SINGULARITY OF EIGENFUNCTIONS AT THE JUNCTION OF
SHRINKING TUBES, PART II

LAURA ABATANGELO, VERONICA FELLI, SUSANNA TERRACINI

ABSTRACT. In continuation with [17], we investigate the asymptotic behavior of weighted eigen-
functions in two half-spaces connected by a thin tube. We provide several improvements about
some convergences stated in [17]; most of all, we provide the exact asymptotic behavior of the
implicit normalization for solutions given in [17] and thus describe the (N — 1)-order singularity
developed at a junction of the tube (where N is the space dimension).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

The interest in the spectral analysis of thin branching domains arising in the theory of quantum
graphs modeling waves in thin graph-like structures (narrow waveguides, quantum wires, photonic
crystals, blood vessels, lungs), see e.g. [11, 20], motivates a large literature dealing with elliptic
eigenvalue problems in varying domains; we mention among others [3, 4, 5, 6, 7, 8, 10, 12, 13, 14,
15, 16, 19, 21, 22].

In [17], the asymptotic behavior of eigenfunctions at the junction of shrinking tubes has been
investigated. In a dumbbell domain which is going to disconnect, it can be shown that, generically,
the mass of a given eigenfunction of the Dirichlet Laplacian concentrates in only one component
of the limiting domain, while the restriction to the other domain, when suitably normalized,
develops a singularity at the junction of the tube, as the channel section tends to zero. The
main result of [17] states that, under a proper nondegeneracy condition, the normalized limiting
profile has a singularity of order N — 1, where N is the space dimension. The strategy developed
in [17] to evaluate the rate to the singularity at the junction is based upon a sharp control
of the transversal frequencies along the connecting tube, inspired by the monotonicity method
introduced by Almgren [2] and then extended by Garofalo and Lin [18] to elliptic operators with
variable coefficients in order to prove unique continuation properties.

In continuation with [17], we investigate the asymptotic behavior of solutions to weighted
eigenvalue problems in a dumbbell domain Qf C RY, N > 3, formed by two half-spaces connected
by a tube with length 1 and cross-section depending on ¢:

Q=D UC.UDT,
where ¢ € (0,1) and
D™ = {(x,2") e Rx RV : 2 <0},
C.={(z1,2) eRxR¥"1:0< 2 <1, %GE},
Dt ={(x1,2/) e Rx RN "1y > 1},

and ¥ C R¥~! is an open bounded set with C?®-boundary containing 0. We refer to [17] so that
assume

(1) {z/ e RN 2| %}CEC{x’GRN_l | < 13,
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M=

FIGURE 1. The domain °.

We also denote, for all £ > 0,
B .= D" nB(ey,t), B; :=D NB0,1),

where e; = (1,0,...,0) € RY, 0 = (0,0,...,0), and B(P,t) := {x € RY : |z — P| < t} denotes
the ball of radius ¢ centered at P. Let p € C1(RY,R) N L= (RY) be a weight satisfying

(2) p>0ae in RY, pe LN2(RY), Vp(z)- 2z e LN2RY), a%p e LN2(RY),
1
(3) pZ0in D™, p#0in D*, p(z) =0 forall x € By UC; UB;.

Assumption (3) is stronger than in [17]. We are confident that the present arguments apply even
under the weaker assumption of [17], up to several modifications mainly concerning calculus. For
reader’s convenience we consider worthwhile presenting the argument in this simpler case.

For every open set Q C RV, we denote as 0,(2) the set of the diverging eigenvalues A\;(Q) <
A2(Q) <o < Ap(Q) < -+ (where each A\ () is repeated as many times as its multiplicity) of
the weighted eigenvalue problem

_AQD = Ap@a in Q7
=0, on 0f.
It is easy to verify that o,(D~ UD%V) =0,(D")Uo,(D").
Let us assume that there exists kg > 1 such that

(4) Ak, (D7) is simple and the corresponding eigenfunctions

have in e; a zero of order 1,
(5) Ako (DF) & 0p(D7).

We can then fix an eigenfunction ug € D4?(D*) \ {0} associated to \g, (D7), i.e. solving

(©) —Aug = A, (D¥)pug, in DF,
ug = 0, on 0D,
such that
8u0

Here and in the sequel, for every open set 2 C RY, D12(Q) denotes the functional space obtained
as completion of C2°(€2) with respect to the Dirichlet norm ( [, |Vu|2dx)1/2.
From [16, Example 8.2, Corollary 4.7, Remark 4.3] (see also [17, Lemma 1.1}), it follows that,
letting
Ae = A (%)
where k = ko 4 card {j € N\ {0} : \;(D7) < Ao (D7)}, so that Ay, (D) = Ag(D~ U DY), there
holds

(8) Ae = A (DT) ase— 07,
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Furthermore, for every e sufficiently small, A is simple and there exists an eigenfunction wu.
associated to Ag, i.e. satisfying

9)

such that

(10) u. = ug  in DVHRY) ase — 07T,

—Aue = A\cpue, in QF,
ue = 0, on 00°,

where in the above formula we mean the functions u.,ug to be trivially extended to the whole
RN, We refer to [9, §5.2] for uniform convergence of eigenfunctions.
For all ¢ > 0, let us denote as H; the completion of C°(D~ \ B, ) with respect to the norm

(fD—\B; |Vo|?dz) 1/2, i.e. H, is the space of functions with finite energy in D~ \ B, vanishing
on 0D~. We recall that functions in H; satisfy the following Sobolev type inequality

2/2"
(11) CS</ |v(z)|2*dw> < / |Vo(x)|?dz, for all t >0 and v € H; ,
D=\B; D=\B;

for some Csg = Cg(N) > 0 depending only on the dimension N (and independent on t), see [17,
Lemma 3.2].
We also define, for all ¢t > 0,
(12) I =D NoB;.
Let
_ 0
=T
being SN~1 = {(6y,65,...,05) € RN : -V 62 = 1} the unit (N — 1)-dimensional sphere and

i=1"1

(13) T =1/%[on 107do(0).

Here and in the sequel, the notation do is used to denote the volume element on (N —1)-dimensional
surfaces. We notice that, letting

SNTL= {0 = (61,04,...,0n) €SV 0, <0},
SNt = {0 = (01,00,....08) € SV 1 01 > 0},

TSV SR, U(0y,6,...,0n)

01

U™ = —L is the first positive L2(SY"H-normalized eigenfunction of —Agv-1 on SY¥ ™1 under
null Dirichlet boundary conditions satisfying
(14) —Agn-1 0" = (N -1)¥~ on SV,

and U = % is the first positive L2(Sffl)-normalized eigenfunction of —Ag~n-1 on Sffl under
null Dirichlet boundary conditions satisfying

(15) ~Agn 10T = (N -1)T" on S
The main results of [17] are summarized in the following theorem.

Theorem 1.1. ([17]) Let us assume (2)(7) hold and let u. as in (9). Then there exists k € (0,1)
such that, for every sequence e, — 0, there exist a subsequence {e,,,};, U € C*(D7)U(U,~0 Hs ).
U #0, and 8 < 0 such that

Ue,, .
(1) L B § as j — +oo  strongly in ‘H, for everyt >0 and in
\/ fFf ugn.da
L C*(By, \ By,) for all 0 <ty < ty;
(i) MU (Ax) — 3 % as A\ — 0% strongly in H; for everyt >0 and in
x

C*(By, \ By,) for all 0 < t; < t5.
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The aim of the present paper is twofold. On one hand, we will remove the dependence on the
subsequence in the previous statement. On the other hand, the aforementioned theorem provides

an implicit normalization (i.e. fF,{ ugnj do) for the sequence of solutions to detect the limit profile;

we will determine the exact behavior of this normalization, thus providing an asymptotics of
eigenfunctions, which will turn out to be independent of k€ (0,1). To this aim, we proceed
step by step, analyzing the asymptotics at succeeding points, starting at the right junction where
an initial normalization is given by (10) and (7). In view of [1, Section 4], the final behavior

of fl“,{ ugnj do will depend on the particular domain’s shape, which will be recognizable by some

coeflicients appearing in the leading term of the asymptotic expansion. More precisely, information
about the geometry may be discerned in the dependence of the coefficients on the limit profiles
produced by a blow-up at those points where a drastic change of geometry occurs.

We believe that from the asymptotics of eigenfunctions proved in the present paper an exact
estimation of the rate of convergence of eigenvalues on the perturbed domain to eigenvalues on
the limit domain could follow; this is the object of a current investigation.

Before stating our main result, let us introduce the functions describing the domain’s geometry
after blowing-up at each junction. Let us denote

D=DYuTy, Ty ={(z1,2'):2' €%, z; <1}.
In [17, Lemma 2.4], it is proved that there exists a unique function ® satisfying
Jr-oss (|V<I>(x)|2 + |<1>(x)|2*) dx < +oo for all R > 2,
(16) —A® = 0 in a distributional sense in D, & = 0 on 9D,
Jp+ V(@ = (21 — 1))(2)|* do < +o0.
Furthermore ® > 0 in D and, by [17, Lemma 2.9], there holds

(17) O(z)=(z1 - D" +0(Jz —er|' V) in D as |z — e;| = 4.
Let us define

(18) ﬁ:D_UTf7 T = {(z1,2) : 2/ €%, x1 > 0},

(19) Ty ={(z1,2') : 71 €R, 2’ € T}

We denote as A\1(X) the first eigenvalue of the Laplace operator on 3 under null Dirichlet boundary
conditions and as ¥7*(2’) the corresponding positive L?(X)-normalized eigenfunction, so that

{Agc/ﬁ(x') = M(E)WT(), ¥,

20
(20) Py =0, on 0%,

being Ay = YN P = (x2,...,zN). We define

J=2 a2’
hiTi =R, henal) = eV EmYE(Q),
and observe that h € C?(Ty) N C°(Ty) satisfies

—Ah = 0, in Tla
h = O7 on 8T1

In [17, Lemma 2.7] it is proved that there exists a unique function ®: D — R such that
. (|v<f>(x)|2 + |<T>(x)|2*) dz < +o0,

(21) —A® = 0 in a distributional sense in ﬁ, ®=0on Gﬁ,
[, V(@ = h)(2)]? dw < +oc.

Furthermore

(22) ®>0inD, ®>hinTy, ®—heD"3D),
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and, by [17, Lemma 2.9],
(23) d(z) = O(|z|"N) as |z| = +o0, z € D™,

A further limiting profile which plays a role in the asymptotic behavior of eigenfunctions u. at the
singular junction is provided in the following lemma.

Lemma 1.2. If (2)(7) hold, there exists a unique function U : D~ — R such that
U € UpsoC*(D~\Bg), U €UgsoHp:

—AU = )\, (DT)pU, in D™,
(24) U=0, on 9D~ \ {0},
AVZIT(A) — U (0), in CO(SN ).
A—0t

Our main result is the following theorem describing the behavior as € — 07 of u, at the junction
0=1(0,...,0).

Theorem 1.3. Let us assume (2)—(7) hold and let u. as in (9). Then
NESNE)

o5) o (/SN 6(9)@19)@) (/E¢(1,x/)¢§(x/)dx’> (%?(eﬂ)U

as e — 0T strongly in H; for every t > 0 and in C*(By, \ By,) for all 0 < t; < ty, where ® and
® are defined in (16) and (21) respectively, and U is as in Lemma 1.2.

The paper is organized as follows. In section 2 we improve Theorem 1.1 ruling out dependance
on subsequences and prove Lemma 1.2 completely classifying the limit profile at the left junction.
In section 3 we describe the asymptotic behavior of the normalization of Theorem 1.1 and prove
Theorem 1.3; to this aim we first evaluate the asymptotic behavior of the denominator of the
Almgren quotient at a fixed point in the corridor, then at e-distance from the left junction in the
corridor, and finally at a fixed distance from the left junction in D~.

2. INDEPENDENCE OF THE SUBSEQUENCE

A deep insight into [17] highlights how the dependence on the subsequences in Theorem 1.1
is a priori given by two different facts: on one hand, the convergence to the limit profile in the
blow-up analysis at the right junction up to subsequences and, on the other hand, the possible
multiplicity of the limit profiles at the left junction (named U throughout [17]). In this section we
rule out both such occurrences.

2.1. Independence in the blow-up limit on the right. The first improvement concerns
Lemma 4.1 in [17]. We recall some notation for the sake of clarity.
Let us define

~ = - 1
(26) U QO =R, u(r) = gue (e1 +e(x— el)),
where
~ 0 —
(27) O :=e + i :{.IERNZel -‘rE(IIJ—el)EQE}.

For all R > 1, let ’HE be the completion of C’COO(((—oo7 1) x RN_l) U FE) with respect to the
norm (f((foo,l]xRNfl)iuB; \Vv|2dx)1/2, ie. HE is the space of functions with finite energy in
((—o00,1] x R¥=1) U B}, vanishing on {(1,2') € R x RN=1: |2/| > R}.

Lemma 2.1. ([17, Lemma 4.1 and Corollary 4.4]) For every sequence €, — 01 there exist a
subsequence {en, }x and a constant C' > 0 such that u., — C® strongly in H}E for every R > 2

and in C*(B, \ B,) for all 1 < ry < ro, where ® is the unique solution to problem (16).

We are now able to prove that the limit C® does not depend on the subsequence.
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Lemma 2.2. Let &, ¥ = %, and Y be as in (16), (15), and (13) respectively. Then, for
every r > 1, the following identity holds true

,rN
S (i /Sfl Dles + 10) U+ (6) da(&)—/SN

-1
+

B(ey + 0)T(0) do(0)>

= TN — /SN—I <I>(e1 + 9)\I/+(9) do(&)

+
Proof. For all > 1, let us define
v(r) = /SN—l O(e; + )T (0)do(0).
+
From (16) and Lemma A.1, v satisfies
N
(28) (rN“ (g) > —0, in(1,+00),
hence, by integration, there exists C' € R such that
(29) @ =u(l)+ %(1 — =N, forall r € (1, +00).

From (17) we deduce that @ = fov-1 019 (0)do(0) = 5= [ov-10do(f) = T as r — +oo.
+ NPy

Hence, passing to the limit as 7 — 400 in (29), we obtain that Yy = v(1)+ <, ie. & =Ty —v(l).
Then (29) becomes

v(r) =o()r N+ Ty —r7), forallre(1,400),
r
which directly gives the conclusion. O

Proposition 2.3. Let {e,}n, {en, }i, and C be as in Lemma 2.1. Then

~ 5u0
C = aixl(el).

Proof. For all r € (g, 3) let us define

p-(r) = /SM u.(ey +r0) Tt (0) do(6).

+
From (9), (3), and Lemma A.1 it follows that ¢. satisfies

(TN+1(‘PST(’"))')I =0, in(s3),

hence there exists a constant ¢. (depending on & but independent of r) such that

(%(T))’ _ % i (e3),

r PN+

Integration of the previous equation in (Re, 1) for a fixed R € (1,1/¢) yields

e (Re) ¢ -N
(30) ) )+ - ™).
On the other hand, integration over (e, &) provides
e (&¢) - ee(e) _ ¢ _ N 3
(31) = 5 7N€N(1 £ ), for all £ € 1,6 .
From (26) it follows that
ve(&e) 1

G T g fy T OV O o0
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and (31) becomes
1

¢ S

Then, from Lemma 2.1,

Ceny 6£N 1
NN koroo €N — 1 (5 /551 (e +£0)¥T(0) do — /Sfl ®(ey + O)UT(0) da>

=C (TN */ ey +0)TT(0) dO’) ,
st

where the last identity is a consequence of Lemma 2.2. Therefore, passing to the limit along the
subsequence €, in (30) and exploiting Lemma 2.1 and (10), we obtain that

Ue(er + £0)T*(0) do(6) — /N U (e1 + )T (0) do(6) = NCEN (1—¢&N).

-1
S+

C

=1, @(e1+39)m+(9)da=/ wo(er + 0)U+ (6) do
S

SN—I
— 70 T - (b e + 9 \I’ 6 ao
RN N ngl ( ! ) ( )

for every R > 1. In view of Lemma 2.2, the previous identity becomes

(32) Oy = / woler + 6) U (6) do.
st

For all r € (0,3), let us define

w(r) = / wo(er + r0) U+ (6) do (6).
st
From (6) and Lemma A.1, w satisfies

<TN+1 (1:)')/ —0, in(0,3),

hence, by integration, there exist ¢,d € R such that
w(r) =cr+drt™, forall r € (0,3).
The fact that ug € D?(D*) implies that d = 0. Hence

1
c= w(r) = 7/ ug(ey +r0)U*(0)do(9), for all r € (0,3).
r T Js-t
Moreover ( ) 5 5
L uoler +r0) _ g 0w\, Ou N
Tl;r(r)ﬂ r = VU()(el) 0= 83}1 (91)91 = 8.]31 (el)TN\I/ (9),
thus implying that ¢ = g—gf(el)TN and hence
1 + 8u0
- ug(er +r0)¥7(0)do(0) = —(e1)Yn, forall r € (0,3).
TNt 0x1
Replacing this last relation into (32) we conclude that C' = gq—:l’(el). O

Combining Lemma 2.1 and Proposition 2.3, we obtain the convergence of u. to its limit profile as
e—0T.
Lemma 2.4. Let u. be defined in (26). Then

~ 611,0

Ue — a—xl(elyb, ase— 0T,

strongly in H}, for every R > 2 and in C*(Bf, \ By,) for all 1 < ry < 12, where ® is the unique
solution to problem (16).
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2.2. Independence in the limit profile at the left. The second improvement about indepen-
dence on subsequences concerns Proposition 6.1 in [17] and the convergence of the normalized
eigenfunctions

ue ()
/ frfz u2do

to a universal profile (not depending on subsequences), with k as in Theorem 1.1 and Flg as in
(12). We notice that, for ¢ small, U, solves

(33) Us(z) =

(34)

—AU:. = A\.pU,, in QF,
U. =0, on 0N)°,

and
(35) / UZdo = 1.
I
k
The following proposition summarizes the results of [17, Propositions 6.1 and 6.5].

Proposition 2.5. ([17, Propositions 6.1 and 6.5]) For every sequence €, — 0T there ezist a
subsequence {en, }i, a function U € C?*(D7)U (U My ). and B < 0 such that
(1) Ue,,— U strongly in Hy for allt >0 and in C*(B;,\By,) for all 0 <ty < ta;
(ii) fp- U?do = 1;
k

(iii) U solves

(36)

—AU(z) = Ao (DF)p(2)U(2), in D7,
U =0, on 0D~ \ {0};

(iv) AN=1lU(\z) — 8 v as A — 0" strongly in H; for everyt >0 and in C*(By, \ By,) for all
0 <ty <to.

To prove that the limit profile U in Proposition 2.5 does not depend on the subsequence, we
are going to show that it is necessarily a multiple of the universal profile U provided by Lemma
1.2; normalization (35) will univocally determine the multiplicative constant.

A key tool in the proof of Lemma 1.2 is the following uniform coercivity type estimate for the
quadratic form associated to equation (36), whose validity is strongly related to the nondegeneracy
condition (5). We denote

(37) Q,:=D"\BZ, forallr<0.
Lemma 2.6. Let u € C2(D7)U (U,ooMi ) be a solution to the problem

(38)

{—Au(w) = Ao (DD )p(a)ulz), in D,
u=0, on 0D~ \ {0},

where p € LN/2(D7)\ {0} and A\, (DT) & 0,(D7). For any f € LN/?(D7) and M > 0 there
exists Rar,y > 0 such that, for every r € (0, Rary),

(39) / |Vu(z)|® de > M/ |f ()| () da.
. Q.
PROOF. The proof is similar to the proof of Lemma 3.6 in [17] and hence is omitted. g

We are now in position to prove Lemma 1.2.
Proof of Lemma 1.2. The existence of a solution to (24) follows from Proposition 2.5. To
prove uniqueness, we argue by contradiction and assume that there exist Uy, U; solutions to (24)
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such that Uy # Us. The difference V' = Uy — Us satisfies
VeUpaoC*(D-\Bg), VeUpsoHMr

—AV = X\, (DF)pV, in D~
(40) V=0, on 0D~ \ {0},
AN=IYV(AG) — 0, in CO(SM1).

Let us fix § > 0. From Lemma 2.6, there exists Rs > 0 such that

IN \F (g
(41) 12+ Vol ) < () s
1
(42) / (|VV\2—AkO(D+)pV2>d:z:>7/ IVV 2dz,
Q, 2 Ja,

(43) / <|VV\2 S (D+)pV2>da: > M/ 2p + a - Vp|V2dz,
Q, Q.

for all » € (—Rs,0), with Cs as in (11). More precisely, (42) is obtained first choosing M = 2 and

I
=g (D(*)p) in Lemma 2.6; then by taking M = % and f = |2p+ x - Vp| in Lemma 2.6
and using (42), we obtain

L/ 12p + 2 - Vp|V2dz < / IVVIde<2/ (IVV\2 Ako D+)pV2)d
Q. Q

thus proving (43).
For all ¢ > 0, let us define

(14) v =z [ (IVV@P = M (DOp(o)V2(a) ) d,

(45) Hy(t) = tNl_l / V() do = /S . V2(t0) do(6).

Direct calculations (see [17, Lemma 3.15] for details) yield

2 v |? Ay (DT
D%/(t):_tN,Q /117 E

do — Tl) / (2p(x) + 2 - Vp(2))V2(z)da.
Q_y
From (40), we have that

/Q/ (|VV(-T)|2 — ko (D+)p(m)v2(aj))d$ _ _/ - 887‘; "

v=v(zx)= ﬁ which, by Schwarz’s inequality, Lemmas 2.6, and the Poincaré type inequality
1 ,, _N-1 ) _
(46) N2 [Vou(x)|“de > N1 vodo, forallt >0 and v € H;
Q, r;

t

proved in [17, Lemma 3.4], for every ¢ € (0, Rs), up to shrinking Rs > 0, yields
i fﬂit(\VVFf)\ko(D*)sz)dx
) /1“,5 fr; VZdo

_ %o _
> 2>t(N D) /Q (IVV = A (DF)pV? ) da,

vl
ov

/ (|VV|2—AkO(D+)pV2)da:
Q¢

with g = 4%% 5) (0,1). From Lemma 2.6 and (47), up to shrinking Ry, there holds

— v > LR [ (19V @) =, (00l V() o

20— 502(1\[ “Upo
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for all t € (0, Rs). Integrating the above inequality, we obtain that

N+1
(48) Dy (t1) > <z2> Dy (tg) for every t1,t2 € (0, Rs,) such that t; < to.
1
Let us define Ny : (—o0,0) — R as
v ") Jo, (I9V@)P = Ay (DH)p(@)V2 () ) da
v(r) = fr: V2(x)do '

Direct calculations (see [17, Lemmas 3.15 and 6.2] for details in a similar case) yield

%Ny(r) =uvi(r)+wae(r), re (—o0,0),

where

(fe-, 155 o) (fr-, V() do) - (fr;v%d")z

vi(r) = —2r >0

(Je, V() do)2

by Schwarz’s inequality and
fﬂr(2p(9:) +z-Vp(x))V3(x)dx

VZ(T) = Ako (D+) f V2(Z')d0'
r-,

Hence, for all r € (—R;,0),
Ny(r) o
Ny > ~H)
where Z(r) = Aty (D) (I(=r) + I (—r)) with

-r

fgft\g_tm 12p + x-Vp|V2dx e fQ_tz/S 12p + 2-Vp|V2dx
fQ_t(|vv|2 —Ako (D+)pV2> dx fQ_t<|VV|2 — Ao (D+)pV2) dx

By Hélder inequality, (42), (11), and (41), I(t) can be estimated as

o (o vra)”

Jo, (IVVI2 = Ay (D)pV2) do

I(t) < |12+ - V| ’Q A\ Qs

L3N

2 WN -1 1)
< = 2 t< e t
Cs( oN ) 12p 4z - VplngN( 'S D (D7)

for all ¢ € (0, Rg)/?’). On the other hand, from (43) and (48)
Jo_ ., 2ot VpV2e fo (VI = Ak (DF)pV?)da

(t) =
fQ_13/5(|VV|2_)\kO(D+)pV2)d:c Jo_, (IV V2= (DH)pV2(z))dz
< Lt—%(N—z)DV(tw) < -
AA, (D) Dy (t) 4D, (DY)
for all ¢ € (0, R§/3). Combining the previous estimates we obtain that Z(r) < ¢ and hence
/
Ny (r) > 6
Ny (r)

for all r € (— R5/3, 0).
Since Ny () = 0 for r close enough to 0 by (42), we obtain N{,(r) + 6Ny (r) > 0, therefore
the function e‘s’“./\/v (r) is monotone nondecreasing in a left neighborhood of the origin, so that
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in particular Ay (r) admits a limit as » — 0. We observe that Lemma 2.6 and (46) ensure that
lim,_,o- Ny (r) = N — 1. We claim that

(49) lim Ny (r) =N —1.

r—0—
To prove claim (49), we assume by contradiction that there exist 6 > 0 and 7 < 0 such that
Ny (r) =2 N —1+§ for all r € (7,0). If we integrate the inequality
Hy (1)
Hy (1)

= ZNy(1) S —2(N = 149)

over (t,—T), we obtain
(50) 2 N=IEO) H (1) > const > 0.

On the other hand, from (45) and (40) it follows that Hy (t) = o(t?@~N)) as t — 0%, thus
contradicting (50) and proving claim (49).

From (49), arguing as in [17, Lemma 6.2, Lemma 6.4, Proposition 6.5] one can prove that, if
V # 0, then V would satisfy

MLV (A0) = cT(0) as A — 0T in CO(SV )
for some ¢ # 0, thus contradicting (40). Then V = 0. O

Remark 2.7. The previous proof does not require assumption (3). More generally, the same
argument applies replacing p with any LY/2(D~)-function and Ay, (D) with any Ao € o,(D7).

Combining Proposition 2.5 with Lemma 1.2, we can prove that, due to the universality of the
limit profile, the convergence of U, does not depend on subsequences.

Proposition 2.8. Let U. be defined in (33) and U as in Lemma 1.2. Then

U

fF? UQdO'
\//Tx

strongly in H; for every t > 0 and in C?(By, \ By,) for all 0 <t < t5.

U. — ase — 0T,

Proof. Let e, — 0T. From Proposition 2.5, there exist a subsequence {e,, }r, 8 < 0, and a function

U € C*D7)U (UpsoHy ) such that Ue,, — U strongly in H;” for all ¢ > 0 and in C?(B;,\By,)

for all 0 < t; < to, U solves (36), and AN"1U(M0) — —B ¥~ in C°(SY1). From Lemma 1.2 it

follows that _Lﬁ = U, whereas part (ii) of Proposition 2.5 implies that 3 = f(fr._ U2d0)71/2.
k

Hence the limit U depends neither on the sequence {e,}, nor on the subsequence {e,, }x, thus
concluding the proof. O

3. ASYMPTOTIC BEHAVIOR OF THE NORMALIZATION

As already mentioned, in this section the technique is proceeding by steps. Starting from the
right, where we can exploit the strong convergence (10), we first evaluate the asymptotic behavior
of the denominator of the Almgren quotient at a fixed point in the corridor, then at e-distance
from the left junction in the corridor, and finally at a fixed distance from the left junction in D~.

Following [17], for every r € (0,1) and t > ¢ we define

(51) PNIE(T) = / u?(r,ex’)dx' = sl_N/ u?(r, 2" )de' = ' "N HE(r),
)

€

~ 1
(52) HZ(t) = e /F ~udo,

t
’

where T'; is defined in (12) and %, := {2’ € R¥~1: Z € 3}, We also define, for every r > 0,

e

Q. =D~ U{(z1,2') €T} 121 <1}
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and H, as the completion of
D,:={ve COC(SATT) : suppv € B}
with respect to the norm ( fa. |Vv|2dx)1/ ? ie. H, is the space of functions with finite energy in
Q, vanishing on {(z1,2') € 8 : 21 < r}.
Lemma 3.1. Let us fiz o € (0,1) and define

- ) ) 4!
(53) we: Ny e o R, we(ay,2)) = ue (e(z1 — 1) + wo, e2’)

(H5<$0))1/2

where

on,s = {(xl,if/) € R x RN-L. T <1— xgo}

1
U{(xl,x')ERXRlelxo§$1<1+ xo,x’62}
€ €

1_
U{(xl,x')eRxRNl: 1 > 1+ xo}.
€

Then
we (w1, 2') = eVME@=DYE0N i €2 (Th) and in H, for every r € R,
ase — 0%, where A\ () the first eigenvalue of —A,r on Y under null Dirichlet boundary conditions,

Wy is the corresponding positive L*(X)-normalized eigenfunction (see (20)), and Ty is defined
in (19).

ProoF. For every r € R, we define
Q20 = {(z1,2") € Qo = 11 < T}

Let us fix » > 1. Then, for ¢ sufficiently small, e(r — 1) + z¢ € (0,1). By direct computations we
have that

seoe (|Vwe(2)]? — e2Xople(z — ey) + zper)w?(x)) dx
(54) Jazoe (IVwe(2)| ep(e(z — e1) + zoer)w?(z)) — NL(e(r— 1) + )

Js w2(r,2") da’

where, for all ¢ € (0,1),

c f{(€v17w’)eﬂs:x1<t} <|Vu8(x)|2 — Agp(x)ug(x))dx
o HE(D) -

From [17, Lemma 3.21, Lemma 4.5, and Corollary 2.6 | it follows that for every § > 0 there exists
€53 > 0 (depending on §, r, and () such that

(55) Ne(e(r —1) + o) < (1 +0)y/ () forall e € (0,€5,.,)-
Furthermore, [17, Lemma 3.6] implies that, up to shrinking &5, ., > 0, for all € € (0, &5, 4,),

27N)\
(56) )\552/~ p(e(z —e) + zoer)|w(x)]? doe = S / p(x)u?(z)dx

£2-N , ,
<= |Vue(x)|“dx =0 |Vwe(z)|* de,
H.(x0) Ja Qross
where ¢

S(r—1)tz0 = {(z1,2") € Q° 1 21 < e(r — 1) + zo}. Collecting (54), (55), and (56), and
recalling (51), we obtain that

. [ 17w < L DR Pl 1)t

5
e(r—1)+zg
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for all € € (0,&5,4,). From [17, Lemma 3.20] it follows that
H.(t)
H(t)

Integrating the above identity and using again Lemma 3.21 of [17] and (55), it follows that, up to
shrinking €5 .5, > 0, for all € € (0, €5, 4,),

7/\/'( ), forallte (0,1).

(58) HE(E(’;— 1) + o) < 2D (140)V/A(),

H, (xO)
In view of (57) and (58), we have proved that for every r > 1 there exists €, 5, > 0 such that
(59) {wetee(oe, ) 18 bounded in H,.

Let €, — 0T. From (59) and a diagonal process, we deduce that there exist a subsequence

€n,, — 01 and some w € UT>1 ‘H.,. such that we, —w weakly in H,. for every r > 1. In particular

W, — w a.e., so that w =0 in RN \ T. Passing to the weak limit in
(60) —Aw, = 2 \.p(e(x — e1) + zpe1)we, in (NZ@,E,
we = 0, on 00, ,

along the subsequence ¢, we obtain that w satisfies

{—Aw —0, inT,

61
( ) w = 0, on 8T1

By classical elliptic estimates, we also have that We,, — W in ClzoC (Ty). Therefore, multiplying
(61) by w and integrating in T4 , where Ty, := {(z1,2') € Ty : 1 < r}, we obtain

Oue,, (r,2")we, (r,x")da’ —>/ STw(T’ 2N w(r, x") da’
s 021

(62)

x Or

= / |Vw(z)|?dz as k — +o0.
AT

On the other hand, multiplication of (60) by we,, and integration by parts over Q0 yield
2 awg"k ! ’ /
6) [, Ve @P = [ S, 07 do

e [, el =)+ e, @ da.

r

From (56) it follows that
(64) €2, /ﬂo,ank p(e(z — e1) + zoer)|we,,, (x)*dz — 0 as k — +oo,

which, in view of (62) and (63), implies that [jwe, %, — [[w[[#, and then w., converges to w
strongly in H, for every r > 1. Then, from (54), (64), and (55) we deduce that, for all » > 1 and
d>0,
fT |Vw(z)|? do
fz w2(r, ') da’
which implies that, for all » > 1,

< (1 +9)va(®),

fT |Vw(z)|? do

waQ(rx)dx S VA

Hence, from [17, Lemma 2.5] it follows that w(z,2’) = C eV )@ =1y2 (/) for some constant
C # 0. Thanks to the definition of w., we have that

/wﬁ(l,x’)dm' =1,
2
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and then C? = 1.
It remains to prove that C' > 0 so that C' = 1. We assume by contradiction that C' < 0. By
the convergence we,, (1,2") — w(1,2’) in C%(), it follows that, if k is sufficiently large, then

U, (x0,2") <0 for every 2’ € RNV~! such that Zey.
From [17, Corollary 1.3], for every r small, there exists ¢, > 0 such that u. > 0 on I, for all
e € (0,&,). Hence there exists a sub-subsequence {€nkj }j such that u., >0 on Iy ;. Therefore,
J
for j large, the functions
Uen, ;1N D~ \Blf/j7

e - v;
v = ankjy in By, U {(z1,2") € Cc: 1 <o}, ;= J Ry
0, in {(z1,2") € Q" xy > @), (fgf"kj pvide)

are well-defined and belong to D12(R¥) (if trivially extended to the whole R™).
Let A; =D~ \Bl_/j. Then v; satisfies

7A”l\)/j = /\Enk pﬁj, in Aj,

i
5]' =0, on 8A] N 6D_,
Jan 2V dz = 1.

Testing equation (9) for ¢ = €n,, With v; we obtain

/ o ‘V’U]|2d$ = )\Enk_ / o
{(z1,2")€Q "% 21 <ao} T J{(zr,2)€Q M ey <o)

/ pfsz-dx = / . p@?dm =1,
RN {(z1,2")eQ kj rx1<To }

/ |wj|2dx:/ o Vo, de = A,
RN {(z1,2")e "Fi w1 <m0} 7

Hence {v;}; is bounded in D'?(RY) and, along a subsequence, D"?(R™)-weakly converges to
some v € DY2(RY) such that fR" pv?dx =1, suppv C D, and
{—M = Ao (DV)p7, in D™,
v =0, on 0D,

pvf-dm,

hence

thus implying that A\, (D") € 0,(D7), in contradiction with assumption (5).
We have then proved that the limit w depends neither on the sequence {e,}, nor on the

subsequence {e,, }i, thus concluding the proof. O
Let us define
(65) 60501 SR 6u(t) = [ uelt 0P’

b

As a consequence of Lemma 3.1, the following result holds.

Corollary 3.2. For every zg € (0,1)
¢e(20)

lim ——— =1
e—0t -

HE(LC())

)

where . is defined in (65) and H. in (51).
PROOF. From Lemma 3.1 it follows that w.(1,2') — ¥ (2) in C?(X) as e — 07, i.e.
ue(zo,2")

ﬁa(ﬂ?o)

= ”LUE(].,QC/) — 7/)12(1'/)7 in 02(2)7

which easily implies the conclusion. O
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Proposition 3.3. For every xy € (0,1)
VA ~ 0
lim e tem*F @0/ H (20) = 29 (ey) / &(1, 2 )9S (2')dx',
e—0t axl »

being ug as in (6) and ® the unique solution to problem (16).

ProOOF. By virtue of Corollary 3.2, it is sufficient to prove that
VAI(E) 0
(66) lim & 1em R0 (20) = T0en) [ @(1,)0P (s
e—0t 3x1 »
Recalling that, from (9) and (3), u. is harmonic in the corridor, ¢. satisfies

(6)" (1) = L)

2

¢(t), forallte (0,1),

which can be rewritten as

’ !
<ezM<t1> (e@@lws(w)) =0 in (0,1).

Hence
/
VA
(67) (e‘gz(t_l)(be(t)) — CLe 2VNOI-D foralt e (0,1)
NZSTE) VA
(68) ¢e(t) = Ace - + B.e™ L =D forallte (0,1),

being C., A, and B. some real constants depending on ¢ (and independent of ¢). The proof of the
proposition is divided in several steps.

Step 1: we claim that
B
(69) C. = =2/ (%) -
Indeed, fixing h > 1 and integrating (67) over (1 — he,1 — €), we obtain that

1—¢ !
_Cee_ (/R _ V) / <e@<fl>¢e<t>> dt
2 Al(z) 1—he

1— ’
:/ 6<Aa+Bge‘2 Alm(t_l)) a
1—he

— B. (ezw/,\l(z) _ g2k )\1(2)> '
Step 2: we claim that, for every R,h > 0,
eV )‘1(2)3/ ®(1 — R,z )T (z') da’ — eV /\1(2)}’/ (1 — h, ')} (2") dz’ = 0.
b b

Let us define
b:(—c0 1] 2R, o(t) = /E B(t,2 ) (a!)de.

Since ® is harmonic on its domain, ¢ solves
/
(e \% Al(z)(tl)qﬁ(t)) = Ce 2VMEE-D) - forall t € (—o0,1],

being C' a real constant (independent of ). Integrating the above equation over (1 — p,1), we
obtain

P(1) — ePVME (1 — p) = QL (erV M(E®) _ 1) for all p > 0

A1(X)
and then
(70) C= 23\/%2()2)1 ((b(l) — PV g1 — p)) for all p > 0.
e B —
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xzq—1
z ) as 1 — —oo. Hence

o(1=p) = [ 801 - pa)F ) da’ = O VA

From [17, Lemma 2.9 (ii)], ®(zy,2') = O(eV ()

as p — +oo. Therefore, letting p — +oo in (70) implies that C' = 0. This yields that
(71) Vg1 p) = ¢(1)

for any p > 0, thus proving the claim.

Step 3: we claim that C. — 0 as ¢ — 0. Indeed, fixing h > R > 0 and integrating (67) over
(1 — he,1 — Re), we obtain that

AV (L Re) e ee(l-he) G (ezh M) _ 2R /\1(2))’

€ € 2/ M\ (%)
from which, thank to Lemma 2.4 and Step 2, it follows that
C. = 2y/ (%) (eR\/Al(E) ¢:(1 — Re) — hVM(®) ¢=(1 — hf))
e2h /A (D) _ p2R/ A () € €

2/ A1 (3) Jue
0 1) 5y (e1) <6Rx/>\1(2)/‘I’(I—R,f)w?(x/)dx’
P

e2h\/)\1(2) . €2R\/)\1(2)
— eV ®) / O(1 — h, 2" )T () dx') =0
b))

thanks to the previous step.
Step 4: we claim that

(72) é — Ouo

2o TNy (! / +
5 8x1(e1)/2<1>(1,x)¢1 (") ds' ase—0".

For all R > 0, the convergence

¢(1— Re) = %(el)/ ®(1 — R, 2)YF(z')dx’, ase— 0T,
€ Oy s

which is a consequence of Lemma 2.4, implies, in view of (68), that

A B
?ee—R\/mz) + ?EeR M) %(el)/ ®(1— R, 2" )T (z)da' as e — 07,
1 >

Claim (72) follows from the above convergence, Steps 1 and 3, which imply that
BE CE

e 2N

= o(1)

as e — 07, and (71).

Step 5: we claim that, for every zo € (0,1),

)

(73) 355—16—2@(%—1) 0 ase— Ot
Let us fix T # 1. Then, taking into account (68), Lemma 3.1 and Corollary 3.2 imply that
(74) NMEE-1) iy be(e(T — 1) + z0)

e—0t (be(l'o)

%62@@?0—1)6\/@(5,1) Y vre
= lim == |
e—0* A 62@(%3—1) i1

e

By contradiction, let us assume that (73) is not true and hence that there exist a > 0 and a
sequence {e,}, — 07 such that

oMM
B.e;te e @l 450, foralln,
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which, in view of (72), implies that

A (2
A, 22 (2-1)

B.. =0(1) asn— +oo.

Then there exist £ € R and a subsequence {e,, }1 such that

A VA1(®)
Eny, EQT(Q:O—U

B — L.

Eny,

If ¢ # —1, then from (74) it follows that

neo@E-1) _ Le MEE-1) 4 /D) E-1)
e =
t+1 ;

thus contradicting the fact that Z # 1. On the other hand, if £ = —1 the limit at the second line
of (74) is 00, giving again rise to a contradiction.

We are now in position to conclude the proof. From (68), (72), and (73) it follows that

VA®
im e lem 0T g (2)
= lim+ 5_16_@(%—1) (AEeW(mo—l) _l’_BEe_@(-’Eo—l))
e—0
. A8 B8 _2\/W PO Buo
=1 R T ——(zo—1) | _ YY0 /q)l/z/d/
541{61-%—{ £ + € axl(el) . ( 7$)¢1($) X ,
thus completing the proof. O

In order to come to a further step in our analysis, we find useful to recall some basic facts in
[17] concerning the blow-up limit at the left junction. We define
~ A . €
(75) U : Q2 =R, u(x) = ue (¢2) ,
Js u2(e, ex’) da’

where
Q=D U{(z,2) €T :0< 2y < 1/e} U{(xy,2') s 2y > 1/e}.
We observe that 4. solves

—Ali.(z) = 2\.p(ex)tc(z), in QF,
ue =0, on 9QF.

We let D as in (18), and consider, for all r > 0, H, as defined at page 12. The change of variable
y' = ez’ yields

(76) / a2(1,2') da’ = 1.
2

In [17, Lemma 5.2 and Corollary 5.5], the following result is proved.

Proposition 3.4. ([17]) For every sequence €, — 0V, there exist a subsequence {e,, }r and
C € R\ {0} such that U, — C® strongly in H, for every r > 1, in C2(By, \ Br,) for all

1 <7y <79, and in C?({(w1,2') : t; < 71 < tg, @’ €X}) for all 0 < t; < to, where ® is the unique
solution to (21).

The following lemma ensures that the constant C in Proposition 3.4 is positive.

Lemma 3.5. Let {,}n, {en, }x and C as in Proposition 8.4. Then C > 0.
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PROOF. Let us assume by contradiction that C' < 0. Since Ue, — C® strongly in C2 (T5), we
have that, if k is sufficiently large, then e, < 0on F;Enk.
From [17, Corollary 1.3], there exists a sub-subsequence {ankj }; such that

1 _ _
2en, < 7 te, >0only, and Uen,, < 0 on Fank, .
J

"’kj

Therefore, for j large, the functions

Uen,, > in D™ \Bl_/j,
+ . — — - /l)
vj =4 U, o By, \BQEnkj, v; = #
0, in BQ_Enk, U{(z1,2') € Ok x>0}, (I]RN pv; ac)
J

are well-defined and belong to D12(R¥) (if trivially extended to the whole R™).
Let A; =D~ \Bl_/j. Then v; satisfies

—A/’I\J'j = )\Enk_paj, in Aj,

J
”l\]ij = 07 on 814] N 8D_,
Jen V3 dx = 1.

Testing equation (9) for ¢ = €ny,, With v; we obtain

/ \ij|2dx =\, / pv?da;,
D-\B;. * Jp-\B;

25nkj 2snkj
hence
~2 ~2 5 _ ~ 2. ~ 2. _
/vajd:r = / - pujdz =1, /N |V©;|%de = / | Vytde = ’\Enkj'
R Di\Bzank_ R 7\3257%_
J J

Hence {9;}; is bounded in DY2(RY) and, along a subsequence, D?(RN)-weakly converges to
some v € D2(RY) such that [;, pv?dz =1, suppv C D, and

—AU = Mg, (DT)py, in D7,
=0, on 0D,
thus implying that A\, (D") € 0,(D ™) and contradicting assumption (5). O

We can conclude that the convergence in Proposition 3.4 is not up to subsequences, since the
limit can be univocally characterized by virtue of (76) and Lemma 3.5. Indeed, passing to the

limit in (76), we obtain that
~1
02 = (/ @)2(1,x')dx’> ,
b

and hence by Lemma 3.5 we conclude that
1

Vs @2(1,x’)dx’.

Therefore we can improve Proposition 3.4 as follows.

(77) C=

Proposition 3.6. Ase — 07,
o
o ®2(1,2")da’

U —

strongly in H, for every r > 1, in C?({(x1,2) 1 t; < 1 < to, &' €X}) for all 0 < ty < to, and in
C?(By, \ Bry) for all 1 < ry < rq, where ® is the unique solution to (21).
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N As a further step in our analysis, we evaluate the asymptotic behavior as ¢ — 07 of the function
H. defined in (51) at e-distance from the left junction in the corridor. To this aim, the following
lemma is required.

Lemma 3.7. Let ® be the unique solution to (21). Then
B(a,a') = VI + O VI
as x1 — +oo uniformly with respect to ' € X.
Proof. Let g : T} — R, g(ay, ') = ®(21,2') — emzlw%(m"). From (21) and (22) it follows
that fT;f(|Vg|2 +1g]?") < 400, g = 0in T;", g = 0 on {(z1,2') : x1 > 0,2’ € 9L}, and g weakly

solves —Ag = 0 in T;". Let f(x1,2') = e”VM(E %lwlz (2//2); we notice that f is harmonic and

strictly positive in T;", bounded from below away from 0 on {(x1,2') : 3 = 0, 2’ € ¥}, and

S+ (IVfI2+]f?") < +oc. Hence, from the Maximum Principle we deduce that g(z) < const f(z)
1

in T1Jr , thus implying the conclusion. O

We are now in position to provide the asymptotics of EIE at e-distance from the left junction in
the corridor.

Proposition 3.8. Let H.be as in (51). Then

(78) lime e Al(): 5 auo (/ q)<17$l)w%(x/)dx/> / &\)2(1’1',)(11;/
8(E1 b3} b

e—0

being ug as in (6), ® the unique solution to (16), and ® the unique solution to (21).

Proof. Let ¢. as in (65), C. as in (67), and A, B. as in (68). We proceed by steps.
Step 1: we claim that

(79) lim 5_16_%@)(5_1)@(8) - %6_2%@)(5_1) _ Ouwo
e—0t € Oxy

(e1) /2q>(1,x'>¢12<x')dx'.

To prove (79), let us fix z¢ € (0, 1) and integrate (67) over (e, zp). For ¢ sufficiently small, 2y > .
We obtain that

67167 «/A;(E) (950*1)(?8(3;0)_5*16* \//\1(2) (571)(258(5)

Ce (62“;(2) (e=1) _ 23 (101)) '
A1(X)

Hence (79) follows from (69), (73), and (66).

Step 2: we claim that, for every h > 0,

(80) e VA (h) = C = Cem WA 4 (0)e VM)
where C is as in (77) and
(1) $:[0,+00) >R, d(t) C’/ (t 2"y (')
Since @ is harmonic on its domain, QAS solves

(e‘mtéﬁ(t))/ = Ce_2\/mt7 for all ¢ € [0, +00),

being C' a real constant (independent of ¢). Integrating the above equation over (0, h), we obtain

e VN (R — §(0) = i(E) (1 _ e*%\/W) for all h > 0
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and then
_ 2 )\1<Z) —hy/X(2) 2 2

From Lemma 3.7 it follows that e~V 1 () g(h) = C+ o(1) as h — 400, then letting h — +o0 in
(82) we obtain that C' = 2,/; (%) (é - ¢3(0)) and then

eVIEIg(R) = (€ = 4(0)) (1 - e VM) 4 (0) for all h> 0

which yields claim (80).
Step 3: we claim that

VA
B.e =

lim ——
e—0t (Hs (6)) 1/2
To prove (83) we follow the scheme of Proposition 3.3. We fix k > 1 and integrate (67) over (g, ke),
thus obtaining

VA1 (2
e_¥(k8_l)

(83) = $(0) - C.

NeSTE)
peke) — e EVg(e)
__ Ce (e—W;@) (1) _ 2D <k€—1>)
2/ M\ (%)

i.e., in view of (69),

VA ()
VA Dk p=(ke) VL) $e(e) _ Bee - (e_zk,/,\l(z) _e—z./xl(z)))7

H(e) \ He(e) H.(e)
which, in view of (65), Proposition 3.6, (81), and (80), implies that

VA1(2)
B.e - (e_Qk‘Al(E) _ 6—2./,\1(2))) N e_‘/’\l(E)qu(k) _ e_‘/h(z)(ﬁ(l)
H.(e)

_ (e—ka _ e—z@)) (6(0) - C)

as € — 07, thus proving claim (83).
In order to conclude the proof, we observe that from (79) it follows

VA1 (2)
lim ﬁfs(da_le%@) e_V)‘l(E)id)s(E) —6_2\/>\1(2)7B56 -

o He(e) VH ()
~ e [ B
81)1 »
which is sufficient to conclude in view of (65), (75), Proposition 3.6, (81), (83) and (80). O

We are now in position to derive an asymptotics for the normalization (.- u? do)'/2.
N

Proposition 3.9. Let k as in Theorem 1.1. Then

NESTE)
(84) lim e TN / u?do

e—0t r

=\

k

U2da</sN_1$(9)q/(a)da(9)> (/Etb(l,x’)wlz(m’)dx’)gz;}(el).

A —
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Proof. We divide the proof in several steps.
Step 1: we claim that, for every h > k > 1,

(55) o= s

where

B[l 400) SR, B(r) = 6/%1 B(r0) U~ (0)do (9),

with ® being the unique solution to (21) and C as in (77). Since ® is harmonic on its domain, by

Lemma A.1 0 solves .
2 !
(rw(j) ) —0, in (1, +00),

hence, by integration, there exists C' € R (independent of h, k) such that
o(h)  ok) C

o) _vlk) O NN
W ’ +N(/€ h=%), forall 1<k <h.

oo N oh) R a1 < k< b
N _pN\p k
o(k)

From (23), it follows that — 0 as h — +o0. Hence C' = —N;7=% and claim (85) is proved.
Step 2: for all r € (g, 3) let us define

oo (r)= /SN_l ue(rf)¥=(0) do(9).

From (9), (3), and Lemma A.1 it follows that ¢_ satisfies

Hence

v(h)

_ ’ /
(86) <TN+1 (LET(T)) > =0, in(g3),
and hence there exists a constant d. (depending on e but independent of r) such that
oo (r)y _ _d ,

(87) ( Er ) = TNj_l, in (g,3).
We claim that, for every k > 1,

. d (k)
(88) lim : = —ioN

20" NeN-1, /H. (¢)
Integration of (87) in (ke, he) for h > k > 1 yields

~(h ~(k d 3
(89) %}(l 2 905](6 &) _ govr (RN A7) forall <k <h <,
and then
(90) d. 1 oo (he) 1 ¢ (ke)

NeN-1 I (o) T kN h N\#h /7 k o)

Since % = Jon—1 1 (r0) ¥~ (0) do(6) for all r > 1, from Proposition 3.6 it follows that

5(5

lim+ 4'0‘1(7‘5) =0(r), forallr>1,
e—0 ]JE(E)
hence passing to the limit as ¢ — 0 in (90) we obtain
, d. 1 o(h)  o(k)
lim :thN<h - )

=20 NeN-1\/H. (¢)
which yields claim (88) in view of (85).
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Step 3: we claim that

(91) lim de =

B N
€ 2 . ’
—0r \/fl"g ug dO’ \/fl—\; Ude'
From (86) it follows that there exist a., 8. € R (depending on & but independent of r) such that
oz (r) = acr + Br'™N, forall r € (¢,3).

From (87) it follows that

(92) Be=—

From Proposition 2.8 we have that

2| &

ue () U
2 - —92
\/fri uZ do \/frr U do
%

as e — 07, strongly in H; for every ¢ > 0 and in C?(By, \ By,) for all 0 < #; < t. Hence, for all
€ (0,3),

o ea(r) 7(r)

e—0t \/fI‘7 u2 do \/fr_ U do

o(r) == /SM T(r0) U (6) do (0).

(93)

where

Since U is harmonic in By, it is easy to prove that there exist a,b € R such that
B(r)=ar+br'=N, forall r € (0,3).
From (24) it follows that b = 1. Hence (93) can be rewritten as

. agr + Bert—N ar+rl—
s—>0+ /fl“’ u2 do ,fr— U do‘

We claim that % = O(1) as ¢ — 07; to prove this, we assume by contradiction that along a

sequence &, — 07 there holds lim,, ;o 3 = = 0. Then from (94) there would follow, for all

€ (0,3),

(94) for all € (0, 3).

lim e, 7+ Be, 1 1 _ a+rN

notoe Jf r* u2 do ”—“FOC /], r- u? do (r+ *35"7"1 N) frUQdo’
VTR

thus giving rise to a contradiction since different values of r yield different limits for the same
sequence.
From the fact that {%}5 is bounded, it follows that there exist a sequence £, — 07 and some

¢ € R such that lim,,_, g: = (. Hence (94) implies that

. Be,, . e, T+ BsnrlfN 1 1 ar+ri=N
im ——t =

= lim = =
e e e b G [, )

for all r € (0, 3), hence necessarily ¢ = a (otherwise different Values of 7 would yield different limits
for the same sequence). In particular the limit lim,, o 3= B - does not depend on the sequence

{en}n, thus implying that
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Hence (94) implies that, for all r € (0, 3),

. aar+ﬂs 1
HW — W )
ar+ri—N 1

= — 1-NY —
\/ fl"f U2d0 (ar o ) \/ frf UQdU
k k

which yields claim (91) in view of (92).
Combining (91), (88), and Proposition 3.8, we finally obtain

. VAa®E
lim e = ¢
e—0t

( / . @(e)wmda(e)) ( / @(1,x/)¢§(x/)dm/) o g,

thus completing the proof. O

Remark 3.10. We would like to stress that, in the flavor of [1], the asymptotic behavior of
solutions is affected by the domain’s geometry: the constants at the left hand side of (84) depend
on the solutions of the relative blow-up limits, in addition to the initial normalization ug. It is
interesting to notice that the geometry of the left-hand side already appears in the asymptotics of
Proposition 3.8, even if the solution has not crossed the left junction yet.

Proof of Teorema 1.3. It follows combining Propositions 2.8 and 3.9. U

APPENDIX A. APPENDIX

We state in this appendix a simple technical lemma which contains a trick used many times
throughout the paper.

Lemma A.1. Let u be a harmonic function in BJr \ B for some 0 < r < R such that u = 0
on 8(Bf \ B ) NODT. Let ¢, : (r,R) = R, ¢, (r fSN vu(er +r0) T (0)do(8), where Ut is

the first positive L* (Sf_l)—normalized Dirichlet ezgenfunctwn on the hemisphere Sf_l (i.e. UF
satisfies (15)). Then ¢, satisfies

(M’“ (“‘;“)/) —0, in(rR).

PROOF. The proof follows by direct calculations. O

REFERENCES

[1] L. Abatangelo, S. Terracini, Positive harmonic functions in union of chambers. Preprint 2012, ArXiv:
1210.1070.

(2] F. J. Jr. Almgren, Q valued functions minimizing Dirichlet’s integral and the regularity of area minimizing
rectifiable currents up to codimension two, Bull. Amer. Math. Soc. 8 (1983), no. 2, 327-328.

[3] C. Anné, Fonctions propres sur des variétés avec des anses fines, application & la multiplicité, Comm. Partial
Differential Equations 15 (1990), no. 11, 1617-1630.

[4] W. Arendt, D. Daners, Uniform convergence for elliptic problems on varying domains, Math. Nachr. 280
(2007), no. 1-2, 28-49.

[5] J. M. Arrieta, Domain Dependence of Elliptic Operators in Divergence Form, Resenhas 3 (1997), No. 1,
107-123.

(6] J. M. Arrieta, D. Krejcitik, Geometric versus spectral convergence for the Neumann Laplacian under exterior
perturbations of the domain, Integral methods in science and engineering. Vol. 1, 919, Birkhaduser Boston, Inc.,
Boston, MA, 2010.

[7] L. Babuska, R. Vyborny, Continuous dependence of eigenvalues on the domain, Czechoslovak Math. J. 15(90)
(1965), 169-178.



24

(8]

[9]
(10]
(11]
(12]
(13]
(14]
(15]

[16]
(17]

(18]

LAURA ABATANGELO, VERONICA FELLI, SUSANNA TERRACINI

R. Brown, P. D. Hislop, A. Martinez, Lower bounds on the interaction between cavities connected by a thin
tube, Duke Math. J. 73 (1994), no. 1, 163-176.

D. Bucur, Characterization of the shape stability for nonlinear elliptic problems, J. Differential Equations 226
(2006), no. 1, 99-117.

D. Bucur, J.P. Zolésio, Spectrum stability of an elliptic operator to domain perturbations, J. Convex Anal. 5
(1998), no. 1, 19-30.

C. Cacciapuoti, D. Finco, Graph-like models for thin Waveguides with Robin boundary conditions, Asymp.An.
70 (2010), no. 3-4, 199-230.

R. Courant, D. Hilbert, Methods of Mathematical Physics, Vol I, Wiley-Interscience, New York (1953). German
Edition (1937).

E.N. Dancer, D. Daners, Domain perturbation for elliptic equations subject to Robin boundary conditions, J.
Differential Equations 138 (1997), no. 1, 86-132.

E. N. Dancer, The Effect of Domain Shape on the Number of Positive Solutions of Certain Nonlinear Equa-
tions, J. Differential Equations 74 (1988), 120-156.

E. N. Dancer, The Effect of Domain Shape on the Number of Positive Solutions of Certain Nonlinear Equa-
tions, II J. Differential Equations 87 (1990), 316-339.

D. Daners, Dirichlet problems on varying domains, J. Differential Equations 188 (2003), no. 2, 591-624.

V. Felli, S. Terracini, Singularity of eigenfunctions at the junction of shrinking tubes. Part I, J. Differential
Equations 255 (2013), no. 4, 633-700.

N. Garofalo, F.-H. Lin, Monotonicity properties of variational integrals, Ap weights and unique continuation,
Indiana Univ. Math. J. 35 (1986), no. 2, 245-268.

[19] R. D. Grigorieff, Diskret kompakte Einbettungen in Sobolewschen Rumen, Math. Ann. 197 (1972) 7185.
[20] P. Kuchment, Quantum graphs. II. Some spectral properties of quantum and combinatorial graphs, J. Phys.

A 38 (2005), no. 22, 4887-4900.

[21] J. Rauch, M. Taylor, Potential and scattering theory on wildly perturbed domains, J. Funct. Anal. 18 (1975),

2759.

[22] F. Stummel, Diskrete Konvergenz linearer Operatoren. I, Math. Ann. 190 (1970/71), 4592.

L. ABATANGELO, V. FELLI

DIPARTIMENTO DI MATEMATICA E APPLICAZIONI,
UNIVERSITA DI MILANO Bicocca,

P1azza ATENEO Nuovo, 1, 20126 MILANO (ITALY) .

E-mail addresses: laura.abatangelo@unimib.it, veronica.felli@unimib.it.

S. TERRACINI

DIPARTIMENTO DI MATEMATICA “GIUSEPPE PEANO”,
UNIVERSITA DI TORINO,

Via CARLO ALBERTO, 10, 10123 TORINO (ITALY).

E-mail address: susanna.terracini@unito.it.



