- B2 ds = 1; (9.3)
K Japt
K
in particular ® # 0. Passing to the weak limit in the equation satisfied by @q, i.e. in equation
(iV + Ap)*Pa = Ay lal*q(Ja|z)@a, in ﬁ@ ={z eR? : |a|z € Q}, (9.4)
we obtain that ® weakly solves
(iV+4,)*°®=0, inR%. (9.5)
By continuity of the trace operator H'P(D},,C) — L*({0} x (=R, R),C) and vanishing of Pan,
on {0} x (=R, R) for large ¢, we also have that
®=0, onJR2. (9.6)
By elliptic estimates, we can prove that ¢q,, — ® in Cfoc(@\ {p},C). Therefore, for every

B> 1 Jopy (Ga, [* ds — Jop;; |®|?ds as £ — +oo and, passing to the limit in (9.4) tested by
Pay, s We obtain that

/D+ Y + Ap) G, |2 dz — /D+ (1Y + A) B2 dz, s £ — +oo.
R

R

Therefore, in view of the Poincaré inequality (A.3), we deduce the convergence of norms || 3, | Hi»(DE.C)

||<i>||H17p(D§7C) as £ — +o0 and then conclude that the convergence @,,, — ® is actually strong

in HP(D},,C) for every R > 1.
Therefore we can pass to the limit along a,, in (8.3) and, recalling (|7.6)), we obtain that

- ; 5 2
/2 . ‘(’LV +A4,) (<I> - 65(91’_95+90)cﬂ1/1j>‘ dr < +o0,
RI\Dp
for every R > R.

This implies that ¢ > 0; indeed, otherwise, ¢ = 0 would imply that fRi ](iV+Ap)<i>|2 dr < 400,

which, in view of 1) and (A.2)), would yield ® = 0, thus contradicting (9.3). Therefore,
from (9.5)), and Proposition [3.2| we have necessarily that

d =AY, (9.7)
From (9.7), (9-3) and the fact that ¢ > 0, we have that

1 K
c=— | —————,
5] faDE ’\PPPds
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so that the convergences (9.1)—(9.2) hold along the subsequence {ay,}¢. Since the limits in
(9.1)—(9.2) depend neither on the sequence {ay }, nor the subsequence {a,, },, we conclude that
the convergences holds for |a] — 0. O
Proof of Theorem [2.3. It follows directly from (9.1]), (9.2). O
From Theorem it follows that the blow-up family of functions Z* introduced in (6.4)

converges to a multiple of the unique solution zr to
{(iV + Ag)?2p =0, in D},

; 9.8
ZR = ei(eg_ep)\llp, on 8D;. (9.8)

Lemma 9.2. Under the same assumptions as in Theorem let Z! be as in (6.4)). Then, for

all R > R,
B K —)
R o HY(D},
o 5] faDt |\I'p|2d5ZR7 " ( R’C)j
K

Proof. Once the convergence (9.2)) is established, it follows from a standard Dirichlet principle,
see [2, Lemma 8.3] for details. O

as a = |alp — 0.

10. SHARP ASYMPTOTICS FOR CONVERGENCE OF EIGENVALUES: fr(a)

In view of Lemmas and and of the asymptotics of H, given by (9.1)), to compute the
limit of % it remains to compute the limit of fr(a) as a = |a|p — 0 and R — +oc.

Lemma 10.1. For all R > R (where R is given in Lemma and a = |alp € Q with |a| < &2,
let fr(a) be as in Lemmal6.1. Then,

K
I _ K
|a|f(1>+ fr(a) ZfaDt \\I/desF"R’
K
where
KR = / ((z’V—i—Ao)zR-l/ﬁ— (iV+Ap)\I/p'V\ITp) ds. (10.1)
oD},

Furthermore, imp_, o0 Kr = —2im,, where my, is defined in (2.20).

Proof. First, we observe that, by Theorem Lemma and the equations of zgr and
v, (3.6),

lim fg(a) = lim (/D+|(iV+Ao)Zf|2dag—/D+\(iV+Ap)¢a|2dx> +o(1)

a0+ lal—0+ +

K K
S S Y+ Aol do = [ GV + AP dr | = —i—
faD‘t |\I]p|2 ds <\/D£ |(Z + O)ZR| Xz i |(Z + P) p| Xz ZfaD_,__ |\I/p|2 dSKIR
K K

R
with kg from (10.1). We divide the computation of the limit limg_ 4+~ kg in two steps.
Step 1. We claim that
= [ (eFOTIGY + Ag)zp — (iV + A)W,) v e B0y ds 1 o(1),  (10.2)
oD,
as R — +o00. Indeed, we observe that kg can be written as

wp= | (30 + Ag)zg — iV + Ap)W,) v e 300y ds 1 [ (R) + L(R),
oD},
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where
L(R) = /BDJ}g (iV + Ag) (ZR - 6’%00%) v <6;(909p)\11p — 6_;901/)]') ds
. i — _a _OP L p
Ih(R) = _/ang(ZV + Ap) ( e3(Got0p—0g )¢j) v (\Ilp — ez 9o+90)¢j) ds.

Let nr be a smooth cut-off function satisfying
nr =0in Dgjy, nr=1on R*\Dr, 0<np<1 and |Vng|<4/Rin R

By testing the equation
(iV + Ap)? (T, — e2 % 6+00)qp; ) =0,

which is satisfied in R? \ D}, on (¥, — e%(‘gp_%"'eo)wj)(l —n2r)?, we obtain that

. , (6, —6P+dp) B
IQ(R)_z/Ri\DE\(zV+Ap) (2, — e3840, ) 21— g de

= _ 309, —OP 1P, . 2
+2 Ri\Dg(l — 2R) (‘I’p—e 2 (% QOWO)%‘) iV + 4p) (‘I’ — e300 +90)¢> ViR d.
Hence,
, i0p—08+d0),, \|?
IL(R)| <2 Ri\DE\(zv+A,,) (, — e300 " do

4 i 2

4 L(0p—02+60) ),
+R2/D+\D+‘\pr e? Ov,by‘ dex — 0, as R— +oo,

thanks to . On the other hand, by testing the equation (iV + Ag)?(zg — e%éol/}j) =
in D}, on 77R(€2(6 On)w, — 90¢J) the Dirichlet principle yields that

()| =i /D; (iV + Ao) (20 — €270y ) - (iV + Ao) (ng (3% =09)w, — e3%0,;) ) daf

< /D; ‘(N + Ap) (77R (e%(eg*‘%)\ﬂp — e%éowj)) ‘2 dx

<2 \DR/2 ‘(ZV + Ap) (e%(egfep)lllp — e%éol/)j) ‘2 dx

+32/
2
R Di\D},

Hence limp_, o I1(R) = 0 thanks to (3.7) and (3.8). The proof of (10.2)) is thereby complete.
Step 2. We now compute limgp_, 1 k. First, we define

k3 i 2
et O=0)w,, — 30y, " do.

™

Cr(r) = /2 e gfo(reostirsing) , o (1 cos ¢ rsint) sin (j (5 —1t)) dt.

jus
2

Thanks to the equation satisfied by zg , we have that

(rit2 (rijCR(r))/)/ =0, in (0,R].
Therefore, by integrating over (r, R), we obtain, for some B € C,

CR(R)T]' _ ETJ +Br 7, in (0,R].

Cr(r) = R R2J
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is
Next, we note that the function z% = 6_26023 is a solution to —Az% =01in DE and z% =0 on

OR2 N Dg, so 2% = O(|z]) as |z — 0 (see e.g. [10]). This implies that B = 0 and

Cr(R) ; S -
atr) = B and - Gt = KEB i (0, )
On the other hand, we can compute

1 ij 7 ig
/ _ — 10 . _ . . — %6 .
<R<R>—Rm/w;v(e 2p) vy ds = g /BD;(NMo)zR ve 30y, ds.

Hence, by combining the two previous equations, we have that

/am (iV + Ao)zg - ve 304 ds = ij RICp(R). (10.3)

R

To compute explicitly (r(R), we can use the boundary conditions of zg on 9D}, Proposition

and (2.12)) to obtain

Cr(R) = /5 506~ _éo)(RCOSt’RSint)\Ilp(Rcost,Rsint) sin (j (5 —t)) dt

g
bl m T

= (wp + ;) (Rcost, Rsint) sin (j (5 — 1)) dt:—?f)j—FRJE. (10.4)
_r J
2

By combining ((10.3)) and (10.4)), we get
/ (iV + Ag)zr - ve 2904 ds = —im,, + i RY = (10.5)
oDt 2

R

Next, in view of (2.24]) we rewrite
/ +(iV + A,)¥, - l/e%(egfapféo)wj ds = z/ . V(wp + ;) - vipjds.
oDy 9Dy

By using Proposition and (2.12), we immediately obtain that

z/ V(wy + ;) - vpj ds = imy, + ijR¥ = (10.6)
oD} 2

Finally, by combining (10.2)), (10.5) and (10.6) we obtain that limpr_, o kr = —2im,, thus
concluding the proof. O

Proof of Theorems[2.1] and [2.2. From Lemmas|[7.2] [6.1, Theorem[9.1]and Lemma [10.] it follows
that, for all R > R,

A1~ AN — A% H,
Z’B|2K’R+O(1) < \a|2j = fR( )’a‘gj

B ‘ K 2fap}t{ [Wp|? ds
= <_ZWHR+O(1)> (|ﬂ’ T‘i‘()(l) s

— A% AN — A}
N < Jimsup 2NN < —i|B|kr,

as a = |alp — 0. Hence,

i|B)*Rp < hmlnf AN

a=|a|p— |a|2j a=|a|p—0 |a’2J
for every R > R. From Lemmas and . by letting R — +o00, we obtain that
AN — Ay

AN
—2\,8]2111,3 < lim inf N < lim sup

— N < —2|B)Pm
la|—0F |a‘2] la|—0+ |a|? "
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which yields that
AN — AR
im N T AN
a=lajp—~0 |a|*
thus proving (2.13) together with Theorem Statements (i),(ii), and (iii) of Theorem [2.1] -
follow from combination of Theorem Lemma and Proposition

_2|ﬁ’2mp7

APPENDIX: HARDY & POINCARE INEQUALITIES

In this appendix we recall some well-known Hardy and Poincaré-type inequalities used through-
out the paper.
In [I7] the following Hardy-type inequalities were proved:

) 1 lu(z)|?
2 2 JUL)
/2 |(iV + Ag)u|” dx > 1 /2 | 2 de, (A1)

which holds for all functions u € DL?(R?), being D}2(R?) the completion of C°(R? \ {a},C)
with respect to the norm ||(#V + Ag)u| 12(r2 c2), and

2
Qe >+ / ()] .
/DT@ 69 + Ag)uf dz > T S (A.2)

which holds for all > 0, a € R? and u € HL“(Dr(a),C), see also [9, Lemma 3.1 and Remark
3.2].
We also recall from [2I] two Poincaré-type inequalities in half-balls.

Lemma A.1 (2T, Lemma 3.3)). Let r > 0 and a € D;. For allu € H**(D;},C), with u = 0
on {z1 = 0}, we have
1
2
Lemma A.2 (21, Lemma 3.4]). Let r > 0 and a € D;". For all u € H"*(D;",C), with u =0
on {x1 =0}, we have

1
Julde < ;/w |u|2ds+/D+ (Y + Ay )uf? da. (A.3)

1
f/ ]u\stg/ |(iV + Ag)ul? dz.
T JoD} D;f

r
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