SHARP ESSENTIAL SELF-ADJOINTNESS OF RELATIVISTIC
SCHRODINGER OPERATORS WITH A SINGULAR POTENTIAL

MOUHAMED MOUSTAPHA FALL AND VERONICA FELLI

ABSTRACT. This paper is devoted to the study of essential self-adjointness of a relativistic
Schrodinger operator with a singular homogeneous potential. From an explicit condition on
the coefficient of the singular term, we provide a sufficient and necessary condition for essential
self-adjointness.

1. INTRODUCTION

The purpose of the present paper is to provide sharp essential self-adjointness of the Hamil-
tonian
a(f)

N
EE z €R

(1.1) H(p,x) = (p* +m?)® —

)

with a : SV =1 = R, s € (0,1), m >0, N > 2s.

A symmetric densely-defined operator in a Hilbert space is said to be essentially self-adjoint
if it has a unique self-adjoint extension. We recall that if a symmetric operator A : D(A) — E,
with D(A) dense in the Hilbert space E, is strictly positive, i.e. if (Au,u)g > c(u,u)p for all
u € D(A) and some ¢ > 0, then A is essentially self-adjoint if and only if its range is dense in F,
see e.g. [17, Theorem X.26].

In 3-space dimension, the quantum mechanics of a spin zero relativistic particle of charge e
and mass m in the Coulomb field of an infinitely heavy nucleus of charge Z is described by the
Hamiltonian H(p,z) = (p> + m?)Y/? — Ze2|z|~1, see e.g. [9,15]. From [9,13] it is known that
(p? +m?)Y/2 — Ze2|x| =1 is semi-positive definite if Ze? < 2/7 and, moreover, it is essentially-self
adjoint if Ze? < 1/2. As a particular case of the main result of the present paper, we will see
that if Ze? > 1/2 then (p? + m?)Y/2 — Ze?|x|! is not essentially-self adjoint.

The essential self-adjointness of the operator A = H(iV,z) = (—A + m?)* — a(x/|z|)|x| =2
implies uniqueness of the quantum dynamics defined by A. Next, once we know that an opera-
tor is not essentially self-adjoint, the choice of its extension to generate the quantum dynamics
is dictated by the physics problem, see [17] for more explanations. Another application of es-
sential self-adjointness is in probability. Indeed, in general, A could have several self-adjoint
extensions A’, yielding Markov processes with transition semigroups p; = e~'4". The essential
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self-adjointness of A implies that there is only one self-adjoint extension Ap: the Friedrichs ex-
tension. Hence, in case of essential self-adjointness, we have a unique such semigroup and thus
a unique Markov process with generator Ap.

Let SV be the unit N-dimensional sphere and

S = {(61,02,...,0n) €SV : 6; >0}
We will denote by dS (respectively dS’) the volume element on N-dimensional (respectively

N— —dimensional SphereS and deﬁne .Iq'1 SN; 9] as tl € Comp etion Of COO SN With reSpeCt
‘O [he norm

1/2
(12) 6l sy = ([ 017 (Vorw(@)? + v2(@))as)

For every a € L>®(SNV—1), let
Jon 0172 |VO2dS — Ky [ons arp? dS'
(1.3) w1 (a) == min + T35 5
WeH? (8Y :01-2%)\ {0} Joy 17792 dS

)

where

~ I(1—s)
ks = 22517 ()"
The quantity u(a) is an eigenvalue appearing from a change of polar coordinates in some Dirich-
let energy defined on the half-space Rf *1 see [4]. In [4] it is also observed that the operator
(—A +m?)® —a(z/|z|)|x|~2* is positive definite provided
2
(1.4 o) + B0

see also Lemma 2.1 below. Throughout this paper, we will always assume (1.4).
The following theorem gives conditions on the coefficient a for essential self-adjointness of the
operator (—A +m?)* — a(z/|x])|z| 2.

Theorem 1.1. Assume that s € (0,1), m >0, N > 2s, and a € L>=(SN~1) with

w1 (a) + % > 0.

>0,

Then the operator
(A +m?)* —a(x/|z|)|z|7%  with domain C°(RN \ {0})
is essentially self-adjoint in L2(R™) if and only if
N —25)?
(1.5) —p(a) < % -5

If a is constant then s (a) can be obtained implicitly from the usual Gamma function. Indeed,
pick a € (0, NEQS) and let

T (N+2$+2a) T (N+2s—2a)
1.6 Ma) = 2% 4 4 .
( ) ( ) T (N72:72a) r (N72:+2a)

From [5, Proposition 2.3], we have

2
(M) = ao? — <N;28) for all a € (O, N;2S> .
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Therefore, by combining Theorem 1.1 and [5, Proposition 2.3], we obtain the following corollary.

Corollary 1.2. Let a € (0, 2525, Then (—A +m?)* — XN(«a)|z|~2* with domain C2°(RN \ {0})
is essentially self-adjoint in L*(RN) if and only if o > s.

Since the map « — A(«) is decreasing, we also obtain the following corollary.

Corollary 1.3. Let 3 € R and X be given by (1.6). Then the operator (—A + m?)* — Blx| =2
with domain C° (RN \ {0}) is essentially self-adjoint in L?(RYN) if and only if B < A(s).

Let us note that

F(NJZLS)

e=a)

If s =1/2 and N = 3 then A(1/2) = 1/2. In this case, the essential self-adjointness below
the threshold A(1/2) = 1/2 was known, see Kato [13] and Herbst [9]; moreover, the sharpness
of the threshold 1/2 in 3 dimensions was obtained in [14, Corollary 1]. In higher dimensions
N > 3 and for s = 1/2, Ichinose in [10] proved essential self-adjointness of (—A +m?)* — g|z|~2¢

provided 8 < ¥=2 using the Kato-Rellich perturbation result and the Hardy inequality. Our

2

result in Corollary 1.3 improves the results in [10] because, for s = 1/2, we have A\(1/2) = Y2,
In addition, we also obtain the sharpness of the threshold A(1/2) = &2, thus extending [14,
Corollary 1] to higher dimensions.

We remark that the precise threshold for non essential self-adjointness in the local case s = 1

is A(1) = % — 1; we refer to [7,12,19] for such local case. We also mention that the case of
a not constant was treated in the non-relativistic case in [8].

We observe that as a direct consequence of Theorem 1.1 and Kato-Rellich Perturbation The-
orem the operator (—A +m?)* —m?® — a(z/|z|)|z|~2* with domain C2°(RY \ {0}) is essentially
self-adjoint in L2(RY) if and only if —p(a) < M — 5%, We refer to [2] for the study of
asymptotics of the eigenstates of relativistic operators of type (—A + m?)* — m?2s.

A(s) = 22

Our argument for proving essential self-adjointness is quite direct and it is inspired by [19].

The proof is based on a contradiction argument as follows: if A = (—A +m?)® — a(‘zﬁfl), with

domain C2°(RY \ {0}), is not essentially self adjoint in L?(R"™) then (—A)* — a(li{zlfl), with
domain C°(RY \ {0}), is not essentially self adjoint in L?(R”") as well (by Kato-Rellich), see
Lemma 3.1.

Therefore there exists a function w € L2(RY), w # 0, such that (—A)*w — a(x/|z|)|z| 25w +

w = 0 in the sense of distributions, namely
(1.7) / [(=A)° ¢ —a(a/|a])|z] ¢+ ¢lw =0, forall p € CZRY\{0}).
RN

The idea is now to construct appropriate test functions in (1.7) to get w = 0 leading to a
contradiction. In order to do this, we will approximate a by smooth functions a,, € C*(SV~1)
such that u(an) — pi(a).
The test functions we will consider are then solutions to the partial differential equations
(—A)°vn +vn — an(x/|x|)|x\_2811n =/
for arbitrary f € C°(RY \ {0}), f >0, f # 0. Such functions v,, enjoy the following estimates
at the origin and at infinity:

vp, < Clz|™ in By, v, < Clz|* in RN\ B,,,
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where B,, = {x € RN : |z| < 70}, ro > 0, and

N —2s N —2sY N —2s N —2sV
Yn = — 9 + 9 +/~Ll(an)7 Qp = — 9 - 9 +Nl(an)'

Regularity theory implies that v,, € C*°(RY \ {0}).

We then cut off the v,,’s at the origin and at infinity, in order to use them as test functions in
(1.7). Then, thanks to (1.5) and some tricky integration by parts in the nonlocal framework, we
end up with

/R wfdr = / al/1el) ~ ane/le)la vy do.

Finally, from the above estimates of v, it follows that fRN wfdxr = 0, thus contradicting that
w # 0. This program is elaborated in details in Section 3.

We observe that the above described arguments can be adapted to treat operators of the type
(—A +m?)® —a(x/|z])|x| 2 + h(z) where h € LS (RYN) N LP(B,), for some p > N/(2s), r > 0,
and h is bounded in a neighborhood of co, see Remark 3.5.

To prove non essential self-adjointness of a densely defined operator, it is generally inevitable
to solve some partial differential equations (mostly, boundary value eigenvalue problems) for
which the solutions are known explicitly or at least have some qualitative properties that can
be handled. In our situation, we would like to prove that (—A + m?)® — a(z/|z|)|x|~2* is not
essentially self-adjoint when —p(a) > (N — 25)%/4 — s2.

To show this we argue by contradiction and assume that (—A +m?)* —a(z/|z|)|z|~2° is essen-
tially self-adjoint, which is equivalent to the density of the range of (—A+m?)* —a(x/|z|)|z| =2 +d
in L2(RY) for all d > 0.

We show in Lemma 3.1 that this is equivalent to (—A +m? +b)* —a(z/|x|)|x| 2% having dense
range in L2(RY) for all b > 0; this circumstance is ruled out by constructing a function f # 0
solving the equation (—A + m? + b)*f — a(z/|z|)|z|72f = 0 in RY with f € L*(RY) provided
—p1(a) > M — s2. The advantage of considering (—A +m? +b)* instead of (—A+m?)* +d
is the exponential decay at infinity of the fundamental solution of the former operator, which is
crucial in our analysis and which fails for the latter operator for m = 0. This argument will be
developed in details in Section 4.

2. SOME PRELIMINARIES AND NOTATIONS

We start by recalling the integral representation of (—A + m?)*: for every u € C2(R")

N+42s
¥z —yl T

(a2 ule) = e PPV, [ I kel — gl dy + e,
R 2

where m > 0 and

.= 9—(N+25)/2+1 —H 92s s(1—3s) 7
’ I'2-s)

see [4]. The kernel K, denotes the modified Bessel function of the second kind with order v. We
recall that, for v > 0,

(2.1) K, ~ 2 (5)

CN
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asr — 0and K_, = K, for v < 0, while
(2.2) Ko(r) ~ Y1207
V2
as r — +00, see [3]. Furthermore there holds
K'(r) = —%KV(T) — Ky_1(r).

The Dirichlet form associated to (—A +m?)* on C°(RY) is given by

23) (o= [ (6P +m?) (e

o(
= SEm (@) ~ u(g) (z) = vly)) Nt2s (M|T — T
o2 /RzN ‘Ify‘% KTS( | y|) dz dy

+m? u(z)v(x)de,
RN
where @ denotes the unitary Fourier transform of u. We define H?,(RY) as the completion of
C>°(RY) with respect to the norm induced by the scalar product (2.3). If m > 0, HS (RY) is
nothing but the standard H*(RY); then, we will write H*(R") without the subscript “m”.

The operator (—A +m?)* enjoys an extension property reminiscent of the Caffarelli-Silvestre
extension [1], see [4]. Let us recall it via the Bessel Kernel which is given by

N+2s

(2.4) P(2) =Cy  t**m™2

27T Koneas (m2]),
2

with z = (t,2) € R x RN and some normalization constant C% . Pick u € H3 (RY) and set
w(t,z) = (Py(t, ) *u)(z).
Then, see [4], we have that w € H}n(RfH; t172%) and moreover
(2.5) {—d?v(tlZSVw)(t, z) +m2t 2 w(t,x) =0,  in RYT
—limy0 t1729 22 (¢, 2) = Ks(—A + m?)*u(z), on RV,
in a weak sense, where RY ™' = {z = (t,2) : t € (0,+00), € RV}. Here H},(RY™;¢172) is the
completion of C2°(RY ™) with respect to the norm fRerl 25| Vw|? dtdz+m? [ t'7 25w dida.

In fact, performing Fourier transform in the above equations, we can see that the Bessel Kernel
P, (t,x) is the Fourier transform of & — 9(/[€[2 +m2t), where 9(r) = 27 (5)° K,(r) solves

)
{19” + 2y 9 =,

9(0) = 1.
This then implies that

(2.6) /R  Pult.)de = d(me).

Due to homogeneity properties of problem (2.5), we are naturally led to consider an angular
eigenvalue problem. Let H'(SY; 61 72%) be defined as in (1.2). Since the weight 61 ~2* belongs to
the second Muckenhoupt class, the embedding

HY(SY;012) oes L2(SY;0172)
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is compact, where
L2(SY;017%) = {1/1 : S¥ — R measurable such that fSNQ%ﬂswz(@) ds < —1—00}.
+

Letting a € L9(SN~1), for some g > N/(2s), the first eigenvalue of the angular component of the
extended operator

Jow 0772 V2 dS — kg fon 1 arp? dS’
pi(a) = min + T
YEHI(EY ;612\ (0) Joy 01779 dS
is attained by an eigenfunctions ¥ which does not change sign and satisfies
—divgn (01> Vny) = pr(a) 01>,  in SY,
(2.7)
—limg, o+ 9§*QSVSN¢ -e; = Kksa(f')yY, on an =sN-1,

The following result is essentially contained in [4].

Lemma 2.1. Let ¢ > N/(2s) and a € LY(SN~1) such that
N —2sY
Then there exists a constant Cq n,s > 0 such that, for all w € H&(Rf“; t1=29),

/ 1725 Vw|? dt do — ns/ MwQ dx > C’,LN,S/ 1725 Vw|? dt de.
Rf+1 RN Ri’+1

|II?|2S

FEquivalently, we have that

5§ A Jf € § A
[ ererae- [ S rdoz Con, [ epeetas

for all ¢ € H3(RY).

Remark 2.2. It is useful to remark that the best constant Co n s tn Lemma 2.1 depends contin-
uously on a as a mapping in LY(SVN~1), see Remark 2.5 in [{].

We will also need the following result from [6].

Lemma 2.3 ( [6], Lemma 2.1). Let Q be a bounded open set. Then there exists a positive
constant C = C(N, s,Q) > 0 such that for all p € C*(Q) and for all z € RY

(—A)*o(x)| < C||80||c2 (RN)

1+ |x‘N+25 !
3. ESSENTIALLY SELF-ADJOINTNESS

In this section we shall prove that the operator A’ = (—=A+m?)® —a(z/|z|)|z|~?* with domain
C> (RN \ {0}) is essentially self-adjoint in L2(R") provided
N — 25)?
—pp(a) < % — 52

This stands to be a generalization of the case s = 1 by Kalf, Schmincke, Walter, Wiist [12],
see also Simon [19], and of the case in which s = 1/2 and a is constant which was treated by
Kato [13], see also Herbst [9].
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For the proof, we will need some technical lemmata. Let us first observe that it is not restrictive
to take m = 0.

Lemma 3.1. Fors € (0,1), V € L} (RV\ {0}) and b > 0, let us consider A = (—A)* —V and
B = (=A +b)* — V with domain C°(RN \ {0}).

(i) A is essentially self-adjoint on L2(RY) if and only if B is essentially self-adjoint on L?(R™N).
(2) If there exists C > 0 such that

B0 [ (€ +0 P de— [ Vi) do = Cllalfg, for every ¢ € CX(RY\{0)),
then B is essentially self-adjoint on L*(RY) if and only if B has dense range in L*(RY).

Proof. To prove (i), we observe that, by Fourier transform and Parseval identity,
I8 = Aulitagen, = [ 1067+ = 6] )P,

for all u € C° (RN \ {0}). Using the elementary inequality 0 < (a + b)* — a®* < b*, which holds
for every a,b € [0,+00) and s € (0, 1), it follows that

I(B — A)ull72 gy < 0°° /RN [a(€)|2d€ = b [|ul|72gy-
Therefore, for ¢ € (0,1) we get

(B — A)ull 2@y < qllAul|p2@ny + 0% ||ull 2@y,
(B — A)ull 2@y < ql|Bull 2@y + 0°|lull L2 @y,

for all u € C(RN \ {0}), i.e. B — A is both A-bounded and B-bounded with relative bound
g < 1. Then by the Kato-Rellich Theorem (see e.g. [17, Theorem X.12]) it follows that if A is
essentially self-adjoint then B = A 4 (B — A) is essentially self-adjoint; in the same way, if B is
essentially self-adjoint then A = B + (A — B) is essentially self-adjoint, thus proving (7).

We recall (see e.g. [17, Theorem X.26]) that if a symmetric operator is strictly positive, then
it is essentially self-adjoint if and only if its range is dense. Since by assumption (3.1) B is a
strictly positive symmetric operator, we deduce statement (i4).

Remark 3.2. Let us observe that our potential V(x) = a(‘w@fl) satisfies (3.1) for every b > 0
provided condition (1.4) is satisfied. Indeed, for ¢ >0 and u € H*(RN), we have

[ (e +oyarepde - a@/lel) 2 4,

RV |f?

—(1-e) / (€12 + b AP (€)de + ¢ / (el + bylareyde — [ A2 g,

ry |zl
o) [ e oriapds- [ A as] e [ (6P oriatae

where a, =
such that

1% By continuous dependence of 1 on a and (1.4), there exists g = €o(a, N,s) >0

(N — 25)?

1 >0

pi(ae) +
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for alle € (0,e0). By Lemma 2.1, we have

/ (|£|2 + b sA2 df / Qg x/|$‘) 2d.’[ > CGE,N,S/N ‘£|2s,ﬁ2 df

R
/<|£|2+b al2de / a@/l2) 2g,
||25

> (1= e)Cus [ I€PTRde e [ (6 + 0 faPs

Hence, by Parseval identity, for all e € (0,e9) we have that

/(|§|2+b )E|uldé — / |g;/|l 2dx2(1—5)CaE,Nys/ |§\25ﬂ2d£+5bs/ u?dz.
RN RN

Therefore

The following uniforms decay estimates will be useful in the sequel.

Lemma 3.3. Let a,, € C>®(SN71) be such that a,, — a in LY(SN~1), for some ¢ > N/(2s), and
w1 (an) = pi(a) as n — oco. Assume that

pi(a) + (N;28>2 > 0.

Let v, € HS(RY) be a sequence of functions such that v, > 0 a.e. in RY and {v,}, is bounded
in H(RN).
(1) If

(=A)*v, — an(z/|z])|z| >0, <0, in Bg,
for some R > 0, then there exist C > 0 and o € (0, R) (independent of n) such that
(3.2) vp(x) < Clz|™ for a.e. x € By,

where
N —2s N —2sY
TYn = — 5 + 9 + pa(an).

(=A)*v, — an(z/|z))|z]"*v, <0, inRY\ Bg,
for some R > 0, then there exist C > 0 and ro > R (independent of n) such that
(3.3) vn(z) < Clz|® for a.e. x € RN\ B,

for n sufficiently large, where

_ N-2s N—252+ (an)
Qp = 2 2 H1(CGp ).

Proof. To prove (i), let w, € H{(RYT';#172%) be the Caffarelli-Silvestre extension of v, so
that w,, solves

(ii) If

o0 — lim 02 2 < (o /lal)lel2vn, on Br.

C1-2s N+l
{dlv(t1 25Vw,) =0, in RY*H
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If o € (0, R), from the regularity estimates in [11] (see also [4, Proposition 3.3]), we deduce that
wp|g+ is uniformly bounded, where S = {z € Rf'H dzl =70}
ro
Hence there exists C' > 0 independent of n such that 0 < w,, < Cw,, on S;t) for n sufficiently

large, where w0, (z) := |27, (2/|2|) with 1, being the positive L?(SY; 6] ~**)-normalized eigen-
function corresponding to pi(ay,). Since w,, solves
div(t'=2Vi,) = 0, in R+,
(8:5) — lim 172 28 — a0 (x/|o]) 2| 2B, on RY,
t—0t

testing the difference between (3.4) and (3.5) multiplied by C with (w,, — Cw,)", integrating
by parts, using that v, > 0, and invoking Lemma 2.1, we obtain that w, < Cw, a.e. in
Bf ={z € RY" 1 2| < ro}. Hence v,(z) < C|z|"n(2/|2|) for a.e. x € B, and the conclu-
sion follows from an uniform upper bound of v,, (which follows e.g. from [4, Proposition 3.3]).

To prove (ii), we consider the Kelvin transform of v, given by v, = |z|**=Nv,(x/|z|?). We
have that 7, € H§(RY) with [0, gz @~y = l|[vn 5@~y (see [6, Lemma 2.2]) and

(=AY, — an(z/|z|)|z| %0, <0 in Bi/g.
From (), for some Cy > 0 and rg > R (independent on n), we have
0 <vp(z) < Cylz|™, forall xz € B,, \ {0}

which yields
vp(x) < Clz

where a,, = —LEZS — \/(LEQS)Z + pi(ay). ]

an forall x € RN\ B,,,

Theorem 3.4. Assume that s € (0,1), N > 2s, and a € L(SN~1) for some ¢ > max (%,2).

Then the operator A = (=A)® — a(z/|z|)|x|72° with domain C (RN \ {0}) is essentially self-
2

adjoint in L?(RN) provided —u;(a) < % — 52

Proof. The proof of the theorem will be separated into two cases.
Case 1:

(3.6) —p1(a) < M — 5%

By Lemma 2.1 we have that
(A, @) 2m) = / (Ag)(2)p(x) dx > 0, for all p € CZ(RN \ {0}),
]RN

so that A is nonnegative definite in C2°(RN \ {0}).

From the Kato-Rellich Theorem and well-known self-adjointness criteria for positive operators
(see [17, Theorem X.26]), A with domain C°(R™ \ {0}) is essentially self-adjoint in L?(RY) if
and only if Range(A + 1) = (A + 1)(C(RY \ {0})) € L3*(RY) is dense in L?(RY).

We argue by contradiction and assume that A is not essentially self-adjoint so that

(A +1)(C2RY\ {0})) € L*(RY)
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is not dense in L2(R"). Then there exists w € L*(RY), w # 0 such that (w,u) 2@~y = 0 for all
u € (A+1)(C®RN\ {0})). In particular

(3.7) /RN w() [(A)sw(x) —a(a/|z])|z|*¢(z) + @(a) | dz =0 for all p € C°(R™\ {0}),

ie.

(=A)w — a(z/|z|)|z|"*w +w =0 in D'(RM \ {0}).
We will reach a contradiction by showing that w = 0; to prove that w = 0, we will prove that
Jan fwdz =0 for every f € C°(RN\ {0}), f >0, f# 0. To this aim, let us fix

feC®Y\{0}) suchthat f>0, f#0.

Step 1. By density, there exists a sequence a,, € C*°(S¥~1) such that

(3.8) an —a in LYSNTY) asn — .

Then by [4, Lemma 2.1], we have that ui1(a,) — p1(a). By (3.6), we have that, for some g9 > 0,
N — 25\

(39) —3+\/< 5 S) +M1(an)>50>0

for every large n.
By the Lax-Milgram theorem, for every n € N, there exists v, € H*(R") such that

(3.10) (=A) v, — an(2/|2])|2| 50, + v, = [
Multiplying (3.10) by the negative part of v,, and using Lemma 2.1, we can see that v, > 0 since
f > 0. By the Harnack inequality v,, > 0 in RV \ {0} (see [11]). By (3.9) and Remark 2.2, the

sequence (v, ), is bounded in H*(RY). By regularity theory v, € C°(RY \ {0}) (see also [11]).
Moreover Lemma 3.3, and (3.9) imply that (—A)*v, € L2(RY) so that v, € H*(RY).

Step 2. Let n € C°(R) be such that 0 < n < 1, n(t) = 1 for |[¢t| < 1 and n(t) = 0 for
6> 2. We put 15() = (%) and (t) = (%) so that (1 — 55)gv, € O (RN \ {0}). We put
Un,s = (1 —ns)vy. Then from (3.7) we have that

(3.11) /N w((—A)S(nRvn,g) —a(z/|z|)|x| **nRVN5 + URUWS) dz = 0.
R

We claim that, for n and ¢ fixed,

(3.12) (=A)(NRUns) — (—A)*vns in L*(RY) as R — +oo.

By direct computations, we have
(=A)*(Nrvns) () = (=A)ns(x) = vns(2) (=) Nr(2) + (Nr(T) = 1)(=A) vy s(7)
by [ () s ) on@) ),

RN |z —y| N+
Therefore, by Holder’s inequality, we get
[(=2)*(nrvn,s) = (=) vn sl L2(r)
< Jon,s(=A)n&l L2ey) + |1 — 1) (=A) vn sl L2(rY)

coun ([, (L ) ([, ) w)
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By scaling, we have, for some positive C' > 0 independent of R,

(3.13) |(=A)*nr(z)] < CR™*  for all z € RY.
Next, we note that
1) ew. [ DRIy (P (R) @) + 2o (- A) o)

This implies, as above, that

JRE RIS

for some C > 0. Therefore, using the above estimate and (3.13), we get
[(=A)*(MrVn,s) = (=A) nsll L2 @)
<C(R™> +R™) (@~ + [[(nr — 1)(=A) v sl L2my)-

Hence (3.12) is proved. It follows that we can take the limit as R — oo in (3.11) and use the
dominated convergence theorem to obtain

(3.15) /R w((=A) (1 = ms)va) = ala/laDlal (L = ns)vn + (1= ns)vn ) do = 0.

Step 3. We claim that
(3.16) {(=A)*((1 = ns5)vn) }se(0,1) is bounded in L3(RM).
As above, we have

[(=A)*(L = ns)vn) lL2@ny < [lvn(=A)nsll 2@y + [(=A) vn| L2@y)

[ (] ) ] )

Let us estimate the first term in the right hand side of the above inequality. To estimate it
uniformly in §, we use Lemma 2.3 to get
(;N
S
[(=A)*ns| < CTI’NMQW.

Then we have

52N 9
||’Un( ) 775HL2(RN < C/ 6N+23 i |$‘N+28) d$+c||vn||L2(RN\Bl)
N ) 52N
<C d C d
/ n(6N+2s | |g|N+25)2 T+ 5\ B, Up, (ON+2s f [z|N+25)2 x
+ Clloallz@y)
<C | v *dr+C Ui|$|2N‘$|_2N_4Sd$-‘rCHUnHQLQ(RN)
Bs B1\Bs
<O [ ol udde € [ ol ke + Cloalaeny
Bs B\ Bs

<C [ e P vnde + Cllon|[72 @y,
B1
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where C' is a positive constant independent on § (varying from line to line). Hence by (3.2) and
(3.9), we obtain

(3.17) lon (=) s 122 ery < C+ Cllon |72 @w)-

In addition, by integration by parts, we have!

(3.19) cn.s /RN (/RN W‘l9> </sz Wdy) i

= [ F AP + 200 (-A) un @)l (-A) () (o) + 205(a)(~A) ns(o)]d
B0) = [ ohaPu—2 [ Ay -2y

+ /RN 205 () (= A) v (€)= (= A)* (03) () + 2ns () (= A) s ()] dx
< I + I + I,
where

I = / W2 |(— D) |de,
RN

L= -2 / V2 (=AY (15 (— A) gz
and

Is =

[, 200 @) (=80 () (=AY 0)(0) + 2m5(a) (=) ()

Now, for the last integral, we can use similar techniques as above to get
2 o
—2s
I3 < C/RN(I»TI Vn v+ f)on sy n \x|N+2$dx

<C lz| 02 dx + / v2dr 4+ C fuondz,
By RN\B, RN

1t is worth justifying the passage from (3.19) to (3.20). If u € H25(RN) and g € S(RYN), the space of Schwarz
functions, then

2
u(z) — u(y
619 exo [ ([0 gy = - [ @) ars@at [ u@o@-a) 0@ .
RN \JrN |z —y[NF2s RN RN
Indeed, we can approximate u by smooth functions u, = pyn * u by convolution with the standard mollifiers and
consider u,, g = unng so that u, g — u in H2*(RY) as n, R — +o00, see (3.16). Since (—A)*(u2 5) € LZ(RY)
by Lemma 2.3 we can pass to the limit in

ene | ( /. <un,ﬁx_> ;‘mgy))?dy)g(z)dx

= [ 1= AV 02 (@) + 20, 7@ ((~8) ) )] g(2)

- / W2 (@)(~A)*g(x) dx + 2 / tn, 2(2)9(2) (= D)t 1) () dz
RN RN

to obtain (3.18).
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where C' > 0 (varying from line to line) is independent of ¢ (but could depend on n and Supp f).
Hence by (3.2) and (3.9), we deduce that

(3.21) I;<C+ / vidr + C fopda.
RN\B; RN

We observe that (—A)*ns = 6725(=A)*n(-/8) € C®(RY) so that ns(—A)*ns; € C(RYN) and
(=A)*(ns(—=A)ns) =6+ ( A)*(n(—=A)*n)(-/d). This implies that

(SN 2s
— 2
IQ—_2ANUn( A) ( ( 775 dw<0/ n5N+29+|m|N+25dx
<C lz| 02 da —l—/ vidr
B, RN\ By
and thus by (3.2) and (3.9), we get
(3.22) L<C+C vid.

n
RN\Bl
Next, we estimate I;. If 2s = 1 then

11:/ 2 |(—A)En2ldz < C6 / vdx<C’/ 202 da
RN 5<|w|<28

If 25 < 1 then (using again Lemma 2.3)

5N
I <C/ T —— O x| v2dz + C vide.
1= an TONFAs g [N+ T = B1| | n RN\ B, n

Hence by (3.2) and (3.9)

(3.23) L <C+C vid.
RN\ B
If 25 > 1 then 0 < 2s — 1 < 1 so (—A)?**n = —(—A)?*~1(An}) which implies (see Lemma 2.3)
that
5N
SN+2(2s1) 4 [g[N+2@s—1)

|(=A)* 7 (—ang)| < 0672

We then have, by similar estimates as a above,

5N—2

L<C v2 de < C \x|_4sv2dac +C v2dz
RN n6N+4s—2 + ‘.T|N+4S—2 B, n RN\ By n

so that, by (3.2) and (3.9), we have

(3.24) L <C+C vidr
RN\ B;

for 2s > 1. We thus conclude that for all s € (0,1)
(3.25) L <C+ C/ vid.
RN\ B,

Using the estimates (3.25), (3.22) and (3.21) in (3.19), together with (3.17), we get (3.16) as
claimed.
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Step 4. From (3.16) it follows that (—A)*((1 —ns)v,) — (=A)%v, weakly in L2(RY) as § — 0F
(for any n fixed). Passing to the limit as § — 07 in (3.15), we then obtain, from the Dominated
Convergence Theorem, (3.2) and (3.9), that

/ w((fA)Svn — a(z/)z)|z| "2 vn + vn) dz = 0.

RN

Therefore, recalling (3.10),

(3.26) / wfdr = / (a(z/|z]) — an(z/|z])|z| "> vow d.
RN RN

By Holder’s inequality, Fubini’s theorem, and estimates (3.2) and (3.3)

/ a(z/|z]) — an(z/lal) =~ ’ z/|z]) — an(z/|z])
]RN

|{L‘|28 n ‘$|28

2

Un

al
< el qa

L2(RN)

<Ny [ ([ toaon#as) " ([ lon—alvas') ar

ro
< w32 @y CoI8N 1@~ 4|ay, — a\l%q(sw—m/ p st gy
0

oo
0l oy CHEY D e — alff gy [ r N A2y
70

< Cllan = al|7agn-1y-
From this, (3.26) and (3.8), we deduce that

/ fwdx = 0.
RN

We have then proved that [,y fwdz = 0 for every f € C°(RY \ {0}), f > 0, f # 0. This
implies that w = 0 which leads to a contradiction.
Case 2:
N — 25)?
(3.27) —p1(a) = % — 5%

As in Case 1, we argue by contradiction and assume that A is not essentially self-adjoint; as
observed above, this implies that there exists w € L>(R™) \ {0} such that
(—=A)sw — a(z/|z|)|z| 5w +w = 0
in the sense of distributions in RY \ {0}.
Let a, € C°(SNV~1) be as in (3.8). Let o € (0,1) and notice that uy(a — ) > p1(a) so that
N —2s)?
—m(a—0) < % — 5%
Given f € C°(RM \ {0}) such that f >0, f # 0, by the Lax-Milgram theorem, for every n € N
and o € (0,1), there exists vJ € H*(RY) (v > 0 in RV \ {0}) solution to
(=A)*vf = |27 (an(z/|2]) = o)o;, + 0] = f.
It is then not difficult to check that (v7), is bounded in H*(RY) and converges (weakly in
H*(RM)) to some v° weakly solving

(A7 — [e] > (alz/|a]) - o)0” + 07 = F.



RELATIVISTIC SCHRODINGER OPERATORS WITH A SINGULAR POTENTIAL 15

Arguing as in Lemma 3.3, we have that there exist r1,Cy > 0 independent on ¢ and n such that
(3.28) 07 (z)] < Colz|™(, w7 (x) < Cylz[") for all z € B,, \ {0},
where

Tn(0) =~ 252 1 \J(X52) 4 (an —0), (o) =~ 252 44/ (852)" 4 u(a o).

Notice that, provided n is large,

N —25\2
—s+ 3 + p1(an — o) >e9 >0,

for some gp > 0 depending on ¢ (but independent of n). Therefore, using similar arguments as
in Case 1, we get

fwdx
RN

< a/ || =2 |w|v® da.
RN

Hence, by Holder’s inequality

/RN fwdx

Since v7 is bounded in H*(R"), so |||z|~2*v7 || ,2gv\ p,) can be uniformly bounded in o, we infer

that
‘/ fwdz
RN

for all o € (0,1). Using (3.28) we deduce that, for all o € (0,1) and for some C' > 0 independent
of o,

< |wllze@myollle] > 07| L2 @)

< |lwllp2@nyoCa,n,s,f + ”wHL?(RN)U”|x‘725UU”L2(Bl)

<C 7 + Co.

1/2
(—s—i— \/W +pa(a —a))

Using the variational characterization of u1(a — o) and pq(a) (see also [4, Proof of Lemma 2.1]
for convergences of related eigenfunctions), we deduce that

(3.29) fwdz

RN

co0 + pi(a) < pi(a—o) < pw(a) + o,

where ¢, ¢; are positive constants independent on o. Passing to the limit in (3.29) as ¢ — 0T
yields that fRN fwdx = 0. This then implies that w = 0 thus giving rise to a contradiction. []

Proof of Theorem 1.1: sufficiency of condition (1.5). In view of Theorem 3.4, condition
(1.5) implies that A = (—=A)* — a(z/|x|)|x|~2* with domain C°(RY \ {0}) is essentially self-
adjoint in L2(RY). Then for every m > 0 also the operator (—A + m?)® — a(z/|z|)|z|~2 is
essentially self-adjoint in L?(R") by Lemma 3.1, part (4).

Remark 3.5. If h € L (RY) N LP(B,), for some p > N/(2s), r > 0 and h is bounded in a

loc
neighborhood of co, then the arguments proving Theorem 3.4 above can be adapted to prove that

if —pa(a) < M —s2 and N > 2s then the operator (—A +m?)* —a(x/|x|)|x| =2 + h(x) with
domain C (RN \ {0}) is essentially self-adjoint in L*(RYN). Indeed the estimate of Lemma 3.3
still holds for the operator (—A)® — a(x/|z|)|x|=2* + h, see [4, Lemma 5.11].
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4. NON-ESSENTIAL SELF-ADJOINTNESS

The following lemma will be crucial in our proof.

Lemma 4.1. Let a € L=¥(SV"') and b > 0. Let 1)1 be an eigenfunction of problem (2.7)
corresponding to first eigenvalue py(a) in (1.3). Let vi = /(N —25)2/4 + pi(a) and assume
that

_94)2
—p1(a) > M — 8% e s>,

For z = (t,z) € R define f(2) = ¢1(2/|2])|2 QSENKl,l(\/lﬂzD, Then

—div(t'=2Vf) + t'725bf = 0, in RY T,
(4.1) ~lim £7%0,f = mya(e/|z)|z] " f, on RN \ {0}.

t—0+t

In addition
(4.2) (A +b)°f —a(z/lz))|z[">*f =0 in D'(RV\ {0}),
i.e.

£(0,2) ((A 1) p(z) — W

Remark 4.2. We notice that the conclusion of the above lemma might not be true if b = 0.
Here, we have the property that K,, decays exponentially at infinity which plays a central role in
the proof.

go(:r)) dr =0 forall p € CRN\ {0}).
RN

Proof. Direct computations using polar coordinates, see [5], prove the first assertion.
Let ¢ € C2°(RY\ {0}). We now consider the extension ®(t, z) = (P 4(t,-) x¢)(z), where P
is the Bessel Kernel, see Section 2. We have that ® € H*(RY';#172%) and

—div(t' 725V ®) + t'25b® = 0, in R+

(4.3) ¢ =, on RV,
- 75lir(§1+ t17250,® = ky(—A +b)°p, on RV,
5

We multiply the first equation of (4.3) by f and integrate by parts over RY x (p,c0) for p > 0
to get

(4.4) 2 /RN P20, (p,x) f(p,x)de — 2 /RN P20 f(p, ) ®(p, x)dx = 0.

By (2.1) and (2.2), |f(p,x)| < C|x|255N_”1 for all z € By and |f(p,x)] < Ce= %ol for every
z € RV\ By and p € (0,1). Since 2422 —py > 0, f(0,-) € L'(By). Since ¢ € C(RY), we have
that (—A +b)*p € C(RY) N L>*(RY). By using [4],

P00 (p,2)| < C, forall pe (0,1), z e RY.

Therefore we can apply the dominated convergence theorem and use (4.3) to get

(4.5) lim [ p20,8(p,2) f(p,x)dz = —ks / (A + b)* () £(0, 2)dz.
p—0 RN RN

It now remains to prove that

im [ 20,f (p.2)®(p, ) de = s / ale/ |2z o(x) F(0, 2) da
p—0 RN RN
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which completes the proof. This will be done in the sequel.
By direct computations we have
_ 2s—N _ —
H720f(2) = |2] 77 K, (VBl2)01 > Ven i (2/12]) - e

+ (2N 2 2 2K, (VO2]) + VBEE R [ FE
= H(t,x) + J(t, z),

b (VBI2]) ] (2/]2])

where, for z = (¢, ), we define

H(t,z) = |2| 77 2K, (Vb|z])0} 2 Venihi (2/]2]) -

and

J(t, z) = | 2827255 5

v (VO[2]) + VB2 2| 55 UK (V2] [ (2/)2)-

First we recall that ¢; € C’O’“(@)7 see [4]. Once again by (2.1) and (2.2) together with the
fact that K| = -2 K, — K, _1, it is plain that for |z| <1

25—

N
(4.6) [T (p, )| < ep® > |(p,x)| "7 27
while for |z| > 1

|J(p, $)| < Cp2_256_\/5/2|I|.
It is then clear that

lim J(p,z)®(p, z)dz = 0.
p—0 RN\Bl
Recalling the notations in Section 2, for p < 1, we claim that
(4.7 D(p, ) = p(x)9(Vbp) + O(p**), for all z € RV,
To see this, we use change of variables and (2.6), to get, up some normalization constant,
®(p,x) = (Py(p,-) = o)( / P (p,y)p(x +y)d / P (p,y
/ P (0, y) V() - ydy + /IR N / / TP s (p, y) D o(x + Try)ly, yldrdrdy

= g@(x)z?(\/l;p) +0+ /R / / TP /;(p,y 2o(x 4 Try) [y, yldrdrdy.

Therefore

1B(p, z) — p(x)I(VEp)| < Cp?* /

ly| "N Ay + Cp* / e~ Vo2l gy,
ly|<1

ly|>1
thus (4.7) is proved. From (4.7) together with (4.6), we deduce that

I (p, )@ (p, )| < Cle(x)]

Therefore

2s—N
(p,x)]" 7 ~ forall x € By.

1T (p,2)®(p,z)| < C+ Clz|™> ™ forall z € By.

The dominated convergence theorem then implies that

lim J(p,z)®(p,z)dx = 0.
p—0 B
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Hence

lim J(p,x)®(p, x)dx = 0.

p—0 Jpn

It remains now to pass the limit as p — 0 in the integral fRN H(p,x)®(p, z)dxz. To this end, we
first claim that

(48) 9%725sz¢1 -ep € L™ (Sj\j)

To prove this claim, we consider

9(2) = (/|22 1 ey (VB2

which satisfies

—div(t'=25Vg) 4+ t'=25hg = 0, in R,
(4.9) { ( ) +

— tlirgl+ t1729,9 = /fsa(x/\x|)|x|_2sg, on RV \ {0},

where I is the modified Bessel function of first kind. Using its decay property near the origin
(see [3]), we see that

g(z) < C|z|255N+”1, for all z € Bii",

implying |z|~tg € L?(BJ;t'72%) and |z|~%¢(0,-) € L?(B,). Using standard integration by parts,
we can deduce that g € H(B;;t172%). Then by [4] it follows that t'=2%9,g € LOO(B;/2 \ Bfr/2).
As above, by direct computations,

25— N

t1—2satg(z> — ‘Z| 2 _QSIVI(\/5|Z|)9%72SVSN1P1(Z/‘Z|) t €1
(2N BT 2 (VB|2]) + VB2 2 BT U (Vb2 (2/)2]).

Evaluating at |2| = 1 and using the fact that I,, (v/b) # 0, we see that
10172 Venthi (2) - 1] < C(|[thr [l posyy + 1), for all 2 € SF,
and claim (4.8) is proved.

Using the Taylor expansion (4.7), and similar arguments as above, we obtain

i [ H(p )00, 2o = = [ 1ol 72K, (VB el o (o)

p—0 JpN

=, [ alo/lalel 0, 2)p(o)d
Using this, (4.5) and (4.4), we get
[ atwllalal #7000 @)ds = [ (<540 pla)(0,0)ds
RN RN

which is (4.2). U



RELATIVISTIC SCHRODINGER OPERATORS WITH A SINGULAR POTENTIAL 19

Theorem 4.3 (Necessity of condition (1.5) of Theorem 1.1). Let N > 2s, m > 0, and
a € L>®(SN=1). Then the operator A’ = (—A+m?)* —a(z/|z|)|x| =2 with domain C (RN \ {0})
is not essentially self-adjoint in L2(RN) if
2

(4.10) —p1(a) > w — 5%
Proof. Assume by contradiction that (4.10) holds and A’ is essentially self-adjoint. By part (¢)
of Lemma 3.1 also (—A +b)® —a(x/|z|)|z|~2* is essentially self-adjoint in L?(R™) for every b > 0;
then by assumption (3.1), Remark 3.2, and part (ii) of Lemma 3.1, we have that the operator
(—A +b)* — a(x/|z|)|z|~* has dense range in L*(RY).

Let 91 be a positive eigenfunction of problem (2.7) associated to the first eigenvalue (a)
defined in (1.3). For z = (t,x) let

1) = /12D K sy (Vo I2D-
We observe that by (4.10), (2.1) and (2.2)
(4.11) f(0,) € L*(RY).

Since (—A + b)* — a(x/|z|)|z|~2* has dense range in L?(R") (as assumed above for the contra-
diction), there exists ¢, € C°(RN\ {0}) such that (—=A +b)*p, —a(z/|z])|z|~2*0, — £(0,-) in
L*(RY), so that for every € > 0 there exists n(g) such that

[(=A +b)°pn — ala/|z])|z] **¢n — £(0,)||2@y) <& for every n > n(e).
This implies that

—2 /RN ((fA +0)%pn(x) — a(x/\x|)\x|*28gon(x))f(o, ) dz + || fll72@ny < €
for every n > n(e). By (4.2) we obtain that for every ¢ > 0

1172y < €2

which is impossible. ]
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