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Abstract

In this thesis we consider a connected locally finite graph ¢ that possesses the
Cheeger isoperimetric property.

We define a decreasing one-parameter family {X7(¥) : v > 0} of Hardy-type spaces
on ¢ associated to the standard nearest neighbour Laplacian .Z on ¢. We show that
X'/2(%) is the space of all functions in L!(¥) whose Riesz transform is in L'(¥). We
show that if ¢ has bounded geometry and + is a positive integer, then X7(¥¢) admits
an atomic decomposition. We also show that if ¢4 is a homogeneous tree and + is
not an integer, then X7(%) does not admit an atomic decomposition. Furthermore,
we consider the Hardy-type spaces H,(¢) and H.,(¥), defined in terms of the heat
and the Poisson maximal operators, and analyse their relationships with the spaces
X7(¢). We also show that H%,(¥) is properly contained in H%, (%), a phenomenon
which has no counterpart in the Euclidean setting. Applications to the boundedness
of the imaginary powers £ are also given.

Finally, we characterise, for each p in [1, 00)\ {2}, the class of L? spherical multipliers
on homogeneous trees in terms of P Fourier multipliers on the torus. Furthermore,
we give a sharp sufficient condition on L” spherical multipliers on the product of

homogeneous trees.
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Introduction

The Hardy space H'(R™) may be defined as the subspace of L*(R™) consisting of all
functions f such that the Euclidean norm of the vector Riesz transform ‘,@ f | is in
L'(R™). Here Z is the operator V(—A)~"/2, where V and A denote the standard
gradient and Laplacian on R™, respectively. It is well known that H'(R™) has several
characterisations, both in terms of atoms and of various maximal operators (see
[St2l Ch. 3 and 4]). In particular, consider the heat and Poisson semigroups .74 and
P, on R" and the corresponding heat and Poisson maximal operators 77, and &,
defined by
Hf =sup | f] and P f= sup |2, f|.

>0
A celebrated result [F'S| states that H'(R™) agrees with the space of all functions
in L'(R") such that either S f or 2, f are in L*(R™). Another characterisation
of HY(R™), due to R.R. Coifman and R. Latter [Col [La], is the following. We say
that a function a in L*(R") is an H'(R")-atom if the support of a is contained in
a Euclidean ball, its integral vanishes, and its L?*(R™) norm is suitably normalised
(see Section [2] for more on atoms). Then f is in H'(R") if and only if f admits a

decomposition of the form Zj ¢; aj, where the a;’s are atoms, and Zj‘cj’ < 00.

We recall the following important additional feature of H'(R"): besides the
Riesz transform, some interesting operators, which are bounded on LP(R™) for all
p in (1,00), but unbounded on L'(R"), turn out to be bounded from H'(R™) to
L*(R™). Furthermore, an operator which is bounded on L?(R™) and from H'(R")
to L'(R™) is automatically bounded on LP(R") for all p in (1,2).

For similar results concerning H'(Z"), see [BC].
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The purpose of this thesis is to develop a theory of Hardy-type spaces on lo-
cally finite connected graphs ¢ that possess the Cheeger isoperimetric property, (see
Definition [1.3)). For each vertex x, denote by v(z) the number of neighbours of x.
For some, but not all, of our results, we need also to assume that ¢4 has bounded
geometry, i.e., the function v is bounded. We endow ¢ with the measure that asso-
ciates to the singleton {x} the measure v(z). Note that p is nondoubling (for ¢ has
exponential volume growth). In particular, ¢ is not a space of homogeneous type
in the sense of Coifman—Weiss. This fact will have long-range consequences on the

theory of Hardy-type spaces on ¢ that we shall develop.

We follow the approach developed by G. Mauceri, S. Meda and M. Vallarino
MMV, MMV2, MMV3, MMV4] and S. Meda and S. Volpi [MVo|, with various
modifications. One reason for considering the class of graphs above is that they are
discrete analogues of Riemannian manifolds with bounded geometry and spectral
gap. Homogeneous trees are typical examples of graphs satisfying the assumptions
above, and may be regarded as discrete analogues of Riemannian symmetric spaces
of the noncompact type and real rank one. We strongly believe that our results
on trees will pave the way to further developments on Riemannian manifolds with

bounded geometry and spectral gap.
It is not hard to see that the nearest neighbour Laplacian . (see formula ([1.1))) is

a sectorial operator on L'(%) and that £ is a bounded injective sectorial operator
on LY(4) for all v > 0. We then define, for each v > 0, the Hardy-type space
X7(#) to be the vector space £7(L*(¥)), endowed with the norm which makes £
an isometry between L'(%) and X?(¢). We shall prove that {X7(¥4) : v > 0} is a
decreasing family of subspaces of L'(¥), that the Calderén complex interpolation
space (1{7(54),[/2(54))[9} between X7(¥¢) and L*(¥) is LP?(%), where 6 is in (0,1)
and pg = 2/(2 —0), and that if 7 is a positive integer, then X7(¥) admits an atomic
decomposition in terms of atoms satisfying a strong cancellation condition.
Furthermore, we shall prove that the purely imaginary powers of £, i.e. the
operators .Z™ where u is in R\ {0} are bounded from X7(¥¢) to L'(¥) for all v > 0.
Observe that if ¢ is a homogeneous tree, then .Z™ is unbounded on L'(¥), for

otherwise its convolution kernel kg would be in L'(%¥), and this is false, as can be
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easily derived from the asymptotics of kg (see [CMS3]).

By analogy with the Euclidean case, it is natural to consider the space HL(¥),

defined by
HL(@) = {f € L'9) : |#f| € '@},

where Z is the discrete Riesz transform, briefly Riesz transform, defined by V. ~1/2,
V denotes the discrete gradient on ¢, and .£~1/2 is defined via the spectral theorem.
We shall show that H.(¥) = X1/2(¥) in great generality, i.e. without assumng that
¢ has bounded geometry. As a consequence, Z is bounded from X7(¥4) to LY(¥) if
and only if v > 1/2. The analogue on trees of the Helgason—Fourier transform on
noncompact symmetric spaces allows us to prove that if ¢ is a homogeneous tree,
then X/2(%), hence HL(%), does not admit an atomic decomposition. Specifically,
we prove that functions with compact support are not dense in X%/ 2(¢). This is

also a new phenomenon, which has no counterpart in the Euclidean setting.

We also consider the problem of relating the Hardy-type spaces X7(¥) to Hardy-
type spaces defined in terms of maximal operators. Our analysis will require rather
precise estimates of the size of the kernels of the heat and Poisson semigroups. We
are not able to establish such estimates on a generic graph of bounded geometry
with the isoperimetric property, and we restrict to homogeneous trees .7, where
spherical Fourier analysis is available (see [CMS3]). By analogy with the Euclidean
case, it is natural to consider the heat semigroup {e=*¢ : ¢+ > 0} and the Poisson
semigroup {e~¢""* 1 t > 0} (we shall often write 2, instead of ¢~¢""*), and the

associated maximal operators

%f::sup}%’éﬂ and gz*f::sup‘gztf}.
t>1 t>1

We then define H,(¢) and H., (%) by
Hy(9)={f € L'(¥): H#.f € L'(¥)}
and
Hy (@) ={feLNY): 2.f € L'(¥)}.
Perhaps surprisingly, we find that H,(%) C H.,(%), and that HL(¢) C HL,(¥).

Our analysis hinges on precise estimates of the heat and the Poisson kernel obtained
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via spherical Fourier analysis. Our analysis requires the understanding of the fol-
lowing two families of maximal operators. For each (possibly negative) real number

¢, we consider the Poisson mazimal operator ¢ with parameter ¢ by
P f =sup t° },@tﬂ
t>1

We shall often write 2, f, instead of £2°. Similarly, for every real number ¢ the
maximal operator JZ.° is defined by
FCEf = sup tc{%ﬂf’.
t>1
A consequence of the statement above is that the heat maximal operator 7,
is unbounded on H,(.7). Notice that the situation is quite different from that

described above for Fuclidean spaces.

In the last chapter of the thesis, we consider spherical Fourier multipliers on
homogeneous trees. We treat both the case of a single tree and the case of the
product of two trees with possibly different degrees of homogeneity. We remark
that our methods extend trivially to the product of a finite number of homogeneous
trees. However, to avoid exceeding notational complexity, we give details only in

the case of the product of two trees.

First we consider the case of a single tree. The analogue on trees of a celebrated
result of J.L. Clerc and E.M. Stein [CSt] states that if k is in Cv,(.7), then its
spherical Fourier transform k extends to a bounded holomorphic function on the
strip Ss() (see Section for the definition of Sj)). This necessary condition
was sharpened by M. Cowling, S. Meda and A.G. Setti [CMS2, Theorem 2.1], who
proved that if £ is in Cv,(.7), then the boundary values Eg(p) of k on the strip
Ss(py is a multiplier of LP(T). We prove that this condition is indeed sufficient, thus
giving a characterisation of radial convolutors of LP(.7) (see Theorem [5.11). The
proof of this result combines techniques from [CMST] and involves a generalisation of

transference results of A.D. Tonescu [Io] for rank one noncompact symmetric spaces.

Next we consider the product of two trees. In this case, we prove that the two-
variables analogue of the condition on multipliers cited above is sufficient to induce

a bounded convolution operator on L”(. 7 x 7).
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We shall use the “variable constant convention”, and denote by C, possibly with
sub- or superscripts, a constant that may vary from place to place and may depend
on any factor quantified (implicitly or explicitly) before its occurrence, but not on

factors quantified afterwards.

If A is a bounded linear operator from the Banach spaces 2  to the Banach

space %, we denote by H|A its operator norm. If 2" = % we write |HA

2y Z

instead of H|A|H%%
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Chapter 1

Background material and

preliminary results

1.1 Graphs

Denote by ¢ an infinite connected unoriented graph. We say that two points x and
y in & are neighbours, and write z ~ y, if they are connected by an edge. We
assume that ¢ is locally finite, i.e. every point = in ¢ has a finite number v(x) of

neighbours. If

sup v(zr) < oo,
r€Y

then we say that ¢ has bounded geometry.

A path in ¢ is a finite number of points [z, ...,z ;] with the property that z;
and x ;1 are neighbours for j =0,...,J —1. The length of [z, ...,z ] is defined to
be J. We endow ¢ with the so called combinatorial distance: d(x,y) is the length
of the shortest path joining = and y. Since ¢ is connected, d(z,y) > 0 when x # y,
and d(z,y) = 1 if and only if x and y are neighbours. The ball B, (z) with centre x
and radius r is the set of all points y in ¢ such that d(z,y) <r, and S,(z) denotes
the set of all y such that d(z,y) = r. We call S,.(z) the sphere with centre « and

radius r. Notice that S,(x) is nonempty if and only if r is a nonnegative integer.

1



2 Chapter 1

We endow ¢ with the measure p, defined by
p({z}) == v(z) Ve ed.

Notice that if the function x — v(z) is constant (this happens, for instance, when
¢ is a homogeneous tree), then y is a constant multiple of the counting measure.
Lebesgue spaces will be taken with respect to the measure u, unless v is constant,

in which case usage of the counting measure leads to cleaner formulae. Thus,

11, = [ [r@) vi)

€Y

} 1/p

when p is in [1, 00), and

/]l = sup [£(2)]

1.2 The Laplacian

Denote by & the set of the oriented edges of ¢: an element of & is of the form
e = (z,y), where x and y are neighbours in ¢; = and y are called the initial and
the final point of e, respectively. We put the counting measure on &, and define the
operator d : L*(¥4) — L*(&) by

df(e) .= fly) = flx) Ve=(z,y)€é:
d may be thought of as the differential operator on ¢. We shall also write V f
instead of df.

Given an oriented edge e, we denote by e_ and e, the initial and the final point
of e, respectively. A straightforward calculation shows that the Hilbert space adjoint
of d is the operator d*: L?(&) — L*(¥), defined by

A natural operator acting on complex-valued functions on ¢ is the nearest neighbour

Laplacian £, defined by .2 = d*d. Thus,
d [f@) = fly)] Vred. (1.1)
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The associated Dirichlet form @) is given by

Q) = (£, f)
=" v(2) Lf(x) [(z)
=
=> > I y)] F@)
€Y y~x
=S v@) [f@] =YY fy) Fl@)
S €Y y~z
S DICIETES SOILTS L n R ro)
€Y yey (z,y)€8

=%Z\f(y)—

ecs&
= (df,df)  VfeL*9).
Note that the length |Vf‘ of Vf, ie.,
1 271/2
Vi@ = 3 Y@ -] ey,
Yy~x
is a function on ¢. Note that

02U <5 3 @[ = 2Re [f) T + |7

ecd

<> @+ @[]

ecd

=4 v(@)|f(@)

S

2
=4 |71,
In particular, this implies that 05(.Z) C [0,2]. It is straighforward to check that .#

is symmetric on L*(%¢), hence it is self adjoint.

Define the adjacency matriz A by

L
A(z,y) = {V(x) oy

0 otherwise.




4 Chapter 1

Then
=9 —d,

where &7 is the operator associated to the kernel A, i.e.

1@) = 3 Alwy) f0) = 75 Y1)

yeY Yy~
Notice that o f(x) is simply the mean value of f over the sphere with centre x and
radius 1.

Notice that .Z is bounded on LP(¥¢) for every p in [1,00], no matter whether
Sup,cy V() is finite or not, i.e., whether ¢ has bounded geometry or not. This
makes some aspects of harmonic analysis on ¢ simpler than the corresponding is-

sues on noncompact Riemannian manifolds.

Proposition 1.1. Suppose that 4 is a locally finite connected graph. For every p
in [1,00] the operator £ is bounded on LP(¥), and

1l <2fll,  vfel@).
Proof. Observe that the operator . is bounded on L'(¥). Indeed,

l2r]l, <D v@) [f@)]+> D 1w

€Y T€EY y~zx

= |I£]l, +D_vW) |fW)]

yeYd

—2|fll, Vfel'(®).

Furthermore, .Z is bounded on L>(¥), because

1
127 < Il +sup 775 ;If(y)l

<2|f|l.  VFerLx®).

The required result follows from Riesz—Thorin’s theorem. O]
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It is well known that the bottom b of the L*(¥) spectrum of £ is given by the

variational formula

(Zf, f)

b=inf ———=

171z

2
where the infimum is taken over all not identically vanishing functions f with com-

pact support in ¢. See, for instance, [Wj| for a proof of this fact. Since .Z is a
positive operator on L*(%), b > 0.

1.3 The heat and Poisson semigroups

tZL

By the spectral theorem, the operator e *“ is contractive on L*(%¢) for all positive

t. We refer to the family {e™*¥ : ¢ > 0} as to the heat semigroup, and often we write
 instead of e .

Proposition 1.2. Suppose that 4 is a locally finite connected graph.
Then {6 : t > 0} is a Markovian semigroup.

Proof. We need to prove that 7 is a positive symmetric contractive operator on
LP(%) for all p in [1, 00], and that 41 = 1.

First recall that . = .# — &/, where &/ is the operator naturally associated to
the adjacency matrix A defined above. Clearly .# and &/ commute, so that

; = (tet )k
e—tj _ e—t Z ( k') (12)
k=0

Now observe that </ is a contraction on LP(¥). Indeed, by arguing much as in
the proof of Proposition above, we see that &/ is a contraction on L'(¥) and
L>(%), and the required contractivity property on LP(¥) follows from the Riesz—
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Thorin interpolation theorem. Therefore

) L )"
lle=l, < e~ I; —
< et i ﬁ
- — k!

=1.

Furthermore, observe that 7 is positivity preserving, hence so is &% for every k.
Formula (1.2)) then implies that e™*% is positivity preserving.

Finally, denote by 1 the function identically equal to 1 on ¢, and notice that
/1 =1, whence e 41 = 1. O]

A well known consequence of Proposition is that for each p in [1, 00| the LP(9)
spectrum of .Z is contained in the closure of the right half plane.

In addition to the heat kernel, it is natural to consider the subordinated semi-
groups {e "
is called the Poisson semigroup. We refer the reader to [Y] for more on subordinated

:t >0}, for 0 < o < 1. In particular, if & = 1/2, then the semigroup

semigroups.

1.4 The isoperimetric property

An important role in our theory is played by the so called Cheeger isoperimetric

property, which we now introduce.

Definition 1.3. For any finite subgraph %, of ¢, its boundary 0%, is defined by
0% ={y e % dy,9) =1}.

Note that 0%, is contained in %4,. We set

L(0%)
%) '

[ :=inf
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where L(@%) denotes the length of ¥, defined as the cardinality of the set of all
points in ¥ that admit a neighbour in 0%, and the infimum is taken over all
(nonempty) finite subgraphs ¢, of 4: [ is called the Cheeger constant of ¢. If
B > 0, then we say that ¢ possesses the Cheeger isoperimetric property.

We shall use the following characterisation of graphs that possess the Cheeger

isoperimetric property.

Proposition 1.4. Suppose that 9 is a locally finite connected graph. The following

are equivalent:

(i) & possesses the Cheeger isoperimetric inequality;

(ii) the bottom b of the L*(¥4) spectrum of the standard nearest neighbour Laplacian

15 strictly positive.

Furthermore,

%ﬂkbsﬁ.

Proof. A proof of the inequality (1/2)3? < b may be found in [DK| Section 2]. We
omit the details. Clearly this proves that (i) implies (ii).

Next we prove that b < [ for every locally finite connected graph. Suppose that
%, is a nonempty connected finite subgraph of ¢. Observe that

(1540? 1%) = M(g())'

Furthermore,

(9%1%7 1%) = Z l/(l‘) f].%(I),

TEY

because 1y, vanishes off ¢,. Observe that v(z) £1g,(x) vanishes whenever z is in
9 \ 09 for 14, is constant on 4. Now, if x is in 0%, then

v(z) Llg(x) =#{y~z:y &€ %}
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Thus,
("?1%’ 1%) = L(ago)a

and we may conclude that

("%1%7 1%) _ L(ag())

b < - ,
B (1%7 1%) M(gﬂ)

and the required estimate follows by taking the infimum of both sides with respect
to all finite nonempty subgraphs ¢, of ¢.
Clearly this proves that (ii) implies (i), and conludes the proof of the proposition. [J

A noteworthy consequence of Cheeger’s isoperimetric property is the so called

Federer-Fleming inequality, which we now state.

Theorem 1.5. Suppose that &4 is a connected locally finite graph, which possesses

the Cheeger property. Then there exists a positive constant c,.,. such that

IIvglll; = eer [loll,

for every integrable function g.

Proof. The proof, which hinges on the discrete co-area formula, may be found in
[Chl, Section VI.4]. O

It would be desirable to establish geometric criteria that identify classes of graphs
possessing Cheeger’s isoperimetric inequality. Here we content ourselves to recall a
criterion established by R.K. Wojciechowski in his thesis [Wj].

Given a graph ¢, and a vertex xy in ¢, write r(z) instead of d(z,z(). For a

vertex x, define
w(z) = {y~z:ry) =r(x)}
vi(z) ={y~z:r(y) =r(z)+1} (1.3)
voa(z) ={y~az:r(y) =r(x) —1}.
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Theorem 1.6 (Wojciechowski). Suppose that ¢ is a locally finite graph and that

there exists a positive constant ¢ such that

vii(z) —va(x)

v(x)
Then the bottom b of the L*(4) spectrum of 4 satisfies b > ¢*/2.

> c Vred.

Recall that a graph with no loops is called a tree. For instance, Z is a tree, but Z2
is not. Observe that if ¢ is a tree, then vy(z) = 0 and v_;(x) = 1 for each vertex z.

Therefore v (z) = v(x) — 1, and

va(e) —vale) 2

v(z) v(x)

Clearly the right hand side is bounded from below by a positive constant if and only

if v(z) > 3 for every vertex x. Thus, we may state the following corollary.

Corollary 1.7. Suppose that ¥ is a locally finite tree. Ifv(x) > 3 for every vertex x,
then & possesses the Cheeger isoperimetric inequality, equivalently the bottom of the

L*(9) spectrum of £ is strictly positive.

1.5 Locally compact groups

Denote by I' an arbitrary locally compact group. We denote by A and p a left
and a right Haar measure on I', respectively. Integration will be with respect to A,
unless otherwise specified. We denote by Ar the modular function on I', i.e. the
Radon—Nykodim derivative d\/dp. We denote by #r the convolution on I", defined
by

Fay) 9(y™) dA(y) =j () gy 2) dA(y),

r

fxrg(z) :J

r
for “nice” functions f and g on I'. We recall the following basic convolution inequa-

lities (see e.g. [HRL Corollary 20.14 (ii) and (iv)]),

Hk kT fHLp(F,dA) < ||fHLP(F,d)\) HkHLl(F,d)\) (1.4)
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17 50 Kllogeazy < 1 Looge,any 185775 (15)

We denote by Cv,(I') the space of bounded right convolutors of LP(I"). This space

is equipped with the norm

‘Ll(F,d)\) :

el oy = ”fuif(f):l 1F o Kl oy -

1.6 Homogeneous trees

An important subclass of graphs with bounded geometry and Cheeger’s property is
that of homogeneous trees. A homogeneous tree of degree ¢ is a connected graph 7
with no loops such that any point z of .7 has exactly ¢+ 1 neighbours. In this case
it is convenient to endow .7 with the counting measure ;. Note that g = (¢+ 1) p,

so that it is just a matter of convenience to use p rather than pu.

If ¢ = 1, then .7 is just the graph associated to the integers Z. In this case
many aspects of harmonic analysis on .7 resemble their analogues on R, and the
techniques employed are reminiscent of those typical in Euclidean harmonic analysis.
In this thesis we do not pursue this analysis any further, and refer the interested

reader to [BC| and the references therein.

We assume henceforth that ¢ > 2. Standard references concerning harmonic
analysis on trees are the books [ETPLETN]. The reader is also referred to the papers
[CMSTL [CMS2) [CMS3,, [CS, IMSTl, IMS2, [Sell [Se2] for various aspects of harmonic
analysis on homogeneous trees. Some of the ideas and results contained in these
papers corroborate the idea that harmonic analysis on homogeneous trees is very

much related to harmonic analysis on symmetric spaces of the noncompact type.

Fix an arbitrary reference point o in .7, denote by G the group of isometries of
7 (endowed with the natural distance) and denote by G, the stabiliser of o in G.
The group Gy is a maximal compact subgroup of G. The map g — ¢ - o identifies
7 with the coset space G/G,; thus, a function f on J gives rise to a G,-invariant
function f’ on G by the formula f'(g) = f(g - 0), and every G,-invariant function

arises in this way. The distance of  from o will be denoted by |z|. A function f on
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T is called radial if f(z) depends only on |z|, or equivalently if f is G,-invariant, or
if f’is G,-bi-invariant. We endow the totally disconnected group G with the Haar

measure such that the mass of the open subgroup G, is 1. Thus
| £16-00a5=3 fa).
G xeT
for all finitely supported functions on 7. The reader can find much more on the

group G in the book of A. Figa-Talamanca and C. Nebbia [E'TN].

Suppose that # is an invariant continuous linear operator from L!'(.7) to
L>(.7). Denote by K : X x X — C the kernel of ¢, defined by

K(z,y) = #6,(x) Ve,y e J.

Then
Hf(x) =) K(x,y) fly) VreX VfelL(T).

yeX
We shall be particularly interested in the invariant operators, i. e., those which
commute with the action of the isometry group G of X. It is easy to see that the
condition J (f o g) = (£ f) o g for all g in G is equivalent to the condition that
K(g-z,9-y) = K(x,y) for all z and y in X and ¢ in G, or the condition that K (z,y)
depends only on d(z,y). We write &’ for the function on G such that

K(g9) = K(g-0,0) Vgeq.

Then k'(g19g92) = k'(g) for all g in G and gy, g2 in G,, and so there exists a radial
function k on .7 such that k'(g) = k(g - 0). Further, for f in L'(.7),

(K f)(g)=Hf(g-0)
=> K(g-0.y) f(y)

yeT

:J K(g-o,h-0) f(h-0)dh Vg e€Q@G.
G
Now, by the invariance of the kernel K,

K(g-o,h-0)=K(h 'g-0,0),
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so that
() (g) = j K(h'g-0,0) f(h-0)dh

= J Fi(h) K (k" g)dh (1.6)
G

=f'xK(g) VgeG.
The study of invariant operators on .7 is thus essentially a part of the harmonic

analysis of G, namely the study of operators from L?(G/G,) to L"(G/G,) given by

convolution on the right by G,-bi-invariant functions.

We denote by Cv,(.7) the space of radial functions k on .7 associated to all
these G,—bi-invariant kernels. The norm of an element k in Cv,(.7) is equal to the

norm of its G,-bi-invariant extension £’ to G in Cv,(G).

Since the identification of G,—right-invariant and G,—bi-invariant functions on
G with functions and with radial functions on .7 are standard, we shall henceforth

usually not distinguish between these, and omit primes.

Notice that .7 is a nondoubling measured metric space. To see this, fix a refe-
rence point o in .7, and consider, for each positive integer n, the sphere S, (o) and
the ball B,,(0) with centre o and radius n. It is straightforward to check that

n+1 n
n— " +q" =2
1(Sn(0)) =(g+1)¢""  and  pu(Bau(o) = o1
Thus, the ratio yt(Ba,(0))/p(Bn(0)) has order of magnitude ¢™ as n tends to infinity.

The standard nearest neighbour Laplacian £ on .7 becomes

Set
T := 2w/ loggq, (1.7)

and, for every p in [1, o0], write §(p) for |1/p — 1/2} and p’ for the conjugate index
p/(p — 1). For any nonnegative real number ¢, we denote by S, and S, the strip

{z € C: |Imz| < t} and its closure, respectively. Denote by 7 the entire function
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defined by the formula

LA .
— ¥4 _"_ —1z
W)=y (e )
Then
2q1/2
v(z) = 1 cos(zlog q) = v(0) cos(zlogq). (1.8)

The spherical Fourier transform of §, — v is 1 — v, and using this one may show
that the LP spectrum o0,(%) of £ is the image of S, under the map 1 — v (see
Chapter 2 of [ETN]). The L?(.7) spectrum of the Laplacian 0,(.Z) is well known
(see [CMS3]). Indeed, 0,(.Z) is the region of all w in C such that

1 — Re(w) 2 Im(w) 2
<’y(0) cosh(d(p) log q)) + <’y(0) sinh(d(p) log q)) =L (1.9)

In particular 09(¢) degenerates to the real segment [1 — v(0),1 + v(0)]. As a con-
sequence, .Z is invertible on LP(.7) for 1 < p < co. A straightforward computation
leads to

L7V, () = ¢+7lol,
We denote by b, the infimum of Re(0,(.Z)), so by =1 — v(0) and b; = 0.

We now summarise the main features of spherical harmonic analysis on 7. The
spherical functions are the radial eigenfunctions of the Laplace operator . satisfying

the normalisation condition ¢(0) = 1, and are given by the formula

—1
(1 +1 ]:L’\) g2 Vz e TZ
q +%
— 4= —lzl/2( _1)l=l
2\ L _
¢-(x) <1+q+1|x|>q (—1) Ve e /24 1L
c(z) =12l ¢(—z) g7/l Vze C\ (1/2)Z,

where ¢ is the meromorphic function defined by the rule

/2 1/2+4iz _ ,—1/2—iz

c(z) = q q q

= A , Vze C\ (1/2)Z. 1.10

It can be shown (see, e.g., [CMS3]) that z — ¢, () is an entire function for each x
in .7, and
0.(x)| <1 Vo ed VzeS. (1.11)
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It should perhaps be noted that we use a different parametrisation of the spherical
functions from Figa-Talamanca and his collaborators (see, e. g., [FTP] and [FTN]);

our ¢, corresponds to their ¢;/24,., and c is reparametrised similarly.

For any function space E(.7) on 7, we denote by E(.7)* the (usually closed)
subspace of F(.7) of radial functions.

The spherical Fourier transform f of a function f in LY(7)* is given by the
formula
f(z) =) f(z)¢.(x)  Vz€Sp (1.12)
xeT

The symmetry properties of the spherical functions imply that f is even and 7-
periodic in the strip S;/,. We denote the torus R/7Z by T, and usually identify it

with [—7/2,7/2). Set
qlogq

o = Tta 1] (1.13)

The following theorems are well known.

Theorem 1.8. The spherical Fourier transformation extends to an isometry of

L*(7)* onto L*(T, ), and corresponding Plancherel and inversion formulae hold:

Hﬂb=%[Lﬁ@WW@WQm1” Vf e (T,

and

fwz%jﬂwmmww%s Ve

T

for “nice” radial functions f on 7.

Proof. See, for instance, Chapter 2 of [F'TNJ. ]

We note that the relation ¢(z) = ¢(—%) and the symmetry properties of spherical
functions imply that

o 0u(2) ()] 2 = g o) g0 o) g
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for all x in 7 and s in T. Therefore, if the function m : R — C is even and

T—periodic, then

e | ) onta)le(s) s
T
=c, J m(s) C(_S)—lq(is—1/2)|a:| ds + ¢, J m(s) C(S>—1q(—is—1/2)|z\ ds,
T T

and by making the change of variables s — —s, we see that the two integrals on the
right hand side of the equality above are equal. In particular, we may rewrite the

inversion formula as follows:

Lﬂx)chGJ F(s) c(s) ™" s/ g
T N (1.14)
= 2¢, q 112 Lr f(s)e(—=s) "t gl ds.

1.7 The boundary of a tree

A geodesic ray v in .7 is a one-sided sequence {~v,: n € N} of points of .7 such that
d(vi, ;) = |i—7] for all nonnegative integers i and j. We say that x lies on v if z = v,
for some n in N. Geodesic rays {7,: n € N} and {): n € N} are identified if there
exist integers 4 and j such that v, = 7, for all n greater than j; this identification
is an equivalence relation. We denote by €2 the set of the equivalence classes, which
we call boundary of .7, and by €1, the set of all geodesic rays starting at z. Note
that for every element w in €2 there exists a unique representative geodesic ray in
Q,: we denote this geodesic ray by [z,w). Given two geodesic rays v+ = [x,w™) and
v~ = [x,w”) with intersection y* N+~ = {x} we define the doubly infinite geodesic
y={v;:J €L} as
voifj >0
E v ifj <o,
If wt and w™ are two elements of Q) there exists a unique (up to renumbering)
geodesic {v;: j € Z} such that w™ and w™ are the equivalence classes of {v;: j € N}
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and {7_;: j € N} respectively. For brevity, we denote this geodesic by (w,w™)
disregarding the labels.

If v is a geodesic ray and g is an element of GG, we define g -y to be the geodesic
ray {g-v,: n € N}. It is easily verified that if 4 and ' are equivalent geodesic rays,
then also g - v and g - 7' are equivalent. This defines an action of G on €2, which is

transitive.

We fix a reference geodesic v = (w™,w™) such that o lies on v, and assume that
7 is indexed so that 79 = 0. Define the height function h (associated to w™) by the

rule

hy+(x) := lim (i — d(z,y;)) Vee T. (1.15)

1—+00
The level sets of the height function are called horocycles of 7.

Fix a point g in 2, and denote by G, , its stabiliser in G,. It is easy to see that
G, acts transitively on €, so {2 may be identified with G,/G, ,,. It is easily verified
that, if ¢ € G and v and 4" are equivalent geodesic rays, then g -+ and g -+ are
equivalent. This defines a transitive action of G on [Q], so that, denoting by G,
the stabiliser of [yo] in G, we may also identify [Q}] with G/G,,. Given that (2 may

be identified with [©2], we have a G-action on {2, which may be written formally
(9,7) = g
Because G, acts transitively on the boundary, there is a unique G,-invariant

probability measure v on {2, which is clearly also G-quasi-invariant. By definition
the Poisson kernel P(g,w) is the Radon-Nikodym derivative dv(g~!-w)/dv(w), so

JQ&g W) dv(w) = ng Plg,w)duw) VE€C(Q) Vged.

Since v is rotation invariant, P(gk,w) = P(g,w) for all g in G, k in G,, and w in Q.
We therefore sometimes write P(gG,,w) instead of P(g,w).

Given f in 2(7), we may define its full Fourier transform, written S f or f,
by

Z f(z) P22 w)  VY(w,z) € QxC.
zeT



Chapter 1 17

These definitions may be extended to more general classes of functions; see, e.g.,
[CMST].

A straightforward consequence of Plancherel’s formula is the following

Z rot ]at@té(x)|2dt = % Z |g(gc)|2 Ve e LA(T). (1.16)

ze7 Y0 €T

Indeed, first notice that 0, 7,& = £ * Oyp;, whence

~

(0:P&) (w, 5) = (Oipr)(5) §(w, 8)
= (1= 7)) Fe O Ews).

This, Plancherel’s formula, and Tonelli’s theorem imply that the left hand side of
(1.16]) is equal to

T/2 N 00 "
o o] ao el (1 =200 s [0

Co /2 N 5 s
=5 J de €(w, 8)|" |c(s)] " ds
Q —7/2

1
=5 llells
as required.

A straightforward polarization argument leads to the following important for-

mula
> | taenaza@a -3 ¥ con@  veneH@).
xe€T xeT

~

If f is radial, it is possible to prove (see e.g. Section 2 of [CMSI]) that f(w,s) is
independent of w. In this case, by the Poisson representation of spherical functions
we obtain

Flwoss) = | Flw.s)do = Y 1ta) | PH2(0,0) dw = Fs),
Q xe€T Q

showing that the full Fourier transformation reduces to the spherical Fourier trans-

formation when restricted to radial functions.
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We recall the following analogue for trees of the inversion formula for the Helgason—

Fourier transform on noncompact symmetric spaces.

Theorem 1.9. For every finitely supported function f the following inversion and

Plancherel formulae hold:

fla) =cq |

—7/2

/2 R
lc(s)| 72 dsJ P(z,w)?7% f(w,s) dw Ve e I,
Q

and
7/2

S = e |

J | F(w. 9)] |e(s)]7 ds dw.
z€T —7/2JQ

In particular if f is radial, then the formulae above simplify to those in Theorem[1.§.

1.8 Imaginary powers

Recall that H'(Z) is the atomic Hardy space defined in the Introduction. We
prove that if u is in R\ {0}, then Z™ is unbounded from H'(.7) to L*(.7), and
that the same is true of %. The proof is similar, but easier, than the proof of

the corresponding statement on symmetric spaces of the noncompact type [MMV4]
Theorems 5.1 and 5.3].

Proposition 1.10. The Riesz transform % and, for each complex z with Rez > 0
and z # 0, the operator £7, are unbounded from H'(T) to L'(7).

Proof. By Proposition [1.4] .7 possesses the Cheeger isoperimetric property, for
by > 0, as observed above. By the Federer—Fleming inequality (see Theorem [1.5)

VAl = eee I,

Denote by x - 0 a neighbour of the reference point o, and consider the function
f = 04.0 — 0,. We shall prove that the function .Z~'/2f is not in L'(.7).

We observe that this implies that the Riesz transform % does not map H'(.7)
into L'(7). Indeed, by Cheeger’s inequality,

211y = con (|71,
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and the right hand side is infinite.

Thus, in order to prove that £ is unbounded from H'(.7) to L'(.7), it remains
to prove that Z~Y/2f is not in L'(.7). Denote by k1,2 the convolution kernel of
£712 Then

L7 f(p-o) = frkyplp-o)

= J fpy - 0) kg2 (y™" - 0)dy
¢ (1.18)

N Jg [020(py - 0) = o(py - 0)] kg1r2(y - 0) dy

=ky1p2(p 'z 0) —kgy2(p-0).

We have used the fact that ky-1/2(p™'-0) = kgy-1/2(p-0) in the third equality above.

! L. 0 are neighbours.

Now recall that kg-1/2 is radial and observe that p~z -0 and p~
Indeed, markboth d(p~'z-0,p™'-0) = d(z - 0,-0) = 1 by the left invariance of d with
respect to the group G of automorphisms of .7, and the assumption that x - o be a

neighbour of o.

We recall the following asymptotics of k41,2, proved in [CMS3], Proposition 3.2]:

—|z-of
kgy1s2(x-0) ~ cm
as |z| tends to infinity. In fact, this result is not explicitly stated in Proposition 3.2
of [CMS3]. However, it is straightforward to check that the proof of that proposition
extends almost verbatim to cover the case of interest to us. By integrating in polar
co-ordinates around o, it is straighforward to check that k1,2 is nonintegrable on
7. Moreover, there exists a constant C' such that if x - o, 2’ - 0 are neighbours,
|z’ - o] =|x 0|+ 1, and |z - 0| > R, then

—|z-of

q
\kg12(x - 0) = kp1p2(x’ - 0)| > C |z o2
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By combining this inequality and (1.18)), we see that

|7l 2| 1ol a-o
p-o|>
>C —q—lm\ d(z - o)
N |z-o|>R ’33 ’ 0’1/2

=Ipl
o q
=C Z |p|1/2’
pid(p,0)>R
which is infinite, as required. This completes the proof of the unboundedness of %
from H'(7) to L'(7).

Next we prove that if w is in R\ {0}, then £ is unbounded from H'(.7) to
L'(7). The idea of the proof is similar to that above. Denote by kg the kernel
of £, and let f be as above. Observe that

gzuf(p ©0) = kgin (pilat : 0) — k giu (pfl . 0) Vp € G.

The kernel kgi. has the following asymptotic expansion

—l|z-o

[(—iu) |z - o|t—™

k piu (m . 0) ~
as |z| tends to infinity [CMS3|. Therefore there exists a constant C' such that if z- o,
2’ - o are neighbours, |2’ - 0| = |z - 0| + 1, and |z - 0| > R, then

—|z-of
kg 0) = kgu(z' - 0)| > C 1

|z - o]

Thus,
(B =
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Now, the right hand side is equal to

—|pl

q qg+1 _

¢ Z ol ¢ q Z i
p:d(p,0)>R >R

= o0,

as required. This completes the proof of the unboundedness of £ from H'(.7) to
LY (7). ]
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A one-parameter family of

Hardy-type spaces

2.1 The spaces X"(¥)

For ¢ in [0, 7], we denote by Sy the half-line (0, 00) if # = 0, and the sector
{z e C:2#0, and ‘argz} < 9}

if 6 > 0. We recall that, given a number 6 in [0, 7) and an operator A on a Banach

space A, we say that A is sectorial of angle 6 if
(i) the spectrum of A is contained in the closed sector Sp;

(i) the following resolvent estimate holds:

sup !H)\ A=)
AEC\S,/

5 <00 VO € (0,m)

Observe that condition (ii) above may be reformulated as follows

sup [[A(A+.2)7"
AESy

o Vo' e€|0,0). (2.1)

z <
Good references for the theory of sectorial operators are [Ha] and [MC].

23
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Theorem 2.1. Let & be a locally finite connected graph. Then £ is a sectorial
operator of angle w/2 on LY(¥4) and on L>(9).

Proof. We give full details for L'(%). The proof carries over almost verbatim to the
case of L>®(9).

We already observed that the L!'(¥4) spectrum o1(.%) of the Laplacian is con-
tained in the closure of the right half plane (see the remark at the end of Proposi-
tion . Moreover, by the easy part of the Hille-Yosida theorem,

A
-1 0 .
X+ 2) 1o < fox  VAiRer>0, (2.2)
where Ay = sup, [|#||c1(%). By Proposition Ay = 1. Now choose 0 < 7/2
and observe that (2.2)) implies that

1
cos

e+ 2) g < g V>0

Thus, & satisfies (2.1)) for all §' < /2, whence . is sectorial of angle /2 on L'(9),

as required. O

Corollary 2.2. Suppose that 4 is a locally finite connected graph. For every com-
plex number v with Rey > 0 the operator £ is bounded on L*(4) and on L>(9).

Proof. We give details for L'(¥). The proof in the case of L>(%¥) is almost identical,

and is omitted.

By Proposition , the operator .Z is bounded on L'(¥). Consequently, .Z* is
bounded on L'(¥) for all positive integers k.

If v is a complex number such that 0 < Revy < 1, recall [MC| Definition 5.1]
that £ is given by the following Balakhrishnan formula

L= sin(ym) ro NN+ L) 2fd Ve L'(9).

T 0

Observe that the integral is convergent as a Bochner integral in L!(¥). Indeed,

[ (2 27],
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may be written as the sum of the integrals over the intervals (0, 1) and [1, 00). The
integral over (0,1) may be estimated by

1
1711, JO AR (4 2) 7|, d

Notice that the operator norm inside the integral is uniformly bounded with respect

to A in (0, 00), for we may write
AN+2) 'L =-A\+2) " +.7,

and the first summand on the right hand side is uniformly bounded with respect to
A in (0,00), because & is sectorial of angle 7/2 in L'(¥). The integral over [1, 00)
may be estimated by

2l | Ao 2) as< el e, |

where we have used the sectoriality of . on L'(¥) and (2.1)). Thus, £ is bounded
on LY(%) [Hal, Proposition 3.1.1].

Now suppose that Rey > 1 and 7 is not an integer. Then
@7 — pr—[Ren] plRen]
so that .Z7 is bounded, being the composition of two bounded operators. O

Remark 2.3. The operator .£7 is also injective on L'(¥). Indeed by abstract non-
sense [Hal Proposition 3.1.1 (d)], if . is injective, then so is 7. It remains to
prove that % is injective on L'(¥). Suppose that Zu = 0 for some u in L'(.7).
In our discrete setting we have the continuous inclusion L'(¥4) C L*(¥), and by
Proposition the Laplacian is invertible on L?(.7). Thus £u = 0 implies u = 0,

as required.

Corollary 2.2 allows us to define a family of Hardy-type spaces as follows.
Definition 2.4. Suppose that v > 0. We denote by X7(¢) the space £ [L'(¥)],

endowed with the norm that makes .Z7 an isometry, i.e., for every f in the range of
L7, we set

1l = 127771l r ey
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Remark 2.5. Observe that the spaces X7(¥) form a descending family of spaces.
Indeed, suppose that 0 < 3 < 79 and that f is in X72(¥). Then there exists a
function g in L'(#) such that f = £72g. We may write f = £ [£2 g|. The
function £ "g is in L'(¥), because £ is bounded on L'(¥). Hence f is
the image of a function in L'(¥) via the operator £, whence it is in X7 (¥), as

required.

Theorem can be modified in order to prove an analogous result for the spaces
X7(¢). We shall need to prove the contractivity of the heat semigroup on X7(¥).

Theorem 2.6. Suppose that & is a locally finite connected graph. The following
hold:

(1) the heat semigroup is contractive on X(9);

(ii) L is a sectorial operator of angle /2 on X7(¥).

Proof. First we prove (i). Suppose that f is in X7(%¢). Then Z77f is in L'(¥)
and 277 f|li = |fllxv(w), for £7 is an isometric isomorphism between L'(¥) and
X"(¥). Therefore

o iy = |27 (2727 0)
- e ey
~ e ey

(P
Mz
s -

t7L

In the second equality above we have used the fact that Z7 and e™** commute,

because they are functions of .# and bounded operators on L'(%). Therefore
L e LT =e Y and

le™ sy = lle™ (271
< 127y

Mz

- Hfov(%) )

as required.
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To prove (ii), observe that the easy part of the Hille-Yosida theorem implies that

A
)—1’”%7(% < ﬁ VA:Rel >0, (2.3)

(A +2
where A, = sup;. le || x+(#), so A, = 1 because of (i). Therefore the spectrum of
Z in X7(¥) is contained in the closure of the right half plane. Now, choose § < 7/2,
and observe that if ¢ > 0, then ({2.3)) implies that
1

< .
cos

) M) <

sup mtew (te” + &
>0

Thus, .Z satisfies (2.1]) for all ' < 7/2, whence .Z is sectorial of angle /2 on L'(¥),

as required. O

A straightforward but interesting consequence of the theory above, and of Corol-
lary 2.2 in particular, is the following result.

Corollary 2.7. Suppose that ¢ is a locally finite connected graph, that u is a real
number, and that 0 < v <. The following hold:

(i) L™ is bounded from XV(4) to L'(¥).
(i) L™ is bounded from X7 (4) to X7(¥).

Proof. By definition of X7(¥4), £™ is bounded from X7(¥) to L'(¥) if and only
if £™.%7 is bounded on L'(¥). Observe that Z.¥7 = £™ which, in fact, is
bounded on L!(%) by Corollary 2.2l This proves (i).

To prove (ii), observe that £ =7 is an isometric isomorphism between X (%)
and X7 (¢). Thus, £™ is bounded from X7 (¥) to X7(¥) if and only if L%~
is bounded on L'(¥). This is true by Corollary [2.2] O

It may be worth observing that £™ is unbounded on L'(%), but is bounded on
LP(%) for all p in (1,00). Corollary (i) contains a useful endpoint estimate for
£ when p = 1. This result may be thought of as an analogue of the classical result
that (—A)™ maps H'(R™) to L'(R™). We would like to emphasise the fact that the
result above holds in great generality, with minimal assumptions on the geometry

of the graph.
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2.2 Interpolation

In this section we prove that if p is in (1,2), then LP(¥) is the complex interpolation
space with index 2/p’ between X7(¥) and L*(¥).

Suppose that (X°, X') is an interpolation pair of Banach spaces, i.e., X? and X*
are Banach spaces both continuously included in a topological vector space V. For
every 0 in (0, 1) consider the interpolation space (X°, X)), which we denote simply
by Xpy, obtained via Calderén’s complex interpolation method [Cal. The notation
we adopt is consistent with that of [BL, Chapter 4].

Proposition 2.8. Suppose that (X°, X') and (Y°,Y') are interpolation pairs of
Banach spaces. Suppose further that T is a bounded linear map from X° + X! to
YO4Y?! such that the restrictions T : X° = Y and T : X' — Y are isomorphisms.
Then for every 6 in (0,1) the restriction T : Xg — Yy is an isomorphism.

Proof. For every 6 in [0, 1] denote by Ty the restriction of T to Xp.
Define . : Yy + Y1 — X + X; by setting

S (Yo + 1) = Toilyo + Tflyl-

It is straightforward to check that the operator .# is well defined, bounded and
linear. Moreover /T is the identity on Xy + X; and T.% is the identity on
Yy +Y,. Thus .¥ = T!. Hence .%) = Te_l. Finally, .%) : Yy — Xj is bounded by

interpolation. This concludes the proof of the proposition. O

Corollary 2.9. Suppose that 6 is in (0,1). If pg is 2/(2 — 0), then

(X7(7), IX(7)) = L"(T).

(6]

Proof. The required equality is a consequence of Proposition [2.8 with £ in place
of T. Indeed, we first observe that £ is a bounded operator from L'(.7)+L*(7) to
X"(7) + L*(7). Furthermore, its restriction to L*(.7) is an isomorphism between
LY.7) and X7(7) (by definition of X7(.7)), and its restriction to L?(.7) is an
isomorphism of L?(.7) for 0 does not belong to the L?(.7) spectrum of .#, hence
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of £ (see [Ha, Proposition 3.1.1 (d)]). Then we may apply Proposition [2.§ with
L7 inplace of T, X° = LY(7), Y° = ¥(7), X' = L*(7) = Y'. A well known
interpolation theorem states that

(LNT) X))y = L(T).

(]

By Proposition [2.8 the restriction of .Z7 to LP(.7) is an isomorphism between
LP(T) and (%V(ﬁ),Lz(f))w. But the restriction of £ to LP(T) is just £7,
which is an isomorphism of LP(.7). Hence (X7(.7), Lz(f))[e] and LP(.7) are iso-
morphic Banach spaces, as required. O

2.3 The annihilator of all bounded harmonic
functions

Denote by J2°°(¥) the space of all bounded harmonic functions on ¢. For reasons

which will become apparent after Section [2.6] where the atomic theory for the spaces

X*(4) is developed, it is natural to consider the annihilator of J#°°(¥) in LY(¥),
defined by

H(G) = {f e LN9): (f,H) =0 for all H in £>(¥)},

where (-, -) denotes the duality between L'(¥4) and L>°(%). In view of Remark
below it is natural to speculate whether 5#>°(4)* and X'(¥) agree.

Proposition 2.10. Suppose that ¢ is a locally finite connected graph. Then X7(¥4)
is properly contained in > (4)* for every v > 0.

Proof. First we show that X7 (%) is contained in #>(¢)* for all v in (0,1). Suppose
that f is in X7(¥), and denote by g the unique function in L' (%) such that .#7g = f.
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Then for every H in
(f, H) = (L9, H)

= <Z g(x)$75z,H>

=" g(@) (L0, ).

We observe that (£76,, H) = (0., Z7H). Now, recall that £ may be defined in

terms of the Balakrishnan integral, so that, at least formally,

v :sin(wr) OO -1 -1 LA,
(276, H) = == <JO N+ 2) T 26, AN H ) -

_ sin(ym) JOO NN+ .2) 7 26, Hyda,

T 0
It is not hard to justify the formal steps above, working backwards. Now observe
that (X + .,2”)_1 and . commute as bounded operators on L'(¥), so that
()\ +Z )_1,,2” 0, = &L (/\ + .5,”)_1535. Furthermore, a straighforward application of
Fubini’s theorem shows that for every function ¢ in L'(¥) the following formula
holds

<$gp, H> = <go,.$H>.

We use this formula with ()\ +Z )715x in place of ¢, and conclude that the right
hand side of ({2.4) vanishes, for H is harmonic. Hence (f, H) = 0, so that f is in
H>(9)*, as required.

Since the spaces X7(¥) form a descending family as v increases, X7(¥¢) is con-

tained in J#>(¥)* also for every « in [1, 00).

Next we show that X7(¥) is strictly contained in s#>°(¥4)* for every ~ in (0, 1).
Denote by (£7)* be the adjoint of .£7, thought of as an operator acting on L'(9).
Then, (£7)* is simply the operator .£7 acting on L>°(¥¢). By [Br, Corollary 2.18],

(G- = (Ker(£7))” = Ran(&),
where the closure of Ran(.%) is in the L'(%) norm. Notice that

Ker(£*) = Ker((£7))
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(see [Hal, Proposition 3.1.1 (d)]), so that s#>°(%)1 = Ran(£"). So all we need to
prove is that X7(%¢) = Ran(£7) is not closed in L'(¥4). We already pointed out that
the L'(¥) spectrum o, (%) of the Laplacian is contained in the closure of the right
half plane (see the remark at the end of Proposition . Observe that 0 belongs
to the L'(¥) spectrum of the Laplacian. Indeed, if 0 were in the resolvent set, then
% would be invertible in L'(¥) with bounded inverse. In particular, .# would be
surjective. But this is impossible for Ran(.%) is contained in the proper subspace
of L'(%) of all functions with vanishing integral. By the spectral mapping theorem

for powers of sectorial operators [Hal Proposition 3.1.1 (j)],
(L) ={2":z€0(ZL)}

In particular, o1(.£7) is contained in the closure of the right half-plane, and con-
tains 0. A well known result [Hal, Corollary A.3.5] states that the boundary of the
spectrum of an operator is contained in its approximate point spectrum. Thus, in
our case, 001(L7) C Ao (L"), where 0o,(ZL7) is the boundary of 0,(.£7), and
Ao1(Z£7) is the approximate point spectrum (see [Ha, Appendix A]), defined as

Ao (L) ={A € C: Ker(A — £7) # {0} or Ran(A — Z7) is not closed}.

Thus, in particular, 0 belongs to the approximate point spectrum Aoy(£7). Since
Ker(£7) = Ker(£) = {0} (as operators acting on L' (%)) [Hal, Proposition 3.1.1 (d)],
Ran(.#") is not closed, whence Ran(.#7) is properly contained in 5#>°(%)*, as re-
quired. O

We already know (see Corollary that Z™ is bounded from X7(¥) to L*(¥) for

each positive number ~. In view of the proper containments
XNG) C H#>(G) c LYY),

it is natural to speculate whether Z™ is bounded from > (%)*, thought of as a
closed subspace of L'(¥), to L'(¥). We shall see that this fails. Therefore 7#>(¥)*
cannot serve as an analogue of the classical Hardy space H!(R") in the setting of

(possibly nonhomogeneous) trees.
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Proposition 2.11. Suppose that & is a homogeneous tree. For each u in R\ {0}
the operator L™ is unbounded from H#°°(4)*, endowed with the L'(4) norm, to
LY9).

Proof. Recall that 7#°(%)* is the closure of Ran(.#) in L*(¥) (see, for instance,
[Br, Corollary 2.18]). Thus, it suffices to show that there exists a sequence {f,} of
functions in L'(¥) such that lim, ., Hiﬂw(ffn = o0, but H.ffn
bounded.

We shall use the fact that £ ~'5,(x) = ¢'~1#!/(¢ — 1) (to prove this formula just
compute the Laplacian of both sides). Set

>HL1(f¢) HLl(%) is

fn = an(o) g_l(sg.

Obviously f, is in L'(%) (its support is finite). The function f, is harmonic in
By11(0)¢, for it vanishes in B, (0)¢, and in B,_;(0) \ {0}, for it agrees with .£~14,
therein. Thus, the support of £ f,, is contained in {0} U S,(0) U S,41(0). Observe
that 2 f,(0) = Z(£7'6,)(0) =1 (at least when n > 3), that

1
L) =—Lgmn—— L pon

q—1 qg+1q—1
qlfn
= 21 Vo € S,(0),
and that
1 q
g o - __ - 1 1—-n
fal) 171"
ql—n
:_q2—1 Vo € Spi1(0).
Therefore
—-n ql—n
”gf"HLl(g) L+ 1N(Sn(0)) e 1M(Sn+1(0))
2q
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Now, notice that for each p in (1, c0)

o =L 0l ay = 22 £ 0w

|y|>n+1
—plyl
|y|>n+1
- ¢ &1 Z gP)i,
(g=1r a £

which tends to 0 as n tends to infinity. Since £ is bounded on LP(¥), L™ (£ f,)
tends to £, in LP(¥4) as n tends to infinity. This implies that £ (Z fn) is
pointwise convergent to .£%d,, which agrees with the convolution kernel k g of the
operator Z™. Tt is well known [CMS3, Proposition 3.2] that kg is not in L'(¥).
By Fatou’s theorem

lim inf Z |2 (L fa)( Z lim inf |2 (2 f,,) (z)|
n—00 o e n—r00
€T
= 0.
2q

tends to infinity, whereas ||.$ fn Conse-

ThU.S, }|$<$lufn) HLl(cg) HLl(cg) - q——l
quently £ is unbounded from 5#°°(4)* to L'(¥), as required. O
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2.4 The space X'/%(%)

Now we focus on the space X!/2(¢). The main result of this section is the following.

Theorem 2.12. Suppose that &4 is a locally finite connected graph that possesses
Cheeger’s isoperimetric property. Assume that f is in L'(4). Then the following

are equivalent:

(i) f belongs to X1/*(9);

(ii) the Riesz transform |Zf| is in L'(9).

Furthermore,

Crrp Hfom(g//) S HfH1 + H|'%f|H1

(2.5)
<[l +v2) fllore — ¥Fe€L(9),

where c,,. denotes the constant in the Federer—Fleming inequality.

Proof. First we prove that (i) implies (ii), and that the right hand inequality in ({2.5))
holds. Suppose that f is in X'/2(¢). Then there exists an integrable function g such
that f = .22g, whence
iz, = [[Ive=r22 ],
= [[1vall], -

Observe that

1vall, = 3 [5 Slot) — o) T”

xe‘” Y~z

Z > lg(e)

xe% Y~ T

> [r@ 9@ + Z\g@/)»]

€Y Yy~

[ lall, + > - low)l |-

T€EY y~z

| /\

IN

S-S

IA

Sl
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Now we use Fubini’s theorem to conclude that

DD lawl =" la)

TEY y~x YyeEY T~y

=> v

yeyd
= gl -

By combining the last two formulae above, we see that H V| H | < V2 HgH .- There-
fore

il < v2 sl
=2 ||f||x1/2(g) :

To conclude the proof of this part, we need to produce an upper bound of H f H1 in
terms of HfH%w(g). Observe that f = Y2212 f so that

(I ) P
<[lIl, ll«=11,
=122l 1172,

By combining these estimates, we obtain that
LI+ W12l < U211+ V2D 1A l2/ege)

as required.

Next we prove that (i) implies (i), and that the left hand inequality in ({2.5))
holds. Suppose that f and |Zf] are in L'(¥4). We apply the Federer-Fleming
inequality (see Theorem (T.5))) to £ ~/2f, and obtain that

V2211l = e 2771, -

Thus, Z~Y2f is in L'(¥). Set g := £~ '/2f. Then f = £'?g, i.e, f belongs to

X'/2(¢), and the corresponding norm estimate holds, as required. O

It may be worth recording the following straightforward consequence of Theorem [2.12
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Corollary 2.13. Ify < 1/2, then the Riesz transform is unbounded from X7(.7) to
LY7).

Proof. This follows from Theorem and the fact that if v < 1/2, then X7(7)
contains properly X/2(.7). ]

2.5 Some properties of harmonic functions

In this section we prove a few properties of k-harmonic functions on graphs that will

be important in the sequel, especially in Section [2.6]

Definition 2.14. We say that a function f on ¢ is k-harmonic if Z*f vanishes
identically on ¢. If B is a ball in ¢, we say that f is k-harmonic in B if Z*f =0
on B.

Notice that if  is a point in ¢, then .#~%¢, is k-harmonic in ¢ \ {x}.

Proposition 2.15. Suppose that & is a locally finite connected graph, which pos-
sesses the Cheeger isoperimetric property. Assume that f is a function with support
contained in a ball B of radius r, that is orthogonal to all functions that are k-

harmonic in B. The following hold:
(i) the support of L% f is contained in B;
(i1) if G is a tree, and r < k — 1, then f vanishes identically;
(111) if 4 is a tree, and r = k, then there exists a constant ¢ such that f = cf"“écB.

Recall that if ¢ is a tree and possesses Cheeger’s isoperimetric inequality, then ev-

ery vertex has must have at least three neighbours (see Proposition and Corol-

lary [1.7)).

Proof. Observe that f is in L?(¥). Since £~ ! is bounded on L*(¥4), so is £ %, and
we may consider .Z % f, which belongs to L*(¢). Observe that for each y in B¢,

("gikf} (53/) = (f7 gik(sy)
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by the self adjointness of .Z. Clearly £ ~*¢, is a k-harmonic function on B; hence
the last inner product vanishes because f is, by assumption, orthogonal to all k-
harmonic functions on B. Therefore £~ *f(y) = 0, for every y in B¢, and (i) is

proved.

Next we prove (ii). Set g = Z7*f, whence f = £*g, and denote by cp the
centre of B. By (i), the support of g is contained in B. Suppose that z is a point in
B such that d(cg, z) = r. We shall prove that g(z) = 0. Then the support of g is, in
fact, contained in the ball with centre cp and radius » — 1. By arguing recursively,

it follows that g vanishes identically, whence so does f.

Suppose now that d(cg, z) = r. The idea is to show that there exists a point wy,
such that d(cp,wy) = r+ k and f(wy) is a constant multiple of g(z). Since wy, does
not belong to B, f(wy) = 0, whence ¢g(z) = 0. To construct wy, we argue as follows.
Denote by w; a neighbour of z such that d(cg,w;) = d(cp, z) + 1. Then

@ 9(2).

ZLg(w) = —

Here we used the fact that ¢ is a tree (each point has at least two neighbours).

Now, if wy is a neighbour of w; such that d(cg,wy) = d(cp,w;) + 1, then

1 1
mgg(wl) = —y(wg) v (wn) 9(2).

By arguing recursively, we see that if d(cg, wy) = d(cp, z) + k, and wy, is a neighbour

Lg(wsy) = L (Lg) (wa) = —

of wy_1, then

1

v(wy)

Lrg(wy) = Z2(Lg) (wy) = —

B ) g(z).

v(wyg) -+ v(w)

gkilg(fwkil) — ...

Since the support of f is contained in B, and d(cg,wy) = r+k > r, f(wg) = 0.
Thus Z*g(wy,) = f(wy) = 0, whence g(z) = 0.

Finally we prove (iii). By arguing as in the proof of (i), we see that the support
of g is reduced to the point cp. Then g is of the form ¢4, _, for some constant ¢, so
that f = cf’“éCB, as required. H
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It is interesting to speculate whether properties (ii)-(iii) in the proposition above

hold on every locally finite connected graph ¢.

In the case where ¢ is a (possibly nonhomogeneous) tree in which every vertex has
at least three neighbours, functions which are harmonic on a ball B have a bounded
harmonic extension to all of ¢4. We prove this in the next theorem. Notice that we

do not assume that ¢ has bounded geometry.

Proposition 2.16. Assume that ¢ is a locally finite (possibly nonhomogeneous)
tree such that

min v(z) > 3.
x€¥

Suppose that R is a positive integer and that f is a function defined on the ball Bg(x)
and harmonic on Br_1(xo). Then there exists a bounded harmonic extension F of
f to the whole graph 9.

Proof. We shall construct F' explicitly. First we construct this extension in the case
where ¢ is a homogeneous tree, where the details of the construction are slightly
simpler. Since .Z is invariant under the group of isometries of ¢, we may assume
that zp = 0. Of course, F' = f on Bg(0).

Suppose that n is a positive integer and that d(z,0) = R+n. Then d(z, Br(0)) = n;
denote by y the unique point in Bg(0) such that d(z,y) = n and by = the unique
point in Bg_1(0) such that d(z,z) =n + 1. Set
q" —1
q"(¢—1)

Clearly the coefficient of f(y) — f(x) is smaller than 1, as ¢ is at least 2. So

F(z) = fy) + (f(y) = f(=)). (2.6)

F <3 ,

[F(2)] < oax |f (w)]
hence F' is bounded. We postpone for a moment the verification that the function
F' thus defined is harmonic on ¢, and explain the idea behind the definition above.
Suppose that |y| = R; we want to define F' at the neighbours of y of length n + 1,
so that ZF(y) = 0. This can be done in many ways. What we need is that
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T Doy lefmri1 F(2) = F(y) — 1 F(x). Amongst all these possibilities, definition
(2.6) corresponds to the choice that F' be constant on all the points z ~ y with

|z| =n + 1. We remark that this choice minimises the quantity
max{|F(z)| : |2| = R+ 1, z ~y, LF(y) = 0},

hence the supremum norm of F. If d(y,0) > R, then we define F(y) recursively,
and obtain formula ({2.6]).

[t remains to prove that ZF = 0. If d(y,0) = R, then

L) = F) - =5 3 Flw)
TR SR
— F(y) = —F(@) — 5 F()

whence F' is harmonic on B(o, R). If z is a point such that d(z, B(o, R)) =n > 0,
then, by definition of F' (see ([2.6])),

LFE) = F() - =5 Y Flw)
qt—1
= Fy) + =5 (Fly) ~ F(&)
- [P+ S @ - F)
- [P+ A () - Fia)]
¢ -1 1 g1 ¢ ¢ -1

:(F(l')_F(y))[qn(q_D _q+1qn—1<q_1) _q+1qn+1(q_1>
_F@)-F@y) @+ -1 —q¢ "' —1)— (""" - 1)
q" g —1) q(g+1)
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Hence F' is harmonic on ¢ and extends f.

We now show how to modify this construction for graphs satisfying the assump-
tions of the theorem. Suppose that z is in ¢ and that d(z, BR(a:o)) =n, let y and =
be as before and let y = zg, 21, ..., 2,1, 2, = 2z be the geodesic path joining y to z.
Set

= Io(v(z) — 1)

Since v(z) > 3 for every z in ¥, Hézo(u(zj) — 1) > 2°, whence

i
L

1 i
. — <1
o)) =27 <

=0

(]

1=0

and |F(z)| < 3maxyepp (o) | f(w)|. Thus, F is bounded. It remains to prove that F
is harmonic. Clearly, F' is harmonic in Br_1(x¢), for there it agrees with f. Let y
be a point of B(xy, R)\B(zo, R —1). Then

viy) 2=
= Fly) - s Flo) - YOS )
= Pl — 5 Fla) = YU [P + o (PFla) = F)
=0,

so F is harmonic on B(xg, R). Now we compute the ZF(z,) where z, is a point at
distance n from B(xo, R). In order to obtain cleaner formulae, it is convenient to
set

Snfl .
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Observe that

LF(5) = F(z) — —— 3 F(w)

1 S - v(z,) — 1

V(Zn)

Now, we write S,,_o + instead of S,,_; and

1
[T (v(z) = 1)

1 ) 1
[T w(z) =1 ime(z) —1)

that all the terms containing S,,_» cancel out, and obtain that

Sn—Q +

instead of S,, in the last line, observe

LF(z) = (F(a) = F(y) |

Thus F' is harmonic on ¢, as required. O

Remark 2.17. Proposition above concerning the extension of an harmonic func-
tion defined on a ball does not hold on a generic graph possessing Cheeger’s isoperi-
metric property. There is a topological obstruction. To prove this, consider a graph
that supports Cheeger’s isoperimetric inequality which admits a subgraph consisting
of a triangle with vertices a, b, ¢, connected to the rest of the graph only via the edge
[e, ]. By Proposition , this graph possess Cheeger’s inequality. Consider now a
point o in ¢ such that d(o, ) =n—1, d(o,c¢) = n (whence d(o,a) = d(o,b) =n+1)
and a function f defined on B, 1(0) and harmonic on B,(0) such that f(d) = 0 and
f(c) =1 (these values are clearly arbitrary, we only need that f(c) # f(d)). Since
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f is harmonic in c,

0=2 (0
_ g - LW+ 10 0)

whence f(a) + f(b) = 3. Now we prove that if this relation is true, f cannot be

harmonic in @ and b. If f is harmonic in a,

0=2 f(a)
IPRE.UESC)
ie. 2f(a) = f(b) + 1. Similarly, if f is harmonic in b, then 2f(b) = f(a) + 1.
These two relations are compatible if and only of f(a) = f(b) = 1. However, this
contradicts the harmonicity of f in ¢, which would imply f(a) + f(b) = 3.

We now state and prove a proposition, which has already been used in Remark
above. Suppose that ¢ is a connected graph, which possesses Cheeger isoperimetric
property with Cheeger constant (3, and consider a finite connected graph ¢’. The
graph ¢ is defined as follows. Its vertices are those of 4 U%’. The edges of & are
the edges of ¢, those of ¢’ and another edge [z, y|, which joins a vertex z in ¢ and

a vertex ¢y in ¢’'.
Proposition 2.18. The graph & constructed above possesses Cheeger’s isoperime-

tric property.

Proof. Suppose that 4, is a finite subgraph of «. We consider the following three

cases separately:
(i) % C 9/
(i) % C 9,
(ili) NG # 0 and NG # 0.
In the first case, L(0%) > 1. Hence

L(0%) o1

W@y~ u@) "
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In the second case, we observe that if z is a point in ¢ different from x, then
its measure pg as an element of ¢ is the same as its measure i as an element
of 4. Moreover, pi(x) = py(x) + 1. Hence pux(%) < py(%) + 1. Furthermore
L(@ﬂo) > L((‘)g?%). Recall that L(@g%o) is defined to be the cardinality of the
boundary of the complement of ¢4, in ¢4, and similarly L(Qg%) is the cardinality
of the boundary of the complement of ¥, in 4. If r is not in %, the boundaries
0595 and 0495 coincide. If, instead, x belongs to ¢, then y is in 9,95 (for ¢ is
contained in ¢), but not in 04%. Therefore

L0s%) _ L(os%)

1y (%) ~ pe (%) +1
- L(04%)
2y (%0)

>

(because gy (%) > 1)

LSS

In the third case, we consider the set ¢4 := % U¥'". Clearly, uz (%) > 1145(%), and
17 (%) = n (% NY) + pz(9’'). Observe that 4 NY is a finite graph of the kind
considered in the second case above. Therefore u(%NY) < puy(%N¥Y)+1, whence

17 (%) < pgz (%)

(2.7)
< g (G NG) + 14 pg(9').

Now, we estimate the measure of the boundary. Notice that 0y (4,N¥ ) is contained
in 0,45 Indeed, suppose that z is in 0y (% N%¥)°. Then there exists a neighbour w

of z in ¥, N'¥Y, which, in turn, is obviously contained in %,. Hence
L(04(% N %9)) < L(07(%))

This, and , imply that
L(0;%) . L(04(9 N%))
n7( %) ~ ne(GN%) + 1+ 9
_ L(94(9 N%)) 1y (% NY)
1y (% NY)  puy(9N%) +1+ p (4

o}
= 3F W@
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This complees the proof of (iii), and of the proposition. O

2.6 Atomic decomposition for X?(¥)

In this section we address the question whether X7(¥¢) admits an atomic characte-
risation. In the case where 7 is a positive integer, the answer is in the affirmative.
Quite surprisingly, the answer is negative whenever v is not an integer. In fact, it
turns out that if k is an integer > 1, v lies in the interval (k — 1,k), and f is a
function in X7(¢) with compact support, then f is in X*(%¢).

Definition 2.19. Suppose that k is a nonnegative integer. An X*(9)-atom is a
function A with support in a ball B that is orthogonal to all functions, which are

k-harmonic on B, and satisfies the following size condition
4], < n(B)=2.

Remark 2.20. Suppose that ¢ is a locally finite graph, which possesses the Cheeger
isoperimetric property. Then every X¥(4)-atom A belongs to X*(¥), for £ *A has
finite support by Proposition (i), hence it belongs to L'(¥). Consequently,
finite linear combinations of X*(%)-atoms belong to X*(¥).

Remark 2.21. Suppose that ¢ is a locally finite (possibly nonhomogeneous) tree,

i.e. a connected locally finite graph with no loops.
By Proposition [2.15 (ii)-(iii), if B is a ball of radius r, and r < k — 1, then
there are no nontrivial atoms with support in B; if r = k, then all X*(%¢) atoms are

constant multiples of .#.,. The number of X*(¥)-atoms with support in balls of

radius r increases with r.

Furthermore, by Proposition when ¢ is a tree in which every vertex has
at least three neighbours, the condition of orthogonality in the definition of X*(%)-

atoms may be replaced by the condition of orthogonality to all bounded harmonic
functions on ¥, i.e., the space #°°(¥) considered in Section [2.3]
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Definition 2.22. Fix an integer k and a number s > k. We define X*(%¢) to be the

space of all functions f, which may be written as
Z Cj Aj7 (28)
J

where A; is a X*(¢)-atom with support contained in a ball of radius at most s, and

> |c;| < 00. We endow X*(%) with the natural atomic norm:
[ llsgy = imE { Do Jesl £ = 3 s A5}
J J
where the infimum is taken over all decompositions of f of the form (2.8]).

It is natural to speculate whether X¥(%) is independent of s, as long as s > k, and
whether X¥(4) agrees with X*(¢). The answer is in the affirmative, at least if ¢
has bounded geometry, as shown in the next proposition. The proof will require
the following estimate, which holds for graphs with bounded geometry: for every

positive integer k
pr :=sup{u(B): B e B,rg <k} < 0. (2.9)

This validity of this estimate on graphs with bounded geometry depends on the fact
that each point in ¢ has at most N := sup,.y v(z) neighbours, so that a ball of

radius k£ has at most
1+ N+ (N—-1)>%+---+(N-1)F

points and that the measure of each point is at most N (recall that the measure
of a point is, by definition, the number of its neighbours, see the beginning of the

introduction).
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Proposition 2.23. Suppose that & is a connected graph which possesses the Cheeger

isoperimetric property and has bounded geometry. The following hold:

(i) if s1 and sy are real numbers > k, then X% (4) = X% (94);
(ii) if s is a real number > k, then X*(4) = X¥(¥4);

(ii) if [ is in X¥(94), then there exists a unique summable sequence {c;}ueq such
that

=) e L%,

€Y
In particular, ¢, = g(x) for every x in &, where g is the unique function in
LY¥Y) such that f = £*g.

Proof. First we prove (i). Suppose that s; < sy. Every X*(¢)-atom with support in
a ball of radius at most s; is clearly a X¥(%)-atom with support in a ball of radius
at most ss, so that X¥ (¢) C Xk (¢) trivially, and

1 Wl ) < 1F g ) -

It remains to prove that X% (¢) C X¥ (¢). Suppose preliminarly that A is a X*(%)-
atom with support in a ball B of radius r» with s; < r < s5. By Proposition m (i),
Z7FA is supported in B, so that

LA = Z c(y) dy,

yeB

for suitable constants ¢(y). Hence

A=S"c) |5, n(Bely)"? 270, .
N P TR

Thus, we have written A as a linear combination of the X*(%)-atoms

Z*s,
|27, |, n(Bi(y)"
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with support in the balls By (y) of radius k. Consequently

||A||x§1(44) < Z c(y)] Hi”k5y||2 1(Bi(y))

yeB

<m <M, S letw) vy)? (2.10)

yeB

< w2 N, # B2 |3 le) P viy)

yeB

1/2

:| 1/2

I

we have used the Cauchy—Schwarz inequality in the last inequality above. Now

observe that

[l Putw)] = 24,
ver 2.11
< (12, [141, 24

< [l ", m(B)2

where we have used the boundedness of .Z~* on L*(%¢) and the size estimate of A.

By combining these estimates, we obtain that
O RLLN Eay WL
< w12l 1171,

. . . . k
Suppose now that f is a generic function in X7, (¢). Then for every ¢ > 0, there

exist atoms {A;} with support contained in balls of radius at most s, and complex
numbers {c;} such that f = ch A;, and Zj‘cj‘ < Hfok @ TE& Then (2.12)
52

J
implies that

Hfo';l(y) < Z }CJ" HAJ'”x';l(g)
J
<12 W27, D el
J

< N2 W M2 oy +)-

By taking the infimum of both sides with respecto to €, we obtain the estimate

11l oy < 1 N2 M M2 M 18 o
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as required to complete the proof of (i).

Next we prove (ii). By (i), it suffices to prove that X*(¥¢) = X¥(¥).

First we prove that X¥(¢) C X¥(¥). If f is in X*(¥), then there exists a
function g in L'(¥) such that £*g = f. We may write ¢ = Zg(m) 0z, with

€Y

Z‘g ) < co. Then

IS

Lrg=> " glx) L

€Y

here we have used the boundedness of .Z, hence of £* on L'(¥) to interchange

Z* with the sum. Furthermore,

7 me < 3 Jo@) 2401, w(Byt)"”

€Y

w124, 3 lo(@) (@)

€Y

< w12, 3 lo(@)] v

€Y

= N2y 151l

(we have used the fact that v(z) > 1 in the last inequality above), so that f may
be written as a linear combination of X¥(¥)-atoms at scale k with summable coef-
ficients. Thus, f is in X§(¥9).

Next we prove that X¥(¥¢) C X*(¥¢). Suppose that f is in X}(¥4). Then for

every € > 0 there exist a sequence {4} of X*(¥¢)-atoms at scale k and a sequence

of ‘complex numbers {¢;} such that f =3, ¢; 4;, and

D_leil < M fllgg) + =

J

Notice that the function Z~*f = Zj c; L7FA;isin LY(¥). Indeed, by the triangle
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inequality and Schwarz’s inequality

=11l <Z\cj\ 12 A1,
<Z\ca\ 12745, n(B)",

where B; is the support of A;. We have used the fact that, by Proposition [2.15]
the support of £ *A; is contained in the support of A;, for A; is orthogonal to all
k-harmonic functions. Observe that

1= Aill, < [l HA’IIQ
< [l w85~

by the boundedness of £ =% on L*(¢) and the size estimate of A;. By combining
the last two estimates, we obtain that

Hfok(%) - H"g’ﬂ_kal
<27 N, - el

<[l M, Cllf ey +2)-
By taking the infimum of both sides with respect to ¢ > 0, we find that f is in
X*(¥¢), and
1 vy < 1275l Mg

as required to conclude the proof of (ii), and of the proposition.

Finally, we prove (iii). Since f is in X*(¢) and £* is injective on L*(%¢) (hence
on L'(¥)), there exists a unique function g in L'(%4) such that f = £*g.

On the one hand, g = " ., g(z) 0, so that

f=>_ glz) L.,

€Y

with Z lg(x ) < 00, and at least one representation of f of the required form
reY
exists. On the other hand, if f = > __, ¢, £%6, and we have that Z |co| V() < o0,

€Y

€Y
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then the function

g1 = Z Cx 6:1:

€Y
is in LY(¥), and £*g; = f. Therefore £*(g — ¢1) = 0, hence g = g, by the
injectivity of Z* on LY(¥). Thus, ¢, = g(x), as required. O

Remark 2.24. Notice that we have not used the assumption that ¢ has bounded
geometry in the proof of the containment X§(¥4) C X*(¢). Therefore, this con-
tainment holds on every connected locally finite graph which possesses the Cheeger

isoperimetric property.

The proof of Proposition m (i) suggests that if ¢ has not bounded geometry, then
X¥(¢) may be strictly contained in X*(%). This is indeed the case.

Proposition 2.25. Suppose that k is a positive integer and that & is a tree such
that there exists a sequence of points {z;} such that v(xz;)/p(By(x;)) tends to 0 as
j tends to infinity. Then X¥(9) is strictly contained in X*(9).

Proof. We argue by reductio ad absurdum. Suppose that X*(¥4) C X¥(¢). Then

there exists a constant C such that

Hf”xg(g) <C Hfok(g) vf e xXH9). (2.13)

Consider the sequence {z;} of points in the statement of the proposition, and the
functions f; := fkéxj. Clearly,

illsery = 1275l = 19 1l, = vlza). (2.14)

Observe that f; belongs to X¥(¢), because f; is a multiple of a X}-atom. Therefore
there exists a representation f; = %, ¢§ Ay of f; as a (possibly infinite) linear com-

bination of X¥-atoms A,. The support of A, is precisely a ball of radius k, By(z)

Hfo;g(g) = Z [
¢

say, and
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By Proposition m (iii), there is only one X¥-atom with support in By(z), which
is of the form d, .,2”’“52[. Thus,

b, =L f; = Zc.,%kAg chz ”

Therefore there exists ¢, such that z; = 2, and that cﬁ» = 0 whenever ¢ # /(.
Furthermore and c§° = 1/dy,. Observe that

|dy,| < .
122,y 1(Bilxy) "

Thus,
HfJHW = W“( = |dg!] = 2%, ], n(Bile)"”.

We then deduce from and (2.14)) that there exists a constant C' such that

| 2%, 1, n(Bie)"” < Cotay), (215)
for all positive integers j. Notice that &,, = £ *.2*§, , whence

19,1, < [l 12,11,
This and imply that
00,1l #(Bitas)'" < 27, va).
Since ||8, ||, = v(2)"/2, the inequality above implies that
n(Bi(zy)"* < O |||, v

which cannot possibly hold for j large. O

Now we restrict our analysis to homogeneous trees 7, with degree ¢ > 2, and
show that if + is not a positive integer, then X7(.7) does not admit an atomic

decomposition.
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Theorem 2.26. Suppose that .7 is a homogeneous tree, that k is a positive integer,
and that v is in (k — 1,k). If f is a function in X7 (7)) with compact support, then
f belongs to Xk(T). Moreover, X*(.7) is not dense in X7(7).

Proof. We prove the result in the case where k = 1. The proof for k > 2 is similar

and is omitted.
Step 1. We show that if v is in (0,1), and f is a function with finite support in
X7(7), then f belongs, in fact, to X'(.7).
Since f is in X7(.7), there exist a function g in L'(.7) such that f = £7g. This
implies that
fs,w) = (L7g) (s,w)
= (1=7(5))" g(s,w),

where f and ¢ denote the Helgason—Fourier transforms of f and g, respectively.

(2.16)

Since f has compact support in the ball By (0), say, by (the easy part of) the Paley—
Wiener type theorem [CS|, Theorem 1], fAextends to a T-periodic entire function of

exponential type N uniformly in w, i.e. there exists a constant C' such that
!]’"\(z,w)| < O glm=IV VzeC Vwe Q.

Furthermore, fA'is continuous on T x €2 and satisfies the following symmetry condition:

~

JQ P1/27is(x7w) A(S,w) dl/(w) _ JQ PUQHS(.T,UJ) f(—s,w) dl/(w). (2.17)

Thus the function (1—7(z))” g(z,w) is entire for every w in €. Recall that 1 —(2)
vanishes at the points of the set 4i/2 + 7Z. Since g is in L'(.7), its Helgason—
Fourier transform g(z, w) is a continuous 7-periodic function on the strip S; /2. Thus,
J?(z,w) = 0 for every z in {7Z +1i/2}. Since f is entire, its zeros have at least order
1. Moreover (1—7)"
in {rZ +i/2}. Therefore (1 — 'y)fl f(-,w) is an entire function for every w in €.

Yis a meromorphic 7-periodic function in C with simple poles

Since y(—z) = y(z) for all z in C and fsatisﬁes the symmetry condition (2.17]),

f —S,w)

oo dv(w).

1/2—is (0 J?(&W) (W) = 12+is (o
J P S e = | P
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Finally, (1 — 7)71 f(, w) is clearly continuous on T x Q. By the Paley—Wiener the-
orem for the Fourier-Helgason transform [CS, Theorem 1], there exists a compactly
supported function A such that

~

(1=1(2) hz,w) = f(z0),
ie. f=2h. Hence f belongs to X!(.7), for h is obviously in L'(.7).

Step II. Suppose that f is in X7(.7), and that there exists a sequence {p,} of
functions in X'(.7) that is convergent to f in the X7(.7) norm. Observe that

I = enllinr) = €77F =27 eall i)

= ||«$_7f —31_7(3_190”)‘&1(9) :

Since ¢, is in X1(.7), LYo, is in L'(.7), so that £ (L 1p,) is in X177(7).
Therefore .7 f is approximated in the L'(.7) norm by a sequence of functions in
X'=7(.7). By Proposition [2.10} X'=7(.7) is contained in 5#>°(.7)*, the annihilator
in L'(7) of the space of all bounded harmonic functions. Clearly, this is a proper

closed subspace of L'(.7). Thus, £ 7 f cannot by approximated by the sequence
L1 (L p,) whenever £ 77 f does not belong to J°°(7)*. O

2.7 The heat semigroup is not uniformly bounded
on H(T)

The theory of the Hardy-type spaces X?(¥) we developed in the previous sections

of this chapter hinges on two basic facts:
(i) if v > 0, then £7 is bounded on L*(¥);
(ii) the bottom of the L*(¥) spectrum of .Z is positive.

Property (i), in turn, was established as a consequence of the fact that the heat
operator 7% is contractive on L'(¥) (in fact, the uniform boundedness of the heat

semigroup would have sufficed).
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In this section we work on a homogeneous trees .7, and we prove that the heat
semigroup is bounded, but not uniformly bounded on the Hardy-type space H'(.7),
defined in the introduction. In fact, we show that the operator norm of % on
H'Y(.T) grows linearly with ¢, as ¢ tends to infinity. This is the reason for which it is
far easier to work with the spaces .Z*(L'(.7)) rather than with #*(H*(.7)). The

main result of this section is the following.

Theorem 2.27. Suppose that 7 is a homogeneous tree of degree > 3. Then there

exist two positive constants ¢, C' such that

c(L+1t) < || A 7y <CA+Y  VE>0. (2.18)

In order to prove this theorem, we need a characterisation of convolution operators
on H'() with positive kernels (see Lemma [2.32)) and some pointwise estimates
of the heat kernel h; (see Lemma [4.2)), together with some definitions and a few

preliminary results.

A. Carbonaro, G. Mauceri and S. Meda [CMM] defined and studied certain spaces
H'(M) and BMO(M) in the case where M is a measured metric space satisfying
Cheeger’s isoperimetric inequality together with some other mild requirements. In
particular, the theory developed in [CMM] applies to homogeneous trees. Their
structure, however, is so simple that in many cases most of the technicalities neces-
sary to prove results in the general setting of [CMM]| are unnecessary in the case of

homogeneous trees. This is the reason for which we shall give new proofs of some
of the results in [CMM].

For the sake of precision, we must also say that, strictly speaking, the theory
developed in [CMM] requires that atoms in H'(.7) be associated to balls of radius
at least 4. This is irrelevant in the case of homogeneous trees, and we may, and

shall, assume that atoms are supported in balls of radius 1.

We denote by %, the collection of all balls in .7 of radius 1. Consider the space
BMO(Z) of all functions with bounded mean oscillation, defined by

BMO(Z) = {f: HfHBMO(ﬂ') < oo},
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where H f H BMO(7) denotes the seminorm

1 211/2
w0y = 312 |7y 2 1#6@) = ']
reB

Be%

1
here fp denotes the average of f over the ball B, i.e. fp = m Z f(x). By

zeB

abuse of notation we still denote by BMO(.7) the quotient space BMO(Z)/C,

endowed with the (semi-) We shall also need an equivalent norm

nori H'HBMO(?/)'
on BMO(.7) that we introduce in the next proposition.

Proposition 2.28. For every f in BMO(7)

911/2
llossocn = 75 52 i [ 1) ]

Bes P z€B yeB

Proof. Choose a ball B in #;, and two points z and y in B. Then
‘f(x) - fB‘Q

=f(=) = fy)+ fly) — Iz

= (@) = fO)" + |F ) = fs]” =2 Re [(f(2) — f®)) (F(v) — F5)]-

‘ 2

We write f = u + v, with u and v real, take the average of both sides on the ball
B, and observe that

ﬁ S Re[(f(x) - Fv)) (Fy) — Fs)]

_ “@Q(_;)“ S (ule) — uly)) + @;)(_;) S (v) - v())
— —|fs - tW)["
Therefore
1 s 1 2 2
@ZW) — fs? = EZ f(x) = FW)] =/ (y) = f5l
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By taking the average (with respect to the variable y) of both sides on B, we see

that
2 2 1 2
(B D @) = 1] = WZZU(%) —f)"

reB r€B yeB
The required formula follows from this by taking the supremum of both sides over

all balls B in %4, . O

Definition 2.29. A function f: .7 — R is in the Lipschitz class A (7) if

sup sup |f(x) — f(y)‘ < 00. (2.19)

€T y~x

We endow A;(.7) with the seminorm

Hﬂmgyzigingw—ﬂwh

Usually a Lipschitz function on a metric space (X, d) is a function f which satisfies

the following: there exists a constant L such that
[f(2) = f(y)| < Ld(z,y)  Va,yeX. (220)

Observe that this is equivalent to Definition [2.29 when X = 7.
Indeed, on the one hand if f satisfies (2.20]), then clearly it satisfies (2.19)).
On the other hand, if f satisfies (2.19), and = and y are two points in .7 at

distance n, then there exists a unique segment [x,y] of exactly n + 1 points

r = Zp,21,--.,%n =¥, which joins  and y. Then

|f(z) = fly)] < Z | f(z5) = fzj-1)]

<nlL
= Ld(z,y),

and f satisfies ([2.20]).
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Proposition 2.30. For a function f on & the following are equivalent:
(i) f isin BMO(T);
(it) |Vf| isin L®(T);

(i1i) f is in A ().

Moreover the three seminorms H-”BMO( and ”'HAl(y) are equiva-

)’ |V'H|Loo(y)

lent.

Proof. Clearly it suffices to prove the equivalence of the three norms. Recall that

1 /
IV Ay = 0[5 IEE )"
We claim that
1
(@+2) [l sao = NIVl 7y 2 7 £, () - (2:21)

Indeed, observe that p(B) = ¢ + 2 for each ball in %,. Therefore

@+2) oo = 75 s [ 15— sf]

z€B yeB
1
> = sup [gﬂx) ~ 1)
= 1941l e 7y -

and the left hand inequality in (2.21]) is proved. To prove the right hand inequality
in (2.21)), observe that

VA 7

2:| 1/2

1/2

1 2
)2 7 Sup [21ng|f($)—f(?/)‘ }

=7 sup sup | f(z) — f(y)|

1
2 €T y~x

=5 Wl
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as required.

On the other hand, if f is Lipschitz and z and y are points in a ball B in %,
then d(z,y) < 2 and

[F(2) =W <2 [|£]l s, -

oo = 2gvs s [ 21 —swf]

2 Be# zeB yeB

< (D)2 i 2 |l 7y 1(B)

=2 HfHAl(ﬁ)

The required equivalence of the three norms H-”BMO((?), H V| ||Loo(y) and H-HAl(y)

Therefore

—_

~—

—_

is proved. O

We now observe that the dual of H'(.7) may be identified with BMO(.7).

Theorem 2.31. The following hold

(i) for every f in BMO(ZT) the functional ¢, initially defined on finite linear
combinations of H' (7 )-atoms by the rule

= fl)g(x)
€T

extends to a bounded functional on H'(7). Furthermore,
[l a7y < 1 Fll Basoc;

(i1) there exists a constant C' such that for every continuous linear functional £ on

HY() there exists a function f* in BMO(Z) such that

1 Brocry < Cllellm =)

and

=Y f(x)g(x)

€T

for all finite linear combination of H' (T )-atoms.
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The proof of this result may be obtained along the lines of the proof of [CMM|
Theorem 5.1]. In fact, the proof therein may be simplified considerably, due to the
simplicity of the structure of 7. However, since this result is slightly out of the

main line of this thesis, we omit its proof.

Lemma 2.32. Assume that T is a left invariant operator on L'(T) with nonnegative

radial) kernel k. The following are equivalent:
dial) kernel k. The following wal
(i) the restriction of T to H'(7) is a bounded operator on H'(T);

(ii) the kernel k satisfies

> x| k(z) < oo (2.22)

r€T
Furthermore,
qg—1 1
k(z) < ||T < ||k k(x). 2.23
071 Vs 2 D Wl < Kl + 2 Jel ko) (223)

Proof. In this proof, (-,-) denotes the duality between H'(.7) and BMO(7).

Suppose that (i) holds. Then for every atom a in H'(.7) and for every b in
BMO(T)

[(Ta,b)| < |“T‘|‘H1(ﬁ) ”“Hm(y) ||bHBMO(9) : (2.24)

By Proposition [2.30] an element b in BMO(.7) may be represented by a Lipschitz
function in A;(.7), which, with abuse of notation, we still denote by b, such that
b(o) = 0.

Fix a neighbour p of 0 and consider the function a' := §,—6,. It is straightforward
to check that a'/\/2(q+2) is an H'(7)-atom. Denote by 7, the subset of 7
consisting of all points x such that the (unique) geodesic joining x and o does not
contain p. Notice that = belongs to .7, if and only if d(z, p) > d(x,0). Set

b(z) == |z] 14 (x).

Clearly b is a Lipschitz function with Lipschitz constant 1. For each positive inte-
ger n, denote by .7,,, the subtree of .7, defined by

Tpn = T 1 Bn(0),
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and by b, the “truncated version” of b, defined by

bn(2) = |2| 17,,.(2) + 1 17,7,
It is straightforward to check that b, is in A;(.7") and that

”b”HA1(§) = HbHAl(y) =1 VneN\{0}.

We claim that

qg—1
q+1 > |zl k(x) < sup [(Td',by)| (2.25)
€T n

By combining and (2.25), we conclude that
—1
1 2 lel k(@) < VAT + D) 1Tl 5,

€T
as required to show that (i) implies (ii) and that the left hand inequality in (2.23)
holds.

Thus, it remains to prove the claim ([2.25)). Denote by ky the profile of k, defined
by

ko(|z]) = k(z) Ve e I.

Observe that Td'(z) = ko(d(z,0)) — ko(d(p, )). Since b, is bounded and, by as-
sumption, Ta’ is in L'(.7), the pairing between T'a’ and b, is given by

(Td by) =Y [ko(d(x,0)) — ko(d(p, x))] bu(). (2.26)

z€T

We integrate in polar co-ordinates around o, use the fact that for each positive

integer j

#[5;000N 7)) =¢, (2.27)

and see that the right hand side of (2.26)) may be written as the sum of the following
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four terms

x€Tp.n
> ko(d(p,x)) |2 = Z ko(j + 1
x€Tp.n
(2.28)

Ss=n Z ko(d(xo —nZko

€T\ Tp,n j=n+l
Si=-n > k(d(p.x ——nz ko(j+1) ¢

2€TN\Tpm j=n+1

We change variables in Sy and Sy (j+ 1 = ¢), group similar terms together, and find
that

S1+ So+ S5+ Sy = ko(1 Q‘i‘zko JQ_J_l) ]

Fnko(n+1) (" = q") + 0 3 ko(j) [ = o]

The positivity of ky implies that all the summands on the right hand side are non-
negative. This, and the fact that

S i oq—1 ., _q=1_
e -G-0d " =—jd+d 2 —jd
q q
for all positive integer j imply that

-1 & ‘
S1+ S+ S35+ 54 > QT Zk‘o(])]qj
j=1
Z k(z) |z
1<|x\<n
Thus,
—1
sup(Ta by) > == Z k(x) |z|.

q+1 €T
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and the claim ([2.25)) is proved.

Next we prove that (ii) implies (i), and that

7M1y = N, + 22 Kl [ (2:29)

z€T

It suffices to prove that for every function f in H'(.7), and for every b in A;(.7),

with norm < 1, the following estimate holds

(TLO < sy | I+ D @) Lal|.

€T

Observe that this conclusion follows from the seemingly weaker estimate

[(Ta,b)| < |||, + ) k(z) || (2.30)
xeT

for all H'(.7)-atoms a (C' independent of a). Indeed, suppose that holds, and
consider a function f in H'(.7). For every ¢ > 0, we may write f = Z c; a;, where
the a;’s are atoms, and }_, ;] < ||f||H1 + €. Since T is bounded on L'(.9),
Tf =73, c;jTaj, so that

75y < 2l [Tl
< [Hkul IO >l

z€T

<[kl + 32 k@) k] (L) + ).

z€T

The required estimate (2.29) follows from this by taking the infimum of both sides

with respect to €, and then the supremum over all f in H'(.7) with HfHHl(y) <1.

Thus, it remains to prove (2.30]). Suppose that a is an H'(7)-atom with support
in B(z) for some z in 7. Since . 5 a(z) = 0 and T is bounded on L'(.7),

zmgy Ta(z) = 0. Clearly,
a= Z Cuy Ou

weB1(2)
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for suitable constants ¢, so that

Observe that

>_[Ta@ @) < 32 lew] D ko(dw,2)) [Jb(z) = b(=)] + [b(2)]]

€T wGBl(z) €T

< Z |cw| Z ko(d(w,z)) [d(z, ) + |b(2)]]

weB(z) €T

< Y el X ko(d(w, @) [dlzw) + 1+ [b(:)]].

weB1(2) €T
Now, the inner sum is equal to > »|k(z)| [|z| + 1+ [b(2)
and independent of w in B(z), and ZwEBl(z)‘cw‘ <1.
Thus, the duality between H'(.7) and BMO(7) is given by integration, and

we may write
(Ta,b)| = ‘Z Ta(z) b(g:)]
zeT

= |3 Ta(@) o(a) - b(2)]|

€T

SZ‘T@ ‘da:z

€T

}, which is clearly finite,

By arguing as above, we see that the right hand side is dominated by

[kl + > k@) lal

z€T

as required to conclude the proof of ([2.30)) and of (ii). O

We shall prove the following (see Lemma below): for each positive integer N

there exists a constant C', independent of ¢, such that

hi(z) < Cq ™ (2] - 615)_N =12 Vo :lz| > (B+1)t Vt>1. (2.31)
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We postpone the proof of (2.31]) just because we prefer to group together all the
estimate of h; we need in this thesis. Some of them are related to the heat maximal

operator and will be needed only much later.

Lemma 2.33. There exist two positive contants ¢ and C' such that

ct< Y Myfx)|z] <Ct VE>1
€T

Proof. We recall the following concentration phenomenon, proved by G. Medolla
and A.G. Setti [MS2], concerning heat diffusion on trees. Denote by R a function
on [0, 00) such that v/#/R(t) tends to 0 as ¢ tends to oo, and set

_a-1, _a-1
a(t) = t—R®E),  Bt) = q+1t+R()

and

Then

Now, observe that
S hi(x) |zl <4pt D> h(z)+ Y ()|
z€T z:|z| <46t x:|z|>46t

<4pt +Cy Y g N

z:|z| >46t
< C't,
as required to conclude the proof of the upper bound. We have used ([2.31]) in the
second inequality above.
As for the lower bound, note that
> hi(@) |zl = alt) D hi(x)
€T x:|z|>al(t)

> C't,
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by the definition of a(t) and the aforementioned result of G. Medolla and A.G. Setti.
This concludes the proof of the lemma. n

We are now ready to prove Theorem [2.27]

Proof. First we show that % is bounded on H'(.7), and that the function
t H!%’é |H HU(7) is bounded on compact subintervals of [0, 00). Recall that

o0

vVt € R.

k=1

Notice that the operator . is bounded on H'(.7). Indeed, if f is in H*(7), then
Lf =3 cq [(x) Lo, It is straightforward to check that Z6, is a multiple of an
H'(7)-atom, so that

1 llizs 7y < D2 1F@ L0 15

€T

<0 |f(@)

z€T
<C HfHﬂl(y) 5

the last inequality follows from the continuous containment H'(7) C LY(.9).

Clt
18 i, < [+ 30 S

k=1
< e HfHHl(ﬁ‘) vt ER,

Therefore

as required.

Next, we prove that t — |H%’éH| HU(7) stays away from 0 on compact intervals of
[0,00). Observe that

HfHHl(g = Hetiﬂ _tij}p < eCt ||e_t$fHH1(y) Vvt > 0.

This implies that
|H’%’éH|H1(9) >e 9 V>0,
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as required.
To conclude the proof it suffices to show that there exist positive constants ¢ and
C such that
ct < || A oy sCt VEZL
This follows directly from Lemmata [2 - 2] and [2.33]

The proof of Theorem [2.27] is complete. O]

We end this chapter by proving the following criterion of independent interest.

Proposition 2.34. Suppose that f is a function on . such that |-| f(-) belongs to
LYNT), and that Y., f(x) =0. Then f belongs to H'(7).

Proof. First we prove that

> @) b()] < oo

€T

for every function b in A;(.7). Indeed, |b(z)| < |b(x) — b(0)| + |b(0)], so that

Yo f@lb(@) =Y (@)l [b(z) = blo)] + [b(o)] D | /()

€T €T €T

< bl iz 2 1@l + 1 ([l -

€T

which is finite by assumption.

Thus, the pairing ) ., f(z) b(z) is well defined for each b in A,(.7), i.e. for ev-
ery bin BMO(7) (see Proposition [2.30]). By assumption, the integral of f vanishes,

so that
> @] = X s () - b))

€T €T \{o}

< HbHAl(y) Z |f(@)] |z].

€T

Thus, f is in H'(.7), with norm bounded from above by >° _, |f(x)||z], as re-
quired. O



Chapter 3
Duality

In this chapter we consider a (possibly nonhomogeneous) tree ¥ which possesses
Cheeger’s isoperimetric inequality and has bounded geometry. Recall that this is

implied by the requirement that there exists a constant v, such that
3<v(z) <y Ve ed.

We shall determine the Banach dual of X7(¥), for each positive 7. First we consider

the case where v is a positive integer, also denoted by £ in the sequel.

3.1 The space X! (¢)

Recall that, under our standing assumptions on ¢, the spaces X*(¥) and X¥(¥)
agree, and the corresponding norms are equivalent (see Proposition [2.23] (ii)).

Definition 3.1. We denote by X} (%) the subspace of all functions in X¥(¥) with
finite support.

A function f belongs to Xk (¥) if and only if there exist a finite set K C ¢ and

constants {c, }zex such that

f=> e L%, (3.1)

zeK

67
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This decomposition in terms of X¥(%)-atoms is unique, for, by Proposition m (iii)
every function in X¥(¢) admits a unique decomposition as a linear combination of
X*(4)-atoms. We endow Xk (¥¢) with the X*(%)-norm

Hfogn(g) = Z ‘C:c|

zeK

Of course, this norm is equivalent to the X¥(%)-norm. Since finitely supported

functions are norm-dense in L*(%), this implies that Xk (%) is norm-dense in X*(%).

Recall that the analogue for Riemannian manifolds of the space X§ (%) has been
considered in [MMV3], where it is shown to play a key role in the study of the Banach
dual of the Hardy type spaces defined therein. In the case of Riemannian manifolds

it is quite hard to show that the norms Hka @
fin \*

) and ||-ka(g) are equivalent on

3.2 The space 2%(¥)

We recall our standing assumption that ¢ is a (possibly nonhomogeneous) tree which
possesses Cheeger’s isoperimetric inequality and has bounded geometry. First we
define the space 2%(%¢), which we shall prove to be isometrically isomorphic to the
dual of X*(%4) (see Theorem (3.6 below).

Definition 3.2. Denote by #Z*(¥) the vector space of all complex valued functions
G on ¢ such that Z*G is a bounded function on . We endow #*(¥) with the

seminorm

1G]l = [2*6] -

Observe that ||.Z*G||s = 0 if and only if G is k-harmonic on 4. Hence ||| is a
genuine norm on the quotient space #*(4)/#*(4), where 5%(9) is the space of
k-harmonic functions on ¢. We denote by 2)*(%) the quotient space above, endowed
with the quotient norm. If G is in #*(¥¢), we denote by G the coset G + #*(¥) in
D*(4). Thus,

(PR 52)
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For later purposes, we record that & (@ Y(g )) agrees with L>°(¢) if and only if
every function in L*>°(¥) is the Laplacian of some other function. This is indeed
true under the assumption made throughout this chapter. It would be interesting to
know whether this property continues to hold on all connected graphs with bounded

geometry.

One of the key steps in [MMV3] in the determination of the dual of the analogue
on Riemannian manifolds of the Hardy-type space X*(%) considered above, was a
careful investigation of the solvability of the generalised Poisson equation .Z*u = ¢
for every datum g locally in L2. The counterpart of that analysis in our setting is
contained in the following proposition, which states that for each function g on ¢

the equation .Z*u = g is solvable.

Proposition 3.3. Suppose that g is a function on a locally finite tree 4. The
following hold:

(1) there exists a function u on 4 such that Lu = g;

(i1) if every vertex of 4 has at least three neighbours, and if g is bounded, then we
may select a function u in A(¥) such that Lu = g, and

lll, 0 <3 llllc -

In particular, if u is harmonic (i.e., if g =0), then u is constant.

Proof. First we prove (i), by constructing u recursively.
Set u(o) = 0 and u(z) = —g(0) for every = ~ o, so that

Lulo) =0 — ﬁ S (= g(0) = 9(0). (3.3)

Suppose that u has already been defined on the ball B, (o), for some n > 1, in such
a way that Zu = g on the ball B,,_1(0). Pick a point z such that d(o, z) = n+1 and
denote by y be the unique point in ¢ such that d(o,y) = n and y ~ z. Moreover
denote by z be the unique point in ¢ such that d(o,z) =n — 1 and x ~ y. We set

u(z) 1= 0 [ugy) - g(y)] -

(y) —1 v(y) -1 (34



70 Chapter 3

We remark that u has the same value at all points z such that d(o,z) = n + 1 and

z ~ y. Observe that

W : v(y) u(z)
e use formula (3.4]), and substitute u(y) — g(y)| — ————— in place of

u(z) in the formula above. Rearranging terms, we find that

ZLu(y) = g(y).

Now w is defined on B, 11(0), and £u = g on B,(0), thereby concluding the proof
of (i).

Next we prove (ii). We shall prove that the function u, constructed in the proof
of (i), belongs to the Lipschitz class A1(¥). Suppose that y and z are neighbours.
We need to estimate ’u(z) - u(y)‘ Recall that u(o) = 0 and that u(z) = —g(o) for
every x ~ o, so that |u(x) — u(0)| < Hg”oo Thus, without loss of generality, we may
assume that d(z,0) = n, with n > 2, and that d(y,0) = d(z,0) — 1. The geodesic
segment [o, z] is of the form [0, z1,..., 2, 2,y,2]. For notational convenience we

shall write xy instead of o, x,_; instead of y and z,, instead of z. By (3.4),

u(z,) = ) [u(zn-1) = g(zn)] — U(Zn-z) Vn > 2.

v(y) —1 v(y) —1
Thus,
—u(x = ! x —u(x ACI) x
u(xn) ( n—l) (ﬂfn 1) 1 [ ( n 1) ( n 2)] u(xn_l)—lg( n—l)-
We claim that
w(zyn) — u(Ty_1) 5 Tr) — 9(0) . 3.5
() =) == 3 g Bt - s @9

We prove the claim by induction on n. If n = 1, then by construction of u we have
u(z1) = —g(o) and u(o) = 0, so equation (3.5) holds. Now we suppose that (3.5
holds for all n up to N, and prove it for N + 1. Indeed,

1 v(ry)

w(@n+1) —u(zy) = W [U(UCN) - U(ﬁNfl)} - v(n) — 1 g(zn).
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We use the induction hypothesis, and substitute the right hand side of (3.5)) (with
N in place of n) in place of u(xy) —u(xy_1). Then u(xyi1) —u(zy) will be written

as the sum of

and
1 1 1

V) L ) -0 T I ) — 1)

which proves the claim ([3.5)).

g9(0),

Now ({3.5)), the triangle inequality, and the boundedness of g imply that

— v(xy) 1
S 2 Gy = O TG - )
— v(xy) 1
<ol [ 32 sty =5 * 0t =1 )

Observe that v(zy)/(v(zx) — 1) < 3/2, because v(z) > 3, and that v(z;) —1 > 2

for all j = 1,...,n — 1. Clearly the expression within square brackets above is
n—1
3
dominated by 3 Z ok Hl=n 1 9l=n which is less than 3. Hence
k=1

u(z) —u(y) <3 ||g]

as required to conclude the proof of (ii), and of the proposition. O

Observe that we do not assume ¢ to have bounded geometry in Proposition
above.

Corollary 3.4. Suppose that g is a function on & and that k is a positive integer.
Then there exists a function w on G such that L*u = f.
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Proof. This follows directly from the proposition above. O
Observe that there is a chain of continuous inclusions
L*(9) cDUG) cD*G) C
Specifically, to a function G in L>°(%) we associate the coset G+ .7 in 9?(¥), and
|G+ 7|y = 127G =27 |Gl

see Proposition Similarly, we associate to the coset G+ in 9*(¥), the coset
G + A% in P (G). Clearly

|G+ A5 | s gy = | L5G|| L <2226 L =27 (|G + |y -

Also note that .#7 acts on Y9*(¥) as follows. For each coset G + % in P (4), we

set

: LIG+ 7 ifj<k

LG+ ={" o
ZiG it > k.

In particular, if 7 > &, then #?G is a bounded function.

Furthermore .#* is an isometric isomorphism between 2)*(¢) and L>(¥), for it
is surjective by Corollary [3.4] and

[ZM(G + ") o = 25| = |G+ | g, -

Consequently, £~ is an isomorphism between L> (%) and 2*(¢). By Corollary ,
for each G in L*(%) there exists a function G on ¢ such that Z*G = G. Then

kG = G+ A"
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The situation described above is pictorially illustrated by the following commu-

tative diagram, in which each arrow is an isometric isomorphism of Banach spaces.

)
o V) V)

Remark 3.5. We observe that for every function G with bounded k-Laplacian, for

L9
8%
INED

<z

every k-harmonic function H and for every f in Xk (%)

Y f@) [Ga)+ Hx)] =) L7 f(x) LG ()

z€Y z€K (3.6)
= (L7, 20G),

where the pairing in the last line is the standard duality beetween L'(¥4) and L>(¥).

Indeed,
Y f@) [Ga)+ H(x)] =) flx)G(x)

€Y €Y
for f is orthogonal to all harmonic functions on 4. Now f = Z*%7%f = 0, and
recall that .Z~%f has finite support, because it may be written as a finite sum of

XF(¥9)-atoms. Now, the required conclusion follows from the trivial fact that
S Lrolr) Gla) = Y ole) 246 ()
€Y €Y
for every function ¢ with finite support.
In order to state the main result of this section, we need more notation, and a few
preliminary observations.

Consider the linear map 4, that associates to an element G of 9)*(¥4) the func-
tional Ag on Xf (%), defined by

Ae(f) = (L7 f, L*C) VG €G, (3.7)
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where the pairing above denotes the standard duality beetween L'(%) and L>(¥).
The map i is well defined by . Indeed, the right hand side of makes sense,
because the support of .Z~*f is contained in the support of f, which is finite, for f
belongs to XE (¢). Furthermore, the right hand side above does not depend on the
representative G' of GG, because any other such representative is of the form G + H,
where H is k-harmonic, whence £*(G + H) = £*G.

Furthermore
Acf| = (L7, 24G))|
< 2411, ll£¥el., 33)
Nl 1€l 7 € X,

Since Xf (%) is norm-dense in X*(¥), the functional Ag extends to a unique con-
tinuous linear functional (also denoted by Ag) on X*(%¢). Therefore Ag belongs to
[X*(4)]* and

HAG”[xk(%]* < HGH@k(g)‘ (3.9)

Thus, the map i : G — Ag is a linear contractive map from 9*(%) to [X*(9)]*.

Theorem 3.6. The space D*(¥) is isometrically isomorphic to the Banach dual of
X*(¥) via the map i defined above.

Proof. First we prove that i is injective. Suppose that G is an element of 9)*(¥)
such that Ag(f) = 0 for all f in Xk (¢). Then, in particular, Ag(Z£*d,) = 0 for
every © € 4. Therefore

0 = Ae(£568,) = (8,, L*G) = L*G(2), (3.10)

whence G is k-harmonic and G is the null element in 2*(%); thus i is injective, as
required.

Next we prove that i is surjective. Suppose that A is a continuous linear func-
tional on X*(¢). We must show that there exists G in 9*(¥) such that i(G) = A.
Since .Z* is an isometric isomorphism between L'(%) and X*(¥4), A o £* is a con-

tinuous linear functional on L'(¥). Therefore there exists a bounded function g



Chapter 3 75

such that
ANZLYFY = (F,g) VF e LY9).

Furthermore H}A o "%kle(g) = ||g]loo- Since .£* is an isometric isomorphism bet-

ween L}(¥) and X*(9),

Al ooy = N9l - (3.11)
By Corollary the equation £*u = ¢, with datum g, has a solution, G say.
Consider the coset G := G + #*(¥) in P (¥).

Since £*G = g, HG—%—%’“(%)HW(% = Hg”oo By combining this and (3.11]), we
may conclude that

Furthermore, for every finitely supported function F
AL'F) = (F.2"G)
= (ZMLF), Z5aG) (3.13)

= Ae(ZLFF).

Since XE (¢) is dense in X¥(¥), we may conclude that A = Ag. Thus the map
i : G — Ag is surjective from 9*(¥) to [X¥(¥)]", and it is an isometry.

Therefore ¢ is an isometric isomorphism, as required. O

3.3 Sectoriality of .Z and the spaces 2)7(¥¢)

Suppose that k is a positive integer. We may define the action of . on 9*(¥4) by
the following

L(G+ AHG)) = LG+ HD). (3.14)

Observe that Z*G is bounded, whence so it is Z*(ZG), and the right hand side

is an element of P*(¥). Furthermore, the map .# thus defined is a bounded linear
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operator on 2*(¥). Indeed,

12(G + 25D |y = 1276

<225
=2 |G+ MGy,
We define the operator e™*“ on 9*(¥) b
e (G +AM9)) = Z (). (3.15)

It is straightforward to check that the right hand side does not depend on the

representative G' chosen in G.

Proposition 3.7. The following hold:

(i) for each nonnegative real number t the operator e defined above is contrac-

tive on D*(¥);

(ii) the operator £ is sectorial on Y*(¥4).

Proof. First we prove (i). Suppose that G is in 9*(¥), and that G is a representative
of G. Then

Gl = |20+ 205 CF 2
7j=1

ror S R s
=1

With a slight abuse of notation, observe that the argument of the norm above is
e ¥ L*G, where e % denotes here the Markovian semigroup generated by % and
acting on L>(¥). This semigroup is contractive (see Proposition [1.2|above), so that

le™“ G|y < [I€76 ],
- ”GH@k(g) :

This proves (i).
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Next we prove (ii). Notice that the infinitesimal generator of the semigroup
{e=*? . t > 0}, acting on Y*(¥), is the operator .Z. Then (ii) follows from (i),
much in the same wat as Theorem [2.6] (ii) follows from Theorem (i). We leave
the details to the interested reader. O

The sectoriality of .2 on 2*(¥), established in the previous lemma, has a number

of interesting consequence. We group some of them in the next proposition.

Proposition 3.8. Suppose that o is a complex number with 0 < Reo < 1. The
following hold:

(i) £° is defined via the Balakrishnan integral, given, for each G in 9'(¥), by

o = Sl J N (A +.2) 7 ZGadn
T 0
The integral above is convergent as a Bochner integral in 9 (4), and £° is a

bounded operator on P (¥Y);
(ii) the kernel of £ is trivial, i.e., £7 is injective on P (¥);
(iii) (£ = (2°)7";
() £7 is a bounded operator from D(Z) to L>=(9).
Proof. Properties (i)-(iii) follow by abstract nonsense from the sectoriality of .. A

proof of them for general sectorial operators may be found in [Ha, Proposition 3.1.1].

To prove (iv), observe that the integral in (i) above defining Z?G is convergent
as a Bochner integral in L*°(¥); in particular, there exists a constant C' such that
C
Reo (1 — Rea) H
Indeed, the integral above may be written as the sum of the integrals over (0, 1) and

(1,00). The integral over (0,1) may be estimated by

r Aol [[(A 4+ 2) 2G| dr < 20| . (316
0

1 1
| A 0 2) ey 1260 A< 26 | et an

|26,
Reo '’
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we have used the fact that the operator norm of the resolvent is bounded by 1,
because £ generates a contraction semigroup on L>*(¥¢). The integral over (1, 00)

may be estimated by

[ oAy (e 2) My, 126 r € 20 Ao an
1 1
C
- 260 s

we have used the sectoriality of £ on L*°(¥), which is another consequence of the

fact that £ generates a strongly contraction semigroup on L*(¥). O

Definition 3.9. Suppose that 0 < v < 1. We define 9)7(¥) to be the vector
subspace £ (D1(¥)) of V(¥), endowed with the norm

1]y = 277 Cllyra) -

By Proposition 3.8 (ii), £ 77 is injective, so that £~ is an isometric isomorphism
between 2)7(¥¢) and ().

Note that the elements of 9)7(%¢) are cosets in 9*(¥).

The composition rule for fractional powers of sectorial operators, sometimes referred

to as the first law of exponents, gives, for each ~y in (0, 1),
L =L L
(see [Hal Proposition 3.3.1 (c)] for the general statement). Observe that
L*(9) - 2(0'@) - 227 (2'9)] - 2 [V@)].

Therefore .£7 is a surjective operator from 2)7(¥¢) to L*>(¥¢). Also, by Proposi-
tion (i), &7 is injective on Y (¥), hence, a fortiori, injective on Y7 (¥4). There-
fore .£7 is a bijective operator between 97(¥) and L>*(¥). Furthermore, for an
element G in Y7(¥¢), we have that

17|, = [[Cllys ) -
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The situation is described by the following commutative diagram, in which each

arrow is an isometric isomorphism of Banach spaces.

V(@) L @)
8% Z"
L(9)

3.4 Duality between X7(¢) and 9)7(¥)

So far, we have proved that for each positive integer k the Banach dual of X*(¥)
may be identified with *(%). It remains the problem to determine the Banach

dual of X7(¢) for all nonintegral positive numbers.

Theorem 3.10. Suppose that 0 <y < 1. The space )7(¥) is isometrically isomor-
phic to the Banach dual of X7(¥) via the map i, that associates to an element G of
DY) the functional Ag on X7(¥), defined by

Ac(f) = (ZL7f, L7G) VGeG VfeX'(9), (3.17)
where the pairing above is the standard duality beetween L'(4) and L>(9).

Proof. First we prove that the linear functional Ag, defined in (3.17)), is bounded
on X7(%). Observe that

A = |27 11, €76l
- ”f”xv(g) HGHW(%) )
so that
A6l ). < [[Cllyr o) -

Conversely, suppose that A is a bounded linear functional on X7(¥¢). Then Ao 7

is a bounded linear functional on L'(¥). Therefore there exists a bounded function
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g such that
(A o .ZV)h = (h,g) Vh € LY(9), (3.18)

where the pairing denotes the duality between L'(%) and L*°(%). Furthermore,

A0y = 1A 0 271y = ol

the first equality follows from the fact that £7 is an isometric isomorphism be-
tween L'(%) and X7(¥), and the second from the fact that L>(¥) is isometrically
isomorphic to L>(¥).

Now, there exists a unique class G in 2)7(¥¢) such that £7G = g, and for each
fin X7(9), the function .Z~7f is in L'(¥). Thus we may rewrite (3.18)) as

Af)= (Ao L)L ={L7f.9) =(L [, ZLG)
“As(f)  VfeX().

Hence A = Ag, as required.

The proof of the theorem is complete. O

We conclude this section with a couple of remarks.

Lemma 3.11. The Laplacian £ is a contractive operator from A(9) to L>(¥).

Proof. Observe that

v(x) ~
-5 2 @) - )]

Therefore

2 f(w)| < ﬁ S |f(@) - F(w)]

y~z

< [ fllase)-
The required statement follows by taking the supremum of both sides over all x in

q. ]
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Proposition 3.12. The Banach spaces 9 (4) and BMO(9) are isomorphic.

Proof. Recall (see Proposition 2.30)) that BAMO(%) may be identified with A;(¥)/C,

endowed with the norm

“U+C||BMO(%) = H“HAI(%'

Moreover, an element of 9'(¥) is a coset G + #*(¥), where G is a function on ¢
such that ZG is bounded, endowed with the norm

|G+ A @)l gy = 26 -

By Proposition (ii), given G such that Zg is bounded, there exists a Lipschitz
function u such that Zu = £G, with HUHAI(% <3 H.,?GHOO

Observe that u + #(Y) = G + H#1Y), for £ (u— G) = 0. In other words, every
coset in Y (¥) has a representative in A;(¥¢). By Lemma/|3.11} fu”oo < ||u

Therefore we have

‘M(g) '

126 = [2ull < lully, @ <3126 -
In other words,
||“+<%ﬂl(g)”@1(g) S }}U+C”BMO(%) =3 ||U+%1(g>1!@1<g> : (3.19)

Now, define a map ¢ : BMO(¥4) — 9*(¥) as follows. Given an element u + C in
BMO(9) (here u is in A4(%)), set

F(u+C) =u+ D).

Notice that _# is well defined, because any other representative of u 4 C is of the
form u + const, and u + const + N Y) = u + A (D).

Observe that _# is injective. Indeed, if # (u+ BMO(¥)) = 0, then
u+ HNG) = #YY), i.e., u is harmonic. By Proposition (ii),

i.e., u is constant, and Hu + (CHBMO(

‘“”Al(g) =0,

o) = 0, as required.



82 Chapter 3

Now we prove that _¢# is surjective. Suppose that G+.(¢) is in 9*(¢). Then
there exists a Lipschitz function u such that u + #H(¥) = G + #(¥4). Consider
the element u + C in BMO(¥). Clearly, 7 (u+ C) = u+ J'(¥), as required.

Finally, (3.19)) implies that the map ¢ is bicontinuous, so that ¢ is an isomor-

phism, as required.

The proof of the proposition is complete. n
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Maximal operators

4.1 The heat maximal operator

In this section we prove various estimates of the heat kernel h;, and of Zh;. First,

we consider the heat mazimal operator, which acts on a function f on .7 as

H. [ = sup | A f].

t>0

We prove that 7, (f 50) is not integrable on .7. As a consequence, the heat maximal
operator is unbounded from X'(.7) to L'(.7), so that the Hardy-type space

Hy (7)) ={f € L'(7): Af € L'(T)}

does not coincide with X!'(.7). Tt is an interesting question, which we have not been
able to answer, whether H!,(7) is included in X'(.7) or not.

Theorem 4.1. The heat mazimal operator F. is unbounded from X'(T) to L'(T).

In particular, there exists a constant ¢ > 0 such that

mid

H(L5,) () > ¢

Vo € I,
1+ |z

so that A, (£L0,) is not in L*(.T).
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Proof. The heat semigroup .74, commutes with the Laplacian, so that
H(L6,) = Lhe V>0,
and its spherical Fourier transform is given by
(A(L6,)]7(s) = (1= ~(s)) e t1=7() Vi>0 VseT.

By the inversion formula (1.14]) for the spherical Fourier transform,

T/2 1— )
Lha(x) = 2 g2 J L=90) (tt12) gislel g, (4.1)
—7/2 C(—S)

Observe that the integrand in (4.1]) is holomorphic on the closure of the rectangle
with vertices £7/2, £7/2 + i/2. Then we may integrate on the boundary of this
rectangle, observe that, by periodicity, the contributions of the integrals over the

vertical sides cancel out, use Cauchy’s theorem, and conclude that
T/2 o
Lhy(z) = 2c¢ g 171? J 1—’7(8> e t1=1(9)) gislel 4
—7/2 C(_S)

/2 N .
= 2cq q—xI/QJ 1 ’Y(S —|—-z/2) o t(1—=v(s+i/2)) qi(s+i/2)|x\ ds <4_2)
—rj2 C(=s—1i/2)
T/2 i .
= 2cq q—\wl J 1 ’7(8 +. 2/2) e t(A=7(s+i/2)) qis|m| ds.
2 (=85 —1/2)

Notice that 1
L= (s +i/2) = 1= —(a" +a7*")

q+1
+ 1 — s _ —is+1
4 q° —q (43)
q+1
_ (1 _ qus)(q _ qzs)
qg+1 '
and that A A
1 g+1 q—zs+1/2 _ qzs—1/2
c(—s _ 1/2) - q1/2 g istl — gis—1
—is __ qis—1

qfierl _ qisfl

q— q2i5

=(qg+1 —.
( )q2_q2zs
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Thus,
1—~(s+1/2) i oy 4~ ¢
— 1 _ 18 _ 18 - -
(¢ —¢*)(1—q™")
q+q*°
We insert this in the last integral in (4.2]), change variables, and obtain that

1—|a|

Lhy(z) = 2

m](u’w);

where we have set

I(n,t) = JF lg=c) (1._ ) e2wint) gy,
. qten

Here the phase ® is given by

(1—e™)(g—e™)

P(u;n,t) = —t + inu
( ) qg+1
1— —iu -1 1 — U
__—e™g=1t1-en
qg+1

= —t (1 —Cosu+i/6’sinu) —nu

= —t (1 — cosu) + i(nu — Stsinu),

85

(4.5)

(4.7)

-1
and [ = q? Since Zh; is real, the imaginary part of I(n,t) must vanish. We
q

compute the real part of the integrand. Denote by 1 the function on [—7, 7], defined

by

_q_e2iu
- q+ezu

A straightforward computation shows that

n(u) :

_ ¢* 4 (¢ —1)cosu — gcos(2u)

Ren(u) = —
g+ ™|
(g + 1)sinu + gsin(2u)

R P
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Therefore
I(n,t) = r (1 —cosu+isinu) (Ren+iImn) (cosIm® + isinIm @) e"°? du.
We denote by A the product of the first three factors in the integral above. Then
I(n,t) = Jﬂ Re A(u) e®°® du.

The only part of the integral which matters is a small neighbourhood of the origin.
Indeed, denote by 1 a smooth cutoff function, which is supported in the interval
[—1072,1072], it is equal to 1 in [~1073,107%] and such that 0 <1 < 1. Then

I(n,t) =I"(n,t) + 1'% (n,t),

where

IY(n,t) = [ Y(u) Re A(u) e®°® du

and
I'¥(n,t) = J_ (1 —1(u)) Re A(u) e™® du.

We shall estimate ¥ and I'~% separately.

First we consider I'=%. Observe that

()| < |Re || J R

[=m,—10—3]U[10—3,7]

Notice that if 1073 < |u| < m, then
Re ®(u) = —t (1 — cosu) < —t (1 — cos107?), (4.8)

whence

{Il_w(n,t” < HRe AHOO e, Vn € N, (4.9)

where ¢ = 1 — cos 1073,
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Next we estimate [¥(n,t). Observe that

Re A(u) = (1 — cosu) Ren cos(Im ®)
—sinu Imn cos(Im @
1 cos{Im®) (4.10)
— (1= cosu) Imn sin(Im P)

—sinu Ren sin(Im ®).
Correspondingly, we write

P -1,

where i
IY (n,t) = J ¥(u) (1 — cosu) Ren cos(Im @) e*® du,
I¥(n,t) :J Y(u) sinu Imn cos(Im ®) e du,
I¥(n,t) = J Y(u) (1 —cosu) Imn sin(Im®)e™*®du
and

IY(n,t) = J Y(u) sinu Ren sin(Im ®) e ? du.
Observe that
1 — cosu < u? sinu < u Imn(u) <u  Vu € supp(v),

and that Ren is bounded (and bounded away from 0) in [—7, w]. Therefore

1072
11V (n,t)] < C |Ren|| J u? e~ du

072VE 2 do

~C R Ve &

Reall | et
<C HRenHOO =3/ Vt e [l,00) VneN.

We have made the change of variables v = u+/t in the first integral above.
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By arguing similarly, we may show that
1y < C [Im || =3/ Iy < C |Imp|| ¢t Vte[l, 00).
It remains to estimate ¥ (n,t). We notice that Ren(0) = § # 0, and write
Ren = [Ren — Ren(0)] + Ren(0).
Correspondingly, we write

IV (n,t) = J ¥(u) sinu [Ren — Ren(0)] sin(Im @) e"® du
o i (4.11)

+ Ren(0) J Y(u) sinw sin(Im @) e®*? du,

and estimate the two integrals on the right hand side separately.

Since Ren is even and smooth, Ren — Ren(0) vanishes at the origin at least of

order 2, whence the absolute value of the first integral may be majorised by

1072
C ||Ren"|| L ue " du < C |Ren"|| ¢t  Vte[l,oo) VneN.

It remains to estimate the second integral in (4.11f). Observe that
Im®(u) = nu — tBsinu
=u(n —tp) +tf(u —sinu),

and that

sin Im & (u)

= sin (u(n — tf3)) cos (tB(u— sinu)) + cos (u(n — tB)) sin (tB(u — sinw)).
Accordingly, we write

J Y(u) sinu sin(Im @) e®°® du = Jy(n,t) + Jo(n,t),

where

Ji(n,t) = Jﬂ ¥(u) sinu sin (u(n — tB)) cos (tB(u — sinu)) e**® du (4.12)
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and
Jo(n,t) = [ W(u) sinu cos (u(n — tB)) sin (¢8(u — sinu)) e**® du (4.13)

The main part is Ji(n,t). We first estimate Jy(n,t) from above. Clearly

0 <tf(u—sinu) < tﬁ%g (4.14)

and
3

u ' 6\1/3
tﬁg <1 iff wu< <B) 3,
This suggests to write the integral in as the sum of the integrals over the
interval [—ct='/3, ct=1/3] and over the set {ct~'/® < |u| < 7}, where c is short for
(6/8)1/3. We observe that the integrand in .J, is even. Furthermore, we use the
trivial estimate ¥ (u) |cos (u(n —tB))| < 1 in both integrals, the estimate in
the first, and obtain that

10—2

ct—1/3 3
| Ja(n, )] <2 Jo utp % e~ du + 2J e~ du

ct—1/3

3 t1/6 » e
< § t1_5/2 JO v~ du + % Jtl/ﬁ e “Y dv (415)

141/3

< Ct_3/2 + Ct_3/2 e—c’lO*
<Ct™3?  WVte[l,o0) VneN;
we have made the change of variables v = u+/t in the second inequality above.

Finally, we estimate Ji(n,t). We claim that there exist positive constants ¢ and

C, and, for each nonnegative integer n, a positive number ¢(n) such that
c(1+n)" < Ji(ntn) <C(1+n)"" VneN (4.16)

Taking this for granted, we have that

1—|z|
sup|ZLh(z)| = sup ——
t>103} o )| t>g) 2m(q + 1)

> ¢ g7 gy (|, 1))

I(Jl, )

> " Ve e T,
14|z
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as required. This pointwise estimate, in turn, implies that

= Z sup|$ht |

z€T t>0

sup ‘th|

t>0

as required to complete the proof of the theorem.

It remains to prove (4.16). We choose t(n) so that ‘n — Bt(n)] = /t(n). A
straightforward calculation shows that there are two possible choices of t(n), namely

ﬂt(n):n—l—\/;—l—%—l—o()

n 1
Bt(n) =n— E—F%—l—o(l).

Here o(1) denotes a function which tends to 0 as n tends to infinity. For notational

and

convenience, hereafter in this proof we shall omit the dependence of ¢t on n, and,
for instance, we shall simply write v/¢ in place of ’n — 5t| and J(n,t) instead of

Ji(n,t(n)). We refer to formula (4.12).

We write .J;(n,t), change variables (v = uy/t), and obtain that

| Ji(n,t)|

Y(u) sinu sin(vtu) cos(t8(u — sinu)) e teosw) du‘

-7

T/t

v v ) v dv
w<—) sin — sin v cos [tﬁ(— — sin —)} e t(1—cos(v/v)) =2
J i WV Vi Vi NG

™ vy sinv/vE i v T t(1—cos(v
J_m/;ﬂ(%) #U sinwv cos Pﬁ(% — sin %)] ot /V) dv‘

It is straightforward to check that the integrand in the last integral is pointwise
—v2/2

1

t

convergent to v sinve as t tends to infinity.
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cos 107202/

We claim that the function ’v’e_ 2 is an integrable majorant of the integrand

that does not depend on t.

Indeed, the absolute value of the integrand is clearly dominated by

1[710—2\/2,10—2\/51 (v) [v] e tmeosv/VD),
Set w;(v) := t(cos(v/y/t)—1), and observe that both w, and its first derivative vanish
at 0, and that

W/ (v) = — cos(v/V1).

We expand w; using McLaurin’s formula with Lagrange form of the remainder, and

obtain
2

wi(v) = —% cos (%)

for suitable § € (0,v). Since v is in [~1072v/¢, 1072y/],
v? vl
w(v) < ——  Inf cos|—=
t( ) — 2 [v]<10—2v/% <\/¥> (4 17)
) :

v
< ——cos1072
< -3 cos ,

thereby proving the claim. Consequently,

71 (n, )] ~ " psinve2d
1(n,t)| ~ : vsinve vl.

To conclude the proof of (4.16)), it remains to show that the integral above does not
vanish. Indeed, observe that

00 +oo d
J vsinve 2 dv = — J sin Ud—( e_v2/2) dv
v

—00 —00

= J cosve /2 du (4.18)
= Fle (1)
# 0,

as required. O
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Next we prove a comparatively easy, but useful, estimate of h;(z) when ¢ is small

compared to |z|.

Lemma 4.2. For each positive integer N there exists a constant C', independent of
t, such that

h(z) < Cq ™ (] - ﬂt)_N 12 Vo :|z| > (B+1)t VE>1.

Proof. We shall prove the required estimate via spherical Fourier inversion formula.
By arguing as in the proof of Theorem [4.1] it is straightforward to establish the

following formula

1—|z| 7 _ 2iu
h(x) = a J 52 — Pzl qy Vee T Vt>0,

where
O(u, |z|,t) = —t(1 — cosu) + i(|z|u — Btsinu).
Observe that
0u®(u,|z|,t) = —tsinu + (x| — Bt cosu).
Denote by D the differential operator, defined by

1

D= 0@ (u, |z, 1) Do

and by D* its formal adjoint with respect to the Lebesgue measure. For notational
convenience, we write 1(u) in place of 1/0,®(u, |z|,t), and we denote by M, the

operator of multiplication by v, i.e.,
Myp =1
for any reasonable function ¢. Therefore
Do = —(0.My)e.

In particular, in the rest of this proof, we shall work with

q— e2iu

p(u) = ¢ — et
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It is straightforward to check that ¢ and all its derivatives are bounded in the

uniform norm on [—7, 7]. For every positive integer k£ we may write

1—|z|

hi(z) = q27T J o(u) DFe®®lzlD) qq

= (_1)kql;m

o Jﬂ (GUM¢)k90(u) e2wilzlt) g,

Here we have used the fact that, by periodicity, the boundary terms arising from

integration by parts cancel out. Observe that

1 1
B ‘—tsinu—l—i(|x| —Btcosu)| = HI| _5t|'

| (u)| (4.19)

We claim that for each positive integer j there exist smooth bounded functions

©1,-..,@;, with bounded derivatives such that

Dlb(u) =Y " op(w) v(u)" . (4.20)
h=1

In fact, each function ¢, is a constant multiple of a finite product of linear combi-

nations of sines and cosines.

We argue by induction. Since
Outb(u) =t [cosu — i sinu] ¢(u)?,

the required property holds for j = 1. Suppose that (4.20) holds for all positive
integers < j — 1, and consider &?1). By Leibnitz’s rule

O (u) 0 ) (u)

I
&
—

<.
|
—

1" [Duion (1) () + () (h + 1) ()" D,0(w)]

S,
Lol
— =

[t" Dupn (u) ()" + "1 (B + 1) on(u) (cos w — i sinu) v (u)" 2],

>

=1

which, after relabeling, has the required form. This proves the claim.
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A straightforward consequence of the claim and of (4.19)) is that for each positive

integer j there exists a constant C' such that

J
o <C 3,

Observe also that for each positive integer h
th o1
(|| = gt)"" ~ |l = Bt

‘ ’_Bth—l-l

Vo |z > (B+1)t. (4.21)

Another induction argument shows that (8uM¢)kg0 may be written as a linear com-

bination of terms of the form
e (am)ﬁl (aw)ﬁk’

with coefficients given by linear combination (with constant coefficients) of deriva-

tives of . Here (y, f1, ..., 0, are nonnegative integers and
Bot+Pr+...+ 0=k
We combine this and (4.21)), and obtain that ! 8 Md, ! may be estimated by

C (|| —pt) ™7 vr e > (B+ D)t
Therefore
’(DM¢)kgo(u)’ <O (| =) T > (B 1)L (422)

As a consequence,

he(z) < Cq " (o] - Bt)_k JW efte@(ulzlt)

<Cq (e[ =) " Vaifal = B+ 1)t
the last inequality follows from the fact that
r eRe®(wilet) gy, < J'7r o—t—cosu) 4.,

<Ct V2 w>1.

This proves the required estimate. [
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For any real number ¢ we define the heat maximal operator with parameter c,
which acts on a function f on 7 as

HEf =supt® | A f|.
t>1
The corresponding Hardy-type space is
Hyp (T)=A{f € LY(T): A f € L'(T)},
which is endowed with the norm
1 e, oy = WAL+ (221

In the final part of this section we investigate the link between H}, () and X'(.7),
with respect to the parameter c.

Theorem 4.3. If ¢ is negative, then F€° (350) is in LY(T). Consequently, the heat
mazimal operator A is bounded from X'(T) to L'(7), and X' (T) is included in
Hy ().

Proof. First, we observe that #°(£4d,)(0) is finite, for it is equal to

2¢c,, sup t°
t>1

| = aepeimeeis)ras|
which is dominated by
de,, J c(—s)7"| ds,

1/2
1 cos(s log q) is nonnegative and bounded

because ¢ is negative and 1—~(s) = 1—

above by 2. The integral above is convergent, and the required estimate follows.

Thus, we only need to prove that #°(£46,) is in L'(7 \ {o}). We retain the
notation of the proof of Theorem . By (4.5),

1—|z|

1 Lhy(z) = — 2L

— ] t
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where I(n,t) is defined in (4.6). A careful examination of the proof of Theorem
shows that
I(n,t) = Ji(n,t) + O(t™?),

where
Ji(n,t) = r Y(u) sinu sin (u(n — Bt)) cos (Bt(u — sinu)) e"® du.

Trivially,
0] < [ o) ful e du

Changing variables (uy/t = v), the last integral transforms to
t! J W(v/VE) v e dv ~ 1
R

Thus, Ji(n,t) = O(t™!), whence I(n,t) = O(t™'). We may conclude that there
exists a constant C', independent of ¢ and x such that
sup t |A(L6,)(x)| < Cqlel sup ¢!
t>|z|1-¢ t>|z|1-c

< O gl g~ (-0-)

We choose € < —¢/(1 — ¢), so that (1 —¢)(1 —¢) > 1. Then the right hand side
above is in L'(.7).

It remains to show that the maximal function —sup ¢ |#(Z5,)(z)| is in
1<t<|z|t—=

LY(7). In this case the imaginary part of the phase function ® (see formula (4.7)))
does not vanish, and we may integrate by parts as many times as needed. Specifi-

cally, notice that
O,(Im®) =n — Btcosu >n — fn'~ > (1 - B)n, (4.23)

-1
which does not vanish if n > 1 (recall that § = q—l——l < 1). We follow the lines of
the proof of Lemma We consider the differential operator D, defined by
1

b= 0y (Im @ (u, |z|, 1)) %
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and denote by D* its formal adjoint with respect to the Lebesgue measure. For
notational convenience, we write ((u) in place of 1/id, (Im ®(u, ||, t)), and denote

by M, the operator of multiplication by (, i.e.,
Mep=Ceo
for any reasonable function ¢. Therefore
D¢ = —0.(Mcyp).

In particular, in the rest of this proof, we shall work with

q— e2iu

: 1_e—z’u eRe<I>'
e

p(u)

It is straightforward to check that for each positive integer j there exists a constant
C such that

o) <CH  Vue[-ma] Vie[l,o0).
We may integrate by parts k times and obtain
1—|z|

Lhy(x) = QQW J (1) Dreimeslld) g,

1—|z|

2T

k4

= (=1 J (0, M) p(u) Mm@l gy

Here we have used the fact that, by periodicity, the boundary terms arising from

integration by parts cancel out.

We claim that for each positive integer j there exist smooth bounded functions

©1,--.,p;, with bounded derivatives such that

D) =Y 1" n(u) ()" (4.24)

In fact, each function ¢y, is a constant multiple of a finite product of linear combi-

nations of sines and cosines.
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We argue by induction. Since
0uC(u) = —ift sinu(u)?

the required property holds for j = 1. Suppose that (4.24]) holds for all positive
integers up to j — 1, and consider 9/¢. By Leibnitz’s rule

95 (u) = 9, (077'¢) (u)

—_

<

1" [Duion () () + ) (4 1) ()" 0, (w)]

1
1

<>
[

[t" Oupn(w) C(u)"™t —iBt" T (A + 1) gn(u) (sinw) C(u)" 7],

>

=1
which, after relabeling, has the required form. This proves the claim.

A straightforward consequence of the claim and of (4.23)) is that for each positive

integer j there exists a constant C' such that

, I.o4h
o) < C ; |z

Another tedious, albeit straightforward, induction argument shows that

(DM p(w)] < Comer gt
Re @ i k o
<Ce <’5‘?‘> Vu € [—m, 7).

We have used (4.23)) in the last inequality. As a consequence,

(4.25)

| Lhy(z)] < C g (i>kr GRedullt) gy

|z]

£k
ﬂ) min (1,t’1/2) Vo x|t >t
T

the last inequality follows from the fact that

< Cq (

J eRefb(u;m,t) du SJ e—t(l—cosu) du

—T

<CtV?2 vt >,
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and that eRe®lzlt) < 1. Thus,
sup 1| I (L6,)(x)| < C g~ 1#l 2| =*,
1<t<|z|l—=
By choosing k so that ek > 1, the right hand side of the inequality above is in
LY(T \ {o}).

This completes the proof of the theorem. n

We conclude this section with the following result.

Theorem 4.4. Suppose that f is in H}, () for some ¢ in (1,00). Then f is in
XYT). Furthermore there exists a constant C, independent of f, such that

I llerzy < € Ml (7

Proof. The proof hinges on the following reproducing formula

50:2J ght*htdt,
0

and its consequence

0
which may be established via spherical Fourier analysis along the lines of the proof

of similar formulae for the Poisson semigroup (see Lemma below).
We need to prove that if °f is in L'(7), then £~ 'f is in L'(7), with a
corresponding control of the norm. Set g := .21 f. By ({4.26)),

gzZJ %f*htdt:QJ WA f 5 hy-SL
0 0 (t)

where (t)¢ = max(1,t%). Therefore
A dt
loll, <€ | llo#or + ), 7

Con [ dt
<c e, |

The integral on the right hand side is convergent, because ¢ > 1, and the required

conclusion follows. O
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Corollary 4.5. Suppose that ¢; < 0 and that co > 1. Then

Hyy o, (T) CXUT) C Hyp (7).

It is natural to speculate whether the inclusion on the left holds for all ¢ > 0. We

leave this for further investigations.

We conjecture that the following estimate holds: there exists a positive constant C'
such that

;

— Bt
C ¢ ||x‘t3—/f| if Hx| — ﬁt‘ >\t
[(L5,) ()] <
TS [
Cyq G if [z — Bt| < V.

\

4.2 The Poisson maximal operator

Recall that { £} denotes the Poisson semigroup. For any real number ¢ in we con-
sider the Poisson maximal operator &< with parameter ¢, which acts on a function
fon 7 by
P f =sup t° ‘?tﬂ.
t>1
We shall write &, f, instead of &2). We then define Hi, .(7) by
Hy (T)={f € LNT): Zif € L'(T)}.

We endow HJ, (.77) with the norm

-

HfHH}@’C(ﬂ) - HfH1 + Hyff

The analogue of ZZ¢ on symmetric spaces of the noncompact type was considered
by J.-Ph. Anker [An|, who proved that for every c in [0,1) there exists a constant
C' such that

|2 f

o< CClAL + ll2esll, ). (4.27)
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where % denotes the Riemannian Riesz transform. It is reasonable to conjecture
that a similar result holds on trees. This is indeed true, and is proved in the next
theorem. We need the following simple lemma.

Lemma 4.6. The maximal functions sup ’ht} and sup ‘pt‘ are in LY.
0<t<1 0<t<1

Proof. Notice that h, = e ! Z (;') , where ¢ denotes the measure _V(ZL') Zéy.

n=0 Yy~o
Therefore -
gn
p [ <30
0<t<1 o ¥
whence - "
S
sup. 1l < 3 Ll < o
0<t<1 L= "
Similarly, p; = Z ’if 2 where kg2 denotes the convolution kernel of £%/2,
n!

n=0

which is known to belong to L'(7). Therefore

sup |py| < Z L"
0<t<1 — nl
whence
= Ezielly
sup \pt\H <> SR <elkgnl
0<t<1 1 = n!
as required. -

Theorem 4.7. The following hold:

(i) L?6, is in HY, (T) for every ¢ in [0,1);

(ii) XV2(T) is contained in H, () for every c in [0,1). Furthermore, there

exists a constant C, independent of f, such that

HfHng,’c(y) <C HfHael/z(y) vfeX(T);
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(i11) if f is in H},jvc(g) for some ¢ in (1,00), then f is in XY/2(.7). Furthermore,

there exists a constant C, independent of f, such that

W27y < C M, 7 5

(iv) the mazimal operator f v PLf is unbounded from X'?(F) to L'(.7). In
particular, L%, is not in HY (T ).

Remark 4.8. Theorem (iv) says that
XVUT) ¢ Hyp (7).
Recall that we already know that HL(7) = XY/2(.7), so that
Hy(T) # Hypi (),
a phenomenon that does not have a counterpart in the Euclidean setting.

First we need more notation and a technical lemma. The kernel p; of the Poisson
semigroup Z; is given by the following well known subordination formula (see, for
instance, [Y) formula (2), p. 260] or [Stll, formula (*), p. 47])

> d
P = tJ (47s) 12 o~/ <. (4.28)

0 s
We need some information concerning the behaviour of p;(0), which is analysed in

the next lemma. Observe that there exists a constant C such that

pi(o) < Ct=3/4ebet (4.29)
for all ¢ in [1,00) (recall that by is the bottom of the L? spectrum of .#). Indeed,
pe(o) < HptHg, which, by [Sell, Lemma 3 (i)], is dominated by Ct=3/4e™! as

required.

We shall also require estimates of the time derivative of p;, which can be readily

computed from formula (4.28]). We see that
> t? d
O = J [1 - —} (47s) =12 01149 il (4.30)
0 2s s

Some estimates involving O;p; are given in the next lemma.
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Lemma 4.9. The following hold:

(i) for each c in [0,1) the mazimal function

0 2
J [1_;_] (4rs) "2 o=t/ ds
1

S S

sup t¢
t>1

is in LYT);

(ii) for every a > 0 the mazimal function

sup t*
t>1

1 2
J |:1 . t_] (471'8) 1/2 7t2/ 4s) h %
0 2s s

is in LYT).
Proof. To prove (i), write t¢ = 52 (t¢/s%/?). Therefore

00 2
J [1 _ t_} (drs) /2 o~/05) %’
1 2s S

sup t¢
t>1

0 2
< (47T)_1/2J 3121 qup [1 N ;_} o 12/(49) g5
1 S

t>1 8/2

The supremum inside the integral is finite, and independent of s, for it agrees with

the supremum over the positive reals of the function v + v° (1 4 v?) e~*/4. Thus,

o0 2 o0
J 1= ) e, ) < J S92 ds.
1 S

S 1

sup t¢
>0

To complete the proof of (i), it suffices to observe that

which is convergent, because, by assumption, ¢ < 1.

JOO s=32p ds
1

< JOO s(c=3)/2 Hh5||1 ds = JOO 5(c=3)/2 ds,
1 1 1

Next we prove (ii). Observe that if ¢ > 1, then
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so that
e—t2/(83) < e—t2/(163) e~ 1/(16s) < e—t2/(16) e~ 1/(165) Vs € (0’ 1].
Moreover )
‘1 _ P a8 < gt2/(89)
2s - ’
where C' = supv>0’1 — v‘ e”"/4. By combining these estimates, we see that

sup t*
t>1

1 2
J [1 — t—} (4ms)~1/2 e 0/ 149) ds
0 2s S

1
< C sup t* o~ t?/(16) J §73/2e71/06s) 1y (g
T >l 0

1
<C J 5 3/2 o= 1/(165) hgds.
0

To conclude the proof of (ii), it suffices to recall that HhSH1 =1, so that the L'(.7)
norm of the last integral is dominated by fé s73/2e=1/(165) 45 which is convergent,

as required. O

Another important formula, which will be the key to prove Theorem [4.7] (iii), is

given in the next lemma.

Lemma 4.10. The following reproducing formula of Calderon type holds

0p = 4J flﬂpt*.ﬁfl/?pttdt.
0

Furthermore, if g is in LY(9) for all q in (1,2], then

g=4J g% LV, x LV Pp,tdt
0

in L1(9) (hence pointwise) for all q in (1,2].

Proof. In order to prove the first formula observe that both sides are radial functions.
Then it suffices to show that their spherical Fourier transforms agree. Indeed, for

every z in T,

00(2) = {2, 00) = p:(0) =1,
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and, at least formally,

” fi”pt*zlﬂptdtr(z)zj (£ Ppe L1 Pp ] (2)
i o (4.31)

= J (1—7(2)) e 2= ¢ qy.
0

We now change variables, and the right hand side becomes [°ve™?" dv, which is
equal to 1/4, and the required formula follows. It remains to justify the first equality
in the chain of equalities above. It is useful to observe that [, Z"/?p, « £/ ?p, tdt

is convergent as a Bochner integral in L4(¥) for every ¢ in (1,2]. Indeed,

[ A e N A A e

< sl |l eat,

and the last integral is convergent because of [Sell Lemma 3 (i)].

Now note that for every z in T the spherical function ¢, is in LY (%) for all ¢ in
(1,2). Thus,

Z J:O|¢Z($)| |$1/2Pt * gl/zpt(xﬂ tdt

€Y

<odl, |~ [0 v 2

tdt
q

2
< C kgl
where C' depends on ¢, but not on z in T. We have used the previous estimate in
the last inequality above. Thus, the first equality in (4.31) follows from Fubini’s

theorem.

To prove the second formula in the statement of the lemma, we first prove that

it holds pointwise. Notice that, at least formally,
9(x) = g% 0o(x)
=4gx ” LY2p, « fl/Zpttdt] (x)
0

= 4J g LY2p s« LY 2py(x) tdt,
0
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as required. The last equality is readily justified by Fubini’s theorem, for

o0

Z J |g(y)‘ ‘31/2]% * 02”1/2pt(y_1x)| tdt

tdt
q/

<ol [ |22 2
0

<C kgl

Finally, fgog x LV2%p, x LV2p tdt is convergent as a Bochner integral in L(%)
for every ¢ in (1,2]. Indeed, fix g in (1, 2], and choose p in (1,¢). By Minkowski’s

generalised inequality and the Kunze—-Stein property

HJ g * .,2”1/2pt * .,2’1/2;0,5 dt
0

< JOO Hg*gl/zpt*fl/gpt” tdt
q 0 q
< |lall, J |22 2py s 21y, et
0

By Young’s inequality the last integral is bounded above by

[, a2, vae < Jipnll? | o, vat
<C fligmalf

we have used the estimates of Hpth in [Sell, Lemma 3 (i)] to prove that the last

integral is convergent.

This completes the proof of the lemma. O
We are now ready to prove Theorem [4.7]

Proof. (of Theorem First we prove (i). We need to prove that 22¢(.2"/%3,) is
in L'(.7) for every c in [0,1); Observe that

L@t (Zl/g(so) = _87&1@1550 = _atpt'
Therefore

9:(31/250) = sup t* ‘atpt|7

t>1
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and the required conclusion follows from Lemma [4.9| (i) and (ii).

Next we prove (ii). Suppose that f is in X'/2(.7). Then there exists g in L'(.7)
such that f = 2'2¢, so that

ytf:f*ptzglﬂg*pt-

We may write g = Z g(x) 0, whence
xeT

Pif = gla) L6, xp,

€T

and

12211, < > _lo@)] (|22 26l -

€T

Recall that both &, and .Z/? are left invariant operators. Therefore H PE (02” 1/ 259[:) H )
is independent of z. By (i),

|2:(21260) ||, < oe,

1

whence

1Z:fll < Nlolly [2:(£ 28,
- Hfom(y) ”9:(31/250)

Iy
thereby concluding the proof of (ii).

Next we prove (iii). Observe that
Pf =LV = 9,2, 272

The last equality has the following meaning. For a generic f in L'(.7), the function
L7Y2f is not necessarily in LY(.7) (for £~Y/? is unbounded on L!(.7)), but it
belongs to LP(.7) for every pin (1,00), because f is in LP(.7), and £~ /2 is bounded
on LP(.7) for each p in (1,00). The restriction of .#/2 to LP(.7) is the infinitesimal
generator of {2}, thought of as a semigroup acting on LP(.7).
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We need to prove that f is in X/2(.7), i.e., that £~ Y2f is in L'(.7), with a
corresponding control of the norm. We have already observed that .Z~'/2f is in
L1(9) for all ¢ in (1, 00]. Therefore we may apply Lemma and write

o

L=y J L2 LY LV Pp e dt
0

:4J Pof « LYV p, tdt Ve e .

0

Then -
22| < 4J | B f| |22 p
0
=4 J [ max(1,¢)|P.f|] * [min(t,t") ‘Zlﬂptu dt.
0
Clearly,
max(1,t%) }Ptf| < sup ’Ptf‘ + sup t¢ ‘Ptf‘
0<t<1 t>1
< | f] * sup |p| + 25f
0<t<1
Thus,

[z p] < a[(|f]+ sup |pi] + 25f) 5 r min(L, #'7) [ £/ %p | di]
0<t<1 0

Observe that, by Lemma ,

\1

it s Il + 255 < 51, + s

Consequently, by standard convolution inequalities,

lz= 211l < e (Il + llef

) ] iy L2

The integral on the right hand side is convergent. Indeed, choose ¢’ in [0,1) such

that ¢ > 2 — ¢. This is possible, because ¢ > 1 by assumption. Note that

sup [ 212 < [hgua + sup o
0<t<1 0<t<1
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By this and (i) there exists an integrable function h such that
‘fl/th‘ < min (1,t’cl) h.

Hence
Hro vl o at| < ], Joo min(1,£-¢) min (1,¢) dt.
0 0

The last integral is convergent, because ¢+ ¢ > 2. By combining these estimate we

may conclude that
I 21l < e (Al + 1272511 )

as required to conclude the proof of (iii).
Finally we prove (iv).
We shall follow the idea of the proof of Theorem [.1]

The Poisson semigroup &, commutes with the powers of the Laplacian, so that
P(LV25,) = L Pp, V>0,

and its spherical Fourier transform is given by

1/2

(2 (L26,)]7(s) = (1 — y(s)) /2 et 177D Vt>0 VseT,

By the inversion formula (1.14]) for the spherical Fourier transform,

/2 .
L) = 2¢q q_WQJ (1- 7(3))1/2 et ()2 gislal c(—s)tds. (4.32)
—7/2

Observe that the integrand in (4.32]) is holomorphic on the closure of the rectangle
with vertices £7/2, +7/2 + /2. Then we may integrate on the boundary of this

rectangle, observe that, by periodicity, the contributions of the integrals over the
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vertical sides cancel out, use Cauchy’s theorem, and conclude that

31/2]%(1:) = 2¢ca q—lz\/Q J m e—f(l—’)’(s))l/2 qzs|m\ ds
2 €(=s)
T/2 (1 . (S + 1/2))1/2
= ZCG q*|$\/2 J Y : eft(lfy(eri/g))l/z qi(s+i/2)|x\ ds
2 c(=s—1i/2)

7./2 - . 1/2
— 2 q J (L—(s+ f/2)) o~ (s4i/ )2 pislal g
_rp o c(—=s—1i/2)

(4.33)
We recall here for the readers’ convenience equation (|4.3])

(1—q")qg—q")

1—7(s+1/2) =
s i —
and equation (4.4)
1 q-— q2is
_ = 1) ———.
e T

We insert this in the last integral in (4.33)), change variables, and obtain that

1—|z]

L) = T I(Jal. 1), (434
T
where we have set
" (1 B eiis)(q — eis) 1/2 q— e d(uin,t
I(n,t) = L [ 1 ] el (wn) qy. (4.35)

Here the phase ® is given by

1— e—z’u)(q _ eiu)i| 1/2

O(u;n,t) = —t [( o

+ inu. (4.36)

Now we need to give an explicit expression of the above square root. The computa-

tions in (4.7)) imply

(1= e)(g = ")
qg+1

= (1 —cosu+ifsinu),
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—1
where = q—|——1 To extract the root we pass to polar cohordinates (r, ). Thus
q

r*(u) = (1 — cosu)? + 5% sin®u
=1 —2cosu+ cos*u + B*sin*u (4.37)
=1+ p%>—2cosu+ (1 — B?) cos’u.
For further reference we remark that the above equation implies that r is an even

function, and it is asymptotic to 5 |u| as u tends to zero.

The angle v has the following expression

Y(u) = arctan m
— cosu
If u > 0 this can also be written as
T 1 —cosu
) = — — tan ——————
(u) 5 — arctan Gsna
thus 9(u) ) .
u ™ — Ccosu
— = - — Z arctan ——. 4.38
2 4 2 MM Ty (4.38)
If u < 0 instead we have
I(u) T 1 1 —cosu
— = —— — — arctan ——.
2 4 2 Bsinu
1 —cosu . ) . : .
Note that u — 5— is an odd function, so the above equations implies that
sinu

also /2 is odd.
With the above expressions for r and ¢/, we have

v v
(1 —cosu+ B sinu)'/? = ¢1/2 <COS§+i sin—).

. (4.39)

In particular we have the following asymptotic as u tends to 0F

(1 —cosu—+f sinu)1/2~(1:|:i)\/§ |. (4.40)

We also observe that, since /2 is odd and r is even, the real part of

(1 —cosu + 8 sinu)'/? is an even function of u, while its imaginary part is odd.
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We shall need a more careful analysis of (1 — cosu + (3 sinu)'/? near the origin.
Equation (4.37)) and the McLaurin’s formula for the cosine yield

4 2 4\ 2 1/4
Hﬂmzh+ﬁ—mwkgyupw%@—%+%)+mﬂ]
1-8 1 1/4
= [52u2 + < 35 - E>U4 + 0(u4)}
1/1—p2 1
:\/ﬁ|u|+1< 35 _E>U5/2+O(U5/2)'
In a similar way equation (4.38)) leads to
I u 2 uv2
(") =5 5 o)
We conclude that, for u positive we have
o 3 V2
I 1 — + 1/2 — 1/2 \/j_ 3/2 = 4 3/2 ] 4.41
m(1l — cosu + i sinu) u 5 U Wi o(u’) (4.41)
An analogous computation implies
o s V2
Re(1 — n 12 _ o 1/2 \/j-l— 82 V2 1 u32). 449
e(l — cosu + iff sinu) u 5 Tu Wi o(u>'*) (4.42)

In order to simplify the notation, we denote as ¢(u) the square root we just studied.

Now we go back to the analysis of the integral I(n,t), defined in (4.35]). Since
L1/2p, is real, the imaginary part of I (n,t) must vanish. We compute the real part

of the integrand. Denote by 1 the function on [—, 7], defined by

2iu
_a=¢
nw) = 5w
A straightforward computation shows that

¢ — ¢* cos(2u) — qcos(2u) + 1
- 2 _ n2iul?
jo* — e
¢ —q
Imn(u) = —sin(2u) ————.
|q2 _ eZzu‘

Ren(u)

(4.43)
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Therefore
I(n,t) = Jﬂ (Rep+iIme) (Ren+ilmmn) (cosIm @ + i sin Im @) e ? du.
We denote by_/z the product of the first three factors in the integral above. Then
I(n,t) = r Re A(u) e®® du.

The only part of the integral which matters is a small neighbourhood of the origin.
Indeed, denote by v an even and smooth cutoff function, which is supported in the
interval [—e, ] (see the lines immediately above equation (4.49)), where we impose
conditions on ¢), it is equal to 1 in [—€/2,e/2] and such that 0 < ¢ < 1. Then

I(n,t) =1"(n,t) + "% (n,t),
where

IY(n,t) = J Y(u) Re A(u) e®°® du
and -
I'¥(n,t) = J (1 —(uw)) Re A(u) e"® du.
We shall estimate I¥ and I'~% separately.

First we consider I'=%. Observe that

P, 1)| < HReAHOOJ SRe® dy,
[—m,—e/2]U[e/2,7]
Notice that if £ /2 < |u| < 7, then (4.40|) implies that there exists a positive constant
c¢ such that
Re®(u) = —t Rep < —ce'/?t, (4.44)
whence
[I'Y(n,t)| <27 HReA”OO et Vn € N. (4.45)
Next we estimate I¥(n,t). Observe that
Re A(u) = Re ¢ Ren cos(Im @)
—Imy Imn cos(Im®
¢ Imn cos(Im @) (4.46)
—Rey Imn sin(Im )
—Imy Ren sin(Im ®).
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Correspondingly, we write

=1 -1 -1y -1

where -
IY (n,t) = J Y(u) Rep Ren cos(Im @) e?® du,
IY (n,t) = Y(u) Im Imn cos(Im @) e™® du,
I¥(n,t) = | (u) Rep Imn sin(Im ®)e? du,
J—7
and -
IY(n,t) = | (u) Imyp Ren sin(Im @) efe?® du.
J—7

Observe that all the integrands above are even, so we can substitute the integration
from —7 to m with twice the integral from 0 to w. This fact allows us to use the
expressions of r and ¢ for nonnegative u. Recall that (4.40) implies

Rep =< u'?, Imy = u'/? Yu € supp(v)).

Also observe that
Imn(u) <u Yu € supp(v)).

Therefore

I3 (n, )] < C J u?? etV du
0

<Ct® Vte[l,co) VneN.
We have made the change of variables v = ty/u in the first integral above.

By arguing similarly, we may show that

Y] <Ct™  Vte[l,o0).
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It remains to estimate IV (n,t) and I} (n,t). We notice that Ren(0) # 0, and write
Ren = [Ren — Ren(0)] + Ren(0).

Correspondingly, we write

IY (n,t) =2 rw(u) Re ¢ [Ren — Ren(0)] cos(Im @) e"*® du
0 i (4.47)
+2Ren(0) J Y(u) Reyp cos(Im @) e°?® du,

0

and estimate the two integrals on the right hand side separately.

Since Ren is even and smooth, Ren — Ren(0) vanishes at the origin at least of

order 2, whence the absolute value of the first integral may be majorised by
€
C ||Re77”HOOJ we Vi du < Ct7T Vte[l,oo) VYneN.
0

The very same reasoning can be applied to [ f , leaving us with the following integral

J(n,t) = 2Ren(0) E Y(u) [Re cos(Im @) — Im ¢ sin(Im @)] e*°® du,  (4.48)

which includes the remainder terms of both 1 ip and I ff .

Write the term in the square brackets in the above integral as
[Re ¢ — Im ¢] cos(Im ®) + Im p[cos(Im ®) — sin(Im P)],

and write accordingly J = J; + J,. Consider first

Ji(n,t) = 2Ren(0) J';r ¥(u) [(Rep — Im ) cos(Im @) ] e*°® du.

The asymptotic expressions (4.41]) and (4.42)) imply that
|Rey — Im | < Cu®/? Vu € supp(v)).

Thus

|Ji(n, )| < C J u? eV du
0

<Ct P Vit € [1,00) Vn €N.
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In the remaining part we write

Imp = <Im<p—u1/2 \/g) + ul/? g,

and we split J, into J3 + J4 accordingly. Using the asymptotic expression (4.41)) it
is possible to prove that J3, i.e. the integral corresponding to (Imgp —ul/? 6/2)

is controlled by a constant multiple of ¢75.
We are left with the last integral, i.e.

Ji(n,t) = 2Ren(0) \/g Jﬂ Y (u) u’? [cos(Im @) — sin(Im ®)] eR¢® du.

0

We claim that there exist positive constants ¢ and A, such that
Ji(n,t(n)) > c(1+ n)~%?,

where t(n) = A \/n for each nonnegative integer n.

Taking this for granted, we have that

{2 o) = sup e E (.
su x)| =sup t ——— I(|z],
t>103 b t>103 2m(q +1)

> ¢l t(|z|) J4(’$|v t(\xl))

Vo e J.

This pointwise estimate, in turn, implies that

= Z sup t |$1/2pt(a:)}

sup t {31/2]94
xeT >0

t>0

1

as required to complete the proof of the theorem.
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In order to estimate J;, we need a preliminary observation. Write

Im g — /2 é(lm_w)
2 \yl/2\/3/2
The asymptotic expansion (4.41)) yields
Imep 1
—————=1——s+o(s).
w232 AR
This equation implies the existence of the limit for u — 0T of the derivative
d Ime
du 1/2 5/2 ’
and this limit is equal to —(48)".
d 1
This fact allows us to choose € small enough, so that B < 0 on [0,¢],

du /2, / ﬁ / 2
and then to use McLaurin’s formula with Lagrange form of the remainder on [0, ].

Thus
Imy = u1/2\/g + Ry, (4.49)

where R, is a negative constant.

In the same way we also have

Rep = ul/z\/g + Ryu®?, (4.50)

and this time R, is positive.

Using these equations in the expression of ® leads to

Re® = —¢ <u1/2 \/g + Ry u3/2> (4.51)

Im® = —¢ <u1/2 \/g + Iy u3/2> + nu. (4.52)

and
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Now we go back to the estimate of J;. Let A\ be a positive real number, and choose
t = X+/B/2+y/n. We denote as F(n, \) the integral Jy(n, t) for this particular choice

of t. Equations (4.51)) and (4.52) yield

F(n,\)=C J W (u) ut/? [ cos(—Av/nu + Aerv/nu’? + nu)

0

— sin(=A\v/nu + Aeyv/nu®? + nu)] exp(—Av/nu — Aeav/nu*’?) du,

where ¢; and ¢y are two positive constants incorporating /3/2 and R; or Ry re-

spectively. We change variable v = y/nu, so that we have

P = 5 [T 00 [eos (2 a0 02)
3 3

— sin ()\clv— — AU+ UQH exp ( — v — )\CQU—> dv.
n

n

Av

The function g(v) = 2v? e~ is an integrable majorant of the integrand, which, in

turn, converges pointwise to the function

v = v e ™ [cos(v? — Av) — sin(v? — \v)] Yo € [0, 00).
Consequently,
C

where

G(\) = J:o v? e [cos(v? — M) —sin(v? — )] dv YA € (0, 00).

It remains to show that G is not identically zero.

First of all we write

? G(\) = :O v? e ™ cos (112 — v+ Z) dv
= Re JOO v? e exp [z (02 — v+ %)} dv (4.53)
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Now consider the auxiliary holomorphic function
f(Z) _ 22 ei22 e—)\(l—l-i)z V2 € (C,
and the circuit g consisting in the real segment [0, R], the circular arc

{Re: 0 € [0,7/4]} and the segment {se™/*: s € [0, R]}. Cauchy integral theorem

then implies

0= J f(z)dz
:J f(S) ds +J f(R620> Reiai do _J f(seiw/4) 6i7r/4 ds.
0 0 0

We claim that the integral over the arc tends to zero as R tends to infinity. Indeed
f(Re”) = R? e exp [iR?(cos(26) + isin(20))]
x exp [ — AR(1 + i)(cos 6 + isin )]
= R? exp [i(20 + R* cos(20) — AR(cos 6 + sin6))]
x exp [ — R*sin(260) — AR(cos§ — sin6)].

o RPexp(—AR(V3—1)/2) if0€0,7/6

‘f(R€w> Rew, S p( ( )/ ) [ / ]
R? exp(—R?/2) if 0 € (w/6,7/4].

This inequality implies that the second integral in the last line of equation (|4.54])

tends to 0 as R tends to infinity. This fact implies that

J f(s) ds = J f(se™*) e/t ds

0 0

_ ie”“ J 32 6—32 e—z\/ﬁAs ds

0 (4.55)

— jei™/4 (J' s2e cos (\/5 As) ds
0

—1 J s2e™" sin (\/§ /\s) ds).

0
We note that the function

s s2e Vs e R
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is even, so
F(Fe O = | et s
= JR s2e™ cos(Es) ds (4.56)

= QJ s2e™* cos(€s) ds VEeR
0

is, in turn, an even function in £. Since the Fourier transform is injective on L?(R),
we conclude that there exists A > 0 such that

F((fe ) (V2A) £ 0.
Equations , and then imply
G(\) = V2 Re [ — (% Z((-) e’(')Q)(\@ A)+i JOO s sin(v/2 \s) ds)}

et (e,

so G is not identically zero. This concludes the proof of (iv) and of the theorem. [

We conclude this chapter with the following corollary of Theorems 4.1 and [4.7] (ii).

Corollary 4.11. The heat mazimal space H',(T) is properly contained in the Pois-

son mazimal space HL,(T).

Proof. Observe that the containment is a straightforward consequence of the sub-
ordination formula (4.28]). Indeed, changing variables, we see that

1 [~ _ 7@
P = ﬁj v 2% h2 40 dv.
0

Therefore, for every f
P.f <

Hence H,(7) C HL(.7).
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If ¢ € [0,1), Theorem [4.7] (ii) implies
HYL(7) D> HY (7)) D X(T) D XN(T).

However, X!(7) is not contained in H,(7) by Theorem 4.4 so that H,(7)
cannot possibly coincide with HL, (7). O
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Chapter 5

Spherical multipliers

5.1 More on the group of isometries of a tree

Recall that {v; : j € Z} is a fixed two-sided geodesic such that vy = 0. We denote
by o an isometry of .7 that maps 7; in ;4 for every i. Then, for j in Z, o’
is an isometry of .7 that maps v; to v;1;. The group G admits an Iwasawa-type
decomposition G = N AG,, investigated in [FTN| [Ve]. Denote by A the subgroup
of GG generated by the one-step translation o and by N the subgroup of G of all
the elements that stabilises wt and at least an element of 7. It is known that N
can be characterised as the subgroup of G consisting in the elements that fix all the
horocycles with respect to w™ [Ve, Lemma 3.1]. Moreover, the orbit of an element
x of .7 under the action of N is the horocycle which contains = [Ve, Corollary 3.2].
It is well known that the group NV is unimodular; we normalise its Haar measure p
so that (N NG,) =1, as in [Ve, Lemma 3.3].

The analogy between G and semisimple Lie groups of rank one is apparent in

the following theorem [Vel Theorem 3.5].

123
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Theorem 5.1. Let G, N, G, and o be as above. Then for every g in G there exist
nin N, j inZ and g, in G, such that g = no’qg,. Furthermore, if f is a continuous

compactly supported function on G, then

JG flg)dg = JN >oa? JGO f(no’g,)dg, du(n).

We remark that, contrary to what happens in the case of noncompact symmetric
spaces, there is a lack of uniqueness in this Iwasawa-type decomposition. Indeed, if
g =no’g, = vo'h,, then j = ¢ and there exists n, in N NG, such that v = o/n,o~7
and h, = n g, (see [Ve, Remark 3.6]).

Going back to the tree, a vertex x is of the form no? - o, with n in N and j in Z.
It is straightforward to prove that the height of 2 (with respect to w*) is simply j.
The next lemma establishes a relation between the height of a point and its distance

from the origin, and may be seen as an analogue of [0, Lemma 3].

Lemma 5.2. For every n in N and for every j in Z such that j < d(n - o0,0)
d(no? -0,0) =d(n-o0,0) — j.

In particular, this formula holds for every n in N and every nonpositive j in Z.

Proof. Write z instead of no’ - 0, and denote by v, the confluence point of [z,w™)
inw,ie [y,ws)=[r,w;)Nw (see also [CMSI] pag. 6]). Note that by definition
lies on [z,w™), so £ > j. We observe that such ~, exists, because, by the definition

of N, every element of this group fixes a geodesic ray equivalent to [y;,w, ).

On a tree the union of two geodesic segments with one extreme in common (but

no other point) is again a geodesic segment, so
d(z,0) = d(x,7e) + d(ye, 0). (5.1)

Note that d(~,,0) is the absolute value |¢], as o lies on the geodesic 7. Moreover,

d(x,~,) is always equal to £ — j, as we already noted that ¢ > j.
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Now we consider the cases where ¢ < 0 or £ > 0 separately. If £ < 0, then n fixes
the origin and ((5.1]) reads

d(x,0) =l —j)—L=—j=d(n-o0,0)—j.

Otherwise ¢ > 0, and we have d(n - 0,0) = 2¢, because n - 0 belongs to the same
horocycle as o. Hence (5.1)) becomes

d(z,0)=l—j)+¢=2(—j=d(n-o0,0)—j.
We conclude that the required formula is true for every j in Z. m

This will be used in Section (.3
For p in [1,00), we denote by @), : N — R the function defined by

Qp(n) = ¢ ™. (5.2)

Lemma 5.3. Suppose that p is in [1,2). Then the function n — |n-o|*Q,(n)
belongs to L'(N) for each nonnegative integer (.

Proof. We shall prove the result in the case where ¢ = 0. The proof in the case
¢ > 1 is similar, and is omitted.

For any nonnegative integer r, we set T, :== {v € N : v-0 € S.(0)}. By [Vel
Lemma 3.11], x(7}) vanishes if 7 is odd, is equal to 1 if » = 0, and is equal to ¢'/?

if 7 is even and nonzero. Then

J g M dp(n) = g Pu(T) + 1
N

r>1

= g g

Jjz1

=gt g,

j>1

which is convergent, because 1 < p < 2, as required. O
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Finally we observe that this Iwasawa-type decomposition is consistent with the
convolution on 7.

Let N and A be the subgroups of G defined above, and consider the semi-direct
product NA, where A acts on N by conjugation. By [Ve, Lemma 3.8 the modular
function Ay 4 of NA is given by

Ana(no?)=q7 VYneN VjeZ. (5.3)

By [Vel Theorem 3.5], we may also identify the convolution between a G,-right-
invariant and G,-bi-invariant functions on G, with the convolution of the corre-
sponding functions on the group NA. Explicitly, suppose that f is a G,-right
invariant function and that & is a G,—bi-invariant function on G. Then

r

f*a k(va?gy) = Z g’ J f(noth,) k(h;'o™*n" no’g,) dh, du(n)

IN pez

_ Z ¢ f(no®) k(o n"wo?) du(n)

IN pez

_ Z Ana(no?) f(no®) k(e n " wo?) du(n)

JN LETL

= f*na k(va?),

where we have used the G,—invariance of f the GG,~bi-invariance of k, and the fact
that G, has total mass 1. By [Ve, Theorem 3.5, the norms of k£ in Cv,(G) and in
Cuv,(NA) coincide.

5.2 A general transference principle

In this section we assume that the locally compact group I is the semi-direct product
of two groups .# and 7, where .4 is normal in I and Z acts on .# by conjugation.
Right Haar measures on .# and ¢ will be denoted by dn and dh, respectively.
Then dg = dndh is a right Haar measure on I'. We denote by A , and A
the modular functions of .Z and JZ, respectively, so that dA(n) = A 4(n)dn and
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dA(h) = Aur(h)dh are left Haar measures on .# and s respectively. Note that
there is a slight abuse of notation here, for A denotes a both a left invariant measure

on A and a left Haar measure on ./ .

For h in # and n in ., denote by n" the conjugate hnh~!. Denote by 2(h)~!
the Radon—Nykodim derivative d(n")/dn. Tt is not hard to check that Z is an
homomorphism of S, i.e. Z(hhy) = Z(h) Z(hy) for every h and hy in JZ.

Remark 5.4. Observe that
2(h)™' = dA(n")/d\(n).

Indeed, note that the conjugation by h commutes with the inversion on .Z, i.e.

(n™)=t = (n=1)". Hence

j F(n") dA(n) = j £ dA(m).

Now note that the inversion in .# transforms the left Haar measure to the right

Haar measures, and conversely. Thus,

L{ F((n=)™) "y dA(n)

J f((vh)_l) dv

M
7 (n) J% f(n) dn
9(h) J% F(v) dA().

This fact will be used repeatedly in the proof of Theorem [5.6]

Remark 5.5. Observe that 2 may be extended to a homomorphism on the whole
group I, by setting Z(nh) := Z(h) for all n in .# and h in . Recall that
(nh)(nihy) = (nn1)"hhy. Thus,

2((nh)(nih1)) = 2((nn1)"hhy) = 2(hhy) = 2(h) 2(hq)

This observation applies to any homomorphism of 7.
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It is well known that Z(h) A 4(n) A, (h)dndh is a left Haar measure on I' (see
[HR) p. 211}), and that the following integral formulae hold

L f(g)dA(g) = J// L F(nh) 2(h) Ay (n) A (h) dndh

= J J f(hn)dndh.
The space L'(.#;Cv,()) is the set of all distributions k£ on I' such that for (al-

most) every n in .# the distribution k(n-) induces a bounded convolution ope-
rator on LP(J¢), and the function n — ||k(n is in L'(.#). The space
LY ; Cvy()) is endowed with the norm

) ||CUP(=%”)

HkHLl(k//;CUP(%)) = J/{ ||k(”'>Hcv,,(;f) dA(n). (5.4)

Theorem 5.6. Suppose that p is in (1,00) and that A;//l/p/ k belongs to
LY ; Cvy (). Then the operator f — fx (2P k) is bounded on LP(T'), and

1F (270 ey < Wl oy 1A Rl s oy -
Notice that

12 sy = | Iy ey S axo).

Proof. Notice that (nh) 'nihy = h='n""nihy = (n"'ny)* "h~'hy. Thus,
f * (.@71/1) k)(nlhl)
= J J f(nh) 2712 (h7 h) k((nh) 'nihi) 2(h) dXA(n) dA(R)

:J J Fnh) V() k(0 n0)* ) 9 (h) dA(n) dA(R).

We change variables ((n~'n;)" " =m™') in the integral over ..
Then m~" = h™'n"'nyh, so that m = h~'n7'nh = (n7'n)""', and

d\(m) _ dA((ny'n)") dM(ny'n)
dA(n) dA(ny'n) dA(n)

= 2(h).
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The second equality follows from the fact that & is a homomorphism (whence
P11 = 9(h)), and from the left invariance of .
We conclude that dA(n) = 271(h) d\(m), whence

f * (@_l/p k:)(nlhl)
= J dA(m)J f(mm"h) 27V (h=hy) k(m~'h="hy) dA(A).
M H

We set U(ny,m,h) := f(nym"h), and view the inner integral as the convolution on
A between U(ni,m,-) and 27VP(-) k(m™!), evaluated at the point h;. Therefore

| f = (77 k)HLP(F)

(] [ e @ myonnp 2t arien axenn)

_HHJ (n1,m, ) %0 (277 k) (m ™) () 2P (ha) dA ()

1/p

() Lo ()

where the LP(.#') norm is taken with respect to the left Haar measure of .# and

the variable n;. Observe that the argument of the integral over .#Z above may be

written as
L& U(ny,m,h) 27Y°(h= hy) k(m ™ h~ hy) 2V/7(hy) dh.
Since Z is an homomorphism, this simplifies to
Lf U(ny,m,h) 2"7(h) k(m~"h~'h;) dh

- [(‘91/1)() U(n17 m, )) * k(mil)} <h1>
Therefore, by Minkowski’s integral inequality,

17 * (@77 B o

< J//[ dA(m) H H -@1/]0(') U(ni,m, )) * k(m*l_)HLp(% (5.5)

Mirea)
By assumption, for every m in .# the function k(m™!-) is in Cv,(J#), so that
|(27()U(ni,m,-)) #0 k(m™

- ')HLP(%”)
< H_@l/”(-)U(nl,m,-)HLp(%)) Hk:(m_ ')HC”L)p(%)7
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and

1127 Utns,m9) s k],

Lo (M)
= H “gl/p(')U(”1>

m, ')HLP(ff) ) Hk(mfl')Hcv,,(yf) :

Le(.
Observe that

|27 o,

m, ) HLp(a”f) Lp ()

_ H% Lf\ Flnam® ) (1) dA(m) dA(h)| w

h

We change variables (nym” = n) in the inner integral, write nym" = (n1 m)h, and

observe that
dA\(n)  dA((nd'm)") da(ny T im) da(nl )
dA(n1)  dA(RhT'm) A (edT) dX(m)
= I(h)" A y(m)2(h~ 1)
= A y(m),
i.e., d\(n;) = A7/ (m)dA(n). Then

|27 U,

m, ')HLP(,%&) o) A" (m) Hf”LP(F) :

By combining this and , we obtain that
154 ey < ey | I ey 5207 0) )

(5.6)
ey | Wl ey A2 )

the equality above is a consequence of the change of variables (m™! ~ m), which

transforms the left Haar measure into the right Haar measure. Finally,
AYP(m)dm = A} (m) Ay (m) dm = A7)7 (m) d\(m),

which, together with , gives
155kl ey < 1 ey 14577

as required. O

|L1(<%/;Cfup(¢%”)) )
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We shall often apply Theorem [5.6) when either . is unimodular, or the action of #
on . is trivial (i.e. when I' is the direct product of .#Z and #). For the reader’s
convenience, we state the corresponding results in Corollaries (5.7)) and (5.8)) below.

Corollary 5.7. Suppose that p is in (1,00) and that A is unimodular. Assume
that k belongs to L' (. ; Cv, (). Then the operator f + f* (2P k) is bounded
on LP(T"). Furthermore,

1% @7 )| oy < W oy IRl s gy

Corollary 5.8. Suppose that p is in (1,00) and that T' is the direct product of two
subgroups M and . Assume that A;//l/p/ k belongs to L*(M'; Cvy(H)). Then the
operator f v+ f * k is bounded on LP(I"). Furthermore,

1755l oy < N8 Doy 1827 Bl s oo -

5.3 Spherical multipliers on a tree

We begin this section with some standard notations concerning harmonic analysis
of Z.

We denote by .# the Fourier transformation on Z, given by

FF(s)=)Y F(d)qg VseT, (5.7)
ez
where T = R/(7Z). We denote by .#,(T) the space of all (bounded) functions on
T of the form Fk, where k is in Cv,(Z). The norm of a function #k in .#,(T) is
then defined to be the norm of k in Cv,(Z).

The corresponding inversion formula is

1 )
F(d) =2 J FF(s)g™ ds  VdeZ
TJr
Clearly #F is 1-periodic on R. Note that .#,(T) is contained in L>(T), because

trivially .#,(T) is contained in .#5(T), and .#>(T) may be identified with L>°(T).
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Now we need a lemma on convolutors of LP(Z) whose Fourier transform extends
to a holomorphic function in a strip. For each positive £, we denote by . the strip
Yei={2€C:—e<Imz<0}.

Theorem 5.9. Suppose that p is in [1,00), that  is in Cv,(Z), and that F ¢ extends
to a bounded holomorphic T-periodic function in the strip . for some positive ¢.
Then

1

"901[J700)“cvp(2) < H(‘OHCUP(Z) + (QE—_1+J> H'gz(‘OHHOO(EE) vJeN.

Remark 5.10. The conclusion fails for a generic convolutor of L?(Z). For instance,
it is well known that the function ¢(n) :=n""' 1z o is in Cv,(Z) for all p in (1, 00).
However, ¢1jg o is not a convolutor of LP(Z) for every p in (1,00). Indeed, ¢l ) is
nonnegative. If ¢1jy o) were a convolutor of LP(Z), then it would be a finite measure,
because Z is amenable. This contradicts the fact that ¢l ) is not integrable on

Z.

Proof. Observe that % is T-periodic in the strip .. A standard argument based
on Cauchy’s theorem allows us to move the path of integration from [—7/2,7/2]
to [—7/2,7/2] — ie (note that the integrals over the vertical sides of the rectangle

[—7/2,7/2] x [—¢,0] cancel out by periodicity), and obtain that

1 y 1 o
o) =2 [ Feloramas =1 | Fpls —ie s
T T JT

Hence
e < |70l s,y ©° VIELZ
so that ¢1(_ 1) is integrable on Z, and

1
¢ —1

”901(*007*1]‘}0@,,(2) < H(’Ol(*ooﬁl]HLl(Z) S Hg;@pHHoo(za) :

Furthermore, trivially

oD < ¢l pwimy  VieZ



Chapter 5 133

whence the function @1y ;_;) satisfies the estimate
||‘101[0,J—1}HCUP(Z) < H‘Pl[OJ—l]”Ll(Z) <J Hﬁga”mm.
As a consequence
HSO]'[JvOO)HCUp(Z) < HQ"H(J%(Z) + HQOl(—oo,—l]Hcv,,(Z) + HSO]'[OvJ—l]HLl(Z)

1
< H‘pHC%(Z) + ﬁ Hy90||Hoo(zs) +J HyQOHLOO(T)

1
< Nellen + (=7 +7) 120llmis)

as required. O

Recall that S; is the strip {z € C : [Imz| < t}. If f is a holomorphic function on
S¢, and v is in (—t,t) then we denote by f, the function on R defined by

fo(u) = f(u+iv). We also denote by f; and f_; the boundary values of f, when
they exist in the sense of distributions. Recall (see (1.12))) that the spherical Fourier

transform f of a radial function f in LY.7) is

flz) = Y @) gu(z)  VzeSp

€T

Since the map z +— ¢, is even and 7-periodic in the strip S, ;, so is the function ]}v
We say that a holomorphic function in a strip Ss(,) is Weyl-invariant if it satisfies

these conditions in S;).

The main result of this section is the following.
Theorem 5.11. Suppose that p is in [1,00) \ {2}, and that k is a radial function
on . The following are equivalent:
(1) k isin Cv,(T);
(ii) k is a holomorphic Weyl invariant function on Ss(p), and Eg(p) is in M,(T).

Furthermore, there exists positive constants ¢ and C', independent of k, such that

¢ H%(p)H%p(T) < [Fllou,r <€ HEWH%(T)'
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Proof. 1t is known that (i) implies (ii) and that the left hand inequality above holds
(see [CMS2, Theorem 2.1]).

Thus, it remains to show that (ii) implies (i). Observe that it suffices to prove the
result in the case where p is in [1,2). Indeed, if p is in (2, 00), and Eg(p) is in ,(T),
then Eg(p) is also in ., (T). Since p’ is in (1,2), k is in Cvy (7). A straightforward
duality argument then shows that £ is in C'v,(.7), as required.

Now, assume that p is in [1,2). By the inversion formula ([1.14]),

k(z) = 2c, ¢~ 1*1/? J k(s)c(—s)tg®lelds vz e 7. (5.8)

T

The integrand in above is T-periodic, and holomorphic in the rectangle
(—7/2,7/2)x(=d(p),d(p)). A standard argument based on Cauchy’s theorem allows
us to move the path of integration from [—7/2,7/2] to [—7/2,7/2] + id(p) (the
integrals over the vertical sides of the rectangle [—7/2,7/2] x [0,4(p)] cancel out by
periodicity), and obtain that

k(x) = 2¢c, qflzl/P J'T%(s + i(5(p)) c(—s— i(5(p))*1 qz‘s|x\ ds.

We write (Eé’l)(s(p) instead of k(- +id(p)) c(— - —id(p))~'. We introduce the func-
tion ¢ on Z, defined by

() = 2c, J (Eé’l)(s(p)(s) ¢ ds.

T

Then
k(@) = ¢~ o(|al). (5.9)
Suppose first that p = 1. We must prove that & belongs to L'(.7). Since

*ll 1y = D a7 ellzh)] = |#(0) z
d=

€T

it suffices to prove that ¢ is in L'(Z). Obviously,

= 2,7 F ks, FHE )5
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Since (€71)s(p) is smooth on T, its inverse Fourier transform .7 (&7 1)s(,) is in L'(Z),
by classical Fourier analysis. Furthermore .# 'k, is in L'(Z) by assumption.

Therefore ¢ is in L'(Z) and the proof in the case where p = 1 is complete.
Now, assume that p is in (1,2). In order to analyse k, it is convenient to view it
as a function on the group NA. Denote by x™ and x~ the characteristic functions
of 7 defined by
X (ol 0) =1paey(j)  and X" (v0? - 0) = 1 (oo 1)(4)-
Clearly
k=kx +kx".
In particular, we use formula (5.9)), change variables (see Lemma recall that
Q,(v) = g7 "I/?_ and obtain that
(kx_)(vaj L 0) = q—(lml—j)/p(pﬂv 0l = §) L—oo—1(j)

. 5.10
=" Qp(n) (v 0] = J) Loe, 1) (). 10

Step I: analysis of kx~. Observe that

o) < 20, [ 107700 0
< 207 [[ (ke ™) 5
< 2c,T Hké_lHLOO(SMp))

for every integer j. As a consequence we obtain the following pointwise bound

’(k:x_)(vaj . 0)‘ <2c.T H%é_IHLw(Sa(p)) il 1(oo,—1(7) Qp(v), (5.11)

which we record for later use. Formula (5.10) and Corollary (with I' = NA and
P (vo?) = ¢77) imply that

HkXiHCvp(NA) < H@Upkxinm(zv;cvp(z»

= [ et ol = L Q)
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Clearly the norm in Cwv,(Z) is translation invariant; it is then straightforward to
check that

||S0(|U rol — ')1(—00,—11”0%(2) - H(‘O]'HV'OLOO)HCUP(Z) '
By Theorem [5.9 (with 25(p) in place of €, and |v - o] in place of .J)

1
L ootoorllcuyzy < 1€l cuyzy + <q25(pT1 +lv- 0|> Hf%f)HHoo(z%(p)) :

. . . . ~v_1
By definition of ¢ and of the multiplier norm, HSOHCUP(Z) = 2¢c,T H (kc )6(p) H%p(T)'
Notice that the function é(s_(;) is smooth on R, and never vanishes. Therefore there

exists a constant C such that

| (ke < C |[[ks

)5(,;) Hk//p(qr) () H///,,(T) :

Furthermore,
(2¢c,7)7* ||990||H00(225(p)) = H(Eé—l)é(p)HHoo(z%(m)

= max | ||(Eé_1)5(P)HL°°(’]I‘) ’ H(%é_l)*‘s(i’)HLw(T) ]

= é_1||Hc><>(s5<p)) max | ||E5(p)HL°°(']I') ’ HE*‘S(P)HLDO(T) ]
- Hé_lHHoo(s,g(p)) Hké(p)”mo(qr)
< é71”H<><>(sg<p)) Hk5(P)H///p(1r)?

we have used the Weyl-invariance of k in the last equality above. By combining the

formulae above, we obtain that

HkX_HC’Up(NA) <C H%(p)H//zp(T) JN(l +v-ol) Qp(v)dv < C Hif/é(p)“///p(ﬂr) ;

the last inequality follows from Lemma 5.3

Step II: analysis of kx™. Recall that the modular function on N A is
Ana(vo?) =g (see (5.3))). Thus,
1/ VYA .
i sy = 2 a7 |t o o)l auto
je

— Z g JN |k(va? - o)| du(v).

J=0
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Recall that the Abel transform (see [CMS2]) of |k| is defined by

S(H)G) =7 | [k )] duto)

By [CMS2, Theorem 2.5], the Abel transform of |k| is an even function on Z, equi-

valently
J |k(vo? - 0)| dp(v) = ¢ J |k(vo™ - 0)| du(v)
N N

Altogether, we see that

HA 1/ k:X+HL1(NA) - Z qj/P' JN |k(vcr_j ot

j>0

By the pointwise bound ({5.11)) the right hand side is dominated by
2c, T Hkéilupo(sé(p)) Z qj/p, qu/p JN Qp(v) dp(v).
Jj=0

Now, the integral over N is convergent, because p > 1 (see Lemma [5.3)), and so is

the series, because p < 2 < p/. Therefore

ké

HA_l/p kX+||L1(NA) <C| (5.12)

_IHHOO(S(;(m) S O “k||Hm(Sé(p)) :

the last inequality follows from the fact that ¢! is bounded on Ss(,). Since k is

bounded and Weyl-invariant on Ss)

HEHHOO(SM Hk‘? HLOO(T Hzé(p)”///p(nr)

Step III: conclusion. By combining the estimates proved in Step I and Step I,

we see that there exists a constant C', independent of k, such that

Hk”cvp NA) = HkXJr”cvp Nay T ”kX Hcvp NA)
<C ”/{55(13)“//1,@) :

Since k is radial on .7, Thus, k is in Cv,(.7) and the

Hk”Cvp(NA) - HkHcvp(y)'
required norm estimate holds.

This concludes the proof of the theorem. n
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It is worth to state independently the following version of Theorem [5.11], adapted
to the Hardy-type spaces studied in this thesis.

Note that §(1) = 1/2 and recall that the spherical Fourier transform of the convo-
lution kernel of the Laplacian is 1 — v, where « is defined in (|1.6]).

Corollary 5.12. Suppose that a is in (0,00), and that k is a radial function on 7 .

The following are equivalent:

(i) k is the kernel of a bounded convolution operator Ty, from X*(T) to L'(T);

(ii) k is a holomorphic Weyl invariant function on S1/2, and [(1 —)* E]l/g is in

A (T).
Furthermore, there exists positive constants ¢ and C, independent of k, such that

c [[[(1- 7)0%]1/2”///1@) = |HTk|Hxa(9);L1(9) <C |- V)QE]1/2H///1(T) :

Proof. The thesis follows directly from the definition of X*(.7) and from Theorem
[5.11] Indeed the convolution operator Tj is bounded from X%(.7) if and only if the
operator T}, £ is bounded on L'(.7). Now it is sufficient to note that the spherical
Fourier transform of the convolution kernel of this operator is (1—~)® k and to apply
Theorem to conclude the proof of the corollary. n

Remark 5.13. A multiplier satisfying condition (ii) of Corollary for some o > 0
may be unbounded on S;/,. In particular such a multiplier may have “singularities”
at the points of the set £i/2 + 7Z, which are counterbalanced by the zeros of the
function (1 — v)®. These multipliers, which are sometimes called strongly singular,

are also considered in [MMV4] in the context of noncompact symmetric spaces.
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5.4 Spherical multipliers on the product of trees

Suppose that 77 and 7, are two homogeneous trees, and consider the product
A X Ty, hereafter denoted by 7. We assume that the degrees ¢; and ¢ of 7
and 7 are > 2. Throughout this section we adopt the convention that variables or
groups associated to .7;, with j = 1,2, will be denoted by the sub-script (or super-
script) j. For instance, we denote by G; = N1 A;(Gh),, and Gy = Ny Ay(G3),, the
groups of isometries of .77 and .7, and their Iwasawa-type decompositions. Thus, we
may define 71, 75, Ty, Ta, the spherical functions ¢} (z1) and ¢2,(x2); we shall often
write T instead of T; x Ty. We shall frequently work with the product Ss¢,) X Ss(p),
which we denote by (S(;(p))Q, or simply by Sg(p). If f is a holomorphic function on
S2, and vy, vy are in the interval (—d(p),d(p)), we denote by fy, ) the function on
R? defined by f(u, v, (U1, u2) = f(ur + iv1, us + ivs). We also denote by firsip) <o)

the boundary values of f, when they exist in the sense of distributions.

Recall that all the bounded spherical functions on 7 are of the form

¢S1,82('x17$2) = il (-Tl) ig(‘/’c2)7

where (s1, $2) is in (§1/2)2 and (x1,z9) is in 7. We shall often write ¢s(z) instead
of g, s, (1, X2).

When dealing with products one of the troubles is notation, which soon becomes
cumbersome. In this section we make the effort to keep the notational complication
at a minimum. The price to pay is that formulae appear cleaner, but at the same
time perhaps less transparent. We make a point to try to be as clear as possible. We
adopt the point of view that whenever brevity does not affect the comprehension of

a given formula, we always choose brevity.

In this section we are interested in continuous linear operators on L*(.7), and in
particular in those operators that are invariant by the action of G = G; x G5. Re-
peating the argument in Section [0}, it is easy to see that these operators correspond
to operators on LP(G/G,) (where G, is short for (Gi),, X (G2)e,) given by convo-
lution on the right by a G,~bi-invariant function. We may identify G,—bi-invariant

functions on G with functions on .7 that are radial in each of their variables, and
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therefore we can define C'v,(7) in the same fashion as we did in the single tree

setting.

Given a function M : T — C, we say that M is Weyl invariant if it is even in
each of the variables. Given a bounded Weyl invariant function M on T, we may

consider its inverse spherical Fourier transform k,;, given by
() = e, c,, J M(s1, 53) 6a(@) er(s1) ea(s)| 2 dsidss  Va € .
T

Observe that this function is radial in each of its varables, as the spherical functions

are. Thus it is natural to speculate about what conditions on M imply that £,
bleongs to Cv,(.7).

We also introduce the following notation: given two functions f; : X; — C,
where ¢ = 1,2, we denote by f; ® fo the map with domain X; x X5 defined by

(f1 @ fo)(x1,22) = fi(x1) o).

We shall often use the following simple result about convolutors of LF(Z?).

Lemma 5.14. If ¢ belongs to Cv,(Z?) and j, is an integer, then o(j1,-) belongs to
Cv,(Z). Moreover

Jsllg% HSO(].la ')”Cvp(Z) < HSOHCuP(Z?) )

Proof. We preliminarily observe that, given a function f on Z, we have

((j1,-) *z [)(Ja) Z ©(j1,42) f(J2 — £2)
12X/
> ol 6) 61 — ) f(ja — Lo) (5.13)
(£1,82)€Z?

= (@22 (6@ f)) (J1, J2)-
Now suppose that f belongs to LP(Z), and that HfHLp(Z) = 1. Then we have

, p] /P
oG ) %2 fll gy = | 22 1) 2 £) @)

lo€Z

> (et w )]

(01,62)€Z2

IN
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We make use of (5.13) in the general term of the series above to get

el flpmy < [ 3 1o 222 G D)6, )]

(61,62)622
= |lp*z2 (4o @ f)||Lp(z2)
< lellu, ey 180 ® Fllozsy

Note that H50 ® fHLp(ZQ) = HfHLp(Z) = 1, thus the above chains of inequalities
imply that, for every integer 7y,

||90(j17')HcUp(z) < H@”CUP(ZQ)’

that is the thesis. O

The next Lemma is a two variables version of Theorem [5.9] For each positive ¢
we set 32 :={(21,29) € C*: —e<Imz; <0, j=1,2}.

Lemma 5.15. Suppose that p is in [1,00), that ¢ is in Cv,(Z?*), and that Fro
extends to a bounded and holomorphic function in 2 for some positive . Also
suppose that

HJTQOHHOO (=2) ~ HJTQOHLOO . (5.14)

Then there exists a constant C, independent of @, such that
H‘P 1171 00) ® 1[J2’°0)||cvp(z2) SO+ 0)(1+ 1) H‘PHCUP(ZZ) VJi, Jo €N

Proof. Fix two positive integers J; and Jy, and consider the following (disjoint)
subsets of Z?:

={

(J1,J2): g1 = Ji, 0 < ja < Jo},
(J1,72): 0 < j1 < Ji, 0 <o < o},
(J1,72): 0 < g1 < Ju, J2 > Jo},
(J1,72): J1 <0, j2 >0},
(J1, J2):
(1, J2): J

Ji,J2

={
By ={
By =
={
{

JisJ2 J1<0 J2 < 0},

Ji,J2

1 >0, j2<0}
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It is easily verified that the union of these subsets is Z\ {(j1,72): j1 > J1, j2 > Jo}.
Since ¢ is in Cv,(Z?), it suffices to prove that ¢ 1, is in Cv,(Z?) for i = 1,...,6,

with an appropriate bound on the convolution norm.

Step I: analysis of the restrictions to Fy and E3. We claim that there exists a
constant C' such that

||90 1E1HCUP(ZQ) <C (1 + ‘]1) J2 HSOHCUP(ZQ) !
ol zny < O (1) ol
Note that by symmetry we can focus only on FEj.

Theorem [5.9| implies that, for every fixed integer ja,

2320100 M2y < C A+ (o€l oz + [ F190C52) | roissy )
(5.15)
For every fixed integer 7o,

il d))(s1) =j Fop(s1,52) 45 dsy, (5.16)

Ty
We may conclude that for every integer j, and for every s, in T,
[ Fale(-, J2)](s1)] < 7o waHHoo(zg)
<7 ||| ey
< |76l 4 -

where the first inequality follows from ([5.16]), simply passing the absolute value
inside of the integral, while the second is true by hypothesis (5.14). Finally by

definition HﬂcpH%p(T) = HQDHCUP(ZQ), thus reduces to
H@('vj2)1[J1700)(')||CUp(Z) < C(1+ 1) ( H@("ﬁ)”cfup(Z) + ”"DH(va(z?) )-
So

ooz < X o032 15,2 e

J2€Z

<C(1+4)J ( sup [|@(52)[| o, ) + 16l 22) )

0<gj2<J2
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Now we can apply Lemma [5.14] in the last expression, to get

H901E1||C'UP(ZQ) < 0(1 + ‘]1) J2 ||S0HC'1);,(ZQ) ’

which proves our claim.

Step 1I: analysis of the restriction to Fo. This is the simplest part. Indeed FEs is

finite and has .J; Js elements, so

o1, ||cvp(z2) < [le1g, ||L1(Z2)

< JiJo sup  |p(di,d2)]-
(J1,d2)€E2

It is easy to prove that

sSup ‘¢(]17]2>’ < }lngDHHOO(EQ)
(J1,J2)€Z? N
= ||§T90HL°°(’JI‘) ’
where the equality above is true by hypothesis .
Clearly HﬁprLw(T) < Hey@qrgo”%p(T), and we conclude that

||901E2chp(z2) < Jidy HﬁT@pH/zzp(T) ;

as required.

Step I11I: analysis of the restriction to E5. We claim that there exists a constant
C such that

||901E5||cup(z2) <C ||90H0v,,(z2) :
By Fourier inversion, we have

1

01, J2) = —— J J Frp(s1,89) @77 g5 dsy dss
172 J1y JTy

A standard argument based on the Cauchy’s theorem allows us to move the path

of integration from [—7/2,71/2] to [—71/2,71/2] — ie, and to do the same also in
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the second variable. Note that the integrals over the vertical sides of the rectangles

cancel out by periodicity. Thus

1 g

©(j1,J2) = —— J J Frp(s1 —ie, so — ie) ¢ g7 dsy ds,
T1 T2 Ty JTs

1 . N

_ J1E€ _J2€ ar . . 15171 15272

=—aq" ¢ Frp(sy —ie, so —ie) ¢, g5 7 dsy dss.
172 Ty JTo

These equalities yield

IN

H"DlESHLl(W)

L Jie Jee |l gm (. i .2
T T j1%:<0 h % HJ&TSO( ¥ Zé)HL‘X’(T) ‘

H901E5Hcv,,(z2)

N

By (5.14)

Hﬁwp(- —i&,-—iE)HLw(T) < HgTSO“LOO(’E) < H‘%TSOH./@(T) :

We conclude that
1 1 1

T1T2 g1 — 1 ¢5 —

=C H‘PHC%(Z% '

¢ 1z TSOH%(T)

Cvp(2?) — 1 Hﬁ

This proves the claim for the restriction of ¢ to Es.

Step 1V: analysis for the restrictions to Ey and Fg. We claim that there exists a
constant C' such that

HSO(]-E4 + 1E5)||Cvp(Z2) < C H<‘0HCU;,,(Z2) ’
ng(]‘EG + 1E5)||CUP(ZQ) S C HSOHCUP(ZQ) ’

Observe that these inequalities, together with Step III imply

HSD]'E‘lHC’vp(ZQ) S C HSOHCUP(ZQ) ’
| 1E6Hcvp(z2) <cC HWHC%(Z% '
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By symmetry it suffices to prove the desired inequality for
¢ (1g, + 1g;) = @1gj,<0p. The integration argument used in Step III (this time
applied only in the first variable) leads to

1

©(J1,J2) = —— J J Frp(s1,82) @77 527 dsy dsg
T1 T2 T; JTy

1 . o

— J1€ Z. ; 151J1 15272

= —q Frp(sy —ie, s9) ¢ 7" g5 *7* dsy dss.
172 Ty JT2

Thus

1 ; .
HSO 1{j1<0}HCvp(Zz) < P Z e H{%ﬁp(- — g, .)HLOO(T)
J1<0
s
T T2 g7 — 1

< C el -

< H’QTQ‘JH//ZQ(T)

where the second inequality follows, as usual, from (}5.14]).

Step V: conclusion. We proved in the four steps above that there exists a constant

C, independent of ¢, such that

e 1g, cuyzzy < C (L4 D1) (14 ) ||90Hcvp(22)

for every i = 1,...,6. Clearly

6
[0 1,000 © 1[J2,<>0)Hcvp(z2) < ||90Hcvp(z2) + z_; ¢ 1, Cup(Z2)
SO
[ 111.00) @ L0 | g 2y < C A+ T) (L T2) ([0l 22) o
that is the thesis. O

The main result of this section is the following.



146 Chapter 5

Theorem 5.16. Suppose that p is in [1,00) \ {2}, that M is a Weyl invariant and
holomorphic function on Sg(p), and that Msp)sp)) @5 i My(T). Then the inverse
spherical Fourier transform ky belongs to Cv,(7). Furthermore, there exists posi-

tive a constants C', independent of M, such that

HkM”cvp(y) <C HM@(p),é(p))H///p(T) :
Proof. Observe that by the same duality argument used in the beginning of the
proof of Theorem it suffices to prove the result in the case where p is in [1, 2).
Now, assume that p is in [1,2). By the inversion formula ((1.14]),

k(x17x2) = 4CG1 CG2 ql_‘gcl‘/2 q2_|702|/2

X J J M(s1,82)c(—s1,—82)  qy " gy dsy dse,
T; JTo
where we denoted by c the function ¢; ® c,. In what follows we shall write
(,0(51, fg) = Cg, CG2 <gﬁ(]M é_l)(é(p),é(p))(él’ 42) \V/(fl, 42) € Z2, (518)

where we denoted by .%# the Fourier transform on T. Observe that the properties of
M allow us to move that path of integration in both variables, from [—7;/2, 7;/2] to
[(—7j/2,7;/2] +i6(p), so

k(zy,x) = g, VP g VP (|, |a)) V(r1,220) € Ti x Fo. (5.19)

Also note that

F(Met = 7 Msp) 60)) ¥22 F (€7)

>(5(p)75(p)) (6(p),6(p))’

and that ﬁ(é_l)w(p) s 15 1D LYZ*). Thus & (M é_l)((s(p) s(p)) 15 & convolutor of

LP(Z?) if and only if .F M5 .5(p)) 18, and

|7 (M) < [|7 (e

@il o) |- F Misp),

3(p)) Hcvp(m) :
(5.20)

Dewseploz |

Suppose that p = 1. Equation (5.19)) in this case reads

k(z1,22) = q7 ™ g1 (|21, |2 V(z1,22) € 51 X T
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We need to prove that k belongs to L'(.7). It is easy to see that there exists a

constant ¢, 4, such that

e}

%[l 17y < Caran > leldi,dy)l,

d1,d2=0

so it suffices to show that ¢ is in L'(Z?). This is a consequence of the hypothesis
on M and of the preliminary observation (/5.20)).

Now suppose that p is in (1,2). It is useful to view k as a function on the
group NA = NjA; x NyAy. Denote by x{ and y; the characteristic functions of
(N7 X Z7) x NyAy and (N7 X Z7) x NyAy, respectively, and write

k=kxy +kxi.

We shall analyse kx; in Step I below. The term ky; will be further decomposed
and we shall analyse it in Steps II-111.

Step I: analysis of kx;{. We apply Corollary to the group I' = N1 A X Ny As.
Recall that the modular function of NyA; is Ay, 4, (v107") = ¢;7*, so

< HA&1{4171 k ! HLl(NlAl;C'Up(NQA2))

= Z qul i JN HkX1 U1<71 101, HC,UP(NQAZ) dp(vy).
1

7120

|[xt ”Cup (NA)
(5.21)

Note that k is radial in both variables and apply the Abel transform in the first

variable to get

J 1t (iof - 01,9l gy A1)
M (5.22)

[ 0 g )
N1
Before we continue, let us introduce the following auxiliary function

j — w2022 -05]/2 . j
PNz Ay (617 UQO—%Q) = 4001 Cay 42 raaenl/ LgZ.(MC 1)(5(1,),0) (517 |U20-%2 ’ 02|)
v<£1,'l}20'%2) €7 x NQAQ.
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Thus, for every nonnegative j;, we have

(lv1-o1|+j1)/

k?(UlUl_jl - 01, 02052 : 02) = Ch_ pS0N2A2(|U1 : 01| + jl:UQO—gQ)v (5-23)

where we used Lemma in the first variable. Combining equations (5.21), (5.22))
and ((5.23) we get

HkXT HCvp(NA)

<3 @ | Q) llemanllon ol + i oy vy dHC01)

< M (5.24)
<@ M sup || owaaa(fr e, (vona) J @p(v1) dp(vr).
>0 £,>0 Ny

Observe that

PNo, (01,0208 - 02)
_ —[v20320/2 -1 is1l isa|v203? 0o
~ Yoo, JTQ ”@rl (MET) 509 (51 52) 2™ dsl} @ ds

and denote the inner integral in the above expression as My, (sz). Then estimate

, Lemma and the single tree result (Theorem imply
It llcu,va < Co s floman () o, v
< G sup 1(Me) sl (5.25)
1-
< Gy sup |-, (M) sl vy 2
A computation shows that
Frs(Mer) o (£2) :J J (ME™) 5500 (51 52) 657 0 sy dsy
Ty JT

= (4CG1 CGQ)il 90(617 62)'
Finally (5.25) and Lemma yield

||kX—1i_HCvp(NA) <G Z‘g% e (r, ')Hcvp(Zz)

<G H‘P“cyp(ﬁ)

< Gy [|Memsonl g -
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Step II: analysis of kxy, part 1. To estimate the convolution norm of kx; we

further decompose

kxi = kxixs +kxixa
where x5 and y, are characteristic functions in the second variable, defined in the
same fashion as x; and y; .

First we consider kxj x5. We write kx; x5 = kx3 — kxi kx5, and we observe

that we can obtain the estimate

< Cy || Msp)

s ||cvp (NA) p))“/é,(ﬂf)

following the procedure described in Step I, exchanging the roles of variables. Thus

we need to consider kx{ x4 . Convolution inequality ((1.5)) implies

HkXI X2 HCU (NA) < HANi/Apl AJ_V;/fQ le X2 HLl (NA)
— J2 Jl/p J2/p’
> @’ % (5.26)

J1,5220

X J J |k(v10{1 -01,02032 ~09)| du(sy) dp(sg).
Ny I,

The usual Abel transform argument, this time applied to both variables, implies the

following equation

jj|%w%mmﬁvmwmmwm
NN (5.27)

—ﬁﬁjj|m@mmmgﬂwmwmw@y
Ny JNo

Since j; and j, are nonnegative, we may apply Lemma in both variables, and

we obtain
j J k(01077 - 01,0057 - 09)] dpa(s1) da(so)
N1 JNo

=WW%WJJ Qp(01) Q) (01 - 01] + s [ - 0] + o) dpa(s1) dpa(sa).
N1 JN-
o (5.28)
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Equations , and , along with the trivial estimate
H90||L<><>(Z2) <C HM(5(p),5(p))||Loo(1r) imply that

HkXIrXELHCvp(NA) < Z qil(l/p/_l/p) q§2(1/p/_l/p) H‘PHLOO(W)

J1,J220
<[ Qo) duts) | @yl ditsa)
Ny N2
< Gy [| M55 || oo )
<G, IIM@(p),&(p))H//;par) ,

where we also used Lemma [5.3[in the second inequality above.

Step I1I: analysis of kxy , part 2. We are left with kxi x; . We apply the change

of co-ordinates in Lemma [5.2] in both variables, and we obtain

k(vio]" - 01,0208 - 02) X~ (j1) X (j2)

= "7 @7 Qu(v1) Qp(2) @([v1 - 01] = 1, [v2 - 0] = j2) L—oe12 (i1, J)-

Observe that Ny A; x NyAs is homomorphic to (N x Ny) x (A; X As), where the
action of A; X Ay on Ny x Ns is defined as the conjugation on the corresponding
component. We may apply Corollary (with T' = (N; x Ng) x (A} x As) and

2 = ¢;7* ¢;7) to obtain the following estimate

kxixz SJ J @(Jvr o1 =+ |va - 0a] =) Lmoo,—12
oxxs len < [ [ 1 ooz
X Qp(v1) Qp(v2) dpe(v1) dp(vz).
It is straightforward to check that
H90(|Ul : 01‘ - ’1)2 : 02| - ) 1(700,71]2“0%(2) = ”(Pl[\vrml,oo) ® 1[Iv2-ozl,<>0)HCvp(z) :

We need to verify that ¢ satisfies the hypothesis of Lemma [5.15] Indeed the mul-

tiplier corresponding to ¢ is 4c, ¢, (M éfl) which extends to a bounded,

(6(p),5(p))’
holomorphic function on 33 5(p)- Moreover the Weyl invariance of M implies that

Meé~" is even in both variables, thus

1€ sy s ey = L) (e st | oy -
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Since Mé&~! is holomorphic in Ss(p), the equation above implies that

I(pe7) ) = (e

(M@ﬁ@»HHw@;@) oo sonllea -

Finally we can use Lemma to get

H80(|U1 co1] =+ |2 0a] =) 1(700,*1]2“0%(22) <C (1+|U1'01|) (1+|U2'02’) H90||CUP(Z2) :

Recall that @), is integrable on N even if it is multiplied by a power of |v - o] (see

Lemma [5.3)), thus (5.29) yelds

||k:X1_X2_}|C’vp(NA) < C ||S0HC’UP(ZQ) JN (1 + |U1 ’ 01|) QP(Ul) d:u(vl)

|l o @) dut)

<G H('OHCvp(ZQ)
<Gy M )

Step IV: conclusion. By combining the estimates proved in Steps I-1I-1I] we see
that there exists a constant C', independent of M, such that

HkHCvp(NA) < HkaHcv,,(NA) + HkXIX;HCvp(NA) + HkXIX;HC'up(NA)
<C M| 4y -

Since k is radial in both of its variables, so k belongs to

Cv,(7), and the required estimate holds.

‘kHcvp(y) - Hk”ovp(sz)’

This concludes the proof of the theorem. O

Remark 5.17. Theorem is the exact counterpart of the implication (ii) = (i)
of Theorem [5.11} It is an interesting question whether it is true also the converse
implication, that is a two-variables version of [CMS3, Theorem 2.1]. At least in
the case of kernels k£ that factorises as k1 ® ko the answer to this question is in the

affirmative.

Indeed consider a convolutor k& on LP(.7) such that

k(z,y) = ki(z) k2(y) V(z,y) € 51 X S,
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where k; and ky are radial functions on .7 and % respectively. Since k is in
Cv,(T), it is easy to prove that for every fixed xy in 77, k(zo,) = ki(zo)ka()
is a convolutor of L?(%). Thus [CMS3, Theorem 2.1] implies that ks extends to
a bounded, Weyl invariant, holomorphic function on Ss(,), whose boundary values
belong to .#,(T;). Exchanging the role of the variables it is possible to prove that
the same is true for k1. Now consider a function f in LP(.%;) and a function g in
LP(J), so that f ® g is in LP(.7) and || f ®9HLP(9 ;- Then
(f ®g)* (k1 ®kz) = (f * k1) ® (g % k2), and

) = vy N9llie,

”kHch(y) = sup sup - [[(f®g)* (k1 ® kQ)HLp(y)
Il fllze(a)=1llgllLp(zy)=1
- HleCUP(%) Hk2HCUP(%) :

Thus the norm equivalence in Theorem [5.11], applied in both variables, implies that

thers exists a positive constant C' such that

> C ||(k)

HkHov,,(y) 5(p) ”///p(nrl) H (E2)5(p) H/zp(qrz) :

Finally it suffices to show that
H (751)5(19) H///p(ﬂrl) H (EQ)a(p)H///p(TQ) = H%(cﬁ(p),é(p)) H///pmr) ' (5.30)

Define ¢ as in ([5.18]), with 7{;1 ®%2 in place of M, and note that also ¢ factorises
as p1 ® o (where 1 and @9 are defined on Z). By definition (5.30)) is equivalent to

H<P1 ® 902“0%(22) < H%Hc%(zl) H902H0vp(22) :
Given a function F in LP(Z?), a straightforward computation implies that
Fx (01 @ @2) = [F# (01 @ 60)] * (80 ® 2),

SO
HF * SOHLp(ZQ) = H[F * (901 ® 50)] * (50 ® @2)”[11)(22)

< H902Hcvp(z2) HF*(901®50)HLP(Z2)

< HS"chv,,(zl) H902Hcv,,(zz) HFHLP(ZQ)'
We conclude that

HQOHC%(W) < H%Hc%(zl) HWHC%(ZQ)’
as required.



Chapter 5 153

5.5 Hardy-type spaces on products

Denote by £ and %, the standard nearest neighbour Laplacians on .77 and 2. It
is natural to speculate whether L'(. 7] x %) admits subspaces that play for harmonic
analysis on 7] X % much the same role as the Hardy-type spaces X*(¥¢) plays for

harmonic analysis on the graph ¢.

It may be worth observing that the definition of the product Hardy space
H'(R™ x R") is not a straightforward generalisation of that of the classical Hardy
space H'(R™).

As a preliminary observation, notice that .£.%, is injective on L?*(.7), hence

on L'(.7). This may be easily seen via spherical Fourier analysis. Indeed, it is
straightforward to check that

%3132(31, S9) = (1 — ’yl(sl)) (1 — 72(52)) V(s1,82) € Ty x Ts.

Since 7; is a continuous function on T; and 1 — 7;(s) does not vanish therein, the

function
1

(1—=(s1)) (1 —2(s2))
is bounded on T; x Ty, whence .£.%, is invertible on L?(.7). Thus, £.% is

injective: consequently so is (,Zl,;%)a.

(81, 52) —

A slight generalisation of the argument above shows that .Z.%, is, in fact, a
Banach space isomorphism of LP(7 x ) for every p in (1,00). This simple fact

has the following important consequence.

Definition 5.18. Suppose that « is a positive real number. Denote by X*(.7) the
space (£1.%)" (L'(7)), endowed with the norm

Hfoa(y) = ||($1$2)7afHLl(?) :

Observe that the definition above makes sense because of the injectivity of (.,?1.,%)&.

We adopt the same notation as in Section
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Corollary 5.19. Suppose that 0 is in (0,1), and that o > 0. If py is 2/(2—0), then

(X2(7), I2(T)),, = LP(T).

(]

Proof. The proof follows the lines of the proof of Corollary 2.9 with the role of &
therein played here by the operator .21.%5. We omit the details. O

Remark 5.20. Notice that Corollary holds in the more general setting of product
of two graphs with bounded geometry and spectral gap. We omit the details.

Next, we consider an application of the Hardy-type space X*(Z; x %) to spherical
multipliers. Notice that 77 x % has a natural Laplacian £, given by & + %.
It is well known that estimates for functions of ., such as ™, with u in R, may
be obtained as a consequence of Hormander type multiplier results. However, such

multiplier results do not apply to multipliers of the form

[

(51,82) = (1= 71(51))™ (2= m(s1) —a(s2)) ",

which correspond to the operators £ (&) + %)™.

The next result is a corollary of Theorem [5.16] and it is the counterpart of
Corollary in the present setting. We denote by 1 — v = (1 — 71)(1 — 2) the
spherical multiplier corresponding to .Z,.%.

Corollary 5.21. Suppose that « is in (0,00), that M is a holomorphic Weyl inva-
riant function on S%/Q, and that [(1 —~)* M]a2,1/2) is in 4 (T). Then the inverse
spherical Fourier transform ky; is the kernel of a bounded convolution operator Ty
from X*(7) to L*Y(F). Furthermore, there exists a positive constant C, independent
of M, such that

HlTMm%a(?);Ll(y) <C H[(l —-7)° M](l/ll/?)H/zl(nr) :

Proof. The thesis follows from Theorem [5.16| with p = 1. We only need to observe
that the multiplier corresponding to ((£-%%)* is (1 —7)*. O
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