ON SEMILINEAR ELLIPTIC EQUATIONS
WITH BORDERLINE HARDY POTENTIALS

VERONICA FELLI AND ALBERTO FERRERO

ABSTRACT. In this paper we study the asymptotic behavior of solutions to an elliptic equation
near the singularity of an inverse square potential with a coefficient related to the best constant
for the Hardy inequality. Due to the presence of a borderline Hardy potential, a proper variational
setting has to be introduced in order to provide a weak formulation of the equation. An Almgren-
type monotonicity formula is used to determine the exact asymptotic behavior of solutions.

1. INTRODUCTION

On a domain Q C RY, N > 3, containing the origin, let us consider the following problem

1 Ao (N=2Y in 0
) ~au- (B2 = kot S, i
where h is possibly singular at the origin but negligible with respect to the Hardy potential and f
is a nonlinearity subcritical with respect to the critical Sobolev exponent. Looking at equation (1),
one may observe that the best constant for the classical Hardy inequality appears in front of the
inverse square potential; this can be considered as a borderline situation for several points of view,
from the variational setting to the existence and qualitative behavior of solutions. Recent papers
were devoted to equations and differential inequalities involving elliptic operators with inverse
square potentials in the borderline situation, see [5, 11, 12, 13, 20, 28, 29].

In [13] the authors study necessary conditions for the existence of nonnegative distributional
solutions of the differential inequality
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where Br denotes the ball of radius R centered at the origin. The logarithmic term appearing
in the above inequality is related to an improved version of the Hardy inequality, see for example
[1, 3, 10, 22].

In [11], the author studies existence of positive distributional solutions of the nonlinear elliptic
equation

—Au— )\# +b(@)h(u) =0 in Q\ {0},
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satisfying some prescribed asymptotic behaviors at the origin, where Q2 C RV, N > 3 is a domain
containing the origin and A € (—oo, (N —2)?/4]. These prescribed asymptotic behaviors are related
to the following functions
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which are solutions to
U
—Au—-A—5=0 inRY\{0
e \ {0}
respectively in the cases A € (—oo, (N —2)?/4) and A = (N — 2)?/4. Similar results were obtained
in [4] for equations with elliptic operators in divergence form. The analysis performed in [11]
highlights how the asymptotics at the isolated singularity of positive solutions is sensitive to the
interplay of many factors, such as the space dimension, the mass of the singularity, the behavior
of the nonlinearity and of its coefficient. The present paper means to provide a classification of
the behavior at the singularity of all (not only positive) finite energy solutions and to relate such
behavior to the limit of an Almgren type frequency function.
In [12] the author studies a singular elliptic Dirichlet problem with a power type nonlinearity
and a forcing term:
c
—Au— ——u=u’+tf inQ,
|[?
(2) uw>0 in €,
u=20 on 02,

where Q ¢ RY, N > 3, is a domain containing the origin, p > 1, ¢ > 0, f a smooth, bounded,
nonnegative function, and ¢ € (0, (N—2)2/4]. In [12], the author provides a classification of different
kind of solutions of problem (2), both of distributional and variational type. In the present paper,
we are going to introduce an analogous terminology for solutions to (1), a classification of which
will be provided as a byproduct of our main result, see section 2 for details. In particular, in [12]
three types of solution are defined and discussed: weak solutions, which provide a good setting
for proving non-existence results, H}-solutions, for which uniqueness results can be established,
and strong solutions, which have the optimal regularity. The classification of solutions proposed
in [12] motivates the study of the relation between the different kinds of solutions performed in
the present paper: a deeper knowledge of the link between the different notions of solutions allows
drawing a more complete picture on existence, non-existence, and regularity.

We also mention that, in [5] the authors study existence and nonexistence of solutions of the
equation in (2) with ¢ = 0.

In the spirit of [12], in the present paper we concentrate our attention on local solutions to (1)
belonging to a suitable functional space related to the borderline case of the Hardy inequality. To
this purpose, in section 2 we introduce the Hilbert space H(w) defined as completion of C2°(w\{0})
with respect to a scalar product related to the Hardy potential appearing in (1) (see (4)). Here w
represents a bounded domain with dw € C?.

The purpose of this paper is to classify the possible asymptotic behaviors of solutions to (1) near
the singularity of the Hardy potential. Some results in this direction were obtained in [14, 15, 16, 17]
for different kinds of problems: in [15, 17] Schrédinger equations with electromagnetic potentials, in



BORDERLINE HARDY POTENTIALS 3

[16] Schrodinger equations with inverse square many-particle potentials; finally in [14] the authors
study the asymptotic behavior of solutions of a singular elliptic equation near a corner of the
boundary. For other results concerning elliptic equations with singular inverse square potentials
see also [18, 19, 23, 24, 27].

The results of the present paper are closely related to the ones obtained in [15, 17]. If we drop
the magnetic part of the electromagnetic potential, the equation studied in [15, 17] becomes

(3) —Au — Q(T;/”;)u = h(x)u+ f(z,u) in Q,

where a € L (SN1). In [15, 17] the quadratic form associated to the linear operator —A — %
is assumed to satisfy a coercivity type condition. More precisely, it is required that the first
eigenvalue p;(0, a) of the spherical operator —Agn-1 — a(f) satisfies p1(0,a) > — (%)2

Due to this coercivity, it was quite natural in that setting looking for H!-solutions to (3), i.e.
functions u € H'(f) satisfying (3) in a variational sense, whereas, in the borderline situation
considered in the present paper, it is reasonable to replace the classical H' Sobolev space with the
above mentioned #H space.

In the proof of our main result (Theorem 2.1 below) we perform an Almgren-type monotonic-
ity procedure (see [2, 21]) and provide a characterization of the leading term in the asymptotic
expansion by means of a Cauchy’s integral type representation formula.

As an application of the main result, we also prove an a priori estimate and a unique continuation
principle for solutions to (1); see [25] for questions related to unique continuation principles for
elliptic equations with singular potentials.

This paper is organized as follows. In Section 2 we introduce the assumptions of the main
result and explain in details what we mean by a H-solution of (1). In Section 3 we describe the
main properties of the space H, while in Section 4 we reformulate (1) in cylindrical variables,
introducing an auxiliary equation in a cylinder of R¥*!. In Section 5 we study the Almgren-type
function associated to the problem, which is combined in Section 6 with a blow-up argument to
characterize the leading term in the asymptotic expansion of solutions of (1) near the origin, thus
proving the main theorem.

2. ASSUMPTIONS AND MAIN RESULTS

We first introduce the assumptions on the potential h and the nonlinearity f. We assume that
h satisfies
(H) he L2 (Q\{0}), |h(x)] <Chlz|™2™ in Q\ {0} for some Cj >0 and € > 0.
It is not restrictive to assume that € € (0,2). Let f satisfy
( feC'(QUxR), FeCYQxR), s~ f(x,s) € CYR) forae x€l,

|f(z,8)s| + | fi(z,8)s?| 4+ |V F(z,s) x| < Cp(|s]* +|s|P) for a.e. € Q and all s € R,

where F(z,s) = fos flz,t)dt, 2 < p < 2* = %, C¢ > 0 is a constant independent of x €  and
s €R, and fl(z,s) = %(m,s).

In order to state the main result of this paper, a suitable variational formulation for solutions
of (1) has to be introduced (see also [12, 20, 29]). For any bounded domain w C RY containing
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the origin and satisfying dw € C, let us define H(w) as the completion of the space C°(w \ {0})
with respect to the scalar product

1) (0 0)ue) = /w Vu(z) - Vo(z) do — (N _2>2 /w u@v(@) o

2 |z[?

+ / w(z)v(z) dr + N2 2 / U(T;T}z(x) (x-v(x))dS, wu,veCX@\{0}).
w Ow
The form in (4) is actually a scalar product on C°(w \ {0}) as detailed in Section 3.

For any domain Q C RY satisfying 0 €  (with dQ not necessarily in C'), we define the space
Hioc(€2) as the space of functions u € Hi (2 \ {0}) such that ), € H(w) for any domain w € Q
with dw € C1.

We are ready to provide a rigorous definition for solutions to (1). Let h, f satisfy respectively
(H) and (F): by a solution of (1) we mean a function u € Hjoc(£2) such that

N =2V [ u(z
O [ Vi) Vetae - (Y52 [ 1 @ do = [ (o) + floute))ota) o
for any ¢ € C(Q2\ {0}). We observe that every term in the above identity is well-defined in view
of Proposition 3.2 and Proposition 3.5.
The above notion of solution corresponds to the notion of H()-solution introduced in [12,

Section 6], as we will prove in Proposition 3.7. In other words, if u € Hoc(R2) is an H-solution of
(1), then for any w € Q with dw € C! we have

(U, V) () = /(h(m) + Du(x)v(z) dx —|—/ flzyu(x))v(z)dx for any v € Ho(w),

where Ho(w) is the closure in H(w) of the space C°(w \ {0}).

In [12], the following notion of strong solution is also discussed. By a strong solution to (1) we
mean a function u € C?(Q\ {0}) which solves (1) in the classical sense and satisfies the following
pointwise estimate: for any R > 0 there exists a constant C' = C(N, h, f,u, 2, R) depending only
on N, h, f,u,Q, R but independent of = such that

lu(z)| < Clz|~ 2" for any z € (2N Bg) \ {0}.

Before giving the statement of our main result, we recall that the eigenvalues of the Laplace
Beltrami operator —Agn-1 are given by

M=(N-240¢ ¢=0,1,2,...,
having the /-th eigenvalue A\, multiplicity
(N =34+0YN +20-2)
() me= (N —2)! ’

and the eigenfunctions coincide with the usual spherical harmonics. For every £ > 0, let {Yp ity
be a L?(SN¥~1)-orthonormal basis of the eigenspace of —Ag~-1 associated to A, with Yy.m being
spherical harmonics of degree ¢.

Theorem 2.1. Let N > 3 and assume (H), (F). Let u € Hioe(Q) be a nontrivial H-solution
to (1). Then there exist lo € N and Bey,1,- - -, Brg,mye, € R such that (Be, ;- -, Beg,m,,) # (0,...,0)
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and, for any a € (0,1),

meo

P Mo y(r, 0) — ZﬂgOmYpom 0) inCH(SNTY) asr— 07T

and

¥V vu(r,6) Z Bt [ (552 + /N ) Yaym(0)0 + Va1 Yim(0)]

in C%*(SN=1) asr — 0F, where u(r, 0) is the representation on u in polar coordinates r € (0, 400),

6 € SN=L. Moreover, the coefficients By, 1, - - - ,ﬂgmmeo admit the following representation
u(R,0) R h(s,0)u(s,0) + f(s6,u(s,0)) sy SN
550”":/@,1 T*/O 2%+ N2 s~ prn=s 48| Yeom(0) dS(6)

for any R > 0 such that Bg := {x € RN : |z| < R} C Q, where 5 := =82 4+ /).
As a consequence of Theorem 2.1, the following pointwise estimates hold true.

Corollary 2.2. Let N > 3 and assume (H), (F). If u € Hioc(Q) is a nontrivial H-solution to (1),
then there exists £y € N such that

[u()] = O(

As observed in [12], from elliptic regularity theory, it follows easily that if a H-solution u satisfies

MU) and |Vu(z)| = O(|x|7%+v ’\@0> as |z| — 0.

the decay condition |u(z)| = O(\x|_¥), then u is necessarily a strong solution in the sense of
[12]. Corollary 2.2 gives a stronger information; indeed, Corollary 2.2 implies that any nontrivial
H-solution u satisfies the decay condition |u(z)| = O(|z|~ o7 2) as |x| — 0. Hence, from classical
elliptic regularity theory, it follows that if w is an H-solution to (1) and h, f are smooth outside 0,
then w is a strong solution in the sense of [12].

We also observe that Corollary 2.2 implies that, if u changes sign in a neighborhood of 0, then

HI:EJC(Q)

As another byproduct of Theorem 2.1, we also have the following version of the Strong Unique

Continuation Principle for an elliptic equation with a singular coefficient.

Corollary 2.3. Let N > 3 and assume (H), (F). Let u € Hioe(Q2) be a H-solution of (1). If
u(z) = O(|z|F) as |x| — 0F for any k €N, then u =0 in Q.

The proof of Theorem 2.1 is based on a monotonicity method. We give below a brief description
of our argument. Using the Emden-Fowler transformation

o(t,0) =e = tu(e'0), (t,0) €Ci=Rx SN
see (7), equation (1) in a ball centered at 0 can be rewritten as
—Acv=e 2hv+ e*Qtf(t,O,v), in (£, +00) x SVt c ¢,

for some ¢, where A¢ is the Laplace-Beltrami operator on the cylinder C and ?L,f are defined
n (24). The proof of our results is based on the study at oo of the Almgren frequency function
associated to v, which is defined as
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where

D(t) := / <|ch|2 — e h? — e 2 f(s,0, v)v) dsdS(0),
(t,+00)xSN—1

H(t) = /S D 0S(0).

The first step of our strategy consists in proving that lim;_, ., N () := «y exists and it is finite, see
Lemma 5.8. Next, we perform a blow-up argument by translating at infinity v (i.e. zooming around

the origin the solution u) and normalizing by V'H. More precisely, we define wy(t,0) == v(t;i\/%e))

and show that wy converges as A — 400 (in some Holder and Sobolev spaces) to some w solving
the limiting equation —Acw = 0 on the cylinder (0, +oc) x S¥~1: to this aim, assumptions (H)
and (F) requiring negligibility of A with respect to the Hardy potential and at most criticality of
f with respect to the Sobolev exponent play a crucial role. We refer to Lemma 6.1 for details.

The main point is that the Almgren’s frequency for w satisfies Ny, (¢) = imy 100 N(E+A) = v
i.e. N, is constant; hence w(t, ) and 2%(¢,-) are proportional in L?(S¥~1!). Therefore w(t,§) =
o(t)y(0). By separating variables on the cylinder, we deduce that ¢ must be an eigenfunction of
the Laplace Beltrami operator —Agny-1 associate to some eigenvalue Ag,. Since w has finite energy
at oo, we deduce that ¢(t) is proportional to e %" and that v = \/m. The final step relies in
deriving the exact asymptotics of the normalization of the blow-up family, i.e. in proving that
lim;, 1 €27 H(t) > 0, see Lemma 6.3.

Notation.

- For all » > 0, B, denotes the open ball {z € RY : |z| < r} in RY with center at 0 and
radius 7.

- C(A) denotes the space of C*°(A)-functions whose support is compact in A.

- For any open set 2 C RY, D’(2) denotes the space of distributions on .

- dS denotes the volume element on the spheres dB,., r > 0.

- For any N > 1 we put wy_1 := [gnv_, dS.

3. ON H-soLuTIONS TO (1)

In this section we describe the main properties of the space H and of H-solutions to (1). In the
sequel, w denotes a bounded domain in RY satisfying Ow € C! and 0 € w. In order to reformulate
(1) in cylindrical variables, we let

®:RV\ {0} = C:=Rx SN c RV

be the diffeomorphism (Emden-Fowler transformation) defined as
(7) O(z) = ( log |x|, z |) for any z € R™ \ {0},
see [9], and let C,, := ®(w \ {0}) C C. Let us introduce the linear operator
(8) T:Cx@\{0}) = C(Cu),
Tu(t,0) == e "= 'u(e™'0), for any (t,0) € C, u € C=(®@\ {0}).
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Clearly T is an isomorphism between vector spaces. Let us denote by u the standard volume
measure on the cylinder C, by V¢ the gradient associated with the standard Riemannian metric of
C, and by (t,6) the generic element of C.

We observe that (-, )z as defined in (4) is actually a scalar product on C2°(w\ {0}) since the
following identities hold for any u € C°(w \ {0}), see [8, 9, 30]:

(9) /w\Vu(x)\def (N2‘2>2/wu|1(i§) i

- u?(x
¥/6 (2) (z-v(x))dS = /Cw Ve (Tw)[2dpu > 0,

w [l

(10) /wu2(:v) dx:/c e 2 (Tu)?dp.

w

We also define, for any w as above, the weighted Sobolev space H,(C,) as the completion of

C(C,,) with respect to the norm

1/2
lwlla,c.) = </ |Vcw|2du+/ e_zthdu> )
Co c

By density and continuity it is possible to extend T as a linear and continuous operator from H(w)

to H,(Cy). In this way T : H(w) — H,(C,) becomes an isometric isomorphism.
The following proposition relates H(w) with the classical Sobolev space H!(w).

Proposition 3.1. Let w C RN be a bounded domain satisfying 0 € w and Ow € C*. Then
HY(w) C H(w) with continuous embedding.

We omit the proof of Proposition 3.1 which can be easily obtained by classical density arguments.

We observe the inclusion H!(w) C H(w) is actually strict, since the function |:z:|’¥ belongs to
H(w) but not to H!(w).

Proposition 3.2. Let w C RN be a bounded domain satisfying 0 € w and Ow € C*. Then
H(w) C HE (@\ {0}) N L*(w) where by HL .(w\ {0}) we mean the space of functions which belong

loc i

to HY(A) for any open set A satisfying A Cw \ {0}.

PROOF. Let u € H(w) and let {u,} C C(w \ {0}) be a sequence such that u, — v in H(w).
Then, for any n, Tu, belongs to H,(C,). By (8), (9), (10) and direct calculations, for any open
set A such that A C @\ {0}, we have that, denoting V,, ,, = T'(u,, — up),

_9\2 _ _
O A [|vcvn,m|2+<N22) Vf,m]dw / [Ng?at(vs,mwe Qtvn%m]du
A

A

</ [chVn,m2+ (N;Q)QV,?,m}du+/ [N;ﬂatvn,m%N;QV,?,ere—%V,im}du
CA CA

<KA(/ \vcvn,m|2du+/ e—vajmdu)
Ca Ca

< KA(/ |vCVrl,m|2d:u +/ €2t‘/n2,7nd:u> = KAHUTL - um”%{(w)
Cuw

w
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N(N—-2)
7]

any A as above and hence u € H(w) may be seen as a function in H{_(w\ {0}). Moreover, by (4),
(9) and (10) it is clear that

where K 4 := max{%7 1+ SUP(1,0)cc ezt}. Then {u,} is a Cauchy sequence in H!(A) for

||un - um||L2(w) < ||un - umH?—t(w)
and hence {u,} is a Cauchy sequence in L?(w). This completes the proof of the proposition. [
In [7, Extension 4.3] the following Poincaré-Sobolev type inequality was proved.

Proposition 3.3. [7, Extension 4.3] Let w C RY be a bounded domain satisfying 0 € w and let

1<g< 1\2,% Then there exists a constant C(w,q) such that

/W|Vu(1:)|2d3:— <N22>2/w”|1(§) dx]

(12) (f |u<x>|qdz>2/q < C(wrq)

for any v € C°(w\ {0}).

Let us consider the space Ho(w) defined in Section 2 as the closure in H(w) of C°(w \ {0}), see
also [12, Section 6]. If we define the scalar product

bl } u(z)v(z) xz, for any u,v > (w
Vu(x)-Vv(x)dx—( 5 )/w FE dz, f y u,v € C°(w\{0}),

(13) (4, 0)(0) = /

w

then by (12) with ¢ = 2 we deduce that the norms || - [|3 () and || - [|3, () are equivalent on
C®(w \ {0}). Hence Ho(w) may be endowed with the equivalent scalar product obtained by
density, extending the scalar product (-, -)z, () defined in (13) to the whole Ho(w) x Ho(w).

By Proposition 3.3 and the definition of Hg(w), the following Sobolev type embedding follows.
Proposition 3.4. Let w C RN be a bounded domain satisfying 0 € w and let 1 < ¢ < % Then
Ho(w) C LY(w) with continuous embedding.

Actually the continuous embedding H(w) C Li(w), 1 < ¢ < 2N/(N — 2), also holds true as
shown Proposition 3.5.

Proposition 3.5. Let w C RY be a bounded domain satisfying 0 € w and let 1 < ¢ < Ig—iv Then

2
H(w) C L (w) with continuous embedding.

ProoOF. Let u € H(w). Then by Proposition 3.2 we deduce that u € L9 (w \ Bs) for any 6 > 0
such that Bs C w. Moreover, arguing as in (11), we infer that there exists a constant C'(V, ¢, d)
depending only on N, ¢, d,w such that

(14) HuHLq(w\Bs) < C(Na q76)||uH7~[(w) .

Let us prove that for some fixed 6 > 0 chosen as above u € L9(Bjs). To this purpose let n € C2°(w)
be a radial function such that 0 < n <1 and n =1 in Bs. Let {u,} C C® (@ \ {0}) be a sequence
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such that u, — u in H(w). Then by (9), (10), (12) we obtain

</| —umn|qu><Cwq{/|V n — Um) )|2d1‘—(1\[22)2/dem
= Clova) [ [9e(T(un ~ wn)r)) P

w

<2 /C (e 0)| Ve (Tt — )| Pdps + 2 / 1Tt — )2V (ne10)) 2

w w

2/6 Ve (T (un — um))Pdp + 2||V?7H%oc(w)/c e T (up — um )| dp

w

201+ IVl oo ) lltm — w3 -

This shows that {u,n} is a Cauchy sequence in L (w). Since u,n — un pointwise then un € LI(w).
In particular v € L9(Bs). Moreover proceeding as in (15) we also have that

(16)  Mullzaess) < lmullrowy = lm llnunlizec)

< 1 1/2 _ 2 1/2
< Hm 200+ V0o )] 2 [l = 2O+ IV o )] 200w
Combining (14) and (16) we conclude that H(w) C L9(w) with continuous embedding. O

From Propositions 3.2 and 3.5 we infer that, if u € Hioc(Q2), then v € H} (2 \ {0}) N LL () for
all 1 < ¢ <2N/(N -2).

Remark 3.6. From Proposition 3.2, we have that if u € Hoc(2) is a solution to (1) in the sense
of (5), then u is a weak H!-solution in Q\{0}. Hence, classical Brezis-Kato [6] estimates, bootstrap,
and elliptic regularity theory, imply that v € H2_(Q\ {0}) N CL*(2\ {0}) for any o € (0,1).

loc

From (5) we deduce the following characterizations of solutions to (1).

Proposition 3.7. Let h satisfy (H), f satisfy (F) and u € Hioc(Q) be a solution to (1) in the
sense of (5). Then u solves (1) in the sense of distributions in §, i.e.

(17) —/Qu(x)Ago(a:) dz — (N; 2) /Q T;TQ) () dz = /Q (h(z)u(z) + f(z, u(z)))p(x) do
for any p € C°(2). Moreover, for any bounded domain w with Ow € C' and w C ), we have that
(18) (b = [ (o) + Vu@yo(e) do + [ o, ua))ofe) do

for allv € Ho(w) and

(19)  (u,0)p0) = /w (h + Duvdz + /

w

f(x,u)vdx—I—/ Ou dS—l—N 2/ el (x-v)dS
aV 2 b

Ow w |$|2
for allv € H(w).

PROOF. Let ¢ € C°(0) and let w be an open domain with smooth boundary satisfying @ C Q
and supp ¢ C w. Since u € Hioc(€2) then v € H(w) and there exists a sequence {u,, } C C*(w\ {0})
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such that u, — u in H(w). Since ¢ € HE(w), Proposition 3.1 implies that there exists a sequence
{pm} C C°(w \ {0}) such that ¢,, — ¢ in H'(w) and in H(w) as m — +oo0. Hence we have

(20) (U, @)y = lim ( lim  (wp, ©m) H(w))

n—+oo \ m—+oo

= lim lim / Vg, - Vo, dr — Un%@m dx + / U P, AT
n—-4o0o m——+0oo | |2 w

S 80

= lim / Vu, - Vedr — < > / — / Up P da:]

= lim [—/unAgoda:—< )/QO /ungpdx].
n—-4o0o w w |

By Proposition 3. 5 we also have that u,, — w in L9(w) for any 1 < ¢ < 2*. By Holder inequality

with 77 <p < —_ we have that ‘““l"z € L'(w) and
1/q a-1
Un(T)p(x u(x)p(x o -
/(x)|f()dx—/ (l:)ET;()d:c < el (w) </ |un () —u(q:)|qu> (/ || qldx>

and hence passing to the limit in (20) we obtain

o) e = - [ u@ap - (5 2)2 [ s [ uwypte) o,

On the other hand, by the convergence u,, — u in H (@ \ {0}), see Proposition 3.2, we obtain

m——+o0o0 \ n—+00

, , N=-2V [u
:mlixfrlm{nng[/Vun-Vw,,de—( 5 )/w ﬁf;ndx—k/wu,mmdx]}

— lim /vuv ar— (N2 “‘/”"dx+/u dx

Tt [ J, 2 ) B L

= lim [/ h+1 ugomda:—&-/f(x,u)cpmdx} :/(h—&—l)ugodm—i—/f(az,u)apdx
m—»—+00 w w w w

where the last identity follows from assumptions (H) and (F) and the fact that ¢,, — ¢ in L9(w)
for any 1 < ¢ < =5. Combining (21) and (22) obtain (17).
The proof of (18) follows by the following density argument: let {v,,} C C°(w\ {0}) such that
Um — v in H(w). Now it is enough to pass to the limit as m — +oo in (22) with v,, in place of .
It remains to prove (19). By elliptic regularity estimates u € C*(w\ {0}) (see Remark 3.6) and
hence the normal derivative of u on dw is continuous. Let v € H(w) and let {v,,} C C* (@ \ {0})
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be such that v, — v in H(w). Therefore we are allowed to integrate by parts to obtain

(s Vi ) 24 () :/Vu.vadx— <)/ e vmdx—i—/ UV, dz + N2 2/ %(x~y)ds
w ow
-2
:/ —(Au)v,, dx + Ou — v, dS — ( ) / g Um dx
w ow v | ‘

N -2 m
+/uvmdx+T/ &(arl/)ds
w 2]

w |2]?

N —2
:/huvmdx—l—/f(x,u)vmdx—i- g vmdS—l—/uvmdx—i-i/ %(x.y)dsl
w w Ow w o]

2 Jow |=?

The proof of (19) follows passing to the limit as m — +oo. O

4. AN EQUIVALENT PROBLEM ON THE CYLINDER C

Reformulation of (5) in cylindrical variables yields the following characterizations of solutions
to (1).

Proposition 4.1. Let h satisfy (H), f satisfy (F), andu € Hioc(2) be a solution to (1) in the sense
of (5). If w is a bounded domain with w € C' and @ C Q, then the function v := Tu € H,(C,)
18 a weak solution of the equation

—Acv(t,0) =e ~t, v(t,0)+e” ~t, ,v(t,0)), nCy,,

(23) Acu(t,0) h(t, 0)v(t, 0) + e f(t,0,v(t,0)) C

where A¢ denotes the Laplace-Beltrami operator on C and

24 h(t,0) == h(e "0 F(t,0,5):=e "2 tf(eth,e 7 ts or any (t,0) € C
(24) (t,0) (e7'0), [f(t.0,s) f ; ;. forany (t,0) € C.,
in the sense that

(25) /c Vev-Vewdu = /c e 2t (Ev + ]F”V(t7 9,1}))10 du, for every w € H,o(Cy) :=T(Ho(w)).

w

Moreover

(26) / Vev - Vewdu = / (Vev - vae,)wdS + / et (E’u + f(t,9, v))w dp,
Cu aC. Cu

for every w € H,(C,), where vy, denotes the exterior normal vector to dC,, on C.
The following corollary is an immediate consequence of (26).

Corollary 4.2. Let h satisfy (H), let [ satisfy (F), and let u € Hioe(2) be a solution to (1) in
the sense of (5). For anyt € R, let

Cii={(s,0)eC:s>t,0c SN} T,:={(t,0)cC:0cSN71}.
Then for any t such that C; C Cq, the function v :=Tu € H,(C;) satisfies
(27) Vev - Vewdy = 7/ %wdé‘ + / e=2 (h(s,0)v(s,0) + f(s,0,v(s,0)))w(s,0) du
C T, Cs
for any w € H,(Cy).
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In order to study solutions to (23), the properties of space H,, have to be investigated. The next
results go in this direction.

Lemma 4.3. For everyt € R, H,(C;) < L*(TI't) with compact embedding. Furthermore,

1/2
(28) v (/ |ch|2d,u+/ vzdS>
Cy Iy

is an equivalent norm in H,(C¢); more precisely, there exists a constant C' > 0 such that, for all
teRandv e H,(Cy),

1
(29) — ( |Vev|? du + e / e %52 du) < | |VevlPdp + / v?dS
c Ce Ce Iy

Cyt
SC(/ |Vev)? du—|—62t/ 625112d,u>.
Ct Ct

PROOF. The embedding H,(C;) < L*(T;) and its compactness are just a consequence of the
fact that T' : H(w) — H,(C.,) is an isometric isomorphism combined with Proposition 3.2 and
compactness of classical Sobolev trace embeddings. To show that the quadratic form in (28) is an
equivalent norm in H,,(C;), we notice that, for all v € C°(C;), integration by parts yields

(30) /Ct e 2%0v?(s,0) du(s, 0) = /ngl (/:OO 625112(3,9)(1!3) ds(0)
/S o ([—;e—zsvz(s,m]s—w N /t+°° e—zs;’z(s,e)v(&e)ds)dsw)

s=t

1 d
fe_%/ v2d5+/ e_2sv—vdﬂ,
2 I, Cy dS

1 —2t
/ e 202 du < *67215/ v2dS + f/ e 20? du + S |Veol? dp
Cy Iy 2 Ci Ce

which implies

2

and hence

/ e v dp < e_zt(/ v2dS + |Vevl|? du).
Ct Ft ct

On the other hand, (30) also implies

e_Qt/ v?dS < 3/ e 252 du+6_2t/ |Vev|? dpu.
T Cy Ce

The conclusion then follows by density. O
The following lemma provides a Hardy type inequality with boundary terms.

Lemma 4.4. For every o >0 and t € R, H,(C;) C L*(Ci,e~7*dy). Furthermore, for every o >0
there ezists C, > 0 such that, for allt € R and v € H,(Cy),

/ e~ 7% v2(s,0)du(s, 0) <C~'Ue"t< \ch|2du—|—/ deS).
Ct Ct Ft
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PROOF. For all v € C°(C;), integration by parts yields

/Ct e~ (s,0) dp(s, 0) = /SN_1 </t+oo 6”Sv2(s,9)ds> ds()
N /Sm ([_ 26_03“2(5’ 9)] o T % /;oo e‘”%(s, 0)v(s, e)ds) ds(0)

s=t

1 2 d
= fe_”t/ v2dS + f/ e du,
o I, (o Ce dS

which implies

—o0s, 2 1 —ot 2 1 —os, 2 2670’1‘/ 2
e"7Pvidu < —e vidS+ o | e Tvidp+ — |Vev|* du
c o r, 2 Je, o Je,
and hence
—05,2 —ot 2 2 4 2
e~ vidu<e = | vdS+ — [ |Vev[7du).
C 7 Jr, o= Je,

The conclusion thereby follows with C,, = max{2/,4/02}. O

The following Hardy-Sobolev type inequality holds.

Lemma 4.5. For everyq € [1, %), there exists Cn 4 > 0 such that, for allt € R andv € H,(C;),

N-—2 2/q 2
(/ e(_N+2q)s|v(s,9)|qdu(s,9)) <CN,qe<é“+N2>t</ |vcv\2du+/ UQdS).
Ct Ct Ft

Proor. From Proposition 3.5, there exists cy 4 > 0 such that

1/q
( / |u<x>qu) < e
By

for all u € H(B1). Performing the change of variable v(s, #) = Tu(s —t,0) in the above inequality
for all t € R and taking into account (29), we obtain the stated inequality with Cy ¢ = C%V,qC’. d

|u||'H(Bl)

5. THE ALMGREN FREQUENCY FUNCTION

In this section, our purpose would be to construct an appropriate Almgren-type frequency
function for the solution to problem (5). Since for a general function v € H(w), the norm [ju/3 (.,
cannot be expressed in an integral form, we prefer to look for an Algrem-type function associated
with the function v := Tu.

In a domain Q C RV, let u € Hi0c(Q) be a solution of (5). Let R > 0 be such that B C .
According with [2, 21] (see also [14, 15, 16, 17]), for t > —log R, we define the functions

(31) D(t) ::/ \ch|2du—/ e_QSﬁvgdu—/ e~ f(s,0,v)vdp
Cy Cy Ct
and
(32) H(t) = / v?dS,
ry

where v := Tu and T is defined in (8).
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Lemma 5.1. Let Q be a domain in RN and u € Hi0c(Q) be a solution of (5), u # 0, with h
satisfying (H) and f satisfying (F). Let H = H(t) be the function defined in (32). Then there
exists t > 0 such that H(t) > 0 for any t > t.

PROOF. Let us argue by contradiction and assume that there exists ¢,, — 400 such that H(t,) =
0; in particular v =0 on I'y, and v € H, ¢(C;,). From (27), (H), (F), and Lemmas 4.4 and 4.5

Oz/ |ch|2d,u—/ 67257111203;;—/ e 2 f(s,0,v)vdu
Ct,, Cip Ctp,
2/ |ch|2du—0h/ e_ssvzdu—cf/ e_QSUQdu—Cf/ e(_N+¥p)s|v|pdu
Cir Cir, Cen c

tn

N—-2

~ ~ p—2
> (1 — CpCee et — OpCoe 2 —cfc”N{f)e<—N+ 7 P)in Jo v IVevlPdu) ) / |Vev|?du

—(+o(1) [ [VeoPdu
Ct,,

which implies that v = 0 in C;, for n sufficiently large. Hence v = 0 in a neighborhood of the
origin and, by classical unique continuation principles for second order elliptic equations with
locally bounded coefficients (see e.g. [31]) we conclude that u = 0 a.e. in €, a contradiction. [

By virtue of Lemma 5.1, the Almgren-type frequency function
(33) N(t) =

is well defined in (£, +00).
In order to obtain a suitable representation for the derivative of D we need the following
Pohozaev-type identity.

Proposition 5.2. Let h satisfy (H), f satisfy (F), and u € Hioc(2) be a solution to (5). Let
R > 0 be such that B C Q. Then for every t € (—log R, +00) the function v :=Tu € H,(C—1og r)
satisfies

ov

1
34 Z Vo|?dS = -
(34) 2 n' | . | s

- / e~ N5y F(e™0, e
Ce

2
dS—/ 6725}20@6[#4-&/ e*QSf(s,H,v)vd,u
Cs 65 2 Cy

N

2‘7251)(5,9)) -0du— N 67NSF(6780,6¥SU(8,9)) du
Ce

+ / e NiF(e70, e tu(t,0)) dS.
It

PROOF. Since v € H,(C;) for any ¢t > —log R, then

“+o0
/ (/ |ch(s,9)|2d5(9)> ds :/ Vevldp < +o0,
t SN—-1 Cy

which implies that the map s — [ox 1 [Vev(s,0)[2dS(0) is integrable in (¢, +0c0) and hence

s——+o0

liminf/ |Vev(s, 0)[2dS(0) = 0.
SN—l
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By Lemmas 4.4, 4.5, we also have

+oo +oo N-—2
/ Ii(s)ds Jr/ Ir(s)ds = / 67251)2(8, 0) dp Jr/ 6(7N+TP)S|U|PdM < 400
t t Ct Cy

where
Ii(s) = / e 202(s,0)dS(0), In(s) = / eNTEER)s 145, 0)[PdS(6),
SN-1 §N-1
so that Iy, Iy € L'(0, +00) and hence
liminf (71 (s) + I2(s)) = 0.

s5—+400
Let {s;} C R be an increasing sequence such that s; — +o0o and

(35) lim (/SN |ch(sk,9)|2d5(0)) + (i) + T(sy) = 0.

k— 400

From Remark 3.6, u € C1(Q\ {0}) and hence v € C!(Cq). Since v is a weak solution of (23) in
C,, for any bounded domain w satisfying dw € C* and @ C , testing (23) with % (we recall that
v ¢ H}(C;\ C,) in view of Remark 3.6) and using (26) we obtain

ds
~ ~ ov v |? v
36 / e % (hv + f(s,0,v) —d,u:/ Vev - Ve (2 du+/ — dS—/ —| dS
(30) T, ( ( ) s A (5) r, |0s r,, |0s
1 0 9 w|? w|?
= — d —| dS — —| d
2/&\% 2 (19eup) u+/m % gs / %1 s
1 [ (9 oo v
=— — 0)|2dS(0) | d —| dS — —| dS
2/t (85 /SN—I [Veu(s, 0)"dS( )) S+/r‘t 0s /F% 0s
1 1 v |? v |?
== 0)°dS(9) — - t02d9/—d7/—d.
3 [ Weviwofaso 5 [ weoworase)+ [ |5 as - [ |2 as
By (35) we infer that
(37) lim v st— lim @(s ) 2055(9) < lim |Vev(sy,0)]?dS(0) =0
k=too Jp | Os " kotoo Jonoa |05 vy VI -
Moreover an integration by parts in the left hand side of (36) yields
/ e % f(s,@,v)@ du = ,H/ e N f(e™%0, u(e™%0))u(e*0) du
CA\Cs, 0s 2 Jene.,
—|—/ e~ WDy F(e™%0,u(e™%0)) - Odpu + N e NoF(e7*0,u(e*0)) du
C‘L\égk Ct\ésk

_ / e N F(e7%0, u(e™*0)) dS + / e NS F(e*0,u(e"0)) dS .
Iy sy,
By (F) and (35) we have

k—+oco k— 400

(38) lim ‘/ e_N‘SF(e_s&u(e_sH))dS’ < const lim (I1(sg) + I2(sx)) = 0.
I,
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Passing to the limit as k¥ — +oo in (36), by (H), (F), (35), (37) and (38) we arrive to the
conclusion. 0

In the next lemma we provide a useful representation for the derivative of D.

Lemma 5.3. Under the same assumptions of Proposition 5.2, the function D defined in (31)
belongs to Wﬁ)’cl(f log R, +00) and

D'(t) :—2/F

+ 2/ e~ WHDsy F(e™%, e¥sv(s, 0))-0du+2N [ e N F(e™*0, e¥5v(s, 0))du
Cy Cy

ov

Os

2
s + 2/ 6_2SE1}@ dp— (N — 2)/ e~ f(s,0,v)vdu
C s Cy

) / N p(et0, X2ty (1, 0)) dS + e / (7no? + F(¢,0,0)v)dS
Iy

Iy

in a distributional sense and for a.e. t € (—log R, +00).

PROOF. Since
D'(t) = —/ |Vev|?dS + e_%/ (hv? + f(t,6,v)v)dS,
Iy Iy

the proof directly follows from (34). O
The derivative of H is computed in the next lemma.

Lemma 5.4. Under the same assumptions of Proposition 5.2 let H be as in (32). Then H is
differentiable in (—log R, +00) and

H(t) = Q/F v% ds = —2D(#)

for any t € (log R, +0).
PrROOF. By Remark 3.6 v € C'(Cq). Moreover H(t) = [sn_, v*(t,0) dS(#) and hence

ov ov
H' = 2 —_— = 20—
) /S 206,05 ds(0) /F 205 ds,

which, together with the identity

p) ~ -
|ch\2du+/ vl s = e % (hv? + f(s,0,v)v)dp
Ce 'y s Ce
obtained by taking w = v in (26), completes the proof of the lemma. O

Let us now compute the derivative of N.

Lemma 5.5. Let h satisfy (H), f satisfy (F), u € Hioc () be a nontrivial solution of (5). Let N
be the Almgren-type function defined in (33). Then N' € W, (T, +00) and

loc

(39) N (t) = vi(t) + a(t)
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in a distributional sense and for a.e. t € (t,400), where

2

(Gl 570) (o 5) - (1)
(fl_‘t UQdS) 2

141 (t) ==

and
2 /. e=2h(s, 0)uv(s, 0)24(s,0) dp + e~ Ir, hv? dS
Jp, v?dS
2[ e~ NSy F(e=%0, e Su(s,0)) - 0 dp
Jr, v?dS
2N fct e_NsF(e_W, e 5(s,0)) du — (N — 2) fo, e=25f(s,0,v(s,0))v(s, 0) du
Jr, v?dS
e Jowos J(2.6,0(t,0))0(t,0) dS(0) — 2e™™* oy Fle™'0, "7 "u(t,6)) dS(6)
Jr, v?dS '

170} (t) =

+

+

PrOOF. It follows from (33), Lemmas 5.3, 5.4. O

In order to show that the Almgren function N admits a finite limit as ¢ — 400 we need some
preliminary estimates which will be proved in the next lemmas.

Lemma 5.6. Under the same assumptions as in Lemma 5.5, let N be as in (33) and t as in
Lemma 5.1. Then, up to choose a larger t, we have

N(t) > —Ce Mt

and
(40) D) + H(1) (/ Veo| du+/ 2dS>
for any t > 1, where C is a constant depending only on N, e, p,u,h, f and M = min {5, %—N—&—Z}.

PROOF. Combining assumptions (H), (F) with Lemma 4.4 and Lemma 4.5, we obtain that, for
t >t with ¢ large,

:/ |ch|2d,uf/ 6*25Ev2d,u7/ efzsf(s,ﬂ,v)vd,u
C C C

> <1 — CCoet — Cf526_2t - CfCN’pe(_%‘*'N_Q)t(fc e(=N+%p) \v|pd,u > \Vev|?du

‘(Ch@e‘“wf@e o OpOn el N ([ N ) )/ v

—(C}Légest—FCféQe2t+CfCN,p€( BN -2)t (fct “NHEEp)s |v\pd,u K )/ v?
Iy

for which yields the conclusion if # is chosen sufficiently large. O

Next we provide an estimate on the function v, introduced in Lemma 5.5.
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Lemma 5.7. Under the same assumptions as in Lemma 5.5 we have
va(B)] < Cale™ + g(@)N() +1) + Toe™  for anyt > 7,

where Cy and Cy are two positive constant depending only on N, h, f,u but independent of t,
a := min{e, 2, % — N +2}, and g € L'(t,+x), g = 0 a.e., satisfies

p—2

+o00 _ P

/ g(s)ds < LQ (/ 6(7N+¥p)s|v(s,¢9)|p du) (=% N =2)t for anyt >t.
t p— Cy

Proor. From (H) and (F) it follows that

C), fct e==v?%(s,0) dp + Cre™=! fct |Vev|2du + Cre*t th v3dS

41 t)| <
@y ) s
BNCy [o, e Vo[u*(e%0) + u(e*0)[P] dp
Jr, v?dS
3Cre N [on 1 [u?(e710) + |u(e™'0)|P] dS(0)
+
th v2dS
G Jo, e7550%(5,0) dp + Cre™" [, [Vev|?du+ Cre™" [ v?dS
B Jp, v?dS
3NCy UCf, e~ 202(s,0) du + e, e(—N+¥P)S|v(S, 0P du}
Jr, v?dS
3C e [, v2(t,0)dS(0)  3C;eTNTEEER)E [ fu(t,0) | dS(6)
* Jr, v?dS Jp, v?dS '
By Lemma 4.5 and (40) we obtain for any ¢ > ¢
N-2 2/p 2N
(/ ("N p)5|v(s, 9)|pd,u> < CNﬁpe(77+N72)t ( |Vev|2du + / v2dS>
Ci Ci ry

<208, IN2ND) + H(t) = 2Cy, 5 TVDUN (1) 4 1) / v?dS
Ty

and hence

3CeCNTETR [ u(t, 0)]7 dS(0)
th v2dS

(42)
Je, eV (e, o) ds

(fCt e(—N+¥P)S|U(8, 6)|P d,u) o

<6C;Cy,p e-FHN=2)0 N(t) +1).
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We also have

Jo, eCNTEED (1 )P ds

(Jo, e 5250 o s, 0) e

- _pg{;t [e(%m)t (/c N "’p>8|v<s,e>|pdu) ]

= (H N ) el (/C e(N+N2‘2P>Su(s,9)pdu> v }

t

(-3 HN=2)t </ct e(*f\“r¥ﬁ)8|v(s7 o) du) I);Q}

in the distributional sense for almost every ¢ > #. But the right hand side of (43) is integrable in
(t,400) since

(43)  0< g(t) = eZF N2

2/p

y2

i o(~BN-2)t ( / e(_N+N22p)s|v(s,9)|pdﬂ> " o
Ce

t—+oo

and hence we also have g € L'(#, +00).
Combining (41), (42) with Lemma 4.4, Lemma 4.5 and (40) we obtain

2
P

ua(t)] < |6NC Oy, (=5 FN=2)1 (/
C

T

1—
(TNTETER)s (5 )P d,u)

+204(Ce + 1)e™t + 6NCCn e~ +6C;Cnp g(t)] (N(t) + 1) +3Cre .

The statements of the lemma follow from this last estimate and the definition of g. O
We can now prove that the function N admits a finite limit as ¢ — +oc.

Lemma 5.8. Under the same assumptions as in Lemma 5.5, the limit v := lim;_, o N'(t) ewists
and s finite. Moreover v = 0.

PROOF. From Lemma 5.6 we have that
(44) liminf M'(¢) > 0.

t——+o0

On the other hand, by Lemma 5.5, Schwarz inequality, and Lemma 5.7, we have
(45) (M) +1) = N'(t) = 1 (t) + valt) < va(t) < Tae™ " + g()) (N (1) +1) + Coe ™

and in turn

D[R D AN (1) 4 1)] < Tpe 0O ST b e

dt
Since the right hand side in the above line belongs to L!(#, +00), after integration we deduce that
N is bounded from above and hence, by (45) and Lemma 5.7, it follows that A/’ is the sum of the
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nonpositive function v; and of the integrable function 5. This implies that
t
lim N(t) =N(¢) + lim / N'(s)ds
t—+oo t—=+oo J
exists and it is necessarily finite since A is bounded. This limit is necessarily nonnegative in view
of (44). O
As a consequence of the convergence of N, the following estimates on H hold.

Lemma 5.9. Suppose that all the assumptions of Lemma 5.5 are satisfied. Then there exists a
constant K1 > 0 such that

(46) H(\) < Kie > for any A\ > 1,

with v = limy_, 1 oo N (t) as in Lemma 5.8. Moreover, for any o > 0 there exists a constant Ko(o)
such that

(47) H(\) > Ky(o)e™ oA for any A > t.

PrOOF. By Lemma 5.4 and Lemma 5.8, we have

H'(N) _ —N(\) = —2 [7 - +OO/\//(5) d:z:] <27+ 2/+0o va(s)ds.
H(A) A A
By Lemma 5.7 we then obtain
H'(\)

O < =2y 4 Ce™ for any A >t

where C' is a constant depending only on N, h, f,u,e, N,p and « is as in Lemma 5.7. Estimate

(46) follows after integration in the last inequality.
On the other hand, for any o > 0 there exists A(o) > 0 such that

H'(A)
H(A)
Estimate (47) follows after integration. O

>—2vy—o0 for any A > A(o) .

6. A BLOW-UP ARGUMENT

Convergence of the frequency function N as t — +oo is a fundamental tool in the following
blow-up argument. Hereafter, we denote as 0 = pu1 < po < ... < gy < ... the eigenvalues of
—Agn-1 with the usual notation of repeating them as many times as their multiplicity. Hence we
have that p; = A\g = 0 and

if k> 1 and Zf;lomn <k< Zizomn, then pr = Ay,
where m,, is defined in (6).

Lemma 6.1. Under the same assumptions as in Lemma 5.5, let us define the family of functions

{wr}rsz
v(t+ A, 0)

H(X)
Let v be the limit introduced in Lemma 5.8. Then

wy(t,0) := for anyt >0 and § € SN,
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(i) there ewists ko € N\ {0} such that v = \/ftn, ;

(ii) for any sequence A, — oo there exists a subsequence A\n, and an eigenfunction i of
—Agn-1 corresponding to the eigenvalue g, such that [|¢|L2@v-1) =1 and {wy, } con-
verges to the function w(s,0) = e~ V#o(0) weakly in H,(Co), strongly in H,(C;) for any
t >0, and strongly in Cllo’f (Co) for any a € (0,1).

ProoOF. We divide the proof into several steps.

Step 1. We observe that {wy},7 is bounded in H,(Cp). Indeed, by (40) and the definition of wy
we deduce that

1
NN +1> 5 (/ |Vcw>\|2du+/ w3 dS>
C(] 1—‘0

and by Lemma 4.3 and Lemma 5.8 we conclude that {wy},-7 is bounded in H,(Co).

Step 2. Let {\,}nen be a sequence such that A,, — 400. From Step 1, it follows that there exists
a subsequence A,, and a function w € Hy,(Cop) such that wy, — w in H,(Cp). We claim that w
is harmonic on Cy.

Indeed, by direct computation, we have that w) weakly solves the equation

(48) —Acwy(t,0) = g1(\t,0) + g2(N\, t,0), in Co,
where
~ —2X ~
1A 1,0) = e e P h(t + X, 0)wa(t,0), ga(A1,0) = 70N e f(t+ A0,/ H(Awa(t,0)),

and hence, for any ¢ € H, ¢(Co),

(49) Vcw);Vc(ﬁd/,é = /

a0 1, 0)b(t,6) du + / (Mt 0)(t, 0) dy.
Co CO

Co

We estimate the two terms in the right hand side of (49). By (H), Lemma 4.4, and boundedness
of {wx} in H,(Cy), we have that

(50) ‘/c 91(/\>t,9)¢(t’9)du‘ <Che‘€A/ ™ wx(t,0)| |4(t, 0)| du

Co
w§d5> ( IVc¢|2du+/ ¢2dS) = o(1)
0 Co To

as A — 400. On the other hand by (F) we have

< Chaae_sk( Vew,|? du+/

Co r

(51) \ | at.06000)du

< Cpe /C e wa (1, 0] [6(t, 0)] dp

+ Cpe T /C I 14, 0) P2 a1, 0)] 01, 6) | .
0

One can show that the first term at the right hand side of (51) tends to zero as A — +oo by
proceeding as in (50). Let us prove that also the second term at right hand side of (51) tends to
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zero. Indeed, by Holder inequality, Lemma 4.5 and boundedness of {wx} in H,,(Cy) we obtain

(52) "R / "SR (4, 0) P2 wa (1, 0)] |6(t, 0)] de
Co

p—2

(N=2)— (N=2)— P
<epN g 2N (/ epN g 2Nt|’l)(t+)\79)pdﬂ/> X
Co

<([ e opan) ([ = or a)’
C() CO

p—2

p(N—2)—2N p—2 2N—p(N—2) p(N—=2)—2N p
SOnpe 27w T (/ ¢ 7 t|“|pd”)
Cx

><</ |Vch|2d,u+/ wids) (/ |Vc¢|2du+/ <;52d5> -0t
Co To Co To

as A — 400 since p < 2*. Passing to the limit in (49) along the sequence {\,, } and using (50),
(51), (52) we obtain

Vew - Vepdu =0 for any ¢ € H,, 0(Co) .
Co

This proves that w is harmonic in Cyp.

Step 3. We claim that wy, — w strongly in H, (Cy) for any t > 0. We first observe that, testing
equation Acw = 0 with a function ¢ € H,(Cy), we have

0
(53) / chwchbdu:f/ 20 pds.
Co To 88
Moreover, since fl‘o w?\ dS =1, by compactness of the trace map we also have that

(54) / w?dS = 1.
o

To prove strong H,(C;)-convergence of wy,, — w, we notice that, by direct computation, the
function uy = T~ 'wy is actually a rescaling of the function u, i.e.

o N2—2)\
Y

up(r) = —=ule "z
(@) T ()
so that it solves the equation

N -2\ U) .
—Auy — (2 ) W = G1(A,x) + Go(\, ), in By,
where
e~ TN L e 2A N2
Gi(\z) = e P h(e P w)ua(z), Ga(\z) = W flea,/H(Ne = Muy(x)).

By (H) we obtain
(55) |G1(A, 2)] < Cre™Ma] 7> Jus(@)]
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and by (F) and (46)
(56) (Ga(\2)] < O (@) + Cp(H(N) = e N5 s ()
Taking into account that the set {uy},~7 is bounded in H(B;) (we recall that T' is an isometry),
by (11) we also have that {uy},7 is also bounded in H'(A) for any open set A € By \ {0}.
Therefore by (55), (56), (46), the fact that p < 2*, and a standard bootstrap argument, we
deduce that u, is bounded in Cllo’g‘ (B1 \ {0}) for any o € (0,1); the same holds true for the set
{wr} in CL%(Co) for any a € (0,1).
Moreover along the subsequence {A,, } we have that

Wy, —w in CL%(Co)

ny loc

for any a € (0,1) and in particular

aw)\nk aw . 0.
s — s in C;5(Co) -

Taking A = A, in (48), testing in C; with the function wy, —w € H,(C;), for any ¢ > 0 we obtain

(57)

a’w)\nk
Vews,, - Ve(wy,, —w)dp= —/ 3 (wx,, —w)dS
Iy S

Ce
+/ gl()\nk,s,e)(w,\nk (s,0) — w(s,0)) d,u—i—/ gg()\nk,s,e)(uunk (s,0) —w(s,0))du.
Cy Cy

Using (53) with ¢ = w,, — w, the last identity then gives

Owy ow
— 2 —_ "k _ 7 —
/ct |Vc(w>\nk w)|* du /Ft < s 65) (w wAnk)dS

+ /ct 91(Any, 5, 0)(wa,,, (s,0) —w(s,0))dp + /ct 92(Any, 8, 0)(wa,, (s,0) —w(s,0)) dp.

Passing to the limit as k — +oo, proceeding as in (50)-(52) and using (57) and the fact that
wy, — win L?(T;), we obtain Vewy,, — Vew in L?(C;) and in turn, thanks to Lemma 4.3,
wy,,  — w strongly in H,,(Ct) for all ¢ > 0.

Step 4. We claim that there exists ko € N\ {0} such that
w(s, ) = e”VFRSY(0),

where 1 is an eigenfunction of —Agny-1 associated to the eigenvalue jiy, such that fSN,] P2dS = 1.
To prove the claim, we study the frequency functions associated to wy and w. According with
(33), it is reasonable to associate to every solution wy of (48) the Almgren-type frequency function

for any t > 0 and A >,

where

Dy(t) = C|Vcwk|2du—/c gl()\,t,ﬁ)w,\(s,ﬁ)du—/c (0t 0w (s, 0) d
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and
H)\(t) = / widS
ry
By direct computation it follows that
(58) N+ X)) =Ny(t) foranyt>0and A >t

Since Wy, —w strongly in H,,(C;) for any t > 0, passing to the limit as k — oo and proceeding
as in (50)-(52), we obtain that, for any ¢ > 0,

(59) Dy, (t) = [ |Vew|*dp
Cy
and
(60) Hy, ()= [ w®dS.
Iy

We notice that
(61) / |Vcw|2d,u+/ w?dS >0 for any t > 0.
Ct Ff,
Indeed, if there exists ¢ > 0 such that fCt |Vewl|? du + th w?dS = 0, then by a classical unique

continuation property we deduce that w is identically zero in Cy in contradiction with (54). More-
over

(62) / w?dS > 0
't

for any ¢ > 0 since otherwise, if there exists ¢ > 0 such that [} w?dS = 0, then by (59), (60), (61)
we would have

Dy, (t)
— — — 3 "k —
v= kEIJPOON(t + )\nk) a ETOON)\ ( ) - krgriloo H)\nk (t) = oo,
a contradiction. Therefore
fc |Vew|? dp
t) = Nyp(t) :=
N, (0 = Nt = =5
for any ¢ > 0. Combining this with (58) and Lemma 5.8 we deduce that
(63) Ny(t) =~ for any ¢ > 0.

This means that N, is constant and in particular, for almost every ¢ > 0, by Lemma 5.5 we have
) 2
(frt 1921*as) (fy, w2ds) = (fy, whzds)
( th w2dS )

The condition (fl‘t w%—’é’dS) (fr | | dS) ( 2CZS) implies that, for almost every ¢ > 0,
the functions 6 — w(t,0) and 6 — %—’:(t,@) are parallel as vectors of L2(SN¥~1) and hence there
exists a function 7 depending only on ¢ such that

ow
ot

0=N,(t) =—

(64) —(t,0) = n(t)w(t,0) for any ¢ > 0.
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Clearly the function n(t) = (w(t,6)) "1 22(¢,0) is well defined and continuous for any ¢ > 0 thanks
o (62). After integration in (64) we deduce that w admits the representation

w(t,0) = p(t)y(6).
It is not restrictive assuming that fstl ¥2dS = 1. Inserting the above representation of w into
the equation Acw = 0, it follows that there exist kg € N\ {0} and ¢, ¢y € R such that

—Agn19(0) = pio () and  @(t) = creVFRot 4 cge VRO L,
Since w € H,,(Cy) and fFo w?dS = 1, then necessarily ¢; = 0 and ¢y = 1, so that we may write
(65) w(t,0) = e ViRl (0).
Step 5. To conclude the proof, we observe that, inserting (65) into (63), we obtain that v = /fi,
([

The next lemma provides an upper bound for the function v.

Lemma 6.2. Suppose that all the assumptions of Lemma 5.5 are satisfied. Then, up to enlarge t,
there exists a constant C independent of s such that

(66) supv? < CH(s) for any s >1

and

(67) supv? < CKi1e™ 2% for any s > 1.
s

PrOOF. Estimate (67) follows from (66) and (46). In order to prove (66) we proceed by contra-
diction and assume that there exists a sequence s,, — +oo such that

sup v%(sp,0) > n/ v%(8n,0) dS(0).
SN—1

fesN—1
Putting \,, := s, — 1 and dividing both sides of the last inequality by \/H (\,) we infer
(68) sup wj (1,0) > n/ w3 (1,0)dS(0)

fesN—1 ' SN-1

with wy, as in Lemma 6.1. By Lemma 6.1, along a suitable subsequence {\,, } we have
sup win (1,0) — sup e 27%(0)
gesv-1 Tk gesN -1
and

/ w? (1,0)dS(0) — e $2(0)dS(0) = e,
SN—l

Tk SN—-1
hence contradicting (68). O
We now describe the behavior of H(t) as t — +o0.
Lemma 6.3. Suppose that all the assumptions of Lemma 5.5 are satisfied and let v be as in
Lemma 5.8. Then the limit

(69) lim e H(t)

t—+oo

exists and belongs to (0,+00).
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ProoF. By Lemma 5.4, Lemma 5.8, and direct computations we obtain
d teo
%(esz(t)) = 27ve®" H(t) + "' H'(t) = 2" H(t)(y — N(t)) = 2*"" H(t) N'(s)ds.
t
Integration in (Z,t) then yields

(70) X H(E) — PP H(T) = 2 / P H(s) ( / +Oc1/1(z)dz> ds + 2 /t " (s) ( / ) dz) ds.

7
By Lemma 5.5 we deduce that the function

+oo
S+ ezVsH(s)/ v1(z)dz

is non positive.
On the other hand combining Lemma 5.7 with (46) we infer that

+oo
s eZ'YsH(s)/ va(z) dz

is integrable in a neighborhood of infinity. This implies that the right hand side of (70) admits
a limit as ¢ — +o0o0. This proves that the limit in (69) exists; on the other hand by (46) it is
necessarily finite. It remains to prove that it is strictly positive.

Let R be such that Bg C Q and let T := —log R. For any k € N let us denote by v, an
eigenfunction of —Agn-1 corresponding to the eigenvalue uy and suppose that the set {iy}r>1 is
an orthonormal basis of L2(SV~1). For any ¢ > T, we define the functions

oult) = [ o(t.000u0) dS(6)
and
Gult) = [ [ R 0)0(e,0) + ¢ it.0,0(0.6))] 4u(6) dS(6).
Since v is a solution to (22) then, for any k 2 1, @, solves the equation
—op(t) + prpr(t) = CG(t) in [T, +o0).

Integration of the above ordinary differential equation yields

t =Pk s te\/lTkS
t) = ck—/e sds)e‘/’T’“t—F(ck—i—/ sds)e_\/‘T’“t
ontt) = (et = [ G 6l i+ [ GG

for some c¥,ck € R. Let kg > 1 be as in Lemma 6.1 so that

vi=lim N(t) = /lik-

t—+oo

“+oo
By definition of ¢y and the Parseval identity we have H(t) = Z lon(t)]?. In particular, by (46)
k=1

(71) lor ()] < VH(t) < /Kije VPR for all t > t.
Let m be the multiplicity of the eigenvalue ux, and let jo be such that

Hjo = -+ = Hkg = -+ = Hjo+m—1-
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Let us fix an index i € {jo,...,Jo+m — 1} and provide an estimate for the function ¢;. From (H),
(F), (46), and Lemma 6.2 we infer

(72)  |G(1)] < (Che™=t + Cre 2)H(t) + C;C" 7 \Jon 1 (H(t) = e(-N+557p)t
< VEL(Che + Cre e Vimot 4 00" Jay 1K, 7 e TN T )t
Since p > 2, the previous estimate gives
s VR0 (y(s) € L0, +00), s> e VIR0 ((s) € L'(0, +00).
This implies that

. e\/m t — t t
c§+/ Gi(s)ds ) e VPRt = O(e” VPR t) = o(eVFho t) as t — 400
2\//-“60

and hence

. / Hkqg S ( )
¢ — ds =0
! T 2\/ Hkq

since otherwise we would have lim;_, | o @;(t)e”VF ot £ 0, in contradiction with (71).
Therefore we may write

OO e ViR ¢ . PRy 8
(73) pi(t) = (/t 62\/%@(3)053> evVitot 4 (c§+/ 62\/#70 G(s )ds) e~ VPko t

and so by (72) we infer

. VB $
(74) wi(t) = (Cl +/ 62\/7 i(s )ds) e VRt 4 o(e _(V”’“0+5)t) as t — oo
Mo

where § = min{e, 2, - N + & 2p}
Suppose by contradiction that lim 2V [ (t) = 0, so that, by (71), for any k > 1 we have

t—+oo
(75) Jim eV fop(t) = 0.

Multiplying both sides of (74) by evP o ! and exploiting (75) we get

) +00 o\/fikg §
c’2+/ Ci(s)ds =10

T 2\/ ,u’ko
and hence
0= ([ ST Gy ds ) eIt 4o (RO
npt:—(/ ds)e + o(e”WHko as t = 4o0.
' t 2\/ ko
Using again (72), we finally obtain
(76) @i(t) = O(e"WPRa T ag t — 400,

Therefore, by (47) with o < 26 and (76), we have

/S W (0,0)5:(0)dS(6) = (HO) () = of1) as A = +oo,
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for any ¢ € {jo,...,jo+m—1}. Passing to the limit as k¥ — +oo along a subsequence as in Lemma
6.1, then yields

SN— 1
with 1) as in Lemma 6.1. This contradicts the fact that [[¢[[ 2~-1) = 1 and that 1 belongs to the
space generated by ;.. ...,%;j,+m—1. The proof is thereby complete. O

We are now ready to prove the main theorem.

Proof of Theorem 2.1. Let {%;};>1 be as in the proof of Lemma 6.3. By Lemma 6.1 and
Lemma 6.3, for any sequence A, — —+oo there exists a subsequence {\,,} such that, for any
ac(0,1),

jo+m—1
77 e eu( A\, ,0) — Bii(0) in CH¥(SNT1) as k — 400,
k
i=jo
o Jjo+m—1
(78) eV E(Ank,e) — — ; Bipi(0) in CO(SNT1) as k — +oo0,
and
jo+m—1
(79) M Vgn-10(An,, 0) = D BiVen-1thi(0) in CO(SNTH TSN as k — 400
1=Jjo

for some B, ..., Bjo+m—1 € R such that (8j,,. .., Bjo+m-1) # (0,...,0) .

Let us prove that the coefficients 3., ..., Bj,+m—1 € R depend neither on the sequence {\,}
nor on its subsequence {\,, }.

First of all, for any i € {jo,...,jJ0 + m — 1} we have

(30) lim ki) = Jim ™ [ 00, 0) vi(0) dS(0) = B
k—+4o00 k—+o00 SN-1
On the other hand, by (73) with ¢ =T := —log R and R as in the statement of Theorem 2.1, we
infer
+o0 e~ VHkq 8

¢ = T (T 762MT/ Ci(s) ds,
2 ( ) - 2\//Tko ( )

which inserted in (74) gives

+00 o —V/Fikg s
ilt) = (o) = AT [T g as) vt
T 2\/ ko
t \/Ws
+e ViRt / e Ci(s)ds + o(e” (VRO ast — 4o00.
T 2\/ ko
Multiplying both sides of the last identity by ev#*o® and passing to the limit as ¢ — 400 we obtain
+oo —/Pkq S +oo VPkq 8
eVt (t) — eVPko T (T) — e2VFko T / €T Gi(s)ds+ / A Ci(s) ds.
T 2\/ Hko T 2\/ Hkq
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This combined with (80) yields

400 — /Ky S 400 kg S
Bi = eV T, (T) — eQWT/ e Gi(s)ds + / e Gi(s)ds.
T 2\/Itko T 2Pk

Therefore the coefficients §j,,. .., Bj,+m—1 do depend neither on {A,} nor on {\,,} and hence
(77)—(79) also hold as A — +0o and not only along the sequence {\,, }. The proof of Theorem 2.1
then follows from (8), the fact that v = Tw, and direct computations. O
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