CLASSIFICATION OF LOCAL ASYMPTOTICS FOR SOLUTIONS TO HEAT
EQUATIONS WITH INVERSE-SQUARE POTENTIALS

VERONICA FELLI AND ANA PRIMO

ABSTRACT. Asymptotic behavior of solutions to heat equations with spatially singular inverse-
square potentials is studied. By combining a parabolic Almgren type monotonicity formula
with blow-up methods, we evaluate the exact behavior near the singularity of solutions to linear
and subcritical semilinear parabolic equations with Hardy type potentials. As a remarkable
byproduct, a unique continuation property is obtained.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We aim to describe the asymptotic behavior near the singularity of solutions to backward evo-
lution equations with inverse square singular potentials of the form

a(z/|x|)

(1) uy + Au + P u+ f(x,t,u(z,t)) =0,

in RY x (0,T), where T >0, N >3, a € L®(S¥"1) and f: RY x (0,7) x R — R. Inverse square
potentials are related to the well-known classical Hardy’s inequality

N —2Y 2
/ |Vu(z)|? dz > () / u(z) dz, for all u € C*(RY), N >3,
RN i

2 N |1’|2

see e.g. [18, 20]. Parabolic problems with singular inverse square Hardy potentials arise in the
linearization of standard combustion models, see [24]. The properties of the heat operator are
strongly affected by the presence of the singular inverse square potential, which, having the same
order of homogeneity as the laplacian and failing to belong to the Kato class, cannot be regarded as
a lower order term. Hence, singular problems with inverse square potentials represent a borderline
case with respect to the classical theory of parabolic equations. Such a criticality makes parabolic
equations of type (1) and their elliptic versions quite challenging from the mathematical point of
view, thus motivating a large literature which, starting from the pioneering paper by [6], has been
devoted to their analysis, see e.g. [18, 32] for the parabolic case and [1, 29, 31] for the elliptic
counterpart. In particular, the influence of the Hardy potential in semilinear parabolic problems
has been studied in [2], in the case f(z,t,s) = s, p > 1, and for a(z/|z|) = A, A > 0; the analysis
carried out in [2] highlighted a deep difference with respect to the classical heat equation (A = 0),
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2 VERONICA FELLI AND ANA PRIMO

showing that, if A > 0, there exists a critical exponent p (\) such that for p > py()), there is no
solution even in the weakest sense for any nontrivial initial datum.

The present paper is addressed to the problem of describing the behavior of solutions along
the directions (Ax, A?t) naturally related to the heat operator. Indeed, the unperturbed operator
us + Au + % u is invariant under the action (x,t) — (Ax,A*t). Then we are interested in
evaluating the asymptotics of

u(Vtx,t) ast— 0"
for solutions to (1). Our analysis will show that u(y/tx,t) behaves as a singular self-similar eigen-
function of the Ornstein-Uhlenbeck operator with inverse square potential, multiplied by a power
of t related to the corresponding eigenvalue, which can be selected by the limit of a frequency type
function associated to the problem.

We consider both linear and subcritical semilinear parabolic equations of type (1). More pre-
cisely, we deal with the case f(x,t,s) = h(x,t)s corresponding to the linear problem

a(z/|x)

|z[?

(2) ur + Au + u+ h(z,t)u=0, inRY x(0,T),

with a perturbing potential h satisfying
(3) h,hy € L"((0,T), LN/2(RY))  for some r > 1, hy € LiS.((0,T), LN2(RY)),

and negligible with respect to the inverse square potential |x|~2 near the singularity in the sense
that there exists C > 0 such that

(4) \h(z,t)| < Cp(1+|2|72T¢) forall t € (0,T), a.e. x € RY, and for some ¢ € (0,2).

We also treat the semilinear case f(z,t,s) = ¢(z,t, s), with a nonlinearity ¢ € C1(RY x (0,T) x R)
satisfying the following growth condition
d
lp(x,t,s)| + |z - Vap(a, b, 5)| + [t 57 (2, ¢, )]
(5) |s]

lp(z,t,8) — s22(x,t,5)| < Cyls|®

< Co(L+ s~

for all (z,t,s) € RN x (0,7) xR and some 1 < p < 2*—1 and 2 < ¢ < p+1, where 2* = % is the
critical exponent for Sobolev’s embedding and C, > 0 is independent of z € RV, t € (0,7), and
s € R. In particular, we are going to classify the behavior of solutions to the semilinear parabolic

problem

(6) ug + Au + a(a|vx||2x|) u+ o(x,t,u(z,t)) =0, inRY x (0,7),

satisfying

(7) we L=(0,T, LPTH(RY))

and

(8) tu € L‘X’(O,T,Lpi%q (RM)) and  sup tN/Q/ |m|2(pp—+11) lu(Vtx, t)|PT dr < oc.
te(0,T) RN



HEAT EQUATIONS WITH INVERSE-SQUARE POTENTIALS 3

In order to introduce a suitable notion of solution to (1), for every ¢ > 0 let us define the space
H; as the completion of C2°(RY) with respect to

1/2
fulln, = ([ @@ + W) Gl de)
where
G(z,t) =t N2 (f @)
yU) = Xp it
is the heat kernel satisfying
(9) Gi—AG=0 and VG(z,t) = —2% Gz,t) in RY x (0, +00).
We denote as (Ht)* the dual space of H; and by (3,)(-,-)%, the corresponding duality product.
For every t > 0, we also define the space £; as the completion of C>°(R”) with respect to

llullz, = </RN |u(x)|2G(x,t) dm>1/2.

Definition 1.1. We say that u € L. (RY x (0,7)) is a weak solution to (1) in RY x (0,7) if

loc
T T

Vu - x?
10 )13, dt < +oo, / H + H
I O B R

() H*<Ut " VZL;E7¢>H
t t a(z/la)

- /RN (VU(x,t) V() — e u(z, t)p(x) — f(x,t, u(m,t))qb(x))G(gg’t) dx
for a.e. t € (0,T) and for each ¢ € H;.

dt < +oo for all 7 € (0,7),

It will be clear from the parabolic Hardy type inequality of Lemma 2.1 and the Sobolev weighted
inequality of Corollary 2.8, that the integral f]RN flz, t,u(z,t))¢(x)G(x, t)dx in the above definition
is finite for a.e. t € (0,T), both in the linear case f(x,t,s) = h(z,t)s under assumptions (3-4) and
in the semilinear case f(z,t,s) = ¢(x,t,s) under condition (5) and for u satisfying (7).

Remark 1.2. If u € L] (RN x (0,T)) satisfies (10), then the function
v(z,t) = u(Vix,t)
satisfies
(12) ve L*(1,T;H) and v, € L2(7,T;(H)*) for all 7 € (0,7),

where we have set
H = Hl,
i.e. H is the completion of C>°(RY) with respect to

1/2
o= ([, (9@ + @)t as )
RN
We notice that from (12) it follows that
ve C%r,T), L),
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see e.g. [27, Theorem 1.2], where £ := L; is the completion of C2°(RY) with respect to the norm
Jvllz = ( Jpn |v(x)|26"1|2/4 dx)l/z. Moreover the function

ter,T|— ||v(t)||2L = /RN u?(z,t)G(z,t) dx

is absolutely continuous and

11 9 _ 11 2 . - _ Vu-z
a1 Jo 0G0 = IO =0 = (s Vg a)

for a.e. t € (0,7).

Remark 1.3. If u is a weak solution to (1) in the sense of definition 1.1, then the function
v(x,t) := u(v/tx,t) defined in Remark 1.2 is a weak solution to

a(z/|z|)

|z[?

1
vt+t<Av—§~VU+ v—l—tf(\/ix,t,v(x,t))) =0,

in the sense that, for every ¢ € 'H,

(13) H*<Ut7 ¢>H

= 1/RN<VU(x7t)~V¢(z) — a|(x||w2) v(z, t)p(x) — tf(\/{fz,t,v(x,t))gb(x)) G(z,1)dx.

In particular, if u is a weak solution to (2), then v(z,t) := u(v/tz,t) weakly solves

vt—i—} Av—g'Vv—ﬁ—Mv—i—th(\/fx,t)v =0,
t 2 |z|?

whereas, if u is a weak solution to (6), then v(x,t) := u(v/tx,t) weakly solves

1

v+ - Av — E-Vv—i—Mv—i—tap(\/i%t,v) =0.
t 2 |x]?

We give a precise description of the asymptotic behavior at the singularity of solutions to (2)

and (6) in terms of the eigenvalues and eigenfunctions of the Ornstein-Uhlenbeck operator with

singular inverse square potential

(14) L:H— (H)*, L__A+§,v_a(rx/l2zl)’
acting as
wx (Lv, why = /RN <Vv(gc) -Vw(x) — a(Tx/|2$|) U(m)w(;{;))G(m, 1)dz, for all v,w € H.

In order to describe the spectrum of L, we consider the operator —Agn-1 — a(f) on the unit
(N — 1)-dimensional sphere S¥~1. For any a € L> (SN’l), —Agn-1 — a(f) admits a diverging
sequence of eigenvalues

pi(a) < po(a) <--- < pp(a) <\
the first of which is simple and can be characterized as

o o [Ven (@) dS(8) — fov-s a(6)97(6) dS(6)
(15) pala) = o Jonr 02(6) dS(0) ’
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see [16]. Moreover the quadratic form associated to —A — % is positive definite if and only if

N —2)?
(16) pla) > -2
see [16, Lemma 2.5]. To each k € N, k > 1, we associate a L> (SN’l)—normalized eigenfunction vy,
of the operator —Agn-1 — a(#) corresponding to the k-th eigenvalue py(a), i.e. satisfying

{—Asw-lww) — a(0)yr(0) = px(a) Yi(0), in SN,
fsN—l |¢k(9)|2ds(9) =1

In the enumeration p(a) < pa(a) < -+ < pg(a) < -+ we repeat each eigenvalue as many times
as its multiplicity; thus exactly one eigenfunction i corresponds to each index £ € N. We can
choose the functions 9y in such a way that they form an orthonormal basis of L?(SV~1).

The following proposition describes completely the spectrum of the operator L, thus extending
to the anisotropic case the spectral analysis performed in [32, §9.3] in the isotropic case a(f) = X;
see also [8, §4.2] and [14, §2] for the non singular case.

(17)

Proposition 1.4. The set of the eigenvalues of the operator L is
{’ym’k tk,meN k> 1}

where

o N -2 N -2V
(18) ’Vm,lc:m_?ka ap = 5 —\/( 5 )-I—/Jk(a),

SN—I

and py(a) is the k-th eigenvalue of the operator —Agn-1—a(6) on the sphere
Ym,k has finite multiplicity equal to

. Each eigenvalue

#{jeN,jZI:%n,kJrO;jeN}

and a basis of the corresponding eigenspace is

s
{vn,j (i ENG =1L, Yme=n— EJ}
where

(19 Vi) = ol By (1), (2),

||

;s an eigenfunction of the operator —Agn-1 — a(6) on the sphere SN=1 associated to the j-th
eigenvalue 1;(a) as in (17), and P;,, is the polynomial of degree n given by

Pia®) =Y oy Do
=0 \ 2 71/

denoting as (s);, for all s € R, the Pochhammer’s symbol (s); = H;;E(s +7), (s)o=1.
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The following theorems provide a classification of singularity rating of any solution u to (1)
based on the limit as ¢ — 01 of the Almgren type frequency function (see [5, 25]),

tfon (IVule, )2 — SRR (@, 1) — flo,t (e, 6)u(@, ) G, t) do
(20)  Nyu(t) = Jan w2 () G, t) da '

In the linear case f(z,t,u) = h(z,t)u, the behavior of weak solutions to (2) is described by the
following theorem.

Theorem 1.5. Let u # 0 be a weak solution to (2) in the sense of Definition 1.1, with h satisfying
(3) and (4) and a € L>(SN™1) satisfying (16). Then there exist mo, ko € N, kg > 1, such that

(21) Em Npwu () = Yime ko »

t—0t+
where Ny, o is defined in (20) and Ymg ko s as in (18). Furthermore, denoting as Jo the finite set
of indices
o

(22 Jo = {(m, ) € N x (N\{0) s = 5 = oy},

for all T € (0,1) there holds

1 2
(23) lim ATmokou( Az, A2t) — trmoko N B Vi w(a/VE)|| dt =0
A=0T s (m,k)€To e
and
(24) Jlim, . A"Zmokou( Az, A2t) — trmoko " B Vo w(w/VE)|| =0,
- te|r,1 Ly

(m,k)€Jo

where mek = Vi b/ Vinkll s Vi are as in (19),

(25) ﬁm,kZA_Q%LO'kO/ w(Az, A?)V,, 1 (2)G (2, 1) do
RN

A
+ 2/ §1 72V mo ko ( h(sz, s*)u(sxz, s*)Vyy 1 (2)G(, 1) dx) ds
RN

0
for all A € (0,Ag) and for some Ay € (0,/T), and By i # 0 for some (m, k) € Jy.

An analogous result holds in the semilinear case for solutions to (6) satisfying the further
conditions (7) and (8).

Theorem 1.6. Let a € L>(SN™1) satisfy (16) and ¢ € C*(RYN x (0,T) x R) such that (5) holds.
If u # 0 satisfies (7-8) and is a weak solution to (6) in the sense of Definition 1.1, then there exist
mo, ko € N, kg > 1, such that

(26) lim N(p,u(t) = Ymo,ko>

t—0+
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where N, is defined in (20) and Y, k, is as in (18). Furthermore, letting Jo the finite set of
indices defined in (22), for all T € (0,1) convergences (28) and (24) hold with

(27) By = A~2morko / w(Az, A2V ()G, 1) da

RN
A
+2/ s17 %m0 ko (/ @(sx,s2,u(sx,32))Vm’k(x)G(x,1)dm)ds
0 RN

for all A € (0,Ag) and for some Ay € (0,VT), and By 1. # 0 for some (m, k) € Jo.

(25) and (27) can be seen as Cauchy’s integral type formulas for solutions to problems (2) and
(6), since they allow reconstructing, up to the perturbation, the solution at the singularity by the
values it takes at any positive time.

The proofs of theorems 1.5 and 1.6 are based on a parabolic Almgren type monotonicity for-
mula combined with blow-up methods. Almgren type frequency functions associated to parabolic
equations were first introduced by C.-C. Poon in [25], where unique continuation properties are
derived by proving a monotonicity result which is the parabolic counterpart of the monotonicity
formula introduced by Almgren in [5] and extended by Garofalo and Lin in [19] to elliptic operators
with variable coefficients. A further development in the use of Almgren monotonicity methods to
study regularity of solutions to parabolic problems is due to the recent paper [7]. We also mention
that an Almgren type monotonicity method combined with blow-up was used in [15] in an ellip-
tic context to study the behavior of solutions to stationary Schrodinger equations with singular
electromagnetic potentials.

Theorem 1.5 and Theorem 1.6 imply a strong unique continuation property at the singularity,
as the following corollary states.

Corollary 1.7. Suppose that either u is a weak solution to (2) under the assumptions of Theorem
1.5 or u satisfies (7-8) and weakly solves (6) under the assumptions of Theorem 1.6. If

(28) u(z,t) = O((|z|? +t)k) as (x,t) — (0,0) for allk € N,
then u =0 in RY x (0,7).

As a byproduct of the proof of Theorems 1.5 and 1.6, we also obtain the following result, which
can be regarded as a unique continuation property with respect to time.

Proposition 1.8. Suppose that either u is a weak solution to (2) under the assumptions of Theorem
1.5 or u satisfies (7-8) and weakly solves (6) under the assumptions of Theorem 1.6. If there exists
to € (0,T) such that

u(z,tg) =0 for a.e. € RV,
then u =0 in RY x (0,7).

There exists a large literature dealing with strong continuation properties in the parabolic
setting. [21] (see too [22]) studies parabolic operators with L™3" time-independent coefficients
obtaining a unique continuation property at a fixed time ty: the used technique relies on a repre-
sentation formula for solutions of parabolic equations in terms of eigenvalues of the corresponding
elliptic operator and cannot be applied to more general equations with time-dependant coefficients.
[26] and [30] use parabolic variants of the Carleman weighted inequalities to obtain a unique con-
tinuation property at fixed time ¢y for parabolic operators with time-dependant coefficients. In
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this direction, it is worth mentioning the work of Chen [8] which contains not only a unique con-
tinuation result but also some local asymptotic analysis of solutions to parabolic inequalities with
bounded coefficients; the approach is based in recasting equations in terms of parabolic self-similar
variables. We also quote [4, 9, 10, 12, 13, 17] for unique continuation results for parabolic equations
with time-dependent potentials by Carleman inequalities and monotonicity methods.

The present paper is organized as follows. In section 2, we state some parabolic Hardy type
inequalities and weighted Sobolev embeddings related to equations (2) and (6). In section 3,
we completely describe the spectrum of the operator L defined in (14) and prove Proposition
1.4. Section 4 contains an Almgren parabolic monotonicity formula which provides the unique
continuation principle stated in Proposition 1.8 and is used in section 5, together with a blow-up
method, to prove Theorems 1.5 and 1.6.

Notation. We list below some notation used throughout the paper.

- const denotes some positive constant which may vary from formula to formula.

- dS denotes the volume element on the unit (N — 1)-dimensional sphere SV 1.

- wy_1 denotes the volume of SV ie. wy_; = fsN—l ds(0).

- For all s € R, (s); denotes the Pochhammer’s symbol (s); = H;;E(s +7), (8)o = 1.

2. PARABOLIC HARDY TYPE INEQUALITIES AND WEIGHTED SOBOLEV EMBEDDINGS

The following lemma provides a Hardy type inequality for parabolic operators. We refer to [25,
Proposition 3.1] for a proof.

Lemma 2.1. For everyt > 0 and u € H; there holds

u?(z) 1 9 4 2
/R Glat)do < /RN ()G (x, ) dr + m/ﬂw Vu(@)|]? Gla, t) da

v zf?

In the anisotropic version of the above inequality, a crucial role is played by the first eigenvalue
p1(a) of the angular operator —Agn—1 — a(f) on the unit sphere S¥ =1 defined in (15).

Lemma 2.2. For every a € L™ (SNfl), t >0, and u € Hy, there holds

N —
/ |Vu(z)|* — a(@/lz]) u?(z) ) G(z,t) dx + N-2 u?(2)G(x,t) d
RN || 4 Jg~
W2y [ o
> A - .
> (,ul(a) + 1 v 2P G(z,t)dx
PRrROOF. Let u € C>®(RYN \ {0}). The gradient of u can be written in polar coordinates as
1
Vu(z) = (9yu(r,0))0 + ;VSN—IU(T‘, 0), r=lz|, 0= %,

hence

|Vu(z)|? = ’@u(r, 9)’2 + %‘ng_lu(r, 9)|2
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and

(29) /RN <|Vu(w)|2 - G(TJC/E”D u2(x)> G(x,t) da

+o0o 2
. / ( / PNle= 50, u(r, 9)|2dr) ds(6)
SN-1 0

¥ /Om M(/SN ([Vav-ru(r,0)% — a(0)u(r, 0)]] dS(G)) dr.

r2

For all § € SN1 let gy € C((0,+00)) be defined by pg(r) = u(r,8), and g € C(RY \ {0}) be
the radially symmetric function given by @gp(x) = @g(]z|). From Lemma 2.1, it follows that

/sm (/;Oo PN Lew Ou(r,0) dr) ds(0)
/SN,I (/O+OO TN_le‘ﬁlso’e(r)Ier> ds(0)
N le_l /sw—l (/RN V@o ()G, t) d:c) ds(0)
z le_l W/SN_l (/RN Wﬁ?'zG(x,t) dx) ds(6)
- wzvl_l NT;Q/SN,l (/RN |@o(2) "G, 1) dx> ds(9)
th/SNl (/Om TN;;EﬁIU(r, 9)|2dr> ds ()

NN -2 Heo o2
e / ( / N5 u(r, 9)|2dr) ds(6)
4t SN—I 0

w|2

(30) ¢

w2

=t

where wy_; denotes the volume of the unit sphere SV~ ie. wy_1 = fSN71 dS(0). On the other
hand, from the definition of p1(a) it follows that

(31) /SN?I[\VSNflu(r, 0)2— a(0)u(r,0)%] dS(0) > m(a)/ (u(r, 0)2dS(6).

SN—1

From (29), (30), and (31), we deduce that

/RN (w@)? _ ala/le]) u2(ac)> Gla,tyde+ Y—2 [ 2@)G (1) da

|.’ﬂ|2 4t RN

> (u1(a)+(N_2)2> / ) Gty d,

4 N |.’E|2

for all u € C®(RN \ {0}), thus yielding the required inequality by density of C2°(RY \ {0}) in
H. O
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The following corollary provides a norm in H,; equivalent to || - ||, and naturally related to the
heat operator with the Hardy potential of equation (1).

Corollary 2.3. Let a € L™ (SN_l) satisfying (16). Then, for everyt >0,
Jen (IVu(z)> = a(m‘fl) 2(z)) G(z,t) do + N2 [on ©?(2)G(z,t) d

in
u€H\{0} Jen IVu(2)]? G(z, 1) dx + N=2 IIRN u?(z)G(x,t) dx
Jaw (IVo(@)[? = 2 02 (2 )) G(x,1)de + Y22 [y 02 (2)G(x, 1) da
= inf ~N 3 > 0.
vEH\{0} Jon [Vo(2)]2 G(x,1) do + 272 [on v2 )G (, 1) dx

PROOF. The equality of the two infimum levels follows by the change of variables u(z) = v(x/v/%).
To prove that they are strictly positive, we argue by contradiction and assume that for every € > 0
there exists v. € H \ {0} such that

/ <Vv€(3:)2 _ ala/lz]) vg(a:)> Gl Vde+ 22 [ 2@)C(,1) da
RN

|z 4 Jrw
2 N-2 2
<e Ve (2)] G(x, 1) dx + — vz(z)G(z, 1) dzx |,
RN RN
which, by Lemma 2.2, implies that

() 25) [ s

s _ale/la)) No2 [
< /RN (les(x)| = (3:)) G(x,1)dx + 1 02 (2)G(z, 1) dz < 0

e)fal? = RN

a (N —2)?
0.
M1<1_5>+ 1 <

By continuity of the map a +— p1(a) with respect to the L (SN*I)—norm7 letting € — 0 the above

and consequently

inequality yields 1 (a) + % < 0, giving rise to a contradiction with (16). O

The above results combined with the negligibility assumption (4) on h allow estimating the
quadratic form associated to the linearly perturbed equation (2) for small times as follows.

Corollary 2.4. Let a € L>(SN™1) satisfy (16) and h € LS, (RN \ {0} x (0,T)) satisfy (4). Then

loc

there exist C},Co > 0 and Ty > 0 such that for every t € (0,T1), s € (0,T), and u € H; there
holds

/RN (|Vu(:c)|2 - a“l;/"f) w?(z) — h(z, s)uz(x)) G(z,t) dz

> C{/ @ G(z,t)dx — & u?(2)G(2,t) do
RN

EE t Jon

o alz/lz]) 2 N-2 2
/RN (|Vu(x)| TP u”(x) — h(z, s)u (m)) G(z,t)dx + T/RNU (2)G(z,t) dx

> C{(/RN |Vu(z)]? G(z,t) do + %/]RN u?(2)G(x,t) d;v).
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PROOF. From (4), we have that, for every u € H;, there holds

(32) h(x, s)u?(2)G(x,t) dz| < Cy (/ u?(2)G(x,t) do + / lz| 72T u? (2) Gz, t) dx)
RN RN RN
u?(z) 14e/2 2
< C’h</ u?(2)G(z,t) da + t°/2 / FE G(x,t)dx 4 t~1F/ / u*(x)G(z,1t) dx)
RN X
|| <Vt |z >V
2
- @(Htf/?)/ w2 (2)G(z, t) derChtE/z/ W) 1) d
t RN ry |2

The stated inequalities follow from (32), Lemma 2.1, Corollary 2.3, and assumption (16). O

In order to estimate the quadratic form associated to the nonlinearly perturbed equation (6), we
derive a Sobolev type embedding in spaces H;. To this purpose, we need the following inequality,
whose proof can be found in [11, Lemma 3].

Lemma 2.5. For every u € H, |x|u € £ and

1

— |lz|?u?(2)G(z, 1) d é/ |Vu(z)2G(z,1) dr + E/ u?(2)G(x, 1) da.
].6 RN RN 4 R

N
The change of variables u(x) = v(z/v/t) in Lemma 2.5, yields the following inequality in H;.

Corollary 2.6. For every u € Hy, there holds

1

N
— |z|2u? (2)G(z, t) de < / |Vu(z)|*G(x,t) do + — u?(2)G(x,t) da.
16t2 RN RN 4t

RN

From Lemma 2.5 and classical Sobolev embeddings, we can easily deduce the following weighted
Sobolev inequality (see also [14]).

Lemma 2.7. For allu € H and s € [2,2*], there holds u\/G(-,1) € L*(RY). Moreover, for every
s € [2,2%] there exists Cs > 0 such that

(/RN |u(fr)SG3(:t,1)alx>z < CS(/RN (IVu(z)[> +U2($))G(x71)dx>
for allu € H.

PROOF. From Lemma 2.5, it follows that, if u € H, then u/G(-,1) € H'(R"); hence, by classical

Sobolev embeddings, u\/G(-,1) € L*(RY) for all s € [2,2*]. The stated inequality follows from
classical Sobolev inequalities and Lemma 2.5. O

The change of variables u(x) = v(z/v/t) in Lemma 2.7, yields the following inequality in ;.

Corollary 2.8. For everyt >0, u € Hy, and 2 < s < 2%, there holds

2
s—=2

([, et @ as) <o,

The above Sobolev estimate allows proving the nonlinear counterpart of Corollary 2.4.
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Corollary 2.9. Let a € L>(SN™1) satisfy (16) and ¢ € C*(RY x (0,T) x R) satisfy (5) for some
1 <p <2 —1. Then there exist CY > 0 and a function To : (0,4+00) — R such that, for every
R>0,te (0,T2(R)), s€ (0,T), and u € {v € Hy N LPTH(RN) : [Jv|| o1 ry) < R}, there holds

/]RN <Vu(x)2 — (I(T;C/”;?D u?(z) — o(z, s, u(:z:))u(x)) G(z,t)dx + NT? u?(2)G(x,t) dz

RN
> C’{'(/RN |Vu(z)|* Gz, t) de + % /]RN u?(z)G(x,t) dx).

PrOOF. From (5), Hélder’s inequality, and Corollary 2.8, we have that, for all u € H;NLPTH(RY),
there holds

(33) /RNgo(m,&u(x))u(x)G(ac,t) dx

éC’w(/Ruz(x)G(:c,t) der/Ruz(x)\u(ac)P*lG(x,t) d:r)

N N

bt e -
< cg,</ V2 ()G (z, ) d + (/ (@) PG (2, 1) dx) ||u||f;pi1(RN)>
R RN

N

(N+2)—p(N—2

(N+2)—p(N=2) _
< 0 (Gt o) [ IVuP o)
R

(N42)—p(N=2) _ 1
+ <t+0p+1t 2G40 ||u||’£p+11(RN))E/ u?(2)G(x, 1) dw)
]RN

with Cp41 as in Corollary 2.8. The stated inequality follows from Corollary 2.3 and (33) by choosing
t sufficiently small depending on |[u| r+1(gv)- O

3. SPECTRUM OF ORNSTEIN-UHLENBECK TYPE OPERATORS WITH INVERSE SQUARE
POTENTIALS

In this section we describe the spectral properties of the operator L defined in (14), extending
to anisotropic singular potentials the analysis carried out in [32] for @ = X constant. Following
[14], we first prove the following compact embedding.

Lemma 3.1. The space 'H is compactly embedded in L.

PROOF. Let us assume that u, — u weakly in H. From Rellich’s theorem uy, — u in LZ (RY).
For every R > 0 and k € N, we have

(34) / s — u2G (1) dz = Ag(R) + Bu(R)
RN
where

(35) Aip(R) = / |ug(x) — U($)|267‘z‘2/4 dr -0 ask — +oo, forevery R>0
{lz|<R}

and

Bi(R) = lug (z) — u(2)|*G(x,1) dx.
{lz|>R}
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From Lemma 2.5 and boundedness of u in H, we deduce that

(36) Br(R) < R™? |z |ug (z) — u(z)|*G(x,1) dx
(21>}
1
< = 16/ IV (uy, —u)(z)|*G (2, 1) dz + 4N/ lug () — u(2)|*G (2, 1) dz ) < LnSt.
2\ Jen . R?
Combining (34), (35), and (36), we obtain that u; — w strongly in L. O

From classical spectral theory we deduce the following abstract description of the spectrum of L.

Lemma 3.2. Leta € L™ (SN_l) such that (16) holds. Then the spectrum of the operator L defined
in (14) consists of a diverging sequence of real eigenvalues with finite multiplicity. Moreover, there
exists an orthonormal basis of L whose elements belong to H and are eigenfunctions of L.

ProoF. By Corollary 2.3 and the Lax-Milgram Theorem, the bounded linear self-adjoint operator
-1
T:L—L, T= <L+N421d>

is well defined. Moreover, by Lemma 3.1, T is compact. The result then follows from the Spectral
Theorem. g

Let us now compute explicitly the eigenvalues of L with the corresponding multiplicities and
eigenfunctions by proving Proposition 1.4.
Proof of Proposition 1.4. Assume that v is an eigenvalue of L and g € H\{0} is a corresponding
eigenfunction, so that

(37) ~agte) + T S 40) g0

in a weak H-sense. From classical regularity theory for elliptic equations, g € Cllo’g‘ (RN \ {0}).
Hence g can be expanded as

g(@) = g(r6) =Y ¢ (r)e(0) in LSV,
k=1
where 7 = |z| € (0,4+00), § = z/|z| € S¥~1, and

onr) = [ a0y (0)asio).

Equations (17) and (37) imply that, for every k,
N-1 r L .
" V-7 / _ Mk _
(38) - ( - 2) &+ (v r2> ér =0 in (0, +00).
Since g € 'H, we have that
(39)
oo 2 oo 2
00 > / ¢*(2)G(z,1) dx = / (/ g*(ro) dS(Q))rN_le_4 dr > / rNTle™ T @2 (r) dr
RN 0 SN-1 0

and, by the Hardy type inequality of Lemma 2.1,

(40) oo>/R 92(‘”)G(x,1)dz>/ooorfv3el 2(r) dr.

el
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Forallk =1,2,... and t > 0, we define wy,(t) = (4t) 2 ¢y (VA1) with o, = N2 (%)2 + pi(a).
From (38), wy, satisfies

on (];[ . t) wh(t)+ (%5 +7) wn(t) =0 in (0, +00).

Therefore, wy, is a solution of the well known Kummer Confluent Hypergeometric Equation (see
[3] and [23]). Then there exist Ay, By € R such that

g g

wk(t):AkM( ?fy,gfak,t)JerU( ?f’y,gfozk,t), t € (0,+00).

Here M(c,b,t) and, respectively, U(c,b,t) denote the Kummer function (or confluent hypergeo-
metric function) and, respectively, the Tricomi function (or confluent hypergeometric function of
the second kind); M (c,b,t) and U(c,b,t) are two linearly independent solutions to the Kummer
Confluent Hypergeometric Equation

tw” (t) + (b—t)w'(t) —ct =0, t € (0,+00).

Since (% — ay) > 1, from the well-known asymptotics of U at 0 (see e.g. [3]), we have that

Q@ N
U( - v, = — ak,t> ~ constt!T T T ag ¢ — 0,

2 2
for some const # 0 depending only on N, ~, and aj. On the other hand, M is the sum of the series
- (c)n t"
M(c,b,t) = — —.
(C7 ) ) T;) (b)n n'

We notice that M has a finite limit at 0, while its behavior at co is singular and depends on the
value —c = %k 4. If 2 +y=m € N={0,1,2,--- }, then M (— 2k —~, % — ay, t) is a polynomial
of degree m in t, which we will denote as Py ,,, i.e.,

m —m),, m
Pk,m(t) = M(_ma% _ak7t> = Z ]\(]7)

n=0 (7 - ak)n nl’
If (% + ) ¢ N, then from the well-known asymptotics of M at co (see e.g. [3]) we have that

N oy
M( B % - 9 Ozk,t) ~constelt™ 2T T ast — +00,

for some const # 0 depending only on N, ~, and «y.
Now, let us fix k € N, k > 1. From the above description, we have that

wy(t) ~ const Bktl_%+°‘k ast— 0T,

for some const # 0, and hence

2
_ r _
or(r)=r akwk(z) ~ const Byr? Nter agpr — 0F,

for some const # 0. Therefore, condition (40) can be satisfied only for By = 0. If = +~ € N, then

wi(t) ~ const Age't ™2 T3 ast — +oo,
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for some const # 0, and hence
2

Pr(r) = Tﬁakwk(%) ~ const Agr~ N2 /4 as - 400,
for some const # 0. Therefore, condition (39) can be satisfied only for Ay = 0. If S +v=m € N,

then r‘o"“Pk,m(%) solves (38); moreover the function

() ()

belongs to ‘H, thus providing an eigenfunction of L.
We can conclude from the above discussion that if 5+~ ¢ N for all £ € N, k > 1, then v is
not an eigenvalue of L. On the other hand, if there exist kg, mg € N, kg > 1, such that

= = Mn — ako
fy meo,k?o 0 2
then v is an eigenvalue of L with multiplicity
. . Qg
ay () = mimy ) = #{3 € 83> 1, + 5 €N < hoe

and a basis of the corresponding eigenspace is

s z|? AN . o
{$| ijv'Ymo,ko'f‘O‘j/Q (|4|)qu <m) :-7 € N’J 2 17’ym01k0 + 7‘7 € N} N

The proof is thereby complete. O

Remark 3.3. If a(f) = 0, then p(0) = k(N + k — 2), so that a = % /(52 + k)2 =—k,

and v, = % + m. Hence, in this case we recover the well known fact (see e.g. [8] and [14])
that the eigenvalues of the Ornstein-Uhlenbeck operator —A + 5 - V are the positive half-integer
numbers.

Remark 3.4. Due to orthogonality of eigenfunctions {1 }5 in L2(SN~1), it is easy to verify that
if (mq, k1) # (ma, k2) then Vi, g, and Vi, , are orthogonal in L.
By Lemma 3.2, it follows that

~ V. .
{VM: = :j,neN,j>1}
Vel

is an orthonormal basis of L.
4. THE PARABOLIC ALMGREN MONOTONICITY FORMULA
Throughout this section, we will assume that a € L>(SV~!) satisfies (16) and either
(I) u is a weak solution to (2) with h satisfying (3) and (4)
or

(IT)  wu satisfies (7-8) and weakly solves (6) for some ¢ € C*(RY x (0,7) x R) satisfying (5).
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We denote as
h(z,t)s,  in case (I),

flz,t,s) = {(p(x,t,s)a in case (IT),

so that, in both cases, u is a weak solution to (1) in RV x (0,7 in the sense of Definition 1.1. Let

(42) T Tl, in case (I), and O = C1, in case (I),
T3(Rp), in case (II), CY, in case (II),

being C1,T; as in Corollary 2.4 and C7,T5(Ry) as in Corollary 2.9 with

Ro= sup [Ju(:,t)|pr+r@yy
t€(0,T)

(notice that Ry is finite by assumption (7)). We denote
T
A= —FF———,
2(|T/T| +1)
where || denotes the floor function, i.e. || :=max{j € Z: j < z}. Then

k

(OvT) = U(alvbl)

=1
where
k=2(|T/T|+1) -1, a;=(i—1a, and b;=(i+1)a.

We notice that 0 < 2a < T and (a;, b;) N (air1,bi11) = (i, (i + 1)a) # 0. For every i, 1 <i < k,
we define

(43) ui(z,t) = u(z,t +a;), xRN, te(0,2a).

Lemma 4.1. For everyi=1,... k, the function u; defined in (43) is a weak solution to
a(x/|x

(44) (ui)t—i—Aui—l—(|m/|2|)ui—|—f(x,t+ai,ui(x,t)) =0

in RN x (0,2a) in the sense of Definition 1.1. Furthermore, the function v;(x,t) = w;(\/tz,t) is
a weak solution to

(45) (v;)¢ + 1<Avi — % -Vo; + a(T:x/|2x|) v +tf(Vix, t+ ai,vi(x,t))> =0

in RN x (0,2q) in the sense of Remark 1.3.

PrROOF. If i = 1, then a; = 0, u;(z,t) = u(z,t) in RY x (0,2a), and we immediately conclude.
For every 1 < i < k, a; # 0, and, being G(z,t) as in (9), the following properties hold for all



HEAT EQUATIONS WITH INVERSE-SQUARE POTENTIALS 17

te (ai,bi):
() Gz, SN 1) = (£)V2C(x,t - ay);

(i) if ¢ € Hya,, then ¢ G(-, 29)) € 1,
(1) if ¢ € (Hy)*, then ¢ € (H, - al) and

H*

t—a;

(¥, ¢) —(t2> <w ¢ G-, Lo )> for all ¢ € H
’ Hi—a; - Hy Ht7 t—a; -

Let 1 <i < kand ¢ € Hy—q,. Due to (ii), ¢ G(-, tia)) € H,; and then, since u is a solution to
(1) in the sense of of Definition 1.1, for a.e. t € (a;,b;) we have

,¢G( t(t— al))>

Vux

(46) ” <ut +

Hy

= u(x,t) - 2) Gz, =29 G (2, t) do — x aiz - Vu(z,t) 2. =)y e 1) d
= [, Vule.t) Vo) Gl )Gy do — [ ota) S G o o) Glat) d

- / ST 4 )6 (2)G (o, E20) G, 1) / £t ule, ) $(@)G (2, M=) G, 1) da
RN ‘x| RN

Therefore, thanks to (i) and (iii), we obtain

" ‘<ut + W’¢>m ) :/RN (Vu(x,t) - Vé(z) — “(Tafg') u(m,t)¢(ac)) Gzt — a;) d

- flz t,u(z, t)p(z)G(x,t — a;) da.
RN
By the change of variables s = t — a;, we conclude that u;(z,t) = u(x,t + a;) is a weak solution to
(44) in RN x (0,20) in the sense of Definition 1.1. By a further change of variables, we easily obtain
that v;(x,t) := u;(Vx,t) is a weak solution to (45) in RN x (0, 2«) in the sense of Remark 1.3. O

For every i = 1,...,k, we define

(47) H;(t) = / u?(z,t) G(x,t)dz, for every t € (0,20),
RN

and

(48) D;(t) —/RN<|Vui(x,t)|2 — a|(x||w2) u?(x,t) — f(z,t + ai,ui(a:,t))ui(x,t)>G(x,t) dx

for a.e. t € (0,2a).

Lemma 4.2. For every 1 <i <k, H; € W(0,2a) and

loc

(49) HI(t) =2 <(ui)t 4 Vi m,ui(-,t)> = 2D;(t) for a.e. t € (0,2a).
HE 2t H,y

PROOF. It follows from Lemma 4.1 and Remark 1.2. O
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Lemma 4.3. If Cy is as in (42), then, for everyi=1,...,k, the function

N-—2

7 Hi(t)

t— t—201+

is nondecreasing in (0, 2a).

PrROOF. From Lemma 4.2 and Corollaries 2.4 and 2.9, taking into account that 2a < T, we have
that, for all ¢ € (0, 2«),

H(t) > 1(201 — N2_2>Hi(t),

which implies

d 7201+N—2
— H; > 0.
7 (t T H;(t) 0

2014552 H;(t) is nondecreasing in (0, 2q). O

Hence the function ¢ — ¢~

Lemma 4.4. If 1 <i <k and H;(t) =0 for some t € (0,2«), then H;(t) =0 for all t € (0,7].

PROOF. From Lemma 4.3, the function ¢ — =201 +%%> H,(t) is nondecreasing in (0, 2a), nonneg-

ative, and vanishing at ¢. It follows that H;(t) = 0 for all ¢ € (0, ¢]. O

The regularity of D; in (0,2«) is analyzed in the following lemma.

Lemma 4.5. If 1 <i<k and T; € (0,2a) is such that u;(-,T;) € Hr,, then

o )

(ii) the function

()¢, t) + M

2
5 G(z,t) dm) dt < 400 forall T € (0,T;);

t—tD; (t)
belongs to VVI})C1 (0,T;) and its weak derivative is, for a.e. t € (0,T3), as follows:
in case (I)
d i(z,t) - x|?
— (tDi(t)) = 2t/ ()i (, 1) + Vu;(z,t) - x Gl t) da
dt RN 2t

2
2u?(m,t) + (Vuy(z,t) - )ui(x,t) — %uf(x,t)) G(z,t)dx

+/RNh(m,t+ai) (N_

—t he(z,t + a;)ul(z,t)G(x, t) du;
RN



HEAT EQUATIONS WITH INVERSE-SQUARE POTENTIALS 19

in case (IT)

(z,t) - x|
%(tDi(t)) =2t/RN (i), £) + w Gla,t) da
—|—t/RN ( x,t+ a;,ui(x,t)) — 56:2 (x,t + ai,ui(x, t))ui(x,t)>(ui)t(x,t)G(x,t) dx
Jr/RN ((p x, t+ ag, ui(x, t))u(x, t) ftaa—f(x t+ a;, ui(z, t)u;(z,t)

— NO(z,t + a;,ui(z,t)) — Vo @(z,t + a;, ui(z, t)) - a:) G(z,t)dx

—|—/ |4<2<I> x,t+ a;,ui(x,t)) — <p(x,t+a,i,ui(x,t))ui(x,t)>G(x,t) dx

where

(.t 5) = /0 (s, €) de.

PROOF. Let us first consider case (I), i.e. f(z,t,u) = h(z,t)u, with h(z,t) under conditions
(3-4). We test equation (45) with (v;):; we notice that this is not an admissible test function for
equation (45) since a priori (v;): does not take values in H. However the formal testing procedure
can be made rigorous by a suitable approximation. Such a test combined with Corollary 2.4 yields,
for all t € (0,T3;),

/tTi s(/RN ()2 (x, $)G(z,1) dx) ds < const <||ui( T T2 + /RN (2, )Gz, 1) dz
+/tTi</RN (Vsz, s—&—az)(' 8|2 2z, 5) — wvms) _ N4_2vi2(x,s))G(x,1)dx> ds

* % /f;(/RN hs(Vsa, s + a;)v} (2, 8)G (2, 1) dx) ds>,

Since, in view of (3-4) and Lemmas 2.1 and 2.5, the integrals in the last two lines of the previous
formula are finite for every ¢ € (0,T;), we conclude that

(v;)e € L*(7,Ti; £)  for all 7 € (0,T5).
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Testing (45) with (v;); also yields

(
Tls(/RN )Gz, 1)d3:) ds

Vo (z,1)] (T;I/”f) v2(x,t) — th(Vir,t + ai)v?(%t))G(sc, 1)dx

1

2

(

_! ( ) a(T;/leD of o(2) = Toh(v/Tia, Ts + ai)vai(m)>G(m, 1) de

" /tTL /]RN M5+ al)(| 8|2 P(a,s) — in(x,s) - N4_ QUf(x,s))G(x, 1) dm) ds
+ %/t ' 5(/}1@' he(V/s2, 5 + a;)v? (x,5)G(x,1) da:) ds,

for all ¢ € (0,7;), where vg ;(x) := u;(v/T;x, T;) € H. Therefore the function

t— <|Vvi(x, t)|? — G(Tx/;l) v (x,t) — th(Vtx, t + a;)vi(z, t)) G(z,1)dx

RN

is absolutely continuous in (7,7T;) for all 7 € (0,7;) and
4 Vos(w, 02 — Q2D o001y (Vi 4 an)o2(a, £) ) Gl 1) da
dt Jen |z|?
=2t/ (v))?(2,t)G(x, 1) dx
RN

2 N -2
7/ h(V'tz, t+al)(|4 2(x,t) — (Voi(z,t) - 2)v(x,t) — 5 v?(, t)>G(x,1) dz
RN
— t/ hs(v/52,5 + a;)v?(z,s)G(x,1) dz.
RN
The change of variables u;(x,t) = v;(x/v/1,t) leads to the conclusion in case (I).
Let us now consider case (IT), i.e. f(z,t,u) = ¢(z,t,u) with ¢ satisfying (5) and v satisfying (7—

8). We test equation (45) with (v;); (passing through a suitable approximation) and, by Corollary
2.9, we obtain, for all t € (0,T;),

/tTi s(/RN (v3)?(,5)G(x,1) d:v) ds < const <||ul(\/i,Tz)||% + /RN v (x, )G (2, 1) d;v)
- /tT s(/RN o(Vsm, s+ ai,vi(z,t))(vi)e(x, t)G(z, 1) d:v) ds

T;
+ L / 4 <5/ o(Vsz, s+ ai,vi(z,t)vi(z, s)G(z,1) dz) ds.
2 t ds RN

Since in view of hypothesis (5) on ¢, conditions (7) and (8) on u, and Lemma 2.7 the integrals at
the right hand side lines of the previous formula are finite for every t € (0,T;), we conclude that

(vi)e € L*(7,Ti; £)  for all 7 € (0,T5).
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Testing (45) for v; with (v;); also yields

/tTi S(/RN (vi)7 (@, 5)G(x, 1) dx) ds

1 v (z. )2 — a(x/|z]) V2 (1) — . N, N N
+2/RN <|V i(z, 1) P 2(x,t) — to(Vix, t + a;,v;(x, t))vs( ,t))G( 1)d
B %/RN <|v”07i($)|2 - a(|a:x/|2m|) v i(@) = Tup(V T, T + aiaUO,i)UO,i(x)> G(z,1)dx

a /tT 8(/RN e(Vsz,5 + ai,vi(2,1)) (vi)i (2, 1) G(z, 1)dx> ds

I
by [ (s [ oA e e ) s ) s
2 t dS RN

for a.e. t € (0,7T;), where v ;(z) := u;(v/Tiz,T;) € H. Therefore the function

0 [ (190t 0P = LD ) =ttt 4 o i (a0 ) Gl 1) d
RN

2

is absolutely continuous in (0, 7) for all 7 € (0,T;) and

d . (|Vvi(x,t)| _ ala/lal) o v (x,t) — to(Vtx, t + a;, vi(x, t))vi(z, t))G(x, 1)dx

dt R ||

:Qt/RN(vi)f(:c,t) z,1) dx+2t/RNg0 (Vtx, t + ai, vi(z, 1) (v;)(x, 1) Gz, 1) d

i( / o(Vtr,t + a;, vi(z, t))v(z, 1)G (x,l)d;v).

The change of variables u;(x,t) = v;(z/v/1,t) leads to

Vui(x,t) - 2
2t

d
& (tDu(r)) = 2 / )

—|—2t/RN oz, t + ag,ui(x,t)(us)e(z, t)G(x, 1) dx—|—/RN oz, t + a;,ui(x,t)) Vu;(z,t) - 2G(x, t) de

(t /RN oz, t + a;, ui(z,t))ui(z, t)G(z, t) d;v)

G(z,t) dx

(ui)t(x’ t) +
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and hence
2

d G(z,t) dx

Z(tDi(t) = 2t /

RN

Vui(z,t) - x

(w)i(a.t) + 5

+2t /RN o(x, t+ a;,ui(x, ) (u;)e(z, £)G(x, t) de + / oz, t+ a;, ui(x, ) Vu (2, t) - ¢ Gz, t) do

RN
N -2 o
+72 / oz, t + a;,ui(z, t))u; (z, t)G(x, t) dm—t/ E(xﬂf—i—ai7ui(x,t))ui(x,t)G(x,t) dx
]RN RN

Oy il ) s (o . iz w)s (2 " "
_t/RN <8ui(x,t+az, (@ )i, t) + (@t + ai,ui( ,t)))( ez, )Gz, t) d
_/]RN %@(%t“‘aivui(ﬂ?,t))ui(x,t)G(x,t) dz.

Integration by parts yields (these formal computations can be made rigorous through a suitable
approximation)

/ oz, t+ a;, ui(x,t))Vu (2, t) - 2 Gz, t) de = =N O(z,t + a;,ui(z,t))G(x, t) de
RN RN
2
+/ ﬂ@(:107154— ag, ui(z,t)G(x, t) de — / Vo (z,t + a;,ui(z,t) - 2G(z,t) dz
RN 2t RN

thus yielding the conclusion in case (IT). O

Foralli=1,...,k, let us introduce the Almgren type frequency function associated to u;
_ tD;(t)

Hi(t)
Frequency functions associated to unperturbed parabolic equations of type (1) (i.e. in the case
f(x,t,s) = 0) were first studied by C.-C. Poon in [25], where unique continuation properties are
derived by proving monotonicity of the quotient in (50). Due to the presence of the perturbing
function f(z,t + a;,u(z,t)), the functions N; will not be nondecreasing as in the case treated
by Poon; however in both cases (I) and (II), we can prove that their derivatives are integrable
perturbations of nonnegative functions wherever the N;’s assume finite values. Moreover our
analysis will show that actually the N;’s assume finite values all over (0, 2«).

Lemma 4.6. Leti € {1,...,k}. If there exist 3;,T; € (0,2a) such that
(51) B <T;, H;i(t) >0 forallte (8,T;), and u;(-,T;) € Hr,,
then the function N; defined in (50) belongs to W,5!(3;,T;) and

Ni(t) = vri(t) + vai(t)

in a distributional sense and a.e. in (B;,T;) where

(50) N; : (0,2a) > RU{—o00,+00}, N;(t):

n Vui(x,t) -

(el 1) + 12

"G dz) (/RN w2(z, ) Gz, 1) dz>

‘(4N0%%@¢%+vmgfyzy“%”G@¢ﬁmf>
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and vo; is as follows:

in case (I)

2
2u?(x,t) + (Vui(z,t) - x)u;(z,t) — uu (z,t)) G(z,t)dx

4t
_Hit(t) (/RN h (2, + a2 (2, £)Gla, t) dx),

) = s (t |, (elat+ o) - 9 (ot i) (0,1)) () 2, )G 1)

ot
— NO(z,t + a;,ui(z,t)) — Vo Pz, t + a;, ui(x,t)) - x)G(x,t) dx

+/RN (%‘p(%t—l—anui(%t»uz(x t) _tai(x t+ ai, ui(w,t))ui(z, t)

+/RN I4f (202, + i, s, 1)) = @, £+ ag,wie, )iz, 1) ) G, 1) dx).

PROOF. From Lemma 4.2 and 4.5, it follows that N; € W (8;,T;). From (49) we deduce that

loc

(tDi(t)) Hi(t) — tDi(t) H{(t) _ (tDi(t))"Hi(t) — 2tD (t)

i) = 200 - H2(1) ’

which yields the conclusion in view of (47), (48), and Lemma 4.5. O

The term v5; can estimated as follows.

Lemma 4.7. There exists C3 > 0 such that, ifi € {1,...,k} and 8;,T; € (0,2a) satisfy (51), then

C3(N;(t) + 252) (t‘1+5/2 + [|he(t + G,»L)||LN/2(RN)) in case (I),
(N-2)
‘VQi(t)‘ < Cs(Ni(t) + 72 G , in case (II) if i =1,
N42—p(N—2)
O3B, (N (t) + 252) ¢~ B o) , in case (IT) if i > 1,

for a.e. t € (B;,T;), where vy; is as in Lemma 4.6.
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PROOF. Let us first consider case (I), i.e. f(x,t,u) = h(x,t)u, with h(z,t) under conditions
(3-4). In order to estimate vo; we observe that, from (4),

(52) h(z,t+ a;)(Vui(z,t) - 2)u; (2, )Gz, t) de

]RN

<C’h/ (1 + 2| 7279)| Vg (, )| |2] |ui (2, 1) |G, t) do
]RN
<au [ 1vuteo Bt ocen o [ @u oS New
{l2l< V) |z]
4+ Ot / Vs (x, t)\' s, )G, 1) d
{21V}

1 2

< 5Ch(t+tf/2)/ (Vi (z,1)|2G (x, t) dm+%0h(t+t5/2)/ %u?(m,t)(?(m,t) dz
RN RN
1 2
+fCht€/2/ Vs (z,t)[2G(x, t) dx+10ht€/2/ U@ G 1) da
. 2 Ry |z[?
Cht5/2(2+T1 5/2)/ |V (x,t)2G(x, t) dx
RN
€ 2 1 2
+ c,,tf/2(1+T1 /2)/ = 20 06 ) dx+fCht5/2/ ) i by da,
RN t2 2 RN |x‘2
and

63) [ bt +alePud e )G ) de < O [ ol udn, Gt do
RN RN
+Ch/ 2|2 |z 2wl (2, £) G (2, t) do
RN

< Ch / |2 ?uf (x, )G (2, 1) dz + Cpt/? / w2 (2, )G (x, t) do
RN {lz|<V1T}

+ Cpt~1+e/2 / |z|2u?(x, t)G(x, t) da
{lo> v}

< COpt~ 2 4 T

) / (2u2(z, )Gz, 1) d + Cpte!? / 2 (x, 6)G(, 1) da,
RN RN

for a.e. t € (8;,T;). Moreover, by Holder’s inequality and Corollary 2.8,

(54) / (st + ag)[u2(a, )G £) d < Coet™ usg 2, e £+ ) /gy
RN



HEAT EQUATIONS WITH INVERSE-SQUARE POTENTIALS 25

for a.e. t € (3;,T;). Collecting (32), (52), (53) and (54), we obtain that

(55) |vailt)| < %(1 /RN 2 (2, 8)G (x, 1) dx+/ “i;ﬁ;t)e(@t)d:ﬁ

t RN

s [ oG o [l 06 i)
RN t2 JrN

Ca-
Hi(t)
From inequality (55), Lemma 2.1, Corollary 2.4, and Corollary 2.6, we deduce that there exists
Cs > 0 depending only on Cj,, T, and N, such that, for a.e. t € (3;,T}),

C3
H;(t)

= Cy(Vi(t) + 252) (17152 |  + ) vsngay )

thus completing the proof in case (I).
Let us now consider case (II), i.e. f(z,t,8) = p(x,t,8) with ¢ under condition (5) and u
satisfying (7) and (8). From (5), we have that

+

|willg 1o (-5t + ai) | Lo ey

‘z/%(t)‘ < (tDi(t) n %Hi(t)) (t—”E/Q + (ot + ai)||LN/2(RN))

const

(56) ait)] < s (¢ [ st 0w 016, )

|z

w (. )2 wi(z, t) [P T x
+/RN (i, ) + Jus (2, )P G, ) d +/RN t

From Holder’s inequality, Corollary 2.8, and assumptions (7-8), it follows that

(57) t/RN lw; (2, )9 (u;)e (2, t)|G (2, t) da

(lus, 6)? + |ui (2, )P F1) G(a, 1) dz>'

2
p+1
<o [ 06 e ) et 4 a2 st 4 )
RN

|| p+1
Lp+l-q (RN)
__N p—1 2

<constt™ » T 7 [Juyl|3y,
and, taking into account also Corollary 2.6,

|z]? ] 2 ] p+1 < || _ 2
(58) | = (lui(@, )" + |ui(z, )[7) G (2, 1) do < ui(x, 1)["G (2, 1) d

RN t RN t
t+ = || e 2=t
. ) =
+ di / |ui(m,t)|p+1G%(x,t) dz / x lu(z, t + a;) [P da
t RN RN t+a¢

const ¢~ T llwill3, ifi=1,
<
N p—1
const biﬁflfm%ﬂuingﬁ, ifi > 1.

As in (33) we can estimate

(59) / (Jui(z, t)]* + |ui(z, t)[PT) G (z,t) dv < const T w3y, -
RN
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Collecting (56), (57), (58), and (59), and using Corollary 2.9, we obtain that there exists some
positive constant Cs such that, for a.e. ¢t € (6;,T;),

p— L N+42-p(N-2)
a7 T (tDi(1) + AP Hi (1) = Ca(Ni(t) + Ap2) ¢ =1,
’VZi(t)’ <
C3B; " ,— N _p—1 _ _ _ 14 NE2op(N=2)
it P T (tDi(t) + NP H () = Caf H(Ni(t) + A2 t D if i > 1,
thus completing the proof in case (II). O

Lemma 4.8. There exists Cy > 0 such that, if 1 € {1,...,k} and 3;,T; € (0,2«) satisfy (51),
then, for every t € (6;,T;),

Nt < =822 4 Oy (NU(Th) + 2F2), in case (I) and in case (II) if i =1,
—N2 4 Ci/ﬁi (NA(T;) + 522), in case (A1) if i > 1.

PRrROOF. Let vy; and vy; as in Lemma 4.6. By Schwarz’s inequality,
(60) V14 2 0 a.e. in (ﬁsz)
From Lemma 4.6, (60), and Lemma 4.7, we deduce that

—C3(N;(t) + 22) (t—1+s/2 + || (-, t + ai)HLN/z(]RN)), in case (I),

N+42—p(N—2)

d
Ni(t) 2 { =Cs(Ni(t) + &52) T in case (IT) if i =1,

dt
14 N+42—p(N—2)

—0351'_1(]\71'(15) + %)t D in case (IT) if ¢ > 1,
for a.e. t € (f8;,T;). After integration, it follows that

Ni(t)
_¥ + (Nl(TZ) + ¥> exp (%Tf/z + Cg||ht||L1((07T)7LN/2(RN))), in case (I),
(i 110 N+2—p(N—2)
< I () + 2 e (RHERRRT, T ), in case (1D, § =1

N+42—p(N—2)

-1
—N=2 (Ni(Ti) + ¥> exp (%Ti 2ty ), in case (II), 7 > 1,

for any t € (3;,T;), thus yielding the conclusion. d

Lemma 4.9. Leti € {1,...,k}. If H; #0, then
H;(t) >0 forallt e (0,2a).

PROOF. From continuity of H;, the assumption H; # 0, and the fact that u,;(-,t) € H; for a.e.
t € (0,2a), we deduce that there exists T; € (0,2«) such that

(61) Hi(Ti) >0 and ui(-,Ti) S HTi~
Lemma 4.4 implies that H;(t) > 0 for all ¢t € [T;,2a). We consider
t;:=1inf{s € (0,T;) : H;(t) > 0 for all ¢ € (s,2a)}.
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Due to Lemma 4.4, either
(62) t; =0 and H;(t) > 0 for all ¢t € (0,2c)
or

H;(t)=0 ifte (0,¢
(63) 0<ti<T and { H0) ifte©t]
Hz(t) >0 ifte (ti,Qa)
The argument below will exclude alternative (63). Assume by contradiction that (63) holds. From
Lemma 4.8 and (49), it follows
t
SHi(t) < cifi(t)
where
—N=2 4 Cy(NI(Th) + 252) in case (I) and in case (IT) if i = 1,
C;, =

-2+ cyt (Ni(T3) + 222)  in case (II) if i > 1,
for a.e. t € (t;,T;). By integration, it follows that

(64) H; (t) = Tg('l) tzcl for all t € [157;7 T'z)
By (63) H;(t;) = 0, giving rise to contradiction with (64) because of (61). Therefore, we exclude
(63) and conclude that (62) holds. O

Lemma 4.10. Leti € {1,...,k}. Then
H;(t) =0 in (0,2a) if and only if H;11(t) =0 in (0, 2a).

PROOF. First, we prove that H;(t) =0 in (0, 2«) implies H;1(¢t) = 0 in (0, 2a). Let’s suppose by
contradiction that H;11(t) # 0. By Lemma 4.9, we conclude that H;;1(t) > 0 for all t € (0, 2a).
It follows that wu;+1(-,t) #Z 0 for all ¢ € (0,2«) and u(-,¢) £ 0, for all t € (ia, (i + 1)a). Hence,
u;(+,t) # 0, for all t € (o, 2) and thus H; # 0 in (0, 2a), a contradiction.

Let us now prove that H;11(t) = 0 in (0, 2«) implies H;(t) = 0 in (0,2a). Let’s suppose by
contradiction that H;(t) # 0, then, by Lemma 4.4, H;(¢t) > 0 in (¢,2«) for some ¢ € («,2a).
Hence, u;(-,t) #Z 0 in (¢,2«) and then u;11(-,t) Z 0 in (¢ — o, ), thus implying H;1(t) Z 0, a
contradiction. O

Corollary 4.11. Ifu # 0 in RN x (0,T), then
forallt € (0,2a) and i = 1,...,k. In particular,

(65) / u?(2,t)G(z,t)dx >0 for allt € (0,T).
RN

PROOF. If w # 0, then there exists some iy € {1,...,k} such that u;, # 0 in (0,2«). Hence,
H;,(t) #0in (0,2«a) and, thanks to lemma 4.10, H;(¢) # 0 in (0,2«) for all i = 1,..., k. Applying
Lemma 4.9, we conclude that, for all i = 1,... &k, H;(t) > 0 in (0, 2«), thus implying (65). O

Proof of Proposition 1.8. It follows immediately from Corollary 4.11. O
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Henceforward, we assume u Z 0 and we denote, for all ¢ € (0, 2a),
H(t)=H(t) = / u?(x,t) G(x, t) d,

RN
a(g) ,

e u”(x,t) — f(x,t,u(x,t))u(x,t))G(x,t) dz.

D(t) = Di(1) :/

RN

(1vute. 0P -

Corollary 4.11 ensures that, if u #Z 0 in RY x (0,7T), H(t) > 0 for all ¢+ € (0,2«) and hence the
Almgren type frequency function

N0 = N7t) = M1(0) = 70

is well defined over all (0, 2a). Moreover, by Lemma 4.6, N € Wl’l(O, 2a) and

loc
N'(t) = v1(t) + va(t) for ae. t € (0,2a),
where
(66) vi(t) =vii(t) and wa(t) = va1(t),

with 141,121 as in Lemma 4.6. Since, by (10), u(-,t) € H; for a.e. t € (0,T), we can fix Ty such
that

(67) Ty € (0,20&) and u(-,To) € HT0~
The following result clarifies the behavior of N'(t) as t — 0.

Lemma 4.12. The limit
v := lim N(¢)

t—0t+
exists and it is finite.

PRrOOF. We first observe that A (¢) is bounded from below in (0,2«). Indeed from Corollaries
2.4 and 2.9, we obtain that, for all ¢t € (0, 2«),

and hence
(68) Nt =zC ———.

Let Ty as in (67). By Schwarz’s inequality, v4(t) > 0 for a.e. ¢ € (0,7p). Furthermore, from
Lemmas 4.7 and 4.8, vy belongs to L'(0,Tp). In particular, N”(¢) turns out to be the sum of a
nonnegative function and of a L! function over (0,Ty). Therefore,

To

N(t) = N(Ty) — N'(s)ds

t

admits a limit as ¢ — 0 which is finite in view of (68) and Lemma 4.8. O
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Lemma 4.13. Let v := lim;_o+ N(t) be as in Lemma 4.12. Then there exists a constant K1 > 0
such that

(69) H(t) < Kit* for allt € (0,Tp).
Furthermore, for any o > 0, there exists a constant Ko(o) > 0 depending on o such that
(70) H(t) > Ky(o) 2777 for all t € (0,Tp).

PROOF. From Lemma 4.6, (60), Lemma 4.7, and Lemma 4.8, we infer that

N({t)—v= /0 (v1(s) + va(s))ds > /0 vo(s)ds

_ [Cscivm) + No2y [t (3*1“/2 + Rl s)|\LN,2(RN)) ds, in case (I),
: —C3Cy (N (Ty) + 252) fot s R ds, in case (IT),
N —C3Cy (N(To) + 572) (%ts/z + ”htHLT((O,T),LN/Q(]RN))tlil/T)7 in case (I,
~ —C3Cy (N(T@ + %)%t%, in case (II)
> —Cst’

with

min{e/2,1 —1/r}, in case (I),
(71) 0= N+§(p’fﬁv)_2)’ in case (II),

for some constant Cs > 0 and for all ¢ € (0,Tp). From above and (49), we deduce that

(og 1)) = s =280 > 2y — 205+

Integrating over (t,Tp) we obtain

H(t) < H(?0)6205Tgt2'y
"

for all ¢t € (0,Tp), thus proving (69).
Let us prove (70). Since v = limy_ o+ N (¢), for any o > 0 there exists ¢, > 0 such that
N(t) <~v+0/2for any t € (0,t,) and hence
H'(t) 2N(t) _ 2y+o0

H(t) t t

Integrating over the interval (¢,¢,) and by continuity of H outside 0, we obtain (70) for some
constant K»(o) depending on o. O
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5. THE BLOW-UP ANALYSIS
If u is a weak solution to (1) in the sense of Definition 1.1, then, for every A > 0, the function
uy(z,t) = u( Az, \t)

is a weak solution to

a(z/|x)

(72) (un)e + Auy + . A2f(Az, A2t uy) =0 in RY x (0,T/\2),

in the sense that

T T
A2 9 N2
/ (- DI, dt < +oo, /
Vuy -z
(e T )
Hy

= /RN (Vu,\(x,t) -Vw(z) — |x|2) uy (z, )w(x) — N2 f( Az, \2t, u,\(a:,t))w(x)>G(x,t) dx

2 T
H < 4o for all 7 € (O, 7)’
(Ha)* A2

(ux)e +

H;

for a.e. t € (O, %) and for each w € H;. The frequency function associated to the scaled equation
(72) is

(73) Nstt) = S,
where
Di(t) = /RN (|Vu,\(:c,t)|2 - “(Tx”f')ui(x,t) - )\Qf()\:m)\Qt,uA(x,t))u,\(x,t)>G(x,t) da,

Hy(t) = /]RN u3 (x, )G (x,t) dz.

The scaling properties of the operator combined with a suitable change of variables easily imply
that

(74) Dy(t) = A°D(\°t) and Hy(t) = H(\*t),
and consequently
(75) Na(t) = N(\*t) forallt e (0, i—‘;‘)

Lemma 5.1. Leta € L™ (SNfl) satisfy (16) and u # 0 be, in the sense of Definition 1.1, either a
weak solution to (2), with h satisfying (3) and (4), or a weak solution to (6) satisfying (7-8) with
o € CHRYN x (0,T) x R) under assumption (5). Let v :=lim;_ o+ N(t) as in Lemma 4.12. Then
(i) ~ is an eigenvalue of the operator L defined in (14);
(i) for every sequence A, — 0T, there exists a subsequence {\,, }ren and an eigenfunction g
of the operator L associated to v such that, for all T € (0,1),

Uu(An,z, A2t 2
lim M’an) —_ t”g(x/\ﬁ) dt=0
k—+oo T H()\nk) He
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and
A, T, A2t
lim sup 71“ e A ) 7t7g(x/\/i) =0.
k=00 ter,1] H(A%) .
PROOF. Let
t
(76) wr(a.t) = ADD
H()\?)

with A € (0,VTy), so that 1 < Ty/A2. From Lemma 4.3 we obtain that, for all ¢ € (0, 1),

9 _ H()\2t) < 20, — N-2
(77) /RN wy (z,t)G(z,t) de = 709 <t ,

with Cy as in (42). Lemma 4.8, Corollaries 2.4 and 2.9, and (74) imply that

1( BEE e (N(To) " N;z))m(w > A2D(321)
> 1(01 _ N4_2>H,\(t) e /RN Vun (2, 1) PGz, £) da

and hence, in view of (77),

(78) t/RN V() 2G(a, ) de < 7 (Ca(N(To) + M22) — &) /RN w2 (2,0)G(w, 1) dz

N-—2

< CTHCo(N(Tp) + 252) — Cy)t2 92

for a.e. t € (0,1). Let us consider the family of functions

B (2,8) — wn (Vi ) — “OVEBAD

)

H(A?)
which, by scaling, satisfy
(79) /RN w3 (2,t)G(x,1) dx = /RN w3 (2,1)G(x,t) do
and
(80) /RN |V (2, t)|*G(x,1) do = t/RN |Vw (2, ) |*G(, t) dx.

From (77), (78), (79), and (80), we deduce that, for all 7 € (0,1),
(81) {@A}/\e(o /T, 1§ bounded in L>(1,1;'H)

uniformly with respect to A € (0,v/T). Since

2 2
V@A) (@) t) = —2 (2, A28)

o0 =) o)
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with v as in Remark 1.2, from (13) we deduce that, for all ¢ € H,

_ 1 _ alfay)
(82) H*<(w)‘)t’¢>7'f = ; /]%N (Vw)\(x7t) ’ v¢((l)’) - |(.’,E|2) U})\(Ji,t)QS(x)
o f(wi:c N2, /H (N2 (a t))qﬁ(sc))G(a: 1) dz.
H(A?) ) ) ) )
In case (I), from (4) and Lemma 2.1, we can estimate the last term in the above integral as
(83) A h(MWtx, N2t) Wy (2, 1) p(x)G(x, 1) dz:
RN
< Cp\? /R | (z,t)]|o(x)|G(x, 1) dx + C’h)\? / 2| "2 | wa (, ) || o (2) |G, 1) da
N RN
< O Dbl 0 [ DDl ) g,
t Jie<1 |z|
+G [ @@ )66 1) do
2] >1
e max{4, N — 2}

<ol (s #1) 18Ol

(N —2)?

for all A € (0,v/To) and a.e. t € (0,1). From (82), (83), and Lemma 2.1 it follows that, for all
A€ (0,v/Ty) and a.e. t € (0,1),

|0 (@)1, 6)y|

max{4,N — 2 1—¢g/2 max{4,N— 'LE)\ at) H ¢ H
R C T Ly et

and hence

(84) [(@x)e (5 )]l <

[0x () |-

In case (II), from (5), Holder’s inequality, and Lemma 2.7, we obtain

(85) ‘ <p(/\\/fx, N2t /HOZ) i (i, t))d)(x)G(m, 1) da

)\2
VH(N?) Jrr
2
< C“Wﬁ / (VEM @@ 0] + (VER) | (@, )] ) [6(2)|Gla, 1) d

<N / @@ DS, 1) do + CoNAHO) T / @ P16 G, 1) do

N+2—p(N—-2) p—1
A pF1 N N42—p(N—2)

~ (»=1) P+
<l ol (Con 0, Gt ([ utesgrrian) ),

From (82), (85), Lemma 2.1, the fact that p < 2* — 1, and (7), it follows that, for all A € (0,+/Ty)
and a.e. ¢t € (0,1), estimate (84) holds also in case (II). Then, in view of (81), estimate (84) yields,
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for all 7 € (0,1),

(86) {(i"v/\)t},\e(o,ﬁo) is bounded in L (7, 1; H*)

uniformly with respect to A € (0,v/Ty). From (81), (86), and [28, Corollary 8], we deduce that
{@’\}/\e(o,ﬁo) is relatively compact in C°([r,1],£) for all 7 € (0,1). Therefore, for any given
sequence A\, — 0T, there exists a subsequence \,,, — 0T such that

(87) Wy, —w in C%r1],L)

for all 7 € (0,1) and for some w € () 1) C%([r,1],£). We notice that a diagonal procedure
allows subtracting a subsequence which does not depend on 7. Since

L= [lwx,, (Dl
the convergence (87) ensures that
(83) [w(, Dlle = 1.
In particular @ is nontrivial. Furthermore, by (81) and (86), the subsequence can be chosen in
such a way that also
(89) wy,, — w weakly in L*(1,1;H) and (wy,, )t = wy weakly in L*(1,1;'H*)
for all 7 € (0,1); in particular w € (), (o) L3(1,1;H) and w; € Nreo,n) L3(,1;H*). We now
claim that
(90) wy,, — w strongly in L*(1,1;H) for all 7 € (0,1).

To prove the claim, we notice that (89) allows passing to the limit in (82). Therefore, in view of
(83) and (84) which ensure the vanishing at the limit of the perturbation term,

(91) RGN %/RN (V'[E(x,t) - Vo(z) — a|(xT2) ﬁ(m,t)¢(m)>G(x7 1) dz

for all ¢ € H and a.e. t € (0,1), i.e. w is a weak solution to

1/ oz . alz/lx]) -
wt+t(Aw—2-Vw—|— BE w | =0.

Testing the difference between (82) and (91) with (w, — w) and integrating with respect to ¢
between 7 and 1, we obtain

[ ([ (W, oo - LD @, - o) 6 i)

1 T 9

1
= Sllwx,, (1) — o)z — Sllax,, (1) — @)z - (@, —w)(x,t)]* G(z,1)dx |dt
2 2 - \UJpw
/\2 1 )
Nk ~ ~ ~
vl ( /R ) tf()\nk\/ix,Ankt, H(\2, )@, (x,t))(wknk —w)(x,t)G(x,l)dx)dt.
Then, from (83), (85), and (87), we obtain that, for all 7 € (0,1),

i [ (L, (W@, - Dwop - T @, - 0P 6w 1) ds Jar 0.

k—+oo ),
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which, by Corollary 2.3 and (87), implies the convergence claimed in (90). Thus, we have obtained
that, for all 7 € (0,1),

1
. 2 _
(92) Jim [ o, €)= w0 d =0
and

lim sup ||w St) —w(-,t =0
Jm s (o, (50 = wCDlle, =0,

where

w(z,t) = @(%, t)

is a weak solution (in the sense of Definition 1.1) of

(93) wy + Aw + Q(Tx/;D w = 0.

We notice that, by (73) and (76),

N,\(t)
e (IVen(@, ) = 2G4l (2,1) - \/%f(m,m, HO)wi (2, 1) wx (2, 1)) Gla, t) da

Jon w3 (z,t)G(z,t) dx
for all ¢ € (0,1). Since, by (92), wy,, () — w(-t) in H; for a.e. t € (0,1), and, by (83) and (85),
A2

VHRZ,) Jav /

for a.e. £ € (0,1), we obtain that

()\nkx 2t JHO2, Jwn,, (m))w% (z,4)G(x,t) dz — 0

g

k

2_a(ﬂc/|x|)w2 o) —
o0 [ (1vun, @op - "L @

)\2
ﬁ%k)f@\nkw&\?t, H(A%k)w,\k (x,t))wxnk (x,t))G(;mt) dz — Dy (t)
and
(95) / win (z,t)G(z,t) de — Hy,(t)
RN k

for a.e. t € (0,1), where

Dw(t):/RN (|Vw(a:,t)2— a(g;/||2$|)w2(x,t)>G(x,t)dx and Hw(t):/ w? (2, )Gz, 1) da.

RN

We point out that
(96) H,(t) >0 forall te(0,1);
indeed, (88) yields

(97) /RN w?(x,1)G(x,1)dx = 1,
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which, arguing as in Lemma 4.9 or applying directly the Unique Continuation Principle proved by
[25, Theorem 1.2] to equation (93), implies that [y w?(x,t)G(z,t)dz > 0 for all ¢ € (0,1). From
(94) and (95), it follows that

(98) M, (t) = Ny(t) for ae. t € (0,1),

where N, is the frequency function associated to the limit equation (93), i.e.
tD,,(t)

99 w(l) = )

(99) Nalt) = G5

which is well defined on (0,1) by (96).
On the other hand, (75) implies that Ny, (t) = N'(\;,t) for all t € (0,1) and k € N. Fixing
t € (0,1) and passing to the limit as k — +o00, from Lemma 4.12 we obtain

(100) Ny, (#) = forallte(0,1).
Combining (98) and (100), we deduce that
(101) Ny(t) =~ forallte(0,1).

Therefore N,, is constant in (0, 1) and hence N, (t) = 0 for any ¢ € (0,1). By (93) and Lemma 4.6
with f =0, we obtain

([ o+ T2 e ) ([ aitoy6o,00)

- (/ (wt(m,t) + W)w(m,t)G(m,t) dm)Q =0 forallte(0,1),
RN

ng

ie.
2

lw( OZ,,
L,

Vw(,t) -z
2t

’w("t)>2 = HW(gtHW

Ly

(w0 +

where (-, )z, denotes the scalar product in £;. This shows that, for all ¢t € (0, 1), w(-,t) +
and w(-,t) have the same direction as vectors in £; and hence there exists a function 5 : (0,1) — R
such that

Vu(.t)z
2t

1) -
(102) wy(z,t) + W = B(t)w(x,t) for ae. t € (0,1) and a.e. z € RY.
Testing (93) with ¢ = w(-, %) in the sense of (11) and taking into account (102), we find that

N A LG R _
Duy = (w04 T ) =00,

t

which, by (99) and (101), implies that

Hence (102) becomes

t) -
(103) wt(x,t)—l—w = %w(x,t) for a.e. (z,t) € RV x(0,1) and in a distributional sense.
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Combining (103) with (93), we obtain
a(z/|x|) Vw(z,t) -z
A —
(104) w+ FE w 57
for a.e. (z,t) € RN x (0,1) and in a weak sense. From (103), it follows that, letting, for all 7 > 0
and a.e. (z,t) € RN x (0,1), w"(z,t) := w(nz,n*t), there holds
dw’ 2y

+%w(m,t) =0

=
a.e. and in a distributional sense. By integration, we obtain that
(105) w(z,t) = winz,n’t) = n”*w(z,t) for all p >0 and a.e. (z,t) € RY x (0,1).
Let
9(x) = w(z,1);
from (97), we have that g € L, ||g|lz = 1, and, from (105),
(106) w(zx,t) = wﬂ(%, 1) = t”w(%, 1) = t”g(%) for a.e. (x,t) € RY x (0,1).

In particular, from (106), g(-/v/t) € H, for a.e. t € (0,1) and hence, by scaling, g € H. From
(104) and (106), we obtain that g € H \ {0} weakly solves

Vyg(@)-x _ alz/|z)

i.e. 7 is an eigenvalue of the operator L defined in (14) and g is an eigenfunction of L associated
to . The proof is now complete. O

Let us now describe the behavior of H(t) as t — 07.

Lemma 5.2. Under the same assumptions as in Lemma 5.1, let v := lim;_o+ N(t) be as in
Lemma 4.12. Then the limit
lim ¢t~ 2 H (t)

t—0t
exists and it is finite.

PrROOF. In view of (69), it is sufficient to prove that the limit exists. By (49), Lemma 4.12, and
Lemma 4.6, we have, for all ¢ € (0,Tp),
d H(t)
dt t2v

= -2yt H@) + P H (1) = 20707 (tD(t) — vH(L))

t
— 22 E () / (v1(s) + va(s)) ds,
0
with v1, 1 as in (66). After integration over (¢,Tp),
To s To s
(107) H(Z’S) —iIQ(’f) :/ 257277 H(s) (/ 1/1(7")d7’) ds+/ 25721 H () (/ W(r)dr) ds.
15 t 0 t 0
By (60), v1(¢) > 0 and hence
TO S
lim 2572 H(s) (/ V1(r)dr> ds
0

t—0+ t
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exists. On the other hand, by Lemmas 4.7 and 4.8 we have that s~° fg |va(r)|dr is bounded in
(0,Ty) with § defined in (71), while, from Lemma 4.13, we deduce that t=27H(t) is bounded in
(0, Tp). Therefore, for some const > 0, there holds

252" H(s) (/ VQ(T)CZ?”)‘ < const s~119
0

for all s € (0,Tp), which proves that s=2Y= H(s) ([, v2(r)dr) € L*(0,Tp). We conclude that both
terms at the right hand side of (107) admit a limit as ¢t — 0% thus completing the proof. O

In the following lemma, we prove that lim,_o+ t~2YH(t) is indeed strictly positive.

Lemma 5.3. Under the same assumptions as in Lemma 5.1 and letting v := lim,_,o+ N (¢) be as
in Lemma 4.12, there holds

lim ¢t~27H(t) > 0.

t—0+
PROOF. Let us assume by contradiction that lim,_,o+ t 727 H(¢) = 0 and let {‘7”] :j,meNj > 1}
be the orthonormal basis of £ introduced in Remark 3.4. Since uy(z,1) = u(Az,\?) € L for
all A € (0,VTy), ur(z,1) € H for a.e. X € (0,v/Tp), and f(Ax, N2, ux(z,1)) € H* for a.e.
X € (0,v/Ty), we can expand them as

(108) up(z,1) = Z U k(A Vink(z) in L,

m,keN
k>1

FOz, A ux(@,1) = > &nie(NVink(z) in H*,

m,keN

k>1
where
(109) ) = [ a0 )T (0)Gl 1) d

]RN
and
(110)  &mir(N) = <f(A.,A2,uA(-,1)),17m,k> = Fz, N2, un (2, 1) Vi (2)G(, 1) da.
H* H RN

By orthogonality of the ‘ka’s in £, we have that
H(N?) = Y (unj(N)? = (um k(M) forall A€ (0,4/Tp) and m,k €N, k> 1.

n,jeEN
i>1
Hence, lim,_,o+ t~2YH(t) = 0 implies that
(111) lim A" uy, x(A) =0 for all m,k € N, k > 1.

A—0+
Moreover, we can show that the function A — w,, 5 (\) is absolutely continuous in (0,+/Tp) and

why k() = g (un(@, 1), Vo r(@))3¢. Hence
d

au,\(az,l): Z u;,Lk(/\)IN/mk(:c) in H*.
m,keEN
k>1
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Furthermore,

Auy(@,1) = PAu(Az, A = Y umr(NAVk(2)  in H*.

m,keEN
k>1

From (1) and the fact that Vm,k(x) is an eigenfuntion of the operator L associated to the eigenvalue
Y,k defined in (18), it follows that

%u“x, 1) = 20 us (A, A?) + Vu(\x, \?) - o

- 2)\( — Au(Az, \2) — aifm)u(m, A2) — Az, A% u(\a, )\2))> + Vu(hz, \2) o

2 Z e ( AT () — a($/|$|)‘7m,k(w)+w)_2)\ 3 kN V()

|z|? 2
m,keN m,kEN
k>1 k}l
Y § Y,k Um, k: -2\ E gm k )
m,kEN m,keN
k>1 k>1

Therefore, we have that

2
A
a.e. and distributionally in (0,+/Tp). By integration, we obtain, for all X\, A € (0,/Tp),

u, (A =

m,k

Ym kUm,k(A) = 2Mm k(A) forall m,k e N, k>1

A
(112) Up o (N) = AFTmow (AQVTn*’“um,k()\) + 2/ SRR 1 (s) ds) .
by

From Lemma 5.1, v is an eigenvalue of the operator L, hence, by Proposition 1.4, there exist
mo, ko €N, kg > 1, such that v = vy ko = mofa% Let us denote as Ej the associated eigenspace
and by Jy the finite set of indices {(m,k) € N x (N\ {0}) : v = m — G}, so that #.Jo = m(7),

with m(7) as in (41), and an orthonormal basis of Ey is given by {Vm,k : (m,k) € Jo}. In order to
estimate &, ;, we distinguish between case (I) and case (IT).

Case (I): From (4), for all (m, k) € Jy, we can estimate &, 1 as

(113) [€mr(N)] < Ch / AT a2 [V (2 G, 1)

1/2 1/2
< Ch</ u?(A\z, \?)G(z, 1 dm) (/ G(z,1) dx)
RN RN

coamen [ e >||vm,k<x>|G(x71) "

|z|<A—1/2 |2

Lo /| o 1 T @[ 1)
z|Z>A—

< Ch(1+>\_1+§)\/H(>\2)+Ch)\_2+§(/ “2(Qw5AQ)G(x,1)drc) (/ V’?‘;’TY)G(w,l)dw> :




(114)

(115)

(116)

(117)

(118)

(119)

(120)
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From Corollary 2.4 and Lemma 4.8, it follows that
u?( Az, A\?) u?(y, \?) A2 Cy
— Dde =X [ ——=G(y,\*)dy < = [ D(\?) + - H(\?
[ s e = [ B a0 < & (0% + G0
Cy = M2 + Cu(N(Ty) + 252
&

_ HéA,Q) (NN + ) <

while, from Lemma 2.2, for all (m, k) € Jo,

[t o 05) 2 52)

From (113), (114), (115), and Lemma 4.13, we deduce that
[Em k(W) < CeA™2T5F27 for all A € (0, /Tp)

and for some positive constant Cg depending on a, N,~, h, Ty, K1, e but independent of A
and (m, k) € Jy.

)H(/\Q),

Case (II): From (5) and Lemma 2.7, for all (m, k) € Jy, we can estimate &,  as

Emr (V] < C, /RN (v, A2)| + [u(r, X)) [T (2)| G, 1) dt

< C“’(/RN (A, \2)G(x,1) dx)1/2(/RN V2 (2)G(x,1) da:)

p+1 Piil —~ 1 ?
JrCLp(/ |U(/\I7)\2)p+1|G(I,1)|J2rdx) </ ‘vak(z)|p+1|G(x,1)|% dx>
RN .

==
y ( / lu(Aa, A2) [P+ dx)
RN

. ~ =
<%WMMQ@mN%mmmwm%AMwW”@'
R
From Corollary 2.9 and Lemma 4.8, it follows that

A2 N -2
2 2\1(12 2 2
Dl = [, € G (PO%) + 2 HO9)

2 _ (N N=2
HO (o + X2) < AR S e

while, from Corollary 2.3, for all (m, k) € Jy,

1/2

v N -2
| Vin,k || < const <,Y 4 4)_

From (117), (118), (119), and Lemma 4.13, we deduce that
(V)] < CpA2H 502429 o a1l X e (0, /T)

and for some positive constant C7 depending on |[u|| o (0,7, 1r+1(&NY))> @5 N, 7, @, To, K1,
p, but independent of X and (m, k) € Jp.
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Collecting (116) and (120), we have that

(121) €me (V)] < CsA™2H9727  for all A € (0, v/Tp)
for some Cg > 0 which is independent of A and (m, k) € Jy and

€/2, in case (I),
N4+2-p(N=2) .

#, in case (II).

Estimate (121) implies that the function s ~— s'7*7¢,, x(s) belongs to L'(0,+/Tp). Therefore,
letting A — 0% in (112) and using (111), we deduce that, for all A € (0,/Tp),

5=

A
(122) U 1 (V) = —2227 / S (s) ds.
0
From (121) and (122), we obtain that, for all (m, k) € Jy and X € (0,/Tp),
(123) |tk (V)] < %W”.

Let us fix o € (0,6); by Lemma 4.13, there exists K2(o) such that
H(N\?) = Ky(0)A227F9) for X e (0,/Tp).
Therefore, in view of (123), for all (m, k) € Jy and X € (0,/Tp),
[tk (A)] 205 s

< _ )\5—0’
HOZ)  3v/Ka(0)
and hence
(124) IV S
H(\?)

On the other hand, by Lemma 5.1, for every sequence )\, — 07, there exists a subsequence
{An; }jen and an eigenfunction g € Ey \ {0} of the operator L associated to ~ such that

uy, (x,1)
—L—— — g inL asj— +oo,
H(A))
thus implying, for all (m, k) € Jo,
An. ux, (2,1) ~ -
(125) tm k (Any) = J ),Vm,k — (9, Vink)c as j — +oo.
H(AZ) H(AZ,)
J J L

From (124) and (125), we deduce that (g,vm,k)c = 0 for all (m,k) € Jy. Since g € Ey and
{Vinke : (m, k) € Jo} is an orthonormal basis of Ey, this implies that g = 0, a contradiction. O
We now complete the description of the asymptotics of solutions by combining Lemmas 5.1 and

5.3 and obtaining some convergence of the blowed-up solution continuously as A — 0 and not
only along subsequences, thus proving Theorems 1.5 and 1.6.

Proof of Theorems 1.5 and 1.6. Identities (21) and (26) follow from part (i) of Lemma 5.1 and

Proposition 1.4, which imply that there exists an eigenvalue Vi1, = M0 — 012& of L, mg, kg € N,
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ko > 1, such that v = lim; .o+ N'(¢) = Ymg.ke- Let Eo be the associated eigenspace and Jy the
finite set of indices {(m, k) € N x (N'\ {0}) : Yoo = m — G}, so that {XN/mk s (m, k) € Jo},
with the I~/m7k’s as in Remark 3.4, is an orthonormal basis of Ey. Let {\,}nen C (0,400) such
that lim, o Ap, = 0. Then, from part (ii) of Lemma 5.1 and Lemmas 5.2 and 5.3, there exist a
subsequence {\,, }ren and real numbers {3, ; : (n,j) € Jo} such that 3, ; # 0 for some (n, j) € Jy
and, for any 7 € (0, 1),

1

(126) Jim A2 UM A2 E) =7 D BV z/\f) dt =0
i ( 7])6']0

and

12 li —t7 =0.

ot s a0 =0 3 BagTasla VD] =0

(n,j)EJo Ly
In particular,
(128) A2 Uy, A2 ol > BujVajlz) in L.
(n,j)edo

We now prove that the (3, ;’s depend neither on the sequence {\,},en nor on its subsequence
{Anitren. Let us fix A € (0,4/Tp) and define w,,; and &, ; as in (109-110). By expanding
ux(z,1) = u(Az, \?) € L in Fourier series as in (108), from (128) it follows that, for any (m, ) € Jo,

(129) )\;I?Yu’rn i\ \nyg Z ﬂn,j / ‘771,_7' (x)vm,i (J))G(Z‘, 1) de = ﬂ’m,i
(naJ)EJO
as k — +00. As deduced in the proof of Lemma 5.3 (see (112)), for any (m,i) € Jo and A € (0, A)
there holds
A
(130) Up i(N) = A27 <A27um7i(A) +2 / s 0(8) ds) )
A

Furthermore, arguing again as in Lemma 5.3 (see (121)), s — s1727¢,, ;(s) belongs to L(0,/Tp).
Hence, combining (129) and (130), we obtain, for every (m,i) € Jo,

A
B = N U i(A) + 2 / sTHE,0(s) ds
0

= A_Q"’/ w(Az, A2V i(2)G(x, 1) da
RN

A
+ 2/ 5127( f(sz, 8% u(sz, 8%))Vin.i(z)G(z, 1) dx) ds.
0 RN

In particular the 3,, ;’s depend neither on the sequence {\,, }nen nor on its subsequence {A,, }ren,
thus implying that the convergences in (126) and (127) actually hold as A — 07 and proving the
theorems. O

The strong unique continuation property is a direct consequence of Theorems 1.5 and 1.6.
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Proof of Corollary 1.7. Let us assume by contradiction that u # 0 in RY x (0,7) and fix
k € N such that k£ > ~, with v = .k, as in Theorems 1.5 and 1.6. From assumption (28), it
follows that, for a.e. (z,t) € RY x (0,1),

(131) lim [A™2t Yu(Ax, A*t)| = 0.

A—0t

On the other hand, from Theorems 1.5 and 1.6, it follows that there exists g € H \ {0} such that
g is an eigenfunction of the operator L associated to v and, for all t € (0,1) and a.e. x € RV,

AT Y u( e, M) — g(x/ V),
which, in view of (131), implies g = 0, a contradiction. O
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