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Moser-Trudinger and Beckner-Onofri’s inequalities on the CR sphere

Thomas P. Branson, Luigi Fontana, Carlo Morpurgo

Abstract. We derive sharp Moser-Trudinger inequalities on the CR sphere. The first type is in the
Adams form, for powers of the sublaplacian and for general spectrally defined operators on the space of CR-
pluriharmonic functions. We will then obtain the sharp Beckner-Onofri inequality for CR-pluriharmonic
functions on the sphere, and, as a consequence, a sharp logarithmic Hardy-Littlewood-Sobolev inequality

in the form given by Carlen and Loss.
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0. Introduction
Motivations and history.

The problem of finding optimal Sobolev inequalities continues to be a source of inspi-
ration to many analysts. The literature on the subject is vast and rich. Besides its intrinsic
value, the determination of best constants in Sobolev, or Sobolev type, inequalities has
almost always revealed or employed deep facts about the geometric structure of the un-
derlying space. More importantly, such constants were often the crucial elements needed
to identify extremal geometries, and to solve important problems such as isoperimetric
inequalities, eigenvalue comparison theorems, curvature prescription equations, existence
of solutions of PDE’s, and more.

This kind of research has produced a wealth of conclusive results in the context of
Euclidean spaces and Riemannian manifolds. In contrast, very little is known in subRie-
mannian geometry, even in the simplest cases of the Heisenberg group or the CR sphere;
this is especially true with regards to best constants in Sobolev imbeddings and sharp
geometric inequalities.

In order to motivate our work, we present three by now classical sharp inequalities on
the Euclidean R™, S™. First, there is the standard Sobolev imbedding W /22 < [2n/(n—d)
(0 < d < n) represented by the optimal inequality

2n
n—d

IFI2 < C(d,n) / FAJF — q- (0.1)
X

with C(n,d) = w;d/nF(”T_d)/F(%j), and where w,, denotes the volume of S™. For
X = R"™ the operator Ag is A%?, and the extremals in (0.1) are dilations and translations
of the function (1 + |z[?)~™™/9. For X = S™ the operator Aq is the spherical picture of
A2 obtained from it via the stereographic projection and conformal invariance. These
operators act on the kth order spherical harmonics Yy of S" as

Ik 24)
AgYy = — 2L, 0.2
B CEEDR o

When d = 2, Ay =Y = Agn + "("4_2), the conformal Laplacian; for general d € (0,n)
A, is the intertwining operator of order d for the complementary series representations of
SO(n+1,1), and it is an elliptic pseudodifferential operator with the same leading symbol
as (Agn)%?2. The fundamental solution of Ay is given by the chordal distance function
cal¢ —n|?™™, with ¢,n € S™, where cq is the same constant appearing in the fundamental
solution (Riesz kernel) for A%2 on R™. Higher order invariant operators where studied by
Branson [Br], and also Graham, Jenne, Mason, Sparling [GJMS].

The extremals for the inequality (0.1) in this case are functions of type |.J.|'/? where
|J-| denotes the density of the volume change via a conformal transformation 7 of S™.

2



Both in R™ and S™ inequality (0.1) is invariant under the action of their conformal
group; for example on R" in addition to the usual dilation/translation invariance, there
is also an invariance under inversion: the action F' — F(x/|z|?)|z|~2"/? leaves both sides
of (0.1) unchanged. It is this particular aspect that makes this type of operators and
inequalities interesting.

For d = 2 it was Talenti [Ta] who first derived (0.1) on R", followed by Aubin [Aul]
on S™. For general d the inequality is the dual of the sharp Hardy-Littlewood- Sobolev
inequality obtained by Lieb [L], a fundamental inequality which concerns the minimization
of ||F x|z|=||4/I|F|l, in the case p = 2; as stated, (0.1) appears in [Bec].

Next, there is the limit case d = n of the above imbedding, which gives the so-called

exponential class imbedding W"/2:2 < el

and more generally W/PP — el itself a
limiting case of WH» < L[m/("=kP) In concrete terms the Sobolev imbedding in the

critical case kp = n is represented by a Moser-Trudinger-Adams inequality of type

/ exp {anp(ﬁ)p} < ¢ (0.3)
X ’ ||Bn/pF||P

where B,,/, is a suitable, possibly vector valued, pseudodifferential operator of order n/p,
and where the constant a, , is best, i.e. it cannot be replaced by a higher constant. Here
F runs through an appropriate subspace of W™/?? where B,, /p 1s invertible.

Estimate (0.3) was first studied in the case p = n by Trudinger [Tr] and later by
Aubin [Au2], who showed that el is locally integrable if F' € W1, The first sharp result
is due to Moser [Mosl]| on domains of R", later extended to operators of higher order and
general p by Adams [Ad]. On the sphere, the first result is by Moser himself [Mos2], in
the case n = p = 2 and for and general compact Riemannian manifolds of dimension n,
and operators of arbitrary order the best optimal inequality is due to Fontana [F]. The
operators involved there were either integer powers of the Laplace Beltrami operators, or
gradients ot those powers; in particular for (0.3) in the case p = 2 we get:

n(2m)"  nlw,

an’2 = =
Wn—1 2

One of the key ingredients needed in the proof of (0.3) was the precise asymptotic
expansion of the fundamental solutions for the operators involved.

Both (0.1) and (0.3) have important applications to isoperimetric problems, curvature
prescription equations, and other nonlinear PDE’s.



On S™ there is also another form of the exponential class imbedding, namely the
so-called Beckner-Onofri inequality

2n!

1
T uAnu—f—][ u—log][ e" >0, (0.4)
Sn n n

where ][ denotes the average operator, and where A,, is the intertwining operator defined

by (0.2) in the limit case d = n , namely with eigenvalues k(k+1)...(k+n—1). Such A, is
sometimes referred to as the Paneitz operator on the sphere, in honor of S. Paneitz who first
discovered a fourth order conformally invariant operator on general manifolds. Note that
Az = A. Due to the particular nature of A,,, the functional in (0.4) is invariant under the
group action F' — Fo71+log|J.|, where T is a conformal transformation of S™ and |J,| its
associated volume density; this action preserves the exponential integral. This important
inequality was first derived by Onofri in dimension 2, but its general n—dimensional form
was discovered later by Beckner [Bec|, via an endpoint differentiation argument based on
(0.1) and the sharp Hardy-Littlewood-Sobolev inequality. Later, Chang and Yang [CY]
gave an alternative proof of (0.4) by a completely different method, based on an extended
and refined version of the original compactness argument used by Onofri.

Estimate (0.4) has relevant applications in spectral geometry and mathematical physics,
from comparison theorems for functional determinants to the theory of isospectral surfaces.
[Br], [BCY], [CY], [CQ], [O], [OPS].

For the past 15-20 years there has been a growing interest in finding the analogues of
the above results in the context of CR geometry. The biggest motivations are certainly the
isoperimetric inequality, the isospectral problem, extremals for spectral invariants such as
the functional determinant, and several other eigenvalue comparison theorems.

In the CR setting, the first and only known sharp Sobolev embedding estimate of
type (0.1) with conformal invariance properties is due to Jerison and Lee [JL1],[JL2], and
it holds on the Heisenberg group H" and on the CR sphere S?"*! in the case d = 2, for
the CR invariant Laplacian (which is the standard sublaplacian in the case of H"). The
corresponding version for operators of order 0 < d < Q = 2n+2, d # 2, is only conjectured,
and involves the intertwining operators Ay for the complementary series representations
of SU(n + 1,1). The explicit form of such operators has been known for quite some
time, for example by work of Johnson and Wallach [JW], and also Branson, Olafsson
and QOrsted [BOQ], and can be described as follows. Let H,; be the space of harmonic
polynomials of bidegree (j, k) on S?"*1, for j k = 0,1, ...; such spaces make up for the
standard decomposition of L? into U(n + 1)-invariant and irreducible subspaces. The
intertwining operators of order d < @) are characterized (up to a constant) by their action
on Y]k S ij :

AdYje = Xj(d)Ae(d) Yk,  Aj(d) = (0.5)



when d = 2 this gives the CR invariant sublaplacian. As it turns out these operators have
d—

a simple fundamental solution of type c4|1 — (- 7| 2Q, where ¢,n € §?"*! for a suitable

constant c¢4. The conformally invariant sharp Sobolev inequality that is conjectured to be

__2Q
C]—m

true is
1

IF2 < —— ][ FALF
§2n+1

A WL (0.6)

with extremals of type |J,|'/?, 7 a conformal transformation of S2"*1; this is the Jerison-
Lee inequality for d = 2 but it is an open problem for general d. This conjecture does
not seem to appear on any published articles, but it is well known within the group of
researchers interested in this type of questions. One of the aspects that makes the CR
treatment more difficult, is the lack, to date, of an effective symmetrization technique on
the CR sphere or the Heisenberg group, that would allow for example to show the dual
version of (0.6), namely the CR Hardy-Littlewood-Sobolev inequality.

Regarding Moser-Trudinger inequalities at the borderline case d = @/p, Cohn and
Lu recently made some progress [CoLul], [CoLu2|, deriving the CR analogue of (0.3) with
sharp exponential constant in the case of the gradient, p = @, both on H" or the CR §?"*!
(see also [BMT] for similar results on Carnot groups). In regards to the “correct” CR
analogue of Beckner-Onofri’s inequality (0.4), the situation is not so obvious. One would
certainly start to consider the operator Ag = limy_.g A4, the intertwining or Paneitz
operator at the end of the complementary series range; the kernel of this operator is the
space of CR-pluriharmonic functions on S$?"*1, given by P := @D, (Hjo & Ho;). On the
basis of (0.4) the natural conjecture would be that for a suitable constant c,,

cn][F.AQF - log][ ef = >, VF € WQ/22 (0.7)

where 7F denotes the Cauchy-Szego projection of F' on the space P. The Euclidean version
(0.4) can be cast in a similar form, with 7F being just the average of F'. This inequality
however is not invariant under the conformal action that preserves the exponential integral,
ie. F'— Fort+log|J:|. On the other hand, the fact that Ag has such large kernel P
combined with the invariance of P under the conformal action (see Prop. 3.2) leads one to
think that there should be a CR version of (0.4) which is conformally invariant and whose
natural “milieu” is the space of CR-pluriharmonic functions; in this work we show that
this is indeed the case.

Main results.

The CR version of Beckner Onofri’s inequality proven in this paper is described as
follows. Let A’Q be the operator acting on CR-pluriharmonic functions as

'QZ(YJ‘O + Yo;) = Z)\j(Q)(YjO +Yo5),  N(Q)=j(+1)..(j+n)
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where Yo € Hjo, Yo; € Hoj. In Theorem 3.1 we prove that for any real F' € we/22np

we have .
S — FALF ][ F—1 ][ F>0. 0.8
2(n + 1)! %;'Zn-i—l Q + 52n+1 Og S2n+1 € - ( )

The functional in (0.8) is invariant under the conformal action ' — F o 7 + log|J;|,
where 7 is a conformal transformation of S?"*1 (i.e. 7 is identified with an element of
SU(n+1,1)), and |J;| its Jacobian determinant. The extremals of (0.8) are precisely the
functions log |J.|.

A few remarks are in order. First, the conformal action is an affine representation
of SU(n + 1,1), and the minimal nontrivial closed (real) subspace of L? that is invariant
under such action is precisely the space of real CR~pluriharmonic functions (Prop. 3.2).
This is in contrast with the Euclidean case, for the action induced by SO(n+1,1), since in
that case the only invariant closed subspaces of L? are the trivial ones. This observation
seems to justify (at least partially) that inequality (0.8) could be regarded as the direct
CR analogue of (0.4) from the point of view of conformal invariance.

Secondly, the key character in (0.8) is the operator A}, which we call the conditional
intertwinor of order (Q on P. This operator is the CR analogue on P of the Paneitz, or
GJMS, operator A,, on the standard Euclidean sphere, and coincides, up to a multiplicative
constant, with the d—derivative at d = Q) of Ay restricted to P. Moreover, we have

AQF = H (2L+0F, FeP

where L is the standard sublaplacian on the sphere. To our knowledge such operator is
introduced here for the first time.

Finally, if conjecture (0.6) were true then (0.8) would result by the same endpoint
differentiation argument used by Beckner to obtain (0.4). The meaning of this is that even
though we do not know whether (0.6) holds, we can still consider the functional

1 2/‘1 2@
o ] GG (]['G'W) 970

and take its d—derivative at (Q under the restriction F' € P; the result of this operation is
the functional in (0.8). This argument will in fact be used to prove the conformal invariance
of (0.8) (see Prop. 3.2).

Our proof of (0.8) follows the same general strategy used by Chang-Yang and Onofri.
The first step is to show that the functional in (0.8) is bounded below. This is accomplished
by a “linearization” procedure from a sharp Adams inequality on the CR sphere derived
here for the first time. Indeed a substantial portion of this work is dedicated to inequalities

of type
/ ep[A( ] )p}dC<C (0.9)
X —_ < )
gon “\1IBaFll, "
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where 0 < d < @, dp = Q). We will obtain (0.9) for what we call d—type operators on
Hardy spaces HP, or PP (LP boundary values of pluriharmonic functions on the ball), and
which are essentially finite sums of powers of the sublaplacian, restricted to such spaces,
with leading power equal to d/2. When p = 2, the case of interest for (0.8), we have
Agje = %(n + 1)!ws,+1 and this constant is sharp, i.e. in (0.9) it cannot be replaced by a
larger constant, For general p we can only provide upper and lower bounds for the sharp
constant. We will also obtain (0.9) on the full WP for By = L%? or By = D%? where
L is the sublaplacian of the CR sphere, and D = L + ”72 is the conformal sublaplacian.
In this case the constants are sharp for any p. In a forthcoming paper we will treat sharp
Adams inequalities for more general spectrally defined operators on WP,

Various instances of inequality (0.9) in different settings and forms can be found in
the literature. The most common and basic strategy to prove them goes back to Adams.
It reduces the problem to a sharp exponential inequality for the convolution with the
fundamental solution of the operator involved. A tipical obstacle comes from the fact that
in many cases such fundamental solution is only approximately known, but in [F] Fontana
showed that only suitable asymptotics are really needed, and that it is not even necessary
to have a convolution operator. Fontana’s original work was for a class of differential
operators on compact Riemannian manifolds without boundary. In this paper we present
a general unified abstract result on exponential integrability in the Adams form, but valid
in arbitrary measure spaces, and with rather minimal assumptions. The proof of such
result relies on extensions and refinements of the methods used in [F], and its proof will
appear in a separate work [FM]. With this approach the key step in the proof of (0.9)
consists in proving only a precise asymptotic expansion for the distribution function of the
fundamental solution.

Finally, but not less importantly, (0.8) implies the following sharp logarithmic Hardy-
Littlewood-Sobolev inequality:

1
(n+1) ][][ log 1o G(¢)G(n)dldn SJ[GlongC (0.10)

valid for all G > 0 with the right hand side finite, and ][ G = 1. The inequality is confor-

mally invariant under the action G — (G o 7)|J;|, and its extremals are the functions |J;|,
with 7 any conformal transformation. The logarithmic kernel in (0.10) is a fundamental
solution of A’Q as an operator acting on CR-pluriharmonic functions:

(«4/6»2)_1((,77) = _F(Q)CUQ o

In the Euclidean context (0.10) was obtained by Carlen and Loss [CL] from the sharp
inequality (0.1), cast in its dual form, via endpoint differentiation. In some precise sense
(0.10) and (0.8) are dual of one another. Finally we will derive an equivalent version of
(0.10) on the Heisenberg group, using the conformal invariance of such inequality.

log |1 — ¢- 7.



Ideas for related research

The inequality obtained by Beckner and Onofri turned out to be central in the prob-
lem of finding extremal geometries for the functional determinant of certain operators on
compact Riemannian manifolds. We expect the same to be true in the case of CR ge-
ometry, namely that an explicit computation of functional determinants of conformally
invariant operators, at least in low dimensions, would involve the functional in (0.8), and
that (0.8) itself would be useful in solving extremal problems.

At the dual end, the third author has shown in [M1] that the logarithmic Hardy-
Littlewood-Sobolev inequality on S™ was the analytic expression of an extremal problem
for the regularized zeta function of the Paneitz operators. Likewise we expect the same to
be true on the CR sphere.

We hope that the results presented in this paper will serve as an incentive to pursue
these matters, and in particular to motivate the explicit calculation of functional determi-
nants for low dimensional CR-manifolds.

In memory of Tom Branson.

Tom Branson wrote: “What I have in mind is to generalize Beckner’s sharp, invariant
Moser-Trudinger inequality on S™, which is a fact about conformal geometry, to a fact
about CR geometry, and eventually other rank 1 and higher rank geometries” [Brl]. Chang
and Yang gave an alternative, symmetrization-free proof of Beckner’s inequality on S™;
it was Branson’s idea that we might attempt to “play the same game” on the CR sphere.
“This is not just any example; it’s the one people will be by far most interested in, because
of CR geometry” [Brl]. The present paper is the result of our efforts to prove that Tom
Branson’s original intuition was indeed correct: yes, we can play the same game, but on
the space of CR-pluriharmonic functions (and with considerably more difficulties).

Tom Branson suddenly passed away in March 2006.

Acknowledgments.
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1. Intertwining operators on the CR sphere.

The Heisenberg group, the complex sphere and the Cayley transform

The Heisenberg group H" is C" x R with elements v = (z,t), z = (21, ..., 2, ), and with
group law
(z,)(Z, )= (z+ 2, t+t +2Imz-Z)

where we set z-w = Y| z;w;, for w = (w1, ...,w,). The Lebesegue-Haar measure on H"
is denoted by du = dzdt.



Throughout the paper we will often use the standard notation for the homogeneous
dimension of H":
Q=2n+2.

The sphere S2"*! is the boundary of the unit ball B of C"*'. In coordinates, ( =
(C1y ey Cng1) € 27 if and only if ¢-C = 2071 [¢;|? = 1. The standard Euclidean volume
element of S?"*! will be denoted by d(.

The Heisenberg group and the sphere are equivalent via the Cayley transform C :
H" — S§27+1\ (0,0,...,0,—1) given by

2z 1—|z|2—it)
L+ |22 +it” 1+ |22 + it

C(z,t) = (

and with inverse

-1 _ Cl Cn 1-— Cn-i—l
C(¢) = (1+Cn+1"”’1+Cn+1’1m1+cn+1)'

We will use the notation
N =C(0,0) = (0,0,...,1).

The Jacobian determinant (really a volume density) of this transformation is given by
22n+1

|JC<Z,t)‘ = ((1 N ‘2‘2)2 +t2)n+1

so that
/ Fd¢ = | (FoC)|Jc|dzdt
S2n+1 H"™

The homogeneous norm on H" is defined by
|(z,8)] = (2|* + %)/

and the distance from u = (z,t) and v = (2/,t) is

d((z,1), (2, 1)) = v u| = (|z — P (t—t —2Im (2 -E'))Q) 1/4

On the sphere the distance function is defined as

d(Cm? =21 = = |[¢ = = 2iTm (¢- )| = (IC —nl* +4-Tm?(¢- 7))/

and a simple calculation shows that if u = (2,t),v = (¢/,t'), and { = C(u), n = C(v). then

1-¢7l _
2

—1/2

(4 [2P)? +82) 7 (0 1)+ () (L1)
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i.e.

4 1/4 4 1/4
i6n =) (rpppre) (rpprree) - 02

Sublaplacians on H" and S?"+1.
The sublaplacian on H" is the second order differential operator

n

1

Loy = ~1 Z(ij + Yf)
j=1
where X; = % + 2yj%, Y; = % — 2a:j%, and % denote the basis of the space of

left-invariant vector fields on H". It’s easy to check that

1 o __
EO — _5 Z(Z]ZJ + Z]ZJ)
j=1
where 9 o bl 0
Zj:a—zj-i-zfja: Zj:a—gj_zzja
. 9 1/ 0 0 0 __1 0 .0
and with 8—2:] = 5(83:]' _Zayj)’ 0z; - 5(8—33] +28yj>.

The fundamental solution of £y was computed by Folland [Fol] and

3 B 2n—2r(g)2
Lot (wv) = Cod(u,0)™?, Oy = —— 2=
so that
G(u) = Colv* QF (v u)dv = Lot (u,v)F(v)dv

Hn H?L
solves LoG = F.

On the standard sphere, the sublaplacian is defined similarly as

1 _
L= D) Z(TJTJ +T,T;)
j=1
where
0 o
Ti=50 ~GR R=D Gy (1.3)

10



and where the T} generate the holomorphic tangent space T oS n+l — Tl,o(C"HﬂCTS n+l,
Explicitly

n+1
0? n —
L=-A+ +-(R+R 1.4
3 g e+ R+ (1.4)
62
with A =5 —. The trasversal direction is the real vector field

T-5R ﬁi( oG %) o

and CT'S?"*! is generated by the T;,T,,7 .
The conformal sublaplacian on the sphere is defined as
2

n
D=L+ —.
+4

The fundamental solution of D has been computed by Geller [Ge] (Thm. 2.1 with a =0
and modulo volume normalization)

1 2-Q 2n—1r(%)2
D (C777> = C2 d(c: 77) 5 Co = W = 202 (16)

in the sense that for smooth F : S2"+t! — C the function
GIQ) = D) = [ G Ry

satisfies DG = F'.
The peculiarity of D is its direct relation with £y via the Cayley transform:

Lo((@1e) ¥ (Fo0)) = (21Je)) ¥ (DF) o C (1.7)

which can be readily established by using the explicit formulas for the fundamental solu-
tions and (1.2). The multiplicative factor 2 in the above formula appears because we use
the standard volume elements for H" and S?"*! instead of the volume forms associated
with the standard contact forms 6, and 6 of these two spaces. In this case indeed we have
that

fOoNdby...Ndby =2>"n! | fdzdt = / FOANdD...\NdO = 22"+1n!/ Fd¢
H™ H™ S2n+1 S2n+1

11



where f = (FoC)(2|J¢|) (see Jerison-Lee [JL1)]. This also accounts for the factor 2 in the
relation cp = 2C5.

Spherical and zonal harmonics on the CR sphere.

The Hilbert space L?(S5?"*1), endowed with the inner product
(F,G) = / FGdc
SZn+1

can be decomposed as L?(S?"*1) = @ H; k., where H; j is the space of harmonic poly-
3,k>0

nomials on C" ™! which are homogeneous of degree 7, k in the ’s and (’s respectively, and

restricted to the sphere. The dimension of H; y is

G+n—Dlk+n—1Dj+k+n)

dim(H) = myn = n!(n — 1)!5!k!

(1.8)

and if {Y’ k} is an orthonormal basis of H;;, then the zonal harmonics are defined as

’I’Tij

®;k(Cn) =YY ™)

{=1

The ®; ;, are invariant under the transitive action of U(n) and it turns out that

(G+n—DG+k+n)
wWap1nlg!

@1 (C,m) = Bu(C-7) = (¢RI lc P~ 1) (1.9)

it k& < j, and @;,(C,n) = Pu(C-7) == iy (C- 1), if j < k, where P{™") are the Jacobi
polynomials (see [VK], Section 11.3.2).

In particular, since Pé”_l’j ) =1 we have also

L(+9%)
T+ D)9 woni1

(7 +n)!
j!n!w2n+1

and Doy, (C-7) = Pro(C- 1) = Pro(Cn).

If F € L? then
Z /Szn+1 Jk C 77)

3,k>0

Djo(¢-77) = ¢-m) = (¢-7) (1.10)

the series being convergent in L2.
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Hardy spaces and CR-pluriharmonic functions.

In the sequel we will use the following notations
H=66 >0 Hjo = {L2 boundary values of holomorphic functions on the unit ball }
H=6& j>0 Hoj = {L2 boundary values of antiholomorphic functions on the unit ball }
P =H @ H = {L?* CR-pluriharmonic functions }
RP = {L2 real-valued CR-pluriharmonic functions }
Ho, Ho, Po, RPy = functions in H, H, P, RP with 0 mean.

The space H is the classical Hardy space for the boundary of the unit ball of C"*!.

The Cauchy-Szego projection 7 : L?(S?" 1) — H is given by the Cauchy-Szego kernel

K(¢n) = ! =Y P5(¢-m).

wWont1(1 —¢-m)ntt =

The projection operator on P
7 LA(S* ) » p

has kernel 2Re K ((,n) — . Denote by P+ the orthogonal complement of P, with
Wan+1

respect to the standard Hermitian product (-7, i.e.

L (8P =P e P,

The Hardy spaces for p > 1 are defined similarly. H? will denote the LP closure of
boundary values of holomorphic functions on the unit ball, and likewise for all the other
spaces Hp, PP, P, ... etc. The Cauchy-Szego projection 7 sends L into HP boundedly.

Sobolev spaces.

The Sobolev, or Folland-Stein, spaces on H" and S?"*! can be defined in terms of
the powers of the corresponding conformal sublaplacians. The main references here are for
example [ACDBJ, [ADB], [Fo2]. We summarize the main properties below.

It is well known (see e.g. [St]) that for Y}, € H;

DYi = MMYie, A\ =g+ g (1.11)

For F € L*(S*"1), we can write F = 32, | o >,/ ¢ e (F)Y), and ¢4 (F) = /FY%,
in particular, if F € C°(S?"*1) then (1.11) implies that

D 2 ) egi(F)I? < oo (1.12)



For F € C*(S5?"*1) we then define for any d € R

’I’Tij

DIZF = 37 S () (P (1.13)

G, k>0 £=1

so that D%? extends naturally to the space of distributions on the sphere. For d > 0, p > 1
we let
WeP = {F e LP: DY?F ¢ LP}

endowed with norm
Il yan = |DY2F||;

the space W%P is the completion of C°(S52"*!) under such norm.
W%2 is the space of F in L? so that (1.12) and (1.13) hold, and it’s a Hilbert space
with inner product and norm

(F, G)ppas = / DYRFDIRG,  |[F|lyes = (F.F)/2,.
SZn+1

Clearly ||(I 4+ £)%2||y yields an equivalent norm on W%2. Also, if L? denotes the classical
Sobolev space on S?"*! defined as above but using the Laplace-Beltrami A rather than
D, and with norm ||Fl|p2 = |[(I + A)Y/2F ||y, then

Lhes Wit I3,

in fact
elFllzs,, < 1Fllwas < el s

for some cq,co > 0, as one can easily see by comparing the eingenvalues of D with those
of I+ A (ie. 14+ (j+k)(j+k+2n)).
The dual of W%?2 is the space of distributions

(Wd,Q)/ — {Dd/QF,F c L2}

and it coincides with WW~%2 defined as the space of distributions 7" such that D~%2T e L2.

The operators D%? and £%? are positive and self-adjoint in their domain W%2. The
quadratic form (Dd/ 4 D/ 4@) allows us to further extend D42 and £4? to operators
defined on W%/22 (the form domain) valued in W~%/22, In the sequel we will denote such
extensions by D2, £%/2 with domain W%/2:2,

On the Heisenberg group the Sobolev spaces are defined analogously as the completion
of C2°(H™) under the norm ||(I 4+ L£o)%?||2. The resulting space is still denoted by W®2,
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Intertwining and Paneitz-type operators on the CR sphere

The group SU(n + 1,1) acts as a group of conformal transformations on S$?"*1, and
therefore on H" by means of the Cayley projection (see [KR1-2]). Recall that a conformal
(or contact) transformation, is a diffeomorphism h : H" — H" that preserves the contact
structure, i.e. if 6y is a contact form, then h*6y = |J,|?/ 26y, where |Jy| is the Jacobian
determinant of h. An analogue of the Euclidean Liouville’s theorem holds: every C*
conformal mapping on H" comes from the action of an element of SU(n+1,1), and it can
be written as composition of

left translations (z,t) — (2',t')(z,t)
dilations (z,t) — (6z,%t), § >0
rotations (z,t) — (Rz,t), Re€ U(n)
inversion (z,t) — (— ° ,— ! )
|22 + it |z|* + 2

Let us denote the spaces of conformal transformations of H" by CON(H"), and the space
of conformal tranformations of S?"*! by CON(S?"*!) := {7 : 7 = Coh o (C~! some
h € CON(H")}. Note that the inversion on H" corresponds to the antipodal map ( — —(
on S+l

The functions |J,,| with h € CON(H"), are obtained from |J¢| by left translations and
dilations and can be written as (cf [JL2])

B C
1212+ it + 22w+ A

| (w)] ‘Q, C>0,weC", AeC,Re\> |w? u=(z1t) € H".
From this formula it’s easy to see that the family of functions |J,| with 7 € CON(S2"*1)
can be parametrized as

C

1w e C>0,weC" |w <1, ¢estt, (1.14)

|J7(O)] =

The following formulas hold:

U
—~
>
—~
£
~—
>

= 3~

(v)) = d(u,v)|Jn ()| |jh<v>|2j vh € CON(H") (1.15)

d(7(¢), m(n)) = d(¢,n)|J=(C) 22 | J- (n)] v € CON(S*"*)

These formulas are trivially checked on traslations, rotations, dilations of H", and on

9

the inversion of S?"*1; using (1.2) one can cover the remanining cases.
The operators £y and D are intertwining in the sense that for each f, F € W2

[T @2/ CD (Lo f) o h = Lo(]Jn] @72/ (f 0 b)), Vh e CON(H")
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|J,|(@F/CUDE) o r = D(|J,|( 97D/ (For)), Vr e CON(S*™) (1.16)

To check these formulas it’s enough to rewrite them in terms of the inverse operators
Ly 1 D=1, and then use the explicit formulas for their kernels and (1.15).

For 0 < d < Q the general intertwining operator A, of order d is defined by the
following property:

|| @FD/CO (A F) o 7 = Ag(|J,|Q DD (F o)), Vre CON(S ) (1.17)

for each F' € C*°(5?"*1) and hence for each F' € W%/2:2 (in fact for each distribution F).
In other words, the natural pullback of A; by a conformal transformation 7 satisfies

P Ag(r7h) = \JT|_(Q+d)/(2Q)Ad|JT\(Q_d)/(QQ)

where 7*F = For.

The concept of intertwining operator is more properly understood in the context of
representation theory of semisimple Lie groups, in our case SU(n + 1,1), see e.g. [Br],
[BO®],[C], [JW]. In particular, for d € C the map uq: 7 — {F — [J;|(@TD/CO(For)}
is a representation of the group SU(n + 1,1), modulo identification of the latter with
CON(S?7*1); these uy are known as principal series representations of SU(n + 1,1), and
the ones corresponding to d € (—@Q, Q) are called complementary series. The relation (1.17)
says that A, intertwines the representations uy and u_4. The present formulation is given
in elementary differential-geometric terms, which for our purposes is more than enough
(see however [Br], pp 18-19, for a digression on the uy in more Lie-theoretic language).

It is known, from the above works (see also Appendix A, Prop. A.1), that an operator
satisfying (1.17) is diagonal w.r. to the spherical harmonics, and its spectrum is completely
determined up to a multiplicative constant by the functions

P(%H +)) /2

/\j(d) = S/0-d , . J

(@) (1.18)

in the sense that up to a constant the spectrum is precisely {\;(d)A\x(d)}. From now on
we will choose such constant to be 1, i.e. Ay will be the operator on W2 such that

AdYji = Nj(d)Ae(d)Yje,  Yik € Hji (1.19)

The form (A;/ °F, Ai/ ’@) allows us to extend Ay to an operator with domain W%/2:2
valued in W~%/22 which we still denote by A4. The eigenvalues of such operators are
still A;j(d)Ax(d), i.e. (1.19) holds, in the sense of forms. Since A;(d) > 0 for all j > 0
then KerA; = {0}, and eigenvalue estimate shows easily that [|Ag/2F |2 or [|(Aq)'/?|2
are equivalent to ||F||yaz2, for 0 < d < (. Observe that in the case d = 2 we have
Aj(2) = A\j = j + %, and we recover the conformal sublaplacian i.e.

Ay =D.

16



A fundamental solution of A, is given by

GalCan) = A7 (Cn) = 3 28— cad(on) (1.20
with _d )
o= PTG (1.21)

T HIT()
and where the series converges unconditionally in the sense of distributions, and also in L? if
Q/2 < d < Q. The proof of (1.20) is somehow implicit in the work of Johnson and Wallach
[JW], and a similar formula (still quoted from [JW]) appears in [ACDB] (formula (11)),
but with different normalizations. The case d an even integer was treated by Graham [Gr],
including the expression for the fundamental solution. For the reader’s sake in Appendix
A we offer a self-contained proof of the spectral characterization of intertwining operators,
in the sense of (1.17), and of formula (1.20), using only the explicit knowledge of the zonal
harmonics. We note here (but see also Appendix A) that the intertwining property can
be checked directly using (1.20) and formulas (1.15), after casting (1.17) in terms of the
inverse A;l.

We shall be concerned with the intertwining, Paneitz-type operators of order (). Notic-
ing that

L4 Q-d Q
r) -

Ao(d) = 5
we easily obtain from (1.17) that the operator Ag : W2 — PL defined as

d— Q (1.22)

AF := lim AsF (1.23)

the limit being in L2, satisfies for F € W2
|J|(AgF) o = Ag(F o7), Y7 € CON(S*"*1) (1.24)

or

™ Ag(t™H* = |17 Ag. (1.25)
The operator Ag can be extended via its quadratic form to an operator, still denoted
by Ag, with domain WQ/2:2 kernel KerAg = P, valued in (WQ/M), = W~—Q/22 The
identity (1.24) is still valid for F € W®/22 and
AQYie = A QM@ = 3 + 1)+ 0k + 1).cc(l + 1) Vi

Observe that ||(I 4+ .Ag)'/2F ||z is equivalent to || F|| /22 on the space W?/22 0P+,

In the case d an even integer it is possible to write down a more explicit formula for
Ag as a product of Geller’s type operators. In fact, we can recover the operators found by

Graham in [Gr]:
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Proposition 1.1. Ifd < @ is an even integer, then Ay is a differential operator and

¢ d
Z—l
(D—wqti(%Jrl)T)(D—W—i(%qtlﬂ') if geN
Ag = kg_
4 d—2
D D024+ 20T\ (D—-0?-24T if —= eN.
I )( ) 4

Proof. We have
-1

Ny =T M+e-9+13)
=0

[\VlisW

from which it’s easy to check that (recall: \; = j + 5)

¢ d
Z—l

1024 D203 -4 3)?) i Sen
A@M(d) = { &0

d—
T
)\)\kH A2 -2 (A: - 0%) if —=eN.

The proof is completed noticing that 7Y}, = %(] — k)Y, for Y, € Hji, and that
(A? — b2) ()\2 b2) (>\ A — b2 +b(5 — k:)) ()\j)\k —b% —b(j — k))

I

Note in particular that when d = 4

n2 —1\2
T2,
1 ) +

Also, note that since 72 = —|7|? then on can isolate the highest order derivatives in
the above expression, counting 7" as an operator of order 2, and obtain

Ay=(L+

‘d/2 (£|2T‘ 1 d)

Ag = |2T
D(L[2T |~ + 239)

+ lower order derivatives. (1.26)

The formula above needs of course to be suitably interpreted, as 7 is invertible only on
the space @ ; ;ék jk- For d not an even integer, we speculate that there might still be a
way to make sense out of (1.26), as the “leading operator” appearing in that formula, has
the same form as the intertwinor on the Heisenberg group (see (1.33)).
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Remark. It is possible to show that a fundamental solution for Ag : P+ — P~ is given
by
2 d?
o3 10g2 (Cﬂ?)
wan 1T (%) 2
(up to a CR-pluriharmonic function). This calculation can be effected using the explicit

formula for the fundamental solution of A4, and differentiating twice with respect to d at
d = @ (note that the constant ¢, has a pole of order two ad d = Q).

AN (¢m) =

Conditional intertwinors.

Of particular importance for us, is the existence of another intertwinor of order )
defined on P, which we call the conditional intertwinor or Paneitz operator on P. This
is defined on C*°(S?"*1) (and hence on the space of distributions) by its action on the
spherical harmonics in the following way:

AQYjo =2 (Q)Yj0 =3 +1)..( +n)Yjo,  ApYor = Me(Q)Yor (1.27)

and Ay Y, = 0, if jk > 0. Observe that [|(I + A’Q)l/2F||2 is equivalent to || F||yye/2.2 on
we/2znp.

We summarize the properties of A’Q in the following proposition.

Proposition 1.2. A’Q as defined as in (1.27) is a positive semidefinite, self-adjoint oper-
ator, with Ker Ay, = Pg-. For each ' € W%/22 NP we have

4 0 1
AgF = —5+ = AgF) = lim ——AF 1.28
©T(9) od d:Q( )= 2 Ao(d)” (1.28)
and for every T € CON(S?n*1)
2
| T (AQF) o = Ap(F o)+ 7QAQ(log |J-|(F o 7')) (1.29)
Qr(%)
Moreover, Ab is a differential operator with
oF =[[@TI+0F =] RL+0)F,  VFeC®(S$™)nP (1.30)
=0 £=0
and it is injective on Py with fundamental solution
2 d*(¢,m)
‘ = (Ap)~* =— 1 LY 1.31
Gol€n) = (4p) ™ (Cn) = - — log = (131)
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Note that (1.29) says that the intertwining property in the form (1.24) or (1.25)
continues to hold for Af,, but modulo distributions that annihilate 7 (or modulo functions
in P+, if F € W@?2). Also, A’Q is an intertwining operator if seen as an operator from
P to L?/P~+. In particular, the representations intertwined by A’Q are the standard shift
7= {F—For},onP,and 7 — {[F] — [(Fo7)|J;|]}on L?/P+.

Proof. The eigenvalues of .A’Q vanish when j = 0 hence KerA’Q = Pg-. The first identity

follows easily from (1.22). To prove (1.29), it’s enough to take the d-derivative at @ of
(1.17):

| Jn| (AQF) o | J-|log | J-|(AQF) ot = Ag(F o)+ Ag (log | J-|(F o))

T — _? 2
Qr(s) Qr(3)

for each F' € C>°(S8?"*1). We can trivially check (1.30) when F is a spherical harmonic.
The last statement (1.31) follows from the formula

G ) = 2Re -
Qe Z; N Cimm

I

Intertwining operators on the Heisenberg group.
For completeness we say a few words for the case of the intertwining operators on H".

We already know from (1.7) that there is a direct connection between Ay = D and Ly,
via the Cayley transform. To find the analogue situation for A, one basically has to find
the operator on H" with fundamental solution |u|?~%, since this operator is easily checked
to be intertwining. This has been done by Cowling [C] and the result can be formulated
as follows. Consider the U(n)—spherical functions

Oy p(z,t) = MNP LTN1212), A#£0,keN

where Lz_l denote the classical Laguerre polynomial of degree k and order n — 1. These
are the eigenfunctions of the sublaplacian £y and of T' = 0;:

;C()@)\’k; = |)\|(2]€ + n)(I))\,k, T®>\,k = i)\q))\’k.

On H" there is a notion of “group Fourier transform”, which on radial functions (i.e.
functions depending only on |z| and ¢) takes the form

FOuR) = / @iz 0 (o ) dadt,  f € LU(ET),
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With this notation we have

~ —~ ~

LofOK) = N2k +n)fNK),  TFOLk) = —idf(\ k).

In analogy with the sphere situation, on can show that up to a multiplicative constant
there is a unique operator L4 such that

| Jp|(QFD/C (L) o h = Ed(\Jh|(Q_d)/(2Q)(f oh)), Yh € CON(H")
for f € C>°(H"), and such L, is characterized by (under our choice of the constant)

I+ %)

Laf(\ k) = 24/2|\|/2

= 242 \|?2 )\, (d), (1.32)

or, otherwise put,
I'(Lof2T| 1 + 2t4)

Ly = |2T|%? : 1.33
@ = |27 T(Lol2T|~ + 24) (1.33)

With this particular choice of the multiplicative constant we have

Lo=Ly, Lo=Li+T?=L5—|T
Q-d Qtd
La((21Ie) 57 (Fo0)) = (21Je) 57 (AaF) o C
and a fundamental solution of L is
an—5-11(24)?

L7 (u,v) = Oyl u|49, Ci=1cy= =S 1.34
(00 = Calet 1= b= ) .

The proofs of these facts are more or less contained in [C], Thm 8.1, which gives the
computation of the group Fourier transform of |u|9~%. Note however, that our proof of
the corresponding facts on the sphere (Appendix A) can easily be adapted to this situation.

We remark here that in the case d an even integer the operator £, coincides with the
operator found by Graham in [Gr].

The intertwinors at level d = Q on H" are obtained in the same manner as those for
the sphere. There’s the operator
Lo= lim L
@~ lp™

whose kernel is the space of boundary values of pluriharmonic functions on the Siegel
domain (modulo identification of its boundary with H"). In terms of Ay we have

Lo(FoC)=2|Je|(AgF)oC. (1.35)
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For the conditional intertwinor, we recall that f is the boundary value of a holomorphic
resp. antiholomorphic function on the Siegel domain if and only if f(A k) =0 if k # 0 or
A < O0resp. A > 0. So for f a smooth CR-pluriharmonic function on H" we can define, in

analogy with Ag and via (1.32),

/ 4 8 . 1 Q/2
f=——5-—> Laf = lim —— Lqf = [2T|%/*f.
© r(9) 0dl g ™ d=QXo(d) 27

With this definition we have for a smooth F' € P

2|Jc|(AgF) oC = L(FoC)+ L (log(2|Je|)(F o))

2
Qr(3)

which basically says that the conditional intertwinor on S?**! is nothing but |27'|%/? on
the H"-pluriharmonic functions, “lifted” from H" to S?"*! via the Cayley map (note that
the second term on the right is orthogonal the the pluriharmonics). Also, we have

[Inl(Lof) o h = Lo(foh)+

Lo(log|Ju|(foh)), he CON(H")

2
Qr(%)
analogous to (1.29).

Intertwining operators and change of metric.

The sublaplacian and conformal sublaplacian can be defined intrinsecally on any com-
pact, strictly pseudoconvex CR manifold M, in terms of the contact form 6; see e.g. [JL1],
[St]. If D, is such conformal sublaplacian, then for any positive, smooth W on M there
is a simple transformation formula for the conformal sublaplacian under conformal change
of contact structure:

Dyg = W5 D,W 5 (1.36)
where, as usual, Q = 2n+2, and 2n+1 is the dimension of the manifold. We would like to
extend this process to the operators A, and A’Q on the CR sphere. Unfortunately, there
does not exist a general theory of such operators on general CR manifolds, i.e. we do not
have available an intrinsic expression of A4, in terms of the contact structure. However,
we are just interested in conformal changes of the standard CR structure of the sphere,
and in the eigenvalues of the corresponding operators, so we can easily bypass the above
difficulty as follows.

In order to motivate our construction, first observe that the sublaplacian Dy, on
(8271 W) satisfies (1.36) i.e. Dy = W=D W, and that it is a positive self-
adjoint operator densely defined on L2(S?"*! Wd(). By standard facts (which will be
recalled below) Dy has eingevalues 0 < A;(W) T oo, and by the intertwining property
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(1.16) (see proof of Prop. 1.3 below) such eigenvalues are invariant under the conformal
action that preserves L9/2 norms:

A (W) = X (W o) |- [29).

We can now extend all this to the operators Ay. For 0 < W € C°°(S?"*1) and
0 < d < @, the L? Hermitian products

(F,G) = /S QnHF@dQ, (F,G)w = / FGWY/dqc

SZn+1

are obviously defining equivalent norms on L? and the sequilinear forms
ai(F,G) = (A’ F AG), ol (F.G) = (A/*F, AY*G)w

are continuous on W%22 and define equivalent norms on such space. Likewise, the forms
aQ(F,G) == (AJ°F,AJ?G),  all(F.G) = (AJ’F, A C)w

are continuous on W/22 and (F,G) + aq(F,G), (F,G)w + agy (F,g) define equivalent
norms on W%/2:2 1P+ and the forms

WQ(F,G) = () *F, (A9)2G),  (a) (F,G) = ((AL)"/2F, (4p)*G),,

are continuous on W/22 and (F,G) +ag(F,G), (F,G)w + (a’Q)W(F, () define equivalent
norms on W?/22 0P,

By the equivalence of the norms in L?(d() and L*(Wd() we have that P and P+ are
closed subspaces (in general not orthogonal!) of L?(Wd(). Therefore, there are orthogonal
complements to such spaces, and projections

mw : L? — P, my o L2 — Pt

Proposition 1.3. Let W € C>(S?"™1) with W > 0. For 0 < d < Q the operator
Q+td

Aq(W) = W_WAdW% is positive, self-adjoint and invertible, and

(A2 NEALPWNG), = (APPFASG)  wReew 22 (L3

w

There is a sequence {qb}/v} of eigenfunctions of Ag(W') which form an orthonormal basis of
L? w.r. to the product (F,G)w. The corresponding eigenvalues {\;(d, W)} are positive,
nondecreasing, and for any T € CON(S?7+1).

Aj(d, W) =\ (d,Wy), W, =(Wor)|J|¥ (1.38)
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When d = () the operators
AQ(W) i= my, WA, Ag(W) == mjp W1 Ag (1.39)

are positive semidefinite, self-adjoint and invertible on W®/22 0 Py and W%/22 n pt
respectively, and in such spaces

(AQ)' 2(W)F, (AQ)2(W)G),,, = ((AQ)'/?F. (A5)'2G) (1.40)
(A (W)F, A (W)G), = (Ag°F.AGG). (1.41)

There is a sequence {qb}/V} of eigenfunctions of A (W) which form an orthonormal basis of
Py w.r. to the product (F,G)w. The corresponding eigenvalues {\;(Q, W)} are positive,
nondecreasing, and satisfy (1.38) with d = Q. Similarly for Ag(W).

Proof. This proposition follows in a more or less straightforward way from the standard
spectral theory of forms and operators (e.g. see [Sh|, Theorem 7.7). For 0 < d < @ identity
(1.37) is immediate, and the form (Ail/zF, Ail/zF) is equivalent to || F||yya/2.2. Since W4/%:2
is compactly imbedded in L? we can find an o.n. basis of eigenfunctions of A4(W). Identity
(1.38) follows easily from the intertwining property (1.17). Indeed, using (1.17) one checks
that if A is an eigenvalue of A4(W,) with eigenfunction ¢ then A is also an eigenvalue of
Aq(W), with eigenfunction ¢ o 77!, The proof of the case d = Q is similar, except that
the background Hilbert spaces are now P or PL, and that (1.40), (1.41) follow from (1.29)
and (1.17) respectively.

/M

The operators Aq(W) and Aj (W) are natural generalizations of the corresponding
operators Ag4, Ag, under conformal change of contact form via W. Indeed, from (1.17),
(1.24), (1.29)

T AW (T = Aa(Wy) (0<d<Q) T A(W)(r™h)" = AL(W,).

2. Adams inequalities

Adams inequalities in measure spaces.

Let (M, du) be a measure space with p(M) < co. Consider an integral operator

Tf(z) = /M k(. ) (v)duly)

where f is a nonnegative measurable function on M, and k(z, y) a nonnegative measurable
function on M x M. Define

k* (t) = max { fél]\% k*(z,)(t), Sélz\% K (Ly)t)}, t>0 (2.1)
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where k*(z,-) denotes the nonincreasing rearrangement of k(x,y) with respect to the vari-
able y, for fixed x. Note that for convolution operators of type T f = K % f on a homoge-
neous space, the function K*(t) defined by (2.1) coincides with the distribution function
of K.

Theorem 2.1. If
m(k*,s) = |{t>0: k*(t) > s}| < As_ﬂ(l + O(log ™7 s)) (2.2)

as s — +oo, for some 3,y > 1, then there exists a constant C' > 0 s.t.

fyeo [ (i) e &

/ 1 1
for each f € LP (M), with 3 + 7 =1
The condition v > 1 is best possible, in the sense that it is possible to find explicit

examples with v < 1 for which (2.3) fails.

The proof of this theorem is measure-theoretic in nature and it is based on the ar-
guments originally used by Adams in [Ad], and later extended by Fontana [F] to a more
general setting. A complete proof of the theorem will appear in a forthcoming paper [FM].
In fact, in [FM] a slightly more general result is proven: the conclusion of Theorem 2.1
holds if the integral operator T acts from L'(M,du) to L*(N,dv), where (M,du) and
(N, dv) are two (possibly different) measure spaces with finite measure; moreover, it is
only required that condition (2.2) holds for sup, ¢y k*(z, -)(¢), rather than k*(¢).

To the authors knowledge almost all the known results concerning Moser-Trudinger
inequalities in the Adams form are immediate consequences of the above theorem, where
the integral operator T is used to represent f in terms of its derivatives of borderline
order. One of the main features of theorem 2.1 is to highlight the fact that exponential
integrability in the form (2.3) is a consequence of a single asymptotic estimate on the
distribution function of the kernel of T', and that it is stable under suitable perturbations.

The simplest case is on a bounded domain of R", with k(x,y) = |z — y|*™", p = n/d,

. . — J— / . .
in which case m(k*,s) = 2= 577 and one recovers Adams’ original results. Other known

and new situations are discussed in [FM].

We also remark that in all the known cases where (2.2) holds with an equal sign, the
constant A~! in (2.3) turns out to be sharp, i.e. if it is replaced by a larger constant then
(2.3) is not true uniformly in f. This fact can be also formalized in the abstract setting of
theorem 2.1, under suitable conditions on the kernel k(z,y) [FM].
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Adams inequalities for convolution operators on the CR sphere

We would now llike to apply Theorem 2.1 to a wide class of convolution operators on
the CR sphere. Let us first introduce some notation:

w=(zt) cH", L={ucH":|u =1}, mzquU:T%ez

1-— Cn—i—l
1 + Cn—i—l
&= C<2) = {(Ch “'7Cn+1) S S2n+1 : Re<n+1 - O}

¢ =C(z,t) € §?* = |2)? + it = |u?e?, (2.4)

It’s easy to see that a function ¢((,7n) is U(n + 1)—invariant, i.e. ¢(R(, Rn) =
g(¢,n), YR € U(n + 1), if and only if ¢g({,n) = ¢g(¢-7) for some g defined on the unit
disk of C. Furthermore, from (2.4) the function g(¢- N) = ¢((n+1) is independent on
Re (i1, ie. it is defined on &, if and only if it is a function of the angle § = sin™! ¢*.

A measurable function ¢ : [— 5 5} — R can be viewed as a function on ¥, via
#(0) = p(sin™! t*), and we will use the notation

/2
/¢du* ::/ P(sin ™t t*)du* :wgn_lf $(0)(cos )" 1do (2.5)
Y = —7/2

whenever the integrals make sense. The formula on the right in (2.5) is easily checked via
polar coordinates. Finally, for w € C, |w| < 1 we let

9:9(w):arg11;;u € [—E E}.

The main result of this section is the following:

Theorem 2.2. Let 0 < d < Q and p = % Define

RO = [ GEwFmdn  Fe s

where o o

G(¢m) =g@Cm)1-Ca= +O0(1-¢Tq = %), (#n
for bounded and measurable g : [— 5 g} — R, with ‘O(|1—C-ﬁ|d_Q+€)} < C|1—C-ﬁ|d_Q+€,
some € > 0, and with C independent of (,n.

Then, there exists Cy > 0 such that for all F € LP(S?"+1)

| e [Ad( ek )p ]dc < Cy (2.6)
g2n+1 [
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with

2
dg= 29 (2.7)
/|9|p du”
>

for every F' € LP(S™), with %-1— % = 1. Moreover, if the function g(0) is Holderian of order
« € (0,1] then the constant in (2.7) is sharp, in the sense that if it is replaced by a larger
constant then there exists a sequence F,,, € LP(S?"*1) such that the exponential integral
in (2.6) diverges to 400 as m — oo.

In [CoLul] Cohn and Lu give a similar result in the context of the Heisenberg group,
and for kernels of type G(u) = g(u*)|u|¢~?, i.e. without any perturbations. It will be
clear from the proof below that a version analogous to Theorem 2.2 holds also on H" (thus
extending the result in [CoLul]).

In view of Theorem 2.1 it is enough to find an asymptotic estimate for the the distri-
bution function of G. This is provided by the following:

Lemma 2.3. Let G : 8?71 x §2nt1\ {((,(),¢ € S?" 1} — R, be measurable and such
that
G(¢,m =g M) 1= A~ +O0(IL=¢-77*), ¢ #n

some bounded and measurable g : [— %, 2] — R, with |O(|1=¢7|79T)| < C|1—¢q| T,
some € > 0, and with C independent of (,n. Then, for each n € S*"*! and as s — 400

Q/2—
16 GG > )| =792 2 [0 po(s-9o0) 29
b))

for a suitable o > 0.

Proof. Let
G )| < |g@)] 11— ¢-m* +ClL—¢-7 7.

Since the right hand side is rotation invariant we have

A(s) = [{¢+ |GG )l > s}H < HC: [g(O)] 11 = Guaa| ™ + CI1 = Guga |77 > s}.

Now

1/a

9O)1=Coia| *HCL—Coa| T > s = [1=Cupa| <57V (g(O)[+C|1=Coia|) " < Cs7H/0

hence 1
A() < HC: 1= Gupal < s79(1g(0)] + Cs</) "},

Let
o(u',s) = s/(|g(O)] + Cs~/*) T <1, s>
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so that from (1.2) and polar coordinates

Q-1
)\(8) < ) 2 n+1 du
{22 <o)} (14 2|22 + [ul4)

(14202124 [ulH)1/2

290-1
= / du* —dr
{ 2r? <o(ur,s)} ((1+2r2|2%[2 + r4)

(142r2| 2% |24,4)1/2

/ / Q—1
{ 2<p(u* s)} 1+212|Z |2+71)n

9Q/2-1
< 0 / o(u*, )9 2du*.

/ _
S S—Q/Qa 2 / |g|Q/2adU +O( —-Q/2a— 0’)

the last inequality being a consequence of |(z + y)® — y¢| < Ca™n{he} valid for a > 0,
x,y € [0, K] some fixed K > 0, and with C' depending only on K and a.
To show the reverse inequality, by hypothesis

G| > g(O)] 1 —¢-7|~* = D[1 = -7 ~*F*
for some D > 0, so that
A(s) = HC 19O 11 = Car| ™% = DIL = Guga |77 > s},

If |g(0)]|]1 = Cns1]l™™ = DI1 — Cpg1| 7@€ > s, then

1/a
1= Guial <772 (19(0)| = DI = Gual?) < 5712 g(0)]/.

Hence

{C : [g(0)] >Dlg(0)/*s™/* |1 = | < 571 (|g(9)| - D|g(0)|6/0‘3_6/°‘>1/a} C
c{¢i 11— ol < s7*(1g(0) - DI1 - cnﬂr)”“}
Without loss of generality we can assume that € < «, so that if
E,={u" €X: |g(0)| > D|g(0)|/*s~/*} = {u* : |g(0)| > D*/(*= g~/ (=)}

and
1/a
o(u*,s) =57/ (Ig(8)] = Dlg(@) /=5 /) " xp (w) <1, 5250
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then

2Q@-1

AS) > H{C: |1 = Cua1] < p(u”,8)} = /{$<¢( . )} (1+2|z|2+ |4

n+1du
(1+2(2]2+[ul4)1/2 )

20-1
> | =20 (1+0(lu)) =
{21uz<o(u )} (1 + [ul?) {2/ul2<p(u=,s)}
9Q/2~1 . . .
-0 g [¢(u ,5)9/% 4 O(o(u ,s)(Q+1)/2)]du
2Q/2-1 ,
— ¢~ Q2 o |g|Q/20‘du* + O(S—Q/Qa—a)
Es
2Q/2-1
— S—Q/2O¢ 5 / |g|Q/2adu* + O(S—Q/Qa—a),
b

for suitable 0,0’ > 0.

I

Theorem 2.2 is just a straight consequence of Theorem 2.1 and Lemma 2.3. The
statement about sharpness, on the other hand, follows from the same general philosophy
originally used by Adams and later by Fontana, Cohn-Lu and many others. In our case it
is possible to check that the sequence F), in the statement of Theorem 2.2., can be chosen
as

IG(N, )|V Q=D sgn(G(N,m)) if |GON,7)| < m, d(N,5) > 2m~2/(Q=D

0 otherwise.

The calculations are similar in spirit as those in [CoLul], with some added complications
given that we are now working on the sphere rather than H". The smoothness hypothesis
on g can be also relaxed a little to a Dini-type condition such as that of [CoLul]. More
detailed work on this will appear in [FM], where the proof of the sharpness statement
appears as an immediate application of general “abstract” theorems on measure spaces.

Adams inequalities for operators of d—type on Hardy spaces

For a given d € (0, @), we say that a densely defined and self-adjoint operator P, on
H is of d—type if
FaYjo = pjoYjo,  V¥jo € Hjo (2.10)

for a given sequence {p;o} such that for j — oo

0 < poo < p1o < pr2o < e Hio = G2 4 a1V 4t gV 4 O(jY e
(2.11)
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for some 0 < €1 < €2 < ... < €41 With % < €m41. From this condition it follows
that Ker(P,) is finite dimensional, and that P; is a continuous operator from W%2 N H
to H. More generally, one defines operators of d—type on HP as densely defined operators
satisfying (2.10) and (2.11). Note that by (2.11) the operator P, can be written on C'*° NHP
as a finite sum of powers of the sublaplacian, up to a smoothing operator. P, is a continuous
operator from WP N'HP to HP and invertible if restricted to Ker(P;)* with

Kelr(Pd)L = {F e HP: /

§2n+1

Fp =0, k=1, m}

and where ¢1, ..., ¢,, denote a basis of Ker(P;,), the null space of P;. Operators of d—type
on H" and PP are defined similary, and the spectrum of such operators is denoted by {10, }
and {0, fo;} respectively, where the s satisfy a condition of type (2.11).

From the previous section it is clear that in order to obtain Adams inequalities for
operators of this sort, all we need to do is to have an estimate on their fundamental
solutions. Here’s the result we need:

Proposition 2.4. If P; is an operator of d—type on HP then a fundamental solution of
P, is defined by the formula

PyM(¢m) == lim ) WRJ
J

in the sense of distributions and pointwise for ( # n and . Moreover, the following expan-
sion holds:

I(%e a a
Pd_l(C,n)Zﬁ(l—C-ﬁ) # o1 - ¢ml )

for a suitable € > 0. Likewise, if P; is an operator of d—type on PP then a fundamental
solution of P, is defined by the formula

R—1— 0 0
Hj07#0 Hj Hoj 70 Hoj

in the sense of distributions and pointwise for ( # n. Moreover,

2T (<4 a

Pyt (¢om) = Kfn?Re(l —¢m) T O - ¢l T )

= ga(0) d(¢, )%+ O(d(¢, ) 9F) =
=2 ga()[1— ¢ 17 + O(]1 - ¢

for a suitable e > 0, with

dEQ_HE)

Q-d _
95 +1 P(M) 4
ga(0) = o n!2 cos (4520). (2.12)
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Proof. Suppose that ;0 > 0 for j > jo, so that for 0 <r <1

S Pjo i 1 ZF(J'JF%)(RCWV

pjo  nlwagir = LGG+1)  po

K070
The given hypothesis on the 10’s implies (in fact it is equivalent to)
1 F(j + %) Q_d

— —1—€ _1_€m —1 e .
. =7 iagj o + Qi =3 +aj T 4+0(G7°), j — oo.
wio I'(G+1)

for possibly a new set of €’s such that 0 < €1 < €5 < ... < €, With % — €, > 0, and for
some € > 1. Here we use that

I'(z + «)
I'(z+p)

any N > 0, for |z] — co. Using the above expansions we can then write

=22 P14z +ez 2+ tenz MV +0(EN))

LF(H%)_F(J*W i “” &)
tjo T'(G+1) L(j+1) — +1)

+aj t+ 037
and the same expansion, with possibily different a’s and €’s, holds for the fip;. Using the
binomial expansion we get

d+ep—Q

—T2)(1-RC-7)”

T(j+ %) (R¢7)
S T = re - nen s S

—alog(l1—R(¢-7) + O(1).

This identity implies the statements in the case P; defined on HP. The case P; defined on
PP follows immediately.

I

Theorem 2.5. Let P; be an operator of d-type on PP, then there is Cy > 0 such that for

1
any F € WP NPP N Ker(P;)t and with p = %, p + — =1 we have
/ e {A < ] )p/}d(<0 (2.13)
X :
S AN 772 PV R

with
(2.14)

2@
/ gal?' du?
>



and gq(0) as in (2.12). In the special case d = Q/2 (i.e. p=p' =2)

ni1(n+1)!
Agpp =2t T +1(2" P g 1yt (2.15)

and this constant is sharp, i.e. it cannot be replaced by a larger constant in (2.13).

If P; is of d—type on ‘HP, then for any F € W4PNHPNKer(P;)* both (2.13) and (2.14)
=05
nlwan 1
2(n + 1)7™1 and this constant is sharp.

hold with gq = . In the special case d = Q /2 we have Ag /s = won1(n+1)! =

Remark. The proof below does not seem to yield the sharp constants for p # 2 (see
(2.19)).

Proof. Estimate (2.13), for P, acting either on PP or HP, follows at once from Theorem
2.1, Lemma 2.3 and Prop. 2.3. As for the case d = ()/2, the computation of A/, is based
on (2.5) and the formula

/2 /2 (™
/ cos? (2416) (cos 0)"1do = %/ (cos )" 1do = Lzl)
0 0

2

together with the duplication formula I'(n) = (27r)_%2”_%F(%)I‘(”T+1).

To find an upper bound for the best constant in (2.13), we consider for 0 < R < 1

RMGN.y = Re (1= RGuy1) ™% +0(1)

where propor > 0 for k > k.
From the proof of Prop. 2.3 we know that

— -9 - —d—¢; _\dtei—@
nlwan 1Py (¢n) = 20(G D) Re (1 - ¢ )" + Y al (g4 (1 - (.73

=1

¢ dto _
+ 3 b T () (1 - Cp) = F — alog(1 — ¢-77) — blog(1 — C-m) + O(1),
j=1

for some constants a;,b;,a,b,¢; > 0,0; > 0. If P, is the operator with fundamental

solution
(e )

F(T) . d-Q 1 Zf(k-i-#)

(I=¢m)= = T(k+1)

- ¢k
Iy (¢ 7)

32



then from (1.10)

— o 1 T+ DT (k+ 9459 L 1
Fo fal¢) = 2I§F(g)r(k+1)F(k+%) 2T (3) T R

2
and the corresponding formula is valid for the conjugate operator. Likewise, for an operator
d’—

P, with fundamental solution of type (1-¢-7) = Q, d < d < Q or of type log(1 — (- 7),
and their conjugate operators, we obtain P; ' fr(¢) = O(1). Hence we obtain

1 1
F(g) |1_R<n+1|

Let Fr(¢) = fr(OT (%) (log ﬁ)_l and Qr = {¢C € $?"*1 . |1 — (41| <1 — R}. Then
Fr € PP NKer(P;)* and

RECE. . +0(1) = +0(1)

Pyl fr(¢) = v log +0(1)

PrFR(O) =1+9r(0), W) < C(log——=) " =o(1), (€ Qp, R—1 (2.16)

1-R

(use that, on Qg, ‘log %’ <log(1+ |Crt1]) < log2).
Now if (2.13) holds with constant B, then

It’s easy to check that |Qg| ~ ¢(1 — R)""1 as R — 1 (for example as in the proof of
Lemma 2.3), with a = 1,5 = (1 — R)™!, which also gives ¢ = 2"|%|Q~!). From this we
obtain

I FrIl; (2.17)

1
1-R
provided that the limit exists, which is what we are going to prove now.

We have

p’ P(g) i’ —4p .
ialy ~ (2 ) ([ I Re - R #Pac)
1-R

so it’s enough to evaluate

Q .
< =
B < 5 zlzlin1bg

-1

1 -1 a2
lim (1 ) / Re (1 — RCyy1) 2| TdC. 2.18
Ry \ 8 1-R g2n+1 ‘ e Gnt1) ‘ ¢ ( )
To this end let us recall that 1 —( (14 Cy1)|ul?e¥, ie. ¢ 1= fulte” [u*e” Observe
—Kn - n 3 l1.e. n = — . Vi
+1 +1 +1 1+ "U,|2619
that in (2.18) we only need to integrate over the region |u| < 1. Letting € = t—g, and

we(u) = arg(e + |ul?e’) we have, for |u| < 1,
Re (1 — RCnp1) 2 ~ 27%2Re [(6 + |ul?e?) 421 4 \u|26i9)d/2]
= 272(2 4 2¢|u)? cos O + |ul*) "4 [cos (S¢c) + O(Jul?)].
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Using the Cayley transform and polar coordinates

1 \! —4
(108 72) /S%H\Re(l—chH) ¥

iy 21| cos (00)[ @/ + OJuf?)] )
log - 1 <1 (€2 + 2¢|ul? cos O + |u|*)Q/4(1 + 2|u|?|z*|? + |u]*)n+1

Q
/ /  Jeos s el drdu*
log (€2 4+ 1% + 2r2ecos 0)Q/4
2n 1 1/e . Q 2 Q/4d
/ / }COS tan— 1T51n99)‘d r —Td *
log trcos 14724+ 2rcosé r

~ 2" 1/‘cos %

so finally we obtain

B< 9@

d
o—a
[QQ/Q 2/ }cos % } .

If Bgharp is the sharp constant in (2.13) then we have the bounds

(2Q)l/p/ < Bl/p (2Q>1/p n'WQn—l-l
8

lgall, = Daharp = l9g—all» (2.19)
p

where g4 is defined as in (2.12) and where ||gq4||, is the norm in the space LP(X). The right
hand side in (2.19) is strictly bigger than the left hand side, unless p = 2, i.e. d = /2, in
which case they are equal. This can be seen via Holder’s inequality

8

;> 0 0)du* = 2.20
Igg-allaully > [ g0 as®@au(®)tu’ = ——— (2:20)
where the last identity follows from
/2 27T (n)
n—1 o
/0 cos(af)(cos )"~ db = DN e (2.21)

which can easily be verified by induction. Equalities in (2.19) hold if and only if equality
holds on the left in (2.20), which happens if and only if g4 is a multiple of g, _,, or d = Q/2.
Moreover in this case we obtain the sharp constant given in (2.15).

The argument for the case P; acting on HP is similar. This time we consider

frO) =) WRIC%H Re (1 — RCn+1)"2 +O(1)

34



where pro > 0 for k > kg, which obviously belongs to H N Ker(P;)*. The argument
proceeds as before. We have now

nlwan 1Py (¢, m) = F(%)Re (1-¢- ﬁ)¥ + ( more regular kernels )

and

1 1
so if we let Fr(¢) = fr(QOI'(£)(log 25 ) , then (2.16), (2.17) still holds and

(5)

p'—1
/ _Q
i7aly ~ (o) (/S I Rl Hac)
1—R n

and one can proceed as before (with easier calculations) with g; constant, given in the
statement of the theorem. Details are left to the reader.

I

Adams inequalities for powers of sublaplacians and related operators

In this section we obtain sharp Adams inequalities for £4/2, and more generally for
powers of operators of type Lo := alm + bLrt, where 7+ := I — 7 on LP. We will
need these inequalities later on (see the proof of Prop. 3.4). Again, the first step is to
have estimates on the fundamental solutions of these operators; for sake of exposition we
postpone the proofs of these estimates at the end of this section.

The starting point is an explicit formula for the fundamental solution of the powers
of the H" sublaplacian:
£5"%(u,0) = § Ga(B)[ul*~? (2:22)

Gd(e):%}{e{el . 9/000 (%QS)%”( L ds} (2.23)

7r”+1f(%) l1—e 6219 + 6_25) Q2

which was derived first by [BDR] in case d an even integer, and later by [CT] for any d < @
using the heat kernel approach.

Proposition 2.6. The fundamental solution of D2, for 0 < d < Q, satisfies

DY2(¢,n) = Gd( )d(C, n)d_QJrO( (C n)*9t)

d— d— Q+e (2'24)
=2 GuOL - ¢ T +O(1 ¢TI TT)
with G4(0) as in (2.23), a bounded and positive function. Moreover,
DRl < C(L+[loglt=¢al]),  DTECISC ifd>Q.  (2:25)
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Corollary 2.7. The fundamental solution of L¥? (0 < d < Q) satisfies
£=Y2(¢m) = Ga(0)d(¢, )"~ + O(d(¢,m)*~ ) (2:26)
with G4(0) as in (2.23).
Corollary 2.8. Let 0 < d < Q and
Loy :=alm+ bLrt, a,b> 0.

Then LZ/ bz is continuous on W%P and invertible on the subspace of functions with zero
mean. Its fundamental solution satisfies

—d/2 aal ga®)  ga(0) 1459 19594
La,b/ (C777>:2 ? (an/2)d/2 + l()id/Q |1_CTI| ? +O(|1_CTI| = ) (227)

9a(0)
(n/2)4/?

for a suitable € > 0, and with g4(0) as in (2.12), and G4(0) as in (2.23).

97 (0) = Ga(0) — (2.28)

The following result yields more information on the function G4(#), and it will be
useful in the explicit computation of sharp Adams constants for the case p = 2.

Proposition 2.9. G4(0) has the following trigonometric expansion

— 9r.,d(0)
Ga(0) = BV (2.29)
k=0 "k
where
Q-d k
27z 1 (1) T(k—C+d/2—1)T(l+n—d/2+1)
0) = 20 + 249
gra(6) = v T(d/2 — )T(k—(+ 1)L+ 1) cos [(20+ %572)¢)]
(2.30)
if d # 2, with the series converging in the sense of distributions, and
—1)F2"t T(k+n
gr2(6) = (1) Lk +n)
w2n+1n! F(l{i + 1)
Moreover,
AT (k 4+ n)
i o—qdu™ = 0 p- 2.31
/zg’“’dgj’Q T T )R 1) (231

In particular note that gq()(n/2)~%?2 is the first term in the expansion (2.29), and
this justifies the notation g7 in (2.28) (Cf. also (2.20)). Formula (2.29) appeared in [BDR],
for the case d an even integer, while the orthogonality relation (2.31) seems to be new.
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The following is now an immediate consequence of the above results combined with
Theorem 2.2, (for the sharpness statement see (2.9) and the comment thereafter):

Theorem 2.10. Let L, = alm+bLrL (a,b > 0). Then there is Cy > 0 so that for any

F € WP with zero mean and with p = 9, E + l/ =1
d p p
Fl \*
/ exp [Ad(a, b) <d|/72|> }d( < Cy (2.32)
g2nt1 Lo Flip
with 5
Aq(a,b) = ¢ T (2.33)
wl®) st .
s | (an/2)/2 pd/2
and the constant Ag(a,b) is sharp. If d = %, orp=p =2
Agala,b) = wanr(n + 1) (2.34)

a7 s o]

Corollary 2.11. There is Cy > 0 so that for any F € WP with zero mean and with

Q 1 1
e A |
p= » + v
|F| ),3}
exp |Ag| —5—=— d¢ < C
/g g [ d<||cd/2F||p =0
with 5
Ag = ¢ (2.35)
[ 1Ga® du
b
and the constant Ay is sharp. If d = %, orp=p =2
1)(n — 1) 7+t
Agp,= oDz T (2.36)

Z (k+n—1)!

=R (k+ )"

In particular,

(4 ifn=1

Ags = 187 ifn =2
19272

|2 =3
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Remarks.

1. The constant in (2.36) can be computed in principle for any given n, by using partial
fractions and the values of the Hurwitz zeta function > ;" (k + a)~*, when a = n/2 and s
is even.

2. By means of Prop. 2.6 Corollary 2.11 above holds also for D%? with the same constant
as in (2.35) (and for all functions in W%P).

Proof of Proposition 2.6. Start with formula (1.7), which for convenience we rewrite

as
£0<JT_2(FoC)) = J95E(DF)oC (2.37)
with
2 4
J = (2]Jc|) @ = T =4+ O(|ul) (2.38)
for any 0 < e < 2.
By (1.2), if ¢ = C(u), n = C(v)
d(¢,n) = d(u,v)J (u)7.J(v)3. (2.39)

Let’s first assume that d = 2N is an even integer. If N =1 then use (1.6). If N > 1,
from (1.6)

N

DN =¥ d(Cr, ¢H2 et d¢eN ! 2.40
Cm=d [ TTE ¢ eact.ac (240

=1

with (0 = ¢, ¢V = 5. It’s easy to see that this quantity is bounded in ({,7n) over the
region d(¢,n) > 1, (write S?"*1 as a union of the regions {(¢*,...,¢VN~1) € (§2nt)N-1 .
d(¢?71¢7) = maxi<;<n d(¢1,¢HY, j = 1,..., N — 1; in that region d(¢/1,¢7) > N71),
so it’s enough to consider the case d(¢,n) < 1.
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From (2.39) and (2.38) with suitably small €, and with ¢* = C(u?)

N N-—1
_ 2-Q 2-Q i—1  i\2— iy 252 i -
DN(¢m) = ¢ (o) "= J (un) /( o A w2 TL )™= e (uldu”du™!
)N i=1 i=1
o o N N-1
= 2~ W=DV g0 = g / [[a="u)?=2 I J(u)du'...du™""
(H™)N=1 2 i=1
N
:2N—1c§J(u0>¥J(uN)¥/( . 1Hd(ui—l,ui>2—Q(1+0(|u1|6+...|uN—1|6>)du1...duN—1
=1
= 22V () T I (uN) T LN (0, uN )+
N-—1 N
+ 2N J (W) 55 T () [T 1) = PR .. du™
i N

(2.41)
By translation and homogeneity each term in the sum is O(|(u™)~'u?|2N+¢=Q), where
e very small, and so from (2.22) we obtain
2-Q

DV (Cm) = 4NN () 5 I (0) 5 [ Gan (0)d(u, 0)2V 72 4 O d(u, )2V Q)

1-N 1-N

2 J(U) 2

= 4" () (Gan (O)d(¢,m)*N =2 + O(d(u,v)*N 79|

By rotation invariance of D, we can assume that n = N, i.e. v = 0, and the condition
d(¢,n) < 1 implies (using (2.39)) that |u| < 371/2. Under these condition the above
formula immediately gives (2.24).

Now assume d = 2«, with a € (0,1). By a well known formula ([RS], p. 317) for

O<axl .
sin T

D =

/ ATYD + )"t
0

™

From (2.37) we obtain
2 —2 -1 2— 2
((D + A)_lF) oC = (J—QT*coJQT + A) (FoC)=J 7 (Lo+AJ) LT (FoC)
that is, if ( = C(u), n = C(v) and using (2.38)

2-Q sin T

(D+X)71(¢n) = 20 (w) 7 T (v)

/ A" Lo+ A) " Hu,v)dA
0

™

and also

(Lo + M) Hu,v) = / e "L A (4 v)dr
0
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Now we would like to invoke the Feynman-Kac formula, in order to write e~7(£o+A)(
explicitly, and so a small preamble is necessary. First, the heat kernel P(7,u,v) for the
sublaplacian Ly is a symmetric, positive C*° function [G], that defines a strongly continu-
ous, positivity preserving contraction semigroup on Cy(H™). The corresponding Brownian
motion with initial distribution §,=Dirac’s measure at u € H" is defined by a measure p,,
on the Skorohod space P of sample paths B (right continuous functions with left limits
on [0, 00), valued in the compactification of H", and staying at the point at infinity after
hitting it), endowed with the o-algebra F generated by the coordinate functions on .
The conditional or pinnned measure ug’m on P is the probability measure defined by the

transition function
P(1 —o,v,w)P(0,w,u)

Por(oyu,w) = P(t,u,v)

(2.42)

on the space (P, Fy ), where Fy - is generated by the coordinate functions in P up to time
7. Such measure identifies the paths that with probabiliy 1 start at v and end at v at time
7. The nonhomogeneous pinned measure, or conditional Wiener measure, is then defined
as

/’LU,U,T = P<T7 u, v)/””?L,’U,T?

ad the Feynman-Kac formula (or one version of it) states that

N ) = [ exp (=3 [ B0 ) s (5)
P 0

with continuity in (u,v) (see DvC]...).
With the aid of this formula we easily conclude that

Do(¢,n) = 2J(w) 5 T (0) FE TV ) g / / </ da)a_lduu,v,T(B) dr

= 2J(u) 7 (v / ol / ( / Bo» da) dj o+ (B) dr

But ) . )
(/ J(Bm—)da) _ g1 + O(/ (|BUT|2(1—04) + |Bm—|4(1_a))d0):
0 0

by Jensen’s inequality and the fact that J < 4, so that

2-Q

D= (6o = 27(0)F 1) 40715 w0+

00 1
+0</ TfH// (\Bm|2<1—a>+|Bm|4<1—a>)daduu,v,7(3)df)}.
0 PJo
40
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By rotation invariance of D we can assume v = 0, from which we can handle the first term
of the above identity as we did for (2.41):

249717 (u) 5T T (0) T LG (u,0) = 4971 () T T (0) T Gaal(8)d(u,v)2
= 4971 () T T (1) 5 Gaa (0)d(C, 1) ™2 = Gaa (0)d(¢, 1)** ™2 + O((d(¢, m)**+ )

To estimate the error term note first the formula
1 1
// f(Bro)dodjiy v -(B) :/ / P(ro,u,w)P(T — 10,w,v) f(w)dodw
PJo n Jo

which is a consequence of (2.42), and valid for nonnegative measurable f. From (4.7) of
[BGG] we have the estimate

P(1,u,0) < Cr=Q/2¢clul’/7

for some constants C, ¢ > 0 and therefore, for v = 2(1 — ) or v = 4(1 — «)

[e'e) 1
/ ro-l / / |Byr|"dodpiy, v . (B) dr <

0 PJo
1 [e')

< C/ (U(l — 0))_Q/2da/ To‘_l_Q/ e—c|w_1u|2/(ﬂf)—C|w|2/(T—TU)|w|7dwd7.
0 0 n
We estimate the (o, 7) integral by splitting the o-interval in half.
1/2 00
/ da/ (0(1 — J))_Q/2TO‘_1_Q6_C|“’71“|2/(TU)—Cle/(T—TU)dT <
0 0
1/2 0o
< O/ dO’/ U_Q/zTo‘_l_Qe_d“ﬁ1“|2/(TU)—2C|W|2/7dT
0 0

< / do-/ O—Q/Q_QTQ—Q—le—CTUC|w71u|2—2CT|w|2dT

1 0

Using the estimate [~ c*e 74do < CA=*"1e=4/2 (for A\, A > 0) we get that the
above integral is bounded above by

|w—1u|2—Q/ 7.Q/2—o¢e—c7'|w*1u|2/2—2c7-|w|2d7_ _ C’|w_1u|2_Q <|U)_1u|2 n |w|2) —Q/Z-I-a—l‘
0
Likewise,
1 oo
/ da/ (o(1 - o—))‘Q/QTQ—I—Qe—clw‘1u|2/<w>—c|w|2/<f—m>dT <
1/2 0

_ —-Q/2+a-1
< |w|2—Q/(; TQ/Z—oze—Qcﬂw 1u|2—c7'|w|2/2d7_ — C‘w‘Q—Q<|w—1u|2 + |U)|2) )
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Combining these two estimates together

(o) 1
/ ot / / |Byr|"dodpiy v - (B) dr <
0 PJo

_ _ _ _ —Q/24+a-1 a—
< C/ (|w 1u|2 Q+ |w|2 Q)(|w 1u|2+ |w|2) Q/2+a |w|vdw < C’|u|2 Q-+
Hn

where the last inequality comes from the homogeneity in u of the last integral, and the
fact that the integrand is in L, for v = 2(1 — @) or v = 4(1 — «) and u # 0, (which makes
the whole thing continuous on the Heisenberg sphere |u| = 1). Note that 2a+v <4 < Q.

The general case d/2 = N +a, N € N, a € (0,1) can be handled by writing D~%?2 =
D~ND~ and combining the asymptotic expansions so far obtained.

Notice that the positivity and boundedness of G is simply due to the homogeneity
of the Heisenberg heat kernel P(7, Au,0) = A"9P(7A72,u,0). With this formula we have

1 /‘00 d/2—1 *
= — T P(r,u*,0)dr
r'(z) Jo
which is positive and bounded, as the heat kernel is smooth and positive away from the
origin.
Finally, if d > @, from (2.40) (which is valid for any N') we need only assume d((,n) <
1, and also 7 = N, v = 0, and |u| < 37'/2. Moreover

d— Q+1

D¢ ) = DT TE DT () < C d(¢, €)1 29 (¢, m) e =

S2n+1
|w—1u|d+1—2Q|w|—1

n 1+ |wld

d+1-2Q

= C’J(u)fl](v)_% /n d(u, w) 294 (w, v) 2T (w) Y dw < C/ dw

and by splitting the integral over the two regions {w : |w™lu| < 5lul} and {w: |w™lu| >
5lu|} one can easily see that the integral is bounded in u if d > Q or O(log |u|™1) if d > Q.

/M

Proof of Corollary 2.7. Recall that D = L + ”72 =L+ M. For any N € N

Ak — A2) Y2 = d/?Z < A )p-I-O(()\')\k)_N_l)
J 0 p+1 g) )\ )\k J

for (j,k) # (0,0). Now it’s easy to see that for any fixed a > @)/2 and any j, k

1@ jklloc = AjAR) 2D 2B 1 ]|l 0e < C(NA)Y 2| ®k]|2 =
Cmji(AjAe)®? < C(A; + Ap) (M) 1T/
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with C independent of j, k. This means that for N large enough the series 3, ; (A; o) NTID
converges absolutely and uniformly on $27*1 x §27*+1 and that the asymptotic expansion
of £7%2 is determined by that of D2 4 g D42 4+ aND_d/Q_N, some constants
a;, which gives (2.26) by the previous proposition.

/M

Proof of Corollary 2.8. It’s enough to observe that the operator (%E) 20 satisfies
the hypothesis of Prop. 2.3, as an operator on P. The rest is a consequence of Prop. 2.3
and Corollary 2.7.

I

Proof of Proposition 2.9. The expansion (2.29) follows easily as in [BDR], but using
formula (2.23) and writing (1 — e=2%)%2=1 and (" 4 ¢=25)~(Q=9)/2 a5 binomial series.
To show (2.31) we proceed by brute calculations, leaving some details for the reader to
check.

Assume for now that d is not an even integer. From (2.21) it is straightforward to
check that for given ¢/ € N

/2
/ Gk, d COS [(25' )9} du* = 2wa,,_ 1/ gr.a(0) cos [(25' + %)9} (cos0)"~1dh =
o 0

92-d/2 i )Tk =L+ 24— 1)P(l+n+1-9)
T(k— £+1

r(4-1) < LU+ DTl —0+n+1 -9 -0+ 4)

(2.43)

The sum in (2.43) can be evaluated explicitly as follows. Write the right hand side of
(2.43) as

P D1 (- §+1)

. X
r(%l_ )T(k+ 1) IN(—k—242)T(—¢'+n+1-9%) (2.44)
d d d d
x 3F2(—k,n—§+1,—£’—§+1;—k—§—i—2,—€’—|—n—|—1—5)

where 3 F5(—k, a, b; ¢, d) denotes the classical terminating Saalschiitzian (balanced) hyper-
geometric series (evaluated at 1), i.e. with d = 14+a+b—c—k. Such sum can be explicitly
evaluated using Saalschiitz’s formula (see e.g. [EMOT] 2.1.5 (30), 4.4 (3))

(C — a)k(c — b)k
(c)k(c —a — b)k7
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With this formula we obtain that (2.44) vanishes if ¢ < k, whereas if ¢/ = k then (2.43)

equals
22=4/2(_ 1)k T(k 4+ n)
T(n)T(k+ 2)

If now j <k, write g; g—q using (2.30), but as a sum over ¢ and integrate against gy 4: if
7 < k each term is 0, if j = k then the only term that survives is the one corresponding to
¢" = k which yields precisely (2.31).

The case d an even integer follows now by continuity.

I

3. Beckner-Onofri’s inequalities

The goal of this section is to establish the sharp Beckner-Onofri inequality for real
CR-pluriharmonic functions on the sphere:

Theorem 3.1. For any F € WQ/22 N\ RP we have the inequality

1 , .
m][FAQFdCJr][FdC—Iog][e d¢ > 0. (3.1)

The inequality is invariant under the conformal group of S?"*1, in the sense that the
functional on the left hand side is invariant under the action F — F, = F o1 + log|J;|,
for 7 € CON(S?"t1). Equality in (3.1) holds if and only if F = log|J,|, for some T €
CON(S§?+1),

There is a corresponding version of (3.1) for general complex-valued CR-pluriharmonic
functions F':

1 ! / ¢ l Re F°
_— —|— C — e > .

but it is a trivial consequence of the real-valued case.

As we mentioned in the introduction, the proof of this theorem is based on the original
compactness argument given by Onofri in dimension 2, and later perfected and extended
to any dimensions by Chang-Yang, to provide an alternative proof of Beckner’s result.

Define once and for all

. 1 / . F
J[F]—72(n+1)!][FAQFdC+][FdC log][e dc,

for any F € WQ/22 N RP.
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We divide the proof in three main steps:
I. Conformal invariance of J
II. Existence of a minimum for J

III. Characterization of the minimum.
Step I: Conformal invariance of J .

Proposition 3.2. The conformal action F — F, = F o1 + log|J;| preserves RP and
WQ/22ARP. Moreover, such spaces are the minimal closed subspaces of L2(S?n+1), We/2:2
respectively, which are invariant under the conformal action. Finally, J|F;] = JI[F], for
all F € WO/22NRP.

Proof. Since the conformal transformations are restrictions of biholomorphic mappings
on the ball, then For € RP if F € RP, and likewise for the invariance of W@/22NRP. For
7 conformal, using (1.14) we see that that log|J,| € RP. Any subspace M of L? invariant
under the action must contain the orbit of the function 0, i.e. all functions of type log |J;|;
thus (still from (1.14)) every function of type C — @ Re log(1 — ¢ - w) must be in M, for
any given w € crtt lw| < 1. If M is also closed, then it contains all w-partial derivatives
of such functions, evaluated at w = 0, and therefore M contains every real pluriharmonic
polynomial and hence all of RP.

Next consider the functional

B 1 /6 20
TG = eI ][GAde( - (][ lelk dg)
Q—d

with 6 = ETR This functional is invariant under the action G — G, 4 = (G o 7)|J,|%;

this follows from (1.17). One easily checks that as 8 — 0 (i.e. d — Q)

2

LP][FAdngﬁ-Qe][FdC—2910g][eFdC+0(92)

jd[l—l-QF]: )\O(d

so that if FF € WQ/22 N RP, using (1.28) we obtain

do

Ju[l + 0F] = 27[F]
6=0

On the other hand G, 9 = (1+ 0F), = 1+ 0F, + O(6?) so that Jy[(1+ 0F),] = Ja[l +
0F.] + O(6?) and by differentiation this implies J[F] = J[F,] if F € W9/22 0 RP.

I
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Note. In the Euclidean S™ the minimal subspace of L? invariant under the conformal
action is the whole L?. Indeed, in that case, the log |J,| are of type C' — nlog|l —w - (|,
with w € R""! |w| < 1. An argument similar to the one used in the above proof shows
that the orbit of the function 0 is dense in L?.

We remark that the proof above is an adaptation of Beckner’s argument in [Bec].
Another possible proof of Prop. 3.2 can be given directly as in [CY], without appealing
to the intertwining property of A4, but working directly with Ab. We chose Beckner’s
argument since it shows how the putative sharp, conformally invariant Sobolev inequality

Ja|G] > 0 i.e. o
feacs [oi] e o=, 32

would imply Beckner-Onofri’s inequality (3.1), for the Hardy space. Inequality (3.2), or

its dual “Hardy-Littlewood-Sobolev” form, is only known for d = 2, and due to Jerison
and Lee [JL1,2].

Step II: Existence of a minimum for [J.

From now one we will denote the average of F' € L1(S?"+1) by

~ 1
F :][ F = / F.
Wan+1 Jg2n+1

Proposition 3.3 (Provisional Beckner-Onofri’s inequalities). For F € W®/22nRP
we have

1 I F
m][FAQFdC-l—][F—Iog][e dC+C >0 (3.3)

for some C > 0. If A > 0 then for all F € W®/%22 and with L, = %,CW + N\2/QLpt

A,(N) ][ FLYPFdc +][ F— log][ ef'd¢+Cy >0 (3.4)

for some C\ > 0 and with

1

B 1< (k+n—1)!
AN = 5605 {1 A ,; (n— 1)k (k + g)”“] (39

Proof. This is a standard argument based on the Adams inequalities (2.13) and (2.32)
for the operators (.A’Q)l/2 and Lg“ = (2£)%47 + VA L/47r L If an inequality of type

|- ﬁ’|2)
exp ( B d¢ < Cy
/s2n+1 ( ITF|3
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holds for one of the above operators T’ agld for either W@/22NRP or F € W/22 and with
zero mean, then letting = BY2(F — F), v = 1B~Y/2|TF||3 and expanding (1 —v)? > 0
we get

1 ~
1B ITF|3 - log/eF_FdC-l- logCy > 0

which implies (3.3) and (3.4).
/I

Remark. We note that (3.3) is valid with Pf? /2 in place of A’Q, where Pg /5 is any operator
as in Prop. 2.3, with d = @}/2 and with kernel Hg (i.e. the constants).

From (3.3) we now know that .7 is a functional that is bounded below on W?/2:2NRP.
The goal now is to show that the minimizing sequence is actually bounded on such space.
The first key step is the following Aubin’s type inequality, used in the Euclidean setting
first by Onofri and Aubin and then by Chang-Yang:

Proposition 3.4 (Aubin’s type inequality). For given o > %, there exist constants
C1(0), Cy(0) such that for any W?/22 N RP with fSQ,LH ¢jel'd¢=0forj=1,2..,n+1,
the following estimate holds

o . o
2(n+1)!][FAQFdH][FdC—10g][€FdC+01(0)IIE T2+ Ca(0) >0 (3.6)

The proof below is an adaptation of the one in [CY], Lemma 4.6. We present it here
because in our case there is an added difficulty, namely that the localization argument
(multiplication by cutoff functions) inherent in the proof does not preserve the class P.

Proof. Assume for the moment that F € W@/22 and WLOG assume that fsznﬂ el =
want1. Cover S2" 1 with 2(2n + 2) = 2Q congruent spherical caps, by considering a cube
inscribed inside the sphere, with side L = 2/+/2n + 2. By rotation we can assume that if

1
Ol =z e 5 <apn<ll, 0 < —
5 =z PSamz S1h 0 < T
then
F Won+1
e’ > — 3.7
/Q e (3.7)

1
51
It’s not hard to show that using the hypothesis fszn+1 x2n+geF =0, if

)
Qi = {l’ € g2ntl. _q < Xopq2 < —(52}, 0o < el

4Q
47



then
/ eF Z (52(.,02”_,_1. (38)
Q

2
P

Let ¢1, ¢2 be cutoff functions such that 0 < ¢; <1 and

1 on ng

¢ = |
0 on §%ntl \Qf;j/2

Consider the operator Ly = 2Lm + A*/@Lrt, so that from (3.4), (3.7) we obtain
(F-F)or < efw%H][e(F—F)qﬁl

Wan+1 / F_ F /
< e <e
2 7 Ja B Ol
; (3.9)

< wonsre” e exp [Anu) ][ (F = F)p1 LY (F — F) + ][ (F - ff‘)ﬂ

1
51

with A4,,(A) as in (3.5), and likewise, using (3.4) and (3.8)

52W2n+1 S (.dgn_'_leFeC>\ exp |:An<)\) ][(F - ﬁ)¢2L§/2(F — ﬁ)(ﬁg —|—][<F — ﬁ)(bg} . (310)

Now we claim that, for k£ an even integer and € > 0

J

‘ / (F — F)o,IK(F — g, — (2)" / 2 (rLF/2F)? - \2M/@ / §2 (nt LV2F)?
§2n+1 S

2n+1 SZn+1
k/2 )2 k—1
< e/ (LY F)" + C(), e)/ FLUE, (3.11)
§2n+1 §2n+1
whereas if k£ is odd then
~ ~ k k—1
‘/ (F = F)g;L5(F — F)p; — (2) / G| VunL T F|” - (3.12)
§2n+1 §2n+1

e [ e <
S2n+1 s

Here V y denotes the so-called horizontal gradient defined on complex valued functions as

(LEPF)? + () e / FLFR,

2n+1 S2n+1

n+1
VuF =Y (T;FT; + T,FT;)
§=0
the T, being the generators of Ty ¢(S?""!) defined in (1.3). Such gradient satisfies the

identities
n+1

VuG-VuF =3 > (T;GT;F + T;GT;F)

j=1
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/ @EF:/ VuG-VyF
§2n+1 §2n+1

Bt &
Note that [g,i1 [VaL? F|* = [gn41 (L} F)?. The proof of these estimates is given in
the appendix, but the gist of it is that one can commute ¢; with either the projection
or L% gaining one derivative of F. If n is odd, using (3.11) (with k = n + 1) we get for
j=0,1

J I s e T B O = Ok
S2n+1

o,

Q _
+e/ (L} F)2+C(A,e)y|£%F||§.
SZn+1

Using these last inequalities in (3.9), (3.10) multipliying the resulting estimates out, and
taking square roots we get

\ 3 < exp [(%Anm +e) { FLYF+ Cu0 9 1£57 FIE + G0

or

(%An(A) + e) ][FLAF +][F + C1(A, E)HE%FH% + Ca(X) >0

for some constants C7(A,€), Ca(A). The case n even is the same, just use (3.12) rather
than (3.11).

o
Now, for given o > % we can certainly find A, € so that %An()\) +e= 2 and

2(n+1)
specializing to F' € W/2:2 NP we obtain

s § FGO e f P+ Gl I+ Calo) 2 0

Since on P we have (%[,)Q/Q < Ap we also obtain (3.6), under the Condition][eF =1

(for the unconstrained case just replace F' in the above inequality by F' — log ][ ef).

I

We would like to make an important remark at this point. The very nature of the
center of mass hypothesis in the above lemma makes it almost impossible to avoid the
use of cutoff functions, in order to proceed with the localization argument; the authors
were unable to conceive a different argument working exclusively inside the class P. This
justifies our choice of the operator Ly, which allows us to temporarily exit the space P. Our
choice is not the only one. For example, in the same spirit as in [CY] one could try to use
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the operator 2L, i.e. Ly with A*/@ = 2. This operator satisfies fF(%[,)Q/QF < [FALF

for F' in the Hardy space, however to make the argument work the Adams constant g@ /2

corresponding to (%E)Q/Q, should satisfy QZQ/Q > Ago with Ag/e as in (2.15). Using

(2.34) we obtain
n+1 o0
Agrr _ (5)" ™ (htn—1)!

g62/2 (n—1)! im0 k! (k + %)nH

which is less than 2 only for n = 1,2 (in which cases one can indeed use %E to prove (3.6)),
and seems to have exponential growth in n.

The proof of the existence of the minimum for 7 can now proceed in more or less the
same way as in [CY]. Let

So={F e W¥22NRP ][eFdC:l, ][cengzo}

and let us prove that a minimum of J exists in Sy. First note that for any F € W<Q/22
there exists 7 € CON(S?"*+1) such that { (ef™ = 0. The proof of this is the same as the

corresponding statement in the Euclidean case (see e.g. [O],[CY1]). Next observe that
minimizing J over W®/22NRP is equivalent to minimizing J over Sy, byt the above fact
and conformal invariance of J.

Pick a minimizing sequence Fy € Sy, with J[F] — inf J. Let’s first prove that

][FkAka SCQ-FCIH»C%FRH%. (3.13)

From (3.6), for a fixed 3 <o < 1,

Q-1 l1—-0
Fol + C1(o)|£77 Fe|l3 + Co(0) > =———  FAGF
TIA + CuI T Rl + Colo) > 52— f B
and since Fj, is minimizing we obtain (3.13). Now let’s prove that F} can be chosen so
that o
|L75 Fyll2 < C. (3.14)

For this we use the Ekeland principle (see e.g. [DeF], Thm 4.4.) to ensure that J'[Fj] — 0
in W=9/22 N RP, where J’ denotes the Gateaux derivative of 7. Thus, < J'[Fy], ¢ >=
[ Hy,¢ with

Hy = ApFy — (n+ 1) w(e™ —1) -0 in W—Q/22 N RP

- Fy, — Fy, = (Ap) " Hi + (n+ 1)(Ap) “'m(ef — 1) (3.15)
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7 2
is of the type described by (2.10), (2.11), with d = @ — «, hence by Proposition 2.4 we

have

If0 < 20 < Q, such as @ = 9= the operator A’Qﬁ_o‘/zw, with eigenvalues (@k)_a/Q/\Q(k),

L2 (AR) " r(C,m)| < C|1 — ¢ 7 ~/2.
So

2
/ L2 (AL (e —1)|*d¢ < © (/ \1—C~ﬁ|_“/2\€F’“(")—1ldn) d¢
S2n+1 S2n+1 S2n+1

gc(/ / |eFk<”>—1|dndc)/ / 1= ¢ 7P — 1|dndc < C
g2n+1 Jg2n+1 g2n+1 Jg2n+1

(here we used that ][eF’“ =1 and that /|1 — ¢~ = C, for any n € S*"*! since
2a < Q). On the other hand, looking at the eigenvalues of Ea/z(Ab)_l

o _ 2
o 1A G < Oy < CALRy a2 < €

since ||Hp|ly—-as22 — 0. All this with (3.15), 2a = Q — 1, and L*/2(F}, — F},) = L*/2F,
proves (3.14). N

Finally, by Jensen’s inequality F' < 0 and since J[F)] — inf J then

1
2(n+1)!

by (3.13) and (3.14). From this we deduce

‘ﬁk‘:—][Fk:—j[Fk]+ ][FkAkaSO"f’z '][Fk:A/QFkSC/

1
(n+1)

][ 2 =][ Fi— Ful2 4 |Fl’ < CLILY Fil3+ Co < ©

and therefore the minimizing sequence is bounded in W?/22. Now the standard argument
goes like this: find a subsequence F}, converging in L? and pointwise a.e. to an Fp, and
weakly in W®/2:2 Clearly F, € RP, and from the Adams inequality as i — oo, perhaps
along another subsequence,

1:][6F’“i —>][eF0 ozj[cjeFki —>][gjeF0, j=1,2...,n+1

(this is because ef*: is bounded in L?, hence up to a subsequence it is weakly convergent,

and its weak limit coincides with ef© a.e.). Since ][ F, — ][ Fy and J[F}] converges, then

also ][ FkAka converges, and by standard results its limit is > ][ FOA'QFO, but it cannot

be greater, since the sequence is minimizing for J. This shows that J[Fy] — J|[Fo] =

inf J.
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Step III: Characterization of the minimum.

As in [CY] the problem of describing the minimum will be related to the first nonzero
eigenvalue of a conformally invariant operator in the conformal class of the standard contact
form, specifically the operator Ag (W) introduced in Prop. 1.3. According to Prop. 1.3,
if W e C>(5*"*1) then A}, (W) acting on W®/22 N RPy, with inner product (F,G)w =
[ FGW, have positive eigenvalues 0 < A1(Q, W) < \2(Q, W) < ... (each counted with its
multiplicity), and

A (Q, W) = inf {M, ¢ € WO/2ZORP, PWd( = 0} (3.16)
(QS; ¢)W S2n+1

Note that (¢, AjH¢) = (¢, Al (W)d)yy-

Proposition 3.5. Suppose that Fy € Sy is a minimum for J, then Fy € C*°(8?"*1) and
A (ef) > (n+ 1)

Proof. The function Fy must satisfy

g - S Fo _ = Q/2,2
dt t:gﬂFOHd)]_][¢<2(n+1>!AQF°+(e 1))—0 Vo € W22 NRP

ie. mAbFO + w(ef® — 1) = 0, from which and from (1.31) we easily deduce that

Fy € C°°(8?™*1). On the other hand Fy must also satisfy

1 / Fo 2_ 2 Fp
tzoj[Fo-l-tqb]—7(n+1)!][¢Ang+<][¢>e) ][gbe >0

and from (3.16) we have A (ef®) > (n+ 1)L

2

dt?

I

The next result is a Hersch’s type “isoperimetric” inequality for the first ) reciprocal
eigenvalues. In the Euclidean case the inequality appeared first in [H] and it was later
extended in [CY].

Notice that in our notation, when W =1 on S?"*! we have
(@, 1) =MQ)=Mn+1), k=1,2,....,2n+2

since the bottom eigenvalue for Ay, is (n+1)! counted with multiplicity mo1 +mio = 2n+2
(see (1.8)), its eigenspace being generated by the coordinate functions (i, ..., (,+1 and

Crseror Gy
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Proposition 3.6. For W € C*°(S?"*1) W >0 and][ W =1 we have

2n+2 2n—+2 2n + 2 2
Z A Q W) Z N@D S N A (3.17)
In particular,
)\1(@, W) < )\1(@, 1) = (TL + 1)' (318)

and equality holds in (3.17) or (3.18) if and only if W = |J,| for some T € CON(S?"+1).

Proof. The proof of this uses the variational characterization of the sums of reciprocals
(see [CY], or [Ban], (3.7))

2n—+2 1 2n—+2 (ZS 2n—+2 (ZS (]5
ZW—maXZ o TR TIW ) = max Z (b]’ J¢) (3.19)
j=1 " 7 Jo J

the maximum being over those ¢; € WQ/22NRP such that o; W :][ o} /Q¢k = 0, for

g k=1,...,2n+ 2, j # k. It’s easy to see that the maximum is attained at ¢1, ..., 212
if and only if each ¢; is an eigenfunction of A\;(W). By conformal invariance of the eigen-

values, we can assume that ][CjW =0,7=1,...,n+ 1. Hence, choosing Cj,zj as ¢; in
(3.19), and since

(G AQG) =M@ [ 1P =220, (Q)

n+1
we obtain
2n—+2 n+1 n+1 ) o B 2(n+1)
> 5 CR u%12/ (16 + 16, P (¢ = 2

which is (3.17). Equality in (3.17) implies that each ¢;, ¢; is an eigenfunction of Ap (W)
with eigenvalue A1 (@), which implies (¢, Aq(W)¢1),, = Ai(Q)(9, C1)yy forall ¢ € C=(52"+1),
but this means (¢, (1) = (¢, 1)y for all ¢ and this implies W =1 on S$?"*1. So if W has
vanishing center of mass then equality holds if and only if W = 1, so if we start from any
W by conformal invariance we have equality in (3.17) if and only if W is in the conformal
orbit of the constant function 1, i.e. W = |J,|, some 7.

Estimate (3.18) follows from the monotonicity of the eigenvalues, and equality in
(3.18) implies equality in (3.17).

I
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To finish up the proof of Theorem 3.1, if Fyy is a minimum for J then Fy € C>°(S?"*1)
and by the previous propositions A;(ef®) = \;(Q) = (n + 1)!, which is true if and only if
efo = | J.| for some 7 € CON(S?"*1), and this concludes the proof.

4. The logarithmic Hardy-Littlewood-Sobolev inequalities

In this final section we use the Beckner-Onofri inequality (3.1) to give a proof of (0.10),
i.e. the CR version of the inequality due to Carlen and Loss in the Euclidean setting [CL].
The procedure is at this point fairly standard, see for example [Bec| and [Ok]. The proof
below is essentially the one in [Ok].

Theorem 4.1 (Log HLS inequality). For any measurable G : S*"*1 — R, with G >0
and ][G =1 we have

1
(n+1) ][][ log Toc G(¢)G(n)d¢dn g][GlongC (4.1)

with equality if and only if G = |J,|, some T € CON(S?"+1).

In view of (1.31) the inequality (4.1) can be restated as
1!
nglfh;—mp% G- 1) ‘begG (4.2)

Just like the Euclidean case it is possible to state an equivalent result on the Heisenberg
group, via the Cayley transform:

Corollary 4.2 (Log HLS inequality on H"). For any measurable g : H" — R with
g>0, / g = Want1 and/ glog(1 + |u|?) < oo we have

(n+1) ][ ][ log |v—1 |2g( w)g(v)dudv g][ glog g+ log2 (4.3)
1
Where][ = / . Equality in (4.3) occurs if and only if g = (|J¢| o h)|J,| for some
n 2n41 n

h € CON(H™).

Proof of Theorem 4.1. Let G € L?, with G = 1 and let F = (n+1)!(A;,)~'G € RPq,

so that moG = AQF where mg = m — ][ is the projection on RPy. Using Beckner-

(n+1)! +1)'
Onofri’s inequality
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(n—gl)!][G(A/Q)_lG: %][GF:][GF_m][FAbF g][GF—log][eF. (4.4)

Now use Jensen’s inequality to deduce

log ][ e =log ][ ef'~loeGq > ][ (F —1og )G (4.5)

and so we obtain (4.2). Moreover, equality in (4.2) implies equality in (4.4) and (4.5),
i.e. (by Theorem 3.1) F = log|J;| some 7 € CON(S?"*1) and F — log G =constant, or
G = C|J;|; since G has mean 1, then we finally have G = |J;| for some 7.

I

Proof of Corollary 4.2. First observe that if g : H® — R and G : S?"*! — R are
related by g = (GoC)|J¢| then][ G :][ g = 1 (with the above convention on the average

n

on H"). Moreover, since |1 —(- 7| = 2_n7—fr1\Jc(u)\%uc(v)\%\v_lu\z (if C(u) =¢ C(v) =n)
then

(n+1) ][][ log m G(¢)G(n)dldn —][ GlogG
—(n+1) ][ ) ][ tog (27 fu ul 2| w) |7 e ()] 7 ) g(u)g(v)dud—

—][ glogyg +][ glog|Je|
n HTL

2
=(n+ 1)][n][n log mg(u)g(v)dudv —][n glog g —log 2.

This identity easily implies the statement. The given integral condition on g is to guarantee
that [ glogg is finite if and only if [ GlogG is finite, where g and G are related as above.

I

Note that with the same argument as in the proof of the Corollary above one can see
that the log HLS functional (on S?"*! or H") is invariant under the conformal action.
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5. Appendix

A. Intertwining operators on $?"+!

In this appendix we give an explicit calculation of the spectrum of the intertwining
operators A, as defined by (1.17); a consequence of this calculation will be formula (1.20)
up to a constant, and a further calculation will yield the explicit constant given in (1.21).
The proof below is inspired by the method used by Johnson and Wallach [JW], but it is
rather self-contained and uses no apparatus from representation theory, other than the
knowledge of the zonal harmonics ®;;,. We believe that our calculation is actually sligthly
simpler than that in [JW], at least in our context. In [Br] and [BO@)] there is another
derivation of the spectrum of intertwining operators, again via the theory of spherical
principal series representations of semisimple Lie groups (SU(n + 1,1) in our case), and
the results there are quite general.

Proposition A.1. Suppose that an operator A; (0 < d < Q) is intertwining, i.e.
Q+d Q=d 2n+1
|J-| 2@ (AgF)oT = Ad(|JT| 7Q (FO7'>), V1 € CON(S ) (5.1)

for each F € C°°(S?"*1). Then A, is diagonal with respect to the spherical harmonics,
and for every Y;, € H;y,
AaYje = cAj(d) A (d)Y

for some constant ¢ € R. In particular, the operator A, with eigenvalues \;(d)\i(d) is
intertwining, and has fundamental solution

on—§ p(Q=d)?
AEI(C’ n) = Cdd(c: n)d_Q7 Cd = ’ﬂ'n-i-l](.ﬂ( ))

Proof. The fact that Ay is diagonal follows from Schur’s lemma, and the irreducibility
of the spaces H;j. Suppose that A P = \; P, with A; . = A ; € R recall that

SIS

(k+n—-1!(j+k+n)

- —ipn—=1,k—3 —
prwerrT Rl (RO M VAL C IO Mt

P k(C,n) = Pjk(C-7) =

if j <k, and ®;,(¢,n) = ®jx(¢-7) := Pp;(¢-7), if £ < j. From now on we choose n = N
and denote

Uik R) = Tin(e) = 2PV 1), =N =G
so that still -Ad\:[jj,k = )‘j,k\:[jj,k-
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Consider the family of dilations of H", which on the sphere take the form

2X¢ 14 oy — A2(1— Cn+1)>
1 + Cn—l—l + )\2(1 - Cn—l—l), 1 + Cn—l—l + /\2(1 - Cn—l—l)

7O = 1a(¢Gu) =
The Jacobian of the map is given by (with z = (,,4+1)

2) @
1+ 24+ A2(1-2)

7, | :)

and
d

d\

T, |9 = 2 (2 4 7).
A=1 2

(1,(-N) = 2% — 1 so that

a a —N\N—k—1 n—l,k— j
A (g om) =5z +2)2F TP @l — 1)+
. —N=—k—j— n—1,k—j
+ (k=) (-1 +7z2)zh 1P D(2]2)2 - 1)+ (5.2)
. d 1L
_ 2 _k— (n—1,k—j) 2
+2(z4+2)(]z]° — 1)z J%Pj (2]z]* —1).
The above quantity is a polynomial in z,z, with highest order monomials that are multiples
of 27Zk*+1 and 27t'Z*. The projection of (5.2) on Hjt1,6 @D Hj k1 gives, for fixed 0 <
j<k

d
TN |J7' |a/Q (\IJj,k OT}\) -
dA A=1 A Hit1,.DH k1 (53)
ki1 p(n—1k—j—1 ki n—1k—j+1
= Azh=im pl I (952 1) 4 BE It p I (222 — 1)
and for j =k
d
—_— |J7— ‘a/Q (\I[j,kOT)\) -
d)\ A=1 A Hj+1)j@7‘lj,j+1 (54)

= AzP" V@~ 1)+ B2 PV (2122~ 1)

and the goal is to determine A and B. In order to do this we consider the case z real and
z imaginary, and compare the coefficients of the highest order powers in (5.2) and (5.3);
the formula we need here is that for a Jacobi polynomial of order j the coefficient of 7 is

ld_fp(a,ﬁ)(x)_ 1 T2j+a+pB+1)
gldai™J 2 T(j+a+B+1)"
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For z real, a comparison of the coefficients of z¥*7+1 from (A.3) and (5.3), (5.4) gives

L'(k+j+n)
JIT(k +n)

T(k+j+n+1) _Tk+j+n+1)
(5 +DIT(k+n) JIT(k+n+1)

(a+k+j)=A

or
kE+g kE+g
+7+n —l—j—i—n.

k+j=A4A
erEt Jj+1 kE+n

(5.5)
On the other hand, if z is purely imaginary the same comparison yields
Lk+j+n)

Tk+j+n+1) Nk+j+n+1)

CV D Sy, AT e T GG e D

or
_Ak+j+n+ ktjt+n

k=
J J+1 k+n

(5.6)

Solving (5.5) and (5.6) in A and B
a N\ Jj+1 a k+n
<2+j>k+j+n’ <2+ >k+j+n
which means, for 0 < j <k,

d

dA

[T, 179 (U 0 7,)
=1

A Hit1,c®OHj rt1 (57)
a N\ Jj+1 (a k+n
== —; — k) — W, gt
<2+0k+g+n3“*+ 2 ) an ok
Differentiating in A the intertwining relation (5.1) applied to U, j i.e.

Q

Q+d —d)
Al |5 (W40 73) = (|, |5 (W40 07,))

(it’s easy to see that differentiation in A commutes with A4) and using (5.7)

Q+d N j+1 Q+d k+n
A~(——— )—————m- A~<——— k}————m- =

Q—-d ) Jj+1 Q-—d

Y ( k+n
T UTLELTTY k+ij+n 4

kE+j+n

Uitk +Ajkt1 ( + k) ikt

which implies

S S
Ajt1k = Ajk Q—d , Ajk+1 = Ajk Q—d

A k>5>0
T T T Tk

o8



and therefore
D24 D% ) (% )

ik =\ 4 = )
TR ) T () D% )

The proof of the last statement follows from the fact that the convolution operator
By with kernel d(¢,7)?~? is intertwining, but with d replaced by —d:

Ba(|J:| %27 (G o)) = |J,| 5 (BsG) o7

which can be checked directly on the dilations, translations (and trivially rotations and
the inversion), using formulas (1.15).

From this and the previous calculations (which are valid also for —Q < d < 0) we
deduce (note: \;(—d) = \;(d)™1)

d-Qvy. 7o _ ¢
/SM1 d(¢,m)* < Yjkdn WEBWE)

Now set j = k = 0, and by an elementary computation

Yjk.

- _ _ INEA N
/ d(can)d_QdUZdeQ/ |1—C'ﬁ|d2Qd77=2¥w2n+1 ) d(22)
S2n+1 g2n+1 1—‘( . )
so that (Q) (d) (Q) (d
I'(3)I(35 r(9)r(4 1
— 2 2 P . B 5 _ 1
¢ = Ao(d)“want1 2Q;dr( i_d)Q = Wapt1 2Q;dP(QZd)2 =

/M

B. Proof of (3.11)

Let F have zero mean, and assume k even. We have LY = (%)kwﬁk + N2k @yl k.
and (for ¢ € C)

/ SFLEOF = (2)F / [wCH2($F)]* + AP/Q / (L L*2(0F)) (5.8)
SZn+1 S2n+1 SZn+1

so let us first consider the first term. Using the definition of £ we can write

LY2(¢F) = oL**F + ) " ¢/TiF
I

where the sum is finite, over a suitable set of multiindeces I = {iy,...,i}, £ < k, and
where T7 = T}, ...T},, the T being either T} or T;, and ¢ a smooth function. Apply 7 to
this formula and square it; the leading term is (7¢£*/2F)?, and the remainder terms are

estimated using the following inequalities:
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i) [I7Glla < G2
ii) ||TyF|a < C|L"= F||y, if I has length < k
i) 7L FTLE | < e n £ FI3 + Ce)| £ Fl3
For ii) see for example [ADB], for an o.n. base of T} ¢ rather than the T;. Observe

that ii) is also valid for I empty, i.e. for ||F||2, since F' has zero mean.

Thus we are reduced to estimate the last two terms of the identity

/ e} / Py / (o1 )2“/ (Im @1£M/2F ) omet?F

where [7,¢] = m¢ — ¢m. In order to do this we just have to justify that if 7 is as in
(1.3) then the operator T = Tj[m, ¢] (and hence [, #|T};) is bounded on L?. This is
a consequence of the famous T'1—theorem by David-Journe, in the context of spaces of
homogeneous type (such as the CR sphere); see for example [DJS]. Indeed one can write
down explicitly the kernel of such operator, using the Cauchy-Szego kernel, and check that
it is a Calderon-Zygmund kernel, with 71 = T*1 = 0.

ThlS glven we can easily estimate the second and third term with e||7L*/2F||3 +

C(e )HE FH2 This takes care of the first term on the right-hand side of (5.8); to deal

with the second term in (5.8), we argue exactly in the same manner. This shows (3.11) in
case k even.

For k odd, the proof of (3.12) is completely similar, except one has to start from
k
i nL (Fo)mL™= = (F¢). Using the same product rule as above and the commutator
estimate, the leading term is given by

2 k-1 k+1 2 k-1 2 k-1 2 k-1
¢*nL T Frl > F= | ¢*|Vunl ™= F|"+ [ 7L7 (F$)Vue*Vynl > F
and it’s easy to see that the second term is bounded above by
. / Vanl = F|* + C()| L7 F|3 = el £**nF |} + C(o) |77 FI3.

The remainder terms are estimated similarly.

I
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