UNIVERSITA DEGLI STUDI MILANO - BICOCCCA

Dottorato in Matematica Pura e Applicata - XVII ciclo

DEGLI STUDI
g

©3 UNIVERSITA

z
=
>
Z
o
A

General smile asymptotics and

a multiscaling stochastic volatility model

Ph.D. Supervisor: Candidate:

Professor Corbetta Jacopo
Francesco Caravenna 705879
Universita degli studi

Milano-Bicocca

4 March 2015






Acknowledgments

I would like to thank my supervisor Francesco Caravenna for his guidance and support, 1
owe my deep gratitude to him for introducing me to this fascinating field, for his contagious
and enthusiastic way of working and for all the things he has taught me I thank Paolo Dai
Pra for agreeing to act as referee. I am very grateful to Fabio Bellini, Friedrich Hubalek
and Carlo Sgarra for accepting to be part of the thesis committee.

1 want to express my special thanks to all my Ph.D. colleagues at the University of
Milano—Bicocca for the great time we have spent together. I am also grateful to the personnel
of both departments for the stimulating ambience.

Last but not least, I want to express all my gratitude to my friends and to my family.
Grazie per essermi stati vicini in questi anni meravigliosi



il



Preface

In this thesis we discuss several aspects of the implied volatility surface. We first derive some
model independent results, linking tail probabilities to option price and implied volatility.
We then apply these results to a specific stochastic volatility model, obtaining a complete
picture of the asymptotic volatility smile for bounded maturity.

In Chapter [I] we present an extended summary of all the results obtained in this thesis.
The details are contained in the following chapters, that are structured as follows.

In Chapter [2] we show that, under general conditions satisfied by many models, the
probability tails of the log-price under the risk-neutral measure determine the behavior of
European option prices and of the implied volatility, in the regime of either extremes strike
(with bounded maturity) or short maturity. Our results provide a powerful extension of
previous work by Benaim and Friz [BF09]. We discuss the application to some poupular
models, including Carr-Wu finite moment logstable moment, Heston’s model and Merton’s
jump diffusion model.

In Chapter 3| we devote ourselves to the analysis of the implied volatility for a specific
model, that has been recently shown by Andreoli, Caravenna, Dai Pra and Posta [ACDP12]
to reproduce the multiscaling of moments and clustering of volatility observed in many
financial series. Based on Chapter [2] this amounts to give sharp estimates on the tails
of the log-price distribution. Although the moment generating function of the log-price is
not known explicitly, we show that the tails can be well estimated via Large Deviation
techniques, notably the Gérter-Ellis theorem.

In Chapter [4] we propose a possible enrichment of the model, adding jumps to the log-
price in order to take account of the so called leverage effect. We prove some basic results and
we describe a natural one-parameter family of martingale measures for this enriched model.
We also show that the price of European options can be expressed through a generalization
of the celebrated Hull&White formula, by averaging the usual Black&Scholes formula with
respect to both a random volatility and a random spot price.

Finally, in Chapter [5| we describe a numerical algorithm to price European option under
the enriched model presented in Chapter [} exploiting the generalized Hull&White formula.
The algorithm uses a stratification method in order to improve the speed. Some preliminary
results on the calibration of the model with real data, taken from the DAX index, are
presented and discussed.
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Chapter 1

Overview of the thesis

In this thesis we obtain asymptotic results on the asymptotic behavior of option prices, and
of the related smplied volatility, for a stochastic volatility model which exhibits multiscaling
of moments, recently introduced in [ACDPI12|. These results are described in Chapters
and [} while some numerical investigations are presented in Chapter [5]

Our approach is based on explicit formulas that link the asymptotic behavior of the
implied volatility to the tail probability of the log-price. These results, presented in Chap-
ter |2, provide a powerful extension of previous work by Benaim and Friz [BF09| and are of
independent interest, since they can be applied to a wide family of models.

We now give a short overview of the content of each chapter.

1.1 Chapter 2. General smile asymptotics with bounded ma-
turity

The price of a European option is typically expressed in terms of the Black&Scholes implied
volatility oimp(k,t), cf. [Gat06], where ~ denotes the log-strike and ¢ the maturity. Benaim
and Friz [BF09| have provided explicit conditions on the log-return distribution to obtain
the asymptotic behavior of oimp(k,t), in the special regime |k| — oo for fixed ¢ > 0.

Here we strengthen and extend their results, allowing s and ¢ to vary simultaneously
along an arbitrary curve, such that either |k| — oo with bounded ¢, or t — 0 with arbitrary
k. Our results are organized as follows.

e First we provide universal formulas that link the asymptotic behavior of the implied
volatility oimp(k,t) to that of the call ¢(k,t) and put p(k,t) option prices, cf. §2.1.2

e Then we show that the asymptotic behavior of c¢(x,t) and p(x,t) can be linked ex-
plicitly to the tail probabilities Fy(x) := P(X; > k) and Fy(k) := P(X; < k), where
X denotes the risk-neutral log-return, cf. §2.1.3]

The main results are Theorems [2.1.1} 2.1.5[and [2.1.11}]

As a consequence, whenever enough information on the tail probabilities is available, it
is possible to write down explicitly the asymptotic behavior of the implied volatility. We
illustrate this fact in Section determining the complete asymptotic profile of the implied
volatility with bounded maturity for the model of Carr&Wu, cf. Theorem We also
discuss the application of our results to the Heston and Merton models.

1




Overview of the thesis 2

The application of our results to the multiscaling stochastic volatility model introduced
in [ACDP12] is the subject of Chapter

1.2 Chapter 3] The asymptotic smile of a multiscaling stochas-
tic volatility model

In this chapter we apply the results of Chapter[2]to a stochastic volatility model that exhibits
multiscaling of moments, recently introduced in [ACDP12]. Very briefly, the model can be
described as follows: under the risk-neutral measure, the price (St):>0 evolves according to
the stochastic differential equation

ds,

=t — 5,dB, (1.2.1)

St
where (B¢)¢>0 is a Brownian motion and (o¢)¢>0 is an independent process, function of three
real parameters D € (0,1), V and A € (0,00), defined as follows: denoting by (IN;);>0 a
Poisson process independent of (By)i>o of rate A, with jump times 0 <7 <72 < ...,

1
AP—3

D) Pz, (1.2.2)

O't:V

(t — 7n,

In words, the volatility oy explodes at each jump time of the Poisson process (note that 7y,
is the epoch of the last jump of the Poisson process before time ¢) after which it decays as
an inverse power, with exponent tuned by D (see Figure on page [40[in Chapter [3)).

The properties of this model (under the historical measure) have been investigated in
[ACDP12], and it was shown that interesting features emerge, namely:

e Heavy tails: the distribution of the log-price X; := log(S;/Sy) is asymptotically
Gaussian for large time t, but asymptotically heavy tailed for short time.

e Multiscaling of moments: as At | 0, the moments E(| X;ya¢ — X¢|?) of the log-price
rescale as (At)4(9 where A(q) = 2 (as one would naively guess) only up to a critical

moment q < ¢* := (% — D)_1 € (2,00), while for ¢ > ¢* one has A(q) < 4.

e Clustering of volatility: the covariance between |X;yp — X¢| and | Xeparrn — Xetatl
decays exponentially fast for large At, but slower (polynomially) for At = O(1).

In Chapter [3] we derive the asymptotic behavior of option prices and of the related
implied volatility, showing that it displays interesting features. For instance, despite the
price having continuous paths, the out-of-the-money implied volatility diverges in the small-
maturity limit, with an explicit limiting shape displaying a very pronounced smile. More
precisely, the following asymptotic formula holds both in the deep out-of-the-money regime
(|k| = oo for fixed t > 0) and in the short maturity regime (¢ | 0 for fixed x # 0):

1-2D

wye O\
i (K t) ~ A —EE
(1) ( 1og<rm/t>>




Overview of the thesis 3

where A € (0,00) is an explicit constant (depending on the parameters of the model).

We refer to Theorem for the complete results about the asymptotics of the implied
volatility, which cover a wide range of regimes for (k,t). The corresponding estimates for
the tail probability and for the option price are given in Theorems [3.3.1] [3.3.2] and [3.3.3]

1.3 Chapter 4. Enriching the model and pricing

The model considered in Chapter |3|is a stochastic volatility model, cf. , in which the
volatility process (0¢)i>0 is independent of the Brownian motion (By):>o that drives the
evolution of the price. It is well-known [RT96] that for such models the implied volatility
is always a symmetric function of the log-strike, i.e. oimp(—~K,t) = Oimp(K, t).

For this reason, in order to take into account the so-called leverage effect, we enrich
the model introducing a jump component in the log-price, using the same Poisson process
(N¢)¢>0 that drives the evolution of the volatility (o¢);>0, cf. (1.2.2). The intuitive meaning
is that shocks in the market, represented by jumps in the Poisson process, determine both
an increase in the volatility and a jump in the price.

We thus introduce a further parameter ¢ € R, which represent the jump size in the
log-price at shock-times: under the historical measure, the log-price X; evolves as

dX; = o d Xy + Qd(Nt — )\t) .

where (0¢)¢>0 is the same process as in (1.2.2)). It is natural to wonder whether and how the
properties of the original model are modified by the addition of jumps. We prove that we
still have the clustering of volatility and the heavy tails distribution for small time, however
the multiscaling of moments disappears, as we discuss in §4.1]

We then describe a natural one-parameter family of martingale measures for this en-
riched model (as well for the original model) indexed by the intensity A € (0, 00) of the Pois-
son process, which can be modified arbitrarily with respect to the original value A € (0, c0).
Renaming A as A for simplicity, under the enriched model the price evolves by

%St :O'tdBt + Qd(Nt—)\t). (131)
t

Even though in the enriched model the volatility process (o¢)i>0 is not independent of
the Brownian motion (B¢):>0, the price of European options can be expressed through a gen-
eralization of the celebrated Hull& White formula, i.e. by averaging the usual Black&Scholes
formula with to both a random wvolatility and a random spot price, cf. Theorem This
allows for a fast Monte Carlo evaluation of option prices, as we discuss in Chapter o]

1.4 Chapter [5. Simulation and numerics

Exploiting the generalized Hull&White formula described in Chapter [, in Chapter [5] we
describe a numerical algorithm to price European option under the enriched model, which
uses a stratification method in order to improve the speed. The actual code for the both the
C and the MATLAB® languages is given in Appendix[A] Some preliminary results on the
calibration of the model with real data from the DAX index are presented.
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Chapter 2

General smile asymptotics with
bounded maturity

In this chapter we provide explicit conditions on the distribution of risk-neutral log-returns
which yield sharp asymptotic estimates on the implied volatility smile. These conditions
extend previous results of Benaim and Friz [BF09| and are valid in great generality, both
for extreme strike (with arbitrary bounded maturity, possibly varying with the strike) and
for small maturity (with arbitrary strike, possibly varying with the maturity). Applications
to popular models as the Carr-Wu finite moment logstable model, Merton’s jump diffusion
model, and Heston’s model are discussed.

2.1 Introduction

The price of a European option is typically expressed in terms of the Black&Scholes implied
volatility oimp(k,t), cf. [Gat06], where x denotes the log-strike and t the maturity. Benaim
and Friz [BF09] provide explicit conditions on the log-return distribution to obtain the
asymptotic behavior of oimp(k,t), in the special regime x — +oo for fixed ¢t > 0. In this
chapter we strengthen and extend their results, allowing k and t to vary simultaneously
along an arbitrary curve such that either |k| — oo with bounded ¢, or ¢ — 0 with arbitrary
K.

This flexibility allows to determine the asymptotics of oimp(K,t) as a surface, when (k,t)
vary in open regions of the plane. We illustrate this fact in Section 2.2] where we apply our
results to some concrete models (see Remarks [2.2.2] [2.2.4] and [2.2.5] below).

Our results are organized as follows.
e First we provide universal formulas that link the asymptotic behavior of the implied
volatility oimp(k,t) to that of the call ¢(k,t) and put p(x,t) option prices, cf. §2.1.2]

e Then we show that the asymptotic behavior of the option prices ¢(k,t) and p(k,t) can
be linked explicitly to the tail probabilities Fy(k) := P(X; > k) and Fy(k) := P(X; <
k), where X; denotes the risk-neutral log-return, cf. §2.1.3

Combining these results, whenever enough information on the tail probabilities is available,
it is possible to write down explicitly the asymptotic behavior of the implied volatility.

5



General smile asymptotics with bounded maturity 6

2.1.1 The setting

We consider a generic stochastic process (X¢):>o representing the log-price of an asset,
normalized by X := 0. We work under the risk-neutral measure, that is (assuming zero
interest rate) the price process (Sy := eXt)tzo is a martingale. European call and put options,
with maturity £ > 0 and a log-strike x € R, are priced respectively

el t) = B(eX — )], plst) = Bl(e" — X1)*], (2.1.1)
and are linked by the call-put parity relation:

c(k,t) — p(r,t) =1—€". (2.1.2)

In all of our results, we take limits along an arbitrary family (or “path”) of values of
(k,t). It is immaterial whether this is a sequence ((kn,tn))nen or a curve ((Ks,ts))se(0,00),
therefore we omit subscripts. Without loss of generality, we assume that all the x’s have
the same sign (just consider separately the subfamilies with positive and negative ’s). To
simplify notation, we only consider positive families k > 0 and give results for both x and
—K.

Our main interest is for families of values of (k,t) such that

either kK — oo with bounded ¢, or ¢t — 0 with arbitrary x > 0. (2.1.3)

Note that (2.1.3)) gathers many interesting regimes, namely:

(1) k > o0and t =t € (0,00);
(2) Kk = o0 and t — 0;
(3) k = k€ (0,00) and t — 0;

(4) k > 0and t — 0.

Remarkably, while regime needs to be handled separately, regimes —— will be
analyzed at once, as special instances of the case “k is bounded away from zero”.

Whenever (22.1.3)) holds, one has (see §2.5.1)
c(k,t) =0, p(—k,t) =0, (2.1.4)

but relation (2.1.4) is more general, as it can be satisfied also when ¢t — oo. Except for the
results in §2.1.2] which are valid in complete generality under (2.1.4]), we stick to the case
of bounded t (we refer to [Te09, [JKMI3]| for results in the regime ¢t — 00).

A key quantity of interest is the implied volatility oimp(k,t) of the model, defined as the
value of the volatility parameter o € [0,00) that plugged into the Black&Scholes formula

yields the given call and put prices ¢(k,t) and p(k,t) (see below). Note that
Timp(K,t) = 0if ¢(k,t) = 0 and, likewise, oimp(—~,t) = 0 if p(—~,t) = 0. Consequently, to
avoid trivialities, we focus on families of (k,t) such that ¢(k,t) > 0 and p(—k,t) > 0.
Throughout the chapter, we write f(k,t) ~ g(k,t) to mean f(k,t)/g(k,t) — 1. Let us
recall a useful standard device, referred to as subsequence argument: to prove an asymptotic
relation, such as e.g. f(k,t) ~ g(k,t), along a given family of values of (kx,t), it suffices to
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show that from every subsequence one can extract a further sub-subsequence along which
the relation holds. As a consequence, in the proofs we may always assume that all quantities
of interest have a (possibly infinite) limit, e.g. Kk — K € [0,00] and t — t € [0, 00), because
this is always true extracting a suitable subsequence.

2.1.2 From option price to implied volatility

We first show that, whenever the option prices ¢(k,t) or p(—k,t) vanish, they determine
the asymptotic behavior of the implied volatility through explicit universal formulas.

We need to introduce some notation. Denote by ¢(-) and ®(-) respectively the density
and distribution function of a standard Gaussian (see below), and define the function

D(2) = ;p(z) ~B(—z), V¥e>0. (2.1.5)

As we shown in §2.3.1| below, D is a smooth and strictly decreasing bijection from (0, 00)
to (0,00). Its inverse D! : (0,00) — (0, 00) is also smooth, strictly decreasing and satisfies

-1 — -1 Nil
D™ (y) 2(—logy) asylo0, D™ (y) e as y 1 o0o. (2.1.6)

The following theorem, proved in Section describes the link between option price
and implied volatility asymptotics, extending Benaim and Friz [BF09, Lemma 3.3|. As we
discuss in Remark below, it overlaps with recent results by Gao and Lee [GL14].

Theorem 2.1.1 (From option price to implied volatility). Consider an arbitrary family of
values of (k,t) with k > 0 and t > 0, such that c¢(k,t) — 0, resp. p(—k,t) — 0.

e Case of k bounded away from zero (i.e. liminf x > 0).

—1 t —1 t 2
Timp (K, T) ~ (\/Og;(& ) +1— \/Og:(ﬁ’ ) ) 7/@ , resp.

- — (2.1.7)
—logp(—k,t —logp(—k,t 2K
"imp(‘*”"’“”<\/ p ‘\/ P A
o Case of Kk — 0, with k > 0.
1 K
O'imp(/f,t> ~ m W s resp.
" (2.1.8)
Timp(—kK, 1) ~ s
PR D-1 (p(—:yt)) Vvt
o Case of K = 0. 0 0t
Timp (0, 1) ~ V21 0.8 _ V2 p(0.) : (2.1.9)

Vi Vi

Note that Theorem requires no assumption on the model: the link between oimp (£, t)
and the option prices c(k,t) and p(k,t) is universal, being essentially a statement about
the inversion of Black&Scholes formula (see Theorem for an explicit reformulation).



General smile asymptotics with bounded maturity 8

Remark 2.1.2. The formulas in Theorem become more explicit when additional
information on the asymptotic behavior of ¢(k,t) and p(—k,t) is available. For instance,

whenever _I%C(“’t) — 00, Tesp. _log+(_”’t) — o0, formula ([2.1.7)) reduces to
K K
Oimp (K, resp. Cimp(—K, T . (2.1.10
plr ) ~ V2t (—loge(k,t)) P ol )~ V2t (—log p(—k, 1)) ( )

Likewise, using the estimates in (2.1.6)), formula (2.1.8]) can be rewritten as follows:

K .. C(k,t)
if ——= :
Vi Clgem o) on
O‘imp(K,,t) ~ D—l(/il)\/i if C(/':t) —ac (0700); (2111)
V2r C(f/’;) if C(F;’ 2 — o0, orif k=0,

and analogously for oimp(—k,t), just replacing c(x,t) by p(—k,t).
It is interesting to observe that the first relation in (2.1.10)) coincides with the first line
of (2.1.11) when x — 0 slowly enough, more precisely when

—log k = o —log c(k, 1)), (2.1.12)

so that —log(e(k,t)/k) ~ —logc(k,t). This means that relations (2.1.7) and (2.1.8) match
at the boundary of their respective domain of validity. On the other hand, when x — 0 fast

enough so that (2.1.12) fails, relation (2.1.7) must be replaced by (2.1.8])-(2.1.9).

Remark 2.1.3. Taking the square of both sides of the first line of (2.1.7)), one can rewrite
it as

amwmﬁﬁww<—M¥“¢§, with  (a) =2 —4[Va? + 2 — ]|

K K

which is the key formula in Lemma 3.3 of Benaim and Friz [BF09] (who considered the
regime k — oo for fixed ¢ and made some additional assumptions). Theorem provides
a substantial extension, allowing for any regime of (k,t) and making no extra assumptions.
We point out that equation (2 in full generality has been recently proved by Gao and
Lee |[GL14] (extending previous results of Lee [Le04], Roper and Rutkowski [RR09], Gulisas-
hvili [Gul0]). Actually, Gao and Lee prove much more than (2.1.7), since their approach
provides explicit estimates for the error and allows to obtain higher order asymptotics. On
the other hand, in [GLI14] condition is assumed (cf. equation (4.2) therein), which
means that all regimes in which kK — 0 “fast enough” are excluded from their analysis.
Summarizing, our Theorem [2.1.1] provides a simple and comprehensive account of first
order asymptotics for the implied volatility as a function of the option price, which can be
applied to any family of (k,t) such that c¢(k,t) — 0, resp. p(—k,t) — 0 (with no restriction
such as ) This is especially useful for the results in the next subsection, which cover
all possible regimes of (k,t) with bounded t. For these reasons, despite the overlap with
[GL14], we give a complete and self-contained proof of Theorem in Section [2.3]
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2.1.3 From tail probability to option price

For Theorem to be concretely useful, one needs to control the asymptotic behavior of
c(k,t) and p(—k,t). We are going to show that this can be extracted from the asymptotic
behavior of the tail probabilities of the risk-neutral log-price (X;)¢>0, defined by:

Fi(k) :=P(X; > k), Fi(—k) :=P(X; < —k). (2.1.13)
We need to distinguish two regimes for (k,t), namely when the tail probabilities converge
to a strictly positive limit (typical deviations) or when they vanish (atypical deviations).

Atypical deviations. We first focus on families of values of (k,t) such that
Fi(k) =0, resp. Fy(—r)—0. (2.1.14)

We stress that this includes regimes , and on page @, and also regime provided
x — 0 sufficiently slow. We need to formulate a regularity assumption on the decay of F;(k),
resp. Fi(—k), which is a natural generalization of the regular variation condition of Benaim

and Friz [BF(09] (see Remark below for more details).

Hypothesis 2.1.4 (Regular decay of tail probability). The family of values of (k,t) with
k>0, t > 0 satisfies (2.1.14)), and for every o € [1,00) the following limit ezists in [0, +00]:

log Fy(ok)

log F;(—
— , resp. I_(p):=lim og Fy(~or)
log F't (k)

=lim (2.1.15)

I (p) :=lim

and moreover

lim7, (o) =1, resp. lim/7_(p)=1. (2.1.16)
ol o)1

(The limits in (2.1.15)) are taken along the given family of values of (k,t).)

Further assumptions on Iy (-), depending on the regime of x, will be required below,
coupled to suitable moment condilions, that we state here for convenience.

e Given n € (0,00), the first moment condition is
limsup E[eMX1] < 0o, (2.1.17)

where the limsup is taken along the given family of values of (k,t) (however, only ¢
enters in this relation). Note that if ¢ < T it suffices to require that

E[eMMXT] < o0, (2.1.18)
because (e1+MXt),54 is a submartingale and hence E[e(1+1Xt] < E[e(1+mX7],
e Always for n € (0,00), the second moment condition is

eXt — 1

1+n
lim sup E{ ] < 00, (2.1.19)

along the given family of values of (k,t). Note that for n = 1 this simplifies to

3C € (0,00) : E[e*Xt] <1+ COr?. (2.1.20)
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The following theorems, proved in §2.4.1] give the link between tail probabilities and
option prices. Due to different assumptions, we present separately the results on ¢(k,t) and

p(—k,t).

Theorem 2.1.5 (Right-tail atypical deviations). Consider a family of values of (k,t) with
k>0, t > 0 such that Hypothesis is satisfied by the right tail probability Fy(k).

e Case of x bounded away from zero and t bounded away from infinity (liminfx > 0,
limsupt < o0). Let the moment condition (2.1.17) hold for every n > 0, or alterna-
tively let 4t hold only for some n > 0 but in addition assume that

I.(0) > o0, Vo>1. (2.1.21)
Then
log c(k,t) ~ log Fy(k) + K, (2.1.22)

which yields, by Theorem

Timp (K, 1) ~ \/_bgw - \/_logw SRR VLS (2.1.23)

K K t

In the special case when —log Fy(k)/k — 0o, assumption (2.1.21)) can be relazed to

Qli)rgo Ii(p) = 0, (2.1.24)
relation (2.1.22)) reduces to
log c(k,t) ~ log Fy(k), (2.1.25)
and simplifies to
K

(2.1.26)

Timp (K, t) ~

V2t (—log Fy(r))

e Case of Kk — 0 and t — 0. Let the moment condition (2.1.19)) hold for every n >0, or
alternatively let it hold only for some 1 > 0 but in addition assume (2.1.24). Then

log (c(k,t)/r) ~log Fiy(k), (2.1.27)

which yields, by Theorem precisely the same asymptotics (2.1.26)) for oimp (K, t).

Theorem 2.1.6 (Left-tail atypical deviations). Consider a family of values of (k,t) with
k>0, t >0 such that Hypothesis is satisfied by the left tail probability Fi(—k).
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e Case of x bounded away from zero and t bounded away from infinity (liminfx > 0,
limsupt < o0). With no moment condition and no extra assumption on I_(-), one
has

log p(—#,t) ~ log Fi(—k) — K, (2.1.28)

which yields, by Theorem

Uimp(_"ﬁt) ~ <\/_10g,}3(_ﬂ) +1- \/WM) 2£ . (2129)

K t

In the special case when —log Fi(—k)/k — 00, relation (2.1.28]) reduces to

log p(—+,t) ~ log Fi(—k), (2.1.30)
and (2.1.29)) simplifies to
K

(2.1.31)

Timp(—K, 1)

b \/2t (—log Fi(—k)) '

e Case of Kk — 0 and t — 0. Let the moment condition (2.1.19)) hold for every n > 0, or
alternatively let it hold only for some n > 0 but in addition assume that

liTm I_(p) = . (2.1.32)
Then
log (p(—k,t)/K) ~ log Fy(—k), (2.1.33)

which yields, by Theorem|2.1.1), precisely the same asymptotics (2.1.31)) for oimp(—k, t).

Remark 2.1.7. Let us compare our Hypothesis with the key assumption of Benaim
and Friz [BFQ9], the regular variation of the tail probabilities, i.e. there exist & > 0 and a
slowly varying functionlﬂ L(-) = L(+) such that, as k — oo for fized t > 0,

log Fy(k) ~ —L(k)k*,  resp. log Fy(—k) ~ —L(k)K*. (2.1.34)

If holds, conditions (2.1.15)) and (2.1.16)) are satisfied, with I (¢) = 0. Remarkably,
in the special regime k — oo with fixed ¢, conditions and (2.1.16) are actually
equivalent to (2.1.34), by [BGTRI, Theorem 1.4.1]. Thus Hypothesis is a natural
extension of the regular variation assumption of Benaim and Friz, when the maturity ¢ is
allowed to vary.

Remark 2.1.8. The assumptions for left-tail asymptotics in Theorem [2.1.6] are weaker
than those for right-tail asymptotics in Theorem [2.1.5] For instance, the left-tail condition
E[e"%T] < oo required in [BF09, Theorem 1.2] is not needed, allowing to treat the case of
a polynomially decaying left tail, like in the Carr-Wu model described in Section

A positive function L(-) is slowly varying if lim,_ . L(0z)/L(x) = 1 for all o > 0.
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Remark 2.1.9. We stress that the “special case” conditions

_ log Fy() s resp. _ log Fy(—k)

— 00, (2.1.35)
K K

are always fulfilled if ¢ — 0 and & is bounded away from infinity (say x — & € (0, 00)).

For families of (,t) with k& — oo, conditions (2.1.35) are satisfied if lim sup E[e(+MX¢] <
00, resp. limsup E[e™"%¢] < oo, for every n € (0,00), by Markov’s inequality (see (2.4.5)
below).

Typical deviations. We next focus on the case when x — 0 and ¢ — 0 in such a way that
the tail probability F(k), resp. Fi(—k) converges to a strictly positive limit. To deal with
this regime, we make the following natural assumption.

Hypothesis 2.1.10 (Small time scaling). There is a positive function (7 )¢>0 with lim oy, =
0 such that X¢/v: converges in law ast | 0 to some random variable Y :
X d

e

Note that (2.1.36) is a condition on the tail probabilities: for all a > 0 with P(Y = a) =0,

Fi(ay) = P(Y > a), Fi(ay) = P(Y <a). (2.1.37)

In particular, the limits in (2.1.37)) are strictly positive for every a > 0 if the support of the
law of Y is unbounded from above and below.
We can finally state the following result, proved in §2.4.2| below.

Theorem 2.1.11 (Right- and left-tail typical deviations). Assume that Hypothesis|2.1.10
18 satisfied, and moreover the moment condition (2.1.19) holds for some n > 0 with k = Y;:

dn>0: limsup E

t—0

[==

147
} < 00. (2.1.38)
Yt

Then the random variable Y in ([2.1.36)) is in L' and satisfies E[Y] = 0.
For any family of values of (k,t) such that

t—0 and ﬁ—)aE[0,00),
Tt

assuming that P(Y > a) > 0, resp. P(Y < —a) > 0, one has
c(k,t) ~ % E[(Y —a)t], resp. p(—=kr,t) ~wE[(Y +a)7]. (2.1.39)

This yields, by Theorem

a
if a>0,
D*l(E[(YaﬂFa)i]) (2.1.40)

V2r E[Y¥] if a=0.

Vi

np (6, 1) ~ Ci(a) 2L, with  Ci(a) =

S
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2.1.4 Discussion and structure of the chapter

Theorems [2.1.5] 2.1.6] and 2.1.11] are useful because their assumptions, involving asymp-
totics for the tail probabilities F(x) and F;(—k), can be verified for concrete models (see
Section for some examples). The difference between the regimes of typical and atypical
deviations can be described as follows:

e for typical deviations, the key assumption is Hypothesis [2.1.10] which concerns the

weak convergence of Xy, cf. (2.1.36)-(2.1.37));

e for atypical deviations, the key assumption is Hypotehsis which concerns the
large deviations properties of Xy, cf. (2.1.15))-(2.1.16)).

In particular, it is worth stressing that Hypotehsis requires sharp asymptotics
only for the logarithm of the tail probabilities log Fy(x) and log Fy(—k), and not for the tail
probabilities themselves, which would be a considerably harder task (out of reach for many
models). As a consequence, Hypotehsis can often be checked through the celebrated
Gartner-Ellis Theorem |[DZ98), Theorem 2.3.6], which yields sharp asymptotics on log F'y(k)
and log F;(—k) under suitable conditions on the moment generating function of Xj.

The rest of the chapter is structured as follows.

e In Section we apply our results to the finite moment logstable model of Carr-
Wu, determining the complete asymptotic behavior of the implied volatility smile
for bounded maturity. We then discuss the Heston model and the Merton model,
while a stochastic volatility model recently introduced in [ACDP12] will be discusse
in Chapter

e In Section we prove Theorem [2.1.7]
e In Section [2.4] we prove Theorems 2.1.5] 2.1.6] and R.1.11]

e Finally, a few technical points have been deferred to Section

2.2 Examples

We apply our main results to some models: the the Carr-Wu model in §2.2.1) the Heston
model in §2.2.2) and the Merton model in §2.2.3

2.2.1 Carr-Wu’s Finite Moment Logstable Model

Carr and Wu [CW04] consider a model where the log-strike X; has characteristic function

E[eiqu] — et[iuu—\u‘aga(l—kisign(u) tan(%))] ’ (221)
where o € (0,00), a € (1,2], while p := 0%/ cos(%5*) in the risk-neutral measure, cf. [CW04,
Proposition 1]. The moment generating function of X; is

pYT—C LAk

E[BAXt] - ioo o itA<O

itA>0, (2.2.2)
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Note that as & — 2 one recovers Black&Scholes model with volatility v/20, cf. §2.3.2/below.
Let Y denote a random variable with characteristic function

EeY] = o~ lul® (1+isign(u) tan( %)) : (2.2.3)

i.e. Y has a strictly stable law with index « and skewness parameter 5 = —1, and E[Y] = 0.
Applying Theorems [2.1.5] [2.1.6] and [2.1.11] we obtain the following complete characteriza-
tion of the volatility smile asymptotics with bounded maturity for this model.

Theorem 2.2.1 (Smile asymptotics of Carr-Wu model). The following asymptotics hold.
e Atypical deviations. Consider any family of (k,t) such that

0<t<T for some firzed T < oo, and tl% — 00. (2.2.4)

(This includes, in particular, the regimes , , on page @ as well as part of
regime ) Then one has the right-tail asymptotics

K _2?5—&1)
Oimp(K,t) ~ Ba <t> , where B, :=

and the left-tail asymptotics

log &~ log &= 2k
Timp (=K, 1) ~ ¢Kt-+y—¢ Kt - (2.2.6)

which can be made more explicit as follows:

;

2K .
— if T — 00,
t log ;
Vvi4+a—-1 /25 | K
imp(—F,t) ~ { e [ i 0
Ulmp( /i,t) \/a + Zf log% —ac ( 700)7 (227)
S — if 0.
\/2tlog % log ¢
e Typical deviations. For any family of (k,t) with
t0, ﬁ%%aeﬂm% (2.2.8)
one has
a
] 0
. o EevEaEy, Y00
Oimp (5, 1) ~ Ca(a) £, with Cafa) =4 P (F) (2.2.9)

V2r o E[Y ] ifa=0.
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Remark 2.2.2 (Surface asymptotics for the Carr-Wu model). The fact that relations

(2.2.5) and (2.2.6) hold for any family of (k,t) satisfying (2.2.4) yields interesting con-

sequences. In fact, for any T € (0,00) and € > 0, we claim that there exists M =
M(e,T) € (0,00) such that the following inequalities hold for all (k,t) in the region
Ary ={0<t<T, k> Mtl/a}:

K _2(2(1_—()/1) K _2(20/._—al)
(1—¢)Ba n < Gimp (K, 1) < (14¢) By n ; (2.2.10)

analogous inequalities can be written for oimp(—~,t), using relations (2.2.6])-(2.2.7). Like-
wise, in the typical deviations regime, by (2.2.9)), we claim that for every £ > 0 there exist

0 = 0(e) > 0 such that for all (k,t) in the region Bs :={0 <t <4, 0 <k < ¢} one has

K 2—a K 2—a
(1—¢)Cy <tl/a) t20 < opmp(k,t) < (14¢)Cy (tl/a> toa (2.2.11)

Relations like (2.2.10) and (2.2.11]) provide uniform approzimations of the volatility surface
Timp (K, t) that hold for (k,t) in open regions of the plane, and not only along “thin lines”.

The proof of the above relations is simple. Let us focus on , for definiteness,
and assume by contradiction that there exist T, e € (0, 00) such that for every M € (0, o0)

relation (2.2.10) fails for some (kar, tar) € Arg ar; then the family ((kar, tM))ME(O,oo) satisfies
(2-2.4) but (2.2.5) does not hold, contradicting Theorem [2.2.1]

Proof of Theorem [2.2.1. If we set
_ Xt — ut

Y = o (2.2.12)
it follows by that Y; has the same distribution as Y in (2.2.3)), because
B[] = B[] = ¢~ lul* (1+isien(u) tan()) (2.2.13)
It follows by that
5—/'; ui(; oY, (2.2.14)

hence Hypothesis is satisfied with ~; := ¢!/

It is well-known that Y has a density which is strictly positive everywhere, hence P(Y >
a) > 0and P(Y < —a) > 0 for all a € R. We also note that the right tail of Y has a super-
exponential decay: as Kk — oo

N R _ ray [\ 1/(a=1)
log P(Y > k) ~ —Ba k@D where By 1= “ 1 (’COS( 2 )‘> . (2.2.15)

(6 «

cf. [CWO04] Property 1 and references therein]. On the other hand the left tail is polynomial:
there exists ¢ = ¢, € (0, 00) such that

P(Y < —k) ~ —, hence logP(Y < —k) ~ —alogk . (2.2.16)
K
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Recalling that Fy(k) := P(X; > &) and Fy(—k) := P(X; < k), by (2.2.12) we can write

— k— ut -
Fi(k) :P<Y> atl/li ) Fi(—k) :P<Y§ Ut%ﬁ‘) (2.2.17)

hence we can transfer the estimates (2.2.15) and (2.2.16]) to X;.

Henceforth we consider separately the regimes of atypical deviations (2.2.4)), and that of

typical deviations (2.2.8). Note that it is easy to check that (2.2.6]) is equivalent to ([2.2.7)).

Atypical deviations

Let us fix an arbitrary family of values of (k,t) satisfying (2.2.4). Then also x/t — oo
(because > 1 and 0 < ¢t < T'), hence

K — ut K —K — ut —K
otl/a otl/a %% otl/a otl/a

By (2.2.15), (2.2.16) and (2.2.17) we then obtain

_ - e\ /(a1 s
log Ft(k) ~ =By | ——— , log Fy(—k) ~ —log — . (2.2.18)
otl/a t

Let us now check the assumptions of Theorem [2.1.5]

e The first relation in (2.2.18) shows that Hypothesis is satisfied by the right tail
Fi(k), with I (o) = 0®/(®=1). Note that I, (9) > o for all ¢ > 1, since o > 1, hence

also condition (2.1.21)) is satisfied.

e Condition (2.1.17)) is satisfied because (2.1.18)) holds for all 7' > 0 and 1 > 0, by
(12.2.2)).

e It remains to check condition (2.1.19)). As we prove below, for all n € (0, — 1) and
T > 0 there are constants A, B,C € (0,00), depending on 7, T and on the parameters
a, 0, such that for all 0 < ¢ < T and k > 0 the following inequality holds:

E{ Hn] < A((T)B + C> : (2.2.19)

In particular, since x/t'/* — oo by assumption (2.2.4), condition (2.1.19) is satisfied.

Applying Theorem since —log Fy(k)/k — oo by the first relation in (2.2.18), the
asymptotic behavior of oimp(k,t) is given by (2.1.26)), which by (2.2.18) coincides with
@.23).

Next we want to apply Theorem [2.1.6, By the second relation in (2.2.18), Hypothe-
sis is satisfied by the left tail Fi(—x), with I_(p) = 1. If k is bounded away from zero,

the asymptotic behavior of oimp (&, t) is given by (2.1.29)), which by (2.2.18]) yields precisely
2-2.6).

If K — 0 we cannot apply directly Theorem [2.1.6| because the moment condition (2.1.19)
is satisfied only for some 1 > 0, and condition (2.1.32)) is not satisfied, since I_(p) = 1.

However, we can show that (2.1.33)) still holds by direct estimates. By (2.1.1))
p(—rt) = E[(e™ — X)L xc )] 2 Blle™ — X)L, o] > (67 — ) Fy(~2r),

eXt — 1

K
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and since (e 7% —e~2F) = e72%(e" — 1) > e~ %"k, we can write by (2.2.18)) (recall that k — 0)

2 (0% «
@r)* —log%. (2.2.20)

log (p(—f-s, t)/l-i) > —2k — log

Next we give a matching upper bond on p(—k,t). Since ut < k eventually (recall that

k/tY* — 00, hence K/t — o0), by (2.2.17) and (2.2.16) we obtain, for all y > 1

2Ky , t
Fi(—ky) < P<Y < _atl/a> < C@?

for some ¢ = ¢, ,,, € (0,00). Then by Fubini’s theorem

0o,

p(—#, ) = E[(e™ = X)L (x,c_] =E[ / e—$1{$<_xt}dx] - [ Ao

hence
o (03

log (p(—#,t)/r) <logc” —log % ~ —log % .
This relation, together with (2.2.20)), yields

[0}

log (p(—+k,t)/K) ~ —log % :

Since k/tY/* — oo, this shows that we are in the regime when x — 0 and p(—&,t)/x — 0.

We can thus apply equation (2.1.8)) in Theorem [2.1.1] which recalling Remark simplifies
as the first line in (2.1.11)) (with p(—k,t) instead of c(k,t)), yielding

K

K
V2t (Slog(p(=r.)/R) , fat 10g 5
hence (2.2.6]) is proved also when x — 0 (cf. the last line of (2.2.7)).

Timp(—K, t)

Typical deviations.

Let us fix an arbitrary family of values of (k,t) satisfying (2.2.8)). Relation (2.2.19) for
k = v = t'/® shows that condition (2.1.38) is satisfied, and Hypothesis [2.1.10[ holds by

(2.2.14). We can then apply Theorem [2.1.11] and relation (2.1.40) gives precisely (2.2.9). O
Proof of ([2.2.19). Since |t < 1ifz < O0and <1 < e®if 2 > 0, we have |[£2| < 1+e®
for all z € R. If p,q > 1 are such that % + % =1, Young’s inequality ab < %ap + ébq yields

eXf—l‘ 1<|Xt|>p 1
——— <o) (1M
Xt P\ K q( )

Xy

KR

eXt — 1
|-

Noting that (a + b)" < 2" 1(a” + b") for » > 1, by Holder’s inequality, and denoting by
¢ = ¢py a suitable constant depending only on p,n, we can write

Xe _q|MHm <‘Xt‘p(1+7])
- - <eol =

e

K Hp(1+77)

+1+ e‘](l-i-”])Xt) .
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Given 0 < < o — 1, we fix p = py o > 1 such that B := p(1 +n) < a. (Note that B
depends only on 7, «.) Moreover, it follows by (2.2.12) that

E[1X:|%] = (ot/*)PE[IY ] (1 + O(P0=1))

and note that E[|Y|?] < oo, because Y has finite moments of all orders strictly less than
a, cf. [CW04, Property 1]. Since for t < T one has E[e?(1HMXt] < E[e?0+NX1] < o0, by

(2.2.2)), relation (2.2.19)) is proved. O

2.2.2 The Heston Model

Given the parameters A\, J,n,00 € (0,00) and ¢ € [—1,1], the Heston model [Hes93] is a
stochastic volatility model (S;)¢>0 defined by the following SDEs

dS, = S, VAW,
dVi = =V, =) dt + nv/V, dWZ,
Xo=0, V=o0,
where (W})i>0 and (W2);>o are standard Brownian motions with (dW}',dW?) = pdt.
Unlike the Carr-Wu model, here S; displays explosion of moments, i.e. E[S}] = oo for
p > 1 large enough (note that E[S;] = 1, since (S;)¢>0 is a martingale). In particular for
any fixed ¢ > 0 we define the explosion moment p*(t) as
p*(t) :==sup{p > 0: E[SY] < o},
so that E[SY] < oo for p < p*(t) while E[SY] = oo for p > p*(t). The behavior of the
explosion moment p*(¢) is described in the following Lemma, proved below.
Lemma 2.2.3. If o = —1, then p*(t) = 400 for every t > 0.
If 0 > —1, then p*(t) € (1,+00) for every t > 0. Moreover, ast | 0
C
* 1) ~ —
)~

where

2 V1 — 02
ﬁ (arctan v~
nv1i—o 0
C=Clon) =
2
- ifo=1
n
The asymptotic behavior of the implied volatility oimp(k,t) for the Heston model is
known in the regimes of large strike (with fixed maturity) and small maturity (with fixed
strike).

+7rlg<0> ZfQ < 1
(2.2.21)

e In [BE08|, Benaim and Friz show that for fixed ¢ > 0, when x — 400

V2K
imp(K,T) ~ —F— *(t) — t)—1), 2.2.22
Fim ()~ 7 (VIO - VT 1) (2:2.22)

based on the estimate (cf. also [AP07])
—log P(X; > k) -~ p(t) K. (2.2.23)
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e In [FJ09], Forde and Jacquier have proved that for any fixed x > 0, as ¢ | 0

K
Timp (K, 1) ~ —mms
o5 0) 34 2 A+ ()

where A*(+) is the Legendre transform of the function A : Rt — R™ U {oo} given by

(2.2.24)

o
op itp<C,

A(p) =" (V 1 - ¢*cot (%”p 1= 92) - ‘-’) (2.2.25)

where C' is the constant in (2.2.21]). Their analysis is based on the estimate

1
—logP(X; > k) oy EA*(,%) ) (2.2.26)

obtained by showing that the log-price (X¢);>0 in the Heston model satisfies a large
deviations principle as t | 0, with rate 1/t and good rate function A*(k).

We first note that the asymptotics (2.2.22) and (2.2.24)) follow easily from our Theo-
rem [2.1.5] plugging the estimates (2.2.23) and (2.2.26) into relations (2.1.23) and (2.1.26),
respectively.

We also observe that the estimates (2.2.22) and (2.2.24) match, in the following sense:
if we take the limit ¢ — 0 of the right hand side of (2.2.22)) (i.e. we first let K T +00 and
then t | 0 in oymp(k,t)), we obtain

VI 1 VB 1 Wk
0oVt 20/pH(t) Jﬁ@‘@'

If, on the other hand, we take the limit x 1 0 of the right hand side of (2.2.24)) (i.e. we first
let t | 0 and then s 1 400 in gimp(k,t)), since A*(k) ~ C/i,lﬂ we obtain

K VR
stHoe \2Ck  V/2C7
which coincides with (2.2.27)). Analogously, also the estimates ([2.2.23) and (2.2.26)) match.

It is then natural to conjecture that, for any family of values of (k,t) such that kT 400
and t | 0 jointly, one should have

22.22) (2.2.27)

2-2.24) (2.2.28)

log P(X; > k) ~ —C % : (2.2.29)

where C is the constant in (2.2.21)). If this holds, applying Theorem relation (2.1.26)
yields
NG
Oimp(K, ) ~ ) 2.2.30
bl )~ o 2230)

providing a smooth interpolation between ([2.2.22f) and (2.2.24)).

TThis is because A(p) 1 +o0 as p 1 C, hence the slope of A*(k) converges to C as k — co.
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Remark 2.2.4 (Surface asymptotics for the Heston model). If (2.2.30) holds for any family
of values of (k,t) with Kk — oo and t — 0, it follows that for every ¢ > 0 there exists
M = M (e) € (0,00) such that the following inequalities hold:

(1_5)\/ﬁ§01mp( ) < (1+ )m?

for all (k,t) in the region Ap pr == {0 <t < ﬁ, Kk > M}, as it follows easily by contradiction

(cf. Remark for a similar argument).
Proof of Lemma[2.2.3 Given any number p > 1 we define the explosion time T%(p) as

T*(p) :=sup{t > 0: E[S] < oo}.

Note that if T7*(p) =t € (0, +00) then p*(t) = p. By [AP07] (see also [FK09])

+oo if A(p) >0, x(p) <0,
. 1 1 (p)++v/Alp) it A >0 0
T*(p) = { Vam) 8 (x@)—@ it AP 20, x(p) >0, m93y)
_A .
72A(p) (arctan W + wlx(p)<0> if A(p) <0,
where
x()=omp — X, Alp)==x*(p) —n*(*—p),

Observe that if o = —1, then x(p) = —p—A < 0 and A(p) = N2 +p (277)\ + 772) > 0, which
implies T*(p) = +oo for every p > 1, or equivalently p*(t) = +o0 for every ¢t > 0.
On the other hand, since
Alp) = &*n’p* + A\ = 2noXp — °p* +1°p = 0’p*(&® — 1) + p(n* — 2no)) + A*,

we observe that if o # 1, then Ap < 0 as p — +00, which implies

2 V11— 0?
T*(p) _ <arctan PV - 7T1g<0>

ptoo p(ny/1 — 02) onp

(2.2.32)
1 2 1— 02
arctan ———— +ml,<0 | -

/1o @ 0

In particular this leads to the conclusion that, if |o| # 1, then

C
* £ ~ =
CHONpA
where C' was defined in ([2.2.21]).
It remains to study the case ¢ = 1, in which x(p) > 0 for every p. We have two
possibilities: if n > 2\ then A(p) > 0 when p — 400, and so by (2.2.31)

1 (7% + 20X ) 21

T*(p) ~ —)log <1+2np_p

ptoo \/p(n? + 20\ P +20N) ) np’
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On the other hand, if n < 2, then A(p) < 0 when p — oo and so
2 20\ — n? 21
T* (p) ~ ——— | arctan M ~ - =,
proo /p(2n\ — n?) n np

Finally if n = 2\, A(p) = A2, and so

> =

2\ 21
T (p) = =1 1 ~ 22
2 Og( +77p—2/\> ptoo 1 P

1, in agreement with (2.2.21). O

In all the cases we obtain p*(t)

SRl

£10
2.2.3 Merton’s Jump Diffusion Model

Consider a model [MT76] where the log-return X; has an infinitely divisible distribution,
whose moment generating function is given by

1 2
E [exp(2X:)] = exp <t {Z,u + 52202 +A <eza+z262 — 1> } ) , (2.2.33)

where p,a € R and o, \, 6 € (0,00) are fixed parameters.
Benaim and Fritz [BF09] observed that for fixed ¢ > 0, as k — o0,

log P(X; > k) ~ —g, /2log%, (2.2.34)

K 0

2t \/2log §
Remarkably, formula (2.2.35)) holds for any family of (k,t) such that t is bounded, say

0<t<T, and k> \/@, by our Theorem [2.1.5| because the asymptotic relation (2.2.34)

also holds for any such family (we thank Stefan Gerhold for this observation). In fact, for
any c € (1,00) such that E[e“Xt] < oo, we can write

deducing that

O'i2mp(’£? t) ~

(2.2.35)

1 c—i—iooE s Xt ,—KS
RETUR Yl SR
c

21 s

—1%00
The asymptotic evaluation of this integral can be done by saddle point methods: the relevant
estimate for the saddle point §, taken from [FGY14]EI reads as follows:

§7\/210g/<c_ﬂ 0 log log k
) 52 Viog k

which gives precisely (2.2.34)):
K K K K K
logP(Xy > k) ~ —k§+log Mx,(8) ~ ——=4/2log — + ———= ~ ——/2log —.
g P(Xy 2 k) ~ =18 +log My, (3) ~ —< [2log - NTE M g

TThe formula for 5% at the end of the section “The Merton Model” in [FGYT4] contains a misprint,
since the term — log(A\7'6%) should be replaced by —log(\d?). We also refer to [GMZ14] for the special case
K — oo with fixed ¢, with a more detailed computation.
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Remark 2.2.5 (Surface asymptotics for the Merton model). In analogy with Remark [2.2.4]

since formula (2.2.35)) holds for any family of (k,t) with ¢ bounded and k > 4/log %, for
every € > 0 there exists M = M (e) € (0,00) such that the following inequalities hold for
all (k,t) in the region Appr:={0<t<T, k> Mt}:

J

K 4]
1 g\ =
(1=e)5 2log

K
27t,/210g%'

< ot (rt) < (14¢)

2.3 From option price to implied volatility

In this section we prove Theorem We start with some background on Black&Scholes
model and on related quantities.

2.3.1 Mills ratio

We let Z be a standard Gaussian random variable and denote by ¢ and ® its density and
distribution functions:

6(2) = P(Zdi dz) _ e\;; L D) =P(Z<2) = /_ (1) dt (2.3.1)

The Mills ratio U : R — (0, 00) is defined by

1 O(2) B O(—2) s
U(z):= O OR VzeR. (2.3.2)

The next lemma summarizes the main properties of U that will be used in the sequel.

Lemma 2.3.1. The function U is smooth, strictly decreasing, strictly conver and satisfies

1
U'(z) ~ 2 as z T 00. (2.3.3)
Proof. Since ®'(z) = ¢(z) and ¢ is an analytic function, U is also analytic. Since ¢/(z) =
—z¢(z), one obtains

U'z)=2U(z) - 1, U'(2) =U(2) + 2U"(2) = (1 + 22)U(2) — =. (2.34)

Recalling that U(z) > 0, these relations already show that U'(z) < 0 and U”(z) > 0 for all
z < 0. For z > 0, the following bounds hold [S54] eq. (19)], [PO1, Th. 1.5]:

2 1 UG < 1 2242
pry Z = - s
2241 41 Z+zi3 23 4+ 3z

z

Vz>0. (2.3.5)

Applying (2.3.4) yields U”(z) > 0 and —H% < U'(z) < —ﬁ for all z > 0, hence

233). O
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We recall that the smooth function D : (0,00) — (0, 00) was introduced in (2.1.5)). Since
1
D'(z) = —?qb(z) <0, (2.3.6)

D(-) is a strictly decreasing bijection (note that lim, g D(z) = oo and lim,_,o D(2) = 0).
Its inverse D=1 : (0,00) — (0,00) is then smooth and strictly decreasing as well. Writing
D(2) = ¢(2)(L — U(2)), it follows by (2.3.5) that 1 — U(z) ~ % as z 1 oo, hence

1.2
1 D(z) ~ 26(0) = —
——— asztoo, Z) ~ = =
V2 23 z o2mz

It follows easily that D~1(-) satisfies (2.1.6)).

D(Z)szlgﬁb(z)N as 2} 0.

2.3.2 Black&Scholes formula

The Black&Scholes model is defined by a risk-neutral log-price (X; := 0By — %021‘,)@0,
where (Bg)i>0 is a standard Brownian motion and the parameter o € (0,00) represents
the volatility. The Black&Scholes formula for the price of a normalized European call is
Cgs(k,0V/t), where & is the log-strike, ¢ is the maturity and we define

1— eyt if v =0,
Cos(r,0) = E[(e"?—40" — emyr = 4 17 ne (2.3.7)
O(dy) — e"B(dy) ifv >0,
where @ is defined in (2.3.1)), and we set
d1 == dl(/{, U) = -
dy = do(K,v) =

+

e N

dy = dy —
so that Z ; v (2.3.8)

|
SIERSEE:
|

Note that Cgs(k,v) is a continuous function of (k,v). Since e¢(d2) = ¢(d1), for all
v > 0 one easily computes
0Cgs(k,v) 0Cgs(k,v)
ov Ok

hence Cgs(k,v) is strictly increasing in v and strictly decreasing in x (see Figure 2.1)). Tt is
also directly checked that for all kK € R and v > 0 one has

= ¢(d1) >0, = —e"®(dz) <0,

Cgs(k,v) =1—e€" 4+ e"Cgs(—k,v). (2.3.9)

In the following key proposition, proved in Section we show that when k > 0 the
Blacké&Scholes call price Cgs(k,v) vanishes precisely when v — 0 or d; — —oo (or, more
generally, in a combination of these two regimes, when min{d;,logv} — —o0). We also
provide sharp estimates for each regime, that will play a crucial role in the sequel.

Proposition 2.3.2. For any family of values of (k,v) with Kk > 0, v > 0, one has
Cgs(k,v) = 0 if and only if min{dy,logv} — —o0, (2.3.10)

that is, Cgs(k,v) — 0 if and only if from any subsequence of (k,v) one can extract a
sub-subsequence along which eiter dy — —oo or v — 0. Moreover:



General smile asymptotics with bounded maturity 24

Figure 2.1: A plot of (k,v) — Cgs(k,v), for k € [-10,10] and v € [0, 4].

o ifdi =~ + 5 — —o0, then
v
~ _ 2.3.11
CBS(“?”) ¢(dl) _dl(_dl +’U) ) ( 3 )
o if v — 0, then
Cgs(k,v) ~ =U'(—dy) ¢(dy) v; (2.3.12)

where ¢(-) and U(-) are defined in (2.3.1)) and (2.3.2).

2.3.3 Implied volatility

Since the function v — Cgs(k, v) is a strictly increasing bijection from [0, o) to [(1—e®)T, 1),
it admits an inverse function ¢ — Vps(k, ¢), defined by

Cgs(k, Ves(k,c)) =c. (2.3.13)

By construction, Vgs(k, -) is a strictly increasing bijection from [(1 — €)™, 1) to [0, 00). We
will mainly focus on the case k > 0, for which Vgs(k,-) : [0,1) — [0, 00).

Consider an arbitrary model, with a risk-neutral log-price (X;);>0, and let ¢(k,t) be the
corresponding price of a normalized European call option, cf. . Since z — (z—e") T is
a convex function, one has c(k,t) > (E[eXt] —e®)T = (1 —e”)* by Jensen’s inequality; since
(z — e®)t < z*, one has c(k,t) < E[eXt] = 1. Having shown that c(x,t) € [(1 — "), 1),
one defines the implied volatility oimp(k,t) of the model as the unique value of o € [0, 00)
for which the Black&Scholes call price Cgs(k,0V/t) equals c(k, t). Equivalently, by ([2.3.13),

) L VBS(’@ C(Hv t))
Fimp(, 1) = R (2.3.14)

It is now convenient to rewrite Theorem more transparently in terms of the function
Vgs. To this purpose, inspired by (2.1.2)), let us define a new variable p = p(k, c¢) by

p:=c—(1—¢€"). (2.3.15)
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Theorem 2.3.3. Consider a family of values of (k,c), such that either k > 0, ¢ € (0,1)
and ¢ — 0, or alternatively k <0, p € (0,1) and p — 0, where p is defined in (2.3.15)).

e If k bounded away from zero (liminf |x| > 0), one has

Vas(s.0) ~ V2(=loge+ k) —/2(=logc) if k>0, (23.16)

V2 (=logp) —\/2(=logp+k) ifrk<0.

e [f k is bounded away from infinity (limsup |k| < 00), one has

KR

if k >0,
DI(E) !
Ves(k.¢) ~ { V2rc=amp if =0, (2.3.17)
_ Kk if k<0,
D=1(£)

where D~Y(-) is the inverse of the function D(-) defined in (2.1.5), and satisfies (2.1.6)).

We give the proof in a moment (see §2.3.4| below), restricting to the case k > 0, because
the complementary case k < 0 follows by symmetry, as we now briefly discuss. It follows

by (2.3.9) and (2.3.13) that for all k € R and ¢ € [(1 —e")™", 1) one has
Ves(k,c¢) = Vps(—k,1 —e " 4+ e "c) = Vps(—k,e "p),

where we recall that p is defined in (2.3.15)). As a consequence, in the case k < 0, replacing

k by —k and ¢ by e ®p in the first line of (2.3.16)), one obtains the second line of (2.3.16)).
Performing the same replacements in the first line of (2.3.17)) yields

—K

Dfl(efni) ’

—K

which is slightly different with respect to the third line of (2.3.17). However, the discrepacy is
only apparent, because we claim that D~!(e™"£-) ~ D~(L-). This is checked as follows:
if K — 0, then e™® £ ~ £ if on the other hand, K — & € (—00,0), since p — 0

. . . . _l —_ —
by assumption, the first relation in (2.1.6) yields D™'(e™"£-) ~ \/2(—log(%) +R) ~

VBS("% C) ~

2(—log(£)) ~ D7Y(L£), as requested. (For more details, see the end of the proof of

K

Theorem [2.3.3] cf. (2.3.26)) and the following lines.)
In conclusion, it suffices to prove Theorem in the case k > 0, and Theorem
follows.

2.3.4 Proof of Theorem for x > 0.

We prove separately relations (2.3.16) and ([2.3.17)).

Proof of (|2.3.16]). We fix a family of values of (k, ¢) with ¢ — 0 and x bounded away from
zero, say k > ¢ for some fixed § > 0. Our goal is to prove that relation (2.3.16)) holds. If we
set v := Vps(k, ¢), by definition (2.3.13) we have Cgs(r,v) = ¢ — 0.
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Let us first show that d; := =%+ § — —o0. By Proposition , Cgs(k,v) — 0 implies
min{d;,logv} — —oo, which means that every subsequence of values of (k,c) admits a
further sub-subsequence along which either dy — oo or v — 0. The key point is that v — 0
implies di — —o0, because d; < —% + § (recall that x > §). Thus dy — —oo along every
sub-subsequence, which means that dy — —oo along the whole family of values of (k, c).

Since dy — —o0o, we can apply relation . Taking log of both sides of that relation,
recalling the definition of ¢ and the fact that Cgs(k,v) = ¢, we can write

1
logc ~ —§d% — log V27 + log (2.3.18)

v
—dl(—dl + U) ’

We now show that the last term in the right hand side is o(d?) and can therefore be
neglected. Note that —d; > 1 eventually, because d; — —o0, hence

1 Y <log —— <0
0 0 .
g—dl(—dl—i—v)_ g1+v_
Since v — # is decreasing for —d; > 0, in case v > —d; one has
v —di(—dy +v) 9
log————+———| =log ————2% <log(—2dy) = o(dy) .
8 i (—di 1 0) g < log(—2d1) = o(dy)

On the other hand, recalling that d; < —% + %, in case v < —dj one has d; < —% — %1,

which can be rewritten as v > % and together with v < —d; yields

—dl(—dl + ’U) < log —dl(—dl — dl) — log (3(—d1)3) _ O(d%) .

= log
24
o 26

log — 2
& *dl(*dl + ’U)

In conclusion, (2.3.18]) yields logc ~ —%d%, that is there exists v = y(k,¢) — 0 such
that (1 +)loge = —%d%, and since log c < 0 we can write

1, 1(k? 22
(e ltogel = 3 = 5 (% + 7~ ).

This is a second degree equation in v?, whose solutions (both positive) are

1 1 1 1 SN G 1
o = x| 1 4 gL ogel i2\/<( ) Ogc') @)l Ogc|] . (23.19)
K K K

Since di — —o0, eventually one has d; < 0: since di = —£ + % = — - (v/2k — ) (V2 +v),
it follows that v? < 2k, which selects the “—" solution in (2.3.19)). Taking square roots of
both sides of (2.3.19)) and recalling that v = Vgs(k, ¢) yields the equality

Vis(k,c) = /2(1 + )| logc| + 26 — /2(1 + 7)[log |, (2.3.20)

as one checks squaring both sides of (2.3.20)).

Finally, since v — 0, it is quite intuitive that relation (2.3.20) yields (2.3.16)). To prove
this fact, we observe that by (2.3.20) we can write

\%
Bs () = fv( " ) , (2.3.21)
V2| log c| + 2k — /2] log c| | log c|
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where for fixed v > —1 we define the function f, : [0,00) — (0, 00) by

_VIty+tar—VIi+y L 1
fy(z) = a1 forz >0, f4(0) := lﬁgf,y(x) e

By direct computation, when v > 0 (resp. v < 0) one has %fw(x) > 0 (resp. < 0) for all
x > 0. Since limg; 1 fy(x) = 1, it follows that for every # > 0 one has f,(0) < f,(z) <1
if v > 0, while 1 < f(z) < £,(0) if v < 0; consequently, for any ~,

1 1
- < <_—-
T R T

which yields limy_q f,(2) = 1 uniformly over x > 0. By ([2.3.21)), relation (2.3.16)) is proved.
O

Ve >0,

Proof of (2.3.17). We now fix a family of values of (k,c) with ¢ — 0 and & bounded away
from infinity, say 0 < x < M for some fixed M € (0,00), and we prove relation (2.3.17).

We set v := Vgs(k, ) so that Cgs(k,v) = ¢ — 0, cf. (2.3.13). (Note that v > 0, because
¢ > 0 by assumption.) Applying Proposition 2.3.2) we have min{d;, logv} — —oo0, i.e. either
d; — —oo or v — 0 along sub-subsequences. However, this time d; — —oo implies v — 0,
because dy > —% + % (recall that x < M), which means that v — 0 along the whole given
family of values of (k, c).

Since v — 0, relation (2.3.12)) yields
c~=U'(=dy) ¢(dy)v. (2.3.22)

Let us focus on U’(—d): recalling that dy = —% + § and v — 0, we first show that

U'(—dy) ~ U’<H> : (2.3.23)

(Y

By a subsequence argument, we may assume that £ — o € [0, 00|, and we recall that v — 0:
e if p < 00, U'(—dy) and U'(%) converge to U'(o) # 0, hence U'(—d1)/U'(5) — 1;
e if o = 00, —d; and £ diverge to co and yields U'(=dy) /U’ (&) ~ (£)/(—=d1) — 1.
The proof of is completed. Next we observe that, again by v — 0,

1 12 1 _1r2,2 1 1 _1s2 1 K
—d = _Edl = 2(v2+ 2 K) ~ e2" 2,2 = g2k — ).
o) = e = e Y, =

We can thus rewrite (2.3.22)) as

¢~ —U’(,Z) ¢(z> ef . (2.3.24)

If k =0, recalling (2.3.4) we obtain ¢ ~ ¢(0)v = \/%v, which is the second line of (2.3.17)).
Next we assume x > 0. By (2.3.4), (2.3.2)) and (2.1.5)), for all z > 0 we can write

—U'(2) #(2) = —=¢(2) (2U(2) — 1) = ¢(2) — 28(—2) = 2D(2),
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hence (2.3.24) can be rewritten as

c~/<;e§“D<ﬁ> , ie. (1+'y)c:me§“D(H> ,
v v

for some v = y(k, ¢) — 0. Recalling that v = Vgs(k, ¢), we have shown that

\V, — 2.3.25
BS(H? C) D—1<(1+’Y)c) ( )
ke2 "™
We now claim that )
D~ <( e ) ~ D! (C) . (2.3.26)
/162 K

By a subsequence argument, we may assume that £ — 7 € [0,00] and x — & € [0, M].

e If n € (0,00), then & = 0 (recall that ¢ — 0) hence (1 + ’y)c/(/ﬁe%”‘) — 1; then both
sides of (2.3.26) converge to D~!(n) € (0,00), hence their ratio converges to 1.

e If 7 = oo, then again kK = 0, hence (1 + ’y)c/(/fe%”‘) — o0: since D7 1(y) ~ \/%y_l as

y — oo, cf. (2.1.6), it follows immediately that (2.3.26] holds.

o If =0, then (1+'y)c/(/£e2 ) — 0: since D! (y) ~ /2|logy| as y — 0, cf. {2.1.6)),

1 1
D~ +7 \/‘ log (10 T7>’~\/2
Kes® 2"

because |log | — oo while |log|[(1 —{—7)/62 ]| = 1% € [0, 2], hence ) holds.

Having proved (2.3.26), we can plug it into (2.3.25), obtalnlng prec1se1y the first line of
(2.3.17). This completes the proof of Theorem [2.3.3] O

logE ;
K

2.4 From tail probability to option price

In this section we prove Theorems[2.1.5] [2.1.6]and [2.1.11}

2.4.1 Proof of Theorem 2.1.5] and 2.1.6]

We prove Theorem [2.1.5] and [2.1.6] at the same time. We recall that the tail probabilities
Fy(k), Fi(—k) are defined in (2.1.13). Throughout the proof, we fix a family of values of
(k,t) with K > 0 and 0 < ¢t < T, for some fixed T' € (0,00), such that Hypothesis is
satisfied.

Extracting subsequences, we may distinguish three regimes for «:

e if K — 0o our goal is to prove (2.1.22)), resp. (2.1.28));

o if v = K € (0,00) our goal is to prove (2.1.25)), resp. (2.1.30), because in this case,
plainly, one has —log F;(k)/k — o0, resp. —log Fy(—k)/Kk — o0, by (2.1.14]);

e if K — 0, our goal is to prove (2.1.27)), resp. (2.1.33]).
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Of course, each regime has different assumptions, as in Theorem and [2.1.6]
Step 0. Preparation. It follows by conditions (2.1.15]) and (2.1.16f that

Ve >0 dp. € (1,00): Ii(0:) <1+e¢, (2.4.1)
therefore for every € > 0 one has eventually

log Fy(0:-k) > (14 ¢)log Fy(k)

> ., resp.
log Fy(—0:k) > (1 +¢)log Fy(—k),

(2.4.2)

where the inequality is “>” instead of “<”, because both sides are negative quantities.
We stress that Fy(k) — 0, resp. Fi(—k) — 0, by (2.1.14)), hence

log Fy(k) — —oco, resp. log Fy(—kK) — —00. (2.4.3)
Moreover, we claim that in any of the regimes k — oo, Kk = Kk € (0,00) and k — 0 one has
log Fi(k) + £k — —c. (2.4.4)

This follows readily by (2.4.3) if Kk — 0 or kK — & € (0,00). If K — 0o we argue as follows:
by Markov’s inequality, for n > 0

Fy(k) < E[eHmXe]e=(4me (2.4.5)

hence
log Fy(k) + k < —nk + log BE[e+MXe] |

Since in the regime kK — 0o we assume that the moment condition (2.1.17]) holds for some
or every i > 0, the term log E[e(!*"X¢] is bounded from above, hence eventually

log Fi(k) + K < —g K, (2.4.6)

which proves relation ([2.4.4)).
The rest of the proof is divided in four steps, in each of which we prove lower and upper
bounds on ¢(k,t) and p(—k,t), respectively.

Step 1. Lower bounds on c¢(k,t). We are going to prove sharp lower bounds on ¢(k, t), that

will lead to relations (2.1.22)), (2.1.25)) and (2.1.27)).
By (2.1.1)) and (2.4.1)), for every € > 0 we can write

C(H,t) 2 E[(eXt - eﬁ)l{Xt>gaH}] 2 (eggn - eﬁ)Ft(QEK‘) ) (247)
and applying (2.4.2) we get
log c(k,t) > log (€%" — ") + (1 + ¢) log Fy(k) . (2.4.8)

If k — 0o, since log(e?" — ) = k + log(e(¢=—D* — 1) > k eventually, we obtain

+(1+e)log Fi(k) = (1+¢)(log Fy(k) + k) — ek

logc(k,t) > K
(1+2e+ %6)(logft(/<a) + k),

>
N (2.4.9)
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where in the last inequality we have applied (2.4.6)). It follows that

log ¢(k, t)

lim su —
P log Ft(k) + K

<142+ 2¢, (2.4.10)
where the lim sup is taken along the given family of values of (k,t) (note that log c(k,t) and
log F'4(k) + ~ are negative quantities, cf. (2.4.4), hence the reverse inequality with respect
to (2.4.9)). Since € > 0 is arbitrary and 7 > 0 is fixed, we have shown that

log ¢(k, t)

B o, (2.4.11)
log Fy(k) + K

lim sup

that is we have obtained a sharp bound for (2.1.22)). B
If Kk — K € (0,00), since log(e?" — ) — log(e?" — ) is bounded while log Fi¢(x) —

—o0, relation (2.4.8)) gives

log c(k, t)
logft(/f)

Since € > 0 is arbitrary, we have shown that when k — & € (0, 00)

<l+e.

lim sup

log ¢(k, t)

— <1
log F'¢(k)

lim sup , (2.4.12)

obtaining a sharp bound for (2.1.25)).
Finally, if & — 0, since for £ > 0 by convexity log(e?" — e*) = & + log(ee=—1F — 1) >
K+ log((0e — 1)k) = k + log(o: — 1) + log k, relation (2.4.8)) yields

c(k,t)

=logc(k,t) —logk > log(g- — 1) + (1 + ) log Fy¢(k) .
K

log
Again, since log(g. — 1) is constant and log F';(k) — —o0, and ¢ > 0 is arbitrary, we get

log (e(w,t)/%) | (2.4.13)

lims —
T e Fuk)

proving a sharp bound for (2.1.27).

Step 2. Lower bounds on p(—k,t). We are going to prove sharp lower bounds on p(—k,t),
that will lead to relations (2.1.28)), (2.1.30) and (2.1.33).
Recalling (2.1.1)) and (2.4.1), for every € > 0 we can write

p(—rt) > Bl(e™ — X1 x_pg] > (7 — &) Fy(—ur) (24.14)

and applying we obtain
logp(—k,t) >log (e7" — e ") + (1 4 ¢) log Fy(—k) . (2.4.15)
If K — o0, since log(e™* — e~%%) = —k + log(1 — e~ (¢==Dr) ~ —k, eventually one has

log(e™ — e79"%) > —(1 + )k and we obtain

logp(—k,t) > (1 +¢)(log Fy(—k) — k) .
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Since € > 0 is arbitrary, it follows that

log p(—+,t)

o<1 2.4.16
log Fy(—kK) — K ’ ( )

lim sup

which is a sharp bound for (2.1.28)).

If kK - & € (0,00), since log(e™ — e %) — log(e™™ — €7%") is bounded while
log Fy(—k) — —o0, and € > 0 is arbitrary, relation (2.4.15) gives

Ing(—K, t)

<1 2.4.17
log Fy(—k) — ' ( )

lim sup

which is a sharp bound for (2.1.30)).
Finally, if & — 0, since e — e 0" = ¢~ (ele==1r _ 1) > ¢=0%(o_ — 1)k by convexity,
since k > 0, one has eventually

log (e7" — e7%") > log s + log (e7%" (0 — 1)) > log k + elog Fy(—k),

because log (e7%%(p. —1)) — log(o- — 1) > —oco while log F;(—x) — —oc. Relation (2.4.15)
then yields, eventually,

p(—li,t)

108 250 _ log p(— 1) — log 2 (1-+22) log Fi( ).

Since € > 0 is arbitrary, we have shown that

log (p(—m,t)/m)
e (2.4.18)

lim sup

obtaining a sharp bound for (2.1.33).

Step 3. Upper bounds on c(k,t). We are going to prove sharp upper bounds on c¢(k,t), that
will complete the proof of relations (2.1.22)), (2.1.25)) and ([2.1.27)). We first consider the case
when the moment assumptions (2.1.17)) and (2.1.19) hold for every n > 0.

Let us look at the regimes Kk — oo and k — k € (0,00) (i.e. & is bounded away from
zero), assuming that condition (2.1.17)) holds for every n > 0. By Hélder’s inequality,

o(k,t) = B(eX" — ) 1(x,5] < BleX1y,50] < B0 X5 Fy(s) T . (24.19)
Let us fix € > 0 and choose n = 7. large enough, so that # > 1 — e. By assumption

([2.1.17)), for some C € (0,00) one has
E[e(1+n)Xt]ﬁ <C,
hence eventually, recalling that log Fy(k) — —o0, by ,
log c(k,t) <logC + (1 —¢)log F(k) < (1 — 2¢)log Fy(k) . (2.4.20)
Since € > 0 is arbitrary, this shows that

log ¢(k, t)

lim inf —
log F(k)

>1, (2.4.21)
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which together with (2.4.11]) completes the proof of ([2.1.22)), if & — 0o, because log F(k) ~
log F(k)—k when condition (2.1.17)) holds for every n > 0, by (2.4.5) (cf. also Remark[2.1.9)).

If Kk — & € (0,00), relation (2.4.21)) together with (2.4.12) completes the proof of (2.1.25)).
We then consider the regime x — 0, assuming that condition (2.1.19) holds for every

n > 0. We modify (2.4.19) as follows: since (eXt — e®) < (eXt — 1) < |eXt — 1],

eXt — 1

Wy
] Fy(r) T . (2.4.22)

ct) < B~ 1[1x00] < 1B

K

Let us fix € > 0 and choose n = 7. large enough, so that —- > 1 — e. By assumption

1+n
(2.1.19)), for some C € (0,00) one has

Xt 1 1+n ﬁ
E{ ¢ ] ‘<0, (2.4.23)
K
hence relation (2.4.22) yields eventually
c(k,t) — —
log <logC+ (1 —¢)log Fi(k) < (1 —2¢)log Fy(k) . (2.4.24)

Since € > 0 is arbitrary, we have proved that

log (c(k,t)/k)
log F'¢(k)

which together with completes the proof of .

It remains to consider the case when the moment assumptions (2.1.17) and (2.1.19)
holds for some n > 0, but in addition conditions (if k > o0 or k= k€ (0,00)) or
(if & — 0) holds. We start with considerations that are valid in any regime of «.

Defining the constant

lim inf > 1, (2.4.25)

—K
A:=1i Ui, 9.4.26
Hsp {log Fy(r) + lﬁ:} ( )

where the lim sup is taken along the given family of values of (k,t), we claim that A < co.

This follows by (2.4.4) if K — 0 or if K — & € (0,00) (in which case, plainly, A = 1),

while if kK — 400 it suffices to apply (2.4.6) to get A < 2/n+ 1. It follows by (2.4.26]) that
eventually

k < —A(log F(k) + k). (2.4.27)
Next we show that, for all fixed ¢ > 0 and 1 < M < oo, eventually one has
log < sup e Ft(my)> < (1—¢)(log Fy(k) + k), (2.4.28)
yell,M]

which means that the sup is approximately attained for y = 1. This is easy if kK — 0 or if
k — R € (0,00): in fact, since kK — F¢(k) is non-increasing, we can write

10g< sup e“yFt(Hy)> <log (e"Fy(k)) = kM + log Fy(k)
ye(1,M]

= (log F¢(k) + k) + (M — 1)&,
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and since log F¢(k) + k — —oo by (2.4.4)), while (M — 1)k is bounded, (2.4.28) follows.
To prove (2.4.28)) in the regime k — 00, we are going to exploit the assumption (2.1.21]).
First we fix § > 0, to be defined later, and set 71 := [%1 and a, :=1+nd forn=0,...,7,

so that [1, M] C U"_,[an—1,an). For all y € [a,_1, a,] one has, by ([2.1.15),

log Fy(ry) < log Fi(kan—1) ~ I (an—1)log Fi(k) < ay—1log Fy(k),

having used that I (g) > p, by (2.1.21)), hence eventually
log Fy(ky) < (1 — 6)an—1log Fy(k), Yy € [an—1,an) .
Recalling that a,, = ap—1+9, we can write a,, < (1 —0)a,—1+d(1+ M), because a,—1 < M

by construction, and since e"¥ < " for y € [a,—1, ay), it follows that

log < sup e Ft(,«;y)> < max_(apk + (1 — 8)an—1log Fi(k))
y€[1,M] n=L,...n

= max_((1—6)an—1(logF¢(k) + k) +6(1+ M)K) .

n=1,...,n

Plainly, the max is attained for n = 1, for which a,_1 = a9 = 1. Recalling (2.4.27)), we get

log ( sup e™ Ft(f@y)> <(1-0(1+ A+ AM))(log Fi(k) + k) .
ye(1,M]

Choosing ¢ :=¢/(1 + A+ AM), the claim (2.4.28) is proved.

We are ready to give sharp upper bounds on c¢(k,t), refining (2.4.19). For fixed M €
(0,00), we write

c(k,t) = B[(e® — &)1 (e x,<unry] + E[(e™ — €)1 x,50any] s (2.4.29)

and we estimate the first term as follows: by Fubini-Tonelli’s theorem and (2.4.28)),

E[(e™ — )l {nex,<nm)] = E[(A
kM

kM
= / e Plr < Xy <kM)dx < / e’ Fy(z)dz  (2.4.30)

K

[e.9]

e’ 1{x<Xt} d$> 1{/£<Xt§mM}:|

M —_
= [ I Fug) dy < (O 1) T,
1

To estimate the second term in (2.4.29)), we start with the cases K — oo and k — & € (0, 00),

where we assume that (2.1.17) holds for some 1 > 0, as well as (2.1.24)), hence we can fix
M > 1 such that Iy (M) > % Bounding (eXt — e%) < eXt, Holder’s inequality yields

B[(e™* — ) Lixesman)] < Ele05 55 Fy(nd) i = CFy(nM) ™,

where C' € (0,00) is an absolute constant, by (2.1.17). Applying relation (2.1.15)) together

with I, (M) > £ we obtain

d log Fy(kM) ~ 1

I.(M)log F <logF 2.4.31
T T O og Fir) < log Fi(r). (2431)
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hence eventually

log B[(e™* — e x,semy] < (1 —e)log Fy(k) < (1 —e)(log Fy(k) + k) . (2.4.32)

Recalling (2.4.6) and (2.4.4), eventually x(M — 1) < e~osFe(m)+r) hence by (2.4.30)

log E[(eXt — e e x,<umy] < (1 —2¢)(log Fy(k) + k) . (2.4.33)
Looking back at (2.4.29)), since
log(a + b) < log2 + max{log a,log b}, Ya,b >0, (2.4.34)

by (2.4.32), (2.4.33) and again (2.4.4) one has eventually

log c(k,t) <log2+ (1 —2¢)(log Fi(k) + k) < (1 — 3¢)(log Fi(k) + k) .
Since € > 0 is arbitrary, this shows that

log ¢(k,t)
log F't(k) + K

which together with (2.4.11]) completes the proof of (2.1.22), if k — oo. Since log Fy(k)+r ~
log Fy(k) if K — & € (0,00), by (2.4.3)), we can rewrite (2.4.35) in this case as
1 t
lim inf w
log Fy(k)

which together with (2.4.12) completes the proof of (2.1.25)).

It remains to consider the case when K — 0, where we assume that relation (2.1.19))
holds for some 1 € (0,00), together with (2.1.24). As before, we fix M > 1 such that
I(M) > H1. Since

eXt — eF 1+n
() ]

for some absolute constant C' € (0, 00), by (2.1.19)), the second term in (2.4.29) is bounded
by

lim inf >1, (2.4.35)

Y

1, (2.4.36)

eXt — 1

1+n
] <C, (2.4.37)

K

theﬁ

E[(GXt — e”)l{Xt>nM}} < KEHG Ft(KM)m < RCFt(IiM)ﬁ . (2438)

1
s .
K

In complete analogy with (2.4.31)-(2.4.32)), we obtain that eventually

B[ — e lpxomn] _
- <

By (2.4.4), eventually (M — 1) < e~¢(08 Fe(x)+5) hence by (2.4.30)

E[(e™ — e™) e x,<nmr] <
- <

(1 —¢)log Fi (k). (2.4.39)

log

log 1 — 2¢)(log Fi(k) + k) . (2.4.40)
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Recalling (2.4.29)) and (2.4.34)), we can finally write

t — _
logc(/:) <log2+ (1 —2¢)(log Fy(k) + k) < (1 — 3e)log Fy(k),

because x — 0 and log Fy(k) — —oo. Since ¢ > 0 is arbitrary, we have proved that

log (c(x, t)/r) S 1 (2.4.41)
log F(k)

which together with (2.4.13) completes the proof of (2.1.27).

Step 4. Upper bounds on p(—k,t). We are going to prove sharp upper bounds on p(—k,t),
that will complete the proof of relations (2.1.28), (2.1.30) and (2.1.33).

By (2.1.1)) we can write

p(_ﬁvt) = E[(e_ﬁ - eXt)l{th—n}} < e " Ft(_’%) 5

lim inf

therefore
log p(—+, t)
log Fi(—kK) — Kk
which together with (2.4.16) completes the proof of (2.1.33]), if & — oco. On the other hand,
if Kk = & € (0,00), since relation (2.4.42) implies (recall that k > 0)

>1, (2.4.42)

Ing(_K" t)
log Fy(—k)

in view of (2.4.17)), the proof of (2.1.30) is completed.

It remains to consider the case K — 0. If relation (2.1.19)) holds for every n € (0,00),
we argue in complete analogy with (2.4.22)-(2.4.23))-(2.4.24)), getting

log (p(—n,t)//i)
log Fy(—k)

which together with (2.4.18]) completes the proof of (2.1.33). If, on the other hand, relation

(2.1.19) holds only for some n € (0, 00), we also assume that condition (2.1.32)) holds, hence
we can fix M > 1 such that I_(M) > HT” Let us write

>1, (2.4.43)

lim inf

>1, (2.4.44)

p(_Kv t) = E[(e_’i - eXt)]‘{—/{M<Xt§—H}] + E[(e_m - eXt)]-{XtS—HM}] : (2445)

In analogy with ([2.4.30)), for every fixed € > 0, the first term in the right hand side can be
estimated as follows (note that y — F}(—ky) is decreasing):

—K

M
e’ Fy(z)dz = n/ e W F(—kry)dy
—kM 1

< k(M — 1) Fy(—k) < kel logFi(=r)

E[(e_ﬁ - eXt)l{—nM<Xt§—n}] < /

The second term in (2.4.45)) is estimated in complete analogy with (2.4.37)-(2.4.38)-(2.4.39)),
yielding

El(e™ — eX)1ix, < pany] <
p <

log (1 —¢)log Fy(—k).
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Recalling (2.4.34)), we obtain from ([2.4.45|)

p(—FL, t)

log <log2+ (1 —¢)log Fy(—k) < (1 — 2¢)log Fi(—k),

and since € > 0 is arbitrary we have proved that relation (2.4.44)) still holds, which together

with (2.4.18)) completes the proof of (2.1.33)), and of the whole Theorem m OJ

2.4.2 Proof of Theorem 2.1.11

By Skorokhod’s representation theorem, we can build a coupling of the random variables
(X1)i>0 and Y such that relation ([2.1.36) holds a.s.. Since the function z — 27 is continuous,
recalling that v — 0, for K ~ a7y we have a.s.

Xt _ pr)+ Yy (1+0(1)) _ 1 ave(I+o(l)) I\t .
(7 =) _ <°’ _C > S (Y —a)t, (2.4.46)
e Ve Ve t}0
and analogously for kK ~ —ay
K _ X+
(e ,: ) M (ra=Y)T = (Y +a). (2.4.47)

Taking the expectation of both sides of these relations, one would obtain precisely (2.1.39)).
To justify the interchanging of limit and expectation, we observe that the left hand sides
of (2.4.46) and (2.4.47) are uniformly integrable, being bounded in L'*7. In fact

et —em| _ et —1] | Je" 1
< + )

Vi Vi Vi

and the second term in the right hand side is uniformly bounded (recall that x ~ a7y by
assumption), while the first term is bounded in L*7 by (2.1.38). O

2.5 Miscellanea

2.5.1 About conditions (2.1.3) and ({2.1.4)

Recall from §2.1.1 that (X;);>0 denotes the risk-neutral log-price, and assume that X; —
X := 0 in distribution as ¢ — 0 (which is automatically satisfied if X has right-continuous
paths). For an arbitrary family of values of (k,t), with ¢ > 0 and x > 0, we show that

condition (2.1.3)) implies (2.1.4).

Assume first that ¢+ — 0 (with no assumption on ). Since & > 0, one has (eXt —e®)* —
(1 — e")™ = 0 in distribution, hence c(k,t) — 0 by and Fatou’s lemma. With
analogous arguments, one has p(—«,t) — 0, hence is satisfied.

Next we assume that £ — oo and t is bounded, say ¢ € (0, 7] for some fixed 7" > 0. Since
2+ (z—c)* is a convex function and (e*t);>¢ is a martingale, the process ((eXt —e®)*);>q
is a submartingale and by we can write

0 < c(k,t) S E[(e™ — )] = E[(e™T — ") 1{xyn)] < Ele™1ixmp]-

It follows that, if Kk — 400, then ¢(k,t) — 0. With analogous arguments, one shows that
p(—k,t) — 0, hence condition (2.1.4) holds.
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2.5.2 Proof of Proposition [2.3.2]

Let us first prove (2.3.11) and (2.3.12). Since ¢(dz)e* = ¢(d1), cf. (2.3.1) and (2.3.§),
recalling (2.3.2) we can rewrite the Black&Scholes formula (2.3.7) as follows:

Ces(k,v) = ¢(d1)(U(=d1) = U(=dz)) = ¢(d1)(U(—=dr) = U(=d1 +v)). (2.5.1)

If di — —o0, applying (2.3.3)) we get

—di1+v , —di1+v 1 v
U(-d) - Ui +0) == [ 0@ den [T Saie U
(—d1) (=di +v) L (2)dz _dy 22 i —di(—dy + )

and (2.3.11)) is proved. Next we assume that v — 0. By convexity of U(+) (cf. Lemma |2.3.1)),
U(—di) —U(—=di +v)

v

hence to prove it suffices to show that U'(—d; + v) ~ U'(—d;). To this purpose,
by a subsequence argument, we may assume that d; — d; € R U {#o0}. Since d; < 5
for k > 0, when v — 0 necessarily d; € [—00,0]. If d; = —o0, i.e. —d; — 400, then
—di +v ~ —dy = +oo and U’(—d; + v) ~ U’(—d,) follows by (2.3.3)). On the other hand,
if d; € (—o0,0] then both U’(—d;) and U’(—d; +v) converge to U'(—d;) # 0, by continuity
of U', hence U'(—dy)/U'(—dy +v) — 1, i.e. U'(—dy +v) ~ U'(—d;) as requested.

Let us now prove (2.3.10). Assume that min{d;,logv} — —oo, and note that for every
subsequence we can extract a sub-subsequence along which either dj - —oo or v — 0. We

can then apply (2.3.11)) and (2.3.12)) to show that Cgs(k,v) — 0:

e if d; — —oo, the right hand side of (2.3.11)) is bounded from above by ¢(d1)/(—d1) —
0;

—U'(—dy +v) < < —U'(~dy),

e If x> 0and v — 0, then d; < § — 0 and consequently ¢(d1)U’(—d1) is uniformly
bounded from above, hence the right hand side of (2.3.12)) vanishes (since v — 0).

Finally, we assume that min{d;,logv} /4 —oo and show that Cgs(x,v) /4 0. Extracting
a subsequence, we have min{d;,logv} > —M for some fixed M € (0,00), i.e. both v >
e:=e ™ > 0and d; > —M, and we may assume that v — T € [, 4+00] and d; — d; €
[— M, +0o0]. Consider first the case T = 400, i.e. v — 400: by (2.3.8) one has —d; + v =
—dy > § — 400, hence ¢(d1)U(—di +v) — 0 (because ¢ is bounded), and recalling (2.3.2)

relation (2.5.1) yields
Ces(k,v) = ®(d1) — ¢(d1)U(—dy +v) — ®(dy) > 0.

Next consider the case 7 < +o0: since di < §, we have d; < § and again by (2.5.1) we
obtain Cgs(k,v) = ¢(d1)(U(—d1) —U(—di +7)) > 0. In both cases, Cgs(r,v) /4 0. O
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Chapter 3

The asymptotic smile of a
multiscaling stochastic volatility
model

In this chapter, we focus on a stochastic volatility model for the log-price of a financial
asset, recently introduced in [ACDP12], in which the volatility jumps at the jump times
of a Poisson process, which represent shocks in the market. Despite the few parameters,
this model was shown to capture some relevant stylized facts of financial series, such as
the change in the log-return distribution from power-law tails (small time) to a Gaussian
behavior (large time), the slow decay in the volatility autocorrelation and the so-called
multiscaling of moments. We point out that this phenomenon can be observed for a general
class of stochastic volatility models, in which the volatility is driven by a Lévy subordinator
under a super-linear mean-reversion, cf. [DP14].

In this chapter, we look at this model from the viewpoint of pricing. Applying the results
of Chapter [2] we obtain sharp asymptotic formulas for option prices and implied volatility,
that are valid both in the limit of small maturity (with arbitrary strike) and of large strike
(with bounded maturity). Remarkably, despite the price having continuous paths, the out-
of-the-money implied volatility for this model is shown to diverge in the small-maturity
limit, with an explicit limiting shape displaying a very pronounced smile.

Our approach is based on estimates on the tail decay of the log-return distribution.
Even though the moment generating function admits no explicit formula, we can extract
asymptotic estimates that are sharp enough to apply large deviations techniques, notably
the Gértner-Ellis theorem.

3.1 The model

We recall the definition of the model (Y;)¢>o introduced in [ACDP12] for the detrended
log-price under the historical measure, after which we look at the risk-neutral measure.

3.1.1 The historical measure

We have two independent sources of randomness:

39
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)

(a) Time change (b) Spot volatility

Figure 3.1: Paths of the time change and of the spot volatility process

e a standard Brownian motion (W})¢>o;
e a Poisson process (Ny);>o of intensity A € (0,00), whose jump times are denoted by
O<m<m<...

For fixed parameters V € (0,00), 19 € (—00,0) and D € (0, 3), we define
Y :=Wrp,, (3.1.1)

i.e. Y is a time-changed Brownian motion, where the clock process (I¢);>0 is defined by

2D b | 2D VNP
I :=c< (t—7n,)"" — (—70)*" + ;(Tk — Tk—1) ,  with c:= T@D+1)’ (3.1.2)

where T'(a) := [;°2* 'e *dz denotes Euler’s gamma function, and with the convention
that the sum in @) is zero when Np = 0. We refer to Figure for a sample path of I;.

Being a function of (N¢)i>0, the process (I¢)i>0 is independent of the Brownian motion
(Wi)e>0- The trajectories t — I are continuous, and also differentiable at every ¢t > 0 which
is not a jump time 75 of the Poisson process, i.e. for t # 7y, (note that 7, is the last jump
time of the Poisson process before t). The derivative of I; is simply given by

Il =2Dc(t—n,)*P71, (3.1.3)

where we stress that the exponent 2D — 1 in (3.1.3) is negative, since D < 3.
Observe that in the limiting case D = %, the model becomes Y; = Wy2;, i.e. Brownian
motion with constant volatility V.

An alternative, equivalent definition of the model (Y;)i>0 is to observe that, by (3.1.1)),
it is the solution of the following stochastic differential equation:

dY; = 04 d By, with or:=1/1}, (3.1.4)

where (By)i>0 denotes another Brownian motion, independent of (o4)i>0 (see [ACDP12]).
In other terms, Y; can be described as a stochastic volatility model, where the volatility is
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the square root of the time-change process (I;):>0 and, by (3.1.3), it explodes at each jump
time of the Poisson process, after which it decays as an inverse power (see Figure .

Remark 3.1.1. The four parameters A, D, V, 7y have the following meaning:

e )\ € (0,00) represents the average frequency of shocks;
e D€ (0, %] tunes the non-linear evolution of the volatility after a shock;
o VV € (0,00) represents the large-time volatility, i.e. V = lim; oo \/E[af]

e 79 € (—00,0), which according to (3.1.2)) plays the role of the “last jump” before time

0, determines the initial volatility oo, cf. (3.1.3) and (3.1.4)):
)\D_% V D 1 D 1
00 = —F—=(—70)" 2=+ (2D)c(—710)" 2. 3.1.5
Ve D>( 0) V(2D)e (=) (3.1.5)

Given this correspondence, one can equivalently use oo as a parameter instead of TOEI

3.1.2 The risk-neutral measure

Under the natural risk-neutral measure, the price (S¢);>0, say with Sp = 1, evolves according
to the following stochastic differential equation:

ds,
2t = 6,dB;, (3.1.6)
St
where oy is the process defined in (3.1.4))-(3.1.3]), namely
)\Dfé \%4 D_1
o= ————=(t— T T2
= Jran ™

As we describe in Chapter 4, there is a one-parameter class of equivalent martingale mea-
sures for our model, which allow to modify the value of the parameter A € (0,00) freely.
Here we assume to have fixed that parameter, and still call it .

The log-price process (X¢)>o is defined by X; := log S; = log g—;, since Sy = 1. It follows

by (B-1.6) that dX, = 9t — 195 = 5, dB, — Lo7 dt, hence by (3.1.4) and (3-1.1) we have
t

1
Xe=Wr, — 5L, (3.1.7)

where (W)¢>0 is a Brownian motion and (I;)>0 is an independent process, defined in (3.1.2)
As a consequence, the price (S;):>0, which equals

Sy = Xt = M2l (3.1.8)

is a time-changed geometric Brownian motion, with independent time-change process.

Let us stress that equations (3.1.7) and (3.1.8)), together with (3.1.2)), can be taken as

the definitions of the log-price X, and price Sy processes.

fWe point out that in [ACDP12] the parameter V was replaced by +/c, appearing in .

In [ACDP12| the parameter —7y was chosen randomly, as an Ezp()\) random variable (like 71, 72 — 71,
T3 — T2, ...) independent of (N¢)¢>0 and (Wy)¢>o. With this choice, the process (¢t — 7, )0 is stationary
(with Exp(X) one-time marginal distributions), hence the volatility (o¢):>0 is a stationary process. In our
context, it is more natural to have a fixed value for the initial volatility.
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3.1.3 Option price and implied volatility

The price of a European call, with log-strike x € R and maturity ¢ > 0, under our model is
c(k,t) := E[(S; — e®) ] = E[(eX* — ") T]. (3.1.9)

We recall from Chapter 2] §2.3.2] that the Black&Scholes price of a call option, with
volatility o € (0, 00), is given by Cgs(k, o\/t), where

Cgs(k,v) := E[(erQ_%”2 — e = ®(dy) — " P(dy), (3.1.10)
where
T o3t K v )
d(z) = =42 == 111
(.T) - \/ﬂ dtv dl v + 97 d2 v (3 )

For t > 0, the implied volatility oimp(k,t) of our model is defined as the unique value of
o € (0,00) such that c(k,t) = Cgs(k,o/t), that is

c(k,t) = Cgs (K, Timp (K, 1) V1) . (3.1.12)

Our goal is to determine sharp asymptotic estimates on oimp(k,t).

It follows by (3.1.9) and (3.1.8)), since (I;);>0 is independent of (W;);>0, that the fol-
lowing Hull-White [HW87| formula holds:

c(k,t) = E[Cgs(k, U)‘v:\m] , (3.1.13)
that is the price of a call under our model is obtained by averaging the Black&Scholes price
Cgs(k,v) with a random total volatility v = +/I;. In Chapter 4| we obtain a generalized

version of this formula, which holds also when there are correlations between the time-
change process and the Brownian motion.

By (3.1.10)-(3.1.11)) and ®(—xz) = 1 — ®(z), the Black&Scholes call price satisfies
Ces(—k,v) =1—e" 4 e "Cgs(k,v).
Then it follows by that an analogous relation holds for our model:
c(—k,t) =1—e "+ e ek, t).
Looking at , it follows that the implied volatility of our model is symmetric in k:
Timp(—FK,t) = Oimp (K, 1) .
Note that this property holds for any stochastic volatility model in which the volatility

process is independent of the price, as first observed in [RT96].
As a consequence, in the sequel we focus on the regime k > 0.
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3.2 Main results (I): implied volatility

In this section we present our main asymptotic results concerning the implied volatility of
our model, that hold in the general regime when

either t — 0 with arbitrary k >0, ort—+¢€ (0,00) and kK — 0. (3.2.1)

These results descend from Theorems [2.1.5] and [2.1.6] and are linked to the asymptotic
behavior of the call price and tail probability, that will be stated in the next Section [3.3]

Let us define a continuous, increasing function f : [0,00) — [1, 00) byﬂ

(a) := min fm(a) := min <m + a2> : (3.2.2)

m>1 m>1 2cmi—2D

where c is the constant defined in (3.1.2). Note that f(0) = 1. As a — oo, optimizing over
2
m shows that the minimum in (3.2.2)) is attained for m ~ (%)1/(2*2[)), hence

fla) ~ Carp , where C = 21 - D)

T 55 - (3.2.3)
(2C) 2(1—D) (1 _ 2D) 2(1—D)

We also define the two functions

1 1
k1(t) == Vty/log 7 ka(t) == tP4/log 7 (3.2.4)

which, as we will see in a moment, act as boundaries for x, separating different asymptotic
regimes for oimp(k,t) as t — 0. (Note that r1(t) < ka(t), since D < 3.)

We are ready to state our first main result, proved in Section (see Figure for a
plot). We recall that f ~ g means f/g — 1, while f < g means f/g — 0.

Theorem 3.2.1 (Implied volatility). Consider a family of values of (k,t) with k > 0, t > 0.
If t -t € (0,00) and Kk — o0, the following relation holds:

Oimp (K, T) ~ L i = 3.2.5
ol

for an explicit constant C given by

_ 2(1 — D)2<1£D)

C = . . (3.2.6)
(2¢)7TD7 (1 — 2D)20-D)

Ift — 0, we distinguish various regimes. Recall that oq is the constant defined in (3.1.5)),
while the functions f(-) and k1(-), Ka(-) are defined in (3.2.2)), (3.2.4).

e [fO<K<V2D+ ldoﬁl(t),
Timp (K, t) ~ 00 ; (3.2.7)

TThe function f(-) is continuous because for any a € [0, 00) one can restrict the minimum in (3:2.2)) over
the finite set m € {1,...,|fi(a)|}, since fi(a) > ¢ for all ¢ > 1.
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o if V2D + 109 K,l(t) <R KL F.',Q(t)

Gimp (K, 1) ~ r 3.2.8
{\/2 D+1—l°g”)} 1(1) (325

logt

g K

and note that the quantity inside the brackets is of order 1, because 11

between 5 and D, for k in the range under consideration;

o if Kk~ aka(t), for some a € (0,00),

Gianp (K, 1) ~ { 2;(@)} mﬁw : (3.2.9)

e finally, if k> Ka(t), the asymptotic relation (3.2.5)) holds.

If we fix ¢ > 0 small and increase x, Theorem shows that the implied volatility
Timp(K,t) of our model is roughly equal to the constant value o¢ from £ = 0 until k ~
k1(t) = V1, cf. (3.2.7), then it starts growing linearly until k ~ ka(t) ~ tP, cf. (3.2.8)), after

which it grows sublinearly as ~ (k/t)7, cf. -, where the exponent v = 1‘%3 can take

any value in (0, 2) depending on D. See Figure E for a graphical representation.

Remark 3.2.2. For fixed x > 0, the implied volatility diverges as t | 0, by - This
phenomenon, which is typical for models with jumps [ALI2], also happens in our model,
despite the fact that it has continuous paths, and is linked to the fact that the distribution of
the time-change process I; displays approzimate polynomial tails as t | 0. Incidentally, this
is the same mechanism that produces the multiscaling of moments [ACDP12|. We point out
that these features are absent in most stochastic volatility models, where the distribution
of the stochastic volatility has thin tails as ¢ | 0, such as the Heston model [F.JL12].

Remark 3.2.3. The four relations (3.2.7), (3.2.8)), (3.2.9) and (3.2.5) match perfectly at
the boundaries of the respective intervals of applicability:

e relations ([3.2.7) and (3.2.8) coincide for k = (69v/2D + 1) K1 (t);
e since f(a) — 1, letting a | 0 in (3.2.9) yields relation (3.2.8) with x ~ Ka(t) ~ t7;

— 2D—-1 ~
e recalling (3.2.3) and noting that C' := (1 — D)2-20 C, if we let a T oo in (3.2.9) we
obtain relation (3.2.5) (note that log % ~ (1 — D)log 1 in (3.2.5) when x = ka(t)).

Remark 3.2.4. In the limiting case D = 2 one has
2
27(: )

cf. (3.1.5), (3.1.2) and (3.2.4) and (3.2.2) (Where the min should range over m 2 0, but
m = O is automatically ruled out when D < ) Consequently, relations , and
reduce to gimp(k,t) ~ V, in perfect agreement with the fact that for D = 5 our

model becomes Black&Scholes model with constant volatility Vlﬂ

o=V, c=V?, Kk1(t) = Ko(t), fla) =

"Note that relation (3.2.8) does not apply for D = %, because in this case 1 (t) = k2(t) and consequently
(t

there is no « for which (00\/2D + 1D kr1(t) < Kk < Ka(t).
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Implied Volatiity asymptotic with t & [0.1;1]
nd ke [-3,3]. D=0,

Figure 3.2: Smile asymptotics for D = 0.3

3.3 Main results (II): tail probability and option price

We now present explicit estimates for the tail probability F;(x) = P(X; > &) of our model,
together with estimates on the option price ¢(k,t), based on Theorems [2.1.5] and [2.1.11]
in Chapter Pl These results yield the sharp asymptotic behavior of the implied volatility,
described in Theorem [3.2.11

We first observe that as t | 0 we have the convergence in law

X
2L oW, (3.3.1)

Vit
where o9 is the constant in (3.1.5). To prove this fact, note that for any ¢t > 0, by (3.1.7),

d 1
Xt:\/ftwl—ilt.

Since I; = Iy + It + o(t) = o3t + o(t), cf. (3.1.4)-(3.1.5), one has I;/t — of a.s. as t | 0,
hence I;/v/t — 0, and (B.3.T) follows.

Relation (3.3.1)) shows that x = O(/1) is the regime of typical deviations, for which we
can state the following result, proved in Section below.

Theorem 3.3.1 (Tail probability and option price: typical deviations). Consider a family
of values of (k,t) with k > 0, t > 0 such that

t—0 and k~avt, forsome a€[0,00).

Then
P(Xy>kr)—1— @(a) , c(k,t) ~ avt D (a) , (3.3.2)
tl0 o) tl0 o)
where D(z) := 1¢(x) — ®(—x) is a smooth decreasing bijection from (0,00) to (0,00), cf.

(2.1.5), and ¢(-) and ®(-) are the density and distribution function of a standard Gaussian.
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Next we consider the regime of atypical deviations, i.e. families of (k,t) with xk > V/t.
The following result gives asymptotics for the tail probability and is proved in below.

Theorem 3.3.2 (Tail probability: atypical deviations). Consider a family of values of (k,t)
with kK >0,t>0. If t >t € (0,00) and k — oo, the following asymptotics holds:

1-2D

log P(X; > k) ~ —C (;)11’3 (1og %) = (3.3.3)

where the constants oo and C are defined in (3.1.5) and (3.2.6).
If t =0 and k>, i.e. kK/\/t — 00, the following asymptotics holds:

1 S B

_2<W) log ;i 5 < VEoomih),

logP(X: > k) ~ (3.3.4)
f<n:(t))log1 if k>V200K1(),

where f(-), k1(:) and Kka(:) are defined in (3.2.2)) and (3.2.4). More explicitly:
o if VI < Kk < Kat), since f(0) =1,

2
1
logP(X; > k) ~ —min {2(28, 1} logz, where a := Hf(t) ; (3.3.5)
o if K~ aka(t), for some a € (0,00),
1
logP(X: > k) ~ —f(a) logg; (3.3.6)

o if k> Ka(t), the asymptotic relation (3.3.3)) holds.

Finally, we give the corresponding asymptotics for the option price. The following The-
orem is proved in Section [3.8) below.

Theorem 3.3.3 (Option price: atypical deviations). Consider a family of values of (k,t)
with K >0,t>0. If t >t € (0,00) and k — 00, the following asymptotics holds:

log c(k,t) ~ logP(X; > k), (3.3.7)

and the right hand side can be read from (3.3.3)).
If t =0 and Vt < k < K1(t), or k> Ka(t), the following relation holds:

log (c(k,t)/k) ~logP(X; > k), (3.3.8)
and the right hand side can be read from (3.3.9) (if k < k1(t)) or (3.3.3) (if K > K1(t)) .

If t -0 and Kk ~ aky(t), for some a € (0,00),
a’ 1 1
log (c(k,t)/k) ~ — min {%‘(2)7 D + 2} log 7 (3.3.9)

while if K1(t) < K < M Ka(t), for some M € (0,00),

1
log (c(k,t)/k) ~ —log T log t% . (3.3.10)
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3.4 Preliminary results
We start stating a useful upper bound on I; (which, we recall, is defined in (3.1.2))).
Lemma 3.4.1. For allt > 0 the following upper bound holds:

I; <odt + cN} 2Pl (3.4.1)

where the constants oy and ¢ are defined in (3.1.5) and (3.1.2).

Proof. Since (a+b)2P —*P <2Db*P~1q for all a,b > 0 by concavity (recall that D < 3),

on the event {N; = 0} we can write, recalling (3.1.2)) and (3.1.5)),
L=c{(t—1)* — (-1)*’} <c2D(—7)*P 't = o} t, (3.4.2)

proving (3.4.1). Analogously, on the event {N; > 1} = {0 < 71 < ¢} we have

Ny
I := C{(Tl — 7’0)2D - (—7'0)2D + Z(Tk - 7—k—l)zD + (t - TNt)QD}
k=2 (3.4.3)

N
< C{2D(—To)2D_1t + ) (e = Teo1)?P + (- TNt)QD} -

k=2
For all £ € N and x1,...,2, € R, it follows by Hélder’s inequality with p := % that
¢ ¢ S/ 0\l ¢ 2D
> P < (Z(ng)p> (Z 1) = <Z xk> (2 (3.4.4)
k=1 k=1 k=1 k=1

Choosing { = Ny and 1 =19 — 71, 2 = (g1 — 7x) for 2 < k </l —1and xp = (t — 7_1),
since Zi:l xp =t —7 <t, we get from (3.4.3)

I < ¢ (2D(=70)P M+ N} TP12P) = ot 4 N} TPP

completing the proof of (3.4.1)). O

Corollary 3.4.2 (No moment explosion). For every t € [0,00) and p € R one has
E[ePXt] = E[ez?@ D] < oo, (3.4.5)
Proof. Recalling the definition of X, the independence of I and W gives
E[ert] _ E[ep(Wzt—%It)] _ E[ep(\mwl—%lt)] _ E[eé(p\/ﬂf—%plt} _ E[eép(z)—l)lt] :
which proves the equality in . Applying the upper bound yields

E[eép(p—l)ft] < E[e%l’(p—l)(ﬂgt+CNt172Dt2D)} — E[eclt"'cQtw Nt172D] < E[eclt+02t2D Nt]

)

for suitable ¢, ¢y € (0,00) depending on p and on the parameters of the model. The right
hand side is finite because Ny ~ Pois(At) has finite exponential moments of all orders. [
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Corollary 3.4.3. There exists a constant C € (0,00) (depending on the parameters of the
model) such that

E[e*X] <1+Ct, VO<t<l1.
Proof. By the equality in (3.4.5) and the upper bound ({3.4.1)), we can write

E[eQXt] — E[elt] < eagt E[ectQDNtl—zp

].
Next observe that, by Holder’s inequality,

B[N ") = P(V, = 0) + ¢ P(N; = 1) + E[e™"M " 15, 50)]

<e My o2\t + \/E[eQCtQDNﬁl?QD]P(Nt >2).

Note that P(N; >2) =1— e (14 At) = £(At)> +0(t?) as t | 0. For all 0 <t < 1 we can

2D a71—2D 1-2D 2D
[e2""Ne "] < Ele?*M ] =i ¢; < 00, and e < €€, hence

_ A2
E[ectsztl w] §1+ec/\t+\/§(t+0(t))§1+02t’

for some ¢y < co. Consequently

write E

B[] < e (14 ep1) = (1403t +0(t)) (1 + eat) <1+ Ct,

for some C < oo. O

3.5 Proof of Theorem 3.2.1

We are going to apply Theorem in Chapter [2] exploiting the asymptotic behavior of

the call price ¢(k, t) of Theorems and (which are proved in Sections [3.6/and [3.8).

3.5.1 Proof of (3.2.5)

Consider a family of values of (k,t) with Kk > 0,¢t > 0. If t — ¢t € (0,00) and k — o0, or
alternatively if ¢ — 0 and K — & € (0, 00] (so that, in particular, k > ka(t)), our goal is to

prove that relation (3.2.5) holds. Applying relation (3.3.7)f]and (3:3.3)), we get

1 1-2D
log ¢(k,t) ~ —log P(X; > k) ~ C (%) P (log %) e (3.5.1)

Since k is bounded away from zero in these cases, we can apply relation (2.1.7), which
reduces to (2.1.10) (because |logP(X; > k)| > |log k| by (3.3.3)), that is

K

V2t (—logc(k,t))
Plugging in the asymptotic relation (3.5.1)), we obtain our goal (3.2.5)).

"In case t — 0 we should apply (3.3.8), i.e. log(c(k,t)/k) ~ —log P(X¢ > ). This however is equivalent
to (3.3.7), because |log t > K)| > |log k|, as 1t tollows by (3.3.3)).
13.3.7), b log P(X, 1 it foll by (3.3.3)

Uimp(/ﬁ, t) ~
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3.5.2 Proof of (3.2.7)

Next we consider a family of values of (k,t) with ¢ = 0 and 0 < kK < v/2D + 10¢ k1(t), and

our goal is to prove (3.2.7).

First we consider the case of typical deviations, i.e. when x = O(v/1), say k ~ ay/t for
some a € [0,00). Relation (3.3.2) gives

conein(2) -o5(;%5)

Applying relations (2.1.8)), or better its simplified form given by the second line of (2.1.11)),
yields oimp(k,t) — 0, i.e. our goal (3.2.7)).
Next we consider the case of atypical deviations, i.e. when & >> v/t. Relations (3.3.8)

and (3.3.9), together with (3.3.5)), can be rewritten as

HQ

B 20’8t '

log (c(m, t)/lﬁ) ~

Since kK — 0, we can apply the first line of relation (2.1.11)), getting

K

/2t (— Tog(e(r D)/7))

proving our goal (3.2.7) also in this case.

O'imp("éa t) ~ ~ 00,

3.5.3 Proof of (3.2.8)

Next we consider a family of values of (k,t) with ¢t — 0 and V2D + 1og k1(t) < k < Ka(t),
and our goal is to prove (3.2.8). In this case relation (3.3.9)) becomes

1 1 1 log K
10g(C(I€,t)/I€) ~ = (D+2> logg ~ —10gg <1+D— ]Qgt>

and also ({3.3.10)) can be rewritten as

1 1
log (¢(k,t)/K) ~ —10g¥ <1 +D— lzgg/:> :

Since kK — 0, we can apply the first line of relation (2.1.11)), getting

K 1 K

V2t (—log(c(r, ) /R)) \/2<D+1_1ogn) Ki(t)

logt

Timp (K, t) ~

proving our goal (3.2.8)).
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3.5.4 Proof of (3.2.9)

Next we consider a family of values of (k,t) with ¢ — 0 and K ~ aks(t) for some a € (0, 00),

and our goal is to prove (3.2.9)). Relation (3.3.7) together with (3.3.6) can be rewritten as
1
log (c(k,t)/k) ~ —f(a)log e

Since kK — 0, we can apply the first line of relation (2.1.11)), getting

1 K
Tt { 2f(a)} (0

proving our goal (3.2.9).

3.6 Proof of Theorem [3.3.1]

The first relation in follows immediately from (3.3.1)).

For the second relation in , we are going to apply Theorem . Note that
Hypothesis of Chapter [2|is satisfied with v = v/t and Y = oqW}, again by (3-3.1),
and assumption is verified for n = 1 by Corollary (cf. (2.1.20)). We can then
apply relation in Theorem which for & ~ a/t yields

2 2

+ 0o _zZ 0o -z
a e 2 a e 2

W, — — =to r——dr — — —dx
( ! 00> ] 0 e V2T 00 - V2T

(2 (0 (2))) - via(o(2) - 2e(-2))
:a\/£<¢(§)) —<1>(—:0>> :a\/iD<:0>,

which is precisely the second relation in (3.3.2)). O

c(k,t) ~ VtooE

3.7 Proof of Theorem [3.3.2

We split the proof in two parts, focusing first on relation (3.3.3) and then on (3.3.4)).

3.7.1 Proof of relation (3.3.3)

Recall the definition of k1(t) and ka(t) in (3.2.4). Let us fix a family of (k,t) with x > 0,
t > 0 such that

either  t—te€ (0,00) and k — oo, or t—0 and —oo.  (3.7.1)

K
Ka(t)
We are going to prove the following result, which is stronger than (3.3.3]).
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Theorem 3.7.1 (Large deviations principle). As (k,t) run along a family satisfying (3.7.1)),
the random variables % satisfy the large deviations principle (LDP) with rate oy, and good
rate function I(-) given by

1 1-2D
oe=(5)"" (7). @) =Clel ™ (3.12)

where C' is defined in (3.2.6). This means that for every Borel set A C R

1 X
— inf I(z) < liminf — log P (t € A> < lim sup
T€A Ot K R

1 X
log P (t € A) < —inf I(x),
Otk K z€A

where A and A denote respectively the interior part and the closure of A. In particular,
choosing A = (1,00), relation (3.3.3) in Theorem holds.
We are going to show that, with oy, as in (3.7.2)), the following limit exists for g € R:

X

A(B) := lim — log B[eft= 7], (3.7.3)

at,f{

where A : R — R is everywhere finite and differentiable. By the Gértner-Ellis Theorem
[DZ98, Theorem 2.3.6], it follows that % satisfies a LDP with good rate oy, and with rate
function I(-) given by the Fenchel-Legendre transform of A(-), i.e.

I(z) =sup {Bz — A(B)} . (3.7.4)
BER
The proof of Theorem is thus reduced to computing A(S) and then showing that
I(z) coincides with the one given in (3.7.2)). By (3.4.5), the determination of A(5) in (3.7.3)
is reduced to the asymptotic behaviour of exponential moments of I;. This is possible by
the following crucial Proposition, proved below.

Proposition 3.7.2. For any family of values of (b,t) such that

_ b
either t—te(0,00) and b— oo, or t—=0 and — T — 00, (3.7.5)
=0 10g ¢
the following asymptotic relation holds:
log E[e?!t] ~ €'t b2D (log b)“25 (3.7.6)
where the constant C is given by
C =c(2D)25(1 — 2D) 25 . (3.7.7)

Proof of Theorem[3.7.1 Let us fix a family of values of (k,t) satisfying (3.7.1). We want
to apply Proposition with b given by (recall (3.7.2))

2D 1-2D

1 ok At g 1 Qa%n 52 K\ 1-D K\ 1-D
- g m o)~ g ()T (log ) T 3.7.8
25 K (ﬁ K 25 K2 2 \t 87 ( )

b - btﬁ =
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where 5 € R\ {0} is a fixed parameter. With this choice, we can write

2D 1-2D

b B P 7 (logE\ TP
pologi 2\ 40 flog! log 7 ’

which diverges to oo under assumption (3.7.1) (note that log § > (1 — D) log %, by (3.7.1))).
The assumptions of Proposition are thus verified. By (3.4.5) and (3.7.8)), we get

1 2D—1

X ~
log E [eﬁam%] = log E[ebt,klt] ~ Ct bfﬁ (log bt7k_)72D

where in the last step we have used the definitions (3.7.2)), (8.7.7) of a; and C. This shows
that the limit (3.7.3]) exists with

AB)=CI85, and C=cBD (<1 —2D;<1—D>>w

To determine the rate function I(z) in (3.7.4) we have to maximize over 8 € R the function
h(B) == Bz — A(B).

Since W (B) =x — N (B) =x — %C’sign(ﬂ)w%_l, the only solution to A'(5) = 0 is

B — B, — sign(a) (D(';“’)“’

and consequently

1) = h(fe) = o~ ABe) = la| ™ () (1= D) = Clal o,

where C' is the constant defined in (3.2.6)). Having shown that I(x) coincides with the one
given in (3.7.2)), the proof of Theorem is completed. O

Proof of Proposition [3.7.9. We set

By, =tb20 (logh) 20 | (3.7.9)
To prove (3.7.6) we start by showing that
: i bl 2
lim sup logE[e”t] < C'. (3.7.10)
By,
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The upper bound (3.4.1) on I; yields

> 2 17— 2D} :1-2D ()\t)j
E[eblt] = ZE[ebh\Nt = j]P(N; = j) < 70t Z et b e_)‘tij‘ .
Jj=0 ’

Jj=0

Since j! ~ j7e™7\/27j as j 1 oo, there is ¢; € (0,00) such that j! > %jje_j for all j € Np.
Bounding e~ < 1, we thus obtain

E[eblt] < e 000 th Zectwbjl’w ()‘tzj =c e th Z efU) (3.7.11)
j=0 e J=0
where for z € [0, 00) we set
f(z) = fip(x) =c (tQDb) 1720 x<log % - 1) , (3.7.12)
with the convention 0log(0 = 0. Note that
a2\ 2P x
f'(x) = (1 —-2D)cb <t> —log (t) +log A, (3.7.13)

hence f'(x) is continuous and strictly decreasing on (0, c0), with lim, o f'(z) = +oo and
limgtoo f/(x) = —00. As a consequence, there is a unique & = 7, € (0,00) with f/(Z;;) =0
and the function f(z) attains its global maximum on [0,00) at the point x = Zyy.

Heuristically, the leading contribution to the sum in (3.7.11)) is given by a single term
ef(j), for j ~ Z4p. To make this rigorous, we need asymptotic estimates on Z;p and f(Zsp).
Since b — oo and assumption holds, for bounded z, say 0 < o < M, one has

—2D
f(z) > (1 —2D)ch ({?) — log (Z\f) +log A\ — 00

Since Z;p is the solution of f/(xz) = 0, and f’(-) is decreasing, it follows that Z;, > M
eventually. Since M € (0, 00) is arbitrary, we have shown that

Li‘t7b — 00, (3714)

and this implies Z;;/t — oo, because t is bounded from above by assumption (3.7.5)). In
particular, by (3.7.13)) the equation f'(Z;;) = 0 yields

1 1
7 1-2D)bh \*” 1—2D)cbh\ "
x;,b _ <(>C> - <(xz°> , (3.7.15)

log i’;—b + log A log ==

We stress that b — oo under assumption (3.7.5). Rewriting (3.7.15)) as

Tt,b 2D

log ==
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shows that log =3 Tub — = o(b). Taking log in (3.7.15)), since b — oo by assumption, yields

L 1
xtb T){log[(l—QD) c] +logb — log (log ™42 }leogb

which plugged into relation (3.7.15) gives the desired estimate on T :

1

. 2D(1 —2D)cb \ *”
Typ ~ (logb) t. (3.7.17)

The estimate on f(Zp) then follows by (3.7.12)), using (3.7.14) and (3.7.16)):

_ 1- tb
F@p) ~ c(P0) 2,20 — 24y log 2t v

(1 —-2D)c(t*Pb i
(tQDb) 1 2D xt,b< x2D< ) —9Dc (tQDb) x;b 2D (3718)
t,b
1 4, o b ~
= (2D)2p (1 —2D)20" " c20 ————— = C By,

(log b)z5 !

where we recall that By, and C are defined in and .

We can finally come back to the problem of estimating (3.7.11). Henceforth we set
T = Ty to lighten notation. We can control f(x) for > 2z using Taylor’s formula with
integral remainder: since f’(-) is strictly decreasing, we get

fa) = )+ [ F)s < @) + 720) (o - 20),

because f(i) = MaXye[0,00) f(y) Observe that f’(2:f) <0, hence
) « (@) —|1f(22)|(j—2%) _ L@)
Z o Z ‘ Tl e lreal (3.7.19)

j>2z j>2z

By (3.7.13), recalling that f(Z) = 0, we can write
_ 97
£1(27) = f/(27) — 272P ' (7) = 272P log (f) ~log (f) 5 —o0,
because &/t — oo. In particular, 1 — e IF/D) > % eventually and (3.7.19) yields

10) < 9/@
j;xe 7= 2el (3.7.20)

The initial part of the sum can be simply bounded by

> el < (2z41)/). (3.7.21)

j<2z
Looking back at (3.7.11)), we can finally write

log E[e] < o§ bt + f(T) + log(2Z + 3). (3.7.22)
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By (3.7.17) and (3.7.18), one has & = O(f(z)/b) = o(f(Z)), since b — oo by assumption,
hence log(22+43) = o(f(Z)). Again by (3.7.18) we have bt = 0(z) = o(f(Z)), because D < 3
Since f(z) ~ C By, by relation (3.7.18), we obtain

1 ~
limsup — log E[e%t] < C,
By o8Bl
proving the desired upper bound.
It remains to prove the corresponding lower bound. The strategy is suggested by the
proof of the upper bound: Hoélder’s inequality (3.4.4)) becomes an equality when all the
terms xj, are equal. We thus introduce the event A,, defined by

-

=1

-1t < 5} , (3.7.23)

m' m
sothat(1—25) <7 —The1 < (1+2)Ltforall2<k<mand (1-2)L <t—7,<

(1+2)Lt. In partlcular recalling the expression (3.1.2)) for I;, on the event A,, we have
the lower bound

m
L>c) ((1-20)5)% = (1-2e)Pem! 2P0 =i ¢ cm! 2P0, (3.7.24)

Since (T, — Tk—1)ken are i.i.d. Ezp(\) random variables, a direct estimate yields

P(Ay) > (Ae A2 (22 L)™ — e—*<1+2€>t(25)m% (3.7.25)
It follows by (3.7.24) and (3.7.25) that
E[e?] > B[e"i1,,] > (1727 e@0m!=0p gy > of(m) (3.7.26)
where we define f(z), for > 0 by
F@) = frpe(x) = (1 —26)2P c (#2Pb) 21 2P — zlog ——— — (1 + 2e) At

2)\t

with the convention 0log0 = 0.

Since f(x) resembles f(x), defined in (3.7.12), and since the leading contribution to the
upper bound was given by /(@) where 7 = Zp was the maximizer of f(-), cf. (3.7.17), it
is natural to choose m = Z, or more precisely m = [Zz], in the lower bound (3.7.26). A

computation completely analogous to (3.7.18)), recalling (3.7.17)) and (3.7.14]), gives

_ g 92D _ 52D _ B
File)) ~ fay ~ 22D iy Q2202122

which coupled to (3.7.26) yields

b (1—-2¢)?P —1+2D ~
lim inf — Bt,b log E[e”t] > 5 C.

Letting € — 0 we complete the proof. O
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3.7.2 Proof of relation (3.3.4)

We focus on family of values of (k,t) with ¢ — 0 and x > 0. Recall that we have already
proved that relation (3.3.3) holds for k > ko(t). Consequently, in order to prove (3.3.4) it
suffices to prove relations (3.3.5) and (3.3.6). We start with the former, assuming that

V< k< Rat). (3.7.27)

Since N; ~ Pois(\t), for every M € Ny

— (AP M+1
PNy, >M+1)= Y e o < T
k=M+1 ’
hence as ¢t — 0 we can write
= (At)™
P(X; > k) = X_:OP(Xt > k|Ny = m)e M T O(tM+1y, (3.7.28)

Recall the definition (3.1.2)) of the time-change process I;. On the event {N; = 0} we have

I = (t —10)%P — (—=70)?" tIJO odt,
where o is defined in (3.1.5)). Consequently, by the definition (3.1.7) of X,

Nt:0>
2

=1-® (UU\[(l—‘rO( ))) :exp<— 2’; t(l—l—o(l))) (3.7.29)

2
0

~ oxp < _ %(@ngi(l —|—0(1))> :

where ®(z) = P(W; < z), we have used the standard estimate log(1 — ®(2)) ~ —32z% as
z — oo and the definition (3.2.4]) of k1 (¢). If we define, as in (3.3.5)),

K 1
P(X N,=0)=P (W — + =/
(Xt > K|V ) <1>ﬁ+2 ¢

K oY

a:= = ) (3.7.30)
w1(t) Vity/log 1
we can rewrite (3.7.29) as
2
lo, 140 25 +40(1
P(X, > KNy = 0) = ¢ 2 o OB D) _ dgolt) (3.7.31)

Since P(N; =0) =1 — e — 1 as t — 0, relation (3.7.28) for M = 0 gives

+o(1
P(X; > k) = t2”2 Wy o(t).

In case a < /200, the O(t) term can be neglected and we have proved (3.3.5).
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Henceforth we assume that a > /20, cf. (3.7.30)), so that by (3.7.31))

P(X; > k|N; = 0) < ¢1Fo) (3.7.32)

Let us look at the other terms in (3.7.28): by (3.4.1), on the event {N; = m} with m > 1

I <odt + NP2 = 62t 4 cm!72P¢2P % cm! 2P
t

hence, in analogy with (3.7.29)), we get the upper bound

\@D’;é_[)(l + o(1))>

e e T}

by the definition (3.2.4) of ko(t). Since k/k2(t) — 0 under assumption (3.7.27)), relation
(13.7.33) for m =1 yields

P(X; > s|N, = 1) < e oMlgt = o))

P(Xt > R’Nt :m) <1 —‘P<
(3.7.33)

Since P(N; = 1) = e M\t ~ At as t |, 0, recalling (3.7.32), relation (3.7.28) for M = 0 gives
P(Xt > Iﬁ}) < t1+0(1) A\t tO(l) + O(t2) — 751+o(1) 7

where the o(1) term changes from side to side. We have proved “half” of relation (3.3.5) for

a > +/209, namely
log P(X; > k)

o 1 <-1. (3.7.34)
ng

lim sup

To get an analogous lower bound, we argue as we did in the proof of Proposition
For any fixed ¢ > 0 on the event A - {Nt m} deﬁned in (3.7.23), with m > 1, one has

the lower bound (| on I; and (| on P(A,,), hence
P(Xt > /<C|Nt ) > P(Xt > R’A ) (Am)
P(Ny =m)
K m!
(-ofmtarto)) st
1 K 2 1 (2 ) m'

= log ~ (1 et(e)m —

P < 2c.cml— 2D( 2(t)> it t( +o(l ))> (2¢)™ mm’

with c. := (1 — 2¢)2P. In the special case m = 1 this relation yields
P(X; > &[N, = 1) > e oM1o8 1 =22t (9¢) ~, oD (2¢) |
hence, recalling that P(IV; = 1) ~ A,

P(X; > k) > P(X; > k|N; = 1)P(N, = 1) > ¢!+e)
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which yields
logP(X; > k) S 1
log % -
Together with , this completes the proof of relation for a > +/20¢.
It remains to prove relation , hence we assume that

Kk~ bra(t), for some b€ (0,00). (3.7.36)

lim inf

By (3.7.29) we have

o1
P(X: > k[Nt =0) <exp| —

1 M1
for any fixed M € N. As a consequence, relation (3.7.28) together with the upper bounds

(13.7.32) and (3.7.33) yields, for every fixed M € N,

ZM b 1
m=1

<M max t2cm}i?D Fme(l) 4 oM+
me{l,...,M}
where f(-) is defined in (3.2.2)). If we fix M large enough, so that M + 1 > f(b), the term
O(tM+1) can be neglected and we obtain
logP(X; > k)

1 < —f(b), (3.7.37)
log 7

lim sup
which is “half” of relation (3.3.6).

To prove the corresponding lower bound, let m = my, € N be the valueof m € {1,..., M}
for which the minimum in the definition (3.2.2) of f(b) is attained, i.e.

f(b) = 2(:75122]3 +m. (3.7.38)
Recalling , the lower bound for m = m gives
P(X; > k|N; = m) > exp (- % 1og1(1 + 0(1))>6A<2€>t(25)mm!
2c.cm t mm
~ t%ﬂz%+o(l)(const.)

where (const.) is a constant depending on & and m. Since P(N; = m) > (const.”)t™, we get

e oy D tmeto(l)
P(Xt > K/) 2 P(Xt > /€|Nt = m)P(Nt = m) — {2cecm ,

hence

lim inf

logP(X; > k) v? _
=Rl el 2V SO I S )
log 1 2c.cm!—2P m

Since c. := (1 — 2¢)?P and ¢ > 0 is arbitrary, we can let ¢ — 0 in this relation, so that

the right hand side becomes — f(b), by (3.7.38). Recalling (3.7.37)), we have completed the
proof of relation (3.3.6)). O
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3.8 Proof of Theorem [3.3.3

We split the proof of various steps.

3.8.1 Proof of (3.3.7)

Let us fix a family of values of (k,t) with x > 0 and ¢ > 0, such that ¢ — ¢ € (0,00) and
K — 00. Our goal is to prove relation (3.3.7)). Let us check the assumptions of Theorem [2.1.5]
in Chapter [2| Relation (3.3.3)) shows that for all o > 1

log P(X: > oK) L
L — 1= 8.1
ogP(X, >r) ¢ (38.1)

hence Hypothesis is satisfied, together with the requirement Iy (o) > o, cf. (2.1.21]),
since ﬁ > 1. Relation (3.4.5) shows that the moment condition (2.1.18) holds for all

n,T € (0,00), hence (2.1.17)) is satisfied. We can thus apply Theorem [2.1.5f observing that
—log P(X; > k)/Kk — o0, again by (3.3.3) and 15 > 1, relation (2.1.25) gives

log ¢(k,t) ~ logP(Xy > k), (3.8.2)

I (p) :=lim

which coincides precisely with (3.3.7).

3.8.2 Proof of (3.3.8)

Next we fix a family of values of (x,t) with t — 0 and either vt < k < k1(t) or k> ka(t),
where we recall that k1(¢) and ko(t) are defined in (3.2.4). Our goal is to prove relation

(3.3.8). Again we check the assumptions of Theorem
e In case k > Ka(t), relation (3.3.3) still holds, by the last point in Theorem (3.3.2}
hence ({3.8.1)) applies again.

e In case vt < k < k1 (t), relation (3.3.5) shows that

1 K \2. 1
log P(X ~N——s—— | log-
0og ( t>’%> 20’3(’@1@)) Ogt,

hence for all o > 1

. logP(X; > ok) 9
1 =lim———"——= = p°. 8.
+(0) =1 ogP(X, > ) ° (3.8.3)

In both cases, Hypothesis and relation (2.1.21)) are satisfied.
In case VvVt < Kk < ki(t) one has, of course, x — 0, while in case x > ka(t), by

extracting a subsequence, we may assume that K — & € [0,00]. Let us consider first the
subcase i € (0, 00]. Having already checked the moment condition (2.1.17)), we can again

apply Theorem relation (2.1.25) gives (3.8.2]), which can be written equivalently as

log (c(k,t)/k) =logc(k,t) — log k ~ log P(Xy > k),

because |log P(X; > k)| > |log x|, by (3.3.3)). This proves (3.3.8)) if £ > 0.
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Next we consider the regime x — 0, for both cases vt < k < k1(t) and & > ka(t). In
this regime, Theorem requires to check the moment condition (2.1.19)). In the special
case 11 = 1, this condition reduces to (2.1.20)), namely we have to show that

E[e*M] <1+ Ck?,

for some C' < oo. This, however, follows immediately by Corollary [3.4.3] because in both
cases under consideration x > +/t. We can thus apply Theorem and specifically
relation (2.1.27)), which coincides precisely with our goal (3.3.8]).

3.8.3 Proof of (3.3.9) and (3.3.10)

In this last case we can no longer apply Theorem [2.1.5, because proving relations (3.3.9))
and (3.3.10) means that equation (3.3.8)) fails. We proceed by bare hands estimates.
Let us first consider a family of values of (k,t) with x > 0 and ¢ > 0, such that

t—0 and k~ari(t), forsome ae€ (0,vV2D+10y). (3.8.4)

(The case a > /2D + 10 will be treated later.) Our goal is to prove (3.3.9), which for
a < V2D + log can be rewritten as

a? 1
log (c(k,t)/r) ~ ~5,7 log 7 (3.8.5)
0

We prove separately upper and lower bounds for this relation.

Let us set
K :=v200k1(t), k" :=Brkst), (3.8.6)
for fixed B € (0,00), chosen later. Noting that x < &’ < k", since D < %, we can write
C(K‘at) =E [(eXt - e’i)l{Xt>n}}
= E |:(€Xt — 6){)1{H<thl£’}] + E [(eXi — eﬁ)l{m’<Xf,§l-€”}] + E [(eX‘ — eﬁ)l{Xt>H”}j|
=1+2)+@3).
(3.8.7)
By Fubini’s theorem, for k > 0 and 0 < a < b,
E[(e® — e")1{scx,<t}] =E [/ e’ 1ipex,y 42 1qex,<b}
b
= / e’ P(max{a,z} < X <b)dz (3.8.8)
< (&b — 1) P(X; > max{a, k}),
hence
(1) = B[(e% — )1 pex,cmy] < (7 —DP(X, > 1) ~ WP, > 1), (3.89)
because k" — 0. Note that, by (3.3.5),
a? 1
logP(X¢ > k) ~ ——— log —, (3.8.10)
20 t

0



The asymptotic smile of a multiscaling stochastic volatility model 61

hence recalling (3.8.4) and (3.8.6) it follows that

(1) a? 1
log~~% < ——— log — (1 +o(1)).
o8ty < gy loug (14 0(1)

In a similar way, always using (3.8.8)), since k < <" and " — 0,

"

2) =E[(e™ — e lwexi<nn] < (€7 = 1DP(X; > &) ~ " P(Xy > 1) . (3.8.11)
Again by (3-.8.10) with a = v/200, noting that £ ~ (1 D=3 we can write
g y ) g P B\% )
@)

1 K 1 1
g~ < —(1+0(1))10g¥—logﬁ §—<D+2+0(1)> logg.

Finally, by Cauchy-Schwarz inequality

P(X, > ). (3.8.12)

K

By Corollary and E[eXt] = 1 (recall that (eXt);>0 is a martingale) we have

o[(=)

because x — 0 and x/v/t — oo, by (3.8.4) and the definition of #1(¢). In particular, for

some constant C’ < oo we have

E[e?Xt] — 2¢F + 2~ - 1+Ct—2+62“_0t+e2ﬁ—1

K2 - K2 2

— 0,

K2 K

(3) < 6 /O'P(X; > #) .
Recalling (3.3.6)), it follows that
1 1
1og(2) < —(1+o(1))§f(B) 1og¥. (3.8.13)

Since log(a + b + ¢) < log 3 + max{loga,log b, log ¢}, we obtain by ({3.8.7)

c(k, t) ) a? 1 f(B) 1
We now choose B > 0 large enough, so that @ > D+ % Since a < v2D + log by
assumption, cf. (3.8.4), we have shown that
c(k,t) a? 1
1 < —(1 1)) — log - 3.8.15
og = < —(1+o ))203 0g (3.8.15)

which is “half” of our goal ({3.8.5]).
In order to obtain the corresponding lower bound, we observe that for every & > Kk
c(k,t) =E [(eX‘ — ") 1ix,5n)] > E [(ext — ") 1ix,5ay] = (ef — e®P(X; > &)

(3.8.16)
> (i — K)P(X; > ).
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Always for k as in (3.8.4)), choosing & = (1 + &)k gives, recalling (3.8.10)),

t 2 1
c(k,t) > loge +logP(X; > (1+¢e)k) = —(1+ 5)2% log E(l +0(1)). (3.8.17)
90

log

This shows that, along the given family of values of (k,t),

c(k,t) a2
liminf —f— > —(14¢)2— .
log% == ) 202

Since € > 0 is arbitrary, we have shown that

t 2 1
log L) > —(1+o0(1)) % log - - (3.8.18)
90

Together with (3.8.15)), this completes the proof of our goal (3.8.5)), i.e. of relation (3.3.9)
under the assumption (3.8.4]).

Finally, we consider a family of values of (k,t) with x > 0 and ¢ > 0, such that
t—0 and V2D +1ogki(t) < k < M Kko(t), forsome M € (0,00). (3.8.19)

This includes, in particular, the case when k ~ a k1(t) with a > /2D + 109, that was left

out from (3.8.4). Our goal is to prove ({3.3.10)), that is
1
log (c(k,t)/k) ~ —log T log t% . (3.8.20)

Note that this relation also includes for a > /2D + 1oy.
Consider first the subcase of given by k < v/200k1(t), so assume (without loss
of generality, by extracting a subsequence) that k ~ ak1(t) with a € [v/2D + 109, V2 o).
Note that all the steps from until can be applied verbatim. However, since
a > 2D + 10g, one has % >D+ %, and instead of relation (3.8.15) we get
c(k,t)
K

log

< —(1+0(1))<D+;> log%. (3.8.21)

Note that the right hand side of coincides with the right hand side of our goal
for k ~ aki(t), since in this case log ;5 ~ (D — $)log1.

Next we consider the subcase of when k > v/200k1(t). Defining k" := B ka(t)
as in , we modify as follows:

c(k,t) =E[(X — ") uexi<wn] +BE[(€ — ) ix,50m] = (A) +(B).  (3.8.22)
Applying (3.8.8)), we estimate the first term as follows, since k" — 0:
(A) = E[(e* — ")l uexicnmy] < (€ = 1)P(X; > k) ~ 6" P(X; > k).

Observe that logP(X; > k) ~ —(1 + o(1))log +, by (3:35) with x > v200k1(t), and
moreover log(k” /k) ~ log(tP /k) by definition of ka(t), hence

A " 1
logu < logli +log P(X; > k) < —(1+0o(1)) <1ogt —I—logt/;;> .
K K
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The term (B) in (3.8.22)) coincides with term (3) in (3.8.12), hence by (3.8.13)
(B) f(B), 1 f(B) 1 K
1 < —(1 1 log — < —(1 1 log — +1
og~— < (1+0(1)) 5 log~ < (1+0(1)) 5| log 7 +log e

~(1 —|—0(1))f(23>(10g1 —I—logt/;> :

where the second inequality holds just because k < Mko(t) by (3.8.19). If we choose B

large enough, so that f(B) > 2, the usual estimate log(a +b) < log 2 + log max{a, b} yields

c(k,t)

log

< —(1+0(1)) <log1 + log ;) . (3.8.23)

We have thus proved “half” of our goal (3.8.20)).
We finally turn to the lower bound, for which we do not need to distinguish subcases,

but we work in the general regime (3.8.19). We are going to apply (3.8.16) with & = eka(t).
Recalling that log P(X; > eka(t)) ~ —f(e) log 1 by (3-3.6), and moreover

R — t tP
logu ~ log (8R2( ) — 1> ~ log —
K K K

relation (3.8.16]) gives

c(k,t)

log > —(1+0(1)) (f(s) log% +log :3> (3.8.24)

Since € > 0 is arbitrary and lim. o f(e) = f(0) = 1, cf. (3.2.2)), we have shown that

c(k,t) 1 K
RANAATA - .
log P (1 + 0(1)) <log " + log tD>

Together with (3.8.21)) and (3.8.23)), this completes the proof of our goal (3.8.20). O

3.9 Numerical results

In this section present some graphical results on the asymptotics of implied volatility.

We have simulated the price of european call using the Monte Carlo algorithm pre-
sented in chapter [5| and then compared the implied volatility obtained with the theoretical
asymptotics.
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(a) Comparison of real and asymptotic volatility (b) Percentage error

Figure 3.3: At the money regime when ¢t — 0. Comparison between the implied volatility
obtained via simulations (blue) and the asymptotic value o¢ (red) on the left and percentage
error on the right. The error is lower than 4% (green line) already when ¢ = 0.19, and it
diminishes when ¢ becomes closer to 0 (for ¢ = 0.02 it is 1.32%). The parameters used are
D =02V =02X=027=1.5.

o 2
Tite o ek

(a) Comparison of real and asymptotic volatility (b) Percentage error

Figure 3.4: Out of the money regime with log-strike fixed x = 0.5 when ¢ — 0. Comparison
between the implied volatility obtained via simulations (blue) and the asymptotic value
o (red) on the left and percentage error on the right. The growth in the error as t — 0
is probably due to the inaccuracy of the Monte Carlo method, anyway it stays under
the 10% (upper green line) and above —2% (bottom green line), in absolute term it is
around 0.07 when the expected implied volatility is oimp = 0.7653. The parameters used
are D =0.2,V =02,A=0.2,79 = 1.5.
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(a) Comparison of real and asymptotic volatility (b) Percentage error

Figure 3.5: Out of the money regime with log-strike fixed x = 0.5 when ¢ — 0. Comparison
between the implied volatility obtained via simulations (blue) and the asymptotic value o
(red) on the left and percentage error on the right. The absolute percentage error varies but
is most of the time between —1.5% and 4.5% (green lines). The variation is probably due
to the Monte Carlo simulations, as it is possible to observe from the fact that the implied
volatility from the simulations is not smooth. The parameters used are D = 0.2,V =
0.2,\ =0.2,7 = L5.
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Chapter 4

Enriching the model and pricing

In this chapter we investigate a possible way of enriching the model introduced in [ACDP12]
in order to take into account the so-called leverage effect, and we prove some of its properties.
We moreover introduce a family of equivalent martingale measures for this enriched model
(and, by extension, also for the original model [ACDP12|) under which the price of a
European call option can be expressed through a generalized Hull & White formula.

4.1 An enriched version of the model

We recall that, given a standard Brownian motion (W:):>0 and an independent Poisson
process (N¢)¢>o of rate A, the original model (Y;)¢> for the (de-trended) log-price of an
asset is

Y, =Wy, (4.1.1)

where the time-change process (I;)¢>0 is defined as follows: denoting by 0 < 7 < 1 < ...
the jump times of the Poisson process (IV¢)i>0, and fixing a further parameter 79 € (—o0,0),
we set

Ny
I = c{(t —7n)"P = (=102 + ) (ke - Tk_l)w} , (4.1.2)
k=1

where
V2)\2D-1
2D +1)
with the convention that the sum is zero when N; = 0.

Being a function of (N¢)>0 and of the parameters D, A, the time-change process (I¢)¢>0
is independent of the Brownian motion (W3);>o. The trajectories ¢ — I; are continuous,
and also differentiable at every ¢ > 0 which is not a jump time, i.e. for t # 7y,, with

C =

Il =2Dc(t—7y,)*7 L. (4.1.3)
It is standard to show, cf. [ACDP12|, that (Y;):>0 solves the stochastic differential equation
dY; = 0, dB;, with o =1/1], (4.1.4)

where (Bt)¢>0 is a suitable Brownian motion, independent of (o¢)¢>0.

67
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In order to take into account the so-called leverage effect (i.e. the asymmetry of the
smile volatility), we enrich the model introducing a jump component in the log-price, using
the same Poisson process (N¢)¢>o that drives the time change process (It)i>0, cf. .
The intuitive meaning is that shocks in the market, represented by jumps in the Poisson
process, determine both an increase in the volatility and a jump in the price.

We thus introduce a further parameter o € R, which represent the jump size in the
log-price at shock-times, and define the new (de-trended) log-price (Y%)¢>0 by

Yi 1= Wi, + o(N(t) — A (4.15)
which reduces to the original model (4.1.1)) for o = 0.

Remark 4.1.1. In Chapter 5 of Gatheral [Gat06] it has been pointed out that jumps are
necessary i o model in order to take account of the steepness of the skew for very short-
dated term structure. We would like to point out the this is not the case for our model:
choosing the right parameter we can obtain any possible skew. We have decided to introduce
(negative-) correlated jumps in the price in order to generate asymmetry in the distribution
(and consequently in the implied volatility).

We now generalize some of the results proved in [ACDPI12| for ¢ = 0 to the case o # 0
(and also to the case when 7y is a fixed parameter, that we consider here).

We start with the convergence in distribution of the increments Yy — Y;, both when
h ] 0 and h T 400, generalizing Theorem in appendix [Bl As it is expected, the jumps
in the log price do not influence the limiting distribution for small times, since they are rare
events, while they influence the limiting distribution for large times.

Theorem 4.1.2 (Diffusive scaling). The following convergences in distribution hold for any
choice of the parameters D, \, V', o and for every my € (—00,0).

e Small-time diffusive scaling:

Yien—Y1)  a - s i
NG h10 f(x)dz := law of (D) (Sxtam) Wi, (4.1.6)

where for a < 0 < b we set Syq = (b — a)lipsp) + Elip<yy, with E ~ Exp(1),
and where W1 ~ N(0,1) is an independent random variable. The density f is thus a
mazture of centered Gaussian densities and, when D < %, has power-law tails.

o Large-time diffusive scaling:

(Y;H-h _ Y;) d 6712/(23)
Vh hoo V2me
We now look at one of the most interesting features of the original model: the multiscaling

of the moments for small time (see Theorem in appendix [B). It tuns out that this
property disappears with the introduction of jumps.

de = N(0,¢?),  with ¢ =V*4+ 0\ (4.1.7)

Proposition 4.1.3. Let g > 0, then the quantity my(h) := E(|Yiqp, — Y|?) is finite and has
the following asymptotic behavior as h | 0:

mg(h) = KA@+e) (4.1.8)
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where the exponent A(q) is given for o # 0 by

= afqg<?2
Alg) =2 , (4.1.9)
1 ifqg=>2
and for o =0 by
Alg) = {2 Sa<a ,  where ¢* = ——. (4.1.10)
Dg+1 ifqg>q* (3 D)

Thus, even if the jumps in the log-price do not affect the limit distribution for small A
(note that there is no dependence on g in (4.1.6)), they have a big impact on the moments
E(|Y;4n — Yi|?), as Proposition [4.1.3|shows: the anomalous scaling exponent A(q) = Dg—+1
for ¢ > ¢*, that is observed when ¢ = 0, disappears as soon as ¢ # 0. Intuitively, the reason
for such a dramatic change is that for a small time increment h the effect on the moments
E(|Yirn — Yi]9) given by the jumps always overcomes that of the continuous component,
because the jump size does not vanish as the time increment h | 0.

In order to see a different behavior, one possibility is to send p | 0 together with h | 0:
in this case, we now show that when ¢ = O(v/h) the same multiscaling asfor p =0
is observed. This has the following interpretation: if g is small, then E(|Y;45 — Y;|?) exhibits
the non-trivial multiscaling for h small, but not smaller than 0.

Theorem 4.1.4. For every fized ¢ > 0, if b | 0 and o | 0 simultancously with o = O(v/h),
the quantity mg(h) := E(|Yi4n — Yi|?) scales as (.1.8)), with A(q) given in ({4.1.10).

It is also possible to generalize Theorem [B.2.5] about the correlation decay to the case
0 # 0 in the following way

Theorem 4.1.5. The following relation holds as h | 0, for all t > s > 0:

4D
Cov([Yarn=Yal, Yign—Yil) = —ce™ M7 (M72P g, (A(t—5) + F(t, 5)) h+o(h) , (4.1.11)

where
dy(z) == CO’U(SD_l/Q, (S + x)Dil/z) (4.1.12)

and S ~ Exp(1) Ay and for every 0 <y < x
F(z,y) = e—Ay{@ = 70)P75 (2= 70)P7% = Bl(AMw - y) + )P HAEP) (1 W)

+7 (; +D, Ay) (Bl = y) + 8)PTHN2P = (@ — )P 73A3 D) } .
(4.1.13)

Remark 4.1.6. The fact that the correlation between the increments of the log-price is the
same in both the cases in which there are or not jumps in it is due to the fact that on each
wncrement the event jumps occur gives contribution of order h, while that of the event no
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jumps is of order \/h. The jumps component contribution will became dominant only if we

compute
Covl|Yesn — Yal?, [Yern — Yi[?)

for q > 2, exactly for the same reasons that lead to the disappearance of the multiscaling of

the moments.

In conclusion, the addition of jumps to the basic model , leading to the enriched
model , appears to be an effective way to account for the so-called leverage effect,
introducing a skew in the log-return distribution. However, such addition is not completely
satisfactory, for what concerns the asymptotic properties of the model for small time incre-
ments. Alternative ways of introducing correlations, possibly without jumps, are currently
under investigation.

4.2 Pricing under the enriched model

As said at the beginning of the chapter, the (de-trended) log-price (Y3)¢>¢ is defined as
Yy = Wy, + o(N; — Mt).

Observe that a compensated Poisson process appears in (4.1.5)), so that the (de-trended)
log-price is a martingale.

The price process Spe'* is clearly not a martingale (it is a submartingale, because Y; is

a martingale). We consider a natural class of equivalent measures (P5)5. (0,00)? defined by

Py _ " pedB— 2 [ a5t (102 Ve - G- T 4.2.1
apP = exXp /Od)s 3_2/0 ¢5 s+ OgX T_( _) ) ()

where T' > 0 is a fixed time horizon, and the process (¢¢)ic[o,7] is defined by

R
o= Xt DA Ut:\/ﬂ. (4.2.2)

This is really a martingale measure as we prove in the following Theorem.

Theorem 4.2.1. Under f’;\ the price process (Sy eYt)te[oﬂ 15 a martingale, which is dis-
tributed as the following process:

S, = Sy eV coNe—(ee=1)At (4.2.3)

)

where (It)i>0 denotes the time-change process (4.1.2)) in which (Nt)i>o is a Poisson process
of rate \, and where (Wy)i>0 is an independent Brownian motion.

4.2.1 A generalized Hull&White formula

For later convenience, we perform a slight change of notation respect the previous chapters
and we set the price of a call option with strike K (instead of log-strike x = log %)

C(So, K, t) := By [(S; — K)*] = By [(Soe?* — K)T] = B [(SoeXt - K)+] (4.2.4)
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where by (23)

S 1 ~
X; :=log 87; = Wi, = 5l + 0Ny — (ef = 1)t

As said in the proof of Theorem in analogy with (4.1.4]), this process solves the SDE
1 ~
dXt = 0t dBt — 50’? dt + QdNt — (69 — 1))\ dt, with [ Ié, (425)

where (B¢)¢>0 is a suitable Brownian motion, independent of the Poisson process (N¢)¢>o.
Note that the log-price (X;)¢>0 in (4.2.5)) is a stochastic volatility model with two inde-
pendent driving noises, (Bt)¢>0 and (N¢):>0, and with a volatility process (o¢):>0 correlated
with (N¢)e>0. Despite this fact, we can give a representation formula for the call price C(z, t)
in the spirit of Hull&White [HWS&T]. Expressing the Black&Scholes formula in terms of Sy

and K:
C%o(So, K, t) := B[(Soe"e2 27"t — k)] = Sod(d1) — KD(ds). (4.2.6)

where @ is the cumulative distribution function of a normal gaussian random variable and

log % + %0275
= i

Theorem 4.2.2 (Generalized Hull&White formula). For all So, K > 0 and t > 0 the
following formula holds:

dy : dg::dl—aﬁ.

C(So, K, t) = E[CES(EO, K, t) (4.2.7)

F=y/ 111, So=Sp eeNt—(c?=D)At

In words: the price of a call option in our (enriched) model is obtained by averaging
the Black&Scholes formula with respect to a random wvolatility and a random spot price.
This allows for a fast Monte Carlo evaluation of option prices. Note in fact that, for a given
maturity ¢, it suffices to generate a sample of the Poisson process (Ns)ge[o,q in the interval

[0,%] to get a realization of both ¢ and 50; averaging over a sufficiently large number of
samples, one can obtain with a good accuracy the price C(Sp, K,t) (and hence the implied
volatility) simultaneously for every K.

This method as been used for implementing a fast and effective simulation program
using a stratification algorithm that we will discuss in the Chapter

Remark 4.2.3. A generalized Hull-White formula like (4.2.7)) holds for many correlated
stochastic volatility models. E.g., assume that under the pricing measure

{dst:—;ndwr\/?tdwt (425)

dY; = (V) dt + g(V;) dZ,

for some functions f, g, where (W;)>0 and (Z;)¢>0 are (jointly Gaussian) Brownian motions
with Cov(Wy, Z;) = pt. We can write Wy = pZ; + /1 — 0? By, where (By);>0 is a Brownian
motion independent of (Z;)i>0, getting

t t t ~ t t
S, = Sy oo V(1=0*)Ys dBs+e [5 VYs dZs—% [y Yeds _ So eJo /(1-02)YsdBs—3 [5(1—0%)Ys ds7
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where we set

So := Sp e2Jo VVadZi=3 Jg *Yads (4.2.9)

If G denotes the o-algebra generated by (Z;);>0, the process (Y;)i>0 is G-measurable under
standard assumptions (ensuring e.g. strong existence and uniqueness for the SDE in (4.2.8))).
Since the Brownian motion (B;):>0 is independent of G, it follows that conditionally on G the
stochastic integral fg V(1 — 0?)Y;dBs is actually a Wiener integral, hence its conditional
law is AV(0, 5%t) with

1 t
o= t/ (1—0*)Y.ds. (4.2.10)
0

Since §g and o are G-measurable, it follows that
B[(S: - K)*|G] = B[(So M7 727 — K)¥|G] = CRg(So. K.1).
Taking expectation of both sides, we get the generalized Hull-White formula:

C(So, K, 1) := E[(S; — K)*] = E[C%4(S0, K, )] ,

where the random variables &, Sy are defined in (4.2.9) and (4.2.10).

4.3 Proof of the properties of the enriched model
4.3.1 Proof of Theorem [4.1.2
By we can write
Yien =Y = Wi, — Wi, + 0(Nepn — Ny — Ah)
il \/mwl + 0 (Nign — Nt — Ah).

We know that P(Nyyp — Ny > 1) =1—e M =0O(h) = 0as h | 0, so we can focus on the
event { Ny, = Ni}, on which we have (recall (4.1.3))
It+h — It V2A2D_1 )2D—1

= =" (t—
t F(2D)( TN

(4.3.1)

I

o h
Note that (t — 7n,)1{n(p>1} is distributed like (A E)1g\-1py<sy, with E ~ Exp(1), while
(t — 7, ) L{n ()=o) is distributed like (¢ —79) 1y(x-15)>s - In conclusion,

(t — 7)1 N()>1) = A Sxear 5 (4.3.2)

where we set S 1= (b — a)l{gsy + £ l{p<yp), as in the statement of Theorem 4.1.2}
Concerning the second part of the right term of equation (#.3.1]), the probability that
it is different from —Ah is O(h) and %h — 0 when h — 0, so when divided by V7 it

converges in probability to 0. In the end, by (4.3.2)) we get

t 2 Wl i L
Vh ho  /T(2D) T'(2D)

Xpsn — X V AP~z 1 1
(Xeen - X1) _d )P (Sniam) 2 Wi, (43.3)
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where E ~ Exp()\) and B ~ B(1 — e™).

We now focus on the case h 1 co. We have to study the convergence of

Y;H-h_YVt_WIt+h_WIt N(t+h)—N(t>—)\h

= + 434
Vi Vi ¢ NG (4.34)
when h 1 co. We have
Niyn
Lip—ILi=c|(t+h— TNHh)QD + (TN, +1 — TNt)QD —(t— TNt)QD + Z (1) — Tk_l)QD
k=N:+2

The random variables ((7, — 73_1)%" )k>N,+2 are independent and identically distributed

with finite mean, hence by the strong law of large numbers (since TN”;_TNt — 0, it TR

n
t+h—’7’Nt
+h
Oand —

— 0 a.s.)

n

lim —> (1, — 7%-1)*” = B[(n)*"] = A?PT(@2D+1)  as..

Plainly, limp_, 4« Np/h = X a.s., by the strong law of large numbers applied to the random
variables {7j}r>1. Recalling (4.1.2), it follows easily that

lim It+h B It — V2
htoo h

Since Wy, — Wy, 4 v/ Iiin — LW we obtain for the first term in the right hand side
of (4.3.4]) the convergence in distribution

w - W,
Den — P i) V Wy as h T oo.
Vh

From the central limit theorem for the Poisson Process, we have the convergence in dis-

tribution of the term W to VAWY, where W{ ~ N(0,1). Since (N;);>o is

independent of W and since w converges to the constant V2 we have that the two

limit random variables W; and W/ are independent. In the end we obtain

Yo — Y
%&VWﬁgﬁW{iN(o,vhg?A) as b1 oo,

which coincides with (4.1.7)). O

4.3.2 Proof of Theorem 4.1.3

We exploit relation (4.3.1) and assume that o # 0 (the o = 0 case was considered in
Theorem ). We already know by Theorem that for every ¢ >0, as h [ 0

E [‘Wft-rh, - Wlt‘q] = hA(g)JrO(l) ’ (435)
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with A(q) given by (4.1.10). Note that for ¢,c/,a,a’ > 0 we have, as h | 0,
ch® + C/ha/ _ hmin(a,a/)+o(1) )

Then

E[lo|?|N(t + k) — N(t) — Ab|7] = [o]7e™" i |k — qu
pars k! (4.3.6)

_ |Q|qe—>\h (()\h)q + \h+ O(hQ)) _ hq+o(1) + h1+0(1) — hmin(q,l)—‘,—o(l)’

because the term in the sum for k = 1 equals (1 — Ah)9\h = A\h + O(h?) and

> (\h)F o (\h)k—2 2 ke
> |k — AR = (Ah)22|k—)\h|qT 22? (const.)(AR)?,
k=2 k=2

where the inequality holds for Ah < 1.
We consider first the case ¢ > 1 (in particular, min(g, 1) = 1 in (4.3.6))). Computing the
g-norm of Y, —Y; we obtain

1
(E[[¥iun — Vi) = H Wiyn — Wi+ o(N(t + ) — N(£) - Ah)
(1) (2)

= [1(1) + )l -

(4.3.7)
Using Minkowski inequality we get

1 1
[¥ien = Yill, < IO, + 1@, = (h4@0) 7+ (no0)?

_ pAo(1) | o(1) _ pmin(A2 Hto()

)

hence _
E[|Vern — Yil = ([[Yepn — V2]l )? < MA@ D+ (4.3.8)

Note that A(q) < 2 for every q and A(q) > 1 for ¢ > 2, by (4.1.10]), hence

(4.3.9)

Using the triangle inequality we also get

1 Yen — Yt||q > ’H(l)”q — ||(2)||q‘ — ’(hA(q)Jro(l)); . (hmin(q,l)—i-o(l))tll

Note that, by (#3.9), we have hA@+o(1) > pltoD) if ¢ < 2 while hlto() > pA@+o) if
q > 2. Recalling (4.3.8)), we have proved that Theorem (with o # 0) holds, i.e.

E[|Yigp — Yi[1] = pmin(3:1)+o@) (4.3.10)
for ¢ > 1. It remains to consider the case ¢ < 1. Since |a + b|? < |a|? + |b|? we have

E[|Yirn — Yol] < E[I(1)|9) +E[|(2)|9] = RAHDFW 4 pate®) = pite®,
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since A(q) = 4 for ¢ < 1. In a similar way, writing a = a + b — b we obtain |a + b7 >
lla|? — [b]7], hence

E[|Yisn — Y| > [E[|(1)]) = E[|(2)]9]] = [pA@F0) — prto] = 3ol
Combining all the estimates obtained in the previous equations we can conclude that
(4.3.10) holds also for ¢ < 1, completing the proof. O
4.3.3 Proof of Theorem 4.1.4]

We use the notation of equation (4.3.7). Recall that we now assume that o = O(h

Looking at (4.3.6), we get
B(2)[%] = B[o7|N (¢t + ) — N(t) — Ab|7] = hEFmin(ar+o()) (43.11)

while we recall that by (4.3.5)

N

).

E[|(1)]7] = pA@+e),

with A(q) given by (4.1.10), from which it follows that A(¢) < 4 4 min(g,1) for all ¢ > 0.
As a consequence, in this case E[[(2)|7] < E[|(1)]?]. With the same estimates done in the
proof of Proposition it follows that E[|Y;1, — Yi|]? if of the same order as E[|(1)|?],
completing the proof.

4.3.4 Proof of Theorem 4.1.5

In the proof we suppose without loss of generality that s+ h < t (this is possible since s < ¢
and h | 0).
We indicate with G the o-algebra generated by the Poisson process.We can write
Cov([Yarn — Yal, [Yin - Xil)
= Coo(E(|Yasn — Yil|G).E (Vi — YiI|G)) (43.12)
+ B [Cov(|Yayn — Yal, [Yeen — Yil[G)]
We recall that Y; = Wy, + o(N(t) — At), and the process (I;);>0 is G-measurable and
independent of the process (W;)i>0. It follows that conditionally on G the process (Y;)i>0
has independent increments, hence the second term on the right hand side of (4.3.12))

vanishes because Cov(|Ysqp, — Yz, |Yipn — ¥4]|G) = 0 a.s.. For fixed h, from the equality in
law

Yign—Yi = Wiy, Wi 4 0N (E4h) = N() = M) ~ v/Tryn — LWi+o(N(t+h) ~N()~Ab)

it follows that E [|Yy4s — V2||G] = c1/Tion — L+ 0(N(t+h)— N(t)—Ah) where ¢; = \/2/7.
Analogously E [|Yyys — Y5||G] = c1\/Tspn — Is + o(N(s + h) — N(s) — Ah) and so (#.3.12)

reduces to
Cov(|Yeyn — Y|, [Yign — Yi|) =

2
Cov ( \/;\/ Isin — Is + o(Nsyn — Ns — Ah)

= Cov(%s, Kt)

)

2
\/;\/ Iiin — It + o(Niyn — Ny — Ah)

(4.3.13)

)
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In analogy with the proof in the case ¢ = 0 we can replace % with %1y, n,,,=0,in fact
if a jump occurs at time ¢’ between s + h and t, denoting with G; the o-algebra generated
by (Ni)ier, % s would be G(_ . ) measurable while y; would be Gy .y-measurable, and
so the would be independent. Therefore we can write

Cov(|Ysin — Ysl, [Yern — Yi|) = Cov(ks, elin,—nN,,,—0}) - (4.3.14)
Now we can decompose the right hand side as follows

Cov(s, *il{n,—n,,n=0}) = E (s — E(3ks)) *elyn,—n,,,—0})

2
= 2B ((VIon L =B (VIon— L) ) VIeen — Tlnin=0))

2
+ \/;QE ((Ns+h — Ny — E(Nsn — Ni)) VItpn — Itl{Nt—Ns+h:O})

2
+ \/;QE (( Toon—1, — E ( Torn — I)) (Non — Ny — Ah)1{Nt,N5+h:0})
+ 0’E (Notn — Ny — E(Ngyn — Ns)) (Negn — Ne = A1y, —0)
= 1)+ (2)+(3)+4)

(4.3.15)

The (1) term is exactly what appears in the case ¢ = 0 (see Theorem in appendix
in particular is equal to

(1) = 2Dce N3 (NI2Pg (A (t — 5)) + F(t,8))h + o(h) (4.3.16)
where ¢s and F' are defined in (4.1.12) and (4.1.13).

We now study separately the other term showing that they are o(h).
We note that E[Ns1p — Ns] = Ah and so term (2) becomes

2%2(2) =E ((Ns+h — No)V/ Ltin — Itl{Nt—NHh:O})
— ARE (\/ml{Nt—NHh:O})

(4.3.17)

We already know that the expectation in the second term is of order v/h when h — 0 (which
implies that the second term is O(h%?), so we concentrate on the first one which is also
negligible since

E((Nign — Ne)v/Tin — 1y 1{NthS+h:O}) =
+oo
Y E (i\/ Tepn — I I{Nt—NS_;,_hZO}) P(Niyn — Ny = i)
i=0

(NI

+oo
= E (\/It+h - It 1{Nt_Ns+h:0}> ZiP(Nt+h - Nt - Z) == O(h ) .
=0
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Term (3) can be treated in the same way of term (2), and so we are left only with term (4)
1
?(4) = E (Ns+n — No)(Newn — No) 1w, N, =0})
—ARE ((N5+h — Ns) 1{Nt—Ns+h=0}) (4.3.18)
—-E ((Nerh - Ns)) E ((Nt+h - Nt) 1{Nt*N5+h:0})
+ M E ((Nstn — Ns)) E (Lin,-n,,p=0}) -
Now, since E(N¢yp, — N¢) = E(Ngyp, — Ng) = Ah and Nyyp, — Nyy Np — Ngyp and Ngpp — Ny
are mutually independent, it becames

%(4) _ )\2h2e—)\(t—s—h) _ )\2h26—)\(t—s—h) _ )\2h26—>\(t—s—h) + )\2h2€—)\(t—s—h) =0.
Y
(4.3.19)
4.4 Proof of the results on the pricing
4.4.1 Proof of Theorem [4.2.7]
In analogy with (4.1.4), the process
Y = Wi, + o(N: — At)
solves the SDE
dY; = o, dBy + o(dNy — Adt) , with o =1/1}, (4.4.1)

and (B¢)¢>0 is a suitable Brownian motion independent of (INV¢):>o.

Let us denote by G the o-algebra generated by the Poisson process (INV¢);>0. Note that
the process ¢; in is G-measurable, and it is not difficult to check that its trajectories
are in Ll200‘ Therefore, conditionally on G, Novikov’s condition is satisfied and under ISX the
process

" t
Bt = Bt — / (255 ds (442)
0

is a Brownian motion. Thus the distribution of (Et)te[O,T] conditionally on G is always the
same, i.e. the Wiener measure. This implies that (B;).c[o,7] is independent of G, i.e. it is
independent of (N¢)¢>0, hence of (It)i>0 and (o¢)i>0.

Now observe that the process (Nt);e(o,7) under ISX is a Poisson process with rate X, as
it follows by the explicit form of the Radon-Nikodym density (4.2.1)).
Summarizing: under P5 the process (By).ejo,7] in (4.4.2) is a standard Brownian motion

and (Nt)te[ojT] is a Poisson process with rate A\, and these two processes are independent.

Rewriting (4.4.1)) as

~ 1 ~
dY; = 0, dB; — 503 dt + 0dN; — (e — 1)\dt,

and recalling (4.1.1) and (4.1.4)), it follows that under lgx the price process (S eYt)te[Oﬂ
has the same joint distribution as

S, = Gy V=3l goNe—(ee=1)2t (4.4.3)

where (W)¢>0 is a Brownian motion independent of (I;);>o. This proves (4.2.3)).
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4.4.2 Proof of Theorem 4.2.2]

The proof follows the arguments described in Remark [.2.3] By (4.4.3) we can write

~ _1~2 . 1 -~ e Ny
Sy =Sy eWEQt 29 t’ where 0'2 = ;It’ Sy = e.QNt (e?—1)At )

Denoting by G the o-algebra generated by the Poisson process (N¢)¢>0, note that the random
variables o and Sy are G-measurable, while (W;);>¢ is independent of G. As a consequence,

E[(S; — K)*|G] = B[(So o237t — K)*|G] = CFs(S0, K, 1), (4.4.4)

where we recall that C’gs(go, K, t) was defined in (4.2.6). Taking the expectation of both

sides of (4.4.4) we obtain relation (4.2.7), proving Theorem



Chapter 5

Simulation and numerics

In this chapter we present a Monte Carlo algorithm for the pricing of the call based on the
Hull& White formula presented in the previous chapter. In order to speed up the calculation,
we use a stratification method which enables us to reduce the number of simulations needed
to have a precise price.

5.1 The Monte Carlo methods

Since, for generic models, there are not closed formula for computing European option
prices, Monte-Carlo methods are extensively used in finance.
Let us describe the principle of the Monte-Carlo methods on an elementary example.

Suppose want to compute
I:= / f(x)dx
[0,2]¢

where f(+) is a bounded real valued function, we can represent the integral above as E(f(U)),
where U is a uniformly distributed random variable on [0, 1]%. By the Strong Law of Large
Numbers, if (U;);>1 is a family of uniformly distributed independent random variables on
[0,1]¢ then the average

1 N
Sy = 2 /()
=1

converges to E(f(U) almost surely when N tends to infinity. This suggests a very simple
algorithm to approximate I: call a random generator N times and compute the average
above. In order to efficiently use the Monte-Carlo method we need to know the rate of
convergence, and if it is more efficient than tghe deterministic algorithms. The Central Limit
\/N7
rather slow, moreover the approximation error is random and may take large values even if
N is large (however the probability of such an event tends to 0 when N grows).

Theorem shows that the error decays as where o2 is the variance of g(X), which is

5.1.1 Stratification methods

Since the accuracy of a Monte-Carlo method with N simulations is given by the ration o /N,
one always wants to rewrite the quantity to compute as the expectation of a random variable

79
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which has smaller variance: this is the basic idea of the variance reduction techniques.
One way to reduce the variance are the so called stratification methods. Assume that we
want to compute the expectation

I=Blo(x) = | gla)f(@)s

where X is a R? valued random variable with density f(z). Let (D;, 1 < i < m) be a
partition of R%. I can be expressed as

I=> E(lixepy9(X)) =D E(9(X)|X € D)P(X € Dy),
i=1 i=1
where B(1 (X))
Blo(X)IX € i) = =52 s

Note that E(g(X)|X € D;) can be interpreted as E(g(X?)), where X' is a random variable
whose law is the law of X conditioned by X belongs to D;, whose density is

1
Wlxe&f@)dﬂ

When the numbers p; = P(X € D;) can be explicitly computed one can use a Monte-Carlo
method to approximate each conditional expectation I; = E(¢(X)|X € D;) by

~ 1 . 4
Li=—(9(XD) +...+9(X,,),

)

where (Xi,..., X! ) are independent copies of X*. An estimator I of I is then

ng

Of course, since the samples used to compute Z are supposed to be independent, the variance
of Iis

where o2 is the variance of g(X?).
Fix the total number of simulations ) ;" n; = N. In order to minimize the variance

above one must choose

bio;
-
Ei:1 Di0;

For this value of n;, the variance of Iis given by

1 [& ’
N mei .
N (i:l >
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Indeed the variance obtained is smaller than the one obtained without stratification since

Var(g(X)) = E(g(X)?) - E(g(X))?
m 2
- sz X)X € D) - (ZmE(g(X)rX e Dn)
=1

= Y Varg(XY1X € D)+ 3 pE(G(OIX € D
=1

=1
m 2
(Z X)|X e D; )) .
Using the convexity inequality for 22 we obtain, since Soipi =1,

2
Var(g Zp, Var(g(X)*| X € D;) (szaz> )

Remark 5.1.1. The optimal stratification involves the knowledge of the o;s which are
seldom explicitly known, so one need to estimate their values by Monte-Carlo simulations.
A common way to bypass this problem is to choose n; = Np;. The corresponding

variance 1s
m
1 2
N E pio;,
i=1

which is always smaller than the original one. This choice is often made when the proba-
bilities p; can be computed.

5.2 The stratification method applied to our model

The idea is to apply the stratification method to the pricing formula obtained in the chapter
before from the Hull & white formula:

C(So, K,t) =E [025(50, K,t) (5.2.1)

o=/ %It, So=>5o eQNt—(Eg_l);‘t:| '

In this case we partition on the number of jumps of the Poisson process N; driving the time
change

Ny
I = C{(t —7n)*P = (=70)?P ) (- Tk—1)2D} : (5.2.2)
and the jumps in the log-price:
Vi o= Wi, + o(N () — ).

In fact, once the number of jumps Ny becomes fixed §0 =50 eoNe=(€=DX becomes deter-
ministic, and the simulation of I; is much faster. In particular, when no jumps occur I; is
deterministic and equal to

It =C [(t — 70)2D — (_7_0)2D} .
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Since this event when t < % is the most likely and so the one with the greates n;, the

stratification method permits to highly reduce the number of computation, because it is
enough to compute just one time the N; = 0 layer and then multiply it for its probability
in the final average.

Even on the event Ny = n > 0 once that the number of jumps is known the computation
for obtaining the value of I; are reduced since the jumps have a uniform distribution of
parameters (n, [0,¢]) which is very easy to simulate.

Once we have both N, and I;, computing the price via the Hull & White formula
becomes very easy: for every occurrence of the jumps we compute the single price and then
we just average on the total.

Observe that this method not only reduces the number of computation thanks to the
0-jumps layer but also, thanks to the stratification give a more precise result, since the
distribution of the number of jumps is less randomized and optimized.

5.2.1 The algorithm

In this section we present the algorithm on which the pricing program works, the code both
in C and MATLAB® languages can be found in appendix [A]

The core of the code, as already said, is a stratified Monte-Carlo method. We use a 4
layers partition: the Poisson process in [0,t] realizes 0 jumps, 1 jump, 2 jumps and 3 or
more jumps. We have two different choices for the number of simulations in each partition,
or we go for the fastest choice, which is just choosing n; = N * p; or we can “sacrifice”

part of the simulation in order to find the optimal o; for the stratification and choose
Dio;

PoO0+pP101+p202+p303 . o . .

The first method result much faster than the second, even if the precision obtained is

similar since the number of simulation for the 0-jumps layers is directly reduced from ng to
1, and so the total number of simulations is strictly lesser than N, and since in general the
first layer is the more important one this reduces a lot the number of computations. The
second method, on the other hand, performs N simulation since even if the 0-jumps layer
needs only one simulation, the other NV — 1 are distributed on the other layers.

n; =

Once the number of simulation for each layer is fixed we can compute the price using
the Hull&white formula given in Theorem [.2.2} every time we just simulate the value of I
(knowing that 4 jumps occur), and the we use the Black&Scholes formula, with volatility

o= \/I;" and value of the underline at time 0 Sy = Sp exp(0i — At(e? — 1)). Once we have
finished the simulations we just average obtaining the real price.

The different layers deals in different ways with the simulations of the value I;. In the
zero jumps layer we just put the deterministic value I; = c[(t — 79)?P — (—79)?P).

In the case of one or two jumps the simulation is based on the fact that, give that there
are i jumps in [0, ¢], these are uniformly distributed and so can be easily generated.

TThe V1 is due to the fact that the 0-jumps layer has 0 variance because the price of the call is simply
given by the Black & Scholes formula with

_ \/ ellt=r)® = Zr0®] g, S exp(-at(e? ~ 1)
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Finally, for the fourth layer, the one with more than 2 jumps, we firstly simulate the
position of the third jump 73, we then create the first and the second jumps using a 2-
valued uniform distribution in [0, 73] and then we generate the next jumps using independent
exponential distribution, since 7; — 751 ~ Exp(A), until 7; > ¢, in which case we obtain
exactly j — 1 jumps.

In order to reduce once more the machine-time we observed that if we have multiple
strikes for a single maturity, we can compute at once all the prices since both the C and
MATLAB® language have a command which permits the computation of a vector of Eu-
ropean call option with the same maturity but different strikes. This reduction is due to
the fact that we do not have to perform Nistrikes simulations, but only V.

5.3 Calibration

We used the algorithm above to perform a calibration (still in progress) on implied volatility
obtained from real data from the DAX index (we thank Martino Grasselli for the data).

We have fitted the data with the parameters that minimize the root square error with
the real volatility at different maturities obtaining the following results

Maturity (days) D \4 A 0 7o (years)
50 04 0175 0.7 -0.15 -2.0
85 045 015 0.7 -0.2 -2.0
113 045 0.15 06 -0.225 -5.0
204 03 0175 0.7 -0.25 -3.0
Total 0.375 0.175 0.8 -0.15 -2.0

Table 5.1: Parameters of the model optimizing the fitting, for the single maturities and for
all of them at the same time.

The preliminary results show good agreement for fixed maturity (see , by the way
it is not a stable method: when there is more than one maturity the error begins to grow
(see Figure [p.2). We would like to remark that this is not a feature of our model only, for
example Gatheral [Gat06] points out how the Heston model (and more in general stochastic
volatility models) performs poorly for small maturities, underestimating the skew of the
implied volatility.

We observe that the parameters found are very different from the ones found in [ACDP12],
in fact the main weight on the price is given by the jump component, while the time change
gives a smaller contribute (the exponent D is close to 0.5 and so the smile flattens).

This suggests once more that even if the introduction of jumps in the log price allows
to reproduce the leverage effect and the asymmetry of the smile, it is possibly not the most
natural way to enrich our model, as also the theoretical results of the disappearance of the
multiscaling of the moments (cf. Theorem hinted.
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Figure 5.1: This figure contains the plot (in red) of the implied volatility of the European
Call options on the DAX index in date 28/08/2008 with maturities 50, 85, 113 and 204
days, and the plot (in green) of the implied volatility of our model for call options with the
same maturities, where we have used the fitting parameters contained in the first four rows
of Table (every maturity has its best fitting parameters)
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Figure 5.2: This figure contains the plot (in red) of the implied volatility of the European
Call options on the DAX index in date 28/08/2008 with maturities 50, 85, 113 and 204
days, and the plot (in green) of the implied volatility of our model for call options with the
same maturities, where we have used the fitting parameters contained in the last row of
Table (best fitting parameters of all the maturities at the same times)
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Appendix A

The code

In this appendix we present the C and the MATLAB® codes used for pricing the european
call in the model presented in chapter [

For the C code in particular we have used some tools present in the Premia library,
which can be downloaded at https://www.rocq.inria.fr/mathfi/Premia/index.html.

A.1 The C code

We now present separately the main routines for the C code, there will be one for pricing,
two for generating the jumps and one for generating the time change. We will also introduce
a function that permits to find the third jump.

A.1.1 The jump makers

We start with the jumps generators: we have two different routines, one when the number
of jumps is fixed (and equal to one or two), and the second when there are more than two
jumps.

The following generates the jumps when their number is fixed. Observe that in principle
this works also when the number of jumps is greater than two but still fixed, which could be
useful if we consider call options with large maturities, in which case we could easily change
the code in order to have a different stratification with k4 1 layers: k with fixed jumps and
one for the case "more than k£ — 1 jumps". Moreover both this routine and the following
generate a random 7. This is done because it permits to work also with the original model,
as presented in [ACDP12|, where it was not fixed. We put the deterministic value in the
part of the code used for the pricing.

void jumpGenerator(double lambda, double sigma,
double D, double T, int k, PnlVect* Tau){
int i=0;
PnlVect* Valori;
Valori= pnl_vect_create(k+2);
double fattcom;
double prodpar;
for(i=0;i<=k+1;i++){

87
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pnl_vect_set(Valori,i,unif());
+
pnl_vect_set(Tau,0,log(pnl_vect_get(Valori,0))/lambda);
if (kx>0){
fattcom=1.0;
prodpar=1.0;
for(i=1;i<=k+1;i++){
fattcom=fattcom*pnl_vect_get(Valori,i);
}
for(i=1;i<=k;i++){
prodpar=prodpar*pnl_vect_get(Valori,i);
pnl_vect_set (Tau,i,T*log(prodpar)/log(fattcom));
+
b
pnl_vect_set (Tau,k+1,T);
pnl_vect_free(&Valori);
+

In order to simulate the k£ jumps, we simulate k£ + 1 uniform random variable (using the
function unif ()), then we make their product and we obtain the jumps using the logarithm.

In case we have more than two jumps (and we don’t know how many) we use the routine
jumpGenerator3. In this routine we firstly find the third jumping time 73 (conditioning it
is less than t) then we add exponential of parameter A\ until we surpass the threshold ¢; as
before 71 and 79 are found using a 2 valued uniform in [0, 73]. In order to find the value 73
we have to compute P(73 < t) = P(Ga < t), where Ga follows a I' (3, 1) we then simulate
a uniform random variable u ~ U(]0,1]) and we solve

P(Ga < )

P(Ga<t) (a.11)

which we create as the function terzoSalto, using the function pnl_root_brent from the
Premia library.

void jumpGenerator3(double lambda, double sigma,
double D, double T, PnlVect* Tau){
int i=0;
int crazy;
double x;
double tmp[3];
double u;
double t;
double tol;
double fattcom;
double prodpar;

PnlVect* Valori;
Valori= pnl_vect_create(3);
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t01=T/1000;

crazy=pnl_vect_resize (Tau, 1);
x=unif () ;

pnl_vect_set(Tau, O, log(x)/lambda);
u=unif();

tmp [0]= lambda;

tmp[1]=T;

tmp [2]=u;

PnlFunc func;

func.function = terzoSalto;
func.params = (void#) tmp;

t = pnl_root_brent (&func, 0.0, T ,&tol);
crazy=pnl_vect_resize(Tau,4);
pnl_vect_set(Tau, 3, t);

for(i=0;i<=2;i++){
pnl_vect_set(Valori,i,unif());

+

fattcom=1.0;

prodpar=1.0;

for(i=0;i<=2;i++){
fattcom=fattcom*pnl_vect_get(Valori,i);

}

for(i=0;i<2;i++){
prodpar=prodpar*pnl_vect_get(Valori,i);
pnl_vect_set(Tau,i+l, t*(log(prodpar)/log(fattcom)));

i=4;
do{
x=unif();
t=t-log(x)/lambda;
1f (£<TH{
crazy=pnl_vect_resize(Tau,i+1);
pnl_vect_set(Tau, i, t);
i=i+1;
b
Fwhile (t<T);
crazy=pnl_vect_resize(Tau,i+1);
pnl_vect_set(Tau, i, T);
pnl_vect_free(&Valori);
}

The equation (A.1.1) is defined in the following way, using the object func of the library

static double terzoSalto(double x, void *v)

{

double *vi = (doublex)v;
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double p,q;

p=1-(exp (-vi[0]*x)*(1+vi [0] *x+0.5*x*x*vi[0]*vi[0]));
g=1-(exp(-vi[0]*vi[1])* (1+vi[0]*vi[1]1+0.5*vi[1]*vi[1]*vi[0]*vi[0]));
return ((p/q)-vil[2]);

A.1.2 The clock-time generators

The routine that gives the time change I;, taking as an input the jumping time is simply
an application of the formula I;:

N
It = C{(t — TNt)2D - (—T())QD + Z(Tk - Tkl)zD} s

k=1
obtained in the following way

double changedTimeGeneratorVec(double sigma,double D,
int k, PnlVect* Jumps){
int 1i;
double finale;

1=0;
finale=-pow(- pnl_vect_get(Jumps,0),2*D);
if (x>0){
for(i=1;i<=k;i++){
finale=finale+pow({pnl_vect_get (Jumps,i)
-pnl_vect_get (Jumps,i-1)),2*D);
}
+
finale=SQR(sigma)*(finale+pow((pnl_vect_get (Jumps,k+1)
-pnl_vect_get(Jumps,k)),2xD));
return finale;

¥

We have also a second routine which generates the time-change taking as an input simply
the number of jumps that occurs

double changedTimeGenerator(double lambda, double sigma,
double D, double tau0,double T, int k){
int i=0;
double finale;
PnlVect* Jumps;

Jumps=pnl_vect_create(k+2);

jumpGenerator(lambda,sigma,D,T,k, Jumps) ;
pnl_vect_set (Jumps,0, taul);
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finale=-pow(-pnl_vect_get (Jumps,0),2%D);
if (k>0){

for(i=1;i<=k;i++){

finale=finale+pow({pnl_vect_get (Jumps,i)
-pnl_vect_get (Jumps,i-1)),2*D);

+
+
finale=SQR(sigma)*(finale+pow((pnl_vect_get (Jumps,k+1)

-pnl_vect_get(Jumps,k)),2xD));

pnl_vect_free(&Jumps) ;

return finale;

A.1.3 The price maker

The actual pricing is done by the following function, based on the stratification algorithm
explained in chapter [5l This permits also to price the put option, thanks to the control
variable isCall which determines which kind of option we are pricing.

For the choice of the number of simulations in each layer we have chosen the fastest
method, that is n; = Np;, because its degree of precision is very similar to the optimal one,
even if it is much faster.

double pnl_cf_ACDP_call_put(int isCall,double lambda,
double v, double D , double T, double strike,
double r, int N, double s0, double tau0O,double rho){

if (tau0<0){
printf ("error! tau0 must be positive !\n");
return O;
+
else{
int kMax=3;
double sigma;
int j;
PnlVect* Taun;
double x;
double time;
int k;
double prezzoPar=0.0;
double prezzo;
PnlVect* p;
p= pnl_vect_create(4);
PnlVect* Tenta;
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sigma=v*sqrt (pow(lambda,2*D-1)/pnl_tgamma (2+D+1)) ;

X=

0;

for (k=0 ;k<kMax;k++){

by

k=

x=pnl_sf_fact(k);
pnl_vect_set(p,k,exp(-lambda*T)* (pow(lambda*T,k))/x);

3;

pnl_vect_set(p,k,1.0-pnl_vect_get(p,0)-pnl_vect_get(p,1)-pnl_vect_get(p,2));

if (D==0.5){

¥
+

if (rho==0){
return(pnl_bs_call_put(isCall,s0O, strike, T, r,0, sigma));
//if D=0.5 and rho=0 we have the Black & Scholes model
Yelse{
for(j=1;j<=N;j++){
Taun=pnl_vect_new ();
jumpGenerator3(lambda, sigma, D,T, Taun);
prezzoPar=pnl_bs_call_put(isCall,sO*exp(rho*(Taun->size-2)
-lambda*T*(exp(rho)-1)), strike, T, r,0,sigma);
pnl_vect_free(&Taun);
}
prezzoPar=pnl_vect_get(p,3)*prezzoPar/N;
for (k=0;k<3;k++){
prezzoPar=prezzoPar+(pnl_vect_get(p,k)*pnl_bs_call_put(isCall,
sOxexp(rho*k-lambda*T*(exp(rho)-1)), strike, T, r,0, sigma));
+
return (prezzoPar);
//in case D=0.5 the only element on which we average in the Hull & White
// formula is the initial value s0, which depend only on the number of jumps.
//as a consequence we put all the simulations in the layer more then 2
//jumps because it is the only one with randomness.

elseq{

PnlVect* prezzi;

prezzo=0.0;
prezzoPar=0.0;

Tenta= pnl_vect_create(4);
prezzi= pnl_vect_create(4);

for (k=0;k<=kMax ;k++){
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pnl_vect_set(Tenta,k, (int)MAX (N*pnl_vect_get(p,k),1));
x=x+pnl_vect_get(Tenta,k) ;
}

//first layer
k=0;
time=pow(sigma,?2)* (pow(T+taul,2*D)-pow(taul,2+D)) ;
prezzoPar=pnl_bs_call_put(isCall,sO*exp(rho*k-lambda*T*(exp(rho)-1)),
strike, T, r,0, sqrt(time/T));
pnl_vect_set(prezzi,k, (pnl_vect_get(Tenta,0)*prezzoPar)) ;

//second and third layer
for(k=1; k<kMax ;k++){
if (pnl_vect_get(Tenta,k) !=0){
for(j=1;j<=pnl_vect_get(Tenta,k);j++){
Taun=pnl_vect_create(k+2);
jumpGenerator (lambda,sigma,D,T,k,Taun);
pnl_vect_set(Taun,0,-taul);
time=changedTimeGeneratorVec(sigma, D, k, Taun);
prezzoPar=pnl_bs_call_put(isCall,sO*exp(rho*k-lambda*T*(exp(rho)-1)),
strike, T, r,0, sqrt(time/T));
pnl_vect_set(prezzi,k,pnl_vect_get(prezzi,k)+prezzoPar);
pnl_vect_free(&Taun);
+
+
+
//fourth layer
k=3;
if (pnl_vect_get(Tenta,k) !=0){
for(j=1;j<=pnl_vect_get(Tenta,k);j++){
Taun=pnl_vect_new ();
jumpGenerator3(lambda, sigma, D,T, Taun);
pnl_vect_set(Taun,0,-taul);
time=changedTimeGeneratorVec(sigma,D, (Taun->size-2), Taun);
prezzoPar=pnl_bs_call_put(isCall,sO*exp(rho*(Taun->size-2)
-lambdaxT*(exp(rho)-1)), strike, T, r,0, sqrt(time/T));
pnl_vect_set(prezzi,k,pnl_vect_get(prezzi,k)+prezzoPar);
pnl_vect_free(&Taun);
+
+
for(k=0;k<=3;k++){
prezzo=pnl_vect_get (prezzi,k)+prezzo;
ks

//averaging the price
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prezzo=prezzo/x;
return prezzo;

pnl_vect_free(&Tenta);
pnl_vect_free(&p);
pnl_vect_free(&prezzi);

b
+
b

In the case we have a single maturity but more then one strike we have the following
procedure

void pnl_cf_ACDP_call_put_vect(PnlVectInt* isCall, double lambda,
double v, double D , double T, PnlVect* strike,
double r, int N, double s0, double tau0,double rho,
PnlVect* Prezzi){

int 1;
if (tau0<0){
printf ("error! tau0 must be positive !\n");
}
else{
double sigma;
sigma=v*sqrt (pow(lambda,2*D-1)/pnl_tgamma(2*D+1)) ;
int kMax=3;
PnlVect* Taun;
int j;
double x;
double time;
int k;
PnlVect* Tenta;
PnlVect* p;

double prezzoPar;
double prezzo;

prezzo=0.0;
prezzoPar=0.0;

Tenta= pnl_vect_create(4);
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p= pnl_vect_create(4);
prezzi= pnl_vect_create(4);

x=0;
for (k=0;k<kMax;k++){
x=pnl_sf_fact(k);
pnl_vect_set(p,k,exp(-lambda#*T) * (pow(lambda*T,k))/x) ;
+
k=3;
pnl_vect_set(p,k,1.0-pnl_vect_get(p,0)-pnl_vect_get(p,1)-pnl_vect_get(p,2));
for(k=0;k<=kMax;k++){
pnl_vect_set(Tenta,k, (int)MAX(N*pnl_vect_get(p,k),1));
x=x+pnl_vect_get(Tenta,k);
+

//first layer
k=0;
time=pow(sigma,2)*(pow(T+tau0,2*D)-pow(taul,2+D));
for(1=0,1<(strike->size) ,1++){
prezzoPar=pnl_bs_call_put(GET_INT(isCall,L),
sO*exp(rho*k-lambda*T+* (exp(rho)-1) ,pnl_vect_get(strike,l),
T, r,0, sqrt(time/T));
pnl_vect_set (Prezzi,l, (pnl_vect_get(Tenta,0)*prezzoPar));
+

//second and third layer
for(k=1; k<kMax ;k++){
if (pnl_vect_get(Tenta,k) !=0){
for(j=1;j<=pnl_vect_get(Tenta,k);j++){
Taun=pnl_vect_create(k+2);
jumpGenerator (lambda,sigma,D,T,k,Taun) ;
pnl_vect_set (Taun,0,-taul);
time=changedTimeGeneratorVec(sigma, D, k, Taun);
for(1=0,1<(strike->size) ,1++){
prezzoPar=pnl_bs_call_put(GET_INT(isCall,L),
sO0*exp (rho*k-lambdaxT#* (exp(rho)-1),
pnl_vect_get(strike,1),T, r,0, sqrt(time/T));
pnl_vect_set(Prezzi,l,pnl_vect_get (Prezzi,l)+prezzoPar));
}
pnl_vect_free(&Taun);
+
+
b
//fourth layer
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k=3;
if (pnl_vect_get(Tenta,k) !=0){
for(j=1;j<=pnl_vect_get(Tenta,k);j++){
Taun=pnl_vect_new ();
jumpGenerator3(lambda, sigma, D,T, Taun);
pnl_vect_set(Taun,0,-taul);
time=changedTimeGeneratorVec(sigma,D, (Taun->size-2), Taun);
for(1=0,1<(strike->size) ,1++){
prezzoPar=pnl_bs_call_put(GET_INT(isCall,L),
s0*exp (rho*(Taun->size-2) -lambda*T* (exp(rho)-1),
pnl_vect_get(strike,1),T, r,0, sqrt(time/T));
pnl_vect_set (Prezzi,l,pnl_vect_get(Prezzi,l)+prezzoPar));
+
pnl_vect_free(&Taun);
+
t
//averaging the price
for(1=0,1<(strike->size) ,1++){
Pnl_vect_set(Prezzi,l,pnl_vect_get(Prezzi,l)/x);

b

pnl_vect_free(&Tenta);
pnl_vect_free(&p);

-

A.2 The MATLAB® code

The MATLAB® code is organized in the same way as the C code but, thanks to the higher
level of the language is more compact; the drawback of such a high level language is that
it is less performing, causing a slower pricing.

A.2.1 The time changers and jump generators

In this case, in the spirit of the function changedTimeGenerator above we have group
together the time changers and the jump generators, creating only 2 functions, one for the
case with a fixed number of jumps and one for the case in which we have a random number
of jumps greater or equal than 3.

The function for the fixed number of jumps is the following

function[I]=cambiatempo(k,tau0,T,D, lambda,V)
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tau(l)=-taul;
x=sort (rand(1,k));

for i=2:k+1
tau(i)=T*x(i-1);
end

tau(k+2)=T;

I=-(tau0)~(2%D);

for i=2:k+2;
I=I+(tau(i)-tau(i-1))~(2%D);

end

I=I*V~2*lambda"~(2*D-1)/gamma(2*D+1) ;

while the one for the random number of jumps is

function[I,i]=cambiatempo3(T,taul,lambda,V,D)
g=1-(exp(-lambdax*T)* (1+lambda*T+0.5*lambda~2*T~2)) ;
u=rand(1);
f=0(x) ((1-(exp(-lambda*x)*(1l+lambda*x+0.5*1lambda~2*x.~2)))/q)-u;
X=fzero(@(x) f(x), 0.0);
tau(4)=X;
tau(l)=-tau0;
u=sort (rand(1,2));
for i=2:3
tau(i)=X*u(i-1);
end
i=4;
while(tau(i)<T)
i=i+1;
u=rand(1);
tau(i)=tau(i-1)+abs(log(u)/lambda) ;
end
tau(i)=T;
I=-(tau0)~(2%D);
for j=2:1;
I=I+(tau(j)-tau(j-1))~(2%D);
end
I=I*V~2*lambda"~(2*D-1)/gamma(2*D+1) ;
i=i-2;

A.2.2 The price maker

The function used for getting the price is exactly the same as the one used in the C code,
the difference is that in this case we compute at once both the call and the put value, and
also the implied volatility. Moreover, we have given the version of the code which give only
one price at a time, we can use this function also for computing the prices of options with
different strikes at the same time.

function [call,put, impVoll= prezzi(SO, strike, r,
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T,lambda, D, V,rho,tau0,N)

%#finding the probability of each layer
proba(l)=exp(-lambdaxT) ;
proba(2)=exp(-lambda*T)*lambdaxT;
proba(3)=exp(-lambdax*T)*(lambdax*T) "2;
proba(4)=1-proba(l)-proba(2)-proba(3);

Jnumber of simulation for layer
tenta(l)=max (N*proba(l),1);
tenta(2)=max (N*proba(2),1);
tenta(3)=max(N*proba(3),1);
tenta(4)=max (N*proba(4),1);

Jbeginning of the stratification

#first layer (O jumps)
Volatility=sqrt(V~2+lambda"~(2*D-1)/gamma (2*D+1)*
((T+tau0) "~ (2*D) - (tau0) ~(2+D)) /T) ;
Price=80*exp(-lambda*T* (exp(rho)-1));

[callT, putT]=blsprice(Price, strike, r, T, Volatility);
call=tenta(1l)*callT;
put=tenta(l)*putT;

%second layer (1 jump)

for j=1:tenta(2)
IT=cambiotempo(1,tau0,T,D, lambda,V);
Volatility=sqrt(IT/T);
Price=80*exp(rho-lambda*T*(exp(rho)-1));
[callT, putT]l=blsprice(Price, strike, r, T, Volatility);
call=call+callT;
put=put+putT;

end

#third layer (2 jumps)
for j=1:tenta(3)
IT=cambiotempo(2,tau0,T,D, lambda,V);
Volatility=sqrt(IT/T);
Price=80*exp(2*rho-lambda*T#* (exp(rho)-1));
[callT, putT]l=blsprice(Price, strike, r, T, Volatility);
call=call+callT;
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put=put+putT;
end

#fourth layer (>2 jumps)

for j=1:tenta(2)
[IT,Nsalti]l=cambiatempo3(T,taul,lambda,V,D);
Volatility=sqrt(IT/T);
Price=80*exp(Nsalti*rho-lambda*T* (exp(rho)-1));
[callT, putT]l=blsprice(Price, strike, r, T, Volatility);
call=call+callT;
put=put+putT;

end

final average of the prices
call=call/(tenta(1l)+tenta(2)+tenta(3)+tenta(4));
put=put/(tenta(l)+tenta(2)+tenta(3)+tenta(4));

implied volatility
impVol=zeros(taglia) ;
impVol=blsimpv(80,strike,r,T,call,[],0,[]1,{’call’});
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Appendix B

Known properties of the model

In this appendix we recall the proofs of the main properties of the original model, as done
in [ACDP12]. We point out that in the original paper the authors considered —7y ~ Exp(\)
in order to have a process with stationary increment. We then generalize them to the case
in which 79 is deterministic.

We recall that the model was defined in the following way: given a standard Brownian
motion (W;);>o and an independent Poisson process (INi)i>o of rate A, the (de-trended)
log-price (Y;):>0 of an asset is

Y, =Wy, (B.0.1)

where the time-change process (I¢)¢>0 is defined as follows: denoting by 0 < 71 < 72 < ...
the jump times of the Poisson process (N¢)i>0, and for 7p < 0

Nt
Iy = C{(t =) = (=70)*P + Z(Tk - Tkl)w} ; (B.0.2)

k=1

where
V2)\2D-1
2D +1)
with the convention that the sum is zero when N; = 0.
The parameter 79 € (—00,0) in the definition (B.0.2) of I; plays the role of the “last
jump time” before 0. It is clear that 79 determines the initial volatility oq:

V )\Di% D_1
_ _ 3. B.0.3
70 F(QD)( TO) ( )

In the original model, presented in [ACDP12|, the choice was made of taking —7p as
an Fxp(\) random variable (just like 71, 70 — 71, 73 — 72, ... ) independent of (Ny):>o and
(Wi)e>0- Since 19 € (—00,0) is in one-to-one correspondence with oo, we consider 7 as a
further parameter, as we have done in chapter [3| [4 and 5] which tunes the initial value oy
of the volatility process o; (or equivalently, the slope at the origin Ij; of the time-change
process I).

It is worth stressing that if —7p is chosen as an independent Exp(\) random variable,
as in [ACDP12], the process (t — 7n,)t>0 is stationary (with Exzp(\) one-time marginal
distributions), hence also (I});>0 is stationary which means that the time-change process

101
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)

(a) Time change (b) Instantaneous volatility

Figure B.1: Trajectories of the time change process and of the instantaneous volatility pro-
cess

(It)+>0 has stationary increments. This property breaks down when 79 is chosen as a fixed
parameter, as we do here, but it still holds asymptotically: for any fixed 79 € (—00,0), the
process (It4+ — IT)¢>0 converges in distribution as T — oo toward the process (I3)¢>o of
[ACDP12], i.e. in which —7 is chosen as an independent Exp(\) random variable.

B.1 Main properties of the model in the stationary setting

As said in Chapter [I] the main properties of the model are the crossover of distribution, the
multiscaling of the moments, and the clustering of volatility. We will prove each result at
the end of the appendix.

Theorem B.1.1 (Diffusive scaling: crossover of distributions). The following convergences
in distribution hold for any choice of the parameters D, A\, and V.

o Small-time diffusive scaling:

Vewn —¥i) 4 f(z)dz := law of vV SP-2 Wi, (B.1.1)

Vh h10 VT (2D)

where S ~ Exp(1) and W1 ~ N(0,1) are independent random variables. The density
f s thus a mizture of centered Gaussian densities and, when D < %, has power-law
tails,more precisely

1
[ali@as <00 = g<qi= o (B.12)
(3 -D)
o Large-time diffusive scaling:
Y, -Y, —x2/(2V2)

Vh htoo V2rV
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We now present the main feature of the model, the multiscaling of the moments

Theorem B.1.2. Let ¢ > 0, then the quantity mq(h) := E(|Yiyn — Y|?) is finite and has
the following asymptotic behavior as h | 0:

Cyh? ifqg<q*
mq(h) ~ { Cy h log(+) ifq=q", where ¢ := (1—1D) .
Cy pDa+1 ifq>q* 2
The constant Cy € (0,00) is given by
E(|W1|7) 3 A/9" (2D)12T(1 - q/q") ifq<q
Cy = { E(|W1]?)c2 X (2D)4/? ifq=q", (B.1.4)
E(Wi) 2 A[ (1 +2)?P —2?P)3de + pr] ifa>
where T'(«) := OOO x% te~*dx denotes Euler’s Gamma function. This implies
Ala) o 1 logmg(h) g ifq<q" - 1
(q) :=lim ————= = , where ¢* == ——— (B.1.5)
ho  logh Dg+1 ifqg>q" (z-D)

The third property we are interested in is the volatility autocorrelation

Theorem B.1.3 (Volatility autocorrelation). The following relation holds as h | 0, for all
s,t>0:

4D
Cov(|[Yarn — Ys|, |Yin — Yi|) = —c M 2P e M=l (3Nt — s[) b + o(h)),  (B.1.6)
i
where
o(x) == COU(SD_l/Q, (S + x)Dil/Q) (B.1.7)
and S ~ Exp(1l). Therefore the correlation is given by

li Yo — Y.l [Viey — Y,
fgg@(l sth — Ys|, [Yien — Yil)

5 U (B.1.8)
7 Var(|Wi| §D-172) € St = sD).

= o(t—s) =

B.2 Deterministic 7

In this section we state the corresponding Theorems in the case in which the “last jump
time” is deterministic and not distributed as an exponential random variable. The results
are very similar to the ones of the previous section, but they also depend on the time ¢
on which we are studying the properties of |Wy,;, — Wy, |; in particular, when ¢ 1 +oo we
obtain exactly the same results as before.

Theorem B.2.1. [Diffusive scaling] The following convergences in distribution hold for
any choice of the parameters D, \, V, o and for every 19 € (—0o0,0).
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e Small-time diffusive scaling:

Yign — Y1) 4 Vv D1
de = 1 ——F (S W- B.2.1
N/ o f(z)dz aw of F(2D)( Mar) 2 Wi, (B.21)
where for a < 0 < b we set Spa = (b— a)lypspy + Elip<yy, with E ~ Exp(1),
and where W1 ~ N(0,1) s an independent random variable. The density f is thus a
mixture of centered Gaussian densities and, when D < %, has power-law tails.

o Large-time diffusive scaling:

(Yeon — Y2) d e—e?/(2V?)
Vh htoo V2TV

Remark B.2.2. Note that the choice of a deterministic 1y influences only the small time
diffusive scaling, in particular, if t | 0 we have

Yitn —Y1) 4

Vh hl0

while when t 1 0o we converge to (B.1.1). On the other hand if we look at the large time
diffusive scaling we obtain exactly the results in (B.1.3)).

For the multiscaling of the moments we obtain the same results as before with only a
slight change in the constants but only in the case ¢ < ¢*. In fact we have the following

dz = N(0,V?), (B.2.2)

0'0W1

Theorem B.2.3. Let ¢ > 0, then the quantity mq(h) := E(|Yiqn — Y;|?) is finite and has
the following asymptotic behavior as h | 0:

Cyht if g <q°
. 1
mg(h) ~ c, L3 log(%) ifqg=q", where ¢* = (l ~D) .
CoRPT ifg > gt :

The constant Cy € (0,00) is given by

E(IWi|)ct 2D)F (et — )7 P73) 4 xiF oy (1- L 0t)) ifg<q”

Cq = § BE([Wh[?)c2 A (2D )q/2 fg=q" >
E(|W1|?) cg)\[ (1 +2)2P — 22D)3 dz + Dqu] if q>q*

(B.2.3)

where -y = ft a~le=%dg denotes Euler’s lower incomplete Gamma function. This
implzes

q : *
1 h 5 fa<gq 1
A(q) == limOglmq() =2 , where q* := — (B.2.4)
wo logh Dg+1 ifq>q (3-D)

Remark B.2.4. We remark that the multiscaling is preserved also in the case in which T
1s deterministic; such a choice influences only the behavior of the multiplicative constants
and not the exponent and only in the case q < q*.
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Finally we prove the correspondent of Theorem [B.1.3] i.e. the clustering of volatility.

Theorem B.2.5 (Clustering of volatility). The following relation holds as h | 0, for all
t>s5>0:

4D
Cov(|Yepn—Ys|, [Yign—Yi|) = 7.:6**'“8\ (A 72P s (Mt —s))+F(t,s))h+o(h), (B.2.5)

where

by(z) = COU(SD_1/2 . (S+ x)Dil/z) (B.2.6)
and S ~ Exp(1) Ay and for every 0 <y < x

N[
|
)
N~—
—
—
|
ml
>
<
~—

F(a,y) = e_Ay{(y —1)P3 ((x —70)P72 —E[(A(z —y) + $)P2]A

+v (; + D, Ay) (E[()\(x —y) + 5P A2 (g — TO)D—%A%—D) }

B.3 Proof in the stationary setting

B.3.1 Diffusive scaling: proof of Theorem

Since P(N, > 1) = 1 — e *O(h) as h | 0, we may focus on the event {N;, = 0} =
{T N (0,h] =0}, on which we have I, = c((h — 10)*’ — (=719)*"), with —79 ~ Exp()\). In
particular,

2\2D—1
& = 1'0) = (D) gy ()™

Since Xy — Xy ~ /I, W1, the convergence in distribution (B.1.1)) follows:

Xin— X D=y
t+h t i) VAZ 2
Vh T'(2D)

Since taug ~ Exp(\) we obtain the thesis.
Next we focus on the case h 1T oo. Under the assumption E(0?) < oo, the random

variables {07 (7% — T—1)?P}r>1 are independent and identically distributed with finite
mean, hence by the strong law of large numbers

5
|
[

a.s. .

(—70)P~ 12w, as h ] 0.

N S 2D 2D —2D
Jim kzl(rk —1-1)?’ = E[(n)?P] = A?PT(2D+1)  as..
Plainly, limjy_, 1o Ni/h = X a.s., by the strong law of large numbers applied to the random
variables {7y }r>1.It follows easily that

lim I(h)

=y a.s..
hto h

Since Xyyp — Xy ~ /I, W1, we obtain the convergence in distribution

Xpon — X
DR T Loy W, ashtoo,
Vh

which coincides with (B.1.3)). O
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B.3.2 Multiscaling: proof of Theorem

Since we have stationary increments, i.e. X;,p — Xy ~ /I, W1, we can write
E(|Xi1n — Xi|?) = E(| 1o 72[W1]9) = E(W1|*) E(|1a]?) = ¢ B(|1n|?), (B.3.1)

where we set ¢, := E(|W1|?). We therefore focus on E(|I,)?), that we write as the sum of
three terms, that will be analyzed separately:

E(|Tn]2) = E(ITn|2 1(v,—0) + B(n]2 1n,—1y) + E(|Tn] 2 1w, 523) (B.3.2)

For the first term in the right hand side of (B.3.2), we note that P(Nj, = 0) = e™M — 1
as h | 0 and that Ij, = c((h—79)*P — (—10)%") on the event {N;, = 0}. Setting —m9 =: A~18
with S ~ Ezp(1), we obtain as h | 0

E(|I1)2 1in,—0y) = 2 APIE(((S + Ah)?P — §2P)%) (1 4 0(1)) . (B.3.3)
Recalling that ¢* := (3 — D)™, we have

*

q >

AV

AV
N[

q

> 1
Dg+1 <= —1§<D—2>q.

As ¢ | 0 we have 6 1((S+6)2P —S%2P) 1+ 2D S2P~1 and note that E(S(Dfé)q) =T(1-q/q")
is finite if and only if (D — %)q > —1, that is ¢ < ¢*. Therefore the monotone convergence
theorem yields

q

E(((S 4 Ah)?P — §2D)z
for g < ¢*: lim ( ) . )?) = (2D)?T(1 - q/q*) € (0,00). (B.3.4)
hl0 A2 h2
Next observe that, by the change of variables s = (Ah)z, we can write

E(((S + A)?P — $2P)8) = / (s + AR)2D — D)3 ¢== ds
0 - (B.3.5)
_ ()\h)Dqul/ ((1 + x)ZD o xZD)% e*)\hx dz .
0
Note that ((14z)2P —22P)2 ~ (2D)%x(D_%)q as © — +oo and that (D — 3)g < —1 if and
only if ¢ > ¢*. Therefore, again by the monotone convergence theorem, we obtain

. _ B(((S + An)2P — §2P)3)
forg>q": 1,58 \Da+1 j,Dg+1

oo
N / (L+2)22 —2?P)sdz € (0,00).
0
(B.3.6)
Finally, in the case ¢ = ¢* we have ((1+ z)?P — 22P)?"/2 ~ (2D)4"/2 271 as 2 — +00 and
we want to study the integral in the second line of (B.3.5). Fix an arbitrary (large) M > 0
and note that, integrating by parts and performing a change of variables, as h | 0 we have

o0

oo ,—Ahx 00
/ ¢ dz = —log Me MM 4 )\h/ (logz) e M*dx = O(1) +/ log (i) e Ydy
M M MM Ah

=0(1)+ /)\:OM log (%) e Ydy + log <}1L> //\ZOM e Ydy = log <}1L> (1+o0(1)).
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From this it is easy to see that as h | 0

oo * * 1
/ (142)*P —2?P)7 e Mo dz ~ (2D)7 log (h) .
0
Coming back to (B.3.5)), noting that Dg + 1 = £ for ¢ = ¢*, it follows that

B(((S + h)?P — §20)% :
el (Gl )2)2(21))%. (B.3.7)
MO APEHL RS log(3)

Recalling (B.3.1)) and (B.3.3), the relations (B.3.4)), (B.3.6) and (B.3.7) show that the first

term in the right hand side of has the same asymptotic behavior as in the statement
of the theorem, except for the regime ¢ > ¢* where the constant does not match (the missing
contribution will be obtained in a moment).

We now focus on the second term in the right hand side of . Note that, condi-
tionally on the event {Ny, = 1} = {m < h, 72 > h}, we have

I =c((h—1)*P + (11 — 70)*" — (—70)*")) ~ ¢ ((h — hU)?P + <(hU + ‘i)w - <§>2D>> :

where S ~ Exp(l) and U ~ U(0,1) (uniformly distributed on the interval (0,1)) are
independent. Since P(Nj, = 1) = Ah + o(h) as h | 0, we obtain

B(14/¢ 1 _1)) = MPOH B [((1 P <(U i fh)w - (fh)w) )} - (B33)

Since (u 4 z)?P — 22P — 0 as * — oo, for every v > 0, by the dominated convergence
theorem we have (for every ¢ € (0,00))

1

i E(| 1|2 1, 1))
Dg+1°

h10 hDa+1

= A2 E((1-U)PY) = Xc? (B.3.9)
This shows that the second term in the right hand side of gives a contribution of
the order KP4t as h | 0. This is relevant only for ¢ > ¢*, because for ¢ < ¢* the first
term gives a much bigger contribution of the order h%/? (see (B.3.4) and (B.3.7))). Recalling
(B.3.1)), it follows from (B.3.9) and (B.3.6)) that the contribution of the first and the second
term in the right hand side of matches the statement of the theorem (including the
constant).

It only remains to show that the third term in the right hand side of gives a
negligible contribution. We begin by deriving a simple upper bound for Ij,. Since (a+b)2P —
b2P < a?P for all a,b > 0 (we recall that 2D < 1), when Nj, > 1, i.e. 71 < h, we can write

Np
Ih=c <<h — 1)+ D (1= 1) + (= 70)*P = (=) 2D>
b= (B.3.10)
h
<c [(h — 5, )P + Z(Tk —1p1)?P + P

k=2

I
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where we agree that the sum over k is zero if N = 1. Since 7, < h for all £ < N, by the

definition (B.0.2)) of Ny, relation (B.3.10) yields the bound I, < h?Pc(Ny, + 1), which holds
clearly also when Np = 0. In conclusion, we have shown that for all h,q > 0

1,|97% < BPacE (N, + 1)7/2. (B.3.11)
Consider first the case ¢ > 2: we obtain
E(11n]7? 1n,50y) < hPIcE E((N), +1)72 11y, 59)) - (B.3.12)

A corresponding inequality for ¢ < 2 is derived from (B.3.11) and the inequality (Ny +
1)9/2 < Ny +1:
9
E(15|7? 1y, 52) < hPICE((Ny + 1) 1y, >2)) - (B.3.13)
For any fixed a > 0, by the Holder inequality with p = 3 and p’ = 3/2 we can write for

h<1
B((N+1)* 1gwz2y) < B((N+ 1) PN, 2 2708 (B.3.14)
< E((M+ 1)30”)1/3 (1 —e M — e MAR)23 < (const.) h*/?,

because E((N7 +1)3¢) < oo (recall that Nj ~ Po())) and (1 — e * — " MAR) ~ 2(Ah)?
as h | 0. Then it follows from (B.3.12)) and (B.3.13) and (B.3.14)) that

E(|Ih|q/2 1{Nh,22}) < (const.”) pPat4/3

This shows that the contribution of the third term in the right hand side of (B.3.2)) is always
negligible with respect to the contribution of the second term (recall (B.3.9)). O

B.3.3 Decay of correlation: proof of Theorem

Given a Borel set I C R, we let G; denote the o-algebra generated by the family of random
variables (Tkl{Tke I})k20~ Informally, G; may be viewed as the o-algebra generated by the
variables 7 for the values of k such that 7, € I. From the basic property of the Poisson
process, it follows that for disjoint Borel sets I, I’ the o-algebras G;, G- are independent.
We set for short G := G, which is by definition the o-algebra generated by all the variables
(Tk) k>0, which coincides with the o-algebra generated by the process (It)¢>o.

We have to prove . Plainly, by translation invariance we can set s = 0 without
loss of generality. We also assume that h < t. We start writing

Cov(| Xnl, | Xtpn — Xil)

- CO”(E(’XhHg) ) E(’XtJrh — XtHg)) + E(Cov(]Xh‘7 | Xoin — XtHg)) . (B.3.15)

We recall that X; = Wy, and the process (I¢):>0 is G-measurable and independent of
the process (Wi)i>o. It follows that, conditionally on (I;);>0, the process (X¢)¢>o has
independent increments, hence the second term in the right hand side of van-
ishes, because Cov(|Xp|, | Xi+n — Xi||G) = 0 as.. For fixed h, from the equality in law
X = Wi, ~ T, W it follows that E(|X,||G) = c1V/1I},, where ¢; = E(|W1]) = /2/7.
Analogously E(|X;1n — X¢||G) = /2/7+\/Ii1n, — I and (B.3.15) reduces to

2
Cov(|Xnl, | Xen = Xil) = = Cov(\/Iny\/Trin — Ir) - (B.3.16)
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Recall the definition (B.0.2)) of the variable I;. We now claim that we can replace
\/It+h — I; by \/It+h —I; 1{Tﬁ(h,t]:®} in (B.3.16)). In fact we can write

i(t+h)
It—i—h - It =cC (t +h— Tl'(tJrh))QD + Z (Tk - Tk_1)2D - (t - TNt)QD s
k=N¢+1

where we agree that the sum in the right hand side is zero if Ny p = N¢. This shows that
(It4n,—1I) is a function of the variables 7 with index N; < k < Niyp,. Since {TN(h,t] # 0} =
{7n, > h}, this means that \/Iiin — It Liang0) 18 Ghen-measurable, hence indepen-

dent of \/Tj,, which is clearly G(_., yj-measurable. This shows that Cov(v/Tn, \/Trn — It Lirnn.g201) =
0, therefore from (B.3.16|) we can write

2
COU(|X}L’, ‘Xt+h - Xt‘) = ; COU(\/E, vV It+h — It 1{Tﬂ(h,t]=®}) . (B.3.17)

Now we decompose this last covariance as follows:

Cov(V/Tn, /Tryn — It Lznng—0y = B [(\/ﬂ - E(m)) VAirn =1y 1{Tm(h,t]=@}]
= E [( In — E(\/ﬂ)) Vin — It 1{Tﬂ(0,t+h}:®}}
+ B [( In — E(\/ﬂ)) Vieen = 1t 1{Tﬂ(h7t}:(2)}l{Tﬂ([O,h}U(t,t—kh})#@}}

(B.3.18)

We deal separately with the two terms in the r.h.s. of (B.3.18]). The first gives the dominant
contribution. To see this, observe that, on {7 N (0,t + h] = 0}

Ih = C [(h — 7'0)2D — (—TQ)QD]

and
It-i—h —I; = c [(t +h— TQ)QD — (t — To)QD] .

Since both ¢ [(h — 70)*P — (—=70)*P] and c [(t + h — 70)?P — (¢t — 70)?P] are independent of
{T N(0,t+ h] = 0}, we have

E [( In— E(\/ﬂ)) ml{m(oﬂtw:@}}
— e Nt E K\/(h — 19)2P — (—7p)2D — E(\/Th)> @+ h =) — (1 - To)QD]
= ce M) {C’ov <\/(h — 70)2P — (—19)2P, \/(t +h—70)P — (- To)w)
+ B (Vo m = o) - BE) B (k- - - mpe ) ).

(B.3.19)
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Since 6*1(((5 + )P — 22P) 4 2D2%P~1 a5 § | 0, by monotone convergence we obtain

lim - Cov (f\/ 02D — ()2, /e[t + b — )2 (t—To)2D>
= 2DcCov ((—TO)D*/?, (t — 70)0*1/2) (B.3.20)

— 2DA2PcCop (SD—1/2,(At+S)D—1/2> — 2DAI2Dcg(0t),

with S := A(—79) ~ Exp(1) and ¢ is defined in (B.1.7)). Similarly

lé%\/»E<\[\/t+h—To — (t —79)2 > FE([( 70)P~ 1/2><+oo.
(B.3.21)

Therefore, if we show that

hmE <\/Z> V2DE (\[( SLE 1/2) (B.3.22)

using (B.3.19), (B.3.20), (B.3.21)), we have

1
lim - [(\/ﬂ _E Ih> VTvon — I L nasn - @}} = 2DAI 2P p(\t) (B.3.23)

hL0

To complete the proof of B.3.23 , we are left to show (B.3.22). But this is a nearly imme-
diate consequence of Theorem indeed, using the fact that ¢* > 1,

= o = —10)P1/2 o .
/I = B ) = E,W|f+ (V) = V2DE (Ve(=70)"~2) vV + o(Vh)

The proof is now completed if we show that the second term in (B.3.18|) is negligible,
i.e. it is o(h). By Cauchy-Schwarz inequality and the simple fact that (v/I — E\/Th)2 <
Ih -+ E(Ih>

E K\ﬁ - F Ih) Vign — 1y 1{Tﬂ(h,t}:@}1{Tﬁ((0,h]u(t,t+h})¢@}}

9 1/2

<E [(\/T— E Ih> (Ipin — It)} P(T N ((0,h] U (t, ¢+ h]) # (2))> (B.3.24)
< (E[(In + E(In) (Teyn = T P(T 0 ((0, R U (8, £+ h]) # 0))"/?

< QE[R]PT A0 UEE+h)£0)" = QE[IZ])* Varn.

By Theorem , E [I,ﬂ is of order h? if 4 < ¢*, and of order A*PT! if 4 > ¢*, with a

logarithmic correction for ¢* = 4. In both cases (E [I,%])UQ V2Ah = o(h), and the proof is
completed. O

IN

B.4 Proof in the non-stationary setting

B.4.1 Diffusive scaling: proof of Theorem

By (B.0.1)) we can write
d
Yieh = Yi =Wy, — Wi, £ \/Trpn — LW, (B.4.1)
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We know that P(Nyyp, — Ny > 1) =1—eM =0(h) = 0as h |0, so we can focus on the
event { Nyyp, = Ni}, on which we have

V2/\2D_1

. dn — Iy
llm;:Ilg—W(t*TNt

)2D71
ho  h '

Note that (t — 7n,)1{n(y>1} is distributed like (A" E)1g\-1py<4y, with E ~ Exp(1), while
(t — 7)1 v (=0} is distributed like (¢t — 79) 1y(x~1g)>¢y- In conclusion,

d
(t— 7)1 N1 = A Shiam - (B.4.2)

where we set S o := (b — a)l{g>py + E 1{p<yp), as in the statement of Theorem [B.2.1]

We now focus on the case h 1 co. We have to study the convergence of

Yioen — Y4 . W1t+h - Wi,

= B.4.3
Vi Vi P43
when h 1 co. We have
Nipn
Liypn—Ii=c|(t+h— TNH_h)QD + (Tn 41 — TNt)QD —(t— TNt)ZD + Z (T — Tk,1)2D
k=N¢+2

The random variables ((174 — 7x—1)?P)k>nN,+2 are independent and identically distributed
TNg+1 TNy 0 t—7n,
Y

with finite mean, hence by the strong law of large numbers (since

t+h—TN
Oand Tt-'—h

— 0 a.s.)

1 _
Tim nkzl(rk—fk_l)w = E[(r)?P] = A2’T(2D+1)  as..

Plainly, limp_, 1o N/h = X a.s., by the strong law of large numbers applied to the random
variables {7j}r>1. Recalling (B.0.2), it follows easily that

Lipn — 1,
lim ~ "t = 2
htoo h

. d
Since W[Hh — W[t = \/It+h - ItW1 n

|4 - W
Mngl as h 1 oo.
Vh

a.s. .

B.4.2 Multiscaling: proof of Theorem

As in the proof of the stationary case we can write

B(|Xi1h = Xi|?) = E(|Ieon — L2 WA |7) = B(WA ) B(| g — 1|7%) = cq B(|Tepn — 1]9?)
(B.4.4)
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where we set ¢, := E(|W1|?). We therefore focus on E(|I15 — I;|2), that we write as the
sum of three terms, that will be analyzed separately:

q q
E([Leyn — It2) = E([Li1n — 1t|2 Lin,=N, 1)) (B.45)
+ E(\ T — T2 Ly peniiry) + BT — T2 i, - nisoy) -

The analysis of the second and third term is exactly the same as the one in the stationary
setting, in particular the second term gives contribution ﬁhf‘(q) only when g > ¢* (while
is negligible if ¢ < ¢*), and the third is always negligible.

We can focus on the first term and we can rewrite it in the following way

E([Lsn—I12 1y, eniy) = B(Lan =112 Ly, mop) FE(Ln =52 1y, —ni>1y) (BA4.6)
The first term is
E(|Tien — Ll# Ln,m0p) = 2 (61— 70)2P = (t = 10)?P) 2 P(Nisp = 0) (BT
and so is asymptotic to
E(|Tepn — Il L, pm0p) ~ <2 (t — 0)1(P=2) 2D)Ente ™, (B.4.8)

independently on the value of ¢. In particular it will be relevant only if ¢ < ¢*.
On the other hand, the second term is, since t — 7y, ~ Exp(A) At

E(|Lien—1l2 L, =nis1y) = €2 A PTE(((S+AR)?P —5%P)5) (1—e ) (1+0(1)) . (B.4.9)

—x

where S = Exp(1) A At (and in particular its distribution function is f(z) = =)
Observe that if ¢ < ¢* using the same arguments as in the stationary case we obtain

q
. _ E(((S+ An)?P — 52D)2) o 1 *
(B.4.10)
which together with (B.4.6)) gives the thesis.

On the other hand observe that, by the change of variables s = (Ah)z, we can write

(1= e E(((S + Ah)*P - SQD)%) = /M((s + AR)2P — $2D)3 = 4
0

o~

— (Ah)Pa+! /h((l + )2 p2D)E e g
0

= ()\h)Dq“/O ((1+x)2D—x2D)%e*Ahx1{z<%}dx.
(B.4.11)

Note that ((14z)2P —22P)2 ~ (2D)%x(D_%)q as £ — +oo and that (D — 4)g < —1if and
only if ¢ > ¢*. Therefore, by the monotone convergence theorem, we obtain

E(((S + Mh)?P — §2P)3)
\Da+1 pDg+1

= /OO((l +2)?P —2?P)ide € (0,00).
" (B.4.12)

forg>q¢": lim
q-~>4q 110
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Finally, in the case ¢ = ¢* we have ((1 + )20 — 22P)9"/2 ~ (2D)7 /2271 as 2 — 400 and
we want to study the integral in the second line of (B.4.11)). Fix an arbitrary (large) M > 0
and note that as h ] 0 M < %, SO we can write

b e~ 00 ,—Ahz 00 ,—Ahx
dr = dr — dx
M T M x % €T

Now,integrating by parts and performing a change of variables, as h | 0 the first integral
becomes

0o ,—Ahx o]
/ ¢ dz = —log Me MM 4 )\h/ (logz) e M*dz = O(1) +/ log (i) e Ydy
Mo M AWM Ah

= 0O(1) + //\ZOM log (%) e Ydy + log (2) //\ZOM e Ydy = log <}1L) (1+0(1)).

and in the same way the second becomes

o0

00 ,—Ahz t o0
/ dz = —log—e M + )\h/ (logz) e dx
t/h X h t/h

& 1
= /M log (%) e Ydy —log Ee*)‘t —logte M

> Y\ - 1 > L _x —At
—+/ log<—)e Ydy + log | — / e Ydylog—e " —logte
At A h) I h

= log <flz> e M4+ 0(1) —log %e’\t +0(1) =0(1).

From this it is easy to see that as h | 0
> 2D 2D\L  _\hx 7 1
0
and so the thesis follows.

B.4.3 Decay of correlations: proof of Theorem

The proof of the decay of correlation is also similar to the one in the stationary case: we
can use the same arguments, with just the change Iy, ~» I p — Is, TN (A, t] ~ T N(s+h,t],
TN(0,t] ~ TN(s,t]and TN((0,h|U(t,t+h]) ~ TN ((s,s+h|U(t,t+ h]) until equation
(B.3.18]), where again we have two terms, with whom we will deal separately.

COU(\/IS-HL - IS? \/It+h - It 1{Tﬂ(s+h,t]:®}
=B [(m B E(\/E)) ml{’fﬂ(s-‘rh,t]:@}}
= E [(m - E(\/Is—l-h - Is)) \/It+h - It 1{Tﬂ(s,t+h]:@}:|

+ E [( Ioin — I — BE(y/Iyyn — Is)) VIeh = I Lot =0y L0 ((s R 4+h]) 0}
(B.4.13)
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Again, using the same arguments as in the original proof, we can prove that the second term
in the r.h.s of (B.4.13) is negligible. On the other hand we observe that on {7 N(s+h,t] = 0}

Isoph—Is=c[(s+h— TNS)zD —(s— TNS)2D] = %5

and
It+h — It = C[(t + h — TNS)ZD — (t — TN5)2D] = *t

and since both ¥ and % are independent of {7 N (s + h,t] = 0}, we have
E [(J*T — E(VIsrn — 1) \/Ttl{frn(smﬂ:w}}
— o Atth—s)R [( s — E(\/Tosn — 1)+ /*t} (B.4.14)
— o Mt+h—s)R [(, /% — B(\/Tsrn — L)/ Hi(1n,—0 + 1Ns>0)}

We study the two cases separately: if Ny = 0 we have

E [(\/*73 —E(VIstn — IS)\/;ths:O}

= [\ fisthm =Py h - <] (Bas)

— et + h—70)2P — (t = 70)2PEl/Torn — L)

Since §71((0 + z)2P — 22P) 1+ 2D2?P~1 as § | 0, by monotone convergence and using the

results in (B.2.3) we obtain
1_p 1
—A27 "y 5 + D, As,

[NIES

1
}1111% > (BA15) = hc2D e (t — 7)P 2 ((1 —e M) (s —1)P~
_)

(B.4.16)
where as before v denotes the lower incomplete Gamma function.
On the other hand if Ny > 0 we have
E [(\/ *s — E(V Lsyn — L)y *t1N5>0} ( )
B.4.17

— (1= e {Cov <\/*757 \ﬁo +E {\/*73 —E(/Isyn — Is)} E(\/?t)}

where in this chase s — 7n, ~ Ezp()\) A s. Using the usual asymptotics (§ + z)2P — 220 ¢

2Dx?P~1 a5 § | 0, we obtain

cE [\/(s +h— )2 — (s — TNs)w] B(/(t+h—0,)20 — (t — 73,)%P)

2D) hE[(s — 7n,)P2|E[(t — 7, )P 2]
2D) hE[(S)" 2 [E[(A(t = 5) + 5)P72]A1 2P

e (B.4.18)

=C

(
(
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where S ~ Exp(1) A As (and so in particular E[(S)D_%] = l_e%m'y (1 + D, As)). Moreover
we have

E(v/Torn — LE(el(t + h— 73,20 — (t — 7))

~ c(2D)RE[(\(t — 5) + S)P~z]az D <e_>‘8(5 —70)P72 4 A2 Dy (; +D, As)) ,
(B.4.19)

which combined with (B.4.18)) gives

B Vel(s+ 1 2P s 7)) = B Tor = 1| Bl 1= 72 = (0= 7, 22)

1 1
~ 2D hE[A(t — 5) + )Pz A1 2P <1_6—)\57 (2 +D, /\8> — (s — To)Di)\D§> .
(B.4.20)

Finally the covariance term gives

limlCov <ﬁ\/(s +h—7N,)%P — (s — TNS)zD,ﬁ\/(t+ h—71n)2P — (t — TNS)QD)

ri0 h

= CQDCO'U ((S — TNS)D_1/2, (t _ TNS)D-l/Q)

= 2Dy (SD-1/2, (At —s) + S)D_l/Q)
(B.4.21)

where, as usual S ~ Exp(1l) A As.
If now we combine everything together we obtain

(BATA) ~ he =9 2D c{e"\s(t — 1) P73 (s — 1) P2 ()1 — e

A2 Dy ( D, )\s>

— e ME[A(t —s) + )P z]A2 D (s — 7)) P

—_

[

— e (t— )P

[\

=

+ e AP E[(A(E — s) + S)D_%]'y (; + D, As)

+ (1—e ) A=2PCoy (sD—l/Z, (Mt —s) + 5>D—1/2) }

- he_’\(t_s)QDce_)‘S{(s —)P3 ((t )P E SB[t —s) + S)D—%]A%—D) (1—e)

SIS
>
[SIE
|
!
N—
——

+ G + D, /\s> (E[()\(t —8) 4+ 8)P2A2D (¢ — )P

Lhe M=) 9D c \172D Oy (SD‘I/Q, (At —s)+ S)D_1/2> (1—e)

= he N=02Dce™ {(1) + (2)} + he M9 2D ¢ (3)
(B.4.22)
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Observe that
e {(14)(2)} = F(t,s)
and
(3) = ¢)\s()‘(t - 5)

where ¢ and F' were defined respectively in (B.2.6) and (B.2.7)).
The only difference between (B.4.22)) and (B.2.5) is a % factor which is due to the fact
that

2
Cov(|[Yssn — Ysl, [Yepn — Ya|) = ;CO’U(\/IS-FI’L — I, \/It+h - 1),
which concludes the proof. O
Remark B.4.1. From equation (B.4.22) we notice two facts:

e if s | 0 then — 0, since (1) and (3) go to 0 because appears a (1 —e=>*) factor
in both of them, while (2) goes also to 0 because y(c,d) — 0 when 6 | 0;

o if s 1 0o we get the same result as in the stationary case: in fact F vanishes thanks to
the e factor, while the random variable S ~ Exp(1) A Mt converges to S' ~ Exp(1)
and, by dominate convergence

Cov(SP~2, (A(t—s) + S)P~2) = Cov((S") P2, (A(t — 5) + §')P~2)
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