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Compactness and existence results in weighted Sobolev spaces of
radial functions. Part II: Existence

Marino Badiale® - Michela Guida®® - Sergio Rolando®*

Abstract

We apply the compactness results obtained in [4] to prove existence and multiplicity results for
finite energy solutions to the nonlinear elliptic equation

—Au+V (z)u=yg(z|,u) mnQCRY, N>3,

where € is a radial domain (bounded or unbounded) and u satisfies u = 0 on 9 if Q # RY and
u — 0 as |z| — oo if Q is unbounded. The potential V' may be vanishing or unbounded at zero or
at infinity and the nonlinearity g may be superlinear or sublinear. If g is sublinear, the case with
g(]-],0) # 0 is also considered.
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1 Introduction and main results
In this paper we study the existence and multiplicity of radial solutions to the following problem:
—Au+V(Jz))u=g(z|,u) inQ
{ u € Dy (Q), Jo V (Jz|) u?dz < oo (P)

where Q C RN, N > 3, is a spherically symmetric domain (bounded or unbounded), Dy?(2) is the usual
Sobolev space given by the completion of C°(€) with respect to the L? norm of the gradient and the
potential V satisfies the following basic assumption, where €, := {|z| > 0: z € Q}:

(V) V:Q, —[0,+00) is a measurable function such that V € L! (ry, ;) for some interval (ry,73) C €.
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More precisely, we define the space
Hjy () = {u e DY () : / V (|2]) v?dx < oo} (1)
Q

(which is nonzero by assumption (V)) and look for solutions in the following weak sense: we name solution
to problem (P) any u € Hgy, (€2) such that

/Vu~Vhda:—|—/V(|x|)uhd:1::/g(|:c|,u)hd:c for allhEH&V (Q). (2)
Q Q Q

Of course, we will say that a solution is radial if it is invariant under the action on Hj (Q) of the
orthogonal group of RV,

By well known arguments, problem (P) is a model for the stationary states of reaction diffusion
equations in population dynamics (see e.g. [I§]). Moreover, its nonnegative weak solutions lead to special
solutions (solitary waves and solitons) for several nonlinear field theories, such as nonlinear Schrédinger
(or Gross-Pitaevskii) and Klein-Gordon equations, which arise in many branches of mathematical physics,
such as nonlinear optics, plasma physics, condensed matter physics and cosmology (see e.g. [0[3T]). In
this respect, since the early studies of [12,[19\[25,26], problem (P) has been massively addressed in the
mathematical literature, recently focusing on the case with = R" and V possibly vanishing at infinity,
that is, liminf|,| o V (|2]) = 0 (some first results on such a case can be found in [3}[7,T0,11]; for more
recent bibliography, see e.g. [2L[5L8LT3HIALI7,27H291[32L[33] and the references therein).

Here we study problem (P) under assumptions that, together with (V), allow V (r) to be singular at
some points (including the origin if € is a ball), or vanishing as » — 4oo (if € is unbounded), or both.
Also the case of V' =0, or V' compactly supported, or V vanishing in a neighbourhood of the origin, will
be encompassed by our results. As concerns the nonlinearity, we will mainly focus on the following model
case (see Section B for more general results):

g (lz[,u) = K (|z]) f (u) 3)

where f and the potential K satisfy the following basic assumptions:

(K) K :Q, — (0,400) is a measurable function such that K € L{ _(€,) for some s > ]\2,—12;

loc

(f) f:R — R is continuous and such that f (0) = 0.

Both the cases of f superlinear and sublinear will be studied. For sublinear f, we will also deal with an
additional forcing term, i.e., with nonlinearities of the form:

g9 (|2l u) = K (Jz]) f (u) + Q () - (4)
Problem (P) with such g¢’s will be denoted by (Pg), so that, accordingly, (Pp) will indicate problem (P)
with ¢ given by (@3)).
Besides hypotheses (V), (K) and (f), which will be always tacitly assumed in this section, the poten-
tials V' and K will satisfy suitable combinations of the following conditions:

(VKj) Jap € R and 36, € [0,1] such that
K (r)

esssup ————- < 400 for some Ry > 0;
re(0,Ro) 1V (1)7°



(VK&) Jas € R and 3B € [0, 1] such that

K
ess sup (r) 5 <+ for some Ry > 0;
r>Roo TV (1)

(Vo) v > 2 such that es(séilr%f) 7V (r) > 0 for some Ry > 0;
r€(0,Ro

(Vo) Yoo < 2 such that essinfr7=V () > 0 for some Ro, > 0.

7>Roo

We mean that V (r)’ = 1 for every r, so that conditions (VKp) and (VK,) will also make sense if
V(r)=0for r < Ry or r > Ry, with Sy = 0 or B, = 0 respectively.

Concerning the nonlinearity, our existence results rely on suitable combinations of the following as-
sumptions:

(f1) 3q1,q2 > 1 such that
|f ()]
< 3
b min {ta=1 te2—1} oo

(F1) 36 > 2 and 3ty > 0 such that 0 < OF (¢t) < f (¢)¢ for all ¢ > 0 and F (t9) > 0;
(F2) 30 > 2 and 3tg > 0 such that 0 < 0F () < f ()¢ for all ¢ > t;

F(t
(F3) 30 < 2 such that lim inf £t > 0.
t—o+  t?
Here and in the following, we denote F' (t) := fot f (s) ds. Observe that the double-power growth condition
(f1) with g1 # g2 is more stringent than the following and more usual single-power one:

(f2) 3¢ > 1 such that
|f @l
150 o1

< 400

(the former implies the latter for ¢ = ¢1, ¢ = g2 and every ¢ in between). On the other hand, (f;) does
not require q; # go, so that it is actually equivalent to (f2) as long as one can take ¢; = g2 (cf. Remarks

25 and [75).

In order to state our existence results for superlinear nonlinearities, we introduce the following nota-
tion. For a,7 € R and 8 € [0, 1], we define the function

20+ (1—28)7+2(N —1)

TN D= if v # 2N — 2. (5)

Qe (avﬂvﬁy) = 2

Then, for v > 2, we set
—1-p)y if2<y<2N-2

g([3’7):_{—00 ify>2N -2,

2 if2<~y<2N —2and o> a(8,7)

gl )= {max{2,q** (@8} ify>2N =2 and a>a(8,),



and
Ges (@, B,7y) i 2<~y<2N —2and a > a(8,7)

q(a,6,7)1={+oo ify>2N —2and a>a(B,7).

Theorem 1. Let Q = RY. Assume that f satisfies (F1), or that K (|-|) € L*(RY) and f satisfies (F2).
Assume furthermore that (VKy), (VK ) and (f1) hold with

a >, ¢<q@ <7 G >max{2, g}, (6)

where
Q:Q(ﬁ072)7 g:g(a076072)7 qzq(a07ﬁ072) and Qxx = Qxx (OéooaﬁOO72)'

Then problem (Py) has a nonnegative radial solution u # 0. If V also satisfies (Vy), then we can take
a = a(Bfo,7), ¢ = q(ao,Bo,v) and § = G (o, Bo,v0). If V also satisfies (Vo), then we can take
Qxx = Qxx (aoou Booa'?oo)-

Remark 2.

1. The inequality g < G is not an assumption in (@) (even in the cases with assumptions (Vo), (Voo)),
since it is ensured by the condition ag > a.

2. For B €10,1] fized, a(B,7) is left-continuous and decreasing in v > 2 (as a real extended function)
and one can check that q (o, 8,7) and G(«, B,7), defined on the set {(a,v) :v > 2, a>a(B,7)},
are continuous and respectively decreasing and increasing, both in v for o fized and in o for ~y fized
(q is continuous and increasing as a real extended valued function). Similarly, max {2, g. (o, 8,7)}
is increasing and continuous both in v <2 for a € R fized and in o € R for v < 2 fized.

Therefore, thanks to such monotonicities in ~y, Theorem [ actually improves under assumption
(Vo), or (Vs), or both.

Moreover, by both monotonicity and continuity (or left-continuity) in o and -y, the theorem is also
true if we replace ap, oo, Y0, Yoo M Q, G, G, G With 0o, Qs V05 Y s where

_ K (r) : K (r)
Qi = Sup { g : €esssup — 5 <F0,p, Qap = inf < ag : €88 supiﬂ < +00p,
re(0,Ro) 1V (r)7° 7>Ro TV (1)

= : inf r7°V (r) >0, = inf< Yoo : infr7=V (r) > 0.
Yo = sup {”m sl (r) } Y, =in {7 ess inf 7=V (r) }
This is consistent with the fact that (VKy), (Vo) and (VK) , (Vo) still hold true if we respectively
lower ag,vo and raise oo, Yoo-

3. Theorem [l also concerns the case of power-like nonlinearities, since the exponents q1 and qo need
not to be different in (f1) and one can take ¢ = g2 as soon as max{2, q..} < q. For example, this is
always the case when (Vo) holds with v9 > 2N —2 (which gives § = +00), or when aoo < 2 (Lo — 1)
(which implies max {2, ¢ux (Qoo, Boo, 2)} = 2).

The Dirichlet problem in bounded ball domains or exterior spherically symmetric domains can be
reduced to the problem in 2 = RY by suitably modifying the potentials V and K (see Section [ below).
Hence, by the same arguments yielding Theorem [T we will also get the following results.



Theorem 3. Let 2 be a bounded ball. Assume that f satisfies (F1), or that K (|-|) € LY () and f
satisfies (F2). Assume furthermore that (VKg) and (f2) hold with

ap > and Q<Q<§a where g:g(ﬁ072)7 g:g(a076072)7 a:a(a076072)' (7)

Then problem (Po) has a nonnegative radial solution uw # 0. If V also satisfies (Vy), then we can take
a=uo (ﬁ()v FYO)) 4=49 (Oéo, ﬂOa ’YO) and g=9q (0407 ﬂOa ’YO)

Theorem 4. Let Q be an exterior radial domain. Assume that f satisfies (F1), or that K (|-]) € LY(Q)
and [ satisfies (Fg). Assume furthermore that (VKs) and (£f2) hold with

q > max {2, ¢ux } , where  Gux = Qux (Qoos Booy 2) -

Then problem (Py) has a nonnegative radial solution u # 0. If V also satisfies (Vs ), then we can take
Qxx = Qxx (aoou Booa'?oo)-

For dealing with the sublinear case, we need some more notation. For a,y € R and 8 € [0,1), we
define the following functions:

o (B)=-(1-B)7  aa(®)=-(1-AN. (g =-TEN
and
¢ (0, B,7) = 26%}\7# if y # N. 9)
Then, for v > 2, we set
max {1,28} if2<~<Nanda>a(5,7)

a0 (2 8,7) : { max {1,208, ¢ (o, 8,7)} ify>N and o> o (8,7).

In contrast with the superlinear case, we divide our existence results into two theorems, essentially
according as assumption (VKjy) holds with «aq large enough with respect to 8y (and 7, if (Vp) holds),
or not (cf. Remark [[I2)): in the first case, we need only require that f grows as a single power; in the
second case, we assume the double-power growth condition (f;), which, however, may still reduce to a
single-power one in particular cases of exponents g, 8o, Y0, Coos Boo, Yoo (cf. Remark [TIH]).

Theorem 5. Let Q =RY and let Q € L?>(R.,rN*ldr), Q > 0. Assume that f satisfies (F3), or that Q
does not vanish almost everywhere in (ri,72). Assume furthermore that (VKy), (VKo) and (f2) hold
with

BOaﬁoo < 17 (&%) > Oégo), Qoo < ag(m)u maX{2Bom(J07Q*} <g< 27 (10)

where

ol = a1 (50,2), o™ =1 (Bx:2). 0 =100(00,50,2) and ¢u = g (Aoos Boc, 2) -

Then problem (Pg) has a nonnegative radial solution w # 0. If V also satisfies (Vo), then the same

result holds with ago) = a1 (Bo,v) and g0 = qo (@0, Bo,Y0), provided that g > ago) ifvo>N. IfV also

satisfies (Vo ), then we can take agoo) = a1 (Boo, Yoo) and ¢ = s (Qoos Boo, Voo) -



Theorem 6. Let Q = RY and let Q € L?>(Ry,rN*ldr), Q > 0. Assume that f satisfies (F3), or that Q
does not vanish almost everywhere in (ri,72). Assume furthermore that (VKy), (VKo) and (f1) hold
with
Bo, Boo < 1, max {ag, a3} < ag < ozgo), oo < a§°°), (11)
max {1,260} < q1 < ¢, max{1,2ﬂoo,qi°°)} <gp <2, (12)

where
as =az(fo), asz=az(fo,2), aﬁo’ = a1 (6o,2), a§°°) = a1 (fx2),

ng) = (gx (Oéo, ﬁ07 2) and qS‘OO) = gx (a007 BOO’ 2) :

If Q does not vanish almost everywhere in (r1,72), g2 = 2 is also allowed in ({I2). Then problem (Pg)

has a nonnegative radial solution uw # 0. If V also satisfies (Vo) with 2 < v9 < N, then we can take

ozgo) = a1 (Bo, V), as = as (Bo,Y0) and qio) = ¢« (@0, Bo,v0). If V also satisfies (V), then we can take

aq = Q1 (ﬁooaVoo) and q&OO) = Qx (04007 Boou’yoo)~
Remark 7.

1. The inequalities max {ag, asz} < ozgo), max {1,258y} < ¢\” and max{1, 2ﬁoo,q£°°)} < 2 n {II)-12)
and max {28, qo, g« } < 2 in [{I0) are ensured by the other hypotheses of Theorems[d and[8, so that
they are mot further assumptions.

2. As (VKy) remains true if we lower g, the assumption ag < aﬁo) (= a1 (Bo,70), 2 <7 < N) in
(I1) is not a restriction. Nevertheless, if the hypotheses of Theorem[d are satisfied and (VKy) holds
with ag > a§0)7 it is never convenient to reduce ag and apply Theorem[d, since one can always apply
Theorem [A and get a better result (because (f1) with q1,qo satisfying (I2) implies (f2) for some q
satisfying (Id)). In other words, Theorem [@ is useful with respect to Theorem [A only when (VKy)
does not hold for some agy > ozgo).

3. For B €10,1) fized, aq (B,7) is continuous and strictly decreasing in v € R and one can check that
qo (o, B,7), defined on the set {(a,7) : 7> 2, a > a1 (8,7)}, is continuous and decreasing both in
v for « fized and in « for v fized. Similarly, the function defined on {(c,vy) : v <2, a < a1 (8,7)}
by max {208, ¢« (a, B,7)} is increasing and continuous both in v for « fized and in « for v fized.

This shows that Theorem[3 improves under assumption (Vg), or (V), or both.

Moreover, as in Remark[2[2, the theorem is still true if we replace g, Qoo Y0, Yoo With &g, A, Vo, Yoo
n a§0)7 agoo), qo, G=, and ag > ago) with oy > ago) in (1)

4. The same monotonicities in -y of Remark[A[3, together with the fact that max {as (8) , a3 (B8,7)} and
g« (o, B,7) are respectively decreasing and strictly increasing in v € [2, N) for 8 € [0,1) and o >
as (B) fized, show that Theorem [@ improves under assumption (Vo), or (Vs), or both. Moreover,
as in Remarks[A[2 and[A[3, a version of the theorem with v, (o, Y0, Yoo Teplaced by a0, U V05 Y,
also holds, the details of which we leave to the interested reader.

5. In Theorem [6, it may happen that max{1,2ﬂoo,qioo)} < qio). In this case, one can take q1 = q2
and a single-power growth condition on f is thus enough to apply the theorem and get existence.
By the way, ag < ago) and o < N imply q£0) < 2 (and therefore 1 < 2), so that the linear case

q1 = q2 = 2 is always excluded.



6. In Theorems[d and[B, the requirement Q € L*(R.,rN*ldr) just plays the role of ensuring that the
linear operator u — [pn Q (|x]) wdx is continuous on Hy y(RN) (see Section[d below). Therefore it

can be replaced by any other condition giving the same property, e.g., Q € L*N/(N+2) (Ry,rN=Ldr)
or QV 12 ¢ L2R,,rN-1dr).

7. According to the proofs, the solution u of Theorems[d and[@ satisfies I (u) = min I(v),
vEH}) |, (RN),v>0
where .
I(v) = 5/ (1Vel* + v () v?) da:—/ (K (J2]) F (v) + Q (|]) v) d. (13)
RN RN

Moreover, if Q does not vanish almost everywhere in (r1,12), both the theorems still work even
without assuming @ > 0 (use Theorem instead of Corollary [I7 in the proof), but we cannot

ensure anymore that w is nonnegative. In this case, the solution satisfies I (u) = 11rnin( . I(v).
veHo,v,r R

Exactly as in the superlinear case, the same arguments leading to Theorems[Bland[@lalso yield existence
results for the Dirichlet problem in bounded balls or exterior radial domains, where, respectively, only
assumptions on V and K near the origin or at infinity are needed. In both cases, a single-power growth
condition on the nonlinearity is sufficient. The precise statements are left to the interested reader.

We conclude with a multiplicity result for problem (FP), which, in the superlinear case, requires the
following assumption, complementary to (fy):

(f/) 3q1,q2 > 1 such that

ORI

t>0 min {t@—1 ¢92—1} '

Theorem 8. (i) Under the same assumptions of each of Theorems[d}, [3 and[q, if f is also odd and satisfies
(f]) (with the same exponents qi,qz2 of (f1)), then problem (Py) has infinitely many radial solutions. (ii)
Under the same assumptions of each of Theorems[d and[@ with Q = 0, if f is also odd, then problem (Pp)
has infinitely many radial solutions.

Remark 9. The infinitely many solutions of Theorem [§ form a sequence {u,} such that I (u,) — 400
in the superlinear case and I (u,) — 0 in the sublinear one, where I is the functional defined in ({13).

In [4, Section 3] and [20], we have discussed many examples of pairs of potentials V, K and nonlin-
earities f satifying our hypotheses. In the same papers, we have also compared such hypotheses with
the assumptions of some of the main related results in the previous literature, showing essentially that
conditions (VKj), (VK) and (f;) allow to deal with potentials exhibiting behaviours at zero and at
infinity which are new in the literature (see |4] and Section 2l below) and do not need to be compatible
with each other (see both [4,[20]). The same examples, and the same discussion, can be repetead here,
covering many cases not included in previous papers. In particular, our results for problem (P) in RY
contain and extend in different directions the results of [281[29] (for p = 2) and are complementary to the
ones of [I3L27,32]. To the best of our knowledge, assumptions (VKj) and (VK) are also new in the
study of problem (Pg) in bounded or exterior domains.

The paper is organized as follows. In Section [2] we give an example, complementary to the ones of
[4, Section 3], of potentials satisfying our hypotheses but not included in the results known in the literature
up to now. In Section Bl we introduce our variational approach to problem (P) and give some existence



and multiplicity results (Theorems and Corollary [IT), which are more general than the ones stated
in this introduction but rely on a less explicit assumption on the potentials (condition (S;’hqz)). We also
give a suitable symmetric criticality type principle (Proposition [[T), since the Palais’ classical one [23]
does not apply in this case. Sections [ and [B] are respectively devoted to the proof of the results stated
in Section Bl and in the Introduction. In particular, the latter follow from the former, by applying the
compactness theorems of [4] (see Lemma 26 below). In the Appendix, we prove some pointwise estimates

for radial Sobolev functions, already used in [4].

2 An example

A particular feature of our results is that we do not necessarily assume hypotheses on V and K separately,
but rather on their ratio: the ratio must have a power-like behaviour at zero and at infinity, but V and
K are not obliged to have such a behaviour. This allows us to deal with potentials V, K that grow (or
vanish) very fast at zero or infinity, in such a way that they escape the results of the previous literature
but the ratio K/V satisfies our hypotheses.

In particular we can also treat some examples of potentials not included among those considered in
[13], a paper that deals with a very general class of potentials, the so called Hardy-Dieudonné class, which
also includes the potentials treated in [27H29,[32]. In this class, the functions with the fastest growth at
infinity are the n times compositions of the exponential map with itself. Accordingly, let us denote by
en @ [0,4+00) = R the function obtained by composing the exponential map with itself n > 0 times.
The Hardy-Dieudonné class contains e, for all n and these are the mappings with the fastest growth
in the class, so that any function growing faster than every e, is not in that class. Let us then define
a:[0,400) = R by setting « (1) := e, (n) if n <r <n+ 1. It is clear that

im0

m =+oo foralln
r—=+00 €y, (T)

and therefore a does not belong to the Hardy-Dieudonné class. Hence, defining
K(r):=a(r) and V(r):=a(r)Vi(r)

where V] is any potential satisfying (V) and having suitable power-like behavior at zero and infinity, we
get a pair of potentials V, K which satisfy our hypotheses but not those of [13]. Of course, one can build
similar examples of potential pairs which vanish so fast at infinity (or grow or vanish so fast at zero) that
they fall out of the Hardy-Dieudonné class, yet their ratio exhibits a power-like behaviour.

3 Variational approach and general results

Let N >3 and let V : Ry — [0, 400] be a measurable function satisfying the following hypothesis:
(ho) V € L' ((r1,72)) for some rg > ry > 0.

Define the Hilbert spaces

Hy ==H} (RY) := {u € D" (RV): /RN V (|z]) u?dx < oo} , (14)

Hy, = Hy, (RY) := {u e Hy (RY) : u(x) =u(|z])} (15)



where D12 (RN ) is the usual Sobolev space. H ‘1, and H ‘1,7r are endowed with the following inner product
and related norm:

1/2
(ulwv):= Vu-Voudr + V (|z]) uv dz, lul| = (/ \Vul® d —|—/ V (|z|) qux) . (16)
RN RN RN RN

Of course, u (z) = u (J|) means that u is invariant under the action on H{, of the orthogonal group of R™.
Note that H{, and H‘lﬂ1r are nonzero by (ho) and H{, is the space H&)V(RN) defined in the Introduction.

Let g : R4 x R — R be a Carathéodory function and assume once and for all that there exist
f € C(R;R) and a measurable function K : Ry — Ry such that:

(h1) g (r,t) — g (r,0)] < K (r)|f ()] for almost every r > 0 and all ¢ € R;

(he) K € L . ((0,400)) for some s > N+2

Assume furthermore that:
hs) the linear operator v — [,x ¢ (|z],0) udz is continuous on Hy
RN 9 v

(see also Remark 20). Of course (h3) will be relevant only if g (-,0) # 0 (meaning that g (-,0) does not
vanish almost everywhere).

Define the following functions of R > 0 and ¢ > 1:

So(¢,R):=  sup K (o) [ul? dz, Sw(q,R):=  sup / K (Ja]) Jul? dz,
uw€H, ., |lull=1 JBr ueH), . |lull=1 JRN\Bg
Ro(q,R) = sup K (2]) Jul"~" |1 dz,
uw€Hy, . heHy, |lull=|h]=1 /Br
—1
Roo (¢, R) = sup / K (2]) |ul*™ |h] da.
uw€HY, ., heHY,, ||lull=||hll=1 /RN\Br

Note that Sp (g, ) and R (g, -) are increasing, Soo (¢, -) and R (g, -) are decreasing and all can be infinite
at some R. Moreover, for every (g, R) one has Sy (¢, R) < Ro (¢, R) and S (¢, R) < R (¢, R).

On the functions S, R and f, we will require suitable combinations of the following conditions (see
also Remarks and [I8), where ¢1, g2 will be specified each time:

(fqr.42) 3M > 0 such that |f (¢)] < M min {|t|qﬁ1 , |t|q271} for all t € R;
( . qQ) 3Ry, Re > 0 such that Sy (q1, R1) < 0o and Se (g2, R2) < o0

S//

q1,92

hm So (g1, ): hm Seo (g2, R) = 0;

(qu)%) dR1, R2 > 0 such that Rg (ql, Rl) < o0 and Reo (QQ, RQ) < 00.



We set G (r,t) fo r,s)ds and

T2
Ia) =5 [l = [ G sl u)da. an)
RN
From the embedding results of [4] and the results of [6] about Nemytskii operators on the sum of Lebesgue

spaces (see Section [ below for some recallings on such spaces), we get the following differentiability result.

Proposition 10. Assume that there exist gi,q2 > 1 such that (fq,, qz) and (8}, ,,) hold. Then (I7)

defines a C functional on Hvr, with Fréchet derivative at any u € Hvr given by
r (u)h:/ (Vu-Vh+V(|x|)uh)d3:—/ g(|z|,u) hdx, Yhe Hy,. (18)
RN RN

Proposition [0 ensures that the critical points of I : Hy,, — R satisfy @) (with Q@ = R") for all
h € H‘l/ﬁr. The next result shows that such critical points are actually weak solutions to problem (P)

(with @ = RY), provided that the slightly stronger version (Rg, q,) of condition (S}, ,,) holds. Observe

that the classical Palais’ Principle of Symmetric Criticality [23] does not apply in this case, because we
do not know whether or not I is differentiable, not even well defined, on the whole space H‘l/
Proposition 11. Assume that there exist q1,q2 > 1 such that (fq,.4,) and (Rq, q4,) hold. Then every
critical point u of I : H‘lﬂ1r — R satisfies
Vu - Vhdr + V(|x|)uhd:c:/ g(|z|,u) hde, Vhe H (19)
RN RN RN

(i.e., u is a weak solution to problem (P) with Q = RY ).

By Proposition [[T] the problem of radial weak solutions to (P) (with Q = R¥) reduces to the study
of critical points of I : H{, . — R. Concerning the case of superlinear nonlinearities, we have the following
existence and multlplhclty results.

Theorem 12. Assume g (-,0) =0 and assume that there exist q1,qa > 2 such that (fy, q,) and (S ,,)
hold. Assume furthermore that g satisfies:

(g1) 30 > 2 such that 0 < 0G (r,t) < g (r,t)t for almost every r >0 and all t > 0;

(92) Jto > 0 such that G (r,tg) > 0 for almost every r > 0.
If K (]|) € LYRY), we can replace assumptions (g1)-(ga) with:
(g3) 30 > 2 and 3t > 0 such that 0 < 0G (r,t) < g(r,t)t for almost every r > 0 and all t > to.

Then the functional I : H‘l,J — R has a nonnegative critical point u # 0.

Remark 13.

1. Assumptions (g1) and (g2) imply (g3), so that, in Theorem [I2, the information K (|-]) € L*(RY)
actually allows weaker hypotheses on the nonlinearity.
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2. In Theorem[I3, assumptions (h1) and (fq, 4,) need only to hold for t > 0. Indeed, all the hypotheses
of the theorem still hold true if we replace g (r,t) with xr, (t)g(r,t) (xr, is the characteristic
function of Ry) and this can be done without restriction since the theorem concerns nonnegative
critical points.

Theorem 14. Assume that there exist g1, qa > 2 such that (f4, q,) and (S}, ,.) hold. Assume furthermore
that:

(g4) Im > 0 such that G (r,t) > mK (r) min {t7,t2} for almost every r > 0 and all t > 0;
(g95) g(r,t) =—g(r,—t) for almost every r > 0 and all t > 0.

Finally, assume that g satisfies (g1), or that K (|-]) € L*(RN) and g satisfies (g3). Then the functional
I': Hy,, — R has a sequence of critical points {u,} such that I (u,) — +oc.

Remark 15. The condition g (-,0) = 0 is implicit in Theorem (and in Theorem [I9 below), as it
follows from assumption (gs).

As to sublinear nonlinearities, we will prove the following results.

Theorem 16. Assume that there exist q1,q2 € (1,2) such that (fy,.q,) and (S ,,) hold. Assume
furthermore that g satisfies at least one of the following conditions:

(96) 30 <2 and Fto,m > 0 such that G (r,t) > mK (r)t for almost every r > 0 and all 0 < t < to;

(97) 9(-,0) does not vanish almost everywhere in (r1,r2) .

If (g7) holds, we also allow the case max{qi,q2} = 2 > min{q1,q2} > 1. Then there exists u # 0 such
that
I(u)= min I(v).
()= min 10)
If g (-,t) > 0 almost everywhere for all ¢ < 0, the minimizer u of Theorem [If] is nonnegative, since a
standard argument shows that all the critical points of I are nonnegative (test I’ (u) with the negative

part u_ and get I’ (u)u_ = — |lu_||> = 0). The next corollary gives a nonnegative critical point just
asking ¢ (-,0) > 0.

Corollary 17. Assume the same hypotheses of Theorem @ If g(-,0) > 0 almost everywhere, then
I: H‘lfylr — R has a nonnegative critical point u # 0 satisfying
I(w)= min I (u). (20)

uGH‘l,Yr, u>0

Remark 18.

1. In Theorem[I8 and Corollary[I7, the case max {q1,q2} =2 > min{q1,q2} > 1 cannot be considered
under assumption (gs), since (gs) and (fq,.q,) tmply max{q1,q2} < 6 < 2.

2. Checking the proof, one sees that Corollary [I7] actually requires that assumptions (h1) and (fq,.42)
hold only for t > 0, which is consistent with the concern of the result about nonnegative critical
points.
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Theorem 19. Assume that there exist q1,q2 € (1,2) such that (fq1 ) and (87 ) hold. Assume

furthermore that g satisfies (g5) and (gs). Then the functional I : Hvr — R has a sequence of critical
points {un} such that I (u,) <0 and I (uy) — 0.

Remark 20. If the linear operator of assumption (hs) is just continuous on H‘l/)r, then Proposition [11]
fails, but all the other results of this section remain valid (as can be easily seen by checking the proofs).
This is especially relevant in connection with the radial estimates satisfied by the H‘l/r mappings (see

Appendiz), which ensure that (hs) holds on Hy, . provided that g (|-|,0) belongs to L, (RN \ {0}) and
satisfies suitable decay (or growth) conditions at zero and at infinity.
4 Proof of the general results

In this section we keep the notation and assumptions of the preceding section. Denoting L% (E) =
LP (E, K (|x|) dz) for any measurable set F C R we will make frequent use of the sum space

L’I’; —|—L:§<2 = {u1—|—u2:u1€L§<l (RN),UQGLZI)? (RN)}, 1 <p; < o0

We recall from [6] that such a space can be characterized as the set of measurable mappings u : RY — R
for which there exists a measurable set £ C RY such that u € L} (E) N LE2 (E°). It is a Banach space
with respect to the norm

H“HL’;QJrL’;? = ulf&g max {”Ul”L’;g(RN) ) HU2HL§3(RN)}

and the continuous embedding L% — L% + L%2 holds for all p € [min {p1, p2} , max {p1,p2}]. Moreover,
for every u € L%} 4+ L%? one has

||U||L1;(1+L§(2 < ||U||L!;in{P1,P2}(Au) + HUHL?M{M’W}(AfL)’ where A, = {ZE € RY : |u (:E)| > 1} (21)
(see [6 Corollary 2.19]).

Proof of Proposition [] On the one hand, by (S}, ,,) and [4, Theorem 1], the embedding H,
L% + L% is continuous. On the other hand, by (h1), (fq,4,) and [6, Proposition 3.8], the funct1onal

wes [ (G llal.w) =g (o] 0)) ds 22)
is of class C! on L% + L% and its Fréchet derivative at any u is given by
he Lt 4 Lo D—>/ (2], u) — g (2], 0)) h dz.

Hence, by (hs), we conclude that I € C*(Hy;,) and that (I8) holds. W
Proof of Proposition Il Let v € H{, . By the monotonicity of Ry and R, it is not restrictive to

assume Ry < Ry in hypothesis (R, .4,). So, by [, Lemma 1], there exists a constant C' > 0 (dependent
on u) such that for all h € H{, we have

[ el e < C
Bry\Bry
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and therefore, by (h1) and (fg,4.),

IN

[ oGl =gl 0) [ Iblde < [ K (al) If ()l |bldz < M [ K (amingful® ™ Jaf ™'} b do
RN RN RN

IN

M [ K Gl ™ e [ K ) ol e+
Br, Bj,

b R e
Bry\BRr,

- u " |l
M| [l 1IIhII/ K (|z]) — e +
( bl TR

IN

g2—1 h K |fu‘|q271 |h| d C h
+ el lIA] (lz1) R A (7]
B, [ heam 111

M (Jlull ™ Ro (ar, Ra) + ]~ Rec (a2, R2) + C) IA].

IN

Together with (hs), this gives that the linear operator
T(u)h:z/ (Vu-Vh+V(|x|)uh)dx—/ g (Jz|,u) hdx
RN RN

is well defined and continuous on H{,. Hence, by Riesz representation theorem, there exists a unique
@ € H{, such that T (u) h = (@ | h) for all h € H{,, where (- | -) is the inner product of H{, defined in (IG).
Denoting by O (N) the orthogonal group of RY, by means of obvious changes of variables it is easy to
see that for every h € Hy, and g € O (N) one has (@ | h(g-)) = (@ (97") | h) and T (u) h(g-) = T (u) h,
so that (@ (g~'-) | h) = (@|h). This means @ (g~'-) = @ for all g € O (N), i.e., @ € Hy,,. Now assume
I' (u) = 0 in the dual space of Hy,,. Then we have (@ | h) =T (u) h = I' (u) h = 0 for all h € Hy; ., which
implies @ = 0. This gives T (u) h = 0 for all h € H{,, which is the thesis (I3). B

For future reference, we point out here that, by assumption (h1), if (fy, 4,) holds then IM > 0 such
that for almost every r > 0 and all ¢ € R one has

|G (r,t) — g (r,0)t| < MK (r)min {|t|™ , [t|?}. (23)

Lemma 21. Let Lo be the norm of the operator of assumption (hs). If there exist q1,q2 > 1 such that
(far,02) and (S}, ,,) hold, then there exist two constants cy,cy > 0 such that

I(w) = 5 [lull® = erllul™ = ez |ul® = Lo llul  for allu € Hy,. (24)

N | =

If (8! ,,) also holds, then Ye > 0 there ewist two constants c1 (€),c2 () > 0 such that ([Z4) holds both

q1,92
with ¢1 =€, ca = ¢ (&) and with ¢1 = ¢1 (g), ca = €.

Proof. Let i € {1,2}. By the monotonicity of Sy and S, it is not restrictive to assume Ry < Ry in
hypothesis (S . ). Then, by [4, Lemma 1] and the continuous embedding H{, < L (RY), there exists

q1,92 loc

13



E;Z»Rz > 0 such that for all u € Hy,, we have

| Kb
Bry\BRr,
Therefore, by ([23) and the definitions of Sy and S, we obtain

a constant c

Bdy < cg)l’& [lw]|® .

G (|z|,u)dx
RN

/RN |G(|x|’u)_g(|x|’0)u|d$+‘/RNQ(|33|aO)Ud$

IN

IN

M/ K (|l min {[ul™, [ul**} da + Lo [[u]
RN

IN

([ KD dot [ K (e dos [ K (el uf" do | + Lo u]
Br, B, Br,\Br,

IN

N (Il So (ar, Ba) + [[u] Swc (a2, Ra) + s, [l

= c [Jull™ + ca [Jull® + Lo lJul ,

“) + Lo |lu] (25)

with obvious definition of the constants ¢; and ¢z, independent of u. This yields @24). If (S] ) also

holds, then Ve > 0 we can fix Ry . < Rz . such that MS, (¢1,R1,:) < e and M8 (g2, R2.c) < €, so that
inequality (28) becomes

\ [, G el wyde| < elul® +eul® + ¢ s, ull® + Lo Jul.
The result then ensues by taking i = 2 and ¢ () = ¢ + Cgl),sz2,s’ ori=1landc (g) =¢e+ CSE@R%E. [ ]

Henceforth, we will assume that the hypotheses of Theorem [[2] also include the following condition:
g(r,t)=0 forallr>0andt<0. (26)

This can be done without restriction, since the theorem concerns nonnegative critical points and all its
assumptions still hold true if we replace g (r,t) with g (r,t) xg, (t) (xr, is the characteristic function of
Ry).

Lemma 22. Under the assumptions of each of Theorems [I2 (including (28)) and [I§}, the functional
I': Hy,, — R satisfies the Palais-Smale condition.

Proof. By (26) and (g5) respectively, under the assumptions of each of Theorems and [I4] we have
that either g satisfies (g1) for all t € R, or K (|-]) € L'(R") and g satisfies

0G (r,t) < g(r,t)t for almost every r > 0 and all || > ¢o. (27)

Let {u,} be a sequence in Hy, . such that {I (u,)} is bounded and I’ (u,) — 0 in the dual space of Hy, .
Hence

1
5 lunlf? - / G|zl un)dz =0 (1) and [fun|? - / 9 (12 un) tindz = 0 (1) Jun] .
RN RN
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If g satisfies (g1), then we get

1

1 1
_||un||2+0(1):/ G (||, upn) de < _/ g(|x|,un)und:1c=—||un||2+o(1) lunll,
2 RN 0 Jr~ 0

which implies that {||u,||} is bounded since § > 2. If K (|-|) € L}(RY) and g satisfies (Z7), then we
slightly modify the argument: we have

/ g (|z|, un) updz = / g(|x|,un)und$—/ 9 (|z|, upn) undx
{lun|>to} RN {lun|<to}

< / 0 (12 tn) tndl + / 19 (||, ) 1|
RN {lun|<to}

where (thanks to (k1) and (fy,.4,))

/ 19 (12, ) tn] o < / K ([2]) 1 (n)| 1] de
{lun|<to} {lun|<to}

<M K (Jz]) min {|u,|" | |un|?} dz
{Jun|<to}
< M min {t§', 3} K (Jz]) de < Mmin {t§", t5 } | K| 11 vy
{Jun|<to}
so that, by ([23), we obtain
1
slulf+0m = [ Glalw)de= [ Glaludes [ Gllal.un)do
2 RN {Junl<to} {Jun|>to}
" 1
<M K (Jz]) min {[u,|", [un|*} dz + —/ g (|7, up) updr
{Jun|<to} 0 J{luni>to}

IN

- 1 M
W min {180} 1Kl amy + 5 [ 9 al ) e + - min (88 68}

VAN 1 2
(M ; 7) min (£ A8} 1K 1 ey + 5 [l + 0 (1) ]

This yields again that {||uy|/} is bounded. Now, since the embedding Hy,, < L% + L% is compact

by assumption (S}’ ) (see [4, Theorem 1]) and the operator u — [, G (|z|,u)dz is of class C' on
L% + L% (see the proof of Proposition [[0] above), it is a standard exercise to conclude that {u,} has a

strongly convergent subsequence in H‘l/r. |

Proof of Theorem We want to apply the Mountain-Pass Theorem [I]. To this end, from (24]) of
Lemma 2T] we deduce that, since Ly = 0 and ¢1, g2 > 2, there exists p > 0 such that

inf I(u)>0=1(0). (28)

uw€Hy, ., |lull=p

Therefore, taking into account Proposition [I[0] and Lemma P2l we need only to check that 3u € H ‘1/yr
such that ||| > p and I (@) < 0. In order to check this, from assumption (gs) (which holds in any case,
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according to Remark [[3I), we infer that

G (r,t
G (r,t) > %te for almost every r > 0 and all £ > .
0
Then, by assumption (hg), we fix a nonnegative function ug € C°(B,, \ By,) N Hy, . such that the set
{x € RY : ug(x) > to} has positive Lebesgue measure. We now distinguish the case of assumptions
(g1) and (g2) from the case of K (|-|) € L*(RY). In the first one, (g1) and (g2) ensure that G > 0 and
G (-, t9) > 0 almost everywhere, so that for every A\ > 1 we get

0
/ G (Jz|, A\ug) dz > / G (x|, Aug) dx > /\—9 G(|x|,t0)ugd:17
RN {uo>to} to J{ruo>to}

)\0
> —9/ G (x|, to) udx > /\9/ G (|z] ,to) dx > 0.
to J{uo>to} {uo>to}

Since 6 > 2, this gives

A2 9
lim I < 1l = S\ to)dz | = —o0.
)\—1541-100 (/\Uo) - >\—1>{I|-100 ( 2 HUOH A /{uo>t0} G(|I| , 0> I) =

If K(|-]) € LYRY), assumption (g3) still gives G (-, ¢9) > 0 almost everywhere and from ([23) we infer
that
G (r,t) > —MK (r)min {t? ¢t} for almost every 7 > 0 and all 0 < t < t,.

Therefore, arguing as before about the integral over {\ug > to}, for every A > 1 we obtain

G (|z], Aug) dx = / G(|x|,)\u0)dx+/ G (|z|, Aug) dx
RN {>\u0<t0} {)\’U,()Zt()}
> — M min {t& 2} K(|x|)d:1:—|—)\0/ G (|z],to) dx,
{>\u0<t0} {U()Zt()}

which implies

: : A? 2 o
lim T (Aug) < )\EIEOO <7 uol® + M min {td', 8} | K| 11 gny — )\9/

A——00 {uo>to}

G (|z|,to) dx) = —o0.

So, in any case, we can take u = Aug with \ sufficiently large and the Mountain-Pass Theorem provides
the existence of a nonzero critical point u € Hy,, for I. Since (26]) implies I’ (u)u_ = — u_||* (where
u_ € H{  is the negative part of u), one concludes that u_ = 0, i.e., u is nonnegative. W

Proof of Theorem [I4L By the oddness assumption (gs), one has I (u) = I (—u) for all u € Hy, . and
thus we can apply the Symmetric Mountain-Pass Theorem (see e.g. [24, Chapter 1]). To this end, we
deduce (28)) as in the proof of Theorem [[2 and therefore, thanks to Proposition [[0] and Lemma 22 we
need only to show that I satisfies the following geometrical condition: for any finite dimensional subspace
Y # {0} of Hy, there exists R > 0 such that I (u) < 0 for all u € YV with [lul| > R. In fact, it is
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sufficient to prove that any diverging sequence in Y admits a subsequence on which I is nonpositive. So,
let {u,} CY be such that ||u,| — 40c. Since all norms are equivalent on Y, by (21]) one has

lotnlg gy + linlis gag ) > lnllm gz > ma flun ]| = 4o (29)

for some constant m; > 0, where p := min{q1, g2} and ¢ := max{q1,¢2}. Hence, up to a subsequence,
at least one of the sequences {||un||L;;<(A b {HunHLg((Ac )} diverges. We now use assumptions (g4) and

(g5) to deduce that

Up,

G (r,t) > mK (r)min {|t|" ,[t|"} for almost every r > 0 and all ¢ € R,

which implies

/ G<|x|,un>dxzm/ K (2l) min {Jun| | [un|®} da
RN RN

= m/ K (|z]) |un|? dz +m K (|z|) |un|? dz.
A, Ag,

Hence, using inequalities (29)), there exists a constant msy > 0 such that

2 2
I (un) < ma (lunllln ) + lunlfe ac ) ) =m0 (lually o)+ lunl g ng )
so that I (u,) — —oo since p,q > 2. The Symmetric Mountain-Pass Theorem thus implies the existence

of an unbounded sequence of critical values for I and this completes the proof. B

Lemma 23. Under the assumptions of each of Theorems and [19, the functional I : H‘l,yr — R s
bounded from below and coercive. In particular, if g satisfies (gs), then

inf I(v)<0. (30)

veEHY, .
Proof. The fact that I is bounded below and coercive on Hy{,, is a consequence of Lemma 2]l Indeed,

the result readily follows from (24)) if ¢1,¢2 € (1,2), while, if max {q1,¢2} =2 > min{q1,q2} > 1, we fix
e < 1/2 and use the second part of the lemma in order to get

1 .
I(u) > <5 B > lull® = (@) ul ™™ — Lo Jull for all u € Hy,,,

which yields again the conclusion. In order to prove (B0), we use assumption (hg) to fix a function
up € C°(By, \ Br,) N Hy; . such that 0 < ug < to, ug # 0. Then, by assumption (gs), for every 0 < A < 1
we get that Aug € Hy,, satisfies

1 A2
I (\ug) = 5 [Auo ) — /RN G (||, Mug) da < 5 lluoll® — A"m/RN K (|z]) ubdz.

Since 0 < 2, this implies I (Aug) < 0 for A sufficiently small and therefore (30) ensues. W
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Proof of Theorem Let
pi:= inf I(v)

vEHY, |

and take any minimizing sequence {v,} for u. From Lemma [23] we have that the functional I : H ‘1,7r —R
is bounded from below and coercive, so that 1 € R and {v,} is bounded in H ‘1/)][. Thanks to assumption

(St ;) the embedding Hy, . < L% + L% is compact (see [4, Theorem 1]) and thus we can assume that

there exists u € H{,, such that, up to a subsequence, one has:
Vp — U in H‘lfr,

vp — uin LY + L%

n K K-

Then, thanks to (hs) and the continuity of the functional [22) on L% + L% (see the proof of Proposition
[0l above), u satisfies

G(|;v|,vn)dx:/ (G(|:1c|,vn)—g(|x|,0)vn)d;v+/ g(|;v|,0)vnd;v—>/RNG(|;E|,u)d;v.

RN RN RN

By the weak lower semi-continuity of the norm, this implies

1 . 1
rw =gl = [ GGel o< i (3101~ [ Glal var) =

and thus we conclude I (u) = p. It remains to show that u # 0. If g satisfies (gg), then we have p < 0 by
Lemma 23] and therefore it must be u # 0, since I (0) = 0. If (g7) holds, assume by contradiction that
u = 0. Since u is a critical point of I € C'(Hy,;R), from (I8) we get

[ 90l O hds =0, Vhe OB\ ) < Hi,
RN
This implies ¢ (-,0) = 0 almost everywhere in (ry,72), which is a contradiction. W

Proof of Corollary 7. Setting

- fg(rt) ift>0
g(r,t) = {2g(r,0)—g(r, [t]) ift<0

and

, .
. . " - G(nt) ift>0
G(Tat)-—/o9(7"75)515_{QQ(r,O)t—f—G(T,M) ift <0,

it is easy to check that the function g still satisfies all the assumptions of Theorem We just observe
that g satisfies (gg) or (g7) if so does g, and that for almost every » > 0 and all ¢t € R one has

g (r,t) =g (r,0)[ = lg (r,[t]) — g (r, 0)] < K (r) [£(It)] with [ f([t])] < 1\41flflilfl{|f|“_1 ; |t|q2_l}-
Then, by Theorem [I0] there exists u # 0 such that

I(@)= min I(u), where I (u):= % lul® - /RN G (%] ,u) dz.

ueHy,
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For every u € H, ‘1,7r one has

1
I<u>:—||u||2—/ G<|x|,u>dx—2/ g<|x|,o>uda:—/ G (2], |ul) de
2 {u>0} {u<0} {u<0}
1
sl = [ Glaluhdo+2 [ (ol 0)udo 1)
RN RN

Iluh+2 [ (el 0)u-dz,

which implies that @ satisfies (20)), as one readily checks that

inf (I(|u|)—|—2/RNg(|3:|,O)udx>— inf  I(u).

u€HY, | weHl, | u>0

Moreover, since G (r, |t|) = G (r, |t|) and g (-,0) > 0, BI) gives

Flw) = T(ul)+2 [ g (el 0)u-do > T(ul)

and hence |u| € H{, is still a minimizer for I, so that we can assume & > 0. Finally, w is a critical point

for I since @ is a critical point of I and § (r,t) = g (r,t) for avery t > 0. B

In proving Theorem [T9 we will use a well known abstract result from [I6L21]. We recall it here in a
version given in [30].

Theorem 24 ([30, Lemma 2.4]). Let X be a real Banach space and let J € C'(X;R). Assume that
J satisfies the Palais-Smale condition, is even, bounded from below and such that J(0) = 0. Assume
furthermore that Vk € N\ {0} there exist p, > 0 and a k-dimensional subspace Xy, of X such that

sup J (u) < 0. (32)
u€ X, lull x=pr

Then J has a sequence of critical values ¢, < 0 such that klim cr = 0.
— 00

Proof of Theorem M9 Since I : Hy,, — R satisfies 1 (0) = 0 and is of class C" by Proposition [0,
even by assumption (g5) and bounded below by Lemma 23] for applying Theorem 24| (with X = H‘l,]r
and J = I) we need only to show that I satisfies the Palais-Smale condition and the geometric condition
B2). By coercivity (Lemma [23), every Palais-Smale sequence for I is bounded in HV and one obtains
the existence of a strongly convergent subsequence as in the proof of Lemma In order to check (B2,
we first deduce from (g5) and (gg) that

G (r,t) >mK (r)[t|” for almost every r > 0 and all [t| < . (33)

Then, for any k € N\ {0}, we take k linearly independent functions ¢1, ..., ¢ € C°, (B, \ By,) such

c,rad
that 0 < ¢; < tg for every i =1, ..., k and set

Xi :=span{¢1, ..., ¢r} and [|Aig1 + ... + M@l x, = 112a<xk|/\ E
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This defines a subspace of H‘lﬂ1r by assumption (hg) and all norms are equivalent on Xy, so that there
exist myg, lr > 0 such that for all u € X one has

0 0
lullx, <millull and [l @y > b llul” (34)

Fix pg > 0 small enough that kmypr < 1 and p3/2 — mlkpz < 0 (which is possible since 6 < 2) and take
any u = A1 + ... + Ao € Xy, such that ||u|| = pi. Then by (B4) we have

1
Ai| < ||uHXk: < mppr < % forevery i =1,...,k

and therefore

k k
(@) <> Nl (@) <to Y [Nl <to  forall z € RV,
=1 =1
By (B3) and (B4)), this implies

G (|z|,u)dx > m/ K (|z|) |u|0dx > mly, ||u||0
RN RN

and hence we get

1 ) 1
1) < 5 ull® = mly [l = 3% = miipf, < 0.

This proves [B2) and the conclusion thus follows from Theorem |

5 Proof of the existence results for problem ()

Let Q C RN N > 3, be a spherically symmetric domain (bounded or unbounded). Let V, K, f be as in
(V),(K), (f) and let Q € L?(Q, vV Hdr). If Q # RV, extend the definition of V, K, Q by setting

V(r):=40c0 and K (r):=Q(r):=0 foreveryreRy\Q,.
Define a Carathéodory function g : Ry x R — R by setting
g(rit):=K (@) f(t)+Q(r).

The next lemma shows that we need only to study problem (Pg) on RY, to which the case with
Q # RY reduces. Recall the definitions () and (Id) of the spaces Hj y (Q2) and Hy, (RY).

Lemma 25. If Q # RN, then, up to restriction to 0 and null extension on RN \ Q, we have that
Hy{,(RN) = H{ /() and any weak solution to problem (Pg) on RN is a weak solution to (Pg) on €.

Note that the result is obvious if 2 = RN (since D2(RV) = Dj*(RN)).

Proof. Let u € H),(RY). By the Lebesgue integration theory of functions with real extended values (see
e.g. [22]), [zn V (J2|) u?dz < oo implies u = 0 almost everywhere on RN \ Q (where V (|z]) = 400) and

/RNV(|33|)U dx :/QV(|I|)U dx. (35)
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Hence v € DV2(RY) implies u € Dy?(Q) and therefore u € Hj (). Conversely, if u € Hj (),
then u € D?(RY) and one has [, V (|z]) u?dz = [pn V (|2]) u®xodz with u®xq = u? almost everywhere
(recall from the statement of the lemma that we extend u = 0 on R¥ \ ), so that (B8] holds and therefore
u € HL(RY). This proves that H{,(RY) = Hj () and the last part of the lemma readily follows, since
all the integrals involved in the definition of weak solutions to (Pg) on RY are computed on functions
that vanish almost everywhere on RY \ Q. B

The proof of our existence results for problem (Pg) relies on the application of the general results
of Section Bl whose assumptions (hg)-(hs) are satisfied. Indeed, since f(0) = 0, one has g(-,0) = Q@
and therefore ¢ trivially satifies assumption (hy). Moreover, the potentials V, K satisfy assumptions
(ho), (ha) thanks to (V),(K). Finally, assumption (h3) holds because @ € L?(Ry,rN¥*ldr) means
Q (]-]) € L2(RY, |z|* dz) and thus implies

[ ethun]< ([ wrare) (/ f;—|d> <5 ([ eraeras)

for all u € H}, = DV?(RY), by Hélder and Hardy inequalities.

In order to apply the general results, we will need a compactness lemma from [4], which gives sufficient
conditions in order that (S} ) and (Rg, q,) hold. For stating this lemma, we introduce some functions,
whose graphs are partially sketched in Figures 1-8 with a view to easing the application of the lemma

itself. For a € R, 8 € [0,1] and v > 2, we define

max{az2 (8),as (8,7)} if2<y<N

oy (8,7) :==§ a1 (8,7) if N<y<2N-2
—00 if v >2N —2,
max {1,243} if2<y<N
q, (o, B,7) == max{1,28,¢. (o, 3,7)} ifN<y<2N-2
ma’X{152ﬂaq* (avﬂv'y)aq** (O[,B,”)/)} 1f7>2N_2
and . .
mln{q*(a,ﬂ,”y),q**(a,ﬂ,”y)} 1f2§7<N
To (o, B,7) == Gux (@, 8,7) if N<~<2N -2
400 if v>2N —2

(recall the definitions (8), (@) and (&) of a1, as, ag and ¢, g«x). For « € R, 8 € [0,1] and v < 2, we define
the function

goo (047577) = max{l,Qﬂ,q* (avﬂvﬁy) y Qxx (avﬂvﬁ)/)}'

Lemma 26 ([4, Theorems 2, 3, 4, 5]). (i) Suppose that  contains a neighbourhood of the origin and
assume that (VKg) holds with oy > o, where ag = aq (80,2). Then

ngng Ro(q1,R) =0 for every ¢, < q1 <7y,

where g, = g, (20, Bo,2) and Gy = Gy (@0, Bo,2). If V' also satisfies (Vo), then the same result holds true
with oy = Qg (ﬂ07 FYO): QO = QO (QOa [307 FYO) and qO = qO (040, ﬂOa ’YO)
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(i) Suppose that Q1 contains a neighbourhood of infinity and assume (VK )

REI}'}OO Roo (Q% R)

=0 for every qu > a4,

. Then

where g =q__ (Qoos ooy 2). If V also satisfies (Voo ), then one can take 4.=4, (Qoos Boos Yoo) -

/ g
T : g
i 1
S
max (&, &) &

Fig.1. ¢ (-, 8,7) (solid) and gy (-, 8,7) (dashed)
for o > oy and B € [0,1], v = 2 fixed

/ e
prf:‘_‘:': o
i max {124}
i 5
o == a

Fig.3. ¢,(-, 8,7) (solid) and g, (-, 3,7) (dashed)
for o > oy and 8 € [0,1], v = N fixed

h

Fig.5. g0(~,ﬁ,fy) (solid) for @ > o
and 8 € [0,1], v = 2N — 2 fixed
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s E

ﬁff’#JJJM

2

max {1,245}

max{a@, &} &

Fig.2. ¢ (-, 8,7) (solid) and g, (-, 3,7) (dashed)
for a > ay and 8 € [0,1], 2 <y < N fixed

[#53

& min{as, &g}

Fig.4. ¢,(-, 8,7) (solid) and g, (-, 3,7) (dashed)

for o > oy and S € [0,

Goer

e

1], N <y < 2N —2 fixed

maz {1,273}

g min{a, a)

=

Fig.6. q,(-,8,7) (solid) for 3 € [0,1]

and v > 2N — 2 fixed



H A g Ee
Gk
2%
Lo 12
mazx {124} i ) max{l, 28} :
[ | - - .
max{a,, &} max{y, &} 4
Fig.7. ¢ (-, ,7) (solid) for 8 € [0,1] Fig.8. ¢_ (,/,7) (solid) for B € [0,1]
and v = 2 fixed and v < 2 fixed

Proof of Theorem [II The theorem concerns problem (Fp), so we have g (-,0) = Q = 0. We want
to apply Theorem To this aim, since (F;) implies (g1)-(g92) and (F2) implies (g3), we need only to
check that 3¢1,¢2 > 2 such that (S} ..) and (fg,,q,) hold. This follows from the other assumptions of
the theorem, since (f1) and f (0) = 0 imply (fg,.q,) for t > 0 (which is actually enough by Remark [I3]2]),
and inequalities (@) imply g1, g2 > 2 and
A Ro(q, R) = lim Re (g2, R) =0

by Lemma [26] (cf. Figs. 1-8). Note that also Proposition [Tl applies, since (R, q,) holds. Hence the proof
is complete, as the result follows from Theorem [I2] and Proposition 11} B

Proof of Theorems [Bl and 4. The proof runs exactly as the proof of Theorem [ and then ends by
applying Lemma 25l The only difference is that, under the assumptions of Theorem [ we use inequalities
@ to deduce ¢ > 2 and
lim Ro(¢,R) =0
R—0%+

by part (i) of Lemma 26 (cf. Figs. 1-6), and then we observe that R (¢, R) = 0 for every R > 0 large
enough, since the integrand K (|-|) [u|?" " |h| vanishes almost everywhere outside 2. Similarly, under the
assumptions of Theorem [ we deduce

Rgrilm Roo (2, R) =0
by part (ii) of Lemma 28 (cf. Figs. 7-8), and then we observe that Rg (¢, R) = 0 for every R > 0 small

enough. Hence, in both cases, conditions (S, ,.), (Rg,.q.) and (fq, 4,) hold with ¢ = g2 = ¢ and we can
apply Theorem [I2] and Proposition Il W

Proof of Theorems [B] and [6l The proof is analogous to the one of Theorem [ and reduces to
the application of Corollary [l We have g (-,0) = @ > 0 by assumption. This implies G (r,t) =
K(r)F({t)+Q(r)t > K (r) F (t) for almost every » > 0 and all ¢ > 0, so that (gg) or (g7) holds true,
respectively according as f satisfies (F3) or @) does not vanish almost everywhere in (r1,73). Thus, in
order to apply Corollary [I7, we need only to check that the other assumptions of the theorems yield the
existence of q1,¢2 € (1,2) such that (87 ) and (fg, ¢) hold. On the one hand, inequalities (I0) and

q1,92
([[2) imply ¢, q1,q2 € (1,2) and

lim Ro(¢,R) = lim Reo(q,R)= lim Ro(qi,R)= lim R (g2, R) =0
Aim Ro (g, R) = lm R (g, R)= lim Ro(q,R)= lim Re (g2, R)
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by Lemma 26 (cf. Figs. 1-8). This also allows us to apply Proposition [[1] since (Rg, 4,) holds. On
the other hand, (f1) and (f2) respectively imply (fy, ¢.) and (fg,q) for ¢ > 0, which is actually enough
by Remark Hence the result follows from Corollary [I7 and Proposition [[T], so that the proof is
complete. W

The proof of Theorem [ is very similar to the ones of Theorems [I], Bl and 6 so we leave it to the
interested reader (apply Theorems [[4] and [I9 instead of Theorem [[2] and Corollary [I7T).

6 Appendix

This Appendix is devoted to the derivation of some radial estimates, which has been announced and used
in [4, Lemmas 3 and 4] to prove the compactness results yielding Lemma 26 above. Such estimates has
been also proved in [29, Lemmas 4 and 5], but under slightly different assumptions from the ones used
here (and in [4]).

Assume N > 3 and denote by on the (N — 1)-dimensional measure of the unit sphere of RY.

Lemma 27. Let u be any radial map of DV2(RY) and let @ : (0,+00) — R be such that u (z) = u(|z|)
for almost every x € RN. Then @ € WY1 (Z) for any bounded open interval T C (0,+00) such that
infZ > 0.

Proof. Denote A :=infZ > 0 and set Zy := {z € RV : |z| € T}. Since u € L (RY), we readily have

/Jﬁ(rﬂdrﬁ%/er1|a(r)|dr:ﬁ/zjv ()] d < 00

Now we exploit the density of C°(RY) radial mappings in the space of D1:?(R”") radial mappings (which
follows from standard convolution and regularization arguments) in order to infer that, as w is radial,
Vu (z) - « only depends on |z|. Thus there exists ¢ : (0,400) — R such that Vu (z) -2 = ¢ (|z|) for
almost every r € RY and one has

¢ (r)] N 1|¢( )| L Vu(e) -« 1
/ / T dr = o /IN 2™ dx < N Tox /IN [Vu (x)]de < co.

Then, letting ¢ € C°(Z) and setting ¢ (x) := ¢ (|z|), we get

~ ’ _ 1 a(|z]) 1 u () (%
Lo erar= = [ S el e = o [0S S @) e

ON Jzy |z] oON || = 0% |z|

= Z/IN oz, (z) xi 1/)(17)d3::—L %w(:ﬂdz

ON Jzy |z

:—i— Do = - [ 28 0 ar

ON Jzy |33|

because ¢ € C°(Zy). B

Let V : Ry — [0, +00] be a measurable function satisfying (ho) and define Hy; , as in (I3).
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Proposition 28. Assume that there exists Ro > 0 such that V (r) < +oo for almost every r > Ry and

Aoo 1= essli%nf 7oV (r) >0 for some Yoo < 2.
r>

2
Then every u € Hy, . satisfies

1 _aN-n-
|u (2)] < oMo’ |1l |Z] T almost everywhere in B,

where ¢oo = \/2/0N.

Proof. Let u € Hy;, and let @ : (0,+00) — R be continuous and such that u (z) = @ (|z|) for almost
every x € RV, Set

v (r) = rVT1= 25 (1) for all 7 > 0.
If A:=liminfv (r) > 0, then for every r large enough one has

r——400

A
N—T—yee i (12
r w(r)” > DYk

whence, since 7o < 2, one gets the contradiction
2 +oo ~ 2 +oo A
/ V (|z]) v?dz > /\oo/ =y = )\ooUN/ a0 N1, > /\OOUN/ ———dr = +o0.
B

5, 2l T N
Therefore it must be A = 0 and thus there exists r, — 400 such that v (r,) — 0. By Lemma[27 we have
v e WL ((r,m,)) for every Ry < r <1, < 400 and hence

v(ry) —v(r)= /Tnv'(s)ds.
Moreover, for almost every s € (r,r,) one has
v (s) = (N -1- %) N2 0 (5)2 + 26N TR G (s) @ (s) > 25N T A (s) W (s)
> —2sN T i (s)| | ()]

(note that N —1 — %= > N —2 > 0). Hence

v(rp) —v(r) = /Tn v (s)ds > —2/Tn sN—1-7% |a (s)||a" (s)|ds

c c
Ra Ra

and therefore

™ onoafu(s)| o o o i(s)?
'U(T)—’U(T'n)§2/r 52 ﬂT/QS 2 |u/(5)|d5§2</r SN 187—00d5

1 1
+oo ~ 2 2 400 5
/ sN_lu(S) ds (/ SN (s)? ds)
Ry 8o 0

2 (i T (s)a(s)? sN-lds) : (/Om i (s)? sN-lds)

Ao JRs

9 1 3 3
< — | — V(lz u2dx) (/ YVu 2dw> .
<z (Aoo [ Vsl [ v
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This implies v (r) < 2250/ [ull® /on, whence the result readily ensues. B

Proposition 29. Assume that there exists R > 0 such that V (r) < 400 almost everywhere on (0, R)
and

Ao = essinf r7°V (r) >0 for some vy > 2.
re(0,R)

Then every u € Hy, . satisfies

70—-2

1 R 5 2 _2N-2—vg .
lu(@)| <co| —=+——1| lullz] T almost everywhere in Bg,

VAo Ao

where co = \/max {2, N — 2} Joy.

Proof. Let u € Hy,, and @ : (0,+00) — R continuous and such that u (z) = @ (|z|) for almost every

r € RV, Set
v (r) == V1025 ()2 for all 7 > 0.

If A :=1lim ir+1f v (r) > 0, then for every r small enough one gets
r—0
A
N-1-705 ()2
r a(r)” > S0 2

and thus, since y9 > 2, one deduces the contradiction

2 R ~ 2 R
2 u _ W(r)” noq A _
/BR V (|z]) u®dx > )\0/ de = )\OJN/O — 7 dr > )\OUN/O Wdr = +00.

Br r7o

So we have A = 0 and thus there exists r,, — 0% such that v(r,) — 0. By Lemma 27 we have
ve WL ((r,,r)) for every 0 < r, <r < R and hence

v(r)—v(rn)z/rrv'(s)ds.

n

Moreover, for almost every s € (r,,r) one has
v (s) = (N —-1- %) V22 (s)? + 25N T (s) @ (s)

Notice that

r r ~ 2 R ~ 2
/ SN—2—"70,&(8)2 ds — / s u(s) sN1ds < o / MSN—ldS
Tn T 0

IN
<
)
<
—~
)
S—
<
@
S—
V)
-
QU
AN
=
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IN
e N N
S—
=
®
=z
L
m:l I
2w
\_{o <)
& &
~
® ™
/T~
h
+
3
=z
(==
/:
»
N~—
[\v]
IS
)
~——
N

IA
2=
VN
|-
T
2
<
—~
)
=
I
[\v}
Q.
8
N———
wl
7 N
—
<
=
Q.
3
N——
\
—
7
~
[NV}

If2<7) <2N -2 (ie, N—1—2 >0), then
v =vtn) = [V (ds< (N-1=2) [ taasee [N R i (s)ds

Yo 021 1

< 1= == -

< (N1 ) R ol A1/2|||\
Y0=2

<(N-2)R e

< (N-2)R™ AOUN||uH+U 1mn|

If 7o > 2N — 2 (i.e., N — 1 — 22 < 0), then

v (s) = (N —1- E) SN2 R (5)2 + 28N 1R (s) @ (s) < 25N TR (s) @ (s)

2
and therefore

" " 0 1
v(r)—v(rn):/ v’ (s)ds§2/ sV (s) @ (s) ds < —ﬂ|\u||2
v o oN Ay

So, in any case, we have

which implies

1 (2 RY )
wws—<;ﬁ+m—mfgﬂwq.

Hence the result readily follows. B

Remark 30. By Hardy inequality, the radial subspace of DY2(R™) equals Hl/‘ 20
norms. Therefore, taking Yo = Yoo = 2 and R = Ry in Propositions 28 and[29, we get \g = Moo = 1 and
find the renowned Radial Lemma known as Ni’s inequality: there exists cxy > 0 such that every radial
function in DV2(RY) satisfies |u (z)] < cn [Vull g2 @y |9c|_(N_2)/2

with equivalent

almost everywhere in RY.
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