Rapporto n. 223

Angiola Pollastri and Vanda Tulli

The distribution of the absolute value of the ratio
of two correlated Normals.

Dicembre 2011

Dipartimento di Metodi Quantitativi per le Scienze Economiche ed Aziendali
Universita degli Studi di Milano Bicocca

Via Bicocca degli Arcimboldi 8 - 20126 Milano - Italia

Tel +39/02/64483103 - Fax +39/2/64483105

Segreteria di redazione: Andrea Bertolini




Thedistribution of the absolute value of theratio
of two correlated Normals.

Angiola Pollastri and Vanda Tulli

Abstract The aim of thispaper is to study the distribution of the
absolute quotient of two correlated Normals. Thigdg may have
many applications because often the researchercexpget a ratio is
positive or the sign of the ratio is unimportanedging into account a
form of the distribution of the ratio of two colageed Normals
proposed by Oksoy and Aroyan in 1994, we find tis¢ridution of the
absolute quotient of two correlated Normals randeamables. The
form here proposed is simple to compute becauseaifunction of the

T(h,A) studied by Owen in 1956. It is also given theriistion of
the Absolute ratio as a function of the distribatiof the Arctangent

r.v. It is also given the distribution of the Abst# ratio as a function
of the distribution of the Arctangent r.v..
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1 Introduction

Often we are interested in the study of the distrdn of a ratio
whose value is positive. Many indexes assumes pobijtive
values. In industrial practice measurements arejuéretly
recorded without their algebraic sign in order tid anegative
values to positive values. The present study maydedul to the
researcher interested in the distribution of th#&oraf two
measures of this kind.

Moreover the ratio of two Normals has no momentejdeg
into account of the results of Cedilnik et al. @8Dit is possible
to study the existence of moments for the absoratae of the
ratio.

The distribution of the ratio has been studied framany
scholars. In particular we remember: Geary (198i@JJer (1932),
Aroian and Oksoy (1986), Marsaglia (2006), Gale¢2e07).
Kim (2006) considered the ratio of two independé&iided
Normals.

Taking into account the result of Aroian and Okg&994)
about the CDF of two correlated Normals, we propase
formulation of the CDF for the absolute value oé ttatio in a
simple way which is very easy to compute.

2 Derivation of the Cumulative Distribution Function

Let's consider a Bivariate Correlated Normal
(Y! X) - N(,uY uux 10—3 !U>2( !p)
Therv. w g has CDF given by (Aroian and Oksoy, 1986)
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and L(h,k,p) is the bivariate normal integral according to the
indication of Kotz et al. (2000).

An alternative formula for Ry (w)involving the V (h,q)

function of Nicholson (1943) or th& (h,A) function of Owen
(1956) is

Ry (w)—1+ 1arctar(t “a brat|_ ? (b a)
2 \/1+t2 N

where

V(h,q) = jgjoydl(x)qJ(y)dxdy, =%x, and

T(hA) :%Tarctam -V (h an) .

It easy to find
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Now we want to consider the CDF of the W = ‘%‘ )
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=Ry (V) ~Fy (V)=
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Remembering the formula:

_ a-b ,
arctan(a) - arctafb) = arct:{nh—abj, we obtain

t, -t t, —t
F, (v):1 arctar] v | [+ ) e ||+
T 1+tt, /4 1+t,t,
ot bt,—a b +at, T bt,—-a b +at,
1+t2 bt -a 1+t2, bt,-a
-a b +at bt,—a b +at
F(v)=2T| —= , V|- 2T —X , v .
() { J1+t3, bt,-a J Lwllﬂf bt, -a J

The above formula is very easy to compute usingdgnam or
using the series expression reported in Owen (1956)

3 Relation between the CDF of V and the CDF of the
Arctangent random variable

The Arctangent distribution was proposed by Zert@2/9). In
2004 Pollastri and Tornaghi studied the charadiesisof the
distribution. This distribution has been utilised obtain the
simultaneous confidence regions and for testingthgsis about
the probabilities of a multinomial distribution (@ga, Fedrizzi,
1981; Brunazzo, 1979; Brunazzo, Fedrizzi, 1980tlaBwi, 1979,
1980, 1982).

Remembering the Cumulative Distribution Function thfe
Arctangent r.v.

«(ha) =127 (12)
Fr(na) _l_znarctar(a)
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we obtain
FV(V):l arcta brat, ) arcta b +at, +
m bt, -a bt,—a
1 b +at, bt,—a b +at,
+—| arcta F ; +
m bt,—-a 1+t2 bt -a
b +at,, bt,-a b +at_
—arctar) —— |F ;
bt,-a 1+t?, bt,-a
F (v)= 1{arctar{ﬁﬂ +
T 1+tt,
1 b +at bt,—a b +at
+—| arcta - |F = ; - |+
m bt,—a 1+t2 bt -a
b+at_ bt,—-a b +at.
—arctaf —— |F = ; .
bt,—a 1+t3, bt, -a

So we can assert that the CDF of the absolute wtibvo
Correlated Normals is a function of the CDF of thetangent
r.v..

The result may help in finding the characteristick tbe
Distribution of the r.v. V.
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4 Conclusions

The absolute ratio is important in the study of eixes of many
practical situations. Here we propose a simple efayomputing
the CDF of the absolute value of the ratio of twarrelated
Normals. We propose also a relation with the CDF tlod

Arctangent rv. Moreover, if we consider the absehariable, on
the contrary of the ratio, we can study the moments
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