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Abstract

This paper considers systems of balance law with a dissipative non local
source. A global in time well posedness result is obtained. Estimates
on the dependence of solutions from the flow and from the source
term are also provided. The technique relies on a recent result on
quasidifferential equations in metric spaces.
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1 Introduction and Main Result
Consider the following nonlinear system of balance laws:
Ou + Op f(u) = G(u) (1.1)

where f is the flow of a nonlinear hyperbolic system of conservation laws and
G:L' — L is a (possibly) non local operator. It is known, see [L1, Theo-
rem 2.1], that for small times equation (IT]) generates a Lipschitz semigroup.

When the source term is dissipative, the existence of solutions can be
proved for all times, see [13] [14] as well as the continuous dependence, see [2,
[8]. These papers all deal with local sources. Memory effects, i.e. sources non
local in time, were recently considered, for instance, in [9].

Here, we deal with dissipative non local sources and we provide the well
posedness of the Cauchy problem for (I.1), as well as estimates on the de-
pendence of the solutions from f and GG. The proof relies on the combination
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of the Standard Riemann Semigroup S generated by the conservation law
Owu + Oy f(u) = 0, see [5, Definition 9.1], combined through the operator
splitting technique with the Euler polygonal (¢,u) — w4 ¢t G(u) generated
by the ordinary differential system O,u = G(u).

Here, we limit our attention to right hand sides of the type

Gu)=gu)+Qx*u (1.2)

where ¢ € CH1(Q;R"?) and Q € LY(R;R"), the convolution being in the
space variable, see [I1], § 2] for several physical motivations.

Let R be the matrix whose columns are the right eigenvectors of D f(0).
We call the source term (L2)) column diagonally dominant, see [14], if there
exists a ¢ > 0 such that for i = 1,...,n the matrix M = R~ 'Dg(0)R
satisfies

n
M;; + Z |M]Z‘ < —c, (1.3)
i=1,j#i
see [I, formula (5)] for a coordinate independent extension of diagonal dom-
inance.

It is well known that this dissipativity condition allows to prove the well
posedness globally in time of the Cauchy problem for (LI)-(L2]) in the case
Q = 0 and ¢g:R" — R", see [2, [I4]. Similar global results can be obtained
by means of suitable L estimates for relevant classes of systems, see [13].

Our main result is the following.

Theorem 1.1 Fizx an open set  C R"”, with 0 € Q, and assume that

(F) f € C*;R™) is such that Df is strictly hyperbolic with each charac-
teristic field either genwinely nonlinear or linearly degenerate;

(G) g € CHL(Q;R™), g(0) = 0, g is column diagonally dominant and Q €
L(R;R").

Then, there exist positive 01,02, L, k such that for all Q with ||Qllyx < 01
there exists a global semigroup P:[0,400] X D+ D such that

(1) D2 {ue LY(R;Q): TV (u) < & };

(2) for allu, € D and fort € [0,400[, the map (t,x) — (Piuo)(x) is a weak
entropy solution to (Il) with initial datum u,;

(8) fort,s € [0,+00[, u,w € D and s < t, then

[ Pu — Paw|lga
| Pru — PSU”Ll
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(4) if S is the SRS generated by Opu + O, f (u) = 0, then for all u € D,

m | P — (S + £ Glw)|

li =0;
t—0 t

Ll

Moreover, let f. f both satisfy (F), both pairs g, Q and 3, Q satisfy (G). De-
note by P, P the corresponding processes and Ds, D5 their domains. Choose
8,6 so that 255 C Ds. Then, for all u € 255

-, < € [os-pi

CO(Q;RTLXTL) ’
+L|lg— §||CO(Q;Rn) 1 (1.5)
L HQ B Q‘ LYRR")

Condition (@) ensures that the orbits of P are weak entropy solutions,
see [II], Corollary 3.13]. Moreover, the solution yielded by P can be char-
acterized also as wviscosity solution in the sense of the integral inequalities
in [5, § 9.2], see [11, (6) and (7) in Theorem 1.2]. Theorem [[1] is obtained
applying [10, Theorem 2.5] with X = L(R;Q), see Section [3l

2 QOutline of the Proof

We sketch below the procedure used to prove Theorem [[LIl All technical
details are deferred to Section B

Our general reference for the basic notions related to systems of conser-
vation laws is [5]. We assume throughout that 0 € © and that f satisfies (F)
in Theorem [Tl Let Aj(u),...,A,(u) be the n real distinct eigenvalues of
Df (u), indexed so that Aj(u) < Ajyi(u) for all j and u. The j-th right,
respectively left, eigenvector is denoted r;(u), respectively ;(u).

Let 0 — Rj(o)(u), respectively o — S;j(o)(u), be the j-rarefaction curve,
respectively the j-shock curve, exiting u. If the j-th field is linearly degener-
ate, then the parameter o above is the arc-length. In the genuinely nonlinear
case, see [B, Definition 5.2], we choose o so that

O\ o\
8—0] (Rj(0)(u)) =k; and 8—0] (Sj(o)(w)) = &j,
where ki, ..., ky, are positive and such that, as in [2],

2 (Bo)0) = r5(0), [rs(O)] = 1.

Introduce the j-Lax curve

UH%“W”:{gwmo if

S
S
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and for o = (01, ...,0,), define the map

‘I’(O‘)(’LL_) = ¢n(an) ©...0 ¢1(01)(u_) :

By [B, § 5.3], given any two states u™,u™ € Q sufficiently close to 0, there
exists a map E such that

o=FEu ,u") ifandonlyif u™=W¥(o)(u). (2.1)

elementary computations show that

Dy E(0,u)y =R'= : . (2.2)

Similarly, let the map S and the vector q = (¢1,. .., ¢,) be defined by

ut =S(q)(u”) = Sn(gn) o...081(q1)(u") (2.3)

as the gluing of the Rankine - Hugoniot curves.

Let u be piecewise constant with finitely many jumps and assume that
TV(u) is sufficiently small. Call Z(u) the finite set of points where u has
a jump. Let o,; be the strength of the i-th wave in the solution of the
Riemann problem for

pu+ 0y f(u) =0 (2.4)
with data u(z—) and u(z+), ie. (0z1,... ,o*mm) = E (u(z—),u(z+)). Ob-
viously if # ¢ Z(u) then 0,,; =0, forall i =1,...,n. Asin [5, § 7.7], A(u)

denotes the set of approaching waves in u:

. . 2
((2,9), (y.4)) € (Z(u) x {1,...,n})":
A(u) = ¢ z < y and either i > j or i = j, the i-th field
is genuinely non linear, min {am-, ay,j} <0

while the linear and the interaction potential, see [15] or [5, formula (7.99)],
are

Z Z |az i/ and  Q(u) = Z ‘az,ia%ﬂ .

wel(u) i= ((20),(y.5)) €A(w)

Moreover, let

Y(u) = V(u) + Co - Qu) (2.5)

where Cy > 0 is the constant appearing in the functional of the wave—front
tracking algorithm, see [5, Proposition 7.1]. Recall that Cy depends only on
the flow f and the upper bound of the total variation of initial data.



Finally we define
Dy = {v € L' (R, Q) : v piecewise constant and Y (v) < 5} (2.6)
Ds = {Dj;}
where the closure is in the strong L!-topology. Observe that D; contains
all L' functions with sufficiently small total variation.
We now pass to the stability functional introduced in [7, 16}, [I7]. For any

v € Dy, denote by 7, ; the size of the i~wave in the solution of the Riemann
Problem with data v(z—) and ©(x+). Then define

A [o](x) = Z |5y, A;r[z’)](a:) = Z |Gy, forj=1,...,n.

y<zx y>x

If the i-th characteristic field is linearly degenerate, then define A; as
Ailo(g,2)= Y Af[](@)+ > Af [0 (). (2.7)
1<j<i i<j<n
While if the i-th characteristic field is genuinely nonlinear
Ailtl(gx) = Y AT[l(x) + Y Aj[o)(x)
1<j<i i<j<n (2.8)
pall . v .
+AZ [v](x) X[O,-i—oo[(q) +AZ ['U](.Z') X]—OO,O[(q)

Now choose v, 7 piecewise constant in Dj and define the weights

Wiv,9](¢;2) = 1+ rkiA;[v](q,2) + k1A[0](—q,z)
+K1K2 (Q(U) + Q(@)) .

the constants x; and kg being those in [5, Chapter 8]. Define implicitly the
function q(z) = (q1(2), ..., qn(x)) by

(z) = S (a(z)) (v(z))
with S as in (23]). The stability functional ® is

(2.9)

n 400
®(v,0) = Z/ |lgi(2)| - W;lv, 0] (¢i(2), z) da. (2.10)
i=1" "

We stress that @ is slightly different from the functional ® defined in [5,
formula (8.6)]. Indeed, here all jumps in v or in ¥ are considered. There,
on the contrary, exploiting the structure of e-approximate front tracking
solutions, see [5, Definition 7.1], in the definition of ® the jumps due to
non physical waves are neglected when defining the weights A; and are con-
sidered as belonging to a fictitious (n + 1)-th family in the definition [5,
formula (7.54)] of Q.

Recall the following basic result in the theory of non linear systems of
conservation laws.



Theorem 2.1 Let f satisfy (F). Then, there exists a positive §, such that
the equation (24 generates for all & € |0,0,[ a Standard Riemann Semigroup
(SRS) S:10,+00[ x Ds — Ds, with Lipschitz constant L.

We refer to [5, Chapters 7 and 8] for the proof of the above result as well
as for the definition and further properties of the SRS.
Recall the following result from [12]:

Proposition 2.2 The functionals X, Q and ® admit an L' lower semi-
continuous extension to all Dg. Moreover,

1. for allu € Ds, the maps t — Q(Syu) and t — Y (Siu) are non increas-
mng.

2. for all u,v € Dy, the map t — ®(Syu, Syv) is non increasing;
3. there exists a positive C' such that for all u € Ds,
%TV(U) <Y(u) <CTV(u)
and for all u,v € Ds,

1 _ - -
glle —tlluy < ®(w, @) < Cllu— s ;

4. for all u € Dg,
Q(u) = liminf Q(v)

veD} v—u

Y(u) = éig} inf Y(v)
vEDS v—u
®(u,u) = liminf ®(v,0)

veD} v—u

The results in [I2] also provide an explicit expression of ® in terms of wave
measures, see [5, § 10.1]. For the properties of Q and Y, see also [3] [5] [6].
Introduce the map

A

Fslu=u+sg(u)+sQ *u. (2.11)

that satisfies the properties stated in the following lemma, whose proof is
deferred to Section [3

Lemma 2.3 Let (F) and (G) hold. For all ¢ sufficiently small and all
u,u € Dg,

Q (F(s)u) < Qu) +0O(1) s Y*(u)
F(s)u) < <1 - §3> Y (u)
P (F(s)u,ﬁ(s)a) < <1 - %) ®(u, ).



We now recall the basic definitions and results from [I0 Section 2] that
allow us to cﬁomplete the proof of Theorem [Tl In the complete metric space
X = LY(R; Q) with the L! distance, select for a fixed M the closed domain

DM = {u € Ds: ®(u,0) < M},
and the local flow
F:[0,7] x DM s DM F(s)u = F(s)Ssu, (2.12)

where S is the SRS of Theorem 2] 7 is positive and sufficiently small.
Recall that, in the present autonomous setting, a Lipschitz continuous map
is a local flow by [I0, Definition 2.1]. Note that D is invariant with respect
to both F' and S, so that the above definition makes sense.
For any positive ¢, the Euler e-polygonal generated by F' is
k—1
FFt)u=F(t—ke)o O F(e)u (2.13)
h=0

see [10], Definition 2.2]. Therein, the following theorem is proved in a generic
complete metric space.

Theorem 2.4 Let F:[0,7] x D — D be a local flow that satisfies

1. there exists a non decreasing map w:[0,7/2] — RT with fOT/2 % d§ <
+oo such that for all (s,u) and all k € N

d (F(ks) o F(s)u, F ((k +1)s) u) < ksw(s); (2.14)

2. there exists a positive L such that for all € € [0, 7] and for allt >0
d(Fe(t)u, FE(t)u) < L-d(u, ). (2.15)

Then, there exists a unique Lipschitz semigroup P:[0,4o00[ X D — D such
that for allw € D

éd (Psu,F(s)u) < % . /OS % dg . (2.16)

The proof of Theorem [T is deferred to Section Bl It amounts to show
that the above abstract result can be applied in the present setting, with
D =DM and F as in [ZI12).



3 Technical Details

Lemma 3.1 Let f satisfy (F), Q be a sufficiently small neighborhood of
the origin; a,b € R™ and s > 0 be sufficiently small. Choose u™,v~ € €}
and define vt = u~ + sa and v* = v~ 4 sb. Then, if 0=, o1 satisfy
v"=W(o7)(u") and v = ¥(oT)(uT),

ﬁi <ou»s(§f

i=1 i=1

_l’_ _ p—
g, g,

g;

+ba> . (3.1)

If g satisfies (G), ut =u™ +s(a+g(u)) and vt =v™ +s(b+g(v7)),

then . .
Z U;_ < (1 — %9) Z

i=1 =1

A

+0(1) s|lb—all. (3.2)

0;

An entirely analogous result holds with the map W replaced by the gluing S
of shock curves, i.e. v~ = S(e7)(u~) and vt = S(oT)(ut).

Proof. Let 0~ = o and o™ = E (u+ sa, ¥(o)(u) + sb). Introduce the C?
map
¢(s,a,b,0) = E (u+ sa, ¥(o)(u) + sb) — o .

Note that ¢(0,a,b,0) = 0 and ¢(s,a,a,0) = 0, by [5, Lemma 2.5] we get

[e(s,a,b,0)[| <O(1) s (Z |oil + 116 — a)
=1

proving (B.1]).
To prove ([B2]), introduce the functions
o2 u+ s (a+g(u),
Bij(a,u) = 5—=—FE;
s=0,
b=a,

B u+s(a+g(u)),
o(s,a,b,0,u) = FE (‘Il(a)(u) L (b—i—g(\Il(a)(u))) )(Id+sB(a,u)) o.

By the C??! regularity of E, the n x n matrix B is a Lipschitz function of
(a,u). Moreover, by (2.2)
82

By(0.0) = 55 B (0:45(73)0) + 59 (44(0)0) )

— % (zi(o) - (ri(0) + s Dg(0) Tj(O)))

$=0,0,;=0

s=0

= 1i(0) Dg(0)7;(0)
= MZ]



Therefore, by (L3

n

D

i=1

)

[(Id +5B(0,0)) a} ‘ <(1—cs) zn: ER (3.3)
=1

Note that ¢(0,a,b,0,u) = 0, hence by the Lipschitzeanity of Dy,
HQD(Sv a, ba g, u) - 30(8, a,a,o, ’LL)H < 0(1) SHb - (IH :
We thus have

ng(s,a, b,o,u) — go(s,a,a,a,u)H + Hgo(s,a,a,a,u)“
O)s|lb — al| + Hgo(s,a,a,a,u)“ ) (3.4)

e(s,a.b,0,u)|| <
<

By the definition of ¢ and the choice of B;j(a,u),

v(0,a,a,0,u) = 0
90(87 a? a? 07 u) =
82
88 ao_] SD(S7 a? b? 0-7 u) O'ZO, = 0
s=0,
b=a

using again [B, Lemma 2.5], we obtain

HQD(S,(I, (I,O’,U)H < 0(1)82|UZ| (S+ZUZ) : (35)
=1 =1
Finally,

> (u +5(a+g(u), ¥(o)(u) + 5 (b +g (\Il(a)(u)))>

= ¢(s,a,b,0,u)+ (Id + sB(a,u)) o
= (Id+5B(0,0)) o + ¢(s,a,b,0,u) + s (B(a,u) — B(0,0)) o.

Apply now (B3)), (B4), (35) and the Lipschitzeanity of B

il R u+s(a+g(u),
; aj = - E; ( Y(o)(u)+s (b +g (‘I’(U)(u))) )
< [(Id—l—sB(0,0)) au +01)s|b—all

=1
—|—Hg0(s,a,a,0',u)H + s HB(a,u) — B(0,0)H lle]|



n
< (1—cs) Y losl+0(1) s]b - all
n n
sy loil | s+ loil + lla] + [|ull
i=1 i=1
c n
< <1 - 55) Z loi| + O(1) s||b — al|
i=1
provided s, Y1 |oi], ||al| and |ju|| are sufficiently small. O

Introduce for N € N the projection

—~14+N? (k+1)/

=N ) /k gx]k/N(k—i-l)/N]

k=—1-N2

as in [I1), § 3.2]. Note that IIyu is piecewise constant. For later use, we
introduce the following approximated local flows, see [10, Definition 2.1],
generated by the source term

Fn(s)u=u+sg(u) + sTIn(Q x ).
Lemma 3.2 Let (F) and (G) hold. If § and ||Q||p1 are sufficiently small,

then for all v € D}
A% (FN(s)v> < <1 - £8> V(v).

Proof. Denote w = Il (Q+v) and introduce the piecewise constant function
v = v+sg(v)+sw. Let oy, respectively O‘ém- be the jumps in v, respectively
v’. Denote also Av(z) = v(z+) — v(z—) and similarly Aw, Av'.

Apply B2) at any z € R, with a = w(z—) and b = w(x+) to obtain

V) = XY

IN
7 N\
[
|
N o
w

IN

IN

IA

IN
/\/D/—\/—\
|
B0 NI NI NIlo
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provided ||Q||y,: is sufficient

Proof of Lemma [2.3.

ly small. O

By [12, Lemma 4.2], it is possible to choose a

sequence v” € Df such that v — w in L, Q(v") — Q(u) and Y (v¥) —

Y (u). By [1I, Proposition
the estimate [11} (3.5) in L

1.1}, we may apply [I1, Corollary 3.5] and use
emma 3.6] in the case L3 = 0, G(u) = g(u) +

IIN(Q * u). Note that the latter map is piecewise constant whenever u is.

We thus obtain

Q (F(S)u)

IN

IN

IN

<

lim inf
MR

(FN(S)u)
fmint i inf @ (Fx(o))
(Q(UV) +0(1) sv2(w))
lim in (Q(v”) O s T2(v”))
Q(u) + O(1) s X2(u)

lim inf
v——400

proving the former estimate.
To prove the latter one, use the same sequence v¥, Lemma [3.2] and follow
an analogous argument based on the results in [11], to obtain

Y (F(s)u)

< fminfimint ¥ (Fu(5))

< liminf ((1 - %) V(") + CoQ(v") + O(1) 3V2(v”)>

< limjnf ((1 - §3> Y() + 25 (=V") + CQE) +O(1) v%m))
< liminf ((1 - §s> Y() + s V) (-1 + O(l)V(v”)))

< it (1- o) 700

< <1 - §s> Y (u)

for a sufficiently small §.

We now pass to the estimate on ®. By [12] Lemma 4.5], we may choose
two sequences of piecewise constant functions v”, 0" € Dj such that

v

vw —-u and 0¥

— 4 in LY P (v, 0") — P®(u,a).

11



Define implicitly the functions g (z) by Ey(s)(7") = S(q™) <FN(S)7)V) and

¥ = S(q™)(v”). Moreover, with reference to ([2.9I), let
Wi@) = WilFy ()", Fv(s)7"] (a7 (2), )
Wi @) = Wi’ (a; (2),2)

and compute

& (FN(S)UV, FN(S)@”) —®(v”, ")

- L (

= /RR(:L‘) dx

where the integrand R(x) is estimated splitting it as follows:

o ()| Wi (@) -

i @W @) do

R(z) = I(x)+ I(x)+ I(x)+ II(x) + I (z)

@) = > |a @] -
=1

i=1

I(z) = /@1Z<
=1

4 (:r)\

q; (x)

A; [FN(S)U”] (qj(:z:), a:)

~|a7 @) Ai"] (o7 (@),2) )
@) = mY ( @ @)|[AlEn (97"] (4] (@).2)
i=1

~|a; @)|Ail") (~a7 (@), ) )

n

II(z) = K1ke ( g (x

i=

Q (FN(S)UV) — En:

=1

Q <FN(3)6V) - En:

i=1

~—

—_

3

~—

fﬁ(m) = /11,%2( g (x

1=

—_

qi<x>Q<vu>)

qz-<x>cz<@”>>

(3.6)

We now show that [ I(x)dx is strictly negative and controls the growth
in the other terms. By Lemma Bl applied to shock curves instead of Lax

curves and with a = a(z) = (IxQ *xv”) (z), b = b(z) = (INyQ * V) (x)

I(@) < =55 |a(@)| + O1) s |[b(z) — a(a)|
=1

12



Passing to the second addend, consider each term in the sum defining it:

@ @) AdEx (1] (o @), 7)) = o7 @Al (47 (). )
@ (@) = ¢ (@)|AdEw ()] (g (), 2) (3.7

AEn(9)0") (4 (@), 2) = Aile’] (47 (@), )

q; (z)

<

+|q; () (3.8)

By Lemma B applied to shock curves,

@ (@) - q; (=)

= o0 8(\\9 () + Tn@ # 0 (&) — 9 (3 (2) ~ TIx @ » (o)
+§n: q{(m)()
=1

i @) + o) - a<x>) - 59

Note that A;[Fj(s)v”](z) < O(1)d, hence the first term in the right hand
side of (3.7)) is bounded by

6 (@) = a7 @)| Al Ex()0*] (7 (@), 2) < O(1) 6 (Z a7 (@)] + [[b(a) - a(x)H) -

Concerning the second term ([B:8), if ¢;" (z) - ¢; (z) < 0, then

@] < |af@—q (@)

0(1) s (Z ql-_(:r)‘ + [|b(z) — a(:z:)) .

IN

Moreover, since

LB ()0")() = Aile](@)] < 0(1) 6, we get

¢ @) Ailfx ] (4 @).2) — Ale”] (7 (@), 2)
< 0(1)ss (znj qi_(:r)‘ v b(a;)a(a:)|) .
=1

On the other hand, if ¢ (z) - ¢; (z) > 0, by 27) or ([ZJ), a wave o, is
counted in the sum defining A;[Fiy(s)v”] (q:r (z), J;) if and only the wave oy, ;

13



is counted in the sum defining A;[v"] <qi_ (x), m) Therefore, by Lemma [3.7],
‘Ai[FN(s)v”] (q:r(ac),x) — A;[v"] (—q;r(a:),x)

n
/ — .
Ogi— Oz,

<
zeR i=1
< 0)sy. (Z |o0,i] + Aa(l‘”)
zeR \ i=1
< O(1)s (V) + TV(IINQ "))
< 0O(1) s9.

The second addend II(z) is thus bounded as

n

II(z) <O(1) s6 (Z

i=1

i (@) + @) - a<m>|) -

The term II (z) can be treated repeating the same procedure
Consider now each term in the sum defining III(z), proceed as in (B7)—
[B.8)), using ([B.9) and similarly to the second part of Lemma 23]

(

af (2) = a7 (@)]Q (Fw(sp” ) +

¢ (2)]Q (En (") -

i @lQe)

IN

i @) (@ (Fvenr) - au)

IN

a4 (x)\
=1

0(1) 56 (Z a; (2)] + [[o() - a(m)H) +0(1) 58

IN

O(1) 56 (Z q;(x)( + ||b(z) - a(a;)|) .

=1

Obviously, IIT (x) is treated analogously. Thus, R in (3.6) is bounded as:
c n n
R(z) < —Equi(z) +0(1) 352 |gi(2)| + O(1) s||b(z) — a(z)]| -
i=1 i=1

Integrating and using the Lipschitzeanity of Ily, a standard inequality on
the convolution and the bound |[v¥ — 0" |;1 < O(1) [p >0y |a; (:E)‘da: yield

i (FN(S)UV,FN(S)@”) — ®(v”,0")
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IN

<_§+O(1)5>8/R§ o (2)| e

+0(1) s|[IINQ *v” —TINQ * 0" |11

(-5 +oms): [
+(’)(1)S||Q||L1/Rzn:

=1

<_§ +0(1) (6 + ||Q||L1)> S/Rz:

IN

q; (x) ‘dm

q; (x) ‘dﬂf

IN

q; (a:)‘d:r

c n
< ——s/ q;x‘dm
[ 3]
< —ES<I>(1)”,77”),

4

for § + ||Q||y,1 sufficiently small. The proof is completed by means of the
lower semicontinuity of ®:

P (F(S)U,F(s)f}) < liminf liminf ® (FN(S)UV, FN(s)ﬁ”)

N—+o0 v—+00

< lim <1 - Zs) P (v, ")

V——+00

- <1— §s> & (v,7).

Proof of Theorem [I.1l. Let § > 0 be so small that lemmas and 23]
hold. First, we show that Theorem [2.4] can be applied with D =DM and F
as in (212)).

For u € D, the map G defined in (L.2) is L!-bounded, L!-Lipschitz and
TV (G(u)) is uniformly bounded. The Lipschitz constant of F' with respect
to time can be estimated as follows:

O

| F(s)u— F(S/)UHLl
= [|Ssu+ sG(Ssu) — Seu— s'G(Sgu)|| 0
Lls—s'| +|s = &'| |G(Ssu)|| g2 + 5" ||G(Ssu) — G(Syu)|| i
O() |s— | (1 + fulls) (3.10)

IN A

hence F is Lipschitz in ¢ uniformly in u € DM, by the boundedness of DM
in L'. The Lipschitzeanity in w is straightforward.

15



F satisfies condition [I] indeed

HF(k‘s)F(s)u — F ((k+1)s) u‘

Ll

< HSks (Ssu+ sG(Ssu)) — SsSsu — SG(SksSsu)‘

Ll

+ks

G (sks (S + sG(Ssu))) — G(SksSsu)

Apply [11l Proposition 3.10] to the first term:

HS’“ (Sstt + 5G(Sstt)) — SksSstt — 5G(SksSstt) HL

O(1) ||sG(Ssu) — SG(SksSsU)HLl + O(1) ks TV (sG(SksSsu))

<
< O(1) kss.

The second term is of the same order by the Lipschitzeanity of G and of the
SRS. Therefore, condition [l is proved with w(s) = s.
F satisfies the stability condition 2l Indeed, by Lemma 2.3]

® (Fe(t)u, FE(t)a) < e /D B (u, ).
By 3 in Proposition Z.2]
| Fe(t)u — FE(t)it]| 2 < LY lu—ifga (3.11)

with £ independent from ¢ and M.

Applying Theorem 24, we obtain for all u € DM the strong L' con-
vergence F*(t)u — Puu, P being the unique L!-Lipschitz semigroup satis-
fying ([Z.I6]). Moreover, passing to the limit ¢ — 0+ in (BII]), we obtain
the first estimate in (I4]), with £ independent from M. Therefore, letting
M — +o0, we may uniquely extend P to all Ds, keeping the validity of the
first estimate in (L4).

Fix u € Ds and let M, = ®(u,0), so that u € DM«. By BI0) and [10,
Lemma 2.3],

HFE(iE)u—FE(s)uHL1 O(1) 14+ M,) |t — s

<
< O) (1+ llullga) It 5]

and passing to the limit € — 0 we obtain the second estimate in (L4]).
Condition (4) is a direct consequence of (Z.I6]) and it ensures that the
orbits of P are weak entropy solutions, see [I1], Corollary 3.13].
Finally, (L5 is obtained as in [I1], formula (1.7)], see also [4]. O
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