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Abstract

This paper is devoted to general balance laws (with a possibly non local
source term) with a non-characteristic boundary. Basic well posedness
results are obtained, trying to provide sharp estimates. In particular,
bounds tend to blow up as the boundary tends to be characteristic.
New uniqueness results for the solutions to conservation and /or balance
laws with boundary are also provided.
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1 Introduction

This paper is concerned with initial boundary value problems (IBVP) for
systems of balance laws of the form

Ou + 0y f (u) = G(u) x > A(t)
b (u (t,’y(t))) = g(t) > 0 (1.1)
u(O,x) = uo( ) r 2 ’Y(O)

where f is smooth, Df is strictly hyperbolic, u, is the initial datum and
G is a possibly non-local source term. The boundary 7 is assumed non
characteristic, i.e. £ characteristics point outwards and n — £ inwards. The
role of b is that of letting n — £ component of u be assigned by the boundary
data g. Above and in what follows, we assume that all BV functions are
right continuous.

Systems belonging to this class were already considered in the literature.
See, for instance, [7, 8] for the case with a non local source but no boundary
and [I2] for the case of a Temple type f.
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Examples of physical models that fit into this class are found, besides
in the cited references, also in [I1]. There, a model describing the flow of a
fluid in a simple pipeline is based on a system essentially of the form (I.T]).

As is well known, preliminary to the study of (I.1), is that of the purely
convective system

Ou+ O0pf(u) =0 x > ()
b (u (t,'y(t))) —gt) t > 0 (1.2)
(0, ) = uy(x) x > ~(0)

considered, for instance, in [Il, 2, 12], [I5 16]. Below, we provide results
on ([2) that are not contained in these papers. In particular, the present
estimates explicitly blow up as the boundary tends to be characteristic. The
choice of the Glimm type functionals on which most of the proof relies is
here simplified, compare for instance (LII]) below with [15, (2.10)-(2.13)]
and (LI4)-(£I15) with [I5] (3.5)-(3.10)].

In the homogeneous case (L.2)), we also provide a uniqueness result that
has no analogue in the case of Cauchy problems with no boundary. Indeed,
let u solve (2] and assume a second boundary 7 is given, such that 7 > ~.

Along 4 assign the trace of u as boundary data, i.e. let g(t) = b (u (t, 'y(t)))
Then, the solution to

Byt + Oy f (W) = 0 z > At)
b (@ (tA0)) = a(t) > 0 (13)
(0, x) = uo(x) x > 7(0)

coincides with the restriction of u to x > 7(t), see Proposition 2.4, We show
that an analogous result may not hold in the case of (I.1l), see (3.1I).

Besides, we also provide a Lipschitz estimate on the process generated
by (L2) that contains also a second order part on a generic perturbation,
see[2) in Theorem [2:2] This technical estimate, already known in less general
situations, played a key role in several other results, see for instance [7,
Proposition 3.10] and [3, Remark 4.1].

All what we obtain in the case of (I.2)) is used in the proof of the results
on (LI). In particular, for both systems, we provide bounds on the total
variation of time like curves. These estimates are optimal in the sense that
they blow up as the boundary tends to be characteristic, see propositions 23]
and [3:3

The next section is devoted to the homogeneous problem (L2]), while
Section [3] presents the results related to (II). The proofs are deferred to
the last two sections.



2 The Purely Convective IBVP

On system (L2)) we require the following conditions:

(f) f: Q2 — R"™ is smooth, with Q C R” being open, such that D f(u)
is strictly hyperbolic for all u € 2, each characteristic field is either
genuinely nonlinear or linearly degenerate.

Without loss of generality, we may assume that 0 € €} and for all v in €,
D f(u) admits n real distinct eigenvalues Aj(u),..., A, (u), ordered so that
Ai—1(u) < Ai(u) for all u, with right eigenvectors ri(u),...,r,(u).

(7) v € COYRH;R) and, for a fixed positive ¢, A\p(u)+c < F(t) < Apyq(u)—
c for afixed ¢ € {1,...,n — 1} and for all u € Q.

(b) b€ CHR ) is such that b(0) = 0 and

det [Db(0) 7¢41(0)  Db(0) 1¢42(0) --+  Db(0) 7, (0)] #0.

For notational simplicity, we say below that a curve vy is £-—non-characteristic
if v € C%1(R*;R), and for a fixed positive ¢, for all u € Q, A\g(u) + ¢ <
A(t) < Apgr1(u) — e This notion is more restrictive than that of a non-
resonant curve, see [13, Chapter 14].

We define below the domain

D, = {(t,:z:) ER" xR: z > 'y(t)}

and extend to [0, +oo[ x R any function defined on D, to vanish outside D,

We slightly modify the definition given in [17] of solution to (I2]) in the
non characteristic case, see also [1, 2 [15] and [12, Definition 2.1]. Indeed,
here we require the boundary condition to be satisfied by the solution only
almost everywhere. This softening allows for a simpler proof without any
substantial change, since we provide below a full characterization of this
solution, see [I]), 2) with w = 0 and [3)) in Theorem

Definition 2.1 Let T'> 0. A map u = u(t,x) is a solution to (L2) if

1. uw € CO([0,T); LY(R;R™)) with u(t,z) € Q for a.e. (t,z) € D, and
u(t,x) = 0 otherwise;

2. u(0,z2) = uo(x) for a.e. x > ~v(0) and li%1+b(u(t,x)) = g(t) for
a.e.t > 0;

3. for x > ~(t), u is a weak entropy solution to dyu + O, f(u) = 0.



Theorem 2.2 Let the system (1.2) satisfy (f), (b), (). Assume also that
g € BV(RT;R"™) has sufficiently small total variation. Then, there exists
a family of closed domains

Dy C {u € (L'NBV)(R;Q) : u(z) =0 for all x < ’y(t)}

defined for all t > 0 and containing all L' functions with sufficiently small
total variation that vanish to the left of v(t), a constant L > 0 and a process

P(t, to)l Dto — Dto-i-t s fOT’ all to,t > O,
such that

1) for allt, > 0 and u € Dy,, P(0,t,)u = u while for all t,s,t, > 0 and
u€ Dy, P(t+s,ty)u=P(t,to+s)o P(s,ty)u;

2) let w be an LY function with small total variation, if (P,D;) are the
process and the domain corresponding to the boundary 7(t) and boundary
data g(t), then, for anyu € Dy, v € @tg, we have the following Lipschitz
estimate with a second order error term accounting for w:

[Pt to)u — P(t',t)v — w12

< L.{Hu—v—wHLl+\t—t’\+|to—t;|

to+t
4 / o) = g0)dr + sw 3(7) = 5(7)

+t-TV (w) };

3) the tangent vector to P in the sense of [3, Section 5] is the map F defined
at (£-6)), i.e. for allt, >0 and u € Dy,

1
Jim L F(t, to)u — P, to)u = 0

4) for all u, € Dy, the map u(t,z) = (P(t,O)uo) (x) defined for t € [0,T]
and (t,x) € D, solves (I2) in the sense of Definition [Z1.

P is uniquely characterized by (), [3) with w =0 and[3).

The conditions [1)-[3) constitute what is the natural generalization to the
present case of the definition of Standard Riemann Semigroup, see [6, Defi-
nition 9.1].

Remark that, in general, the Lipschitz constant L blows up as the the
boundary tends to become characteristic, i.e. as ¢ — 0, see (£I8) and the



next proposition. Indeed, in the proof of Theorem 2.2 we prove also the
following result on the regularity of the solutions to (I.2]) along non charac-
teristic curves.

Proposition 2.3 Fix a positive T'. Let the system (1.2) satisfy the assump-
tions of Theorem[Z.2 and call u the solution to (I.2) constructed therein. Let
Ty, Ty be (-non-characteristic curves, for = {1,...,n — 1}. Then, there
exists a constant K > 0 independent from T, u,, g such that

T
/O [ 5. Poe)) — w8, Ta(6)) |t < 2 (TV ) + TV 171~ Tollngorry,

A uniqueness property proved in Section [ is the following.

Proposition 2.4 Let the system (IL2)
satisfy the same assumptions of Theo- v(t) A(t)

rem and call u the solution to (1.2)
constructed therein. Let ¥ € CO1(RT;R)
be any f{—non-characteristic curve satis-
fying A(t) > ~(t) for all t > 0. De- u(t_,x)
fine (t) = b(u(t,5(O)+). Then, (L3) R I
also satisfies the assumptions on Theo- ’
rem[2.2 and the solution @ constructed by
this Theorem satisfies
a(t,x) = u(t, x)
x

for all x > A(t) and t > 0.

3 The IBVP with General Source Term

To deal with the source term, for all positive 9, define
Us = {u e LY(R; Q): TV(u) < 5} .

We add the following assumption on the source term of system (L.II):

(G) For a positive d,, G: Us, — L1(R,R") is such that for suitable positive
Ly, Ly

Vu,we Us, |G (w) —G(w)HL1 Ly fJu—wllga
Yuels, TV (G(u)) < L.

IN

The natural extension of Definition 2.1] to the present case is the following.

Definition 3.1 Let T'> 0. A map u = u(t,x) is a solution to (1) if



1. w € CO([0, T|; LY (R; R™)) with u(t,z) € Q for a.e. (t,x) € D, and
u(t,z) = 0 otherwise;

2. u(0,z) = uo(z) for a.e. x > v(0) and li)r(r)ler(u(t,x)) = g(t) for
a.e. t >0;

3. for x> ~(t), u is a weak entropy solution to dyu + O, f(u) = G(u).

With this notation, we may now state the extension of Theorem to the
present non homogeneous case.

Theorem 3.2 Let system (I1) satisfy (f), (G), (b), (v). Assume also
that g € BV (R*;R"%) has sufficiently small total variation. Then, there
exist positive 0, L, T, domains Dy, for t € [0,T] and maps

P(t,to)I ﬁto — ﬁt0+t
for to,to +t € [0,T), such that
i) Dy D {uels: u(x) =0 forx <(t)};

ii) for all t,,t1,ty with t, € [0,T[, t1 € [0,T — t,[ and t2 € [0,T — t, — t1],
P(tQ,tO + tl) o P(tl,to) = P(tl + tg,to) and P(O,to) =1Id;

iii) if (P, Dy) are the process and the domains corresponding to the boundary
~¥(t) and boundary data g(t), satisfying the same assumptions above,
then, fort,,t, € [0,T[, t € [0,T —t,] andt' € [0,T —t], for allu € Dy,
u € Dy

P(t,to)u — P(t, t;)aHLl
< L- {Hu — g + (1 + [Jullp2) (\t —t'| + |t — t;|)

to+t
+/t |lg(T) — g(7)||dr + sup h(ﬂ—v(ﬂ\};

TE[to,t]

w) for all t, € [0,T[, t € [0,T —t,], u € Dy, define

A~

F(t,to)u = P(t,to)u+tG(u) Xy (to+t),+00]

then

1
lim -

Jim Hﬁ(t, to)u — F(t, to)u‘

Ll

v) for all u, € Dy, the map u(t,z) = (P(t,O)uo) (x) defined for t € [0,T]
and (t,x) € Dy, solves ({I1)) in the sense of Definition [31l.



The process P is uniquely characterized by ), ) and [d).

Again, as remarked after Theorem [2.2] the Lipschitz constant in general
blows up as ¢ — 0. The proof of this result is deferred to Section [ it
heavily relies on Theorem Remark that it is possible to extend to the
non homogeneous case also Proposition 231

Proposition 3.3 Let system (I1]) satisfy the same assumptions of Theo-
rem and call w the solution to (I1) constructed therein. Let I'g,I'; be
(-non-characteristic curves, for le {1,...,n—1}. Then, for all u, and g,
there exists a constant K > 0 such that

[ ot -l < £ e

Remark 3.4 Proposition[3.3 implies also that, if T' is any {—non-characteristic
curve, then the map x — (P(t, 0)u> (x) is continuous in x = I'(t) for almost

all t € [0,T). Indeed, denote u(t,z) = (P(t,O)u) (z) and compute

/T‘ (tl“()—)—u(tl“())‘dt
= lim — // —a:)—u(t,F(t))‘dtd:r

e—0 ¢

g—hm xd:z:—O
c e—=0¢ 0

Contrary to Proposition 2.3 the uniqueness result of Proposition 2.4]
may not be extended to the present non homogeneous case, due to the non
local nature of the source term here considered. Indeed, let

#y(t) () u(t, )

27 8tu+8u—(f0 (t,€) d§) Xy (@)
2 u(t,0) = 0 (3.1)

It is immediate to verify that the assumptions of Theorem hold. The
solution u, shown above, is non zero in the delimited area above and, in
particular, for ¢ € [0, 1] and = € [3,4] but it vanishes for ¢ € [0, 1] and = = 1.
Therefore, with the same notation of Proposition 2.3} letting () = 0 and
A(t) = 2 we have g(t) = 0 for ¢t € [0,1]. Problem (L3) thus admits, in the
present case, only the trivial solution u = 0, contradicting what would be
the analog of Proposition 23] in the non homogeneous case.



4 Proofs Related to Section

Below, C' denotes a positive constant dependent only on f, G and b whose
precise value is not relevant.

This section is devoted to the homogeneous initial boundary value prob-
lem (L2)) and proves Theorem Our general reference on the theory of
conservation laws is [6].

Let 0 — Rj(o)(u), respectively o — S;j(o)(u), be the j-rarefaction curve,
respectively the j-shock curve, exiting u. If the j-th field is linearly degen-
erate, then the parameter o above is the arc-length. In the genuinely non-
linear case, see [0, Definition 5.2], we choose o so that (see [0, formula (5,37)
and Remark 5.4])

O\

S (Bi(@)w) =1 and =¥ (S(0)(w) =1. (4.1)

Introduce the j-Lax curve

; o
7= ¥ile)w) = { Sio)w)  if o
and for o = (01, ...,0,), define the map

lII(O-) = ¢n(an) ©...0 ¢1(01) :

By (f), see [0l Paragraph 5.3], given any two states u™,u™ € Q sufficiently
close to 0, there exists a C? map F such that

o=FE(u ,u") ifandonlyif wut=W¥(o)(u). (4.2)
Similarly, let the map S and the vector ¢ = (q1,...,¢,) be defined by
ut =8(g)(u) and S(g)=Su(gn)o...0Si(a1), (4.3)

i.e. S is the gluing of the Rankine - Hugoniot curves.
We first consider the non characteristic Riemann problem at the bound-
ary

Ou+ Oy f(u) =0 x> ()
b <u (t,y(t))) = go t >0 (4.4)
u(0,z) = u, x >

where g, € R and u, € Q are constants and v satisfies (v). Then, a
solution to (£4) is constructed as in [I7], see also [T, 2] 12].



Lemma 4.1 Let (f), (v) and (b) hold. Ifu,, g, are sufficiently small, then
there exists unique E7, Eg of class C? and states u°,ud such that

b(u?)

o = g, and
Opaly---y0n) = By (Up, 9p) <
( l+1 ) b( g) { wn(a.n)

o...0¢p1(0041)(u7) = uo,

b(ul?) = g, and
e Gn) = El(u,, —
(qe+1 qn) b (Uos Go) { Sp(gn) o ... 08 1(qer)(ud) = u,.
Proof. We prove this statement only for the Lax curves, the results for
the shock curves is proved similarly. Let o; — ;(0;)(u) be the inverse Lax
curve, i.e.

AAY

— . 1 0
o = ¥(0)(u) = { Rio)(u)  if 0.
The choice ([@I]) of the parameters implies that ;(—o;) o ¥;(0;)(u) = u for
all small u and ;. Define the C? function

G (U£+17 -++30n; Yo, uo) =b (1/;£+1(_0'£+1) ©...0 @En(_an)(uo)) — Yo -
By (b), G satisfies G(0,0,0) = 0 and

det D( G(0,0,0) = (—1)"* det [Db(0) r¢41(0) - - - Db(0) 7,,(0)] # 0.

Ue+1,---,0n)
The Implicit Function Theorem guarantees the existence of a map Ej =
EY (uo, go) with the required properties, if (041,...,00) = Ef (uo, go) and
u? = 1/}€+1(_O'€+1) 0...0 wn(_an)(uo)' g

The notation introduced above allows the definition of a local flow tan-
gent to the process generated by (L[2). Fix t, > 0 and u € Dy, define
9o = g(tot), uo = u (v(to)+) and u” as in Lemma BT Let

o Ju ifr < y(t)
u(x)—{ u(z) ifx > (t,) (4.5)

Call S the Standard Riemann Semigroup generated by f, see [6, Defini-
tion 9.1]. Finally, for ¢ > 0, define the tangent vector, see [5l, Section 5],

0 ifr < ~(t,+1)

(F(t to)u) (9”):{ Si)@) itz > At +1) (4.6)

We record here the following interaction estimates, see Figure [I1



Lemma 4.2 Let (f), (v) and (b) hold. If the following relations hold

g = b(u_)v Upr = ¢n(0n)0...0¢1(01)(u_)
g+ = b(u+)7 Ur = wn(&n)O"'O¢€+1(&€+1)(u+)

then, we have the estimate

n 4
S lai—al < (Ylal+|lst -9 | -
1=1

i=0+1
Analogously, for the shock curves, if w is a small vector satisfying

g = bu),
g = b),

then, we have the estimate

and v+ w = Sy(qn)o...051(q1)(u)
n ¢
dodal <Y lal+ g —gll + Il

i=1

i=0+1

Yo
Uo

Figure 1: Interactions at the boundary

Proof. By Lemma 1l (6/41,...,0n) = EJ(ur,g") and (o441,...,00) =
EY (uT, b (Ye(og) oo wl(al)(u_))). Therefore, the Lipschitz continuity
of EY implies:

zn: 6 — o] < 0('

i=0+1

A

b(u‘)——b(ﬂy@m)o---0¢h(0ﬂ(u_))H‘FH9+‘_9_H>

IN

l
C D loil+ Hg+ - g‘H
i=1
Concerning the shock curves, by Lemma 1] we can write
(@15 00) = Bf (v+w,b(Selar) o0 Sila)(w) ) -

10



Since E} (v, g) = 0 and b(u) = g, the Lipschitz continuity of E} and b implies

A

Slal < €[5 (veb(sita) oo sitaw) - 5 0.9

{+1

< 0 (Jll+ o (Setaryo -0 81(an)w) —(w)| + o a1
l
< S lal+ el +lg =gl ]
=1
completing the proof. O

Remark 4.3 We need below the first statement of Lemma[{.3 in the partic-
ular case of only one incident wave, i.e. u, = ¥;(0;)(u™) for some 1 < i < /.

We follow the nowadays classical wave front tracking algorithm, see [T,
2, [6l 12], to construct solutions to the homogeneous boundary value prob-
lem (L2). Let u € L* (Jy(t), +oo[,R™) be piecewise constant with finitely
many jumps and assume that TV(u) is sufficiently small. Call J(u) the
finite set of points where v has a jump. Let o, ; be the strength of the i-th
wave in the solution of the Riemann problem for

O+ Oy f (w) = 0 (4.7)

with data u(z—) and u(z+), i.e. (031,...,04n) = E (u(z—),u(z+)). Obvi-
ously, if z ¢ J(u) then 0,; =0, forall i =1,...,n. In 2 = y(t) define

(aw(m,...,aw(t),n) - (0,...,0,E,§’ (u(y(t)+),g(t))) . (48)

Then, consider the Glimm functionals and potentials

Vt(u) = K Z Z‘sz‘ + Z Z |Umz
x>7(t) x>(t) i=4+1
Qi(u) = Z |O-I7lo-y7] ‘
(02,i,0y,7)€EA
Yi(u) = Vi(u)+ HyQ(u)+ H TV {g, [t,—l—oo[}

the set A of approaching waves being defined as usual, see [6] and the con-
stant K, Hy, Hy to be defined later. As in [9], using Lemma 2] the Glimm
functional Y can be extended in a lower semicontinuous way to all functions
with small total variation in L1(R;R"™) that vanish for # < «(t). On the
contrary, the interaction potential @ alone does not admit a lower semicon-
tinuous extension, due to the presence of the boundary.

11



We now construct e-approximate solutions to (L.2]) by means of the classi-
cal wave front tracking technique, see [6] or [I}, 2] for the case with boundary.

Let € > 0 be fixed and approximate the initial and boundary data in (L.2])
by means of piecewise constant functions u$ and ¢° such that (see [9) for-
mula (3.1)])

ué —u <e, & — o <e€
H o OHLI(['\/(O),-FOO[;Q) ”g g”L (RJr,R) (410)

‘To(ug) — To(uo)‘ <e, TV (gE,]t, —I—OO[) < TV (g,]t, +oo[) fort >0.

To proceed beyond time ¢t = 0, we construct an approximate solution to (L.2)
by means of the Accurate and Simplified Riemann solvers, see [0, Para-
graph 7.2]. Introduce the threshold parameter p > 0 to distinguish which
Riemann solver is used at any interaction in « > (). Whenever an interac-
tion occurs at (t,x) with x > ~y(t), proceed exactly as in [6, Paragraph 7.2].
Recall that the former solver splits new rarefaction waves in fans of wavelets
having size at most €, while the latter yields nonphysical waves. These waves
are assigned to a fictitious n—+ 1-th family and their strength is the Euclidean
distance between the states on their sides.

At any interaction involving the boundary, i.e. when a wave hits the
boundary as well as when the approximated boundary data changes (see Fig-
ure [Tl left and center), we use the Accurate solver, independently from the
size of the interaction. As usual, rarefaction waves are not further split at
interactions.

Along an e-approximate solution, for suitable constants K, Hy, Ho all
greater than 1, introduce the linear and quadratic potentials and the Glimm
functional:

V4 n+1
VE(t) = K > o+ Y. D Jow
x>(t) =1 x>v(t) i=0+1
Vi(t) = TV (g%t +o0l) (4.11)

Q°(t) = Z |02,i0y.]

(02,i,0y,5)EA

TE(t) = V() + Hy VE(t) + Ha Q5(t).

The potentials just defined differ from the ones defined in (49]) because the
non—physical waves are accounted for in a different way. They coincide at
t = 0 because of the absence, at that time, of non-physical waves. They
differ of a quantity proportional to the total size of non physical waves for
t>0.

As usual, changing a little the velocities of the waves, we may assume
that no more than two waves o', 0" collide at any interaction point (¢, ).
When Z > v(t), the usual interaction estimates yield, for a constant C' > 0

12



dependent only on f and (2,

AVE(l) < CKlo'o”| AVE(t) = 0
AQS(E) < —%‘U’O‘”‘ ATE(t_) < _%‘010”’

as soon as CK < Hsy/4 and 0, is sufficiently small.
When a wave o hits the boundary, Lemma F2] implies that

AVE(t) < (C—K)|o| AVS(t) = 0
AQ(f) < Clo|Ve(i=)  AY() < —%lo|
as soon as K > 4C and 6, < ﬁ
When the boundary data changes, then
AVE(D) < C|AgE(D)| AVE(D) = —|AgE(D)|

AQD) < Clag®|ViE-)  ATHD < —Bag()

as soon as Hy > 3C and 6, < 1/Hs.

The above choices are consistent. Indeed, choose first H; and K, then
Hy and finally 4.

The wave front tracking approximation can be constructed for all times,
indeed we show that the total number of interaction points is finite: waves
of families 1,...,¢ are created only through the Accurate solver and the
use of the Accurate solver in {(¢,z): ¢t >0, z > v(t)} leads to a uniform
decrease in T¢. Therefore only a finite number of waves, which can hit
the boundary, is present. Since also the jumps in the boundary are finite,
there are at most a finite number of points in the boundary with outgoing
waves. This observation, together the argument used in the standard case,
see [6], shows that the total number of interactions is finite on all the domain
{t,z): t >0,z >~(t)}.

As in [6, Paragraph 7.3|, the strength of any rarefaction, respectively
nonphysical, wave is smaller than Ce, respectively Cp. This estimate is
proved simply substituting Q(¢) in [0, formula (7.65)] with the strictly de-
creasing functional Y¢(¢) defined at (A.IT]).

As in the standard case, choosing p sufficiently small we prove that the
total size of nonphysical waves is bounded by e. To this aim, recall the
generation order of a wave. Waves created at time t = 0, as well as waves
originating from jumps in the boundary data, are assigned order 1. When
two waves interact in the interior {(¢,z): ¢ >0, z > v(¢)} of the domain,
the usual procedure [0, Paragraph 7.3] is followed. When a wave of order k
hits the boundary, all the reflected wave are assigned the same order k.

For k > 1, define

has order > k has order > k
e _ . = . >
Vi) = KZ{M'Uisoffamily§£}+z{‘a"aisoffamily>€}
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QG = Z{w;: 5! 1€ approaching }

one of them has order > k

As in [0, Paragraph 7.3], for k > 1, let Ij, denote the set of those interaction
times at which the maximal order of the interacting waves is k. Iy denotes
the set containing ¢ = 0 and all times at which there is a jump in the
boundary data. On the other hand, J is the set of those interaction times
at which a wave of order k hits the boundary. A careful examinations of the
possible interaction yields the following table for & > 3:

Ang(t) =0 t € IZgULU...Ul; o,
AVkE(t)-I-HQ AQi_l(t) < 0 t € Ip,_qUl,U...,

Av,j(t) = 0 t € JiUJU...UJp_q,

Ang(t) < 0 t € JyUJdpp U,

Denote the positive, respectively negative, part of a real number by: [z] =
+

max{0,z}, respectively [z] = [—x] . Therefore, similarly to [6, for-
- +

mula (7.69)], we get for k > 3:

Vi < Y [ARI,

0<s<t
< Hy Y [AQ5 ()] <Hy ) [AQi-1()] -
0<s<t 0<s<t

Now we need to estimate the last sum: Q5 (t) = Y o<s<t [AQ(s) ]]+. Ob-

serve that for £ > 3:

AQL(t) + AYE(t) - VE(t—) < 0 t € IhUhLU...Uli_o,
AQL(t) + Ho AQj_y(t) - VE(t—) < 0t € Ip,
AQi(t) < 0 t € LUl 1U. ..
AQ5(t) + AY(t) - Vi(t—) < 0 t € JL1UJU...UJg_q,
AQL(t) +AVE(t) - VE(t—=) < 0 t € JyUJdpiUu....

Hence we can write

Q) < Y |1AVE)] +Ha[AQ (s)] | sup VE()

0<s<t ] 0sr=t
+ > [AY(s)] - sup Vi(7)
0<s<t T Osrst

14



< 63 [IAE6)], + B IAQGL ()], | +15(0) suwp Vi)

0<s<t Os7<t
< 30Hy Q5 4(1).
By induction we obtain
Q5 (t) < (30H2)* > Q5(t) < (36H3)" 26

Therefore, if § is sufficiently small (so that 30Hy < 1), there exists N > 0
such that the total size of the waves of order greater or equal to N, is smaller
than e:

VE(t) < Hy Q5 (t) < Hy (36Hy)* 26 <e, fork> N..

Now we observe that the numbers of wave of a given order, is bounded by
a number that depends on € but not on the threshold p: indeed let M, the
maximum total number of waves that can be generated in a solution of a
Riemann problem inside the domain or at the boundary. Let M be the sum
of the total number of jumps in the initial data and in the boundary data.
The wave of first generation are born at ¢t = 0, at the jumps in the boundary
or when a wave of first generation hit the boundary. Since the waves of first
generation which can hit the boundary (the ones which belong to the families
i =1,...,¢) are born only at ¢t = 0, the total number of first generation waves
is bounded by a constant C! = M - M. + M - M. - M. not depending on the
threshold. Suppose now that the number of waves of generation lower or
equal to k is bounded by a constant C’f not depending on p. The waves of
order k+1 can be generated only when two waves of lower order interact, or
when a wave of order k+ 1 hit the boundary. Since the waves of order k£ + 1
which can hit the boundary can only be generated by interaction of waves
of lower order, the total number of generation k£ + 1 waves is bounded by
Ck+l = CF.CE. M. +CF.Ck. M. - M. which do not depends on p. Fix now k
such that V> < e. Hence also the total strength of non physical waves with
order greater or equal then k is lower than €. Then observe that the total
number of non physical waves with order less than & is obviously bounded
by CF. Since the strength of any single non physical wave is bounded by
C)p, if we choose the threshold p such that Cp- CF < &, we have that the
total strength of non physical waves is bounded by 2¢. Finally we observe
that if v is any f~non-characteristic curve, then TV (u (-, ’7())) is uniformly
bounded by a constant time TV (u,)+TV(g). Indeed, this property is proved
following the techniques in [I3, Theorem 14.4.2 and formula (14.5.19)] with
our strictly decreasing functional Y¢.

The following lemma on the regularity of u along non-characteristic
curves is of use in the sequel.

15



Lemma 4.4 Fiz a positive T. Let u be an e-approximate wave front track-
ing solution to (I2). Let I'g,I"1 be £{-non-characteristic curves. Then, there
exists a constant K > 0 independent from T such that

T
/0 | (o) — u (6,71 (1) [t < % (TV(uo) + TV(9)) IT1 — Tollogoz

Proof. Let I' be an {-non-characteristic curve. Consider a perturbation
n € COLRT;R) with ||n]|co + |71, sufficiently small. By the above con-
struction of e-solutions, there exist times t, and states u, such that

w(t,T(t) =Yt Xjtotar((t)  and  T(ta) = Aata + 2o (4.12)

Indeed, here x = \,t + x, is the equation of a discontinuity line in u crossed
by I'. If (tq, xq) is a point of interaction in u, then we convene that all states
attained by w in a neighborhood of (¢,,z,) appear in the sum in (£I2),
possibly multiplied by the characteristic function of the empty interval.

If |n||c1 is sufficiently small, then there exists times t], such that

U (t,F(t) + 77(15)) = Zuax[tg,t;+1[(t) and  T(t)) +n(t)) = Aatl, + 24 .

Subtracting term by term, we obtain

)‘a (t:x - ta) = (F(t:x) - F(ta)) + 77(75:1)

1

= / T (9th, + (1 = O)ta) dO (th — ta) +n(th) .

0
‘t/ ¢ ‘ _ n(ta)
“ Ao — Jo T (9t + (1 — 9)ta) dV

o e

c
Therefore,

T
u(t,T(t)) —u(t,T(t) +nt))| dt
e o) - u )|

3 e ot~ ta] < TS sy
« a

< IInllcoTV(u(,,p(.)) < ’CW (TV(uo) + TV(g)) (4.13)

o c
proving Lipschitz continuity for n small. We pass to the general case through
an interpolation argument. Introduce the map

T
1/)(19):/0 o (5, (1 = 9T (6) + 9T (8)) — w (1, Do)
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The estimates above prove that the map ¢ — u (-, (1 — 9)To(-) + 9T'1 (")) is
continuous in L1, hence also 9 is continuous and by (EI3) its upper right
Dini derivative satisfies

DTy(9) <

TV (u,) + TV
<K ( )c (Q) ||F1 _ FOHCO

for all ¥ € [0.1]. Hence, by the theory of differential inequalities,

/OT Hu (t, F1(t)) —u (t, I‘o(t)) Hdt = (1) —(0)
TV(u,) + TV(g)

IN

K

1Ty = Tollcogo,m)
completing the proof. O

We want now to compare different solutions. Take two e—approximate
solutions u, v corresponding to the two initial data u,, v, and the two
boundary data g and g. Let w be a piecewise constant function with the
following properties: w(t,-) is an L'-function with small total variation,
w(t,x) has finitely many polygonal lines of discontinuity and the slope of
any discontinuity line is bounded in absolute value by A. The function w
does not need to have any relation with the conservation law.

Define the functions w = v + w and q = (q1, . . ., g,) implicitly by

w(t,x) =S (q(t,a:)) (U(t,l‘))
with S as in (43]). We now consider the functional

“+o00

¢
P(u,w = K i(t, )| Wi(t, x) do
() (1) ;/() it )| Wi(t, )

n +o00
+ Z / |qi(t, )| Wi(t, z) da

=417

(4.14)

where K is a constant to be defined later and the weights W; are defined
setting:

Wi(t,z) = 1+ k1 As(t, z) + 2 (Tf (u(t)) +1* (v(t))) .

The functions A; are defined as follows. Denote by o, . the size of a jump (in

u or v) located at x of the family x (x = n+1 for non physical waves). Recall

that J(u), respectively J(v) denote the sets of all jumps in wu, respectively

in v, for x > v(t), while J(u), J(v) are the sets of the physical jumps only.
If the i-th characteristic field is linearly degenerate, we simply define

. . - - y<z,i<Kk<n, or
Az(a;)_Z{‘ayﬁ‘.yEJ(u)UJ(v) and ys 1<k <i }

17



On the other hand, if the i-th field is genuinely nonlinear, the definition of
A; will contain an additional term, accounting for waves in u and in v of the
same i-th family:

nd y<z, t<k<n, or}

Ai(z) = Z{‘Jw‘:ye‘](u)u‘]() y>x, 1<k<i

€ Ju),y<xor .
Z |y zeJEv)) z>x if gi(z) <0, (4.15)
+ _
yeJw),y<zxor .
Z |oy.al y € jEU)% Y>>z if g;(x) > 0.

Recall that non-physical fronts play no role in the definition of A;. We
remark that the function w enters the definition of A; only indirectly by
influencing the sign of the scalar functions ¢;. The constants k1, ko are the
same defined in [6]. We also recall that, since J, is chosen small enough, the
weights satisfy 1 < W;(t,x) < 2, hence for a suitable constant C3 > 1,

< ®(u,w)(t) < Cs |lw(t) —

u(t)||g. < (4.16)

- Hw(t) - u t)HLl’

where the L' norm is taken in the interval |v(t), +oc].
We state now the following theorem.

Proposition 4.5 Let the system (I.2) satisfy the assumptions of Theo-
rem[2Z.2. Then, there exists a constant 6 € ]0,d,[ such that, let u, v, w, w be
the functions previously defined, satisfying T¢ (u(t)), Y° (v(t)), T (w(?)),
Te (w(t)) <4, for any t > 0, then one has

<I>(u,w)(t2) < <I>(u w) tl +C€(t2—t1)

O‘ )b (v (s @D)H+TV(w@,n>d&

An immediate consequence of the above result that is useful below is
D(u,w)(te) < P(u,w)(ty) + Ce(ty — t1)

—l—C/ l9(s) = g(s)|| + TV (w(s, ))) ds.

(4.17)

Proof of Proposition In this proof we use the main results obtained
in [3,6]. At each = define the intermediate states Up(z) = u(z), Ur(z), ...,
Un(z) = w(x) by setting

Ui(z) = S; (qz(aj)) 0S;_1 (%‘-1(!13)) o---08] (ql(:r)) (u(ac)) .

18



Moreover, call
Ai(@) = A (Ui (2

);
the speed of the i- shock connecting U 1(z) with U;(z). For notational
convenience, we write ¢/* = ¢;(y+), ¢/~ = ¢i(y—) and similarly for Wiyi,
)\yi. If y,y are two consecutive pomts in JJ = J(u)UJ@w)UJ(w), then
@t =g/, WY = WP AT = AV Therefore, similarly to [6, [15], outside
the interaction times we can compute:

d y
E@(uw () = KZZ<W+

yeJ i=1

Ui(z))
) w
qi

o =y —wy

o -a)

+Z Z <Wy+ ‘ )\y+ Ty) — Wiy_ QEU_‘O‘?_ - wy))
yeJ i=0+1
¢
RS W0 - Z AN P (PYARE)
i=1 i=0+1

where 1, is the velocity of the discontinuity at the point y. This is because
the quantities ¢; vanish outside a compact set. For each jump point y € J
and every ¢ = 1,...,n, define

ot K¢v= ifi < ¢

: ¢'* ifi > (+1

By = W |owt - i) - wrla|wd ).
so that
d n
Lo = Y3 B,

yeJ =1

l n
TR W07 =+ Y W
=1 i=0+1

T -4

Note that q 1s a reparametrization of the shock curve equivalent to that
provided by q * and that satisfies the key property, see [0, Remark 5.4],

(Si(@) 0 Si(—a@)) (u) =u.

Therefore, the computations in [3, Section 4] and [6, Chapter 8] apply. As
in [3, formula (4.13)] we thus obtain

Zzn:Ew- <C-(e+TV(w)) -

yeJ i=1
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Concerning the term on the boundary, (v) implies that if i < ¢, then
AT —4 < —c. Moreover, W)" > 1. Hence, if ¢° = b(u(t,y(t)+),

)

g° = b (v(t,7(t)+), Lemma [£2 implies

KZW"+ ot -4 Z AN (PYRE)
i=0+1
S ’Y+‘

i=0+1
< MENe <Hg€ - l+ HWH)

=1 =1

< o(lF-7l+[o])

provided

K>CJe (4.18)

is sufficiently large. Therefore, reinserting the ¢ variable, we obtain

i@(u w)(t) < C (5+TV (wt, ) + ety @)+H)| + ||lo° @) gf(t)

= et o)

Then, standard computations (see [6, Theorem 8.2]) show that when an
interaction occurs, the possible increase in A;(x) is compensated by a de-
crease in Y¢. Therefore, the functional ® is not increasing at interaction
times. Hence, integrating the previous inequality, we obtain (4.17). O

IN

Proposition 4.6 Let system (1.2) satisfy the assumptions of Theorem [2Z.2.
Then, there exists a process P satisfying [Ml) in Theorem [Z2, 3. in Defini-
tion [21] and moreover, there exists a positive L such that for all u,v,w,

| P(t,to)u — P(t' t,)v — w||

< Ledllu—v—wllga + |t =t]+|to—t]
to+t
—|—/t Hg(T)—g(T)HdT—I-t'TV(w)}.

Proof. Let § > 0 be the constant of Proposition .5l Define

(4.19)

Dy = {u c LY(R;Q): u(x) = 0 for all x < y(t) and Y4(u) < 5/2} .
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Fix u, € D,. Approximate the initial and boundary data (u,, g,) as in (£I0]).
Since YT¢(0) < Yo (u(0,-)) < Yo(uo) + & < 6/2 4+ < §, we can construct
the e-approximate solutions u®(¢,z). As in [0, Section 8.3] we observe that
for 0 < &’ < ¢, the ¢’-approximate solution is also an e-approximate solution.
Therefore, we can apply (£I7) with v in place of v with w =0 and g = g.
Hence, because of (£.16]), we obtain

|

For any ¢t > 0, u®(t) is a Cauchy sequence which converges to a function
u(t) € LY(R;R™) that vanishes for < 7(¢). The potential YT¢(¢) defined
on e-approximate solutions is non increasing and differs from Y, (ug (t)) due
to nonphysical waves and to the different boundary conditions ¢¢ and g.
Therefore, (£10) and the lower semicontinuity of the total variation and of
Y, implies that u(t) € D; for any ¢t > 0. We set P(t,0)u, = u(t). It is
obvious that our procedure can start at any time ¢, > 0, so we can define
P(t,to)u € Dyyy, for any u € Dy, .

We want to show now that the map just defined satisfies all the prop-
erties of Theorem The Lipschitz continuity ¢ — P(t,t,)u is satisfied
by construction. If we now consider a different initial and boundary data,
say (v,g) and the same boundary curve ~, in general we have a different
map P. Taking the limit in (@I7) and using @I6) for the corresponding
e-approximations, we get that for any L! function w dependent only on z
and with small total variation

"

!
€ €
Up — Up

W (1) — uf’(t)(

<L

+e-t.
L1 L1

HP@%W—P@%W—M

bounding the dependence from the error term w and proving the Lipschitz
continuity in g and wu.

Point 3. in Definition 1] is obtained by standard methods, see [0, Sec-
tion 7.4].

Concerning the process property, take u € Dy and consider its e—approx-
imation u®. Let & € ]0,¢[ and call 4 be the &-approximate solution with
initial datum w®(t) at time t. Then, if s > 0, @ is also an e-approximate
solution in [¢,t + s]. Therefore, applying (£I06]) and (£I7) in the interval
[t,t + s], we obtain

| P(t + s,0)u — P(s,t) o P(t,0)ul|,
= lim [[u(t +5) = P(s, t)u ()|

wE(t + 5) —af(t+s)‘

= lim lim

e—0&—0 L1
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t+s
< lim lim C /
e—020 .

= 0.

6 — o7 (©)) de + gs>

We can repeat the same argument for any initial data ¢, > 0.
Concerning the dependence on the initial time t,, take 0 < ¢, < ¢, and
u € Dy, u' €Dy. If 0 <t <t,—t,, then obviously

[Pt to)u = Pt )| < € (Jto = to] 4 [Ju =/ |5 ) -

If t >t/ —t,, the process property implies

| P(t, to)u — P(t,t,)u' ||

= [|P(t + to — 16, t,) 0 P(t, — to,to)u — P(t, t )| x
< C|| Pty — tos to)u — /||, + C |to — 1|
< CW-U%;+@%—O
completing the proof of (4.19)). 0

The following proposition extends to the present case the key properties
of the Glimm functionals (Z.9]).

Proposition 4.7 Let system (I.2) satisfy the assumptions of Theorem [2Z.2.
Then, for any u € Dy, the map t — Yy (P(t,O)u) 18 non increasing for
t>0.

Proof. Above, we showed that the map t — Y¢(¢) decreases along e-
approximate solutions. The monotonicity of ¢ — Y, (P(t, O)U) follow pass-
ing to the limit € — 0, thanks to the lower semicontinuity proved in [4, 9],
to (AI0) and to the lower semicontinuity of the total variation. O

In order to complete the proof of Theorem [2.2], we prove propositions 2.3]
and 2.4] together with an auxiliary lemma.

Proof of Proposition 2.3l Let u be an e-approximate wave front tracking
solution converging to u. Since the convergence is also in Lloc(]D)’Y; R™), apply
Lemma [£.4] and Lebesgue Dominated convergence Theorem to obtain:

T
/H (t,To(t)) —u (¢, T1(t) Hdt

— }5%5// u (t,To(t) + ) —u (¢,T1(2) +acHdtda:

= lim li
61—1}2)5&1(1)5//

“(t,To(t) +z) —u (¢, T1(t) —i—a:Hdtdx
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- . TV() + TV(9)

“|IT1 = Tollcopo,m)
completing the proof. O

Lemma 4.8 Let u® be an e-approximate wave front tracking solution to (1.2)
converging to u. Let I' be an £—non-characteristic curve. Then,

@ (\TC) = u(LT()  in L (R%0).

1

ioc(D+: ), there exists a sequence

Proof. By the convergence of u® to v in L
€, converging to 0 such that for a.e. =

i (-,I‘(-) —I—aj) —>u(-,,F(-) —1—33) in LIIOC(R+,Q).

Then, for any T > 0 and for any x for which the convergence above holds,

u (1 T() + ) —u (£, T(0) + )| dt

. /OT o (6. 00) + ) (5,7 0) |

e TV () + TV () /OT ‘

< u (6, T(t) + ) —u (6, D(t) + z) H dt

Cc

where we used Lemma [£4] and Proposition 2.3 Hence

T
limsup/ ‘ u™ (t,T(t) —u (t,F(t))H dt < Clz
v—+40o0o JO
and the final estimate follows by the arbitrariness of x, independently from
the sequence ¢, thanks to the uniqueness of the limit u. O

Proof of Proposition [2.4l Let u®, respectively 4°, be an e-approximate
wave front tracking solutions of ([L2]), respectively (I[3]). Apply Proposi-
tion 5] and use the equivalence ([@I6]) to obtain

+o00
/ |u®(t, @) — a°(t, x)|| dow
A(®)
“+oo
< L- (/ |u®(0, ) — a°(0, z)|| d
gl

/
0

b (u (,5()) ) = b (@ (5,7(5))) H ds> + Cet

and the limit € — 0 completes the proof. O
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Proof of Theorem To conclude the proof of Theorem [2.2], observe
first that for the e—approximate solutions, we have

o (.2 0)+) =90 <=

therefore as ¢ — 0 Lemma L8] implies [7).

Finally denote by let P("9) and DEV’Q) the process and the domains
corresponding to the boundary curve and data (v, g). Fix two boundary
curve and data (v,9), (7,9), two initial data u, € Dgy’g), U, € D((ﬁ’g) and
define

To(t) = min{~(t),5(t)}, Ti(t) = max{y(t),7(t)}
io(z) = 0 forz <T1(0) - () = 0 for x <T'1(0)
Yol =\ wp(z) forz>T1(0) " = 3 ay(z) for z > T41(0)

i = o([Peacon] me)) a0 = o[Poowon] m)).
By Proposition 2] we have for @ > I'; (£):
[PW (t,O)uo} (r) = [P@h@(t,omo} (x),
[PW) (t,O)ao} (r) = [P(Fl’é)(t,o)ﬁo} ().
Applying the result for the unchanged boundary curve, we get:

HP(W) (t,0)uo — PO9 (¢, 0)a,

Ll

dzx

- / HPW! (t,0)uo — P9 (L,0)a,
To(t)

n / HP(FM’ (t,0)d, — PT1D (¢, 0)d, || dz
Fl(t

CIT (1) - Tt \+0/ 13(t) = 50| dt + C it — o]l
C|Ty - FOHCO“‘CHUO uOHLl

+C /0 13(6) — g(t) + g(t) — g(t) + a(t) — 5(8)| dt

IN

IN

t
< Clly = Allgo + Clltto — Tollgs + C /0 lg() — g(e)]] de

+C/O Hg(t)—g(t)Hdt—l—C/O |g(t) — g(t)]| dt.

Finally Proposition 23] and the Lipschitz continuity of b imply

/0 13(t) — g(0)|| dt
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IN

dt

/Ot b ([P(“/vg)(tﬂ)uo} (Fl(t))> b <[p(%g)(t’0)uo} (W))>

ClITy = Allgo < 17 = 7llgo

completing the proof of [@), since the computations for g and g are identical.
We prove now the tangency condition[3). Fix?, > 0, u € D, and let I be
defined by (4.6) and denote by P the process defined above with g replaced

by g(to +1t) =b ((Sta) (v(to + t))) with @ as in (£35]). By Proposition [2.4]

F(t,to)u = P(t,t,)u. Using[2), we have

1
S|Pt to)u = F(t,to)ull s

L to+t ~
< 27 Nt - g as
L Oto-i-t ~ L tot+t
< 27 e st s+ 7 [ attt) o)) .

The latter term vanishes as ¢ — 0 by the definition of g(¢,+). Consider now
the former term. Fix a positive and sufficiently small § so that the curve
P(s) =~(s) + d(s — t,) is f—non-characteristic. Let £ € [0, 1].

IA

1

to+t
2| ) - ot

1 to+t
i/,
1 to+t
i),

1 to+t
Ny

t J,

ds

b ((S1-08) (4(6))) = o)

ds

b ((Ss_tga) (7(8))) —b ((Ss_toﬂ) (1= &y(s) + sw<s>)) ‘

ds.

b (8-t (1= €2(6) + €0(6)) )|

By Proposition 23] the first term is bounded by

C
< =
CO([to,to+t]) ~ T

%Hv - (1 —£)7+§¢)‘

17 = Yl ot tote) < CF-

Concerning the latter term, integrate on £ over [0, 1] and obtain, with the
change of variable x = (1 — &)v(s) + {¥(s) and with u” as in Lemma A.T],

ds

: /:ﬂ b ((Ssmt,) (1= €)9(5) +€0(5)) ) - 9“0*)'

1 tot+t 1 P(s)
St /to Y(s) —(s) /y(s)

O [ttt q ¥(s) )
), s—t /( : |(Ss—t, @) (x) — u?|| da ds (4.21)
o o Jy(s

dx ds

b (51, @)(@)) = b(u)

IN
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Following [6l Section 9.3], let U # be the Lax solution to the Riemann problem

Ou+ Oy f(u) =0
u? ifzx < 0

u(0,z) = u(y(te)+) ifz > 0.

By the basic properties of the solutions to Riemann problem and the defi-
nition of v, for all s € [t,,%] and = € [y(s), ¥ (s)], U%(s,x) = u?. Then,

C tott 1 Y(s)
- 5/to S—to/y@

C [ttt 1 Y(to)+(s—to)A i
S / / (5. s, @) ) — U (s, )| s

8 = to Jy(to)—(s—to)A

‘(Ss_toa)(a:) _ Ui, ac)H dz ds

By [6l, formula (9.16)],

1 ’7(t0)+(8—to)5\
lim / H(Ss_toﬂ)(x) — Uk(s, x)H dz =0
570 § = to Jy(to)—(s—to)A

so that lim;_,o(@2I)) = 0. Collecting the various terms,

1 to+t
lim sup — / 9(s) = g(to+)|| ds < Co
t—0 t to

and by the arbitrariness of ¢, the tangency condition [3) follows.

The characterization of P through [1), [2) with w = 0 and [3) implies its
uniqueness through standard computations, see for instance [5, Section 6,
Corollary 1]. O

5 The Source Term

This section is devoted to the source term, similarly to [3, [7, 8, 14, 18] but
following the general metric space technique in [I0], applied to L' equipped
with the L1-distance d. The key point is to show that the map

F(t,to)u = P(t,to)u+tG (P(t to)u) x (5.1)

[¥(to+t),+00]
is a local flow in the sense of [10, Definition 2.1] on suitable domains and
satisfies the assumptions of [10, Theorem 2.6].

Following [9, Section 3], we modify the functional ® in (£I4) and define
®,; on all piecewise constant functions, not necessarily e—approximate solu-
tions. Therefore, the definition of ®; does not consider nonphysical waves
and 5 = ® at time ¢t = 0. Consider two piecewise constant functions
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u,v € LY (]'y(t), +ool, R”) with finitely many jumps and assume that TV (u)
is sufficiently small.
Define ¢ = (¢1, . - -, ¢,) implicitly by

v(@) = S (a()) (u(=))

with S as in (43]). We now consider the functional

~ )4 +o0 n
Py (u,v) = K;[y(t) ‘ql(mﬂ W(z) da:—i—izzz;rlfy

+oo
‘ql(mﬂ W(z)dz
(t)

where K is defined in the proof of Proposition and the weights W are
defined setting:

Wi(z) =1+ k1 A;(x) + k2 (Te(u) + Xi(v)) .

The functions A; are defined as follows. Let o, . be the strength of the x-th
wave in the solution of the Riemann problem for (£7]) in u or v located at z
of the family x. Differently from the notation in Sectiond J(u), respectively
J(v) denote the sets of all jumps in u, respectively in v, for z > ~(¢). Indeed,

we let © = () in J as soon as b (u ('y(t)+)) # g(t) and the waves o)k

are defined as in (4.8]).
If the i-th characteristic field is linearly degenerate, we simply define

. ' y<z,i1<k<n, or
Azm-z{way,nw.yeﬂuwﬂwandy>x,1§ﬁ<i }

On the other hand, if the i-th field is genuinely nonlinear, the definition of
A; will contain an additional term, accounting for waves in v and in v of
the same i-th family:

] y<z,i<k<n, or
Ai(x) = Z{!ay,ﬁ|:y€J(u)UJ(v) and y>a, l<k<i }

1. yeJu),y<zor o
Z |UW‘. e Ty > if ¢;(x) <0,
_|_
ye Jw),y<zor .
il ; > 0.
3 (N T ARl S CTOR

The constants k1, ko are the same defined in [6, Chapter 8]. We also recall
that, since J, is chosen small enough, the weights satisfy 1 < W(x) < 2,
hence for a suitable constant C'3 > 1 we have

1
o, v = vlles < @u(u,v) < Gy flo—uflps,
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where the L' norm is taken in the interval |v(t), +oc].
For a fixed positive M, define

) u(z) =0 for all = < (t)
DM = {ue LY (R;Q): Yi(u) <d—C(T 1)
[ullpr < MeCt + Ct
with Y, defined in ([@9), C,§ and T to be specified below.
Lemma 5.1 For allt, € [0,T], t > 0 sufficiently small and u,t € Dy,
Yo, 44 (F(t, to)u> < Yy (u)+Ct
B, . (F(t, to)u, F(t, to)ﬂ) < (1+Ct) &, (u, ). (5.2)

The proof is as that of [7, Lemma 3.6 and Corollary 3.7], see also [8,
Lemma 2.3].

Corollary 5.2 Fort small, F' in [5.1) satisfies F(t,to)@g\f - ﬁg‘oﬂt.

Proof. The bound on Y, is a direct consequence of Lemma[.Il Concerning
the estimate on the L' norm, for u € Dg\f , compute:

HF(t,to)u‘

Ll

HP(t, to)u + tG (P(t,to)u)

Xl (tot),+-00]

L
< [Pt to)u —ul|py + lullps + tHG (P(t,to)u) — G(O)‘ Lt t|G(0)]| .1
< Ct+ |lullps + Ct (JJullg: + Ct) + Ct
< (1+Ct)ull, +Ct
< (1401 (M 1ty ) + Ct
< MeCtt) L C(t, + 1)

hence F(t,t,)u is in ﬁi‘oﬁt. O

In what follows, relying on [10, Condition (D)], we consider F as defined
on the domains Df‘f and not on a single domain, as in [I0, Definition 2.1].

Proposition 5.3 The map E' defined in (Z1) is LY Lipschitz continuous,
satisfies F(0,to)u = u for any (to,u) € {(T,w): T€[0,T], we 254‘4} and

there exist positive L, independent from M, such that for t,,t, € [0,T],
tel0,T—t), t' €[0,T—t), ue DM, o' € DY

HF(t’, thu' — F(t, to)u‘

< (Il = ullga + (O llga) [~ #] + [t~ 1))
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Proof. Compute:

IN

IN

IN

IA

IN

HF Nl — F(t,t,) H

| P( t,)u" — P(t,to)ul| . + |t’—t\HG(P(t’,t;)u’)X

(e ), +ool | .

+tHG (P, t,)u') x — G (P(t,t

[v(t,+t"),+oo[ O)u) X[v(to+t),+00[

Ll

| Pt to)u’ — P(t,to)ul|ys

+|t’—t|<

+tHG (P(t',t)u') — G (P(t, to)u)

’G (P(t/7t/0)ul — G(O)) L + HG(O)HL1>
L1
G (P(t, to)u) <X[~/(tg+t’),+oo[ B X[ﬂ/(to—i-t),-‘roo[) ‘Ll

(1+Ct) || P t,)u' — Pt to)ul|a + |t —t] | G(0)]|
+O |t =t [Pt || + Ct |yt + 1) =y (to + 1)

+t

(1 =t 4 1ty = to] + [ — ]l

et =] (|[PE ) =g + [ )

O (1 Il 10 =]+ 1t =t + I = )

completing the proof. O

Recall [10, Definition 2.3]: an Euler e-polygonal is

. . k-1
Fe(t,to)u=F(t—ke,to+ke)o O Fle,to+ he)u (5.3)
h=0

for k = [t/e]. Above and in what follows, we denote the recursive composi-
tion Oy fi = fio fao...o f,. Here, -] stands for the integer part, i.e. for
s€R, [s] =max{k € Z: k < s}.

The hypotheses to apply [10, Theorem 2.6] are satisfied.

Proposition 5.4 The local flow F in (51) is such that there exist

1. a positive constant C' such that for all t, € [0,T] and all u € f)t]\:[

d (F(k:v', to +7) 0 F(r,to)u, ' ((k + 1)7,t,) u) < Ck?

whenever k € N, (k+ 1)7,7 € [0,T — t,);
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2. a positive constant L such that
d(F%thu,F%thuofgL-dQ%w)

whenever € € 10, 9], u,w € 25,{‘04, t >0 and t,, t, +t €[0,T].

Note that [I. states that [I0}, 1. in Theorem 2.6] is satisfied with w(t) = Ct.

Proof. To prove [1, the key property is [@) in Theorem [22], see also [1T],
Proposition 4.9].

F(/m', to+ 7)o F‘(T, to)u — F ((k: + )7, to) U

= P(kr,t,+71) <P(T, to)u+ 7G (P(T, to)u) X['y(to-l-T),—i-oo[)

+kT G (P(lm', to+T) <P(T, to)u+71G (P(7,to)u) X[«/(to+7),+oo[>> :

X[y (tot(k+1)7),400]
—P((k+1)7,to)u

—(k+ 1)1 G (P ((k: + 1), to) u) X[ (to-t (k41)7) +o0]
= P(kr,t,+71) <P(T, to)u+ 717G (P(T, to)u) X['y(to+7),+oo[>

—P(kt,to+ 7)o P(1,to)u — 171G (P ((k: + 1), to) u) X[y (to+(k1)7) oo

+kT [G <P(k:7', to+17) <P(7’, to)u+71G (P(1,to)u) X['y(to+7),+00[>>

-G (P(lm', to+ 7)o P(T, to)u)} X[ (to-t (k4 1)7) 400 -

Using [2) in Theorem in the first two lines with ¢t = ¢/ = k7, t, = ¢,
for t, + 7, v = P(7,t,)u, w = 7Gx and in the latter two lines (G), [@) in
Theorem with w = 0. We thus get

d <F(k:7', to+7) 0 F(r,to)u, F ((k+1)7,1,) u)

= HF(sz, to+ 7)o F(r,ty)u—F ((k + 1), to) u‘

Ll

IN

C||G (P(7,to)u) X[y(to+r),4o00]

=G (P (0 1)780) 1) Xpy 1055177,
L1
+Cke? |6 (P to)u)]

Ll
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IN

Cr (k7 |Gl [l + C k) +C (| GO +1+ M) k7
C(1+ M)kr?.

A

The bound [2. is a direct consequence of the equivalence (£10) and (5.2]) in
Lemma [5.1] see also [I1, Proposition 4.9] and [7, formula (3.1)]. O

Proof of [i), [id) and [id]) in Theorem 3.2l By [10, Theorem 2.5], for any
M, the local flow F' generates a Lipschitz process P on DM By the char-
acterization of P as limit of Euler polygonals, it follows that Pis uniquely
defined on all

- u(x) = 0 for all x < ~(t
:ML>JODtM:{uEL1(R;Q): ’I‘(t(L)gé—C(T—t,;() }

Hence, P satisfies [il) in Theorem 3.2 and [§) holds.
To prove [i1d), note that %Hﬁ(tto)u - F(t,to)uHLl — 0ast— 0, for all

u € @to and apply [10, ¢) in Theorem 2.5]. O

For any N € N, define the operator Il : L}(R;R") — PC(R;R") by

My (u) =N / u(§) d€ x
pe 1 N2 EIN Jk/N,(k4+1)/N] *

Lemma 5.5 Ily is a linear operator with norm 1. Moreover, TV (IIyu) <
2TV (u) and for all u € LY(R;R") N BV (R; R"), Hyu — u in L1 (R; R"?).

For the proof, see [7, Lemma 3.4].

Proof of Proposition B.3l Set for simplicity t, = 0. Let ¢, > 0 and
N € N be fixed. Consider an é-approximate wave front tracking solution
usSN =SSN (t,z) to (LZ) on the time interval [0,e[. Define it at time
t = ¢ setting

W e 2) = u N e a) fexp ) (@) <HNG <u8757N(5_))> -

Extend u5S recursively on [0,7]. Note that

lim li 5N () = Fe(¢
00 N oo ®) (2, 0)uo

where F*© is defined in (5:3) and u, is the initial datum in (II)). Note that
this is the usual operator splitting algorithm.

31



Given any curve /~non—characteristic curve I' with support in D, define

n+1
Bt = K Z Z‘Um + Z Z ‘Jm‘—I—KT‘E
x>I(t) =1 Y(t)<z<T(t) j=0+1 (54)

+TV (uN (1)) 1 [0,1])

for suitable positive K, K.

Computations similar to those above allow to prove that =Z°(t+) <
Zf(t—) for all ¢ ¢ eN. Indeed, when a wave crosses I', the increase in
TV (uS5") is compensated by the decrease in the first term on the right
hand side of (&.4)).

At times t € eN, Z°(t)+ < =°(t—) + Ce. Therefore, for all ¢ € 0,77,
Z°(t) < 2°(0) + Ct. By (5.4), we get that there exists a C' dependent only
on u, and ¢ such that

TV (w5 (,T());[0,) < C.

Consider now two /—non-characteristic curves I'1,I'y with support in D,.
The same steps in the proof of Lemma &4 lead to

T
/|
Let now € — 0 and N — +oo, with the same technique of Proposition 23]
we obtain

’

with a constant C' that now depends also on 7" and on Ly in (G). Let now
also € — 0 and, by the L (R?; Q) convergence of the Euler polygonals,
obtain as in Proposition 2.3] that

r

completing the proof. O

0~ o< € Tl

[ 0u)mi0+) - [FEe o] ray)ar < ira = Tilleo 65

(P(t,@)u) (D1 (t)+) — (P(t, O)u) (Ta(t)+) Hdt < %nrz — T co (5.6)

Proof of[zz4) and m) in Theorem The Lipschitz continuity upon the
initial data is a consequence of [I0, b) in Theorem 2.5], thanks to Proposi-
tion 5.4l The dependence of the Lipschitz constant for the variable ¢ on the
L! norm of the initial data is shown in Proposition 5.3}

The Lipschitz conditions (5.5) and (5.6]) allow to prove the L* ([0,77]; )
convergence of the traces as in Lemma A8

(FC.0u) (DO)+) = (PC0w) (DO+) i L0, 7)),
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The map ¢t — F*°(t,0)u satisfies for a.e. t the boundary condition, hence the
same does the solution ¢ — P(t,0)u, proving 2. in Definition Bl Condi-
tion 3. in the same definition is proved using the tangency condition [3]), as
n 7, Corollary 3.14].

We are left to prove the Lipschitz dependence from the boundary and
the boundary data. To this aim, introduce two boundaries v and v, with
v < 4 and boundary data g, §. Let D,, Dy, P97(t,t,) and P97(t,t,) the
corresponding domains and processes. We need to prove that for any u €
Do N'Dy (and therefore u(z) = 0 for z < 7(0)):

€I~ + ot o]

A

Hﬁgﬁ(t, 0)u — P97 (¢, 0)u ‘

I(R
Note first that

Hﬁm(t, 0)u — P31, O)u(

L1(R)

< Clly = Aloogoa + [P, 0)u = P97(t,0)ul

L (1)

where I} = [f’y(t), +oo[. Hence, we consider below only the latter term in
the right hand side above. Introduce the linear projector mwv = v X, and
t

denote w(71) = PQ’V(T,O)U. Then, applying [6, Theorem 2.9] to the process
P97 and to the Lipschitz curve 7 — m,w(7), using the tangency condition,
we compute

Hﬁm(t, 0)u — PI(1, O)U‘

L1 (I¢)
' Trrew(T + ) — Pg’“_/(e,v') (WTw(T))‘ i)
< L/ lim inf el dr
0 e—0 £
t Poi(e, Tyu(r) = P33 (e,7) (mr(r)| S
< L/ lim inf el dr
0 e—0 £
t P& 7) (w(m) = P(e,7) (me(r)) |,
< L/ lim inf el d
=0 €
L T .
+ / HG G(m w(T))‘ Ll(R)dT

For the term deriving from the source, we use the L' Lipschitz continuity
of G to estimate:

/Ot |6 (w(r) = G (mrw(n)|

IN

Ll(R)dT C’/ Hw — 7T7-’LU ))‘

CT|y - ’Y”Co ([0,8])"

-
L1(R)

IN
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Concerning the other term, denote by F'9:7(t,t,)u the tangent vector defined
in ([A0). Here, we explicitly denote the dependence of the tangent vector
on the curve v and on the pointwise boundary data g, = g(t,). By B) in
Theorem 2.2 the curve n — P97(n,7) (m;w(r)) is first order tangent to
n — FI)A(n, 1) (mrw(r)), while n — P97 (n,7)w(r) is first order tangent
ton — Fg(T)”(n,T) (w(T)) Because of the finite propagation speed, the
two tangent vectors coincide in the interval [§(7) 4+ nA, +oc[. Therefore,

P9 (e, rYw(r) — P9 (e,7) (mpw(r)) ‘

t
/ lim inf L Urte) 4
0 e—0 £
t FIIA (e, ru(r) — FIO(e, ) (mpu(r)|
A L1(Z,,.)
= lim inf dr
0 e—0 g

t F(T)+eA
— [ timine 2 [ (Fr () (@)
o0 €0 ¢ F(r+e)

- (Ff?(ﬂﬂ(s,f) (mw(f))) ()

dxdr .

Referring to Lemma [T} introduce the quantities

Wl = w(ri),
bw”™™) = g(r),
W = Yu(0a) 0. 0 et (00sn) (w7,

i(z) = {w(T,m) for x > ~(71),
w (T,")/(T)) for x < (1)

5 () w(r,x) for z > (1),
w'(x) = -
w7 for x < (1)

By formulee ([@5)—-(#H6]) and since the boundary condition is satisfied for
almost all 7, that is b (w (7,7(7))) = g(7), one has for x > J(7 + ¢)

(FgW(s,r)w(T)) (r) = (S.07)(x)
(FIO9 ) (rrw(n) ) (@) = (Sa07) ()

where S is the purely convective Standard Riemann Semigroup without
boundary generated by f [6, Definition 9.1].
Denote by Uﬁ and Uﬁ the solutions to the two Riemann problems:

u + f(u)e =0 ur + f(u)e

w(0,2) = {W(a(f)—) fora <0 3 00 :{

w™(y(r)=) forx <0
w” (y(r))  forz >0 w

T (3(7)) for z > 0
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Formula [6], (9.16)] implies that

t 1 F(1)+eX
/mmp/ (S (2) — (Soi57) ()| ddr
0 =70 € J5(+e)
t 1 65\ B
g/ liminf—/ UE(E,:):)—UE({—:,:E)H dxdr
0 0 EJ5(r4e)—A(r)

By Remark 3.4] for almost all 7 such that v(7) < 4(7) one has 0" (¥(7)—) =
W (Y(1)—) = wy, therefore Ul(e, z) = w,. While for almost all 7 such that
v(7) = 7(7), the boundary condition implies @™ (y(7)—) = @” (y(1)) = wy.
therefore we have again UE({—:, x) = wl. We compute, for almost all 7

|

Uk(e,2) - Ui(e,2)| < € || B5 (w],9(r)

—C HEg (wl,g(r)) — B (w,f,b(wl))” <C Hg(T) — b (w])

Finally we compute, using Proposition B.3]

t 1 EA _
/ lim inf —/ ‘Uﬁ(s,m) - Uﬁ(e,m)” dxdr
0 70 € J5(rte) )

< C’/OtHg(T)—b(w,f) ‘ dr

gCAWmﬂ—ﬂﬂWh+CAt

b (w (7,7(7))) —b (w (T,"y(T))) H dr
< [ llstn - ot dr + 1y = los-

The general case of two non ordered curves follows immediately by the tri-
angle inequality. O
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