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Introduction

Navier-Stokes equations are since many years the most important tool for
studying viscous fluids. They are quite well established under a physical
point of view, providing anyway one of the most challenging problems in

Analysis.

During the last century a number of variants of the Navier-Stokes equa-
tions have been proposed, mainly with the goal of describing some nonlinear
phenomena like, e.g. shear thinning, and they got a considerable success in

describing features of some biological fluids, like blood.

Yet, all those fluids, including of course Navier-Stokes, share one com-
mon property: the work expended by the inner forces depends only on first

derivatives of the velocity, as it has to be, at least for simple fluids.

However, starting first from a very general point of view with the pioneer-
ing work of Germain [1], who introduced in a systematic way the concept of
virtual power and its use in the foundations of Continuum Mechanics, and
subsequently with many others, it became clearer and clearer that another
possibile generalization was available, i.e. the second-gradient (not to be
confused with second-grade) fluid. In these fluids the working done by the
inner forces depends also on the second derivatives of the velocity field and
includes the possibility of a “hyperviscosity” analogous to hyperstress coeffi-

cients which appears in the corresponding solid mechanics theories.

These fluids have been considered only as an exercise, or an analytical
variation of the problem, until the work of Fried and Gurtin [4], Giusteri
and Fried [6] and Giusteri-Marzocchi-Musesti [16], [7] and [8], in which some
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iv INTRODUCTION

convincing features of physical materials of this type were described and
used. Subsequently, the very important case of isotropic fluids showed that
this generalization leads to what we will call Hyperviscous Navier-Stokes
problem.

In this Thesis we will deal with the general initial and boundary value
problem of such a fluid in a bounded or unbounded domain in three spatial
dimensions, which is still open (even for bounded domains) for Navier-Stokes,
with natural homogeneous boundary conditions.

The plan of the Thesis is the following: in the first chapter we introduce
the second-order fluids through their derivation from the theory of Virtual
Powers. In this chapter the advantages of considering such fluids are pre-
sented, for example the possibility to treat slender bodies moving in viscous
fluids. In the second chapter it is studied the initial boundary value problem
for the hyperviscous Navier-Stokes system, that describes the special class
of fluids derived in such a theory; in particular, we will consider the flow of
these fluids at first in bounded domains and then in exterior domains.

In order to do this, the existence of a solution is proved through the
construction of a suitable Galerkin approximated solution that passes to the
limit thanks to suitable a priori energy estimates which are independent on
the size of the bounded domains, thus allowing also existence in unbounded
domains. In these estimates, the terms which do not appear in the Navier-
Stokes problem will play a crucial role.

The solutions are then proved to be regular, both in time and space, and

unique in their functional spaces.



Chapter 1

Second-gradient fluids

1.1 Virtual Powers

The study of the motion of a deformable body consists in the analysis of
the configurations that such a body assumes in different instants. Thanks
to Continuum Mechanics, we can describe the possible configurations, the
kinematics and dynamics of the bodies in a macroscopical way using a con-
tinuum approach. What happens to an object in motion can be insight by
the mechanical interactions between subbodies of the body we consider or
between the external enviroment due to the forces. A possible approach, once
established the configurations and the kinematics, is to exploit the Principle
of the Virtual Powers, instead of studying forces, in order to write balance
equations in integral form. This kind of approach is not a mathematical trick,
but instead it is the most natural way to write the mechanical laws directly
in weak form, without invoking regularity for setting the balance laws (e.g.
the balance of momentum) and then relaxing it once the problem is written
as a differential problem.

A virtual power has been introduced by many authors. The first who
make this systematically was Germain [1], but we will refere to the definition
by Degiovanni, Marzocchi and Musesti [17], which also allows measures and

sets of finite perimeter as subbodies.
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Definition 1.1.1. Let Q C R"™ be an open set. We define the collection of
diffused subbodies of €2 as
O(Q)={veC.():0<9<1onQ}.
Definition 1.1.2. A power of order k € N is a function
P:O(Q) x C*°(Q;RY) - R

such that
1. for every v € C®(Q;RY), P(¥,v) = P(V,v) + P(V2,v) whenever
V), 91,09 € O(Q) satisfy ¥ = 91 + J;

2. for every ¥ € ©(Q2), P(9,) is linear;

3. for every compact set K C ) there exists cx > 0 such that for every
¥ € O(Q) with supty C K and for every v € C®(,RY),
k
1P, 0)] < ek >[IV oo supt,
=0
where [|[VDv||w s == sup {|[VWDv(z)| : 2 € S}.
It can be proved also the following theorem from [17] that provides us of
an integral representation for the power P. Preliminarly we denote 2t(€2)

the set of positive Borel measures finite on compact subsets of 2. Given an
integer N > 1, we define, for 7 > 1

Sym; := { f:(R") = RY: fis j — linear and symmetrlc}
We denote with Sym? the dual space of Sym;.

Theorem 1.1.3. For every power P of order k there exist k + 1 measures

iy € M(S2) and k + 1 Borel maps Tj : Q@ — Sym} such that |Tj| =1 pj—a.e.

and
VI € O(Q),Yv € C*(Q,RY) : Z/ (T;, Vv

Moreover, the tensor-valued measures Tjdu; are uniquely determined.
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For example, let us suppose that a velocity field and a volumetric den-
sity of forces is defined on a body or on one of its subbodies M, then, by
simplifying the notation, the quantity

P(M,v):/Mf-vdg"

defines a virtual power of zero order, that is the power of the applied forces.
But if we consider a deformable body, considering only the velocity field is
not enough and this is why we need also gradients of higher order of the
velocity field, as in Theorem 1.1.3.

Having in mind various virtual powers, the inner one (often also called
inner working), the external one, a contact one, which is essential and respon-
sible for contact interactions, and finally an inertial power which represents
a la d’Alembert the contribution of inertia to the lost forces, we can set the

main balance assumption as follows:

Axiom 1.1.4 (D’Alembert Principle). Let be given a mechanical system.
In every inertial reference we have an admissible motion if and only if the

resultant of all the stresses on the system is null.

At this point we can consider an equilibrium problem through balance

equations in integral form, thanks to

Axiom 1.1.5 (Principle of Virtual Powers). For all instants t and for
all subbody M, the motion of a continuous body is such that the total virtual
power of the strain applied to the subbody, both internal and external, vanishes

for every virtual velocity field considered.

where a virtual velocity is a kinematic admissible field with the geometric
constraint on the subbody. The Principle of the Virtual Powers has been
introduced and employed for the first times in [1], [2], where it is proved
that the integral laws of motion for continua is equivalent to the Principle of
Virtual Powers.

Moreover it is important to require also that the model we consider does

not depend on the reference system and hence
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Axiom 1.1.6 (Material invariance). The power spent by the internal

forces on every rigid velocity field is null at each instant.

With the cited principles we have a wide range of possible fluids and
hence, in order to simplify the handling, we have to add some constitutive
axioms, namely some constraints on the state of motion. Moreover it is
important to remark that the setting of the order of the gradient is nothing
but another modelling choice that allows us to explain the forces that are
internal to the material. Moreover, with this kind of approach we can also
analyze different physical situations that otherwise could not be modelled
with a different choice of the order k of the velocity test in the formulation
of the power. In this thesis our attention will be focused on second gradient
fluids.

1.2 Second-gradient fluids

The aim of classical studies of Newtonian fluids is to model viscosity; we
can observe that during a rigid motion we cannot distinguish the behavior of
viscous and ideal fluids. Hence, it is necessary to link the viscous interactions
with the shear between adjacent fluid layers. Such interaction opposes to
the shear and this suggests the idea that the viscous interactions should be
proportional to the symmetric part of the gradient of the velocity field that is
forced to be modified by such interactions. Therefore it is natural to assume
internal power expenditures of first order and hence the velocity field as a
linear form on the Sobolev space H'(€;R3), where 2 is the domain in R3.
But in this thesis we choose fields in H?*(2; R?) and this choice is sup-
ported by some argumentations. In this way the velocity field results contin-
uous and it is possible to consider adherence to one-dimensional structures,
that otherwise could not be done; furthermore it is possible to consider new
boundary interaction with respect to the classical that are assumed; more-
over corresponding PDEs are well posed. For example with fluids of second

gradient we can study a slender body falling in a fluid: without that hypoth-
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esis the problem may have no sense. It is of interest, in this way, to study
second-order fluids in L?([0, T; H?*(2; R?)), namely also square-summable in
time (see [7], [8]).

When we want to model a fluid, the motion is described by a vector
field in eulerian coordinates, that is the velocity field, and a scalar quantity,
that represents the pressure field; these two fields are the unknown of the
motion. With our choice of modeling the power of internal stresses is of

second gradient, namely
Pt (M, v) = / (T : Vo + GfVV'U) " (1.2.1)
M

for every subbody M of the body and for every velocity field v. Let us obseve
that the classical choice expects only the first term. With this formulation
we have the Cauchy stress tensor T for the part of first gradient, whereas a
third-order tensor G, called hyperstress, takes in accounting for the second
gradient. It is clear that the only difference with models of first-gradient
fluids is the additional term G:VVw, that turns out to be a generalization.
For first-gradient fluids, in correspondence with the internal expediture of

forces, it is defined also the power of external stresses, that is the volumetric

one
PrM,0) = [ pb-o, (1.22)
M
the power of inertial forces,
Par(M.0) = = [ pa-v (1.23)
M
and the contact power
P.(M,v) = / t-v. (1.2.4)
oM

Hence, for second-gradient fluids to be balanced (see Germain [1]) it is natural
to add to contact powers another term, called hypertraction

ov
P.(M,v) = m- —; (1.2.5)
M 3n
vectors t and m hence represent the traction and hypertraction on the bound-

ary surface.
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1.2.1 Balance equation of virtual powers and boundary

conditions

At this point, if we apply the principle 1.1.5, we get that for all virtual
velocity v and for all subbody M of the body, for a second-gradient fluid the
balance

Pii(M,v) = Popy(M,v) + Pyper(M,v) + P.(M,v)

holds, whence we deduce the integral form

/MT:Vv+/MGEVVv:/Mp(b—a).v+/aM (t.fUer,g_;’l) (1.2.6)

By this new balance equation we can deduce a new macroscopic balance
law, namely

div (T —divG) + pb = pa (1.2.7)

instead of div T 4+ pb = pa. Moreover, the term at the boundary is no longer

t(n) = Tn, but now it is replaced by the conditions
t=Tn— (divG)n —div(Gn) — 2K (Gn)n, m = (Gn)n, (1.2.8)

where K is the mean curvature of the boundary oM.

It is worth remarking that this theory, as stressed by Fried and Gurtin
in [4], is independent of constitutive relations and hance we can use it both
for fluid and solid materials. Actually, the theory we are interested in is
that of incompressible fluids, expecially at small-length scales, so the density
of the fluid is constant and we can give a costitutive equation, namely the
solenoidality of the velocity field; therefore, we can express the stess in the

form

T=T,- Pl

where Ty is the residual stress and P represents the pressure; moreover the

hyperstress has the form
G = Go —1 X T,

where Gg is the residual hyperstress in its first two indices and 7 is the

hyperpressure.
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As in [4], the free energy imbalance can be written as a dissipation in-
equality
TO D+ G()VV'U > O,

where D is the symmetric part of the gradient of velocity, and if considered

linear isotropic relations, Fried and Gurtin assumed

{ Toij = 21Dyj = p(vij + v54), (1.2.9)

Goijke = MYijk + M2(Vkij + Viik — VirrOjk),

where we notice that in addition to the viscosity pu, there are other two
coefficients 77 and 7.
In this way we get a new flow equation, that for second-gradient fluids,
that is
pa = pb — Vp+ nAv — (AAv (1.2.10)

with
p:=P—divr and (:=mn —n.

We can observe that (1.2.10) is the classical Navier-Stokes equation for in-
compressible material with an additional term proportional to AAwv with the
coefficient (, called hyperviscosity. The dissipation inequality gives us two
conditions on the viscosity and the hyperviscosity, namely p > 0 and ¢ > 0;
we can also introduce the length

LS (1.2.11)

)

0

called effective thickness of the lower-dimensional objects.
Additionally, we have to provide the problem with the boundary condi-
tions; a common choice for this problem (see [4]) is

v=0 and m= —,ufa—v on OM,
on

where ¢ > 0 is a material length that takes into account the adherence of the

fluid to the boundary.
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In [5] is presented a particular model of viscous, incompressible and
isotropic fluids. As already mentioned, the constraint of incompressibility,
namely of constant mass density, leads to the constraint dive = 0. In this
model the main assumption is that Ty and G are linear and isotropic func-
tions of respectively D and VVwv. As a consequence, we have that such a
model is quite general, since these are the only two assumptions. These hy-
pothesis leads to To = 2uD, that is the well-known form for the residual
stress, whereas for i, 7,k = 1,..., N, where N is the dimension of the space,

and
Goijkk = MVijk + M2 (Vkij + Vjik — VissOjk) + N3(Vk,s50i5 + V) ss0ik — 405 55051,

that contains also the form assumed by Fried and Gurtin in [4] by setting

13 = 0. From the dissipation inequality it is possible to obtain
To:Vo=2uD: Vv >0

and

Go:VVv = MY jkVijk + 772<Uk,ijvi,jk + VjikVi gk — Uz‘,ssvi,jj) - 4773%,35%,]']' >0

whence the inequalities p > 0 and ¢ =71 — 172 — 413 > 0 are deduced.
What is the main reason to considering this special class of fluids in

addition to the classical models?

1.2.2 Applications of second-gradient fluids

A first application we mention is that proposed by Giusteri and Fried in [6].
Here a new slender-body theory is introduced and it can be applied to flat
bodies, elongated bodies or point-like spherical particles. In particular, the
hyperviscous regularization presented above is a tool to find a solution for
the flow past a translating particle and such a solution well approximates the
classical solution for a point-like sphere.

In [7] and [8] Giusteri, Marzocchi and Musesti analyze the free fall prob-

lem. The model consists in the free fall, due to gravity, of a slender rigid
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body ¥, in a viscous fluid that occupies all the space; the initial state of both
the fluid and the rigid body is quiet.

An application in which the advantage of using the second-gradient theory
is apparent is that of fluid in a cylinder dragged by the motion of a wire (see
[16]).

If the fluid flows between two coaxial cylinders of radii Ry < Ry and
the velocity of the inner cylinder is U along the axis e,, with the outer at
rest, then the classical theory for viscous fluids (with viscosity p) with such

boundary conditions, gives the solution

(r) log Ry — logr
u(r) = :
log Ry — log Ry

If we want to model a wire, namely setting R; = 0, this has no limit. In

(1.2.12)

this case the second-gradient theory helps us providing the solution

r r r
u(r) = a; + azly <z> + aszlog (Z> + a4 K <Z) (1.2.13)
where a;,7 = 1,...,4 are constants depending on the radii R; and Rs, the

constant L is given by the definition (1.2.11), revised in the light of Musesti’s
arguments in [5], and I, and K are the Bessel functions. Now we can

compute the solution in Ry = 0, since, under condition a3 = a4, the quantity

iy (18 (7) + 40 (7))

is finite.
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Chapter 2

The Hyperviscous
Navier-Stokes IBVP

2.1 Preliminaries

Definition 2.1.1. Let K a bounded domain. We define exterior domain the

interior of the complement of K.

The following inequality is proved in Crispo and Maremonti [9] and it is
similar to Gagliardo-Nirenberg inequality. We recall the result below.
Let first

W P(Q) = {u € LL,(Q) : D*u € L(Q),|a| = m} .

Theorem 2.1.2. Let Q) be an exterior domain of R™ and w be in W’"*’(Q) N
L1(Q), p€[l,400], ¢ > 1. Then, for k € {0,1,...,m — 1}

1D wll, < e[ D™ wl[||w]]g™, (2.1.1)
where the constant ¢y is independent of w and

1k (1 m) 1—a
e -
ron P n q

with a € [£.1] either if p=1 orifp > 1 and m —k — = ¢ NU {0}, while
a € [%,1) ifp>1 andm—j—= € NU{0}. The result also holds if ¢ = +o0;

11
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howewver, in the case k =0 and mp < n the following additional condition s
required: w tends to zero at infinity or w € LY (Q) for some finite ¢ > 1.

A similar result holds for bounded domains:

Theorem 2.1.3. Let Q) be a bounded domain of R" and w be in Wm’p(Q) N
L1Q), p,q € [1,40], ¢ > 1. Then, for k € {0,1,...,m — 1},

|D*wl|, < e |[D™w|[]|wllg + ealwl]g, (2.1.2)
where the constants ¢, and co are independent of w and
1k 1 m 1—a
S=—t(=-=)a+ :
ron P n q

with a € [£,1] either if p = 1 or if p > 1 and m —k — % ¢ NU {0},
while a € [£,1) if p > 1 and m — j — » € NU{0}. The result also holds
for Q = R™, with co = 0. In this case if ¢ = +o0, k = 0 and mp < n

the following additional condition is required: w tends to zero at infinity or
w € L (Q) for some finite ¢ > 1.

Theorem 2.1.4 (Poincaré inequality). For all p € [1,400) and for every

bounded domain € we have

(n

—1 1 n 1
Vu € WA(Q) : ||ull, < max {1, T)p} (@) [T IDsulls. (2.1.3)
j=1

The following theorem from [15] is a foundamental property about reflex-
ive spaces:

Theorem 2.1.5 (Kakutani’s Theorem). Let X be a reflexive space and
{@n}pen be a bounded sequence in X. Then there exist x € X and a subse-

quence {Tn, }, oy Of {Th}yen such that oy, — x.

2.2 Formulation of the problem

Let Q C R3 be a possibly unbounded domain of class C*. Let be given
feC([0,T]; L* (Q)) and the solenoidal initial datum uy € HZ(€2).
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The problem we want to take into consideration is described by the fol-
lowing system, where v is a time-dependent vector field, the velocity, and p

is a time-dependent scalar field, the pressure:

( %+(VU)U+VpZVAU—TAAU+f in (0,7) x Q
divu =0 in (0,7) x Q,
u(0, x) = ug(z) in (2.2.1)
u(t,z) = %(t,x} =0 on 02
lim w(t,z) =0
\ |z]—o0

which is the classical incompressible Navier-Stokes equations with kine-
matical viscosity v and with the additional hyperviscous term 7AAwu, where
T> 0.

We want to study the existence and uniqueness of solutions for this sys-
tem, precisely regular solutions that we will define soon, first in a bounded
domain €2 and then to extend the argument also in the case in which €2 is an

exterior domain.

2.2.1 Hydrodynamic spaces

Let Q be a domain in R®. We will denote with || - ||, the classical LP-norm
and with || - ||,,, the W™ (Q)-norm for m > 0, where it is understood that
WOP (Q) = LP (Q) and where we set as usual W™2 (Q) := H™(Q). We know
that

m
lull,, = > [V ull?.
=0

Definition 2.2.1. For all p € [1,00) we denote with Wy*(Q2) the closure in
WP (Q) of C2(Q). We also set W»*(Q) := HI(RQ).

In particular we know from [12] that, if the domain is bounded, then the

norm ||u||m, is equivalent to the norm |[|V™ul|,.
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Definition 2.2.2. Let us introduce the sets

G1(Q):={v=VreLi(Q), for somer € W,h ()},

foc (2.2.2)
Caiv () :={p € CX(Q) and divy =0}.

Then we define J7(2) as the completion of €y, () with respect to the L7 (2)-
norm and the space J™9(Q2) as the completion of €y, (2) with respect to the
W™ (Q)-norm.

Let us also observe that J%¢ () is nothing but the space J7(£2). In [10]
it is proved that J?(Q2) and J™%(Q2) coincide with the following sets

J(Q) = {u € LY(Q) and (v,Vr) =0, for all # € WY (Q) with Vr € LY (Q)} ,
Jm™e(Q) = {U e Wm™1(Q) and (v,Vr) =0, forall me Wb (Q) with Vr e LY (Q)} ,

loc

L (2.2.3)
where — + — =1 with ¢ > 1.
q g
In the same work [10], it is proved proved that
L*(Q)=J*(Q) @ G*(9Q). (2.2.4)

Now we can state the definition of regular solution.

Definition 2.2.3. We say that (u,p) is a reqular solution to problem (2.2.1)
if, for allm € (0,T), we have

o we C [0, T); Q) (1 L2((1, T); JP2() N HHQ));

o w, Vp € L*((n,T); L*(2));

o u satisfies equation (2.2.1) a.e. in (t,x).

2.3 The Hyperviscous Stokes problem

In order to prove the existence of the solutions of our problem we need to
introduce the analogous of the Stokes problem, that is the one with the addi-
tional bilaplacian of u; we will call it the Hyperviscous Stokes problem. As in
the Stokes problem, we drop the non-linear term of the Navier-Stokes system
and moreover we consider the stationary case. Under these assumptions the

system becomes
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AAu —aAu+Vp=f
divu =0
u(z) =0, on OS2 (2.3.1)
ou
\ %(x) =0, on 0N

for some u € W2 (Q), p € L*(Q), f € L*(Q) and where we put a :=
v/t > 0 and with p and f we mean the original ones divided by 7. Let us
notice that o can vanish: indeed, this is the particular case in which in the
equation the laplacian disappears, whereas the term of the fourth order, i.e.

the bilaplacian, that characterize our problem, is always present.

2.3.1 Sobolev spaces
Equivalent norms

Before dealing with our problem we show the equivalence between some
norms. Indeed, since we are concerned with m = 2 and p = 2 with regard to
(2.2.3), we will need to know that

Theorem 2.3.1. Given a bounded domain ) and a vector field v € H? (Q)

with v = @ =0 on 012, then
on

[0][2.5 = (1[5 + VoIl + [|Av]f3. (2.3.2)

Proof. The first step is to prove that the norms || VVvl|; and ||Av||2 coincide.
Suppose first that v € C2° (§2). By the boundary conditions we can deduce
that

*vy 0%y, Foi_ v
A |? = 92 = ox;
/Q\ V| /Q; 0z asz /Q; 0x20x; Ox;

83Uk 87}k a2vk agvk )
=— /Q ; 8xj8x%8_xj B /QZZJ: 0x;0z; 0x;0z; /Q |VVuy
(

2.3.3)

where vy, is the k-th component of v, therfore

/]AvF:/\VVvF.
Q 0



16 CHAPTER 2. THE HYPERVISCOUS NAVIER-STOKES IBVP

Then, we show the result for a function v € HZ (Q). Since Hj () is the
completion of C2°(Q) with respect to the H? (2)-norm, there exists a se-
quence (vp),cny € C () such that v, — v in Hg (Q2); this fact implies
[|[v — vp|]2.2 = 0 and in turn also ||VVv — VVu,||s — 0; hence, from (2.3.3),
we get also the convergence ||Av — Awvy||s — 0 and, since ||Avg||2 — ||Av]]2
and |[VVup||l2 = [[VV||2, we finally get ||Av|]y = |[VV||p for a vector field
v € HZ (). From the definition of H?-norm, we get the claim. O

Definition 2.3.2. Let Q be a domain and u,v two vector fields in HZ ().
Let us denote by D(u,v) the bilinear form

D (u,v) = / Au - Av + Oz/ Vu: Vo. (2.3.4)
) Q
Remark 2.3.3. Given a bounded domain €2, the norm induced by D (u,v),
namely
D(ww = [ 8P +a [ [Vaf = |[Bulf +allVul (239
Q Q

is equivalent to the HZ (Q)-norm.
Indeed, by the previous argument it follows
D (u,u) = [|Aullz + of [Vullz < C ([ullz + [IVullz + [[VVull3) = Cllullz,.

(2.3.6)
Then, by the Poincaré inequality 2.1.4, we obtain

lullo = [lull3+[[Vul+ IV Vul; < Co ([[Vull; + af|Aulf) = Co [D (u,u)]
(2.3.7)

for some constant Cg.

2.3.2 Existence, uniqueness and regularity of solutions

for the Hyperviscous Stokes problem

In order to study the existence of solutions for the Hyperviscous Stokes prob-

lem, first of all let us notice that its weak formulation is

D (u,v) = (f,v) (2.3.8)
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for all v € J*2(Q). In fact, the weak formulation is

/Au-Av+a/Vu:Vv—/pdivv:/f-v (2.3.9)
Q Q Q Q

and since the vector field v is solenoidal, it coincides with (2.3.8).

Theorem 2.3.4. Let Q be a bounded domain of class C* and let f € J* ().
Then, there exists a solution u € J** () of the problem

D (u,v) = (f,v) for every v € J**(Q).

Proof. The linear functional v — Lv = (f,v) is continuous in J*? (Q); in-

deed, using Holder inequality and the definition of HZ-norm, we have

|Lof = [(f,0)] = ’/Qf-v < || fll2llvll2 < [[f]l2][0l]2,2: (2.3.10)

hence the functional is also continuous in the space J*? (). From Remark
2.3.3 it is clear that £ is also continuous with respect to the D(-,-)-norm.
Then by the Riesz’ representation theorem we have that there exists one
and only one element u € J*?(Q) such as Lu = D(u,v), for every v €
J%2(Q). O

Remark 2.3.5. The same result can be proved for a datum f € L*(Q2). In
fact, from (2.2.4), we can decompose f as (f — Vn) + V7 where f — V7 €
J? () and V7 € G*(Q). In this way, replacing Vp with Vp =V (p — ), we

are in the same situation as in the previous theorem.

Now we recall an important result by Amrouche and Girault in [11] that

can be summarized in the following

Theorem 2.3.6. Given Q a bounded domain of class C*' and f € L*(Q).
Then, there exists a unique solution w € H*(Q) and p € H' (Q) (p up to
an additive constant) of the problem (2.3.1) with o = 0 and the following
inequality

ulla2 + [Ipl]12 < C|f]l2, (2.3.11)

holds, where C' is a constant depending on €.
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Following the reasoning of the above paper, it is not difficult to show that
a similar result holds also for AA — aA instead of AA. It is worth noticing
that Au € L?(Q2) in this case and is therefore homogeneous to f. We will
therefore assume that (2.3.11) holds also for a > 0.

At this point, we need to recover the pressure field. Let us recall the

following result [10]:

Lemma 2.3.1. Let v € L} () such that

loc

/ v =0, forall ¢ € Gy (). (2.3.12)
Q

Then there exists a function p € W22 (Q) such that v = Vp.

The existence of a solution u for the Hyperviscous Stokes problem can be
obtained by choosing
v=f—AAu+ alu

and using Lemma 2.3.1. In this way we recover our equation
AAu —aAu+Vp=f (2.3.13)

that has a unique solution u € H*(Q), p € H(Q) (p up to an additive

constant).

Definition 2.3.7. Let P : L*(Q) — J*(Q) and P+ : L*(Q) — G*(Q) denote
respectively the projection of L*(Q2) on J*(Q) and the projection of L*(2) on
G?(Q), so that

w = Pw + Ptw

and

Vwe L*(Q): (Pw, Prw) = (Pw,Vr,) =0
hold.

Let us observe that we can decompose f € L*(Q) as Pf + PLf and that

we can write P+ f = Vpy; hence, if we set m = p — py, we finally obtain

AAu — aAu+ V71 = Pf. (2.3.14)



2.3. EXISTENCE, UNIQUENESS AND REGULARITY 19

Since all the terms are square-summable (we just proved with Theorem 2.3.6
that u € H*(Q) and so AAu € L*(Q)) and and since by definition of J2(£2)
we have P(Vm) = 0, we can apply the operator P to the latter equation in
order to get

PAAu — aPAu = P(Pf). (2.3.15)

Let us observe that we do not lose generality if we consider f € J?(2), by
redefining the pressure, in the regularity results due to Amrouche and Girault
and so, in this case, P(Pf) = f.

2.3.3 Eigenvalue problem for the Hyperviscous Stokes
problem
Now we want to consider the weak form of the eigenvalue problem for the

Hyperviscous Stokes operator. It consists in finding functions u € J>2 (),
with u # 0, and numbers \ such that

Yo € J*2(Q): D (u,v) = A(u,v). (2.3.16)

The set of the eigenfunctions correspondent to an eigenvalue A constitutes
a linear subspace of the principal space J*?(f2). So, we can introduce a
subspace of J*? (Q) linked to the differential operator

Zu = PAAu— aPAu, (2.3.17)

restricted to the fields where u = ah_ 0 on 0f). Then, let us introduce the

n
subspace of J*? () given by the domain of ¥
Dy (Q) ={ue€ J**(Q): PAAu—aPAu e J*(Q)}; (2.3.18)

clearly, the constraint of solenoidality on w is preserved also after applying
the operator .Z; this subspace is endowed with the following norm and scalar
product

l|lullz = /D (u,u), (u,v)y = D(u,v). (2.3.19)
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Proposition 2.3.8. The operator £ : Dg () — J?(Q) verifies
Vu,v € Dy () : (Lu,v) = (u, Lv) = D(u,v). (2.3.20)

Proof. Since u,v are solenoidal and vanish at the boundary and considering

the Helmholtz decomposition of the bilaplacian of w
AAw = PAAw + V7T arw, (2.3.21)

we have
/PAAU'U:/(AAU—VWAAu)-UZ/AAu~U:
Q Q Q

(2.3.22)
:/u-AAv:/u-(AAU—VﬁAAU):/u-PAAv
Q Q Q

whence, since the laplacian is self-adjoint, u,v € HZ(Q2) and since a similar
result holds for the term PAwu, we deduce that the operator £ is self-adjoint

too, namely

(Lu,v) = /Q (PAAu — aPAu) -v = /Qu (PAAv — aPAv) = (u, £v).

(2.3.23)

Moreover

(Lu,v) = / (PAAu — aPAu) -v =
Q
—/(AAU—VWAAU)'U—Q/(AU—Vﬂ'Au)'U—
Q Q
:/AAu-v—oz/Au-v:/Au-Av+a/Vu:Vv:D(u,v),
Q Q Q Q

(2.3.24)

that completes the proof. n

Theorem 2.3.9. The operator £ : Dy () — J*(Q) is invertible with
continuous inverse L' . J* () — J** (). Moreover, the operator £~ is

self-adjoint, namely

Vu,v € J*(Q) : (L7 u,v) = (u, L)
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Proof. For all f € J*(Q) let us set £7'f = u where u € J>?(Q) is the

solution of the problem Zu = f with u = g_u = 0. Then, by using Schwarz
n

inequality and the definition of H2-norm, we have

lully = D(u,w) = (Lu,u) = (f,u) < [|flllullz < [Ifllllull22 (2.3.25)

and remembering that the D(-,-)-norm and the H?-norm are equivalent,

there exists a positive constant K such that ||u||2o < K||ul|.#, so that

fl2lullo2 < K| fll2]|ull2 (2.3.26)

and thus we have
lullz < K||f]]. (2.3.27)

We can also write this last equation as
127 flle < K f]2 (2.3.28)

which gives us the continuity of #~!. Finally, let f,g € J*(Q); since
L7, L g € Dy (Q) and since by Proposition 2.3.8 we know that the

operator .Z is self-adjoint, we have
(f.279) = (2271, 27) = (271,22 7g) = (£ [.g) . (2320)
hence also the operator .Z~! is self-adjoint. ]

At this point it is useful to recall the Rellich-Kondrachov Theorem from
[12] pag. 168.

Theorem 2.3.10. Let Q be a bounded domain in R™ and let QF be the in-
tersection of ) with a k-dimensional plane in R™. Let 7 > 0 and m > 1 be
integers, and let 1 < p < oo. If mp > n, then the following imbedding is
compact:

WIHm™P (Q) — W9 (QF) if 1< g < oc.

!The theorem verifies ad additional condition (the cone condition, see [12]) which is

verified by our assumption 9 € C*.
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To fit this theorem to our situation we must choose k = n = 3, j = 0,
g = m = p = 2 that is in agreement with the hypothesis mp > n. So the
imbedding W22 — L2 is compact and since J?2 is a closed subspace of W?2?

also the imbedding J*? — L? is compact. In this way we proved the theorem
Proposition 2.3.11. The operator £~ ' : J*(Q) — J*%(Q) is compact.

Then, since the operator £ is compact and self-adjoint we can deduce
the classical properties of its eigenvalues and eigenvectors. The study of
the eigenvalue problem for the Hyperviscous-Stokes can be reduced to the
eigenvalue problem for the compact operator £ ~! in J2. The operator £~}
admits in J*? a basis of eigenvectors {ay} corresponding to the eigenvalues

{1 }:
L ay, = ppay, (2.3.30)

with klim i = 0.
— 00
By applying the operator £ to both members (2.3.30), we get

1
.,fak = —Aag (2.3.31)
M

1
where — = )\, and klim A\, = +o00; we can choose the basis in J?? and
M —00
orthonormal in J?, thus (ay,a;) = 0k and [(Aax, Aa;) + « (Vayg, Va,)] =
AkOk;; obviously, the eigenfunctions {ay} satisfy
0

= % =0 on 0N.

Remark 2.3.12. For all k¥ € N we have a;, € H*(Q2). Indeed, it is enough to
apply the Theorem 2.3.6 to show such regularity on the eigenfunctions.

Qg

2.4 Existence of regular solutions for the weak

Hyperviscous Navier-Stokes problem

In the following section we will present some theorems necessary in order to

prove the central theorem of the thesis, which is the following
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Theorem 2.4.1. For alluy € J*?(QQ) there exists at least one reqular solution
(u,p) to problem (2.2.1) on (0,T,,). Moreover,

ue C([0,T,); J¥*(Q) N L2 (0, T,y; HA(Q)) ;

(2.4.1)
e, Vp € L2 (0, Toy; LA(Q)) .

We want to apply the method of Galerkin approximations to (2.2.1) and
hence we consider the previously found basis of eigenfunctions {a; } in J>? ()
and orthonormal in J2 (Q). We will look for an approximate solution of the
form .

u(t ) = o (t)ag(x) (2.4.2)
k=1
where the coefficients ¢f* € C'!' depend only on ¢; so, by deriving with respect

to time, we obtain

ul'(t @) =Y (tax(x), (2.4.3)
k=1
where v} := % and the dot is the time derivative.

We impose that for all m € N the coefficients {c}*(¢)} are solutions of the
ODE Cauchy problem

(ui", ag) + (PAAU™ — aPAu™, a;) + (Vu™)u™, ar) =0, t>0
{ A (0) == (up,ax), k=1,...,m

(2.4.4)

that is the weak form of (2.2.1) taking a;, € J*?(Q) as test function and

with f = 0. Since )\, is an eigenvalue of the operator . = PAA —aPA, we

have

(PAAU™ — aPAu™, ay,) = ¢} [(Aaj, Aay,) + a (Vay, Vag)] = "N = Aey!
(2.4.5)
and since u™ and u}* can be written in the form (2.4.2) and (2.4.3), the

system (2.4.4) has the form

{ P (t) + Mg + Agre* et = 0, (2.4.6)

A (0) == (ug,ax), k=1,...,m
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with Az‘jk = ((Vai)aj, CLk).
We notice also that

| Aar| 3+ Va3 = / \Aak]2+a/ \Vai|* = (Aay, Aay)+a (Vay, Vag) = A
Q Q
(2.4.7)
and that

(Aug, Aag) + a (Vug, Vag) = A (ug, ag) -

Now we show some estimates on the initial term, namely

Theorem 2.4.2. The following inequalities hold for some positive constant
Ca
™ (0)|13 < Calluoll3, (2.4.8)

of V™ (0)]3 + |Aum ()13 < Co (o B + 1ol + 1 Augl )~ (2.4.9)
IVa™O)113 < Ca (fuol 3 + 1Veaol 3 + [} o] 2) (2.4.10)

and

126" (0)[[5 < Ca ([uoll3 + [[Vuol[3 + || Aul[3) (2.4.11)
hold.

Proof. Preliminarly we need to prove that ¢f*(t) = cf(t). Remembering the

second equality of (2.4.4), we can observe that if we equate the terms of order

m in (2.4.2), we have

u! (0) = c1(0)ar = (uo, a1)as

u?(0) = cf(0)ar + c3(0)az = (uo, ar)ar + (uo, az)az
3

u 1

3(0) = c¢}(0)ay + c3(0)az + c3(0)ag = (ug, a1)ar + (ug, az)as + (ug, az)as
(2.4.12)

so that by induction ¢*(0) = c§(0).
Now, since

u"(0) =Y i (0)ay, (2.4.13)

k=1

m
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while for the initial datum we have in L?(£2)

Uy = Z(uo, ag) j2eay = Z [(Aug, Aag) + a(Vug, Vag)] ar, =
k=1 k=1 (2.4.14)

= E )\k Uo,ak ap = E )\ka ak,

where we used the 1dent1ty cp(t) = c’,j(t); since the basis {ay} is orthonormal

in J2(2), we get

||um<o>||2=/ﬂic? /ch <O/Zm — Culluol .

that gives (2.4.8).

Now, we can observe that our problem can be rewritten as
o? o’
PAAu — aPAu + Tv= f+ Vi (2.4.15)

hence, a; are also the eigenfunctions of the operator

2
PAA — aPA + %]I — o,

2
Q
and \, = Ay + — are the correspondent eigenvalues. Therefore
k 4 g

(o *uo, ax) = N (uo, ar) (2.4.16)

and hence
(L ug, o ar,) = N, (ug, a). (2.4.17)

We deduce also (&a;, o ay) = N;dj, and ||« ai|[3 = ..
Then, by applying the operator <7 to both sides of (2.4.13), we get

ch Y ay, = i(uo,ak))\ day = i(sz/uo,%’ak)ﬂ

N, 1 a3
(2.4.18)
and then
N Nl _ 5 S\’
= = duy, ———— | <
et Ol = (v )" T = 2\ ) <
k=1 2 k=1
<3 (o L) <ol
S\ ad,) T

(2.4.19)
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Rewriting the last inequality we find

2 2

[[Au™(0)[[5 + al[Vum (0)]5 + 7 |[u™(0)[[5 < [[Auoll3 + ol [Vuollz + —[luol 5
(2.4.20)
whence we deduce (2.4.9), (2.4.10) and (2.4.11). O

2.4.1 Energy relations

Theorem 2.4.3. Let {ay} € J**(Q) so that uv™ € J**(Q). Then for all
m € N the following equalities

1d, . . -
a) g™z + [[Au™[5 + af[Vu™|[3 = 0, ¢ >0, (2.4.21)
1d ) ) . )
b) 5% (HAumH2 + OéHVumHQ) + ||PAAumH2 + a HPAUmH2+
—2a (PAAU™, PAu™) + (Vu™) u™, PAAU™) — o ((Vu™) u™, PAu™) = 0,
(2.4.22)
Ld m m m m\ ., m .. m
¢) 5 (1Au™ 3+ al|Vur|[3) + [lu" |3 + (Vu™) u™, ") = 0. (2.4.23)
hold. Moreover, ||u™||3 is not increasing in time.
Proof.  a) If we multiply (2.4.4) for ¢*(t) and sum on k, we have
ZC? (ui", “k“Z o (PAAU™ — aPAu™, ak)+z g (Vu™)u™,ar) =0
k=1 k=1 1

and by linearity we can also write

(u{”, chmak> + (PAAUM — aPAu™, Z CZLak> + <(Vum) u™, Z CZLak> =0
k=1 k=1 k=1

that is, remembering (2.4.2),
(uf', u™) + (PAAU™ — aPAu™ u™) + (Vu™) u™, u™) = 0. (2.4.24)

The first term 1is

m . m d m . m ld m
(ut7u ):<Eu y U ):Ed_t |u ||g7
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while the second one is, after some easy calculation and for (2.4.7),

(PAAU™ — aPAu™ u™) = (Au™, Au™) + a (Vu™, Vu™) =
= ()M = [|Au™|[3 + af[Vu™| 3.

Finally, the last term of (2.4.24) vanishes: indeed, for u € J?(Q) with
u =0 on 0f),
div(u ® u) = (divu)u + (grad u)u (2.4.25)

holds, hence we get

/Q(Vu)uu = /Qdiv((u®u)u) —/(u@u) :Vu = —/Q(Vu)u-u,
(2.4.26)

whence
/(Vu)u cu = 0. (2.4.27)
Q
Hence we obtain

1d

Sl u™ |3+ [|Au™[3 + of[Vu™[[; = 0, t > 0. (2.4.28)

By this identity, since

1d

L jum g = = (2w |3 + al|Var|2) (2.4.29)
2dt
we see that the kinetic energy of the approximating term ||u™|[3 is not

increasing in time.
Now, if we multiply (2.4.4) by \xci*(¢) and if we sum on k, we have, as
in the previous case,

Z Axert (up®, ak)JrZ At (PAAU™ — aPAu™, ak)+z Arept (Vu™)u™, ar) = 0.
k=1 k=1 k=1

The first term, remembering (2.4.7), is given by
Z Aecy! (uf, ax) =
Z Aag, Aag) et (u]*, ag —I—Ozz (Vag, Vag) it (u*, a) =
k=1 k=1

d d
Au™, A V", Vu™ ) = S S Aum 3+ S vum
<dt u )—l—a(d u", Vu > 2dtH H2+2dt|| |15;
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while the second term, since PAAay — aPAay = Agay, by (2.3.31) is

Z Aep (PAAU™ — aPAU™ ay) =

k=1

k=1

= <PAAum —aPAu™, Z cpt (PAAay, — ozPAak)> =

k=1
= (PAAU™ — aPAu™, PAAU™ — aPAU™) =

= [|PAAU™|)5 + o?||PAu™||5 — 2o (PAAU™, PAU™) ;

the last term, since again PAAay, — aPAa;, = Agay, becomes
> G (Vu™)u™, ar) = (Vu™) u™, PAAu™ — aPAu™).
k=1

Collecting all terms, we obtain the second identity

1d
3% (IlAu™(|3 + a||[Vu™]3) + ||[PAAu™|[3 + o?||PAu™||3+

—2a (PAAU™, PAu™) + (Vu™) u™, PAAU™) — o (Vu™) u™, PAu™) = 0.
(2.4.22)

c¢) Finally, if we multiply (2.4.4) for ¢*(¢) and if we sum on k, we have,

remembering (2.4.3),
(uy", uy") + (PAAU™ — aPAU™ ui") + (Vu™) u™, uy") = 0.
The first term is simply
(", uy") = [Juf"|]3;

while the second is

(PAAU™ — aPAu™, u") = (PAAU™, u}") — o (PAu™, uj") =

1d ad
= (A, ) + (V™ Vup) = 5 Sl AR+ 5 v
and the third remains unchanged. Hence, we get
1 d m m m m m m
57 A3+ ol [Vu[[3) + [lu 3 + ((Vu™) u™ ") = 0, (2.4.23)

which completes the proof. O]
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Remark 2.4.4. We can observe that in the case with f not null such relations
are different, but this is not a problem for our aim. Following the calculations

above we can find the following energy relations. The first one reads

1d, . - i .
5 g7 3+ 1A+ ol [Fu 3 = (f,u™) (2.4.30)

1 1
and considering that (f,u™) < =||f]3 + §||um|]§, we can also obtain

d m m m m
Sl 20| Au™ I3 + 2a] [ Va3 < 1115 + el (2.4.31)

and moreover

d, . .
15 < A1 + (™[5 (2.4.32)

Hence, integrating it from 0 to ¢, with ¢ € [0,7], and using (2.4.8) and
(2.4.64) that will be proved next, we get

t t
()3 < Hum<o>rr§+/0 HfH%+/O a2 <

< Calluol 3 + | 1F112] 20,2 + CaTlluoll3

(2.4.33)

whence

2

L2(0.1): (2.4.34)

[l @O < Ca(l +D)lluol 3 + [[ [1£1]2]]

that replaces the calculations in which we will use ||u™||3 not increasing.

The second energy relation becomes

1d
5 1Au™I3 + al [Vum|[3) + [[PAAu™ 3 + o[ PAu™| 5+

—2a (PAAU™, PAu™) + ((Vu™) u™, PAAU™) — a ((Vu™) u™, PAu™) =

= (f, PAAuU™ — aPAu™).
(2.4.35)

Considering that, by Young’s inequality,

(f, PAAU™ — aPAu™) < cf |[fI5 + el [PAAu™||3 + eal[PAu™|];
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with € < o, we come up also to

1d
5 (18w B+ al|Vum|B) + (1 — &) |PAAW™ B + ala — &) || PAw™| B+

—2a (PAAU™, PAu™) + ((Vu™) u™, PAAU™) — a (Vu™) u™, PAu™) < c|| f][3.
(2.4.36)

The third energy relation is
1d (
2dt

whence

1263+ al[Vam[3) + '3 + (Va™) w™, ") = (f,uf"). (2.4.37)

d m m m m m m
= (Au 12 + ol [Vu™[[3) + a3 + 2 (Vu™) w™, u?) < [[f]5 (2.4.38)

Anyway, for simplicity, from now on we will consider the case with van-

ishing f.

2.4.2 Functional estimates

Let us prove now some estimates which we will need later. The first inequality

we want to prove is given by the

Proposition 2.4.5. Let Q be a Lipschitz domain in R3 and u € HZ(Q).

Then, there exists a constant C independent of the domain such that
~ 1 1
IVully < & (119ull3 1aull3 + [IVullz) (2.4.39)

Proof. In order to prove (2.4.39) we choose the inequality given in theorem
2.1.3, since it is valid for bounded domains and it is enough to put ¢, = 0
to recover the case of exterior domains; then we take w = D;uy (for all
i,k = 1,2,3, namely D;u; is each component of the gradient Vuy), n = 3,
k=0,r=3m=1,p=2a=1/2, qg=2. So, we obtain

1 1
Diuy, 3§01( Djug||3||D;(Djuy, 5) + col|Diuglle <
1Danlls < 1 (11Dl 11D (Dt ) + call D] o)
< e (|IVurl 311V Vel [7 ) + ol [Vl

and hence, summing all the components that form the gradient and by re-

defining the constants ¢; and ¢y, we get

1 1
IVully < e (IVull311990l3 ) + &/ Vull (2.4.41)



2.4. EXISTENCE OF REGULAR SOLUTIONS 31

Finally, in theorem 2.3.1 we proved that ||VVul|s = [|Aul|2 and thus, setting
C := max{cy, c2}, we get (2.4.39). O

Theorem 2.4.6. Let ) be a possibly unbounded domain and let be given
u€ J*?(Q) and w € J? ().

Then, an estimate on the generic trilinear term ((Vu)u,w) is
_ 1
(Va)u,w)l <2 ([IVulls + [IVullz) + 5 (1Aull; + [lwll3) . (24.42)

Proof. Applying Young’s inequality, Holder’s inequality, Sobolev’s inequality
and (2.4.39), we get

1 1
(Vo) u,w)] < [[(Va)ulla|[w]l> < SII(Vu)ull; + Flwll; <

1 1 c 1

< SVl Bllulld + 5lhol§ < SVl Vullf + Sl <
¢ [& 1 Aald a2 + L2
= (€ (IvuliZnaallz + 19ull:) | 1Vall3 + 5wl <

~ 1
< o ([IVullal|Aulls + [[Vul[5) [[Vullz + 5wl = (2.4.43)

IA

1
= k|IVulls||Aull + ElIVulls + Sllwll3 <

<

o |

1 1
IVull3 + S l1Aulls + K Vullz + 5llw]; <

_ 1
<e([IVully + [IVaull2) + 5 ([Aull3 + [lwll3)

having set the constants ¢ := max{k/2, k} that is independent of the Lebesgue

measure of the domain 2. The proof is complete. ]

Theorem 2.4.7. The inequality
~ 2
1(Vuully < E([|Aull; +[[Vul3)” + cllull; (2.4.44)
holds.

Proof. By using Hoélder’s inequality, we have

Jue=(/ |u|6)i (/ |u|2)i (2.4.45)
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whence we easy get
1 1
[ulls < ¢ ull3 - (2.4.46)
Then, by using the previous inequality, once again Hoélder’s inequality, Young’s

inequality and the following Sobolev Embedding Theorem in the forms HZ(Q2) C
Wy %(Q) and H}(Q) C LY(Q), we get

1(Vuullz < [[Vallglullf < [[Vullg]lull][ullz <

k
< k(lfullz + [|Aul)IVullallull < 5 (a3 + 1Al lz) ([Vall; +[ullz) <

~ 2
< c([Aull3 + [[Vull3)” + cllull3,
(2.4.47)

that is the claim.
O]

2.4.3 A priori estimates and inequalities for solutions

Let u™ be defined by (2.4.2). We list and prove some a priori estimates for

the approximating solutions. But before we need the following

Remark 2.4.8.
1PAW| < [ 0|2 (2.4.48)

Proof. Since by definition Av = PAv + Va, holds with PAv € J*(Q) and
Vra, € G*(Q), we get

||AU||§:/ ym|2:/|mv|2+/|vm|2+2/mv.vm:
Q Q Q Q
= [|PAY|[3 + [|Vmaol[3 > [[PAv]3.

(2.4.49)
O

Theorem 2.4.9. The inequality

d
(a3 + Vw3 + 1 Aum ) +
I3+ [|Awm |3 + [|PAAG™B + [l < (2:4.50)
< o (|IV"[§ + ([ Vu|[2)
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holds and in particular also

d

= (™3 + [V (3 + [[Au™]3) < ca ([[Va™ |3+ [[Vu™]l3),  (2451)
where ¢, > 0 and is independent of the size of €).

Proof. Let us consider a positive integer M > 1 + o + 4a?; if we sum M
times (2.4.21) with (2.4.22) and (2.4.23), we obtain

5 = (Ml 3+ 20|V |3 + 2l A 2) +
+aM||[Vu™|[3 + M||Au™|[3 + o?|| PAu™|[3 + || PAAu™|[3 + [Ju}"]|3 =
= 2a (PAAU™, PAu™) — ((Vu™) u™, PAAu™) +
+a (Vu™) u™, PAu™) — (Vu™) u™, uj").
(2.4.52)
By estimating each term of the right-hand side with its absolute value and
neglecting the term ||[PAu™||%, we have
d
g7 M5+ 20 [Vu™ [ + 2/ Au™|f3) +
+2aM ||V 3+ 2M || Auw™|[3 + 2| PAAW™|[3 + 2||up|[3 <
<Ada|(PAAu™, PAu™)| 4+ 2|((Vu™) u™, PAAU™)| +

+2a|(Vu™) u™, PAu™)| + 2[((Vu™) u™, ui")| .

(2.4.53)

Now we also have that, using Cauchy-Schwarz inequality and Young inequal-
ity,

da |[(PAAU™, PAu™)| < 4a||PAAU™||o||PAu™]|y <

1 ) ) (2.4.54)
<A« 8—HPAAumH2 + 2al|PAU™||5 |,
a
whence, using (2.4.48),
1
da|(PAAU™, PAU™)| < §\|PAAumH§ + 8a?||Au™||3. (2.4.55)

Then, estimating each term at the right-hand side using (2.4.42) and (2.4.48),

we have

(Vumyum, PAG™)] < 2 ([Fu™[§ + [[Va™|[4) +[[Aa™(B, (24.56)
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m m m = m m 1 m m
(V™) u™, PAAG™)| <2 ([[Vu|l5 + [[Vu™[|2) + 5 ([[Au™]l3 + ||PAA™[3)
(2.4.57)

and
m _ 1
[(Vu™) u™ uf)| < (|[Vu™]]3 + [[Vu™||3) + 3 (Au™|3 + [Ju]3) . (2.4.58)

Hence,

d
77 (Mla™(13 + 20 [Vu™[[3 + 2[]Au™|13) +

+2a M ||Vu™||2 + 2M || Au™| |2 + 2||PAAu™| |2 + 2| [u||2 <
< 26(2 + ) (||[Vu™||S + [|[Vu™||3) + (2 + 2a + 8a?)||Au™| |3+

3
[ PAAG™||; + ][

(2.4.59)

and therefore

d

7 (M ™13 + 20| Va™[[5 + 2[|Au™|13) +
1

20 M|V |3+ 2(M =1 = a = 4a?)[|[Au™ ([ + S[|PAAG™[3 + [Ju[[5 <

< 26(2+ @) (|[Va™|3 + |[Va™|[3) -
(2.4.60)

Therefore, we can conclude that there exists C' > 0 such that

d

= (M3 4 20| Va™|[5 + 2/| Au™[[3) +
1

20 M|V [+ 2(M =1 — a = da?)[|[Au™[[5 + S[|PAAG™[3 + [Ju[[5 <

< C(IIVa™|3 +1[Vu™][3) -
(2.4.61)

holds with C' = 2¢(2 + «). Then, defining k£ as the minimum of all the

coefficients in the left-hand side of the previous inequality, we get
d m||2 m||2 m||2
2 (™[5 + [Vl + || Au™[]3) +
V()3 + |[Au™| 3+ [[PAAU™| + [Ju|[5 < (2.4.62)

C
< -+ (Va3 +[[Va™[[3).

C
Finally, setting ¢, := 2 e have (2.4.50) and, in particular, (2.4.51). O
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Theorem 2.4.10. The inequalities

t
)2 + 2 / (1A (D)2 + ol [V (P)|2) dr < CalluollZ,  (24.63)

I < Caluol, 2.4.60)
t
m m Oa
| Qa1+ allvumr)B) dr < SHlual (2.4.65)
hold; in particular also

t Oa
| v mlar < Sl (2.4.60

0 (0%

t C.
18 < Sl (2,467

hold.

Proof. Integrating (2.4.21) from 0 to ¢, we have

DO | —

t
(™ @)1z = [Ju™(0)]12) +/0 (1Au™ ()3 + af[Vu™(7)][2) dr = 0
(2.4.68)
and by (2.4.8), we obtain the inequality

t
™ ()13 +2/0 (Au™ ()3 + al[Vu™ (7)) dr = [[u™(0)|[2 < Calluol[3-
(2.4.63)
Moreover, from (2.4.63) we get (2.4.64), (2.4.65), (2.4.66) and (2.4.67). [

As a direct consequence we can estimate the term
t
/0 (IIVu™(0)llz + [[Vu™(7)][3) dr (2.4.69)
with a bound independent of m.

Theorem 2.4.11. The following estimate

t
m m OOC
[ Q@B + e l) a7 < 21wl (1 +aCullunl) . (2470

holds for every t > 0, where C,, is a positive constant.
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Proof. By integrating by parts, we have
/ |Vu™|? = —/um AU < u™|2]|Au™|2 (2.4.71)
Q Q
and taking its square, we find
IVa™|lz < [lu™[3][Au™]]5. (2.4.72)

Now, by integrating it in time and by using (2.4.64) and (2.4.67), we get

t t
/0 [V (1) [bd T < / ()|l Aam(7)|12d T <
2

. (2.4.73)
< C 2 Ay™ 2d < Ca 4
< Calluol[z i [Au™(7)|lod T < <*|[uol[>-

Then, using such estimate and (2.4.66), we obtain

t t t
/0 (IVam™ ()3 + [V (1)][3) d - < /0 [V () 3d T+ /0 IV ()| Ad T <

C
< oo luoll3 (1 + aCalluollz) ,

(2.4.74)
that is the claim. O
Theorem 2.4.12. The nonlinear term satisfies
(Vu™u™ € L*(0,T; L (Q)). (2.4.75)
Proof. By using Holder’s inequality, we have
2
vamye i = ([ [9umiun) < lrgivanl 2o

that integrated in time and by using (2.4.64) and (2.4.66) is

[ 1wk < [ e @BIve s < 52
(2.4.77)

whence we have the claim. O
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Theorem 2.4.13. For all ug € J**(Q) there exists T,, > 0 such that
the quantities ||Au™||3 + ||[Vu™||3 and ||(Vu™)u™||3 exist and are bounded
in [0,T,,]. Conversely, we can also say that for all T > 0 there exists
ug € J*2(Q) with ||Au™||3 + [|Vu™||3 small enough such that there exists

the solution u™ in [0,T].

Moreover
u™ € L([0,T,,]; J#2(Q)) N L>([0, T, ]; JH*(Q)), (2.4.78)
whence
u™ e L([0, Ty, |; Wy *(Q)), (2.4.79)
and
(Vu™u™ € L*(0,T,,; L*(Q)). (2.4.80)

Proof. Now, let us take (2.4.23) and using Holder, Cauchy-Schwarz, Young
inequality and (2.4.44), we have

1d
[l 2 + 5 = (1Au™[3 + al[Vur|l3) = = (Vu™) u™, u?) <

< (V) wm, )| < 1] (Tum) o] <
Ty g
< 1 e

(Au™[I3 + [[Va™[[2)” + llu™ 12 + [[u"]]3

(2.4.81)

<

[\ W]

whence, by redefining the constants, we deduce

%(HAWH%HWWH%)SE[(||Aum||§+||va||§)2+||um|yg] (2.4.82)
for a positive constant k and by (2.4.64), we have

L 0w+ 17 |3) < F (1A + 190 B) + kolluolly (2.4.83)

for some positive constants k, and k.
In this way, setting ¢(t) := [|Au™||3 + ||[Vu™||3, we get
dp(t)

T ko (0(t)? +1) (2.4.84)



38 CHAPTER 2. THE HYPERVISCOUS NAVIER-STOKES IBVP

with ko := max {k, kalluo||3}. By solving it, we can deduce

arctg p(t) < arctg ¢(0) + kot (2.4.85)

which leads to
o(t) < tg <arctg 0(0) + EJ) , (2.4.86)

that, remembering (2.4.9), is

1Au™l3 + [[Vu™[]5 < tg (arctg(Ca(Hu()H3 +1[Vuoll3 + [|Auo][3)) + kat) :

(2.4.87)

whence we get (2.4.78) and as a consequence also (2.4.79).

We can notice that the solution exists for

~ T

arctg(Ca(|[uoll5 + ||V uol[3 + [[Auoll3)) + kat < 5 (2.4.88)
whence we have
1 /o

Ty < = (G —avets (Collluol3 + Vel B+ |AwlB) ). (24:89)

Finally, by recovering (2.4.44), (2.4.64) and by using (2.4.87), we get

1(Varm)u™|[3 < &(||Au™|I3 + [[Vu™|[3) + el ™[] <

~ 2
< & (te (arctg (Ca (Iluoll3 + 1 Vuol 3 + 1 Auol3)) + FaTup ) )+ kal uoll3

(2.4.90)
that, integrated in time, gives, for some constant h(ug),
t
/ [[(Vu™)u™||3 < Tuyh(uo), (2.4.91)
0
which is (2.4.80) and completes the proof.
Let us remark that we can also obtain
t [e—
/ [|(Vu"™)u™|a < Tyuyh(ug), (2.4.92)
0

for a positive constant h(ug). O
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As a consequence of (2.4.87), we have

IVu™ (@[5 < ea(t) (2.4.93)
and
1PAU™ ()3 < [|Au™(T)][5 < ea(t) (2.4.94)
in [0,7,,) for a positive time-dependent function ¢ (¢), whose expression is
given by
ai(t) = tg (al“ctg(Ca(HUoH% + 1 Vuol[3 + [[Auol[3)) + Eat) - (2499)

Theorem 2.4.14. The inequality
/Ot (V™ ()13 + [[Au™ (7)|[3 + [[PAAW™ ()[[3 + [Juf (T)[[3) dr < eat)  (2.4.96)
holds. In particular
/t [|[PAAU™(T)|[3dT < co(t) (2.4.97)
0
and

/0 ()] 3dr < ealt) (2.4.98)

hold in [0, T,,) for a time-dependent positive function co(t), whose expression

is given in (2.4.102).
Proof. Let us integrate (2.4.50) from 0 to ¢, namely
™ O[3 + [[Vu™ ()] + [|Au™(#)][3+

t
+/0 (V™ (I3 + [[Au™ ()] + [[PAA™ ()13 + [[ug' (7)][3) dr <

¢
< [[u™(0)[[3 + [[Va™ (0)[[3 + [[Au™ (0)][[3 + Ca/o (IIva™ ()l + [IVu™(7)]]3) dr.
(2.4.99)

By (2.4.8), (2.4.10) and (2.4.11), we have

t
/0 (V™ (n)[[5 + [[Au™ ()] + [[PAAG™ (7[5 + [Juf (7)][3) dr <

. t
< Ca (|luol[3 + [[Vuoll3 + [[Auol[3) +ca/0 (IIvu™@)|I3 + [[Va™(7)][3) dr.
(2.4.100)
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Now, by applying a direct consequence of (2.4.87), we obtain

t
/0 (IVu™ (D2 + [|Au™ (D)1 + [[PAAu™ ()] + [[ur (7)][3) dr <
< Ca (Iluoll3 + | Vuol[5 + [[Auol3) +

t
+ea [t (arct(Callluol + 11Vl + 1Al ) + BaTiy) d s
0

t o~
e [t (ancts(Callluol + 11Vl + 18] ) + EaTiy) d < eaft)
0
(2.4.101)

where we set

es(t) = Co ([ |3 + || Vuol 3 + || Ao 3) +
o |te? (arctg(Ca(lluol3 + [ Vuollf + | Auol D)) + FaTo )+ (2.4.102)
+tg® (arctg(Callluol § + [ Vuoll3 + || Au| ) + FaTon ) | £

in this way we get, for ¢ € [0, T,,), inequalities (2.4.96), (2.4.97) and (2.4.98).
[l

Let us observe that (2.4.63), (2.4.93), (2.4.94), (2.4.96) estimate the quan-
tities
™ @3, [[Va™ @113, IPAC"@)]]3,

[lu™(@)I[3 + 2/0 (lau™ ()3 + ol Vu™(1)[[3) dr.

t
/0 (V™ ()5 + [1Au™(0)][3 + [IPAAW™ (7)[[5 + [Juf' (T)][3) dr

with [|ugl|2, || Vuol|2, ||Augl|2 that are quantities independent of m and of the

size of the domain 2.

2.4.4 Equicontinuity of the sequence {u™}

Theorem 2.4.15. The sequence
{um} C C([0,T); L*(2))

1S equicontinuous.
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Proof. We consider the Fourier series of a generic v € J?(Q), that is

Y(x) = Z Yrag(z) (2.4.103)

where {aj},cy is the orthonormal basis already defined in (2.3.30) and the

Wy, are its Fourier coefficients.

Then, if we multiply equation (2.4.4) by ¢, and we sum on k =0, ..., pu,

we get
p p p
Z Wy (u”, ak)+z U (PAAU™ — aPAU™, ak)—i—z U (Vu™)u™, ay) = 0,
k=0 k=0 k=0
(2.4.104)
that is

(uf, ") + (PAAU™ — aPAu™ ") + (Vu™) ™, ") = 0, (2.4.105)

o
since we put P! = Z Yrag, the partial sum of the Fourier expansion.
k=0

Then, integrating it from s to t and applying the Foundamental Theorem

of Calculus, we obtain

(u™(t) —u™(s), ") = / [(aPAu™ — PAAU™ ") — (Vu™) u™, )] dr
’ (2.4.106)
for all 4 € N and s,t > 0.

At this point, considering the absolute value of (2.4.106) and using Cauchy
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inequality, Holder inequality and (2.4.92), we get
(W™ (t) —u™(s), ")| <
< /t ((@PAW™ — PAAG™, 1) — (V™) u™, )| dr <
< [¥*[l2 /t (JlJaPAU™ — PAAU™ — (Vu™) u"™||3) dr <
< |¢”|2/t (loPAu™ ||z + [[PAAu™ ||z + | (Vu™) u™||2) dT <

v t t
< Ol[vH|)2 {/ HPAumHng—i—/ ||PAAum||2dT—|—/ TuOh(uo)dT} <

¢ 3 t 3
< Clle*[ls [(t—sﬁ(/ ||PAum|§dr) +<t—s>2</ ||PAAum||§dr) +

(0 9T
(2.4.107)
where C' := max{1,a}. At this point it is appropriate to observe that
we can deduce an inequality similar to (2.4.96) also by the integration from
s to t; in particular we can say that, integrating (2.4.50) from s to t for all

s,t > 0, we have

t
d m m m
[ 5 U+ 17 + ) drs

t
+/ (V™[5 + [[Au™[[3 + [|[PAAG™[5 + [[ul|[3) dT <
. (2.4.108)

< [ a1+ 1wt i <
< [ Ivui + [7ur )
and so, since ||[u™(t)||3 is not increasing in time for (2.4.29),
t ™ @) + [[Vu™ (][ + [[Au™(t)| 3+
+/S (V™[5 + |Aw™|3 + [|[PAAW™|3 + |[uf'][3) dr <
< lu™ ()3 + [[Vu™(s)|[3 + [|Au™(s)[]3 +/0t co ([[Vu™[[3 + [[Vu™[[3) dr <

t
< Ca ([fuoll3 + [ Vuo|[3 + [| Auol[3) +/ ca (|[Vu™||5 + [[Vu™[]3) dr
0
(2.4.109)
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whence we can find an estimate similar to (2.4.100), that is
t
/|WAAmmw7g

t ~
< /0 Ca ([[VU™|[5 + [[Va™[l3) dr + Ca (Iluol |3 + [ Vuol 3 + [|Auol[3)
(2.4.110)

leading to an analogous of inequality (2.4.96), whence
t
/\wAamwag@@y (2.4.111)

Now, applying (2.4.64) and (2.4.94) integrated from s to ¢ and (2.4.111), we

have

|(u™ () = u™(s), ¥*)| <

(/jcl(f)zdf)é + (t — s)

[NIES
[N
[NIE

< Clly*|l2 [(t —s)2 (t—s) eat)? + (t — S)Tuoh(uo)] :

(2.4.112)
Dividing by [|¢*||2 and taking the sup on the space S of functions ¥*, we
get
m _.m n
o 1070 = (), 0] _
pres [[m]]2
— 1 1 t % 1 J—
<C|(t—s)2(t—s)2 (/ 61(7)2d7'> +(t—s)2 cz(t)% + (t — S)TuOh(uo)]

(2.4.113)

We can now observe that the right-hand side does not depend on m but
only by constant terms like ||ugl|3, ||Vuol|3, || Auo||3; furthermore, each term
is multiplied by (¢ —s) which tends to 0 when ¢ — s and so all the right-hand

side tends to 0 when ¢t — s:
u™(t) —u™(s)|]2 < g(t—s) =0, ast— s. (2.4.114)
In this way we proved that the sequence
{u™} € € (0, Toy); LX)

is equicontinuous. O]
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2.4.5 Existence of a weak limit of {u™}

In this section we want to prove the existnce of a weak limit of the approxi-
mating sequence u™.

With Theorem 2.1.5 we will be able to find a subsequence of the approxi-
mated solution and its time-derivative, in order to end up to their convergence
in L?(2). But before

Theorem 2.4.16. Let v € W*P(Q) with Q C R™ with n > 3 an exterior
domain of class C*. If v = a_v =0 on 9 and p € (1,+00), then there exist
n

two constants ¢y and c; independent of v such that
1D*ll, < coll AB]J, + ol (2.4.115)
Moreover, ¢y = 0 if the domain Q s R™ or if it is bounded.

Proof. Let us consider a regular cutoff function h with support in the sphere
of radius R > 2diam(R™\ Q) such that h =1 for || < R/2. Set H :=1—h,

p:=Av and ¢ := HAwv.
Clearly, ¢ satisfies
A¢p = HAAv — pAh — 2V - Vh, in R".

Setting
F:= HAAv — pAh —2Vp -Vh (2.4.116)

we get the equation Ay = F and for the Calderén-Zygmund Theorem we
have the bound
1D*9],, < c|[F],. (2.4.117)

Now, since D?¢ = D% and since

D*¢p = HD?Av + D*HAv+2VH -VAv =

) ) (2.4.118)
=HD*Av — pD*h —2Vp-Vh
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we obtain

|[HD*Av||, — || D*HAv + 2V H - VAv||, <
<||[HD*Av + D*HAv + 2V H - VAvl|, < c||F||,;

therefore

|HD?Av||, = [|[HAD?||, <
< ||F||, + ||D*HAv + 2V H - VAv||, <
< c||F||, + || D*HAv||, + 2||VH - VAv||,.

Then, setting
$ := D*v and gg = Hp,

we have that $ satisfies the identity

Ad=PAH + HAG +2VH -V§ =
= HAD?v — JAh — 2V -Vh:= F, in R"

Similarly to the previous case, we can say that also the bound
1Dl < e[| FI|,
holds. Then, since D?¢ = D% and since

D¢ = GD*H + HD*G + 2VH - V§ =
= D?HD* + HD* + 2VH - VD2 =
= HD*v — D*>vD?*h — 2V D>v-Vh

we get, analogously,

|H D*||, — || D*H D*v 4+ 2V H - VD?v||, < ¢||F||,

45

(2.4.119)

(2.4.120)

(2.4.121)

(2.4.122)

(2.4.123)

(2.4.124)

whence, by using the definition of F and the estimate (2.4.120), after having
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redefined the constants, it holds

I|HD ||, < ¢||F||, + ||D2HDv + 2VH - VD%||, =
= (||F||, + ||D*vD%h + 2V D*v - V||, <
< c||[HAD?*v — pAh — 2V - Vhl|, + ||D*vD?*h + 2V D?v - Vh||, <
< c||[HAD?v||, + ¢||pAh + 2V - Vh||, + || D*vD?*h + 2V D?v - Vh||, <
< A||F||p + ¢||D*HAv||, + 2¢||VH - VAv||,+
+c||pAR + 2V - Vh||, + || D*vD?*h + 2V D?v - Vh||, =
— || Fll, + | AvD2h]], + 2¢/|V Av - V]|, +
+c||D?*vAh + 2V D?*v - Vh||, + ||D?*vD?*h + 2V D*v - V||, <
AlFll, + ¢ (|AvD2][, + [VAv - VA]|, +
+[|D?vAh||, + ||[VD?v - Vh||, + || D*vD?h||, + ||V D?v - Vh|],)
(2.4.125)
so that
|HD*ll, <e|F|l, + ¢ ([|AvD?Al|, + [[VAv - Vh|, +
+H|[D*vAhl, + [[VD?0 - Vhll, + || D*0D?h||, + [[VD?0 - Vhl],) .
(2.4.126)
Let now k be a regular cutoff function with support in the sphere Byg
with radius 2R and such that k(z) = 1 for |z| > (3/2)R and such that
k+ H = 1. Setting o := kv, with

0
o =0 and 9@ =0 on (2N Byg),
on
the function o satisfies the identity

AAo = EAAv+VAAE+2AvAk+4VE-V Av+4Vo-VAk+4VV0-VVE = G,
(2.4.127)
in Q.
Let D be a bounded domain of class C*. Then, for all solutions in W*?(D)
of (2.4.127), for Douglis and Nirenberg (see [18]), the following estimate holds
D% ||y < 2llGllp + esllolly < Gl + esllvllp- (2.4.128)
It follows that

Do = kD*v +vD*% +4D*vD?*k + 4Dk - D30 +4Dv - D*k, in Q, (2.4.129)



2.4. EXISTENCE OF REGULAR SOLUTIONS 47

and taking into account the properties of the cutoff functions H and k, the
estimates (2.4.126) and (2.4.128) and by definition of I, we obtain

|D*ol|, < [[ED*||, + |[HD ]|, < c||AA]|,+
4 4 2
+ 3 do]|D*kD*0[[,4 ) do|[D*hD* 0|+ el [D*RD* ||y [v] -
jal=1 =1 a=1

(2.4.130)

At this point we can consider the inequality of the Theorem 2.1.3 (see [9]),
valid also in exterior domains, with » = ¢ = s = p = 2 and we apply
it to the first, second and third derivatives of v in the second member of
(2.4.130); then, by applying Young’s inequality and bringing the norm of the
fourth derivatives of v to the first member with a small coefficient, we get
the thesis. H

Theorem 2.4.17. The inequality

[AAu™([3 < K([[PAA™|3 + [[PA™|I3 + [[(Vu™)u™[[3 + [[uf"]]3)
(2.4.131)

holds in [0, T,,].

Proof. Let us consider the Helmholtz decomposition of the bilaplacian of a

function u™, namely
AAu™ = PAAuU™ 4+ V7an. (2.4.132)
By integrating it and testing with PAAu™, we get
/QAAum-PAAum = /QPAAU’”-PAAuva/Q Vran-PAAU™; (2.4.133)

by using once again (2.4.132) and considering that PAAu™ € J*(Q) and
V7raa € G*(Q) we obtain

/ AAU™ - (AAU™ — Vi) = ||[PAAU™| |2, (2.4.134)
Q
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hence
[|AAU™||5 — / AAU™ - V7an = ||[PAAU™|[3 (2.4.135)
Q
and then, by applying Cauchy-Schwarz and Young’s inequality, we get
|AAU™|2 = ||[PAAU™||3 + / AAU™ - Vraa <
Q

< [IPAM| + [|AAwm o] Vrsalle < (24136)
< ||[PAAu™||3 + ¢||AAu™||3 + C||V7anll3

that leads to

(1 —9)||[AAu™||5 < [|PAAU™]5 + C||Vmaalls, (2.4.137)
whence
1AAu™[3 < K([[PAAG™|[3 + [[VTaall), (2.4.138)
1 C
where K := max } Finally, by applying the results of Am-

l—¢'1-—¢
rouche and Girault (Theorem 2.3.6, see [11]) with aPAu™ — (Vu™)u™ — u}"

instead of f, we obtain

|AAG™ (] < K([|[PAAW™(3 + [[aPAu™ — (Vu™)u™ — uf||3) <
< K([[PAAu™[[3 + [|[PAW™([3 + [[(Va™)u™|[5 + [ [u*][3)
(2.4.139)
where K is a positive constant and where we used Holder inequality, Young’s

inequality. O

Let us observe that the inequality just proven depends on the size of
the domain Q. The regularity results of Amrouche and Girault [11] do not
avoid the dependence of the constants on the measure of the domain, but it
could be possible that such result is still valid, following, for example, the
arguments of Heywood [3] also for the fourth derivatives: the norm ||VVul|3
is bounded by some other terms multiplied by a constant that depends only

on the regularity of the domain but not on its measure.

Theorem 2.4.18. There exists a weak limit u of {u™} such that

u € L*0, Ty HH(Q) N J*2(Q));  uy € L0, Tyy; L*(2)).
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Proof. From Theorem 2.1.3 (in [9]) with the choice r = p = ¢ = 2, k =
3, m=4, a=3/4, we get for the subsequence u™(t)

[D%u™o < eal [DHu 137 |15 + callu™ ]2 (2.4.140)
and hence
VYU |y < o1| [V |3 ™| 2 + cof [u™]]. (2.4.141)
Using Young’s inequality we get
IVVVU™|3 < &||[VVVVU" |5+ 6l[u™|]5 (2.4.142)

and using Theorem 2.4.16 and Theorem 2.4.131 we get

IVV V™[5 < Gf|[AAu™[]3 + 6| lu™||3 <
< k(|[PAAW™| 3+ [[PAW™ ][5 + [|(Vum)u™|[3 + [[u™] 13 + [[u[3),
(2.4.143)
for a positive constant k.
Moreover, integrating it from 0 to 7, and by applying (2.4.97), (2.4.98),
(2.4.91) and (2.4.94), (2.4.64) integrated from 0 to T, we get

Tug
[ IvveenE <, (2.4.144)
0

for a positive constant ko dependent on T, ||luoll2, ||Vuoll2 and ||Aug||s.
We can apply Theorem 2.4.16 and Theorem 2.4.131 also to the term
[|[VVVVu™||3 in order to obtain

Tug Tug
/ VYV < / (@] AD™| 3 + @l [u™[3) <
0 0

T -
S/O K(IIPAAG™ 3+ [[PAu™]|3 + [ (V™ )u™[[3 + [[u™ |3 + [Juf"]3) < ko,
(2.4.145)
for a positive constant ko dependent on Ty, ||uo|l2, |[Vuol|2 and ||Aug]|s.

Now, from (2.4.64), the subsequence {u(t)}, .y is bounded because

Tug
| B < TGl (2.4.146)
0



50 CHAPTER 2. THE HYPERVISCOUS NAVIER-STOKES IBVP

whence
2
m 2
1 @] [, < TouColluoll (2.4.147)
so that
{u™(t)} € L*(0, Tp; L*(Q)). (2.4.148)

Moreover, considering (2.3.3), we get

m 2 Tuo m 2
Nk @oa][, ., = [ @R =
0

L2(0,Tug)
Tuo 2 2 2
:/ ([lu™ ()3 + |[Vu™(0)|[5 + [|Au™(7) 3+
0

(2.4.149)

+H|VVVu™ (1) + [[VVV VU™ (7)]]3) dr
and remembering (2.4.64), (2.4.66), (2.3.3), (2.4.67), (2.4.144) and (2.4.145),

we come up to

2
1l @)1

L2(0,Tu,)

< CTUO(||U0||2,||VU0||2a||AU0||2)- (2.4.150)

At this point, observing that both ug is given and square integrable, we

deduce
{u™(t)} € L*(0, Ty; H4(Q)); (2.4.151)

we notice also that J22(Q2) € H%()) and hence

{u™(t)} C L*(0,T,y; HY(Q) N J*2(Q)). (2.4.152)
Finally, we notice that also u}"(¢) is bounded in L?*(2); in fact, by (2.4.98)
2 Tug
m _ m 2
HmamMLmﬂw—A o (7)3dr < e (2.4.153)
and hence
{u™(t)} € L*(0, T,y; L*(Q)). (2.4.154)

Then, by applying theorem 2.1.5 we deduce the existence of (u}'),.y and

(u?}j) e such that
m L? m L?
& - U,
with
u € L*(0,T,,; HY(Q) N J**(Q)) and u; € L*(0,T,,; L*(Q)).  (2.4.155)

]
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2.4.6 Compactness properties of {u™}

In this section we want to prove that {u™(t)} is relatively compact in an
appropriate space. Before continuing we need the following Lemma proved
in [13]

Lemma 2.4.1. A subset K in C(0,T; X) is relatively compact if and only if
o K 1s equicontinuous;
o forallt €[0,T], the set K(t) := {u(t) : u(t) € K} is relatively compact
in X.

Theorem 2.4.19. The sequence {u™(t)} is relatively compact in C (0, Tyy; J*(2)).

Proof. We can apply Lemma 2.4.1 setting X = J*(Q) and K = {u™(t)}.
The equicontinuity of {u™(t)} was proved in the previous section. We now
have to prove that, for all ¢ € [0, T,,,], the set

K(t) == {w(t) s v/ (1) € {um(1)}}

is relatively compact in J?().
2
Actually, we already know that wu}’ LN u, so that, we have to prove that
2

If we fix ¢, considering (2.4.64), (2.4.93) and (2.4.94), we get
[[u™ (#)]]22 < ¢

with ¢ independent of m. Therefore the sequence {u(¢)} is bounded in the
reflexive space H?(f2) and by applying theorem 2.1.5 we get that {u™(t)}
admits a subsequence that converges weakly in H?(Q). Moreover, {u™(t)}
converges strongly in J2(Q2) C L?(Q), that is what we wanted to show.
Applying Lemma 2.4.1, we conclude that for all ¢ € [0,T,,] the sequence
{u™(t)} is relatively compact in C(0,T,,; J*(2)). Hence {u™(t)} converges
strongly in C'(0,T,,; J*(Q)). O



52 CHAPTER 2. THE HYPERVISCOUS NAVIER-STOKES IBVP

2.4.7 Continuity in time
Theorem 2.4.20. The limit function u of u™ is continuous in t = 0, namely

t—0

Proof. By definition, we know that

and now we also know that the sequence {u(t)} converges to u(0); moreover,
by (2.4.4),

Z it (0)ax = ug

k=1
so we get the following equality in L*(Q):

u(0) = up. (2.4.156)

By considering (2.4.114) with m — oo, s = 0 and applying (2.4.156) to it,
we get
u(t) = uo||s =2 0. (2.4.157)

]

2.4.8 Regularity in space and in time
Theorem 2.4.21. The solution (u,p) of (2.2.1) verifies

w € C(10,Tuy); J*(Q)) N L2(0, Tups HY(Q))

(2.4.158)
u, Vp € L0, Tyy; L2()).

Proof. Let us consider again (2.4.4) integrated from 0 to T, we get
Tug
/ (u]" + PAAU™ — aPAu™ + (Vu™) u™, ay,) dt = 0 (2.4.159)
0

We proved that the sequence {u™(t)} converges strongly to u(t) in
C(0,Ty,; J*(Q2)) and by the fact that

Yo € Jz(Q) : (PAAv, @) = (AAwv, p),
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we get
Tug
/ (us + AAu — aAu + (Vu) u, ai) dt = 0; (2.4.160)
0

so, u satisfies the following integral equation:
Tug
/ (s + AAU — alu + (V) u, ) dt = 0, (2.4.161)
0

for all functions ¢ := h(t)¢(z) with h(t) € C°([0,T,,)) and ¢ € G, (£2)
Since {ay} is a basis of J* 2(Q , orthonormal in J?(Q), for all ¢ € €;,(Q2) C

)
J?(Q2) we can write ¢ = ch(

t)a

In order to recover the pressure, we apply Lemma 2.3.1 to v = u; +
AAu — aAu + (Vu) u; the hypotheses are satisfied, since (2 is bounded and

for regularity results,
uy + AAu — alu + (Vu)u € L, ().

Moreover, from (2.4.161), we have

Tug
/ / (ur + AAu — aAu+ (Vu) u) - de dt = 0, (2.4.162)
0 Q

that is, also

Tugy
/ [ / (g + AAU — alu + (Va) ) - ¢(x) de| h(t)dt = 0. (2.4.163)
0 0
By the arbitrariness of h, we get
/ (uy + AAu — aAu+ (Vu)u) - ¢(z)dx =0 (2.4.164)
v

for all £ > 0. Applying Lemma 2.3.1, there exists a function p € T/Vlif(Q)
such that
u + AAu — aAu+ (Vu)u = Vp

for all £ > 0 and for a.e. = € € such that (u,p) is a solution to problem
(2.2.1).
At this point we need the following result (see [14]):
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Lemma 2.4.2. Suppose that
u € L*0,T,,; H'(Q) N H3(Q)) and w; € L*(0,T,,; L*(2)).

Then, u coincides a.e. int € [0,T,,) with a function u € C([0,T,,); H2()).

Hence, by applying this Lemma with J*2(2) instead of HZ(f2), we ob-
tain that our solution u coincides a.e. in t € [0,7,,) with a function in

C([0,Ty,,); J*%()). So

w € C((0,Ty); JHA(Q) N LA(0, T HA())

(2.4.165)
s, € L0, T,y; L2(Q)).

Moreover, also
Vp € L*(0,T,,; L*(Q)). (2.4.166)

Indeed, since
Vp = uy + AAu — aAu + (Vu) u,

and we already proved in (2.4.155) that u,u;, Vu, Au, AAu € L?*(0,T,,)
with values in their respective spaces. We have also to prove that (Vu)u €
L*(0,T,; L*(2)). Indeed, it is a direct consequence of (2.4.80). Thus, we
obtain (2.4.166). O

In this way the of the existence of a regular solution for the Hyperviscous

Navier-Stokes initial boundary value problem is completed.

2.5 Exterior domains

In this section we want to establish the existence of regular solutions also
for exterior domains. The argument will use what has been done in the
previous sections for bounded domains. It is important to observe that all
the estimates found in the previous sections do not depend on the measure
of the domain, so they are still valid also for this case, with the exception
of (2.4.131). In this case, even if theorem 2.3.6 is proven only for bounded

domains, a similarity argument shows that the estimate holds for a solution
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in an arbitrary large domain with the same constant if the claim is replaced

by the weaker form
|AAul]z +[[Vpll2 < C[f]l2-

Therefore this estimate is also independent of the size of the domain.

To recover (2.4.131) it is sufficient to observe that ||ul|2, ||[Vull2, ||Aull2
have been already estimated independently of the domain, while ||VVVull,
can be estimated by ||AAul||, and ||u||]z by means of (2.4.142) and Theorem
2.4.16.

In the passage to exterior domains we follow the arguments of Heywood
in [3].

Let €2 be an exterior domain with enough regular boundary. Let us define
the bounded domains

Q= QN By(0)

where By, (0) is the ball centered in 0 and with radius h, such that

Q) C Qg and Q= | Q.
heN
Now we take the initial datum wug in J*?(Q) and a sequence of initial velocity

functions {ay} in J*?(Q) with supt ay, C Qy, with
[Van|l2 < [[Vuol[z and  |[Aay||2 < [[Augl|2

and ||Vay, — V|l = 0 and ||Aay, — Auglle — 0 as h — oo.
At this point let us consider a solution u” of the initial boundary value

problem (2.4.4) in [0, T, ] x €2, with the initial velocity ay. It is not restrictive
o h
to consider the boundary conditions v/ = g 0 on 0L, for some h big

on
enough.
Since ||Vayllz + [|Aan|la < [|[Vuoll2 + ||[Augl|2, all the solutions of the
sequence {uh} exist on the interval [0,T,,), verify the inequalities (2.4.93),
(2.4.94), 2.4.96 in (0,T,,) x Q) with T,,, < T,, and hence the intervals do

not tend to zero as h — +00.
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Now, let us consider a subsequence {u*} weakly convergent in L2(0, 7}, ; H())

and its derivatives {ufk} weakly convergent in L?(0, T}, ; L*()) for every I
and every T, < T,,. Then, (2.4.93), (2.4.94), (2.4.96) hold for the limit u
and all its derivatives.

Hence we can deduce all the facts proved in the case of bounded domain,
as an analogous result of Theorem 2.4.20 and Theorem 2.4.21 for some instant
1., < Ty, in particular u; + AAu — aAu+ (Vu)u € L*(0,7"; L*(2)) and
once again, as in Theorem 2.4.21, it can be proved the existence of a function
p(t,z) with Vp € L*(0,T;, ; L*(Q)) such that u;+AAu—aAu+(Vu) u = Vp.

Finally, following the reasoning of Heywood [3] it can be shown that
lim u(t) = ug strongly in J2%(Q).

In this way we proved the existence of a regular solution in exterior do-

mains on an interval (0,7,).

2.6 Uniqueness of the regular solutions

In this section we want to prove the uniqueness of the regular solution for the
problem (2.2.1), set either in bounded domains or in exterior domains. The
existence of solutions for such problem is ensured by the former sections.

First of all we will need to prove the following

Theorem 2.6.1. Let Q2 be an open (bounded or exterior) domain of R®. Let
ug € J*%(Q). Then, for some T,, > 0 we have

u € L= (0, Ty; L*(2) N L (0, Tyy; JH2(9))

Proof. At first we can deduce from the hypothesis that u € J"?(Q) too. Let
us prove that it is also in L3().

We need to use once again the interpolation inequality from Crispo and
Maremonti ([9]) with the choice k =0,r=3,p=q=2, m=2and a =1/4

and hence we obtain

1 3
lulls < el VVulls|ulls + colulls (2.6.1)
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for some constants ¢; and ¢y, independent of v and with ¢, that vanishes for

bounded domains. Then, by applying (2.4.78) we have the claim. [
Now, we can state the proper uniqueness theorem, that is the following

Theorem 2.6.2. Given Q a (bounded or exterior) domain of R3. For all
ug € J*%(Q) and f € C([0,T,,]; L*(2)), the regular solution (u,p) of problem
(2.2.1) on (0,T,,) is unique.

Proof. Let both (u1,p;) and (ug,p2) be regular solutions of the problem
(2.2.1); hence, both of them verify equations:

0
% + (Vuy) ug + Vpy = vAuy — TAAu; + f
aut (2.6.2)
8_252 + (Vug) ug + Vps = vAuy — TAAuy + f.
Taking the difference between the two and setting u := u; — us and p :=
D1 — P2, we get
ou
Frd (Vuy)uy — (Vug) ug + Vp = vAu — 7AAu (2.6.3)

where u is still in J*2(Q2). Then, by adding and subtracting the term (Vu; )us,
taking the scalar product of the whole equation with u and integrating it in

2, we obtain

@-U—F/ (Vul)u-u—/ (Vu)uQ-u+/ Vp-u:u/Au-u—T/AAu-u
o Ot 0 0 Q e 0
(2.6.4)

that, since divu = 0 and for an argumentation similar to (2.4.26), leads to

1d
5%““”3 + /Q (Vuy) u-u = —v||Vul|3 — 7||Aul 3 (2.6.5)

and, taking to the right the nonlinear term, we have

1d
5 g7 1lle + vIIVulls + | Aull; = —/ (Vur)u-u <
o (2.6.6)

< [ 1wyl < [[[vw ]



o8

Let us estimate term on the right

[Vl [l ||, < (@lIVVulls + eallulla) [ullol| Pz <

- (2.6.7)
< ¢ (al|VVullz + eallull2) [[ul2

where, to estimate |Vu;| we used Theorem 2.6.1 and to estimate one of the

two |u|, we used the fact that for Morrey’s Theorem

Wo? e L™

(2.6.8)
lullse < e1l[VVull2 + cof[u]]2.

Let us observe that ¢ = 0 in the case of bounded domains.
Then, setting ¢ := ¢c; and ¢ := ¢cp and using (2.6.6), we get
1d
2 dt
< o[V Vul s/ fulls + el < 269)

lull + v[[Vull; + | Aull; <

< cel|[VVulf; + eMcllull; + el full; =
= cel|Au|l + eMe][ul3 +2l|ull3

where we used Young’s inequality with a coefficient € such that € :=ce < 1
and (2.3.3).
Finally, we have

1d

5 g7z + vIIVulls + (7 = )| Aull; < (M. +2) [[ull3 (2.6.10)

whence, setting C' := c¢M, + ¢, we obtain

1d
s/l < Cllulls; (2.6.11)
by applying Gronwall’s Lemma we get u = 0, namely u; = uy and hence,

since V(p; — p2) = 0, also p; = pe up to a constant. ]



Conclusions

In conclusion we proved existence, uniqueness and regularity of the solution
for the hyperviscous Navier-Stokes problem that models the motion of a fluid
at first in a bounded domain and then in an exterior domain. Our results
show that the regularity of the solutions imply continuity in space up to
second derivatives. In particular, the continuity of the velocity is suitable
for pointwise conditions. This may allow future applications of this second-
gradient model to problems where the velocity is prescribed on thin structures

like in the case of bodies that fall in a viscous fluid.

29
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