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UNIFORM HOLDER BOUNDS FOR NONLINEAR
SCHRODINGER SYSTEMS WITH STRONG COMPETITION *

Benedetta Noris, Hugo Tavares, Susanna Terracini and Gianmaria Verzini

November 4, 2008

Abstract

For the positive solutions of the Gross—Pitaevskii system

—Aug + Agug = wlu% - ﬁugv%
—Avg + pgvg = wgvg — ﬁu%vg

we prove that L>*-boundedness implies C%*-boundedness, uniformly as 3 — +oo,
for every a € (0,1). Moreover we prove that the limiting profile, as § — +oo, is
Lipschitz continuous. The proof relies upon the blow—up technique and the mono-
tonicity formulae by Almgren and Alt—Caffarelli-Friedman. This system arises in the
Hartree-Fock approximation theory for binary mixtures of Bose-Einstein condensates
in different hyperfine states. Extensions to systems with k > 2 densities are given.

MSC': 35B40, 35B45, 35J55.
Keywords: Strongly competing systems, asymptotic Holder estimates, Almgren’s for-
mula.

1 Introduction

The purpose of this paper is to prove uniform bounds in Holder norm for families of
positive solutions to nonlinear Schrodinger equations of the form

—Aug + A\gug = wlu% — BUBU%
—Avg + pgug = va% — ﬁu%vg (1)
ug, vg € Hg (%),

for the competition parameter 5 € (0,400). Such systems arise in different physical
applications, such as the determination of standing waves in a binary mixture of Bose-
Einstein condensates in two different hyperfine states. While the sign of the parameter w;
discriminates between the focusing and defocusing behavior of a single component, the sign
of 3 determines the type of interplay between the two states. When positive, the two states
are in competition and repel each other. In this paper we deal with diverging interspecific
competition rates (both in the focusing and defocusing case). The limiting behavior is
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known for the ground state solutions: as 8 — +oo the wave amplitudes segregate, that
is, their supports tend to be disjoint. This phenomenon, called phase separation, has
been studied, in the case of w; > 0 (focusing), starting from [7, 8], and, when w; < 0
(defocusing), in [6]. As far as the excited states are concerned, the recent literature shows
that other families of solutions exist for large 3’s ([18, 12, 17]). The asymptotic behavior
of such families of solutions has been investigated in [19], where, in the case of planar
systems, it is proved uniform convergence to a segregated limiting profile (u,v), where
each component satisfies the equation

{ —Au+Iu = wd in {u> 0}, )

—Av+pv = ww® in {v > 0}.

In this paper we improve the result of [19], proving bounds in Holder norms whenever
Q c RY is a smooth bounded domain, in dimension N = 2,3 (and also in higher dimen-
sion, provided the cubic nonlinearities are replaced with subcritical ones). Besides the
validity of the equations above, we prove Lipschitz regularity of the limiting profile. Our
result relies upon the blow—up technique (section 3) and suitable Liouville-type theorems
(section 2). Such a strategy has been already adopted by some of the authors in [9] in prov-
ing uniform Holder estimates for competition—diffusion systems with Lotka—Volterra type
of interactions. The arguments there, however, though helpful in the present situation,
need to be complemented with some new ideas, including a proper use of the Almgren’s
frequency formula [1]. This requires the systems to have a gradient form. Let us mention
that Holder estimates for (non gradient) coupling arising in combustion theory have been
obtained in [5]. Regularity of the limiting profile and its nodal set, for ground states and
other minimizing vector solutions has been established in [11, 4]. Our main results write
as follows.

(1.1) Theorem. Let ug,vg be positive solutions of (1) uniformly bounded in L> (),
where \g, pg are bounded in R and wi,ws are fized constants. Then for every o € (0,1)
there exists C' > 0, independent of 3, such that

||(uﬁvvﬁ)”co,a(ﬁ) < C for every 8 > 0.

(1.2) Theorem. Under the assumptions of the previous theorem, there exists a pair (u,v)
of Lipschitz continuous functions such that, up to a subsequence, there holds

(i) ug — u,vg — v in CO*(Q) N HYQ), ¥V a € (0,1);
(ii) w-v =0 in Q and/ﬂﬁu%véﬁo as f — +o0;
(iii) the limiting functions u, v satisfy system (2) with X := limg_, {00 Ag, pt := limg_, 1 & 13-

For the sake of simplicity we consider here systems of two components, but all the
results extend to the case of systems of k equations

—Au; + \u; :wiug’ _ﬁuiZﬁsz?a 1=1,...,k
i#i (3)
u; € Hg (%),

provided that it possesses a gradient structure, i.e. 8;; = fBj; (see Remark 3.11).
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The study of system (1) will be carried out as a particular case of a more general one,
where L?—perturbations are allowed. The reason for this approach is that, in a forthcoming
paper, the authors intend to present a variational construction to obtain, for every fixed
3, several solutions of (1); the present estimates, in their more general version, will then
be used to study how, and in which sense, such a variational structure passes to the limit
as [ — 4o00. To be more precise, let us consider the system

—Aug + Agug = wlu% — ﬂugv% + hg in Q
—Avg + pgug = wzvg — ﬁu%vﬁ + kg in Q (4)
ug, vg € H} (), wug,vg >0 in

under the assumptions: hg, kg are uniformly bounded in L2(9), Ag, g € R are bounded
in R, wy,ws € R are fixed constants. Defining

. J1 ifN=2
1/2 if N =3,

(5)

then, by Sobolev embedding, we have that any solution of (4) belongs to C%¢, for every
a € (0,a") (and even aw = o™ if N = 3). As a consequence, in the general case, we can
not expect boundedness for every Holder exponent. In fact we have the following.

(1.3) Theorem. Let ug,vg be solutions of (4) uniformly bounded in L*>°(S2). Then for
every a € (0,a*) there exists C > 0, independent of 3, such that

||(u5,vﬁ)|]007a(§) < C for every 8 > 0.

(1.4) Theorem. Let ug,vg be solutions of (4) uniformly bounded in L>(S2). Then there
exists (u,v) € C%*, ¥ a € (0,a*), such that (up to a subsequence) there holds, as 3 — +oo,

(i) ug — u,v3 — v in CO(Q)NHYQ), V a € (0,a*);
(i) u-v=0inQ and/ﬂu%vgﬁo;
Q

(iii) the limiting functions u,v satisfy the system

{—Au—i—)\u = wiud+h in{u> 0}, (6)

~Av+ v = wP+k  in{v>0},

where A = lim A\g, p = limpug, and h,k denote the L? weak limits of hg, kg as
0 — +oo.

Even though the actual result is stronger (no limitation on «), the proof of Theorem
1.1 is in fact a particular case of the one of Theorem 1.3, once one observes that, if
hs = kg = 0, then ug and vg, at any fixed 3, belong to Ch® for every a € (0,1). For this
reason, we will prove in the details all the results in the case of system (4), except the
Lipschitz continuity of the limiting state (section 4), that requires hg = kg = 0.

We wish to mention that system (1) is of great interest also in the complementary case
we do not face, namely when 3 is negative, for instance because of its application to the
study of incoherent solitons in nonlinear optics. For results in this direction we refer the
reader to [3, 12, 15, 16] and references therein.



2 Liouville—type results

In this section we prove some nonexistence results in RY. The main tools will be the
monotonicity formula by Alt, Caffarelli, Friedman originally stated in [2], as well as some
generalizations made by Conti, Terracini, Verzini ([10, 9]).

L (RN)NC(RYN) be nonnegative
functions such that u -v = 0. Assume moreover that —Au < 0,—Av < 0 in RY and
u(zg) = v(zg) = 0. Then the function

(2.1) Lemma (Monotonicity formula). Let u,v € H}

J(r) 1 |Vul|? 1 |Vol|?
r)i=— ——— — 5
72 I B, (zo) 12 — 0N 72 12 [, (a0) | — 20|V 2

is non decreasing for r € (0, +00).

(2.2) Proposition. Under the same assumptions of Lemma 2.1, assume moreover that
for some a € (0,1) there holds

|u(z) — u(y)| [v(z) = v(y)|

sup —————, sup —————— < 00. (7)
z,yeRN ’x - y|a 7a:,yE]RN |$ - y|a

Then either u =0 or v = 0.

Proof. In the following we will denote B, := B,.(x(). Assume by contradiction that neither
u nor v is zero, then none of them is constant since u(xg) = v(xg) = 0. Hence Lemma 2.1
ensures the existence of a constant C' > 0 such that

[Vul? / [Vul]? 4
. >(C 8
/BT |z —2olN72 Jp, |z —wo[V2 T " ®)

for every r sufficiently large. Let 7,5 (0 < a < b) be any smooth, radial, cut-off function
with the following properties: 0 < 15 < 1, 745 = 0 in RV \ By, 4 = 1 in B, and
Vel < C/(b—a). Given 0 < € << r, let Ac := By, \ B: and 1 := np2,(1 — 1z 2¢).
Testing the inequality —Awu < 0 with the function n?u/|z — 2|/Y =2 in the annulus A., we
obtain

2 2
n°|Vul / 2nu 9 1
— < - ———5Vu-V Vu-V | 5
/AE e e U e A NP e
1 [Vul? u’|Vl? 2 1
= 2 —nuVu V| ——= || -
/Ag [Q\x—molN_2+ |z — x| N2 TV |z — x| N2
We can rewrite the last term using the fact that 1/|z — 20|V =2 is harmonic in A.:
2,2
n-u 1
0 = Vi) V|55 =
1705 ¥ (=)
[ lren- (rmgms) v ¥ (s
= u : —_— uVu - — |,
A. e |z — | N2 ! |z — 2| N2

2 2 2 2
n°|Vul / u?| V) 2 1
— < Q— Vn-V| ——m— .
/AE PETRLEI N e e R A A A

6
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By the definition of 7, the last expression becomes

1 |Vul? C 9 ! u? c” u?
5 T N2~ Wt TN T TN
2 JB\By. |z — 0] e JB,. % JBy\B, [ — ol 7 JBy\B, [T — @0

Keeping in mind that u(zp) = 0, we let now € — 0, obtaining

/ |vu|2 - Cl/ ’U,Q N Cl// U2
B lw— 20N 7 12 Jp,\p, lx—20/N2 v Jp, B, |7 —zo[N T

Using the assumptions on w, this implies

[Vul? C [T P N, c’ /QT P> Ny " 9
— <= pNldp 4+ — pNldp < C'r%,
/BT |z —2o/N2 T 2 Jy pN72 rJo pNTt

Since the same result holds for v, we finally obtain

2 2
/ IVU\N_Q/ !VUIN_Z < oo
B, [T — ol . |z — 20

which contradicts (8) for r large and o < 1. O

(2.3) Corollary. Let u be an harmonic function in RN such that for some a € (0,1)

there holds

p D)
xz,y€RN |:U - y|

Then u is constant.

Proof. If u > 0 or u < 0, then since u is harmonic it holds that it is a constant (this is the
usual nonexistence Liouville result). Otherwise if v changes sign, then we can apply the
previous result to its positive and negative parts. O

(2.4) Remark. The previous result does not hold for & = 1: consider for instance the
function u(z) = x; (analogously, it is possible to see that also system (9) below admits non
trivial solutions which are globally bounded in Lipschitz norm; these are the main reasons
for which our strategy, as it is, can not apply to prove uniform Lipschitz estimates).

We shall need a result similar to Proposition 2.2, for functions u, v which do not have
disjoint supports, but are positive solutions in H! (RY) N C(RY) of the system

~Au = —ww? inRYN ()
—Av = —u?v inRY,

Again, to obtain a Liouville-type result for the previous system, we will use a suitable gen-
eralization of the monotonicity formula (a similar idea, even though with slightly different
equations, can be found in [10, 9]). To this aim we introduce a C' auxiliary function

2-N, N
5 7'—1—? r<l1
f(?”): 1
N3 r>1

and denote m(|z|) := —Af(]z])/2. Notice that m(|z|) is bounded on RY, vanishes in
RN\ By and m(|z|) > 0 for a.e. z.



(2.5) Lemma. Let u,v be positive solutions of (9) and let ¢ > 0 be fized. Then there
exists T > 1 such that the function

9= iz [ [ Gel) (9P + w2) +ma?]- | [(al) (190 + 202) + mla)e?]

B, (0) B (0)

is increasing for r € (T, 4+00).

Proof. Let us first evaluate the derivative of J(r) for r > 1. In order to simplify notations
we shall denote J(r) = J1(r)J2(r)/r*=¢. Then we have

J'(r) faBr (lzD(|Vul® 4+ u*v?) faBT (|z))(|Vv|? + u?v?)
Iy T Ti(r) Ta(r)

(10)

(recall that m(r) = 0 for r > 1). We can rewrite the term J; in a different way: by testing
the equation for u with f(|x|)u on B,, we obtain

2 2.2\ __ T x|)udy,u =
/Brf(\ﬂfl)(IVu +ut?) = /V (VI (Ja])) / f(jzl)udy
2
= - m(|z|)u? rl)ud,u — —0a, X )
_ /B (Iz) +/63T{f< udlu — 2-0,(F(Jal))}

which gives
1 N -2 u?
Ji(r) = / udyu + / —. (11)
7nN -2 9B, T’N 1 9B, 2
In order to estimate this quantity we define

r2 faBT(|Vgu|2 + u?v?)

faBr u?

r2 faBT(\ngF + u?v?)

faB,,. v? 7

where [Vou|2 = |Vul?> — |8,ul>. Then for every § € R, by Young’s inequality, there holds

/a& udyu </83r u2> v (/(93r(8yu)2> v
\/ 2y
By /83 2¢/A1(r) /a&(a u)”

- 262
< L [/ (|Vgu|2 +u2v2) ~|—52/ (0 u)2] S
= 2[0% JoB, OB A (r)

Ay (r) := , Ay(r) :=

IA

1
Substituting in (11) we obtain

. 1 1 N -2 uf® +u20%) + 52 )2
= g [(52\//\1(7“) " Al(r)) /8&(% o VA Jos, P ] |

1 N -2 52
Now we choose ¢ in such a way that + = , or equivalently, after
YO e M) M) A D y
some calculation,
Aq(r)
)



where v : RT — R is defined as

V(z) = <N2_2>2+:U— ¥

We remark that this function plays a crucial role in the proof of the Alt-Caffarelli-Friedman
Monotonicity Formula (see [2]). Of particular importance is the following property: let
E1, B be any couple of disjoint subsets of the sphere SY~! and denote with A(E;) the
first eigenvalue of the Dirichlet Laplacian on SV~1, then

YA(EL)) + v (M(E2)) > 2. (12)
With this choice of § we have

Ji(r) Fl=D(Vul* + uv?),

= 91 (1) Jos,

(recall that r > 1 and consequently f(r) = 1/r~2) and a similar expression holds also
for Jy. Substituting in (10) we obtain

T . A= 2(a@) | 2v(ha(r)

J(r) — r r r ’
therefore it only remains to prove that there exists a 7 > 1 such that for every r >  there
holds 4
—€
A1) + (o) > 5. (13

To this aim we define the functions uy(0), v () : 9B1(0) — R as ugy(0) = u(ro),

v()(0) := v(rf). Then a change of variables gives

_ Jom (IVuo) P4 ruriy) -y g~ Jom (Ve P )
faBl u?r) faBl U(Q"')

Ay (r)
The idea now is to show that the functions u,v() (normalized in L?(0By1)) converge
as r — 400 to some functions having disjoint supports, and then to take advantage of
(12). Notice first of all that there exists a constant C' > 0 such that [ B, u%r) > C forr
sufficiently large. Indeed assume by contradiction this is not true, then \87%% /. op, v — 0

as r — +oo, which implies u(0) = 0 since u is subharmonic, and this contradicts the
assumption u > 0. The same result clearly holds also for v(,).

Assume (13) does not hold, then there exists r,, — +o0 such that

4—¢

Y(A1(rn)) +v(Aa(rn)) < <2.

In particular, Ay(ry,) and Ay(ry,) are bounded. As a consequence the function

Uy, = M0 atisfies  © > ANi(rp) > / |Vz](rn)|2
Hu(r) HL2(831) 8B

(and an analogous property holds for 9,y := v /l|v4)llz2(aB,)). This ensures the exis-
tence of u,v # 0 such that @,y — 4, U(,,) = v in H'(0B1(0)). Moreover, since

Cxmzed [t
BBl n n

9



we infer that @ - v = 0. This immediately provides

lim infly(A1(rn)) +7(A2(rn))] = v(A({supp(u)})) + v(A({supp(v)})),

n—-4o00

that is in contradiction with (12). O

Now that we have a suitable monotonicity formula we are ready to prove a Liouville—
type result for the considered system.

(2.6) Proposition. Let u,v be non negative solutions of (9). Assume moreover that (7)
holds for some « € (0,1). Then one of the functions is identically zero and the other is a
constant.

Proof. We start by noticing that, due to the form of system (9), if one of the functions is
0 or a positive constant, then the other must be a constant or 0 respectively. Hence we
assume by contradiction that neither v nor v is constant. Then by the maximum principle
u and v are positive, and Lemma 2.5 ensures the existence of a constant C' > 0 such that

/ [f(w|)(|Vu|2+u2v2)—|—m(|ﬂc|)u2]/ [F(l2l) (IVo]? + u20?) + m(lel)?] > Cri=e

B, By
(14)
for r sufficiently large. Let n = 7,2, be the cut-off function defined in the proof of
Proposition 2.2. By testing the equation for u with n?fu on Bs, we obtain

2
/ nf- (IVu]* + u?v?) = —/ [2fanu-Vn+n2V <u>-Vf}§
B27‘ BZ’V‘ 2
1 2 2 2 2 n*u’ 2
< 2f77 [Vul® 4+ 2fu®|Vn|* =V N -Vf4+unVn-Vf|.
BQT

Recalling that Af = —2m and testing it with n?u?/2 in Bs, we have

2,2
/ \Y <7]u) -Vf= n*u’m,
BQT 2 B2r

which substituted in the previous inequality, together with m > 0, gives

/ n? [f . (|Vu!2 + u2v2) + muﬂ < 2/ [quQ|V77|2 +u*nVn - Vf} .
Ba, Bar

Now, recalling the definition of  and f and using assumption (7), we finally obtain

u2 2r p2a
/ [f . (|Vu]2 + u2v2) + muQ] <C v < C’/ —NpN_ldp < Or?e,
B, Ba,\ B 2| o P
which contradicts (14) for r large enough. O

Arguing as above, one can prove the following Liouville-type theorem for systems with
an arbitrary number of densities.
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(2.7) Proposition. Let k > 3 and uy,...,u; be non negative solutions of

—Au; = —uy Zuf in RY, (15)
J#
with the property that, for some o € (0,1),

sup |ui(r) — ui(y)]

. o gl < oo for every i.
z,y€eR -

Then k — 1 functions are identically zero and the remaining one is constant.

Sketch of the proof. We want to see that, for any i # j, (at least) one between u; and u;
is identically zero (this, exploiting every possible choice of 7 and j, will readily complete
the proof). Assume not, then, by the maximum principle, v = u; and v = u; are positive
subsolutions of system (9). It is easy to see that Lemma 2.5 also holds for positive sub-
solutions of that system; as a consequence, (14) holds for v = w; and v = u;. But this,
reasoning as in the proof of the previous proposition, is in contradiction with the global
bound of the Holder quotients. O

3 Uniform Holder continuity

This section is mainly devoted to the proof of Theorem 1.3, that will provide, as a byprod-
uct, also Theorem 1.4. As we said the strategy we follow is reasoning by contradiction, in
order to perform a blow—up analysis, and then to use the results of the previous section
to obtain an absurd. To start with, we need the following technical lemma, which refines
the estimate in [9], Lemma 4.4 (to which we refer for more details).

(3.1) Lemma. Let B C RN be any ball of radius R. Let M, A be positive constants,
h € L?(Bg), and let w € H'(BR) be a solution of

—Au < —Mu+h in Bp
u > 0 in B
u < A on 0Bpg.
Then for every e,0 > 0 such that 0 < 6 < e < R there holds

24R _gyar , 1
lullL2(Bg_.) < p—l + MHhHLQ(BR)v

where Br_. is the ball of radius R — & which shares its center with Bp.

Proof. We can estimate u as |u| < |uy| + |ua|, where u;, us are defined by

—Au1
U1
U1l

—Mu1 inBR . .
0 in Bp {—Auz = Mus +h in Bp

" on 9B ug = 0 on JBpg.

vl

In order to estimate u; we shall make use of Lemma 4.4 in [9], where it is proved that

oy (1) + XL (r) = My (r) $1(0) >0, ¥ (r)>0  rel0,+00)
P1(R)=A>0 = Pi(r) < ¢1(0)6T‘/M r € [0, +00)
vl =0 ) > T e o)

11



Choosing 7 = ¢ — 6, with 6 € (0, ¢), we obtain the following inequalities

1(R — ) < 1 (0)eB-e)VM

$1(0)(e—0) RVM
A=yy(R) > 2O enr,

which imply

Gi(r) S en(R <) < 2,

for all r € [0, R — ¢].

(O}

Defining vi(z) = 91(Jz — xo|) (where z¢ is the center of Br) and using the maximum
principle we infer 0 < uj(z) < vi(x). To obtain an upper estimate for wug, let us now
multiply the equation for ug by we itself and integrate; having zero boundary conditions
we have

h2 1/2 1/2
Mu%ﬁ/ ]Vug\z—l—Mu%:/ hug < (/ ) (/ Mu%) ,
BR BR BR BR M BR

and therefore [Jua||r2(py) < ﬁHhHB(BR)- In conclusion we have ||ul| 2, ) < luillz2(B, )+
|uz||r2(B,) Which gives the desired estimates. O

3.1 Normalization and blow—up

To start with, we recall the standard non—uniform regularity properties for solutions to
system (4).

(3.2) Remark. Let ug,vg be solutions of (4). Then, since hg, ks belong to L*(Q2), and
Q) is bounded and regular, by elliptic regularity theory it holds

ug,vg € H*(Q) that implies ug, v € CV*(Q)

for every a € (0,a*), where a* is defined as in (5). Let us mention that, if hg = kg = 0,
then, by a bootstrap argument, we can choose a* = 1 also in dimension N = 3.

Coming to the proof of Theorem 1.3, let us assume by contradiction that, for some
a € (0,a*), up to a subsequence it holds

Ly ma { ey 1D D) o)

m,yeﬁ ’x - y’a z,yéﬁ ’w - y’a

as # — 4o00. We can assume that Lg is achieved, say, by ug at the pair (xg,y3). We
observe that
ltg —ygl =0 as [ — +oo,

since we have |xg —yp|® = |ug(zs) —us(ys)|/Lp < 2|ugllco/Lp < 2C/Lg — 0.
The idea now is to consider an uniformly a-Ho6lder continuous blow-up with center at

z3. Keeping this in mind, let us define the rescaled functions

_ 1 B 1 Q2 —xg
ug(x) = LgT’guﬁ(xﬁ +rgz), vg(x) = ngvg(xg + raz), for x € Qg := o

12



where rg — 0 will be chosen later. Depending on the asymptotic behavior of the distance
d(zg,08?) and on rg, we have Qg — (o, where Q is either RN or an half-space (when
d(zg,0Q)/rg — oo or the limit is finite, respectively).

First of all we observe that the g, vg’s are uniformly a-Holder continuous for every
choice of rg, with Holder constant equal to one:

- { (@) — a5(y) 95() —%(y)l} _Jwo-w ()]

max , max a =
z,yeg |x - y|°‘ z,y€Qp |$ - y‘a ‘M
3
(16)
Moreover the rescaled functions satisfy the following system in €g:
—Aﬂg + )\grgﬂg = wlMgﬂ% — ﬂMgﬂg@% + Zlg(z)
—Avg + ,u,gréﬁﬁ = CUQMI@'D% — ﬁMﬁﬂ%@g + kﬁ(aj) (17)
ug, g € H(Qp),
where
Mﬁ = L%T’éaJrQ,
and
2—a 2—a
_ s _ s
hs(z) = ——hg(wp +rpw),  kp(z) = ——ks(zs +rpz).
B B

(3.3) Remark. Since ug,vs are L(2)-bounded, hg, ks are L?(Q2)-bounded, Ag, ug are
bounded in R, and rg — 0, Lg — +o00, by direct calculations it is easy to see that

)\57%71/3, uﬁ’r’%’l_)/g — 0 in LOO(QB)
wi Mgy, weMgvh — 0 in L=(Qp)
ilg, ];3/3 — 0 in L2(Qﬁ).
In order to manage the different parts of the proof, we will need to make different
choices of the sequence rg. Once rg is chosen, we wish to pass to the limit (on compact
sets), and to this aim we will use Ascoli-Arzela’s Theorem. Now, since the ug, U3’s are

uniformly a-Holder continuous, it suffices to show that {ug(0)}, {v3(0)} are bounded in
B. The following lemma provides a sufficient condition on 75 for such a bound to hold.

(3.4) Lemma. Under the previous notations, let 13 — 0 as § — 400 be such that
(i) lyo = @s] < R’ for some R' >0,
rs

(ii) BMg - 0.
Then {ug(0)},{vs(0)} are uniformly bounded in (3.
Proof. Assume by contradiction that {u3(0)} is unbounded, and let R > R'. Since the

ug’s are uniformly Holder continuous and vanish on 9€3, we can consider § sufficiently
large such that Bogr(0) C Q3. Moreover since Mg - 0, we have that

Iz = inf (BMgug — —+oo.
g B2R(0)ﬁ ome

13



Now since BMgtig < ﬁMgﬁ% in Bor(0) and (similarly to Remark 3.3) ngMgﬁgﬂLm(Bm) —
0 as 8 — 400, we have

—Avg = —;1,57“%175 + ngm—}g — ﬁMgﬂ%T)g + ]%g
I _
< —Lig+ kg
2
In order to use Lemma 3.1, we need to show that g is bounded on 0Byr(0). With this

in mind, let us choose a cut-off function 7 that vanishes outside Bar(0). Then by testing
the second equation in (17) with n?vg in Bag(0), we obtain

ué(&%W%F+MWVWV%+M%%ﬁ}S/ {waMptign® — Ign*v3 + ksn*vs},
2R

Bar(0

and thus

1 _ _ _ _ o
[ Gl 4 TPy < 2 (P sl + el Mot + Raros)
Bar(0) 2r(0)

< C(R)( sup 17%4—1).
Bzr(0)

On the other hand, since v is uniformly Holder continuous,
%/ n*v5 > I3C'(R) inf 03 > I3C'(R) sup o3 — IgC"(R).
Bag(0 Bar(0) Byr(0)

Therefore, putting together the two previous inequalities, we obtain

I3C(R) sup 17% < C'(R)( sup 17% +1) + I3C"(R)
Bar(0) Bar(0)

which implies the boundedness of ©g in Bagr(0) (in particular on 0B2g(0)).

Thus we can apply Lemma 3.1, which gives
/ 2 -
_ —0'\/T
[05ll20) < Ce™ VI 4 TRl 2,

Hence
o - o 2
1BMtsts| 1205, < (Is + BMa(4R)*) |05 12(5,) < 215(Ce™ VT + 7 alli2(sy) = 0

when 3 — +o00. This, together with Remark 3.3 and the boundedness of v, gives
|Awgl 2B, — 0 (18)

for every R > R/.

Consider now g(z) := ug(xr) — ug(0). By the uniform Holder continuity and Ascoli-
Arzeld’s Theorem we know that g — e on compact sets. Moreover by (18) we have that
ug is bounded in CIOO’Z, with v € (0, a*) (in fact, Theorem 8.12 of [14] gives us boundedness
in W22, and the result follows by Sobolev imbbedings). As a consequence we obtain:

’aoo(x) — 7VNLoo(y)‘

max =1. (19)
2,9€ Q00 ‘x - y‘a

14



Indeed notice that by assumption (), (yg — xg)/rs must converge up to a subsequence.
But it can not be (yg —zg)/r3 — 0, otherwise we would have (considering an ¢ > 0
sufficiently small)

’7“_‘5(0) — s (yﬁr_@xﬂﬂ s — 5|
)yﬁ—wﬁ @ N rg

£

—0 (20

[a5(0) — 5 (2222))| S
| R B
L}

rg

with 3, which contradicts (16). Therefore, there is an a € RV\{0} such that (ys — x5)/rs —
a, and hence the left hand side of (16) also passes to the limit in 3, providing (19).

Finally, we have that Afioo = 0 in Q. Now if Qs = RY, by Corollary 2.3 i is a
constant, in contradiction with (19). On the other hand, if Q. is an half space, we have
that .o = 0 on 02, and thus we can extend it by symmetry as an harmonic function in
the whole RY, obtaining the same contradiction.

We have shown that {#3(0)} is bounded. Let us now check that the same happens with
{v5(0)}. In order to do so, we have to make some small changes to the previous argument.
Assume then that {74(0)} is unbounded, and consider the quantity (for R > R’ fixed)

I5:= inf BMgzv3 — +oo.
A BzR(O)IB ee

We have

I _
—Aﬂﬁ < —?ﬁﬂg + hg

and ug is bounded on 0Bk (0). Therefore by Lemma 3.1
_ v T 2 -
sz < CemVE + = aliaa,

and hence
1BMatig03| 12, — O

as 8 — 4o00. Once again this gives [|Atg||12(p,) — 0 and the proof follows as before. [

Using the previous lemma we can now quantify the asymptotic relation between 3, Lg
and [z — yg|.

(3.5) Lemma. Under the previous notation, we have (up to a subsequence)
ﬁL%]mg - yg|2°‘Jr2 — +00.

’2a+2

Proof. By contradiction assume that BL%|:L‘5 - g is bounded. Then we can choose

rg=(BL3) %= (and thus BMg = 1),

in such a way that the assumptions of Lemma 3.4 are satisfied and thus {ug(0)}, {v5(0)}
are bounded. By uniform Holder continuity and Ascoli-Arzeld’s theorem we have that,
up to a subsequence, there exist s, Voo such that g — U, Vg — Voo uniformly in the
compact subsets of Q. Since SM 3 = 1 and by Remark 3.3, we have that Aug, Avg are
bounded in L?

loc

and therefore the same happens to g, v in CIOO’Z (Qs0), for all v € (0, a*).

15



We are now going to show that, as a consequence, U, Voo are a-Holder continuous and
that the maximum of the Holder quotients is given by:

max oo (@) = oo ()| =1 (21)

Z,yeﬁoo ‘x - y‘a

Indeed notice that we cannot have (y3 — x3)/rg — 0, otherwise we would obtain the same
contradiction as in (20). Therefore, there is an a € R*\{0} such that (ys — z3)/rs — a,
and hence the left hand side of (16) also passes to the limit in 3, providing (21). Moreover,
at the limit we have

—Avey = —ul v in Q.

{—Auoo = —Unov in Qs

If Qo = RY, then by Proposition 2.6 w, U are constants, which contradicts (21).

On the other hand, let Qo be equal to an half-space. Since uy, = 0 on 0, we
can extend it to the whole space by even symmetry and obtain a function satisfying the

hypotheses of Proposition 2.2 (apply it to the pair (uoo‘ .. — were we consider

y Uoso |RN \Too )
both functions extended by 0 — and choose for xy any point of 9Q«,). Therefore uq, = 0,
which contradicts (21). O

Now we are in a position to define our choice of 73 and to deduce the convergence of
the blow—up sequences.
(3.6) Lemma. Let
rp = |2s = ysl.
Then there exist oo, Voo € CUY(RYN) such that, as 3 — +oo (up to subsequences), there
holds

(1) Ug — Uso, U8 — Voo, uniformly in compact subsets of Qoo = RY; moreover

(ii) for any fized r > 0 and xo € RN there holds / ﬂMgﬂ%@% — 0; as a consequence
Br(l‘o)

(i11) [|ig — tooll 51 (B, (20)) — 05 1108 — Vooll 11 (B, (2)) — O-
Proof. With this choice of rg, we obtain Mg = ﬂL%|$g — yg/***? — +o00 by Lemma
3.5. Once again the assumptions of Lemma 3.4 are satisfied and hence, reasoning as in

the initial part of the proof of Lemma 3.5, we deduce that the rescaled functions g, vg
converge uniformly to some s, Va0, in every compact set of Q. In this situation (16)

writes
_ _ Yysg — T
w0) 1y (1)
B

N N 10 O O R L L
z,y€Qp |-'L' - y| x,y€p |1' - y|

and hence by Lj’g’c(ﬁﬁ) CONVErgence, oo, Voo are globally a—Holder continuous and in par-

ticular

max  |ueo(0) — uso ()| = 1. (22)
2€0B1(0)NQso

Now if ) is an half-space we can proceed exactly as in the last part of the proof of
Lemma 3.5, obtaining a contradiction. Therefore Q. = R, and (i) is proved.
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In order to prove the second part of the lemma, let us fix any ball B,(x) of RY, and
let 5 be large so that B, (xz¢) C Q3. Let us consider a smooth cut-off function 0 <7 <1
such that n = 1in B,,, n = 0 in RV \ By,. Testing the equation for ug with 7, we obtain
(since the ug’s are uniformly bounded in By, )

/B ﬂMg@ﬁl_)% < /B lugAn — Agr%nﬁg + wlMgmj% + nfb/g| <C (23)
s 2r

and analogously / BM ga%@g < C'. This immediately implies that
B,

Uoo " Voo =0 in RV, (24)

providing
/B BMpu5Ts < sl Lo (B,0{um—o}) /B BMigugv5 + 981 Lo (B.)rfvoe =0} /B BMpigv
< O ([lagl po (B, fus=0p) + 105l Lo (B, A{vac=0})) — O, (25)

which is (i7).

Finally, integrating the equation for #g in B,, we have

8V’EL5 do
OB

< / ﬂM/@ﬁg@% +/ ])\gr%ﬂg — wlMgﬁ% — Bﬁ‘ <, (26)
B, By

which also gives, testing the equation for ug with ug itself, [ B, |Vig|?> < C. Doing the
same with vz, we obtain the weak H'-convergence Ug — Uso, Ug — VUso. Finally by testing
the equation for ug with 43 — us we obtain

[Vt V(@ — ) < o vl ([ 10001+

T

+/ | — Agritip + wi Mgty — BMpiigt} + h5>
B,

and therefore we proved (iii) by uniform convergence and estimates (26), (23) (the con-
vergence of g is analogous). O

In the following lemma we collect the properties enjoyed by the limiting states e,

Voo -
(3.7) Lemma. Let oo, Voo be defined as in Lemma 3.6. Then the following holds.
(i) Uoo - Voo = 0 in RY;

(11)) max |ueo(0) — uso(x)| =1 (in particular, us is not constant);
x€0B1(0)

—Ause = 0 in {ux > 0},
() { —Avee = 0 in{ve > 0}.
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Proof. Properties (i) and (i) are simply (24) and (22), respectively. Let us check that
Uso is harmonic in the (open) set {z € RN : wuyo(x) > 0} (the same is true for vs, in the
set {x € RV : vy(x) > 0}). Given any point xg such that us(zg) > 0, we have to find
a neighborhood of it where 1o, is harmonic. By continuity we can consider a ball Bs(zo)
where us, > 2y > 0, and hence by locally L> convergence g > v > 0 in Bj(xq) for large

(. Therefore we have
2

—Al_}g < —ﬂMg%T)g + ]?:g

and thus, using Lemma 3.1, we obtain
' 1 _
- —c'\/BMs | 1
HUBHLQ(B(S/Q) < Ce + BMBHI%HN(B&/Q)-

Hence
||5Mﬁﬂﬁl7%||m(35/2) —0

and, using also Remark 3.3, we conclude that [Augl/;2p,,) — 0, which implies the

Bs /2
harmonicity of us in Bsa(zo)- O

(3.8) Remark. By the previous lemmas we obtain that us, must vanish somewhere in
RN (indeed if not us would be a positive non—constant harmonic function in RN, a
contradiction), and also v, must vanish somewhere (otherwise we would have us = 0
in RY, again a contradiction). This, by continuity, implies that us, and vs, must have a
common zero, thus they satisfy all the assumptions of Proposition 2.2. Since uso is not
constant, we deduce that

Voo =0 in RV,

Moreover, we have
{2: uso(z) =0} #0, and {z: ux(z) > 0} is connected.

This last claim is due to the fact that, was {us > 0} non trivially decomposed into 4 USQq,
then again u = us|q, and v = us|o, would be non—zero and satisfy the assumptions of
Proposition 2.2, a contradiction.

3.2 Almgren’s Formula

In order to conclude the proof of Theorem 1.3 we will show that u is radially homoge-
neous; this crucial information will come from a generalization of the Almgren’s Mono-
tonicity Formula. This formula was first introduced in [1] and used for instance in [4, 13]
to prove some regularity issues related to free boundary problems. The aim is to study
the monotonicity properties of the functions

1 1
B0) = g [ AIVul + 190}, HO) =y [ {uk+ek),

and of the Almgren’s quotient (where it is defined)
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where U, Voo are defined in Lemma 3.6 and B, is centered at a fixed xy (with respect
to the literature, our definition of H involves the averages of the densities, not of their
oscillations). It is worthwhile noticing that the result we prove for u, v in fact holds
for any non trivial, strong Hﬁ)(limits of variational systems; indeed, we will perform the
proof without using all the other properties we collected about s, Vso. The reason for
this is that we will need a similar result, for different functions, in Section 4.

(3.9) Proposition. Under the above notations, for every xg € RY there exists ro > 0
such that, for every r > ro, H(r) # 0, and

N(r) is an absolutely continuous, non decreasing function

such that J o N
- log(H(r)) = T(T). (27)

Moreover if N(r) = for all v > 1o, then ro = 0 and us(z) = r791(0), voo(z) = r7g2(0)
in RN, for some functions g1, g2 (where (r,0) denote the polar coordinates).

Proof. Up to a translation, we can suppose B, = B,(0). We divide the proof into steps.

Approximated quotients. Let 0 < r; < rg be such that H(r) # 0 in [r,72] (they
exist for sure, since us # 0 and it is continuous). Let us check that the conclusions of
the proposition follow in this interval (the existence of 7y as claimed will be obtained only
later). To evaluate derivatives of E(r), H(r) and N (r) we have to face two main problems:
first, it is not clear how regular these functions are; second, we have no global equation for
Uoo, Uso- L0 overcome these difficulties, the idea is to consider analogous functions, that
will result to be C!, for the approximated problem (17), and then to pass to the limit as
B — +o00. In order to simplify notations we will denote for the moment v := %g and the
same for 7, ﬁg, Eg. We then define the approximated Almgren’s quotient

Eg(r)
Nﬁ(r) = HB(T),
where
1
Es(r) = N3 /B {|Vu\2 + |Vol? + r%(Aqu + pgv?) — Mg(wiu* + wovt) + QﬁMgu%Q} ,
1
Hﬁ(r):m {u2+’l)2}.

OB,
We also observe that, by multiplying system (17) by (u,v) and integrating in B,., we obtain

Bs(r) = g /aBT fudutvio} + /B [h(e)u + k(z)o} (28)

(the boundary integrals above, and all the following ones, are well defined, for 3 fixed and
for every r, by Remark 3.2 and by the continuous immersion of H?(B,) into H'(0B,)).

Derivatives of Eg, Hg. In order to compute the derivatives of these expressions, we
consider the rescaled function wu,(x) := u(rz) and similar expressions for v, h, k. System
(17) now becomes

{ —Au, + T2A@T%ur = r2w1Mﬁu‘:’ — r2BMgu,v? + r2h, (29)

—Av, + Tgugr%vr = r?waMgsvd — r’BMgulv, + r’k,.
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Performing a change of variables x = ry in Eg(r) we obtain
= /B {]Vur|2 + Vo, | +r Tﬂ(Agu + pgv?) — r2Mg(wiul + wovld) + 2r? BMguv?}
1
and hence (Remark 3.2 implies that Ejg is in fact C! in r)

Ei(r) = 2 [ {Vu - V(Vu(rz)-z))+ Vo, - V(Vo(rz) -z)} +

B
+2r% [ (rEAgur — 2Mpwnw) + 26Mpu,v7) (Vu(rz) - )+
B1
+2r2/ (r3pgvr — 2Mpwov} + 268Mpuiv,)(Vo(rz) - x)+
By

+27’/ {r3(A\gu? + ppv?) — Ma(wiu, + wovy) + 28Mgulv?

1

Multiplying the first equation in (29) by (Vu(rzx) - z), the second one by (Vou(rz) - x),
integrating by parts in B; and substituting the result in the previous expression, it follows:

Ejy(r) = TN% /8 i {@w) + @07} +

2
TNt / {ri(\su? + pgv?) — Ma(wiu +wav') + 28Mgu*v?} —
Br
2
T N1 /B {wlMguS(Vu ) + waMav? (Vo - z)}+

2
+TN74 /Br {BMgu(Vu - z)v? 4+ BMgu*v (Vv - z)}.

x)(Vu-x)+ k(z)(Vo-x)} +

Using the divergence theorem, we can rewrite some terms:

N 1/ {BMpu(Vu - 2)v* + BMgu*v(Vv - z)} = ﬂzéwﬁl V( 02z =
T N- 1/ BMgu*v
2 3
- T’N_l/B {w1Mgu (Vu-z) +waMs(V(v) :c)} -

- _TNQ—l/B {wi1Mp(V(u?) - 2) + waMp(V(v?) - 2)} =

1
ZTN 1 / {wlMﬁu +w2MﬁU } - 27‘fo2 / {w1M3u4 +uJ2MB’U4};
OBy
obtaining at the end
/ 2 2 2
Eﬁ(r) = rN=2 0B {(81/&) + (BVU) } +
1 N
+ FN-1 / {2T%(>\,3u2 + ugv2) + <2 — 2) Mg(w1u4 + wov) + (4 — N)ﬁMﬂu%Q} +
B,

1
T 2TN2/ {28Mgu*v* — wy Mgu* — wQMgv4} .
0B

x)(Vu-z)+ k(x)(Vv-x)} +
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Using the same ideas, we also obtain, for the C! function Hg,
H/(’I“)_2/ {udyu+vo,v}
o) =Rt f, O bUf -

Estimate of Ng(r + &) — Ng(r). At this point, let us recover the original notations
ug, Vg, hg, kg. Recalling equation (28) we can compute Né in (r1,r2) as

Nj(r) = 7‘2]\732}]5(7“) {/a& [(8@@2 + (8,,176)2} ./83 (a% + 17%) _

T

— [ /8 5 (a0, tig + @ﬁ&ﬂ_},@)] 2} + Ra(r),

where
2 - _ 7 _
1 22)\ —2 —2 N_4M —4 —4 4— N M—2—2
+ NTH ) s r5(Aglig + npUg) + —5—Mp(wits +wat) + (4 — N)BMpugvs ¢ +

1 —2 -2 —4 4
+ BT g, (M5 — ot = nM} -

2 i i _ _ - i - _
R0 /8& {up Oyup + v5 0,05} /B {hs(x)up + kp(x)vs} .

Notice that, since Hg(r) # 0, for every 6 > 0 such that r,r +§ € (r1,72), there exists a
constant C' > 0 depending only on 71,72 and § such that

r+4 B B
| Ratelids < C [ hall Vsl + Rall V5| + 3 + 73) + Mo + ) +
r o

+BMpujv5 + |wi| Mgl Vig| + |wa| Mgv|Vog|} +

Myl + Myt oo s,y + C /B {[Fsllas) + [Fsllos]} — 0
T2

as § — 400, where we used Remark 3.3, Lemma 3.6, (i7i) and (26). Therefore,

Notr+ o) - Natr) = [ P T {02+ @] [ @) -
— [/aBS (ugdyug + vﬁayvg)] 2} + o(1).

Derivatives of N, H, E, log H. Now we are in a position to pass to the limit in
(. Indeed, Lemma 3.6, (i77) (that is, strong convergence) ensures that Ng(r) — N(r) for
every r. Moreover it implies the existence of a function f(p) € L!(r1,72) such that, up to
a subsequence, faBp |Vag|? < f(p) and faBp Vag|? — faBp |Vuso|? a.e. for p € (ry,r2)
(and analogously for vg). Hence, letting # — 400 in the previous equation we readily
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obtain that N is absolutely continuous and that (for almost every r)

N'(r) = 7~21V—3’2I{2m {/eaBr {(61,%0)2 + (GVUOO)Q} ./(‘)Br(ugo + Ugo)_

_ [ /a (o + voo(‘),,voo)] 2} >0, (30)

by Holder inequality. This implies that N(r) is increasing in [rq,r2] and in addition gives
an explicit expression for the derivative. Reasoning as above, we can conclude that

2
H'(r) = 7“N_1/33 {too Optios + VooOpUao }
. 1
H) = i Hy) =y [ {ud+ ).
. 1
E(r) = BETOOEﬁ(T): e {Uoo Op oo + VooOpUoo }

(where we used (28) to obtain the last limit) and therefore a direct calculation gives (27)
for r € (r1,72). Incidentally, we observe that equation (27) implies that log H, and hence
H, are C'functions.

Existence of 9. Equality (27) also implies that when H(r) > 0, then H'(r) > 0 and
therefore there exists ro := inf {r > 0: H(r) # 0} such that H(r) # 0 for every r > .
Hence everything we have done so far is true in (rg, +00).

Case N(r) constant. Let us now analyze what happens when N (r) =~ for all r > 7.

By (27) we have

d 2y d 9
—log(H(r)) = — = —1 g
" log(H(r) = = = = log(r*")

for all r > rg. By considering 7 > r > rg and integrating the previous equality between r

and 7 we have
r

H(r) = H(F) (:)2”.

7
Now, if H(rp) = 0, since H is continuous, the previous equation implies that ro = 0;
on the other hand, if H(rg) # 0, then 79 = 0 by definition. Moreover, by (30), if N(r)
is constant then there exists C(r) such that (0, uec, 0yVs0) = C(7)(Uoo, Veo), Which gives
Uso = f(1)91(0), voo = f(r)g2(0), with f(r) > 0 for » > 0. Now since u is harmonic in
{too > 0} and veo is harmonic in {ve > 0}, we finally infer us(z) = 17¢1(0), voo(x) =
7 g2(6) in RV, O

(3.10) Remark. Starting from system (3), one can perform the same blow—up argument
than above, obtaining in particular that, for the limiting states (41,00, - - ., Uk,00), @ result
analogous to Proposition 3.9 holds, with the choice

k k
1 1
E(r) = N2 /B Z |Vt ool H(r) = N1 /a Zu?oo

T =1 Br =1
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3.3 Proof of the main results.

End of the proof of Theorem 1.3. By Lemma 3.6 we know that the blow—up limiting pro-
files uoo and v are globally a—Holder continuous. Moreover, by Remark 3.8, v, = 0 and
we can choose

xo such that u(xg) = 0.

If N(r) is defined as in Proposition 3.9, then we claim that N(r) = « for all r > rg. Indeed,
according to that proposition, assume that there exists 7 > r¢ such that N(7) < a —e.
Then by monotonicity, for all 7o < r < 7 we have N(r) < o — ¢ and

2

log(H(r)) < 20— o),

dr
hence (integrating between r and 7) we have Cr?*=2¢ < H(r) for all g < r < 7. On the
other hand, by the a—Hélder continuity and the fact that us(zo) = voo(xg) = 0, we also
have H(r) < C'(r — r9)?, a contradiction. Let us assume now that N(7) > a + ¢; then
by monotonicity N(r) > « + ¢ for all r > 7, and thus

d
— >
gy log H(r) 2

SN

(a+¢),

which implies (integrating between 7 and r and again by the a—Hdlder continuity) that
Cr?at2e < H(r) < C'r? for large r, a contradiction.

Therefore N(r) = « for all » > rg, and by the previous proposition we know that
ro = 0 and uso(x) = r%g1(0). This implies that the null set I' = {u = 0} is a cone with
respect to xg. Since this can be done for any xzg € I', we obtain that I" is in fact a cone
with respect to each of its points, and thus it is a linear subspace of R"V. Moreover, again
by Remark 3.8, I' has dimension strictly smaller than N — 1, otherwise {u~ > 0} would
be disconnected. But then us, turns out to be a non—negative, non—constant function in
H} _(RY), which is harmonic on the complement of a set of zero (local) capacity. That is,

loc
it is harmonic on the whole RY, a contradiction. ]

Proof of Theorem 1.4. By Theorem 1.3, for every a@ < o/ < a* there exists a constant
C > 0 such that ||(ug,vg)||go.r < C, for every 3 > 0. By compact embedding, we obtain,
up to a subsequence, the existence of (u,v) € C%®" that are strong C**limits of (ug,vs).
By uniqueness of the limit, this proves that

(ug,v3) — (u,v) in CO¥(Q) for every o < o*.

To obtain the other claims of the theorem, we reason as in the proof of Lemma 3.6. Testing
system (4) with (ug,vg) we obtain

/g; ‘VUﬁ‘Q < /Q (—)\gUg + wlu% + hﬁ) ug,

and an analogous inequality for vg. By uniform convergence, the right hand side is bounded
and then (ug,vg) is bounded in H&. Thus, again up to a subsequence, we have

(ug,vg) = (u,v) weakly in HJ}(Q).
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On the other hand, integrating system (4) we have

—/ Oyug + ﬁ/ uQv% = / (—)\@ug + wlu% + hg) .
00 Q Q

Again, the right hand side is bounded and, by Hopf lemma, d,ug < 0 on 0€2. We infer

ﬁ/ugv%SC, ﬂ/u%vggC
Q Q

not depending on 3. This immediately provides u - v = 0 almost everywhere in €2, and, in
turn, reasoning as (25),

15} U%U%HO as 3 — +o0,
Q

that completes the proof of (i7). Now we can test system (4) with (ug—u,vz—v), obtaining

/ Vug - V(ug —u) < |lug — ul re / (—Agug +wiuf — ugvf + hg) |
Q Q

and the same for v. By uniform convergence we infer convergence in norm, and hence
strong H}-convergence of (ug,vs) to (u,v), and also (i) is proved. Finally, to prove (iii),
we observe that, by continuity of the limiting profile, we know that {u > 0} is an open
set. Therefore, given xg € {u > 0}, there exists Bjs(z¢) such that v > 2y > 0 in Bj(zo),
for some positive constant . Let us show that the equation is satisfied in this open
neighborhood. By (i) there holds ug >« in Bs(xg) for large 3, therefore

1
5u[3v2 < / Budv — 0,
/195(000) ’ 7 JBs(xo) 7

because of (ii). By testing the equation with a test function ¢ € C}(Bs(z)) we obtain

/ (Vug - Vo + Agugo) = / (wiuh — Bugvs + hg) o,
Bs(z0) Bs (o)

and the previous estimate together with the H'-convergence conclude the proof. O

Proof of Theorems 1.1 and 1.2. As we just noticed, with one small change in the previous
arguments one can prove also these two theorems, except for the Lipschitz continuity of
the limiting profile (u,v), which will be the object of the following section. In dimension
N = 2, since a® = 1, then the theorems follow directly from Theorems 1.3 and 1.4. In
dimension N = 3, according to Remark 3.2, if hg = kg = 0 then we can choose a* = 1
and repeat, as they are, all the arguments in this section. Then Theorem 1.1 straightly
follows, while the proof of Theorem 1.2 will be completed by Proposition 4.1 and Remark
4.9 below. O

(3.11) Remark. With exactly the same strategy it is also possible to prove analogous
results for L*°—bounded, positive solutions of system (3). The only differences are pointed
out in Proposition 2.7 and in Remark 3.10.
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4 Lipschitz continuity of the limiting profile

Throughout all this section, let (u,v) € C%* N H& denote the limiting profile introduced
in Theorem 1.4, and hg, kg = 0 (that is, we are dealing with system (1)). As we noticed,
in this case the uniform Hélder continuity result holds for every a € (0,1) also if N = 3.
In such a situation, although we are not able to prove uniform Lipschitz continuity of the
solutions with respect to 3 (see Remark 2.4), one can prove that the limiting profile is in
fact Lipschitz continuous. To be more precise, we will first give the details of the proof
of the local Lipschitz continuity of (u,v), and then we will advise (in Remarks 4.8 and
4.9) how this proof can be modified in order to obtain the Lipschitz regularity up to the
boundary of . Also, after Remarks 3.10 and 3.11, the reader will easily see how this
result holds true for k-tuples of densities that are solutions of system (3).

Let us fix a (regular) domain Q CC Q, and let us define the null set
I={zecQ:u(x)=v(z)=0}#0Q

(from now on, we will exclude the trivial case (u,v) = (0,0) in Q, which obviously enjoys
Lipschitz continuity).

(4.1) Proposition. Let (u,v) be the limiting profile introduced in Theorem 1.4, hg =
kg =0 and Q CC Q. Then (u,v) € WHe(Q).

Again, in order to prove the proposition, the main tool will be the Almgren’s Mono-
tonicity Formula introduced in Section 3.2, with some small change in its definition. In
particular, due to the fact that the limiting profiles satisfy system (2), the natural defini-
tions for E(r) and H(r) are

1
E(r) = Ey(r) = TNQ/B( )(|Vu|2—1—]V?)|2—1—)\u2—}-;w2—u}1u4—<,ugv4)7
r{Z0o
1
HO) = M) = e [ )
r{Z0o

where, here and in the following,
zo €T and 7 <7 = dist(Q,99Q).

In this setting, we have that E(r)/H (r) is no longer necessarily positive. To overcome this
fact, we define a modified Almgren’s quotient as

_ E(r) _ E(r)+ H(r)
H(r) H(r)

With this choice, N turns out to be non negative (where it is defined).

(4.2) Lemma. There exists 7o < 71 such that for every 0 < r < 7o and for every xy we
have

1

1 1
Br)+ Hir >+ |- / (Val? + Vo) + / (w? +%)| > 0.
2 |N=2 [ (z0) N1 JaB, (20)
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Proof. We shall make use of the following formulation of Poincaré’s inequality: for every
w e HL (RY), every xg and every r > 0 there holds

loc
1 , 1 1 , 1 ,
— < || v .
N B,.w S N1 [TN—2 /B,-’ w|” + FN—1 /8B1‘w]

Recalling that u,v € L>®(), let now C' > 0 be such that

C
STN/ (u2+v2)

(hence C' depends on u, v, w;, A, i, but not on zp and r). Then

1
'TN/ Au? + /w2 — w1u4 - w204

T

1 1 C
E(r)+ H(r) > N_2/ (|Vul* + |Vo]?) + T / (u? + v?) — TQ—N (u? + v?),
r B, r 3B, ™ JB,
and Poincaré’s inequality immediately implies that, for r < 7y sufficiently small (indepen-
dent of the choice of x(), the lemma holds. O

Now, with the new notations of this section, let us present a result which corresponds
to Proposition 3.9 in this context.

(4.3) Proposition. There erist ¥ < 7o and C' > 0 such that, for every xop € T and
0 <r <7, we have H(r) # 0,

N'(r) > —2CrN(r), and thus N(r) := eCTQN(T) is non decreasing.

Moreover p )
— log(H =—(N(r)—1). 1
" log(H(r) = ~(N(r) — 1) (31)
(4.4) Remark. During the proof of this proposition we will also see that I' has empty

interior.

Proof. We will follow closely the proof of Proposition 3.9.

Proof when H(r) # 0. Let us first suppose that there is an interval [ry,rs], with
r9 < T (defined in the previous lemma), such that H(r) > 0 in [r1,7r2]. Again, we first
consider the approximated problem

1
Es(r) = N2 /B (\Vuﬁ\Q + \Vvﬁ\Q + )\[3'11,% + Mgv% — w1uf; — wzvé + 25u25®;29) ;
1
Hg(r) = 7’]V_1/83 (U%JFU%);
Eg(r) + Hp(r)

Nalr) = Hg(r)

Proceeding exactly as in Proposition 3.9 we obtain
Hyr) = — 9 v} = °E
s = o= | Ausdous +usdugt = TE(r),

BA0) = g [ 10+ Buos)) + Ry(r),
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1 N
Rs(r) = N1 /B {2>\3u% + MBU% + T(wlué + wgvé) +(4- N)ﬂu%v%} _
1
—oN=s /aB {wlué + wgvé - Qﬂu?gv%}.

Hence in (71, 72) there holds, by Hélder inequality,

Ni(r)  Ej(r)Hp(r) — Eg(r)Hj(r) Rps(r)

Ng(r)  (Eg(r)+ Hp(r))Hg(r) — Ep(r)+ Hg(r)’

(

(recall that, by Lemma 4.2, H(r) > 0 implies E(r) + H(r) > 0, and N(r) > 0). Now we
can let  — 400, obtaining

_ 1 2 2 4 4 1 4 4
R(T) = T]Vl/T {2)\’11/ +2,LL'U + (W]_U "‘CUQU ) W aBT{Q)]_U +w2’U }

Finally, by using the same arguments as in the proof of Lemma 4.2, we can prove the
existence of a constant C' > 0 (depending only on 1,72, independent of z() such that

IR(r)| < 2C(E(r) + H(r)),  and thus ]X;((:)) > —2C.

Finally, (31) comes from a direct calculation as in Proposition 3.9.

Therefore, at this point, we have proved the lemma for every interval [ri,r2] with
ro < 79 and for every xp where H(r) > 0. To show that such an interval exists, we need
to check that in fact H(r) # 0 for r small, and the proof will be complete. This will be
done in two more steps.

I has empty interior. Assume not, and let x; € I be such that d; := dist(z;,dl") <
7y (recall that we are assuming that u?+v? is not identically zero in ). We have H(r) > 0
for r € (di,d; + ¢) for some small € > 0. By what we have done so far H(r) verifies, in
(d1,dy + ¢€), the initial value problem

{ H'(r)=a(r)H(r) r € (di,d1+¢)
H(dy) =0,

with a(r) = 2(N(r) —1)/r, which is continuous also at d; by the monotonicity of N. Then
by uniqueness H(r) = 0 for r > dj, a contradiction with the definition of d;.

Definition of 7. Finally we observe that, by (2), we have
—Au < (wiu? = Nu < A\ (Br(z0))u  in Q

for small r, let us say for 0 < r < 73, independent of 2o (indeed A\1(B,(zp)) — +00 when
r — 0); an analogous inequality holds for v. Fixing now 7 < min{7s,73}, so that all we
have done so far holds, for 0 < r < 7 we must have H,,(r) # 0 for every xy. Otherwise,
for some z; € T', we would have u,v = 0 on 0B, (x1). This, together with the previous
inequality, would give u,v = 0 in B,(x1), a contradiction since I' has empty interior. []
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The previous lemma immediately provides some estimates of N for small 7.

(4.5) Lemma. Under the previous notations, for every xg € I', 0 <r < T,

N(T)>2 and thus  N(r) > 20"

Proof. First of all, the limit exists finite because of the monotonicity of N(r) = e“" N(r),
and N(0") = N(0"). Let us assume by contradiction that, for some zo, N(0") < 2. As a
consequence there exist * < 7 and ¢ > 0 such that, for 0 < r < r*, we have N(r) <2 —¢.

Integrating (31) between r and r*, we obtain

H() = ()H

This and the fact that u, v are a-Holder continuous for every a € (0,1) implies C(r*)r2(17¢) <
H(r) < C'r? for every a € (0,1), a contradiction. O

(4.6) Remark. We recall that, for any fixed 0 < r < 7, the maps
xo — Ego (1), x0 — Hyy(r) are continuous in T.

As a consequence, for 7 as in the previous lemma, we deduce the existence of a constants
C1, (5, not depending on xg, such that

0< Cy < Hy () <Cy for every zg € T,

indeed H is lower-bounded as a result of the fact that I' has an empty interior (Remark
4.4). Thus also

~ 60?2 (Ezo (77) + on (7:))

N:co(r) < Nxo(f) = H (77) < Cg for every o € f, O0<r < T,
o

whit C3 not depending on xg.

(4.7) Lemma. Under the previous notations there exists a constant C > 0, not depending
on xg and r, such that

1 _
—~ {|Vu|2 + |Vv|2} <C for every xp €', 0 <r <T.
,

T(CEO

Proof. By Lemma 4.2 and the definitions of N, N, we know that

1 - .
vz [ AV VP < 2(EG) + H) =26 O N0 H() < 2N (0)H(),
Br(aco)
and thus
1/ {IVul* + |Vv]*} < 2C H(r) (32)
rN B (z0) =43 T e

where C3, not depending on r and xg, is as in Remark 4.6. In order to estimate the right
hand side above, we can use (31) to write

H(7) H(r) [Td. Hp), ["2
log —5= —log —5 —/T dfplog e dp—/T ;(N(p)—2)dp,
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that, taking into account Lemma 4.5 and Remark 4.6, implies

H(T)<@-exp [/ é(l—efc/ﬂ) dp]ﬁcl7
o P

r2 T 72

not depending on xg and r. Substituting into (32), the lemma is proved. O
Finally, we are ready to prove the local Lipschitz regularity of the limiting profile.

Proof of Proposition 4.1. Let us assume by contradiction that (u,v) is not Lipschitz con-
tinuous in {2 (we follow some of the ideas of the proof of Theorem 5.1 in [8], to which we
refer for more details). Then there exists {x,} C Q, 7, — 0 such that

: 1 2 2
dm o [ (Ve 9o = e 3

We claim that (33) holds also for a different choice of the centers g, € I instead of .
This will contradict Lemma 4.7 and prove the proposition.

Clearly d(z,,I') — 0 (u and v solve (2) where they are positive), hence, up to a
subsequence, we can assume the existence of o € I such that x,, — x9. Let us start by
showing that (33) holds for a choice of {z],} such that d(z/,,T') < Kr,, with K independent
of n. If, up to a subsequence, x,, € I, then there is nothing to prove. Otherwise, in every
set A, = {z € Q:d(z,T) > r,} there holds

—Au+ M\ = wud
—Av+ v = wa3,

and hence
~A(|Vul?) < 2Vu - V(=Au) = 2(3wiu? — \)|Vul?

in every A, and similarly for v. If we set

o@) = oy [ (VP ey = o [ (9u )+ et )

then we just have proved the existence of a constant C' > 0 (independent on n) such
that —A® < C® in A, for every n. Let now p be so small that —A¢p < Cp admits a
strictly positive solution ¢ in B,(zo) and let n > 7 such that x, € B,(xo) Vn. Then on
Anp = Ap U B,(z0) there holds —div(gpQV%) < 0, and hence by the maximum principle

max ® < C' max ®.

An.p BA,,

This immediately implies that (33) holds for a choice {z7,} such that d(z;,,I') < Kry. Let
now y, € I' be such that |y, — 2} | = d(«},,T) and define s, = r, + d(z,,T') < (K + 1)ry,,
then there holds

1

1
— Vu2+ Vol|? >
Sr]y /Bsn(yn)(’ ‘ ‘ ‘ )

- Vaul? + |Vol?) — +o0,
<K+1>rn/3m<m(' 2 4 (Vo)

but this, as we just noticed, is in contradiction with Lemma 4.7, and hence (u,v) is
Lipschitz in €. O
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(4.8) Remark. Following [13], one can see that all the Almgren-type formulae can in
fact be proved in a more general setting, that is when the Laplace operator is replaced
with uniformly elliptic operators of the type

—Lu = —div (A(z)Vu),

where A is smooth (at least C'). The key ingredient is to replace the usual polar coor-
dinates with coordinates which are polar with respect to the geodesic distance associated
to A. Of course the energies in the Almgren’s quotient must be defined in a suitable way.
We refer to [13] for further details.

(4.9) Remark. Once suitable Almgren’s formulae are settled as in the previous remark,
one can treat the Lipschitz continuity of u and v up to 92 in the following way: with a
local change of coordinates, and hence changing the differential operator, it is possible to
assume that 9€) is locally a hyperplane, and reflect u and v with respect to this hyperplane.
It turns out that we find new functions @, v which satisfy a new system of equations, with
different differential operators, in a larger domain ' > Q. We can then prove Lipschitz
regularity of (i, 7), locally in €', and deduce Lipschitz regularity of (u,v) in Q.
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