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A NOTE ON THE COMPLETE ROTATIONAL INVARIANCE OF
BIRADIAL SOLUTIONS TO SEMILINEAR ELLIPTIC EQUATIONS

L. ABATANGELO AND S. TERRACINI

ABSTRACT. We investigate symmetry properties of solutions to equations of the form

—Au = Lgu—&— f(zl,w)

||

in RY for N > 4, with at most critical nonlinearities. By using geometric arguments, we prove
that solutions with low Morse index (namely 0 or 1) and which are biradial (i.e. are invariant
under the action of a toric group of rotations), are in fact completely radial. A similar result
holds for the semilinear Laplace-Beltrami equations on the sphere. Furthermore, we show
that the condition on the Morse index is sharp. Finally we apply the result in order to
estimate best constants of Sobolev type inequalities with different symmetry constraints.

1. INTRODUCTION AND STATEMENT OF THE RESULT

Let z = (£,¢) € RF xRN=F with k, N —k > 2. A function u: RY — R is termed biradial if
it is invariant under the action of the subgroup SO(k) x SO(N — k) of the group of rotations,
namely, if there exists ¢: RT x RT™ — R such that u(&, ) = ¢(|€], [¢]). Consider the equation

(1) —Au= et f(el 0 R0}
in this paper, we wonder under what circumstances it is possible to assert that a biradial
solution to (1) is actually radially symmetric.

This problem arises from [12], where the following symmetry breaking result is given for
the critical nonlinearity f(|z|,u) = uNT2/(N=2). if 4 < 0 and |a| is sufficiently large, there
are at least two distinct positive solutions, one being radially symmetric and the second
not. These solution are obtained by minimization of the associated Rayleigh quotient over
functions possessing either the full radial symmetry or a discrete group of symmetries, namely,
for given k € 7Z, functions which are invariant under the Z x SO(N — 2)-action on DY2(RY)
given by

u(€,¢) > v(€,) = u(RE,TC) ,
T being any rotation of RV =2 and R a fixed rotation of order k. Once proved that the infimum
taken over the Zj; x SO(N —2)-invariant functions is achieved, by comparing its value with the
infimum taken over the radial functions, one deduces the occurrence of symmetry breaking
(see also [1]).

In order to obtain multiplicity of solutions, the first attempt is to increase the order k
of the symmetry group and, eventually, to let it diverge to infinity, finding in the limit a
minimizer of the Rayleigh quotient over the biradial functions. Now, will all these solutions
be distinct and different from the radial one? When examining this question, we need to take
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2 L. ABATANGELO AND S. TERRACINI

into account the construction due to Ding of an infinity of nontrivial biradial solutions to the
Lane-Emden equation with critical nonlinearity (cfr [4]). In that case it is well known that
there is a unique family of radially symmetric solutions, which are the global minimizers of
the Rayleigh quotients, while in Ding’s construction the nontrivial biradial solutions have a
Morse index larger than 2.

We recall the following definition:

Definition 1.1. The (plain, radial, biradial) Morse index of a solution w is the dimension
of the mazimal subspace of the space of (all, radial, biradial) functions of C3°(RN \ {0}) on
which the quadratic form associated to the linearized equation at u is negative definite.

We stress it is rather a geometric definition, so it is independent from any spectral theory
about the differential operator we are dealing with.

The recent literature indicates that, for general semilinear equations, solutions having low
Morse index do likely possess extra symmetries. Following these ideas and questions, we
investigated in particular the biradial solutions with a low Morse index, and we are able to
prove the following

Theorem 1.2. Let u € DV2(RY) be a biradial solution to
a

(2) —Au = ‘x|2u + f(|z|, u)

with a > —(%)2 and f: RN x R — R being a Carathéodory function, C' with respect to z,

such that it satisfies the growth restriction

f(lz],9)] < O+ [y 2)

for a.e. x € RN and for all y € C.
If the solution u has biradial Morse index m(u) < 1, then w is radially symmetric.

An analogous result also holds for bounded domains having rotational symmetry, and for
elliptic equations on the sphere. The following result holds in any dimension N > 3:

Theorem 1.3. Let f € CH(R;R): if u € C*(SY) is a biradial solution to
—Agnvu = f(u)
with N > 3, and it has biradial Morse index m(v) < 1, then u is constant on the sphere SV,

The paper is organized as follows: the next section is devoted to introduce the main tools
and facts which will play a key role within the proof; in section 3 we present the proofs of
Theorems 1.2 and 1.3 splitting it according to solutions’ Morse index. In section 4 we give
applications to the estimate of the best constants in some Sobolev type embeddings with
symmetries. Finally section 5 is devoted to the discussion of the sharpness of the Theorems
with respect to the Morse index.

2. PRELIMINARIES

Here we start the proof of Theorem 1.2. For the sake of simplicity, we will work in dimension
N = 4. We devote the last part of the proof to discuss the validity of the result in higher
dimensions.
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Let us consider the following three orthogonal vector fields in R*:

T2 T4 —x3
—I T3 T4
X1 = , Xo= , X3=
T4 —x2 T
—I3 —I —I2
The related derivatives
wi:Vu-Xi, i:1,2,3

represent the infinitesimal variations of the function u along the flows of the vector fields X;
respectively. As the equation is invariant under the action of such flows, these directional
derivatives are solutions to the linearized equation

a
(3) —Aw — Ww = fy(lz], w)w .
We can associate the singular differential operator

a
(4) Lyw=—-Aw — Ww — fy(Jz] , uw)w .

Remark 2.1. The vector space of {X1, X2, X3} generates the whole group of infinitesimal
rotations on the sphere of R*, which can be structured as a 3-dimensional manifold. In order
to prove Theorem 1.2 it will be sufficient to show that every w; = 0.

Obviously, we have w; = 0 because the vector field X; generates the rotations under which
the function w is invariant for. Let us fix polar coordinates

r1 = r1cosb T3 = 19 COS by
To9 = r18in 6,

()

Ty = Tosinbs ;
we have 1 = V/x1? + 227, 72 = Va3 + 4% and 0; = arctan 7%, 05 = arctan .

Therefore, since u is biradial, we have

W :VU'XZ' :w(rl,rg)zi(ﬁlﬂz) s ’i:2,3,

where
ou ou
ST — a1
87“1 81”2 ’

Remark 2.2. According to Remark 2.1, to our aim it will be sufficient to prove that w = 0.

w(ry,re) = zo = sin(0y + 02), z3 = —cos(fy + 03).

We now focus our attention on a few fundamental properties of the functions w;. At first,
as the z;’s are spherical harmonics and depend on the angles 6; and 65 only, we have

1 1
(6) —Az; = <2 + 2) 2 for i =2, 3.
oo

Joining this with the linearized equation (3) solved by the w;’s, we obtain the equation for w.

Proposition 2.3. The function w is a solution to the following equation

a 1 1
(7) —Aw—w—f’(|x,u)w+(+>w:0.
BRI 7



4 L. ABATANGELO AND S. TERRACINI
Proof. It holds that

f;(\:c| yu)w; = —A(wz;) — ‘a|2wzi =—-Awz — Vw-Vz —wAz — a‘szi.
x x

Since Vw - Vz; = 0, thanks to (6), this becomes

a 1 1
—Awz; — —swz; = f(|z], u)w z + wAz = f(|z], u)wz — (7"2 + 2) wz;

|| 1 15
that is
zi{—Aw— %w—f&(\ﬂ,u)w—i— (12+12>} =0.
|| T3
Last, multiplying by z; and summing for ¢ = 1,2 we obtain the desired equation. O

3. PROOFS

We will split the argument according to the Morse index of solution u: we denote it by
In order to complete our proof, we need a couple of preliminary results: the first one is
about the asymptotics of the solution and is contained in [7].

Lemma 3.1. ([7]) Under the assumptions of Theorem 1.2, let u be any solution to (1). Then
the following asymptotics hold

(8) u(x) ~ \a:w%) for |z| < 1
(9) u(z) ~ rxw(%) for |z > 1
where v = y(a,N) = =82 + (%)2—%#, § =6(a,N) = 82— (#)2—1—# and

p = p(a,N) is one of the eigenvalues of —Agn-1 —a on SN71, and 1) one of its related
eigenfunctions.

This turns out to be the key for proving the following result.
Lemma 3.2. The function (% + T%) w? is L'-integrable on RV,
&1 2

Proof. Since w(ry,re) = 8%77 — g—%rl, we first observe that by regularity of u outside the
origin and its radial symmetry, the functions

1 Ou

T 87“i

1 =1, 2, are continuous outside the origin. Next we remark that
L1 1N o (11 8u22+ ou\? ,
-5+ |w -+ = — | r — | r
4\r? 1} —\r? i ory 2 ory !
ra\ 2 [ Ou 2 r\2 [ 0u? ou\? ou\?
=|— — | +|— — | =) +t{=—] -
1 (97"1 (] (97“2 (97“1 87"2
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The integrability of the last two terms is a straightforward consequence of u € DM?(RN). In
order to study the other two terms, let us focus our attention in a ball around the origin,
namely Bj(0), so that r? + 73 < 1. Then

8u2r22<1 ou\? ou\?

ory r) T r?2\dn or1) "’
so that the question of integrability is restricted to the first term. From Lemma 3.1, Equation
(8) we know u ~ 19 (r1,79) = (12 + 13)7/ %4 (11, 79), from which

ou

il v/ 2%
orq

~(rLra)y (i} 4+ 13) 2+ () o

2
So we are lead to consider the integrability of [, B1(0) ! (3—:&1) . Additionally we know that v

2

"1
is the restriction on the sphere of a harmonic polynomial, then it is analytic and its Taylor’s
expansion is a polynomial whose degree 1 terms vanish, since it is a function of the only

2
variables r; and rg. Then (%) ~ 72, which provides the sought integrability.

For what concerns the integrability at infinity, it is sufficient to show that the terms of type
2 2
= (8—“) are in L'(RY). We have

? or1
2 2 2 2
ry [ Ou 2 2\6-2.2,2 , T2, 9 s [ OV
E <6T‘1) S 2 {(Tl + 7’2) 7"2’1/] + E(Tl + 7'2) <8’r‘1

and exploiting equation (9), the expression of the exponent ¢ provides the sought integrability.
O

In the following we consider the cut-off function defined as n(ri,7r2) = n1(r1)n2(r2) where

1
m 10g7"1/R1 for Rl S T1 S R2
2 1
1 for Ry < r; < R3
logr1/Rs for R3 <1y < Ry

m(r1) =

1
1 -
log (R4/R3)
0 elsewhere,

12 being defined similarly. Given the special form of 1, we note |Vn|* < [V |* 4+ |Vie|?, that
is

1 1 1
Vi< — +) for Ry <71 ,m0 < R
[Vl ~ log? Ry/ R (7'% r3 PehEe

and analogously for Rg < r1,ry < R4. Thus, we have

1 1 1o
10 vnl? <3 + > ( - > .
(10) Vil < <log2 Ri/Rs  log Ro/Ry ) \i2 " 13

Lemma 3.3. There is a suitable choice of the parameters Ry, Ra, R3 and R4 such that the
quadratic form associated to the operator (4) is negative definite both on nw™ and nw™.
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Proof. Let us fix € > 0 small and choose Ry = €2, Ry =cand Ry = ¢!, Ry = ¢ 2. We
multiply equation (7) by n?w™ and integrate by parts. We obtain

L IV =t = gyl )

1) = [t [ (G ) it

If ¢ is small enough, the second term in (11) is far away from zero, or rather, it is quite close
to [pn <% + %) (w)?, say for instance

Lo o e 1/ 11 +)2
=+ > = =+ .
Aw<r%+r§)”<w> 2 Jox \i2 Tz ()

On the other hand, the first term in (11) can be made very small with respect to
Jan (% + i) (wT)?, since from (10)
1

T T%
6 1 1
Vnl? (wh)? < / —+ = w+2,
/]RN‘ nl” ( )_log25 RN r% 7'%( )

so that (11) is seen to be negative.
Repeating the same argument multiplying by 7w~ we reach the same conclusion. O

First case: Morse index m(u) = 0. In this case Lemma 3.3 clearly contradicts the
hypothesis m(u) = 0, unless wt = w™ = 0, that is the only stable solution to (7) is the trivial
one.

Second case: Morse index m(u) = 1. In this case we infer that w has constant sign, say
positive, and therefore w > 0 for r; > 0 and r9 > 0 by the Strong Maximum Principle. Now
we show a contradiction. Consider a vector field of the form aXs + X3. Along this vector
field, choosing o« = cos~ and (8 = sin~y, the derivative of u is

Vu- (aXs+ fX3) = awy + Pws = w(a sin(6 + 62) — B cos(0y + 92)) = —wsin(fy + 02 — 7).

Now we turn to the directional derivative of 81 + 0 along the vector field aXs + 3X3. Using
the polar coordinates (5), it results

Z2 T4
01 = arctan — , A, = arctan —;
T T3

so that checking the motion along Xs we have

T3T1 — ToT r r
Vo, - Xo = % = —Q(cos 01 cos By — sin 0 sin Oy) = 2 cos(61 + 62)
T{ + x5 1 1
—2371 + Tox r r
Vby Xy = % = —1(— cos 01 cos B + sin B sin 6,) = _1 cos(01 + 62),
r3 + 2] T2 T2

whereas along X3

Vo, X3 = w = T—2(cos 01 sin Oy + sin 61 cosf2) = 2 sin(6y + 602)
7 —|-332 71 U}

—XoX3 — T1T4 71 . . ry .
Voy- X3 = ——5——5— = —(—sinficosty —costsinfh) = —— sin( + 6s);
T3+ 2] 9 79
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and finally we obtain

V(61 + 02) - (aXa + BX3) = <Z — :;) (avcos(By + ) + Bsin(6; + 0a))
= (TQ — Tl) cos(by + 02 — 7).
r1 T2

Now we are in good position to conclude. For a given point T of the sphere - located by angles
01 and 0, we choose v = y(Z) = 01 + 03 — m/2, so that the quantity 6, + 6 is at rest for
the associated vector field cosyXs + sinyX3. With this choice the function u is monotone
along the flow aXs 4+ X3 since & = —wsin(0; + 62 — v) = —w and the sign of w is constant
by the previous discussion. Since the trajectory of the flow is a circle, we will reach again
the initial point in finite time, but with a strictly smaller value of u (if we consider the first
eigenfunction w positive). This is clearly a contradiction.

Generalization to higher dimensions. In dimension N > 5 the argument is very similar.
Relabeling we may always assume u = u(p1, p2), where we have fixed the notation p; = [¢|

and py = |¢], while |z]| = 1/|¢]* + [C[%, being 2 = (&,¢) € RF x R¥~%. Now we repeat the
argument performed in the 4-dimensional space with respect to the variables xx_1, Tk, Tg11,
Zk12, considering the vector fields with those same four components as above and the other

ones being zero. Hence we define r; = 4 /xi_l + xi and ry = 4 /a:i_H + x%+2. When discussing
the integrability properties, it can be worthwhile noticing that

187u 1 ou

ri0ri piopi

Arguing as above, we can prove that the solution u is actually radial with respect to those four
variables. We can imagine to iterate this proceeding for every hyperplane whose rotations the
function w is supposed not to be invariant for. Finally, it follows that u is radial in RV,

Proof of Theorem 1.3. Since now v is a function defined over SV, recalling the Laplace
operator in polar coordinates

N 1
ARN+1 == 83 + 787« + ﬁASN7

we define v(z) = v(y) for # € (—¢, €) x SV, so that Agnvv = Agn+10. At first, let us suppose
N = 3. Obviously, since v is invariant with respect to the group O(2) x O(2), so is v.
Following the same argument in the proof of Theorem 1.2, we wish to prove the vanishing
of w = %TQ — g—grl. On the other hand, being v homogenous of degree 0, w is homogenuos of
degree 0 too (it can be proved by differentiating identity v(z) = v(Az)), then the w associated
with v is nothing else that @ restricted on the sphere SV. Therefore Agn+1W = Agvw, and

following the proof of Proposition 2.3 we see w is a solution to

1 1
—ASN'U) - f’(v)w + (2 + 2) w = 0,
T3

analogous to equation (7). The rest of the proof fits also in this case. O



8 L. ABATANGELO AND S. TERRACINI

4. AN APPLICATION TO BEST SOBOLEV CONSTANTS WITH SYMMETRIES
Solutions to the critical exponent equation

(12) —Au = H2u—|—|u!

are related to extremals of Sobolev inequalities (cfr [12]). To our purposes, the functions u
will be complex-valued and a € (—oo, (N — 2)2/4). Then, thanks to Hardy inequality, an

equivalent norm on DV2(RY) is
ul 1/2
u
v 2
(/RN| u? ‘2) ,

hence we can seek solutions to (12) as extremals of the Sobolev quotient associated with this
norm on different symmetric spaces .
The whole group of rotations SO(2)x SO(N —2) induces the following action on D'?(RY; C):

u(€, ¢) = R u(RE, TC)

for m € Z fixed. We denote, as usual, D1 2 (RY) and Déjad(RN ) the subspaces of real or
complex radial and biradial functions. Moreover let £ and m be fixed integers; for a given
rotation R € SO(2) of order k, we consider the space of symmetric functions

Dka(RN C) :={u e DY?(RY;C) : w(RE, T¢) = R™u(£,¢),Y T € SO(N —2)}.
This is of course a proper subspace of
D2 (RY:C) := {u e DY2RY;C) : w(SE,T¢) = S™u(E, ),V (S,T) € SO(2)xSO(N—2)}.

Note this last space coincides with the usual space of biradial solution once m = 0.
Thanks to its rotational invariance, for any choice of the above spaces Di’2(RN ; C), solu-

tions to the minimization problem
Ju)?
/ IVul? —a—
RN |
ueDI2®RNC) (
u#0 / "u/
RN

2/2*
2*)
are in fact solutions to equation (12).
The minimization of the Sobolev quotient over the space of radial functions follows from a
nowadays standard compactness argument; in addition, see for instance [12], we have:

/ [Vu|* — a@
RY ]:1:|2 = S(l — a74 )
N (N —2)?

blrad ,m

(13) inf

inf

uGDi;l2d(RN;C) 9% 2/2
u#0 |U‘
RN

where S denote the best constant for the standard Sobolev embedding. Moreover, generalizing
the results in [3] in higher dimensions (see also [ ]), one can easily prove existence of minimizers

of the Sobolev quotient (13) in the spaces Dblrad . (RY:C), for any choice of the integer m.
At first, let us consider the case m = 0. Then it is easily checked that the minimizers can

be chosen to be real valued and that the corresponding solution to (12) have biradial Morse

index exactly one. Hence our Theorem 1.2 applies and such biradial solutions are in fact fully
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radially symmetric, and therefore the infimum on the biradial space equals that on the radial.
Now, let us turn to the case m # 0. We remark that elements of the space Dblrad (RY:C)

have the form u((&,¢) = p(|€], |¢)e"™©), where 6(£) = arg(€), so that

2
2 _ 2 2 2 _ 2 2 P
IVl = Vol Vo’ = 9ol +m* .
Then the following chain of inequalities holds:
2 2 2
U
/ |Vul|? —au / |Vp|2—|-m2p—2—ap—2
. o L Ja 2~ “je]
ueDkl)iad,m(RN;C) 2% 2/2* EDburad(RN R) 2% 2/2*
U0 |u| P70 p
RN RN
Vo2 2 _ ﬁ Vo2 2 _ LQ
Vol" + (m” —a)— Vol” + (m® —a)—;
S RN || . RN ||

min = min
2/2* 2/2*
pEDblrad (]RN R) 2% / PE Tad(]RN R) o /
p#0 P p#0 P
RN RN

m2—a
—S(”M)

where we have used |£| < |z|; the intermediate line follows again from Theorem 1.2, and the
last from [12]. Then, this argument states a very useful lower bound (see [1]) to the minima
problems (13). Indeed, it allows us to compare the infimum over the space of D} Rk m(RN C)

with that on waaLd m(RN ;C), and to prove the occurrence of symmetry breaking in some
circumstances. In fact it has been proven (see [1]) that, for large enough k, the first mini-

mum is achieved and less that k%/N S, while the latter increases with |a| and m. Symmetry

A(m?—a)

(N=2)2 > k2/N for appopriate choices of

breaking holds whenever it can be shown that 1 +

the parameters.

5. OPTIMALITY WITH RESPECT TO THE MORSE INDEX

We want to stress our results Theorem 1.2 and 1.3 are sharp with respect to the Morse
index. By that, we mean that doubly radial solutions with Morse index greater or equal to
2, need not to be completely radial.

To prove this, we will take advantage from a result proved by Ding in [4] in such a way which
will be clear later. The quoted paper by Ding has to do with solutions to a related equation
on SN , for this reason we state first some connections between these two environments.

5.1. Conformally equivariant equations. We recall a general fact cited in [4] about elliptic
equations on Riemannian manifolds.

Lemma 5.1. Let (M, g) and (N, h) two Riemannian manifolds of dimensions N > 3. Suppose
there is a conformal diffeomorphism f : M — N, that is f*h = > ~2g for some positive
@ € C®°(M). The scalar curvatures of (M, g) and (N, h) are Ry and Ry, respectively. Set the
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following corresponding equations:

(14) —Agu+i%}zg(m — F(a,u)
(15)  ~Awt R = (o ) VIR ) (po S W)

where F': M x R — R is smooth. Suppose v is a solution of (15). Then u = (vo f)p is a
solution of (14) such that [, [u*" dVy = [ |v[*" dVj,.

We consider the inverse of the stereographic projection 7 : SV \ {p} — RN, We denote it
by ® = 771 : RN — SN\ {p}, moreover gy will denote the standard metric on SV and ¢ the
standard one on RY.

The diffeomorphism @ is conformal between the two manifolds, since it results

_4
g = ®"go = p(x)¥-24 ,

where
N-—2

o) = (152) T

In addition, we point out the manifold (RY,g) is the same as (SV, o), in terms of diffeo-
morphic manifolds.

We recall the following

Definition 5.2. We define the conformal Laplacian on a differentiable closed manifold (M, g)

of dimension N the operator
N -2
Ly,=-A,+—R
g g + 4(N . 1) g
where A, denotes the standard Laplace-Beltrami operator on M and R, the scalar curvature
of the manifold.

Moreover, this operator has a simple transformation law under a conformal change of
metric, that is

if g= ,u(x)ﬁg then Lg-= ,U,(:L’)i%Lg (n(z) ).

In our case we are dealing with the same manifold RY endowed with the two metrics 8, the
standard one, and g = ®*gy. Thus in our case we have

Ls=-A  Ly,=—A,+ iN(N—Q)

so it is quite easy to check directly the correspondence between the equations stated in Lemma
5.1 by calculations.

5.2. Proof of the optimality of Theorem 1.2 with respect to the Morse index. In
this section we discuss the optimality of Theorems 1.3 with respect to the solutions’ Morse
index. First of all, we consider the the equation on the sphere SV related to (2) through the
weighted composition with the stereographic projection w as conformal diffeomorphism from
SV \ {p} onto R¥": it is immediate to check that it is

~Agvuly) + NN = 2uly) = flo)  yesY.
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In his paper [4], Ding states the following result:

Lemma 5.3. There exists a sequence {vi} of biradial solutions to the equation
1 A 2/gN
(16) —AsN’U—{—ZN(N—Q)U: |v|¥=2 v veC*(SY)

such that [sn \vk\% dV — o0 as k — oo.

The choice of working in a space of biradial is motivated by the compact embedding of the
space of H'-biradial functions on the sphere into L2N/V=2) In this way one can overcome
the lack of compactness due to the presence of the critical exponent and prove the result
as an application of the Ambrosetti-Rabinowitz symmetric Mountain Pass Theorem. We
are interested in classifying the solutions according to their Morse index. We can state the
following

Lemma 5.4. Among the solutions {vy} in Lemma 5.3 there is also a constant one, which is
unique and corresponds to the minimum of Sobolev quotient. All the other biradial solutions
have biradial Morse index at least 2, and there is at least one non constant biradial solution
having Morse index exactly 2.

Proof. We can check directly there exists a unique constant solution:

1 N 42 1 e
ZN(N—Q)C:CN—Z = c= <4N(N—2)> .
which corresponds to the Talenti functions on the sphere ([11]). We mean it is the image of
N-2
. (N(v—2)) T ) . 1
the function w(z) = ﬁ = p(x)c through the diffeomorphism 7~ and
1+|(E|2 2

N+2

Lgc = p(x)” V2 A(p(z)c) .

Then it reaches the minimum of Sobolev quotient inf,q Jo 902

2N
fSN || V=2
quite simple to prove it is the mountain pass solution, i.e. its (plain, radial, biradial) Morse
index is m(c) = 1. Now, thanks to Theorem 1.3, every other biradial solution having biradial
Morse index at most 1 is constant, hence all the other solutions have biradial Morse index at
least 2. Now, it is well known that Talenti’s solutions are unique among positive solutions
of equation (2) on RY, so we can assert that the only biradial positive solutions of (16) are
constant. On the other hand, it can be proven for example using Morse Theory in ordered
Banach spaces (see [2]), that the equation admits a biradial sign-changing solution having
biradial Morse index at most 2. Hence there is a biradial solution of (16) with Morse index
exactly 2 which is not constant. O

572, and therefore it is
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